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On the Iitaka Conjecture Cn,m for Kähler Fibre
Spaces (∗)

Juanyong Wang (1)

ABSTRACT. — By applying the positivity theorem of direct images and a pluri-
canonical version of the structure theorem on the cohomology jumping loci à la
Green–Lazarsfeld–Simpson, we show that the klt Kähler version of the Iitaka con-
jecture Cn,m (Ueno, 1975) for f : X ! Y (surjective morphism between compact
Kähler manifolds with connected general fibre) holds true when the determinant of
the direct image of some power of the relative canonical bundle is big on Y or when
Y is a complex torus. These generalize the corresponding results of Viehweg (1983)
and of Cao-Păun (2017) respectively. We further generalize the later case to the
geometric orbifold setting, i.e. prove that Corbifold

n,m (Campana, 2004) holds when Y
is a complex torus.

RÉSUMÉ. — En appliquant la positivité des images directes et une version pluri-
canonique du théorème de structure des lieux de saut cohomologique à la Green–
Lazarsfeld–Simpson, nous démontrons que la version klt kählérienne de la conjecture
d’Iitaka Cn,m (Ueno, 1975) pour f : X ! Y (morphisme surjectif entre variétés käh-
lériennes compactes à fibre générale connexe) est vraie si le déterminant de l’image
directe d’une certaine puissance du fibré canonique relative est gros sur Y ou si Y est
un tore complexe. Ceci généralisent les résultats correspondants de Viehweg (1983)
et de Cao-Păun (2017) respectivement. De plus nous généralisons le deuxième ré-
sultat ci-dessus au cadre des orbifoldes géométriques, c-à-d., nous démontrons que
Corbifold

n,m (Campana, 2004) est vraie quand Y est un tore complexe.

Introduction

Throughout the article, a complex variety signifies an irreducible reduced
complex analytic space, a(n) (analytic) fibre space signifies a proper surjec-
tive morphism between complex varieties whose fibres are connected; in par-
ticular, an algebraic fibre space is a fibre space which is projective. A Q-line
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bundle on a complex variety X means an element of Pic(X)⊗Q (cf. also [72,
Lecture 1, §8.3, Definition 8.6]) and we use “+” to denote the tensor product
of two line bundles. In the article we use the terminology “(analytic) Zariski
open subset”, which means an open subset of a complex variety whose com-
plement is a closed analytic subvariety. Let X be a compact complex variety
and let L be a (Q-)line bundle on X, recall that the Iitaka–Kodaira dimen-
sion of L, denoted by κ(X,L), is the maximum dimension of the image of X
via the meromorphic mappings X 99K PH0(X, ν∗L⊗m) defined by the linear
series |ν∗L⊗m| for m ∈ Z>0 sufficiently large and divisible (if |ν∗L⊗m| = ∅
for all m ∈ Z>0 then we say that κ(X,L) = −∞), where ν : X ! X is
the normalization of X. In particular, the Kodaira dimension of a compact
complex variety X, denoted by κ(X), is the Iitaka–Kodaira dimension of the
canonical bundle of any smooth model of X, and κ(X) is known to be the
most important bimeromorphic invariant of X.

The Iitaka conjecture Cn,m, in its original form, predicts the superaddi-
tivity of the Kodaira dimension with respect to algebraic fibre spaces (cf.
[71, §11.5, Conjecture Cn, pp. 132–133]); more precisely, for f : X ! Y a
surjective morphism between normal projective varieties whose general fibre
F is connected, the conjecture Cn,m predicts that

κ(X) > κ(F ) + κ(Y ).
This conjecture is intimately related to the study of birational classification
of complex algebraic varieties (the Minimal Model Program, abbr. MMP).
According to the philosophy of MMP, the conjecture Cn,m is naturally gener-
alized to the log version, usually called C log

n,m; Moreover, Frédéric Campana
further generalize Cn,m to the setting of geometric orbifolds, called Corb

n,m,
which is formulated in [17, Conjecture 4.1] and in [18, Conjecture 6.1]. In
addition, by taking into consideration the variation of the fibre space, Eckart
Viehweg also propose a stronger version of the Cn,m, called C+

n,m.

As shown in [53] (resp. [51]), the conjecture Cn,m (resp. C+
n,m) can be

regarded as the consequence of the famous Minimal Model Conjecture
and the Abundance Conjecture; moreover, in virtue of the superadditivity of
Nakayama’s numerical dimensions (cf. [64, §V.4.a, 4.1.Theorem(1), pp. 220–
221]), the conjecture C log

n,m follows from the so-called generalized Abundance
Conjecture (for Q-divisors), cf. [36, Remark 1.8].

Although initially stated for projective varieties, the conjecture Cn,m,
as well as the MMP and the Abundance, are considered as still hold for
complex varieties in the Fujiki class C (cf. [17, 19, 36, 37, 48]); nevertheless
they do not hold true in general for non-Kähler complex varieties, cf. [71,
Remark 15.3, p. 187] for an counterexample. The objective of this article
is to prove the klt Kähler version of C log

n,m in two important special cases

– 814 –



On the Iitaka Conjecture Cn,m for Kähler Fibre Spaces

and further generalize the second one to the geometric orbifold setting. Let
us remark that since the Kodaira dimension as well as the klt/lc property
is invariant under taking log-resolutions, hence for simplicity we will state
our main results always for Kähler manifolds, but one can easily see that it
remains true for normal complex varieties in the Fujiki class C. Now let us
state our main theorem:

Main Theorem A. — Let f : X ! Y be a fibre space between compact
Kähler manifolds with general fibre denoted by F . And let ∆ be an effective Q-
divisor on X such that (X,∆) is Kawamata log terminal (abbr. klt). Suppose
that one of following conditions is verified:

(I) there is an integer m>0 such that m∆ is an integral divisor and that
the determinant line bundle det f∗(K⊗mX/Y ⊗ OX(m∆)) is big on Y;

(II) Y is a complex torus.

Then
κ(X,KX + ∆) > κ(F,KF + ∆F ) + κ(Y ),

where ∆F := ∆|F .

Part (I) of Main Theorem A generalizes [74, Theorem II], which is inti-
mately related to C+

n,m (cf. [74] for more details; this article, however, will
not pursue in this direction); while Part (II) generalizes [25, Theorem 1.1]
and it will be further generalized to the setting of geometric orbifolds, in
other word, we will prove Corb

n,m for f when Y is a complex torus. Moreover,
by following the same strategy of the proof of Part (I), we recover the result
that klt Kähler version of C log

n,m holds for f : (X,∆) ! Y when Y is of
general type, which generalizes [49, Theorem 3]; we also further generalize
this result to the geometric orbifold setting. Let us remark that the general
(log canonical) version of Corb

n,m for Y general type (in the orbifold sense) has
already been proved in [17]; the proof is based on a weak positivity result for
direct images of twisted pluricanonical bundles, for which [17] only proves
the projective case, and gives some hints for the Kähler case; it is established
in this generality in [36].

Now let us explain the strategy of the proof of Main Theorem A. Gen-
erally speaking, as in the mainstream of works on Cn,m (among others,
[25, 36, 37, 49, 50, 74]), our proof is based on the positivity of relative pluri-
canonical bundles and of their direct images. Before getting into details let
us first recall some definitions: a fibre space f : X ! Y is called a Kähler
fibre space if locally over Y , X is a Kähler variety (cf. [48, Definition 2.2]).

The key ingredient of the proof of Part (I) of Main Theorem A is the
positivity of the relative m-Bergman kernel metric for Kähler fibre spaces,
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which is proved by Junyan Cao in [23] by applying the Ohsawa–Takegoshi
extension theorem with optimal estimation for Kähler fibre spaces (cf. The-
orem 2.1) also obtained in [23], and states as follows (cf. Theorem 2.3):

Let f : X ! Y be a Kähler fibre space between complex manifolds and
let (L, hL) be holomorphic line bundle on X endowed with a singular
Hermitian metric whose curvature current is positive. Suppose that on
the general fibre of f there exists a section of K⊗mX/Y ⊗L satisfying the
L2/m-integrability condition for some m, then the m-Bergman kernel
metric h(m)

X/Y,L on K⊗mX/Y ⊗ L has positive curvature current.

With the help of this positivity result, Main Theorem A(I), as well as the
klt Kähler version of C log

n,m for general type bases can both be deduced from
(a global version of) the Ohsawa–Takegoshi type extension Theorem 2.2 as
follows:

• First by the useful Lemma 3.1, we can reduce the proof of the ad-
dition formula to that of the non-vanishing of the (twisted) relative
pluricanonical bundle, up to adding an ample line bundle from the
base.
• If Y is of general type in the orbifold sense, the non-vanishing result
mentioned above follows easily from the Ohsawa–Takegoshi type
extension Theorem 2.2 in contrast to the proof in [17, 36, 74], where
such non-vanishing results are deduced from the weak positivity of
the direct images. Let us remark that: by generalizing the weak
positivity theorem for f Kähler fibre space and for ∆ log canonical,
the general (log canonical) version is proved in [17, 36].
• In the situation of Part (I) of our Main Theorem A, the proof of this
non-vanishing result follows the same strategy, but requires an extra
effort to establish a comparison theorem between the determinant
of the direct image and the canonical bundle of X, see Theorem 3.4,
which is a Kähler version of [25, Theorem 3.13].

The analytic proof given above does not explicitly involve any positivity
result of direct images while it has the drawback of not being able to tackle
the log canonical case.

Now we turn to the proof of Part (II) of Main Theorem A, for which we
follow step by step the same argument in [25]. Our proof is based on the pos-
itivity of the canonical L2 metric on direct images sheaves (cf. Theorem 2.6):

Let f : X ! Y be a Kähler fibre space between complex manifolds
and let (L, hL) be a holomorphic line bundle on X endowed with a
semi-positively curved singular Hermitian metric. Then the canonical
L2 metric gX/Y,L on the direct image sheaf f∗(KX/Y ⊗ L ⊗J (hL))
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is a semi-positively curved singular Hermitian metric which satisfies
the L2 extension property.

The main strategy for the proof of the above positivity result is already
implicitly comprised in [45], and the result is explicitly shown in [33] by
proving a more general positivity theorem for singular Finsler metrics on
direct images. In fact, this result is a consequence of the Ohsawa–Takegoshi
extension theorem with optimal estimations obtained in [44] and generalized
to Kähler case by [23] (cf. [78] for an alternative proof); the new feature is
the L2 extension property, which generalizes the well-known property of O
that a L2 holomorphic function extends across any analytic subset (com-
pare this with the “minimal extension property” in [45, Definition 20.1]). By
combining the above positivity result of the canonical L2 metric on direct
images with the positivity of the relative m-Bergman kernel metric and by
using the explicit construction of the relative m-Bergman kernel metric to
get rid of the multiplier ideal (as in [25, §4, p. 367]), we obtain the following
positivity theorem for direct images of twisted pluricanonical bundles, which
serves as a key ingredient of the proof of Main Theorem A(II):

Theorem B. — Let f : X ! Y a Kähler fibre space with X and Y
complex manifolds. Let ∆ be an effective Q-divisor on X such that the pair
(X,∆) is klt. For any integer m > 0 such that m∆ is an integral divisor, the
torsion free sheaf

Fm,∆ := f∗

(
K⊗mX/Y ⊗ OX(m∆)

)
admits a canonical semi-positively curved singular Hermitian metric g(m)

X/Y,∆
which satisfies the L2 extension property.

Historically, the study of the positivity of direct images of (twisted)
(pluri)canonical bundle(s) is initiated by the works of Griffiths on the vari-
ation of Hodge structures in the 60s, and is pursued by Fujita in [37] and
by Kawamata in [49]; afterwards the study splits into two (related and com-
plementary) main streams: the Hodge-theoretical aspect is further devel-
oped by Viehweg in the framework of weak positivity by algebro-geometric
methods, while the curvature aspect is exploited by Berndtsson, Păun and
Takayama (among others) by complex-analytic methods and by introduc-
ing the notion of (semi-positively curved) singular Hermitian metrics. The
results mentioned above follow the philosophy of the later stream. Let us
remark that for a torsion free sheaf on a (quasi-)projective variety, the exis-
tence of a semi-positively curved singular Hermitian metric implies the weak
positivity, while the reciprocal implication is not known yet (it is in fact
a singular version of Griffiths’s conjecture). The advantage to have a such
metric is that: in case that the determinant line bundle is trivial, one can
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further deduce, by using the L2 extension property, that this torsion free
sheaf is a Hermitian flat vector bundle (cf. Theorem 1.13), in which way
we obtain a stronger regularity of the direct images and our proof of Main
Theorem A, like [25], leans on this.

As a corollary of Theorem B, one finds that the induced metric det g(m)
X/Y,∆

on the determinant bundle det Fm,∆ has positive curvature current. Now
let Y = T be a complex torus; by an induction argument we can further
assume that T is a simple torus, that is, containing no non-trivial subtori.
Then by a structure theorem for pseudo-effective line bundles on complex
tori [25, Theorem 3.3] we have the following dichotomy according the sign
of det Fm,∆:

• there is a integer m > 0 sufficiently large and divisible such that
det Fm,∆ is ample;
• for every m sufficiently large and divisible, det Fm,∆ is numerically
trivial.

Apparently the first case fall into the situation of Part (I) of our Main The-
orem A. Hence we only need to tackle the second case, where one can use
the L2 extension property to further conclude that (Fm,∆, g

(m)
X/Y,∆) is a Her-

mitian flat vector bundle. Furthermore, by a standard argument dated to
Kawamata, we are reduced to the case κ(X,KX + ∆) 6 0, i.e. it is enough
to prove that κ(F,KF + ∆F ) > 1 implies κ(X,KX + ∆) > 1. This reduction
relies on the following a log Kähler version of [49, Theorem 1], which follows
from [17, Theorem 4.2] or [36, Theorem1.7] (or Theorem 3.2 for the klt case):

Theorem C. — Let X be a compact Kähler manifold. Suppose that there
is an effective Q-divisor ∆ on X such that (X,∆) is log canonical and that
κ(X,KX + ∆) = 0 (i.e. X is bimeromorphically log Calabi–Yau). Then the
Albanese map albX : X ! AlbX of X is a fibre space.

The proof of this theorem will be given in Section 4, it is similar to that
of [49]. In fact, when ∆ = 0 and X projective, the theorem is proved in [49];
for ∆ = 0 andX Kähler a proof is also sketched in [49, Theorem 24], but does
not contain enough details. In virtue of [36, Theorem 1.7] (or Theorem 3.2
for the klt case) one can easily obtain Theorem C by following the strategies
of [49], and it is exactly in this way our proof in Section 4 proceeds. Let us
remark that a similar result with ∆ = 0 for special varieties in the sense of
Campana is also stated in [17] where the proof is sketched based on [49].

Now we are reduced to show that κ(F,KF + ∆F ) > 1 implies that
κ(X,KX + ∆) > 1. Fm,∆ being Hermitian flat, it is given by a unitary
representation ρm of the fundamental group of T ; π1(T )) being Abelian,
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this representation is decomposed into 1-dimensional sub-representations. If
the image of ρm is finite, then one can use the parallel transport to extend
pluricanonical sections on F to X; if the image of ρm is infinite, then a for-
tiori κ(X,KX + ∆) > 1 by the following pluricanonical klt Kähler version of
the structure theorem on cohomology jumping loci à la Green–Lazarsfeld–
Simpson (cf. [42, 70]), which consist of another key ingredient of the proof
of Main Theorem A(II):

Theorem D. — Let g : X ! Y be a morphism between compact Kähler
manifolds. Let ∆ be an effective Q-divisor on X such that (X,∆) is a klt
pair. Then for every m > 0 such that m∆ is an integral divisor and for every
k > 0, the cohomology jumping locus

V 0
k

(
g∗
(
K⊗mX ⊗ OX(m∆)

))
:=
{
ρ ∈ Pic0(X)

∣∣h0(Y, g∗(K⊗mX ⊗ OX(m∆))⊗ ρ) > k
}

is a finite union of torsion translates of subtori in Pic0(Y ).

The study of cohomology jumping loci is initiated by the works of Green–
Lazarsfeld [41, 42] which assure that the components of cohomology jumping
loci are translates of subtori, and is further developed by Carlos Simpson
in [70], where he proves that these translates are torsion translates. Recently,
the main result of [70] is generalized by Botong Wang to the Kähler case
in [77], where he treats the case g = idX , m = 1 and ∆ = 0 and this
is the starting point of our proof of Theorem D. In fact, when g = idX
and X projective, the proof of the theorem is already implicitly comprised
in [20] although they only explicitly state and prove a result corresponding
to our Corollary 5.9 with X smooth projective and (X,∆) log canonical by
using [70]; we thus follow the strategy in [20] to deduce Theorem D from
the basic case treated in [77, Corollary 1.4]. Notice that [77] and hence our
Theorem D require that X is “globally” Kähler; by contrast, Theorem B
holds for any Kähler fibre space (X is only assumed to be locally Kähler
over Y ). Let us remark that in the hypothesis of C log

n,m it is essential to
suppose that X is globally Kähler, in fact [71, Remark 15.3, p. 187] provides
an example of a Kähler fibre space for which Cn,m does not hold.

Let us explain how to finish the proof of Part (II) of Main Theorem A
from Theorem D. By following the argument in [21] one easily deduces from
Theorem D (cf. Corollary 5.9):

• KX + ∆ is the most effective Q-line bundle in its numerical class.
• If κ(X,KX + ∆) = κ(X,KX + ∆ + L) = 0 for some numerically
trivial (Q-)line bundle L, then L is a torsion point in Pic0(X).
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Now the proof of Main Theorem A(II) can be finished as follows: if Im(ρm)
is infinite, by the decomposition of Fm,∆ one sees that KX + ∆ has non-
negative Kodaira dimension up to twisting a non-torsion numerically trivial
(Q-)line bundle, hence the first point above shows that κ(X,KX + ∆) > 0;
moreover, if κ(X,KX + ∆) = 0 then the second point will lead to a con-
tradiction, hence a fortiori κ(X,KX + ∆) > 1, thus we finish the proof of
Main Theorem A. As a by-product of the first point above, we can prove the
Kähler version of the (generalized) log Abundance Conjecture in the case of
numerical dimension zero (cf. Theorem 5.11) by using the divisorial Zariski
decomposition obtained in [9] (cf. [9, Definition 3.7]).

Let us remark that one can follow the same strategies in [25, §5] to prove
more generally that the conjecture C log

n,m is true if det Fm,∆ is numerically
trivial for some m ∈ Z>0 (i.e. the Kähler version of [25, Theorem 5.6])
by using the remarkable result of Zuo in [79, Corollary 1]. In this article,
however, we will not further pursue in this direction.

Finally by using an induction argument and by applying the results al-
ready obtained we generalize Part (II) of Main Theorem A to the geometric
orbifold setting:

Theorem E. — Let f : X ! T be a fibre space with X compact Kähler
manifold and T complex torus and let F be the general fibre of f . Let ∆ be
an effective Q-divisor on X such that (X,∆) is klt. Then

κ(X,KX + ∆) > κ(F,∆F ) + κ(T,Bf,∆).

where ∆F := ∆|F and Bf,∆ denotes the branching divisor on T w.r.t. f
and ∆.

In the theorem above, the branching divisor is defined as following: for
any analytic fibre space f : (X,∆) ! Y between compact complex mani-
folds with ∆ an effective Q-divisor on X, the branching divisor Bf,∆ (with
respect to f and ∆) is defined as the most effective Q-divisor on Y such that
f∗Bf,∆ 6 Rf,∆ modulo exceptional divisors, where the ramification divisor
(w.r.t. f and ∆) is defined as Rf,∆ := Σf + ∆ and

Σf :=
∑

f(W ) is a divisor on Y

(RamW (f)− 1)W

with RamW (f) denoting the ramification (in codimension 1) index of f along
W . Precisely, assume the singular locus of f is contained in a (reduced)
divisor ΣY ⊆ Y and write

f∗ΣY =
∑
i∈I

biWi,
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where Wi are prime divisors on X, then for i ∈ Idiv where

Idiv := set of indices i ∈ I such that f(Wi) is a divisor on Y,

we have bi = RamWi
(f) and thus

Σf =
∑
i∈Idiv

(bi − 1)Wi.

Let us remark that the above definition of Bf,∆ coincides with [17, Defini-
tion 1.29] (orbifold base) when ∆ is lc on X, cf. Section 7.

The organization of the article is as follows. In Section 1 we recall some
preliminary results which may be of independent interest; especially, the def-
inition of semi-positively curved singular Hermitian metrics and that of the
L2 extension property are formulated in Section 1.2. Section 2 is dedicated
to the construction of the m-Bergman kernel metric on the adjoint line bun-
dle and of the canonical L2 metric on direct images as well as the proof of
Theorem B. The Part (I) of Main Theorem A and the conjecture C log

n,m for
general type bases are established in Section 3.1 and Section 3.2 respectively.
And the proof of Theorem C is done in Section 4. The general definition of
cohomology jumping loci for coherent sheaves, as well as the proof of Theo-
rem D will be given in Section 5, where Corollary 5.9 and Theorem 5.11 are
proved in Section 5.3. In Section 6 we complete the proof of the Part (II) of
our Main Theorem A. And finally the geometric orbifold version Theorem E
is established in Section 7.
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1. Preliminary Results

In this section, we collect miscellaneous results which not only serve our
main purpose but also are of independent interest.

1.1. An Analytic Geometry Toolkit

In this subsection we state some auxiliary results which are well-known in
algebraic geometry, but whose analytic versions, as far as we know, have not
yet been well formulated in literatures; we will not give the detailed proofs
but instead indicate how to get rid of the algebraicity hypothesis.

(A). A Covering Lemma. First we state a covering lemma which
allow us to reduce problems on pluricanonical bundles to the case of the
canonical bundle.

Lemma 1.1. — Let X be compact complex manifold. and let L be a line
bundle on X such that κ(X,L) > 0. Suppose that there exists an integer
m > 0 such that there exists an effective divisor D ∈ |L⊗m| whose support
is SNC. Then there is a compact complex manifold V admitting a surjective
generically finite projective morphism f : V ! X such that the direct image
of KV admits a direct decomposition:

f∗KV '
m−1⊕
i=0

KX ⊗ L⊗i ⊗ OX
(
−
⌊ i
m
D
⌋)
.

The construction of f is done by taking a cyclic cover along D followed by
a desingularization. This construction is standard. However, there are three
main ingredients in this construction that need to be clarified:

(a) The construction of cyclic covers: cf. [59, §4.1.B, pp. 242–243, vol.I]
and [56, §2.9, p. 9], which can be easily generalized to the analytic
case.

(b) Viehweg’s results on rational singularities in [73]:
(b1) A finite ramified cover over a smooth projective variety with

the cover space being normal and the branching locus being
a SNC divisor, has quotient singularities ([73, Lemma 2]); in
this case, the singularity is toroidal, and the result is standard
from [58].

(b2) A quotient singularity is a rational singularity ([73, Proposi-
tion 1]). This follows from Kempf’s criterion on rationality of
singularities (cf. [58, §I.3, condition (d)(e) pp. 50–51]), which
is essentially a analytic result.
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(c) A duality theorem for canonical sheaves (the canonical sheaf of a
complex variety is defined as the (−d)-th cohomology of the dualiz-
ing complex, where d denotes the dimension of the complex variety)
on singular complex varieties, which can be proved by applying [67]
or [2] combined with a spectral sequence argument.

Remark 1.2. — For later use, we remark that the point (b2) above can
be further generalized to higher relative dimension by a local computation
as in [74, Lemma 3.6] and by [58]: for f : X ! Y be a proper flat morphism
between complex manifolds such that the singular locus ΣY ⊆ Y is a smooth
divisor and the preimage f∗ΣY is a reduced SNC divisor, then for any sur-
jective morphism φ : Y ′ ! Y with Y ′ smooth, the fibre product X ×Y Y ′

has (at most) rational singularities. Cf. also [47, 3.13.Lemma].

(B). The Negativity Lemma. The negativity lemma is an important
tool in the study of the classification theory of complex varieties. It is al-
ready well known in the algebraic case, cf. [57, Lemma 3.39, p. 102-103]. By
following the strategy of [12, Proposition 2.12] one can prove the following
analytic version (for the convenience of the readers, we provide a proof in
Appendix A):

Lemma 1.3 (Negativity Lemma). — Let h : Z ! Y be a proper bimero-
morphic morphism between normal complex varieties. Let B be a Cartier
divisor on Z such that −B is h-nef. Then B is effective if and only if h∗B
is effective.

(C). A Flattening Lemma. In order to prove Part (I) of Main The-
orem A we need the following auxiliary result, which is an analytic version
of [74, Lemma 7.3]:

Lemma 1.4. — Let p : V ! W a morphism of complex manifolds, then
there exists a commutative diagram

W

V

W ′

V ′

pp′

πW

πV

with V ′ and W ′ complex manifolds, the morphisms πW and πV projective
and bimeromorphic such that the morphism p′ verifies the following propri-
ety: every p′-exceptional (i.e. codimW ′ p

′(D′) > 2) divisor D′ of V ′ is πV -
exceptional (i.e. codimV (πV (D′)) > 2). In addition, we can further assume
that
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(a) πW is an isomorphism over W0, the (analytic) Zariski open subset
of W over which p is smooth;

(b) πV is an isomorphism over p−1W0;
(c) ΣW ′ := π−1

W (W\W0) and p′∗ΣW ′ are divisors of SNC support.

Proof. — This is simply a consequence of [46, Flattening Theorem]. �

In the sense of [17], the lemma above shows that any fibre space admits a
(higher) bimeromorphic model which is neat and prepared (cf. [17, §1.1.3]).
Moreover, Lemma 1.4 is well behaved with respect to klt/lc pairs, as implies
the following fact:

Lemma 1.5. — Let X be a complex variety and ∆ an effective Q-divisor
on X such that the pair (X,∆) is klt (resp. lc). For any log resolution µ :
X ′ ! X of (X,∆), there is an effective Q-divisor ∆′ over X ′ with SNC
support such that the pair (X ′,∆′) is also klt (resp. lc) and that µ∗∆′ = ∆.
Moreover we have κ(X ′,KX′ + ∆′) = κ(X,KX + ∆).

Proof. — This is well known to experts of MMP, we nevertheless give a
proof for the convenience of the readers. The pair (X,∆) being klt, we can
write (an isomorphism of Q-line bundles):

KX′ + µ−1
∗ ∆−

∑
ai<0

aiEi ' µ∗(KX + ∆) +
∑
ai>0

aiEi, (1.1)

where the Ei’s are µ-exceptional prime divisors and
ai := a(Ei, X,∆)

denotes the discrepancy of Ei with respect to the pair (X,∆). Put

∆′ := µ−1
∗ ∆−

∑
ai<0

aiEi,

then ∆′ is an effective Q-divisor with SNC support and µ∗∆′ = ∆. The
hypothesis that (X,∆) is klt (resp. lc) implies that ai > −1 (resp. ai > −1)
for every i and that the coefficients of prime components in ∆ are < 1
(resp. 6 1), hence the coefficients of the prime components in ∆′ are all
< 1 (resp. 6 1). By [57, Corollary 2.31(3), p. 53] the pair (X ′,∆′) is klt
(resp. lc). The equality κ(X ′,KX′ + ∆′) = κ(X,KX + ∆) results from [28,
Lemma 7.11, p. 175] and (1.1). �

1.2. Griffiths Semi-positive Singular Hermitian Metrics on Vector
Bundles / Torsion Free Sheaves

In this subsection we will recall the notion of Griffiths semi-positively
curved singular Hermitian metrics on vector bundles / torsion free sheaves.
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Cf. [24, 2.1 et 2.2] for a generalization of this semi-positivity notion. Let us
fix X a complex manifold.

Definition 1.6. — Let E be holomorphic vector bundle on X. A (Grif-
fiths) semi-positively curved singular Hermitian metric h on E is given by a
measurable family of Hermitian functions on each fibre of E, such that for
every (holomorphic) local section s ∈ H0(U,E∗) of the dual bundle E∗, the
function log |σ|2h∗ is psh on U . The vector bundle E is said semi-positively
curved if it admits a semi-positively curved singular metric.

Remark 1.7. — This definition implies that h is bounded almost every-
where, moreover, fix any smooth Hermitian metric h0 on E, then as a con-
sequence of [65, 2.10.Remark, 2.18.Remark] the singular metric h is locally
uniformly bounded from below by C · h0 for some constant C > 0.

The semi-positivity of singular Hermitian metrics is preserved by tensor
products, pull-back by proper surjective morphisms, and by generically sur-
jective morphisms of vector bundles (thus by symmetric products and wedge
products), cf. [40, II.B.4] and [65, 2.14.Lemma, 2.15.Lemma]. Moreover one
has the following extension theorem for semi-positively curved singular Her-
mitian metrics:

Proposition 1.8 (cf. [24, 2.4.Proposition]). — Let E be a holomorphic
vector bundle on X. Suppose that there is a (analytic) Zariski open subset
X0 6= ∅ of X and a semi-positively curved singular Hermitian metric h on
E|X0 . Then h extends to a semi-positive singular Hermitian metric on E if
one the following two conditions is verified:

(1) codim(X\X0) > 2;
(2) h is locally uniformly bounded below by a constant C > 0 on X0

with respect to some smooth Hermitian metric on E.

In virtue of Proposition 1.8 and [55, Corollary 5.5.15, p. 147] one can
extend Definition 1.6 to torsion free sheaves:

Definition 1.9. — Let X be a complex manifold and let F be a torsion
free sheaf on X. By [55, Corollary 5.5.15, p. 147], F is locally free in codi-
mension 1. A semi-positively curved singular Hermitian metric h on F is a
semi-positively curved singular Hermitian metric on F |U for some (analytic)
Zariski open subset U such that codimX U > 2 and F |U locally free. The
torsion free sheaf F said semi-positively curved if it admits a semi-positively
curved singular Hermitian metric.

Remark 1.10. — The notion of semi-positively curved metric on torsion
free sheaves can lead to some unexpected pathology, e.g. the ideal sheaf IZ

of a analytic subset Z of codimension > 2 admits a natural semi-positively
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curved singular Hermitian metric. In order to exclude such pathology we
introduce in Definition 1.12 below the notion of “L2-extension property”.

Let F and h as in Definition 1.9 above, then h induces a semi-positively
curved singular Hermitian metric deth on the line bundle det F where the
determinant bundle det F is defined as

det F :=
(

r∧
F

)∧
with r = rk F and ( · )∧ = ( · )∗∗ denotes the reflexive hull (cf. [55, §5.6,
pp. 149–154]).

We end this subsection by two regularity theorems:

Theorem 1.11. — Let (E, h) be a holomorphic vector bundle on X
equipped with a semi-positively curved singular Hermitian metric h. Suppose
that the metric deth is locally bounded from above, then the coefficients of
the Chern connection form θE (defined by the equation hθE = ∂h) are L2

loc
on U , and in consequence the total curvature current Θh(E) of E is well
defined and semi-positive in the sense of Griffiths, which can be locally writ-
ten as Θh(E) = ∂θE. In particular, if the curvature current Θdeth vanishes,
then (E, h) is Hermitian flat.

For the proof, see [68, Theorem 1.6] and [25, 2.7.Theorem] (cf. also [65,
2.25.Theorem, 2.26.Corollary]). Heuristically, this is a higher rank version of
the well known fact (the line bundle case) that if a psh function φ is L∞loc,
then ∇φ is L2

loc and the last statement results from the ellipticity of the
Laplacian ∂∂.

In the sequel we introduce the notion of “L2-extension property”, which
is simply an analogue of the property of O that every L2 holomorphic func-
tion extends. It helps to exclude certain unexpected pathology as mentioned
in Remark 1.10, e.g. the natural semi-positively curved (generically flat)
singular Hermitian metric on the ideal sheaf IZ of a analytic subset Z of
codimension > 2 does not satisfy the L2 extension property.

Definition 1.12. — Let F be a torsion free sheaf on X equipped with a
singular Hermitian metric h. h is said to satisfy the “L2-extension property”
if for any open subset U ⊆ X, for any Z $ U analytic subset of U such that
F is locally free over U\Z and for any section σ ∈ H0(U\Z,F ) such that∫

U\Z
|σ|2h dµ < +∞,

the section σ extends (uniquely) to a section σ ∈ H0(U,F ).
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This propriety is particularly useful when we consider a torsion free
sheaf whose determinant bundle is numerically trivial. In fact, we have the
following:

Theorem 1.13. — Let X be a connected complex manifold and let F
be a torsion free sheaf of rank r on X equipped with a semi-positively curved
singular Hermitian metric h. Suppose that

(1) det F is numerically trivial, i.e. c1(det F ) = c1(F ) = 0;
(2) h satisfies the L2-extension property as in Definition 1.12.

Then (F, h) is a Hermitian flat vector bundle.

Proof. — The proof is essentially analogous to that of [25, Theorem 5.2].
Since h is semi-positively curved, the metric deth on det F is semi-positively
curved, thus the curvature current Θdeth(det F ) is positive; but det F is nu-
merically trivial, hence a fortiori Θdeth(det F ) = 0. Then by Theorem 1.11,
(F |XF , h|XF ) is a Hermitian flat vector bundle (i.e. h|XF is a smooth Her-
mitian metric F |XF whose curvature vanishes) where XF denotes the lo-
cally free locus of F . By [55, Proposition 1.4.21, p. 13] the Hermitian flat
vector bundle (F |XF , h|XF ) is defined by a representation

π1(XF )! U(r),
π1(XF ) being isomorphic to π1(X), this extends to a representation

π1(X)! U(r),
which gives rise to a Hermitian vector bundle (E, hE) of rank r on X. Then
by construction we have an isometry

φ : F |XF ! E|XF .

By reflexivity of HomOX (F , E) this extends to an injection of sheaves F ↪!
E which we still denote by φ. It remains to show that φ is surjective. The
problem being local, we can assume that X is a small open ball, so that E
is trivial. Now take u ∈ H0(X,E) a holomorphic section of E, since hE is a
flat metric (hence smooth), |u|hE ,z is finite for every z ∈ X. φ|XF being an
isometry, there exists a section v0 ∈ H0(XF ,F ) such that i(v0) = u|XF and
|v0|h,z = |u|hE ,z < +∞ for all z ∈ XF . But (F, h) satisfies the L2 extension
property, v0 extends to a section v ∈ H0(X,F ), thus φ(v) = u, implying the
surjectivity of φ. �

Let us remark that the condition on the L2 extension property is indis-
pensable in the theorem above. For example, as mentioned above, the ideal
sheaf IZ of an analytic subset Z of codimension > 2 admits a natural semi-
positively curved singular Hermitian metric hIZ , which equals to the flat
metric of O on X\Z. The determinant of IZ is trivial, but definitely IZ
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is not a (Hermitian flat) vector bundle. Notice that (IZ , hIZ ) does not sat-
isfy the L2 extension property: let B be a small ball in X meeting Z, then
non-zero constant functions on B\Z (which are L2) cannot extend across Z.

1.3. Reflexive Hull of the Direct Image of Line Bundles

In this subsection we will prove the following theorem, which is nothing
but an analytic version of [64, III.5.10.Lemma, pp. 107–108]. The proof of
the theorem is not essentially different from that in [64]; except that, for
the analytic case, one has to modify the arguments, especially in the Step 2
below, so that on can avoid the usage of the relative Zariski decomposition
(which is not known in analytic case; even in the algebraic case, it is only
established in some special cases in [64] and it does not hold in general due
to a counterexample in [60]).

Theorem 1.14. — Let π : X ! S be a proper surjective morphism be-
tween normal complex varieties, and let L be a π-effective (i.e. π∗L 6= 0) line
bundle on X. Then there is an effective π-exceptional (i.e. codimS π(E) > 2)
Weil divisor E such that for any k ∈ Z>0 one has[

π∗
(
L⊗k

)]∧ ' π∗ [L⊗k ⊗ OX(kE)
]
. (1.2)

Intuitively the theorem means that the vertical poles of the sections of
L⊗k are linearly bounded. The proof of Theorem 1.14 proceeds in five steps:

Step 0. First let us remark that we can always assume that X is smooth
by taking a desingularization by the following observation

Lemma 1.15. — Let h : Z ! Y a bimeromorphic morphisme between
normal complex varieties. Then for every Weil divisor D on Z, we have an
inclusion

h∗OZ(D) ⊆ OY (h∗D).
Proof. — Since h is an isomorphism over a(n) (analytic) Zariski open

subset of codimension > 2 in Y , h∗OZ(D) and OY (h∗D) are isomorphic in
codimension 1; h∗OZ(D) being torsion free and OY (h∗D) reflexive, we have
(noting that on a normal complex variety reflexive sheaves are determined
in codimension 1):

h∗OZ(D) ↪! (h∗OZ(D))∧ ' OY (h∗D). �

In fact, assume that Theorem 1.14 holds for X smooth, let us prove that
it holds in general. To this end, let µ : X ′ ! X be a desingularization of X,
then by our assumption, there is an effective divisor E′ on X ′ such that[

π′∗
(
µ∗L⊗k

)]∧ = (π′)∗
[
µ∗L⊗k ⊗ OX′(kE′)

]
,
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hence by Lemma 1.15 and the projection formula we have an inclusion[
π∗
(
L⊗k

)]∧ = π∗
(
L⊗k ⊗ µ∗OX′(kE′)

)
↪! π∗

(
L⊗k ⊗ OX(kE)

)
↪!
[
π∗
(
L⊗k ⊗ OX(kE)

)]∧
where E := µ∗E

′. Since the inclusion is an isomorphism in codimension 1,
it is in fact an equality. Consequently, we always assume that X is smooth
in the sequel.

Step 1. By the coherence of the reflexive hull (π∗L)∧ there is an π-
exceptional divisor E making the equation (1.2) holds for k = 1 (and thus
one can choose E such that (1.2) holds for a finite number of k).

Step 2. In virtue of Step 1 we are able to prove the reflexivity criterion
below:

Proposition 1.16 (Reflexivity Criterion). — Let π : X ! S and L
as in Theorem 1.14. Suppose that for every effective π-exceptional divi-
sor G, there is a component Γ of G such that [L⊗ OX(G)] |Γ is not π|Γ-
pseudoeffective, then π∗L is reflexive on S.

Let us recall the notion of relative pseudoeffectivity for (Q-)line bundles
/ Cartier divisors in the analytic setting: Let p : V !W a proper surjective
morphism of analytic varieties and let L be a Q-line bundle on V , then L
is said to be p-pseudoeffective if its pull-back L|F̃ is pseudoeffective (cf. [29,
§6.A, (6.2) Definition, p. 47]) where F̃ denotes a desingularization of the gen-
eral fibre F of p. A Q-Cartier divisor D on V is said to be p-pseudoeffective
if its associated Q-line bundle OX(D) is so. Before going to the proof let us
first prove the following auxiliary lemma:

Lemma 1.17. — Let π : X ! S and L as in Proposition 1.16, then for
any effective π-exceptional divisor B on X, one has:

π∗L ' π∗ [L⊗ OX(B)] (1.3)

Proof. — B is effective, one can write

B =
r∑
i=1

biBi,

with bi ∈ Z>0 and r ∈ N (r = 0 simply means that B = 0). Note

b :=
r∑
i=1

bi.

Now let us prove (1.3) by induction on b:
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By our hypothesis on L (the condition in Proposition 1.16), ∃ i∈{1, . . . , r}
such that [L⊗ OX(B)] |Bi is non-π|Bi-pseudoeffective, thus

(π|Bi)∗ [L⊗ OX(B)] |Bi = 0.
Consider the short exact sequence

0 −! OX(−Bi) −! OX −! OBi −! 0.
By tensoring with L⊗ OX(B) and applying the functor π∗ on gets

0! π∗ [L⊗ OX(B −Bi)] −! π∗ [L⊗ OX(B)]
−! (π|Bi)∗ [L⊗ OX(B)] |Bi = 0

hence π∗ [L⊗ OX(B −Bi)] ' π∗ [L⊗ OX(B)]. Apply the induction hypoth-
esis we obtain that π∗ [L⊗ OX(B −Bi)] ' π∗L, which proves the isomor-
phism (1.3). �

Now return to the proof of the Reflexivity Criterion 1.16:

Proof of Proposition 1.16. — We will show in the sequel that it suffices to
prove Lemma 1.17 below. In fact, by Step 1 there is an effective π-exceptional
E, such that

(π∗L)∧ ' π∗ [L⊗ OX(E)] ;
Apply Lemma 1.17 to E and we obtain:

π∗L ' π∗ [L⊗ OX(E)] ' (π∗L)∧ ,
hence π∗L is reflexive. �

Step 3. In this step, we prove that in the situation of Theorem 1.14
there exists a π-exceptional divisor which is not relatively pseudoeffective on
each component of Exc(π). More precisely we will show:

Proposition 1.18. — For any π : X ! S as in Theorem 1.14, there
is an effective π-exceptional divisor E such that for any π-exceptional prime
divisor Γ , E|Γ is not π|Γ-exceptional.

The proof is the same as that in [64, III.5.10.Lemma, pp. 107–108]. For
the convenience of the readers, we provide the details in Appendix B.

Step 4. Let π : X ! S and L a π-effective line bundle on X as in
Theorem 1.14. The problem begin local, one can replace X (resp. S) by a
neighbourhood of a compact in X (resp. in S); in particular the set of π-
exceptional prime divisors, denoted by Exc (π), is a finite set, and thus we can
write:

E xc (π) = {Γ1, . . . ,Γt}
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By Step 3 an effective π-exceptional divisor E such that E|Γi is non-π|Γi-
pseudoeffective. In the sequel we will deduce Theorem 1.14 from the Reflex-
ivity Criterion 1.16:

1. — E being π-exceptional effective, we can write

E =
t∑
i=1

aiΓi, ai ∈ Z>0.

We claim that the ai’s are all strictly positive. Otherwise, there exists a j
such that aj = 0, implying that Γj 6⊆ Supp(E), then E|Γj is an effective
divisor, in particular it is π|Γj -pseudoeffective, contradicting the hypothesis
on E.

2. — Moreover claim that there is a b ∈ Z>0 such that ∀ β > b, β ∈
Q>0,

(
L+ βE

)∣∣
Γi

is a Q-line bundle which is non-π|Γi-pseudoeffective for
all i = 1, 2, . . . , t. Otherwise there is a sequence of positive rational numbers
βn ! +∞ such that for every n,

(
L+ βnE

)∣∣
Γin

is a π|Γin -pseudoeffective
Q-line bundle for some in. In general in should depend on n, but Exc (π)
being a finite set, there must exist an i appearing an infinity of times in
the sequence (in)n>0, thus up to taking a subsequence one can suppose that
there exists an i such that

(
L+ βnE

)∣∣
Γi

is a π|Γi-pseudoeffective Q-line
bundle for every n. Hence (

E + 1
βn
L

)∣∣∣∣
Γi

is an π|Γi-pseudo-effective Q-line bundle for every n. This implies (by letting
βn ! +∞) that E|Γi is π|Γi-pseudoeffective, contradicting to the point 1
above.

3. — Let us set
Lk = L⊗k ⊗ OX(kbE),

then in order to prove Theorem 1.14 we only need to show that π∗Lk is
reflexive. In fact, since S is normal, and since π∗

(
L⊗k

)
and π∗Lk are iso-

morphic outside an analytic subset of codimension > 2, therefore as soon as
π∗Lk is reflexive, we get immediately

π∗Lk '
[
π∗
(
L⊗k

)]∧
.

In the sequel we will prove that π∗Lk is reflexive in virtue of Proposition 1.16.
It suffices to check that Lk satisfies the conditions in Proposition 1.16: let G
be an π-exceptional effective divisor, then there is a minimal c ∈ Q>0 such
that cE > G. In fact, if we write

G =
t∑
i=1

giΓi,
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then we can take
c = max

i=1,...,t

{
gi
ai

}
.

In particular, by the minimality of c there exists an i such that Γi 6⊆
Supp(cE − G), implying that the Q-divisor

(
cE −G

)∣∣
Γi

is π|Γi-pseudo-
effective. However by the point 2 above, the Q-line bundle(

Lk +G
)∣∣

Γi
+
(
cE −G

)∣∣
Γi

= k
[
L+

(
b+ c

k

)
E
]∣∣∣

Γi

is non-π|Γi-pseudoeffective, hence a fortiori the line bundle
(
Lk +G

)∣∣
Γi

is
not π|Γi-pseudoeffective. Therefore Lk satisfies the conditions in Proposi-
tion 1.16, thus Lk is reflexive.

2. Positivity of Relative Pluricanonical Bundles and of their
Direct Images

Let f : X ! Y be a Kähler fibre space between complex manifolds, that
is, a proper surjective morphism with connected fibres (an analytic fibre
space) such that locally over Y the complex manifold X is Kähler (cf. the
definitions in the Introduction). Let (L, hL) be a line bundle on X equipped
with a singular Hermitian metric hL whose curvature current ΘhL(L) is
positive. The main purpose of this section is to establish the positivity result
for the L-twisted relative pluricanonical bundles and their direct images
mentioned in the Introduction (cf. Theorem 2.3 and Theorem 2.6). To this
end, we will explain the construction of the relativem-Bergman kernel metric
h

(m)
X/Y,L on K⊗mX/Y ⊗ L and of the canonical L2 metric gX/Y,L on the direct

image sheaf f∗(KX/Y ⊗ L⊗J (hL)).

Let us recall briefly the history of the study of these canonical metrics.
Initially, the case with hL a smooth metric and f smooth is considered in [3],
where the positivity of f∗(KX/Y ⊗ L) is proved by an explicit calculation
of the curvature; as a simple consequence, one deduces the positivity of
the relative Bergman kernel metric (with m = 1), cf. [5, §1, p. 348]. In
the more general case where f is projective but not necessarily smooth and
f∗(KX/Y ⊗L) is locally free, the positivity of f∗(KX/Y ⊗L) is proved in [5,
Theorem 3.5] based on the work of Berndtsson; this result, is in turn used
in [5, Corollary 4.2] to prove the positivity of the relative m-Bergman kernel
metric under the assumption that the direct image sheaf f∗(K⊗mX/Y ⊗ L) is
locally free. In [66], these positivity results are established for f projective
with the locally freeness conditions for direct images removed: it is made
clear that the positivity of the relative m-Bergman kernel metric can be
regarded as a result of the Ohsawa–Takegoshi extension Theorem with the
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optimal estimate, and thus can be obtained independent of the positivity of
direct images; while the proof of the positivity of f∗(KX/Y ⊗ L) is based
on [5] and is done by a semistable reduction plus an explicit calculation.
A little later, it is realized that the positivity of the canonical metric is
also a consequence of the Ohsawa–Takegoshi extension theorem with the
optimal estimate, as is explained in [45]. Therefore in order to obtain a
Kähler version of this theorem, all one needs is to generalize the Ohsawa–
Takegoshi extension theorem to the Kähler case. Thanks to [23], this result
is established and the positivity of the relative m-Bergman kernel metric
is also proved in [23] as a corollary; in consequence, by virtue of the main
result in [23] one can follow the same arguments in [45] to demonstrate
the positivity of the canonical L2 metric gX/Y,L for f Kähler fibre space.
Recently we are informed that this result is established in [33] by following
the strategy of [45] and by a more general positivity theorem for singular
Finsler metrics on direct images. For the convenience of the readers, we will
nevertheless provide some details of the proof in Section 2.3.

2.1. Ohsawa–Takegoshi Extension Theorems

As is explained above, the key point of the proof of Theorem 2.6, like
many other results in complex geometry, is the Ohsawa–Takegoshi extension
theorem. In this subsection we will state theorems of Ohsawa–Takegoshi type
for Kähler fibre spaces in the following two forms:

Local Version. For a Kähler fibre space whose base is an open ball
in some Cd, we have the following extension theorem of Ohsawa–Takegoshi
type with optimal estimation:

Theorem 2.1 (higher dimensional version of [23, Theorem 1.1 (Corol-
lary 3.1)]). — Let p : X ! B be a analytic (Kähler) fibre space with X a
Kähler manifold and B ⊆ Cd the open ball of centre 0 and of radius R. Let
(L, hL) be a holomorphic line bundle on X equipped with hL a singular Her-
mitian metric such that the curvature current of hL is positive. Suppose that
X0 := p−1(0) is a smooth fibre of p, and that hL|X0 is not identically +∞.
Then for any holomorphic section f ∈ H0(X0,KX0 ⊗ L|X0 ⊗J (hL|X0)),
there exists a section F ∈ H0(X,KX ⊗ L) such that F |X0 = f and

1
µ(B)

∫
X

|F |2e−φL 6
∫
X0

|f |2e−φL ,

where µ(B) denotes the Lebesgue measure of B.
Proof. — We obtain the theorem by applying [23, Theorem 1.3] to the

fibre space X p
−! B with E = p∗O⊕dB , v = p∗t where t = (t1, . . . , td) and
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ti’s are standard coordinates of Cd, A = 2d logR, cA(t) ≡ 1, and by letting
∆ ! +∞ (cf. also [44, §4.2, Lemma 4.14]). In particular, when d = 1 one
recovers [23, Theorem 1.1 (Corollary 3.1)]. �

Global Version. In many cases, one needs a global version of Ohsawa–
Takegoshi extension theorem for Kähler fibre spaces over projective bases;
in this case, one cannot obtain an optimal estimation, but one still has an
surjection of section spaces up to a twisting by a ample line bundle from the
base, along with a weaker estimation on the L2 norm. In fact we have the
following:

Theorem 2.2 (Kähler version of [34, Corollary 2.10]). — Let Y be a
smooth projective variety of dimension d and let f : X ! Y be a surjec-
tive morphism between compact Kähler manifolds with connected fibres. Let
(AY , y) be any pair with AY ample line bundle on Y and y ∈ Y0 (where Y0
denotes the smooth locus of f), such that the Seshadri constant

ε(AY , y) > dimY = d.

By [59, §5.1, Example 5.1.4, p. 270 and Example 5.1.18, p. 274, Vol.I] such
AY exists. Let (L, hL) be any holomorphic line bundle on X equipped with a
singular Hermitian metric hL whose curvature current is positive, such that
hL|Xy 6≡ +∞. Then for any section u ∈ H0(Xy,KXy ⊗ L|Xy ⊗J (hL|Xy )),
there is a section σ ∈ H0(X,KX ⊗ L ⊗ f∗AY ) such that σ|Xy = u with an
L2 estimate independent of L.

For the proof, refer to [34, Corollary 2.10]. Just remark that: in [34]
this theorem is only stated for f a projective morphism. The above Kähler
version holds because the proof of [34, Corollary 2.10] depends only on [31,
(2.8) Theorem] (cf. also [34, Theorem 2.9]), which is valid for any pseudo-
convex Kähler manifold.

2.2. Positivity of the Relative m-Bergman Kernel Metric

Let f : X ! Y be an analytic fibre space between complex manifolds
and let (L, hL) be a holomorphic line bundle on X equipped with a singular
Hermitian metric hL with curvature current ΘhL(L) > 0. Set n = dimX,
d = dimY and e = dimX −dimY = n− d. Let us recall the construction of
the relative m-Bergman kernel metric on K⊗mX/Y ⊗L. We will follow [25, §2.1]
and [23, §3.2]; for more details, cf. [5, §1]. Let Y0 be the (analytic) Zariski
open subset of Y over which f is smooth. Let x ∈ f−1Y0 and let z1, . . . , zd+e
the local coordinates near x; write y = f(x) ∈ Y0 and let t1, . . . , td be local
coordinates near y such that zj+e = f∗tj . Suppose in addition that over the
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coordinate neighbourhood of x (resp. of y) chosen as above the line bundle L
as well as the canonical bundles of X are trivial (resp. the canonical bundle
of Y is trivial).

Suppose that f∗(K⊗mX/Y ⊗ L) 6= 0. We define a L2/m-Finsler norm on
H0(Xy,K

⊗m
Xy
⊗ L|Xy ) by taking the integral over the fibre

‖u‖
2
m

m,y,L :=
∫
Xy

|u| 2
m e−

1
mφL , (2.1)

where φL denotes the local weight of the metric hL (we authorize this to be
+∞, which is the case when hL|Xy ≡ +∞). In addition, we denote by Fu
the coefficient of (dz1∧· · ·∧dzd+e)⊗m in the local expression of u∧f∗(dt1∧
· · · ∧ dtd)⊗m. Then local weight φ(m)

X/Y,L of the relative m-Bergman kernel
metric h(m)

X/Y,L is given by

e
φ

(m)
X/Y,L

(x) = sup
‖u‖m,y,L61

|Fu(x)|2. (2.2)

Let us remark that if hL|Xy ≡ +∞, (2.2) is equal to 0 by convention and
thus φX/Y,L(x) = −∞. The metric h(m)

X/Y,L = e
−φ(m)

X/Y,L can also be described
in an intrinsic way as follows: for ξ ∈ (K⊗(−m)

X/Y ⊗ L−1)x, we have

|ξ|
h

(m)∗
X/Y,L

,x
= sup
‖u‖m,y,L61

|ξ(u(x))|.

Suppose in the sequel of this subsection that f is a Kähler fibre space with X
and Y complex manifolds. By using the Ohsawa–Takegoshi extension theo-
rem with optimal estimate (cf. Theorem 2.1) Junyan Cao proved in [23] that
the relative m-Bergman kernel metric constructed above is semipositively
curved (since the construction is local over Y , the Kähler hypothesis on X
and Y in the original statement of [23, Theorem 3.5] is in fact not necessary,
and can be replaced by the hypothesis that f is a Kähler fibre space, in
which case X is only assumed to be Kähler locally over Y ):

Theorem 2.3 ([23, Theorem 1.2 (Theorem 3.5)]). — Let f : X ! Y
be a Kähler fibre space with X and Y complex manifolds and (L, hL) be a
holomorphic line bundle on X equipped with a singular Hermitian metric hL
whose curvature current is positive. Let m be a positive integer. Suppose that
for a general point y0 ∈ Y there exists a non-zero section u ∈ H0(Xy0 ,K

⊗m
Xy0
⊗

L|Xy0
) satisfying ∫

Xy0

|u| 2
m e−

1
mφL < +∞,
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then the curvature current of the relative m-Bergman kernel metric h(m)
X/Y,L is

positive. More precisely, there is an (analytic) Zariski open subset of f−1Y0

(cf. Remark 2.4 below) such that the local weight φ(m)
X/Y,L of the metric h(m)

X/Y,L

defined above is a psh function uniformly bounded from above, thus it admits
a unique (psh) extension on X.

Remark 2.4. — Though we do note use this, let us make it precise the
(analytic) Zariski open in Theorem 2.3 above. Define for every (quasi-) psh
function φ and for every integer m > 0 the ideal sheaf Jm(φ) by taking

Jm(φ)x :=
{
f ∈ OX,x

∣∣∣∣ |f | 2
m e−

1
mφ ∈ L1

loc

}
,

which is proved to be coherent in [23]. Then the integrability condition in
Theorem 2.3 is equivalent to the non-vanishing condition that f∗(K⊗mX/Y ⊗
L ⊗Jm(hL)) 6= 0. And the open subset mentioned in Theorem 2.3 can be
taken to be f−1U where U ⊆ Y0 is the (analytic) Zariski open subset consist
of all point t ∈ U such that

h0(Xt, (K⊗mX/Y ⊗ L⊗Jm(hL)|Xt) = rk f∗(K⊗mX/Y ⊗ L⊗Jm(hL)).

In particular by the Grauert’s semi-continuity theorem [71, Theorem 1.4(3),
p. 6], f∗(K⊗mX/Y ⊗ L ⊗Jm(hL)) satisfies the base change property over U .
For more details, cf. [23, Proof of Theorem 3.5] and Lemma 2.7 below.

By an explicit local calculation as in [25, Theorem 2.3] or [65, 3.33.The-
orem] we obtain (in virtue of Theorem 2.3 the proof in [25] apparently does
not require the projectivity of f):

Proposition 2.5 (Kähler version of [25, Remark 2.5] or [65, 3.35.Rem-
ark]). — Let f : X ! Y be a Kähler fibre space with X and Y complex
manifolds and (L, hL) be a holomorphic line bundle on X equipped with a
singular Hermitian metric hL whose curvature current is positive. Let m be
a positive integer. Suppose that for a general point y0 ∈ Y there exists a
non-zero section u ∈ H0(Xy0 ,K

⊗m
Xy0
⊗ L|Xy0

) satisfying∫
Xy0

|u| 2
m e−

1
mφL < +∞,

(as in the hypothesis of Theorem 2.3). Then we have

Θ
h

(m)
X/Y,L

(K⊗mX/Y ⊗ L) > m[Σf ] (2.3)

in the sense of currents, where the divisor Σf is defined in the Introduction.
In particular, the current Θ

h
(m)
X/Y,L

(K⊗mX/Y ⊗L) is singular along the multiple
fibres of f in codimension 1.
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Proof. — Let us remark that in [25] the proof of inequality (2.3) is only
sketched for m = 1. For the convenience of the readers let us give a detailed
proof for the general case here. Since a positive (1, 1)-current extends across
analytic subsets of codimension 2, it suffices to check the inequality around a
general point of Wi for every i ∈ Idiv (so that one can assume that every Wi

is smooth). Say i = 1 ∈ Idiv, and let x be a general point ofW1. Take a small
ball By (of radius < 1) around y = f(x) with holomorphic local coordinates
(tj)j=1,...,d and a small ball Ωx ⊂ f−1(By) around x0 with holomorphic
local coordinates (zi)i=1,...,n, such that W1 is locally defined by the equation
ze+1 = 0 and that f(W1) is defined by t1 = 0. Then f is locally given by the
formula (up to reordering the indices):

(z1, . . . , ze, ze+1, . . . , zn) 7−! (zb1
e+1, ze+2, . . . , zn).

Now let y0 ∈ By\(t1 = 0), and let u ∈ H0(Xy0 ,K
⊗m
Xy0
⊗ L|Xy0

) satisfying
the L2/m condition as in the hypothesis; up to a normalization one can
suppose that ‖u‖m,y0,L = 1. Then by the construction of Fu we have

1 = ‖u‖
2
m

m,y0,L
=
∫
Xy0

|u| 2
m e−

1
mφL >

∫
Ωx∩Xy0

∣∣∣∣∣ Fu

z
m(b1−1)
e+1

∣∣∣∣∣
2
m

dµXy0

where dµXy0
is the Lebesgue measure on Xy0 with respect to the zi’s. Notice

that
Ωx ∩Xy0 =

{
zb1
e+1 = t1(y0), ze+i = ti(y0), 2 6 i 6 d

}
,

hence by applying the Ohsawa–Takegoshi type extension theorem [33, The-
orem 4.2] (or [6, 0.2.Proposition]) to Ω = Ωx, p = (ze+1, . . . , zn) and φ =
(b1 − 1) log |ze+1|2, the holomorphic function Fu extends to a function Gu
defined on Ωx satisfying the following L2/m-integrability condition:∫

Ωx

∣∣∣∣∣ Gu

z
m(b1−1)
e+1

∣∣∣∣∣
2
m

dµX 6 µ(By)

By valuative integrability criterion [10, Theorem 10.11] the generic Lelong
number of log |Gu| over W1 is strictly superior to m(b1 − 1), implying that

log |Gu|2 6 m(b1 − 1) log |ze+1|2 + Cy0

for some uniform (the section space H0(Xy0 ,K
⊗m
Xy0
⊗ L|Xy0

) being finite-
dimensional) constant Cy0 depending on y0. Hence by the construction (2.2)
we have

φ
(m)
X/Y,L(z) 6 m(b1 − 1) log |ze+1|2 + Cf(z);

by the mean-value inequality the constant Cf(z) can be chosen locally uni-
form, which proves (2.3). �
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2.3. Positivity of the Canonical L2 Metric on the Direct Image
Sheaf

In this subsection, let f : X ! Y be an analytic fibre space between com-
plex manifolds and let (L, hL) be a holomorphic line bundle on X equipped
with a singular Hermitian metric hL with curvature current ΘhL(L) > 0.
We will show in the sequel that the canonical L2 metric on the direct image
sheaf f∗(KX/Y ⊗L⊗J (hL)) is semipositively curved, that is, to prove the
following theorem:

Theorem 2.6 (Kähler version of [66, Theorem 1(b)]). — let f : X ! Y
be an analytic fibre space between complex manifolds and let (L, hL) be a
holomorphic line bundle on X equipped with a singular Hermitian met-
ric hL with curvature current ΘhL(L) > 0. Then the torsion free sheaf
f∗
(
KX/Y ⊗ L⊗J (hL)

)
admits a canonical semipositively curved singular

Hermitian metric gX/Y,L which satisfies the L2 extension property.

The argument is very close to that in [45, §22-24]. For the convenience
of the readers, we will nevertheless explain it in details. First recall the
construction of the canonical L2 metric on the direct image of the adjoint
line bundle (twisted by the multiplier ideal). Briefly speaking, it is done as
following: when Y = pt, then X is compact, and this is nothing other than
the natural L2 norm on H0(X,KX ⊗ L ⊗J (hL)); for the general case, we
just do this construction in family.

Precisely, gX/Y,L is constructed as following: let Y0 be the Zariski open
of Y over which f is smooth and let y ∈ Y0. Take a coordinate neigh-
bourhood B of y, so that KY is trivial over B, then there is a nowhere
vanishing holomorphic d-form η such that KB ' OB · η. For any section
u ∈ H0(B, f∗(KX/Y ⊗ L) ⊗J (hL)), one can regard it as a morphism of
OB-modules (in virtue of the projection formula)

u : KB −! f∗(KX ⊗ L⊗J (hL))|B
Thus we obtain a section u(η) ∈ H0(B, f∗(KX ⊗ L⊗J (hL))) = H0(f−1B,
KX ⊗ L ⊗J (hL)). Locally over f−1(B ∩ Y0) we can write u(η) = σu ∧
f∗η; whilst the choice of σu depends on η, its restriction to the fibre σu|Xy
does not. The local sections σu|Xy ’s glue together to give rise to a section
σu,y ∈ H0(Xy,KXy ⊗ (L ⊗J (hL))|Xy ). Then we define the canonical L2

metric as following: for two local sections u, v of f∗(KX/Y ⊗ L) (resp. of
f∗(KX/Y ⊗ L⊗J (hL))), define

gX/Y,L(u, v)(y) =
(√
−1
)n2
∫
Xy

σu,y ∧ σv,ye−φL . (2.4)
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Before proving the result, let us recall the following comparison result of
the restriction of the multiplier ideal of a metric to a fibre and the multiplier
ideal of the restriction of the metric to a fibre:

Lemma 2.7. — Let f : X ! Y and (L, hL) as in the Theorem 2.6 above.
Suppose that f is smooth. Then for any y ∈ Y we have

J (hL|Xy ) ⊆J (hL)|Xy .

Moreover, for almost every y ∈ Y we have

J (hL|Xy ) = J (hL)|Xy .

Proof. — The inclusion J (hL|Xy ) ⊆ J (hL)|Xy results from the local
Ohsawa–Takegoshi extension theorem (see e.g. [8, Theorem 1]) while the
equality for a.e. y ∈ Y is simply a consequence of the Fubini’s theorem. Cf.
[65, 3.29.Remark] for more details. Let us remark that the same result holds
for Jm as defined in Remark 2.4. �

Next let us fix some notations for later use:

Notation 2.8. — Set Y1 the (analytic) Zariski open subset of Y0 such that

(i) f∗(KX/Y ⊗L⊗J (hL)) and the quotient sheaf of f∗(KX/Y ⊗L) by
f∗(KX/Y ⊗ L⊗J (hL)) are both locally free over Y1;

(ii) f∗(KX/Y ⊗ L) satisfies the base change property over Y1, i.e.
f∗(KX/Y ⊗ L) ⊗ κ(y) ' H0(Xy,KXy ⊗ L|Xy ) for every y ∈ Y1.
(e.g. if the function y 7! h0(Xy,KXy ⊗ L|Xy ) is locally constant on
Y1, cf. [71, Theorem 1.4(3), p. 6]).

Set in addition GL := f∗(KX/Y ⊗ L⊗J (hL)). With these notations we
get immediately from Lemma 2.7 the following:

Lemma 2.9. — We have inclusions

H0(Xy,KXy ⊗ L|Xy ⊗J (hL|Xy ))
⊆ GL ⊗ κ(y) ⊆ f∗(KX/Y ⊗ L)⊗ κ(y) = H0(Xy,KXy ⊗ L|Xy )

for every y ∈ Y1.

For any y ∈ Y1, since f∗(KX/Y ⊗ L) satisfies the base change property,
the expression of the metric gX/Y,L is simpler: for u ∈ GL ⊗ κ(y), u can be
regarded as a section in H0(Xy,KXy ⊗ (L ⊗J (hL))|Xy ) ⊆ H0(Xy,KXy ⊗
L|Xy ), and we have

|u|2gX/Y,L,y =
∫
Xy

|u|2e−φL . (2.5)
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In particular, |u|2gX/Y,L,y (y ∈ Y1) is finite if and only if u ∈ H0(Xy,KXy ⊗
L|Xy ⊗J (hL|Xy )). Now let us prove the following result which assures that
gX/Y,L is well-behaved:

Proposition 2.10. — The metric gX/Y,L defined above on f∗(KX/Y ⊗
L ⊗J (hL)) is measurable, and is non-degenerate and bounded almost ev-
erywhere.

Proof. — We check successively:
(a). gX/Y,L is measurable. — This is surely well known to experts, but

since it does not appear explicitly in the literatures we give the details for
the convenience of the readers and take this chance to fix some notations for
later use. Let s ∈ H0(B,GL) be a local section on B with B a small ball in
Y , we will show that Λs := |s|2gX/Y,L is a measurable function. To this end,
we can assume that B is contained in Y0; in addition, s can be regarded as
a section in H0(f−1B,KX/Y ⊗ L), and thus s(y) ∈ H0(Xy,KXy ⊗ L|Xy );
s ∧ f∗η ∈ H0(f−1B,KX ⊗ L) where η is a nowhere vanishing holomorphic
d-form, giving rise to a trivialization KB ' OB · η. By definition, for any
y ∈ B ∩ Y1 we have

Λs(y) =
∫
Xy

|s(y)|2e−φL ,

By Ehresmann’s theorem (cf. for example [76, §9.1.1, Proposition 9.3,
pp. 209–210]) we have a diffeomorphismX0×B

τ
−! f−1B such that τ |X0×{0}◦

i0 = idX0 where iy : X0 ! X0 × B is the natural inclusion which identifies
X0 à X0 × {y} in X0 ×B. Then we can write

Λs(y) =
∫
X0

Gs(y, · ) VolX0 (2.6)

where VolX0 is a fixed volume form on X0 and Gs is a function such that

Gs(y, · ) VolX0 =
∣∣∣τ∗(s ∧ f∗η)

∣∣
X0×{y}

∣∣∣2 e−φL . (2.7)

φL being a psh function, the function Gs is lower semi-continuous and is well
defined on X0 × (B ∩ Y1), in particular it is measurable. Hence by Fubini’s
theorem, Λs is measurable.

(b). gX/Y,L is non-degenerate and bounded almost everywhere (cf. also
[65, 3.29.Remark]). — First one notices that by the formula (2.5) the metric
gX/Y,L is non-degenerate over Y1 since φL is a psh function. In order to
show that gX/Y,L is bounded almost everywhere, it suffices to prove that the
natural inclusion

H0(Xy,KXy ⊗ L|Xy ⊗J (hL|Xy )) ↪! GL ⊗ κ(y)
is an isomorphism for y ∈ Y1 almost everywhere. This simply results from
Lemma 2.7. �
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By virtue of Proposition 2.10, in order to prove that gX/Y,L defined above
extends to a semipositively curved singular Hermitian metric on GL, it re-
mains to show: for U ⊆ Y an open subset, and for α ∈ H0(U,G ∗L) a non-zero
section, ψα := log |α|2g∗

X/Y,L
(a function well-defined on U ∩ Y0) extends to a

psh function on U . To this end, we will successively establish (by Proposi-
tion 2.10, ψα 6≡ −∞ on U ∩ Y0):

(A) ψα is locally uniformly bounded from above on U1 := U ∩ Y1;
(B) ψα is upper semi-continuous on U1;
(C) ψα satisfies the mean value inequality on any disc in U1.

In fact, the points (B) and (C) imply that ψα is a psh function over U1; and
the point (A) implies moreover that ψα|U1 admits a unique psh extension to
U . In addition, let us remark that up to replacing Y par U , one can suppose
that α is a global section; in this case ψα is a function well defined over
Y0. The proof of theses three points relies on the Ohsawa–Takegoshi type
extension Theorem 2.1, which permits us to extend a section on the fibre to
a neighbourhood along with an L2 estimate (in some cases we should require
this estimate to be optimal).

Proof of (A). Let y0 ∈ Y , we will prove that y0 admits a neighbourhood
on whose intersection with Y1 the function ψα is uniformly upper bounded.
To this end, take a small open ball B0 of centre y0 in Y and denote B1 :=
1
2B0, B = B2 := 1

4B0 and R0 = radius of B0. We will prove in the sequel
that ψα est uniformly upper bounded on B∩Y1. This proceeds in two steps:

(A1). — Firstly we prove that

ψα|B∩Y1 6 punctual supremum of the family
of functions

{
log |α(s)|2

}
s∈SM0

(2.8)

where SM0 denotes the set of sections s ∈ H0(B1,GL) = H0(f−1B1,KX/Y ⊗
L⊗J (hL)) satisfying the following L2 condition:∫

f−1B1

|s ∧ f∗η|B1 |
2
e−φL 6

(
3
4

)d
µ(B0) := M0, (2.9)

where µ(B0) denotes the Lebesgue measure of B0 and η a nowhere vanishing
holomorphic n-form on B0 (which gives rise to a trivializationKB0 ' OB0 ·η).

For every y ∈ B ∩ Y1 such that hL|Xy 6≡ +∞ (if hL|Xy ≡ +∞, then
ψα(y) = −∞ and (2.8) is automatically established at y), we have

ψα(y) = log |α(y)|2g∗
X/Y,L

,y = sup
‖u‖y,L61

log |α(y)(u)|2 .
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The set
{
u ∈ H0(Xy,KXy ⊗ L|Xy )

∣∣ ‖u‖y,L 6 1
}
being compact, the supre-

mum is attained by a vector vy ∈ GL⊗κ(y) satisfying ‖vy‖y,L = |vy|gX/Y,L,y =
1 (we denote ‖ · ‖1,y,L = ‖ · ‖y,L, compare (2.1) and (2.5)); in particular vy ∈
H0(Xy,KXy ⊗ L|Xy ⊗J (hL|Xy )). Consider the open ball By := B(y, 3

4R0)
of centre y and of radius = 3

4R0. Then B ⊆ B1 ⊆ By ⊆ B0. By Theorem 2.1
we get a section sy ∈ H0(By,GL) such that sy|Xy = vy and satisfies the
following L2 condition:∫
f−1By

∣∣sy ∧ f∗η|By ∣∣2 e−φL 6 µ(By) · ‖vy‖y,L = µ(By) =
(

3
4

)d
µ(B0) = M0.

In particular, sy|B1 satisfies the condition (2.9), then sy|B1 ∈ SM0 . In addi-
tion, we have

ψα(y) =
(

log |α(sy)|2
)

(y),

which proves (2.8).

(A2). — By the previous step, it remains to prove that the functions
log |α(s)|2 (s ∈ SM0) are all uniformly upper bounded over B by a uniform
constant. In fact we can prove the following more general:

Lemma 2.11. — For a fixed M > 0, define

SM :=
{
s ∈ H0(B1,GL)
= H0(f−1B1,KX/Y ⊗L⊗J (hL))

∣∣∣∣∣
∫
f−1B1

|s ∧ f∗η|B1 |
2
e−φL6M

}
,

then for every compact K ⊆ B1, there exists a constant CK > 0 (independent
of s) such that

sup
K
|α(s)| 6 CK

for every s ∈ SM .

Proof. — The lemma is deduced from the some well known facts about
the Fréchet space structure on the cohomology spaces of coherent sheaves
over complex spaces, as presented in [39, §VIII.A, pp. 234–246]. By [39,
§VIIII.A, 8.Theorem, pp. 239–240], for any coherent sheaf on an analytic
space, we can equip its section spaces with a unique Fréchet space structure,
s.t. the restriction morphisms are continuous.

(a) By [39, §VIII.A, 7.Theorem, pp. 237–238], the section α, regarded
as a morphism GL ! OY , induces continuous map between Fréchet
spaces

α|B1 : H0(B1,GL) −! H0(B1,OX).
(b) By uniqueness, the a priori topologies on the two isomorphic spaces

H0(B1,GL) and H0(f−1B1,KX/Y ⊗L⊗J (hL)) are homeomorpic.
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(c) SM ⊆ H0(B1,GL) is compact with respect to the Fréchet space
topology. This is a result of (b) and Montel’s Theorem.

(d) By [26, §V.4.2, Proposition 2.1, pp. 165–166] the compacts in
H0(B1,OX) are closed and bounded.

By combining (a), (c) and (d) we establish the lemma. �

Proof of (B). Let y0 ∈ Y1, and let {yk}k>0 be any sequence in Y1
convergent to y0, we will prove that

lim sup
k!+∞

ψα(yk) 6 ψα(y0).

The problem being local, we can replace Y by B0 a small open ball of centre
y0 (y0 = 0 in B0) in Y . Note R0 := the radius of B0 and Bi :=

( 1
2
)i
B0.

Since there is a subsequence of {ψα(yk)}k>0 which converges to the limit
superior of {ψα(yk)}k>0, we can assume that the sequence {ψα(yk)}k>0 is
convergent. In addition, up to shifting the numbering of the sequence we
can assume that {yk}k>0 ⊆ B3; we can also assume that ψα(yk) 6= −∞, ∀ k
(in particular, hL|Xyk 6≡ +∞). As in the step (A1) above, there exists for
every k ∈ Z>0 a vector vk ∈ H0(Xyk ,KXyk

⊗L|Xyk ⊗J (hL|Xyk )) such that
‖vk‖yk,L = 1 and

ψα(yk) = log |α(yk)(vk)|2 .

Consider Byk := B(yk, 7
8R0) the open ball of centre yk and of radius 7

8R0,
then B3 ⊆ B2 ⊆ B1 ⊆ Byk ⊆ B0. Still by Theorem 2.1, we obtain a section
sk ∈ H0(Byk ,GL) = H0(f−1Byk ,KX/Y ⊗L⊗J (hL)) such that sk|Xyk = vk
and ∫

f−1Byk

|sk|2e−φL 6
(

7
8

)d
µ(B0) := M ′0.

Denote Fk = α(sk)|B1 and θk := log |Fk|2, then Fk is a holomorphic function
on B1 and θk is a psh function (with analytic singularities); in addition, we
have that ψα(yk) = θk(yk). By Lemma 2.11 (taking M = M ′0 and K = B2),
there is a constant CB̄2

independent of k such that |Fk| 6 CB̄2
on B2 for

every k; in consequence, the derivatives of Fk satisfy

|∇Fk|2 6 C̃B̄2
:= 16

√
n

R0
CB̄2

on B3 (cf. [26, §V.1.2, Lemme, p. 146]). In particular, since {yk}k>0 ⊆ B3,
we have∣∣|Fk(0)| − |Fk(yk)|

∣∣6 |Fk(0)− Fk(yk)| 6 C̃B̄2
|yk − 0|! 0 when k ! +∞,
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hence we get

lim
k!+∞

θk(yk) = lim
k!+∞

(log |Fk(yk)|)

= lim
k!+∞

(log |Fk(0)|) = lim
k!+∞

θk(0) (2.10)

By definition, we have
|α(sk)| 6 |α|g∗

X/Y,L
|sk|gX/Y,L =⇒ ψα + log λk > θk,

where λk := Λsk = |sk|2gX/Y,L . By passing to the limit superior we obtain (in
virtue of (2.10))

ψα(0) + lim sup
k!+∞

(log λk(0)) > lim sup
k!+∞

θk(0) = lim
k!+∞

θk(0)

= lim
k!+∞

θk(yk) = lim
k!+∞

ψα(yk).

It remains thus to show
lim sup
k!+∞

(log λk(0)) 6 0,

and this amounts to show (the function log being increasing and continuous)
lim sup
k!+∞

λk(0) 6 1.

Now up to taking an extraction, we can assume that the sequence {λk(0)}k>0
is convergent. By the compacity of SM ′0 (the point (b) in the proof of Lem-
ma 2.11), up to taking a subsequence, we can further assume that {sk}k>0
converges uniformly on all compacts in B1 to a section s ∈ SM ′0 . By (2.6)
(cf. point (a) in the proof of Proposition 2.10) we have for y ∈ B1 ∩ Y1 that

λk(y) =
∫
X0

Gsk(y, · ) VolX0 ,

Λs(y) =
∫
X0

Gs(y, · ) VolX0 .

By (2.7) the compact convergence {sk}k>0 implies that {Gsk}k>0 converges
uniformly over all compacts to Gs (especially over B3).By the point (a) in
the proof of Proposition 2.10, the Gsk ’s as well as Gs are all lower semi-
continuous functions, thus

Gsk(0, · ) 6 lim inf
l!+∞

Gsk(yl, · ),

Gs(0, · ) 6 lim inf
l!+∞

Gs(yl, · ),

and in consequence (by a diagonal process)
Gs(0, · ) 6 lim inf

k!+∞
Gsk(yk, · ).
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Then Fatou’s lemma implies that,

lim
k!+∞

λk(0) = Λs(0) =
∫
X0

Gs(0, · ) VolX0 6
∫
X0

lim inf
k!+∞

Gsk(yk, · ) VolX0

6 lim inf
k!+∞

∫
X0

Gsk(yk, · ) = lim inf
k!+∞

λk(yk) = 1,

which proves the result.

Proof of (C). Let ∆ be any disc contained in Y1, we will prove that

ψα(0) 6 1
µ(∆)

∫
∆
ψαdµ. (2.11)

We can assume that Y = ∆ (= Y1 = Y0), in particular, f is a smooth fibra-
tion. If ψα(0) = −∞, then the inequality (2.11) is automatically established;
hence we can assume that ψα(0) 6= −∞, in particular hL|X0 6≡ +∞. As in
the step (A1), there is a section v ∈ H0(X0,KX0 ⊗ L|X0 ⊗J (hL|X0)) such
that ‖v‖0,L = 1 and

ψα(0) = log |α(0)(v)|2 .
Again by Theorem 2.1 we get a section s ∈ H0(X,KX/∆⊗L⊗J (hL)) such
that s|X0 = v and ∫

∆
Λs(t) dt =

∫
X

|s|2e−φL 6 µ(∆).

In particular
(
log |α(s)|2

)
(0) = ψα(0). By definition we have

|α(s)| 6 |α|g∗
X/Y,L

|s|gX/Y,L =⇒ ψα + log Λs > log |α(s)|2.

The function log |α(s)| being psh on ∆, it satisfies the mean value inequality,
hence we have

1
µ(∆)

∫
∆
ψαdµ+ 1

µ(∆)

∫
∆

log Λsdµ >
1

µ(∆)

∫
∆

log |α(s)|dµ

>
(
log |α(s)|2

)
(0) = ψα(0).

It remains to show that ∫
∆

log Λsdµ 6 0,

but the function log being concave, this is a result of Jensen’s inequality: Λs
being integrable, we have∫

∆
log Λs

dµ
µ(∆) 6 log

(∫
∆

Λs
dµ
µ(∆)

)
= log 1 = 0.

This proves (2.11), and thus finishes the proof of the step (C). Hence gX/Y,L
is a semipositively curved singular Hermitian metric on GL.
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In order to finish the proof of Theorem 2.6, it remains to show that
(GL, gX/Y,L) satisfies the L2 extension property. To this end, take an open
subset U of X and Z an analytic subset of U and, and take a local section
s ∈ H0(U\Z,GL) satisfying the L2 integrability condition, we will show that
s extends to a section over U . The problem being local, we can replace U
by a small ball B in Y (with t1, . . . , td the standard coordinates). Then
s ∈ H0(B ∩ Y1,GL) = H0(f−1Y1,KX/Y ⊗L⊗J (hL)) satisfies the following
L2 condition: ∫

B

(
|s|2gX/Y,L

)
η =

∫
f−1B

|s ∧ f∗η|2e−φL < +∞,

where η = dt1 ∧ · · · ∧ dtd is a nowhere vanishing holomorphic d-form (giving
rise to a trivialization KB ' OB · η). Then it is an elementary consequence
of Riemann extension that s extends to a section in H0(f−1B,KX/Y ⊗ L⊗
J (hL)) = H0(B,GL), meaning that (GL, gX/Y,L) satisfies the L2 extension
property. This finishes the proof of Theorem 2.6.

2.4. Positivity of Direct Images of Twisted Pluricanonical Bundles

In this subsection, we will apply Theorem 2.3 and Theorem 2.6 to prove
Theorem B, which will serve as a key ingredient in the proof of our Main
Theorem A.

Proof of Theorem B. — Recall that

Fm,∆ := f∗

(
K⊗mX/Y ⊗ OX(m∆)

)
.

If Fm,∆ = 0, then there is nothing to prove; hence we assume that Fm,∆ 6=
0. Since (X,∆) is klt (implying that (Xy,∆y) is klt for y general by [59,
§9.5.D, Theorem 9.5.35, pp. 210–211, vol.II]) and Fm,∆ 6= 0, the condition
in the hypothesis of Theorem 2.3 is satisfied for L = OX(m∆) and hL =
h⊗m∆ where h∆ is the canonical (singular) Hermitian metric defined by the
local equations of ∆, then we obtain a singular Hermitian metric h(m)

X/Y,m∆
over K⊗mX/Y ⊗ OX(m∆) whose curvature current is positive. However one
cannot directly apply Theorem 2.6 to obtain a semipositively curved singular
Hermitian metric on Fm,∆. In order to overcome this difficulty, we introduce
the line bundle

Lm−1 = K
⊗(m−1)
X/Y ⊗ OX(m∆),

equipped with the metric

hLm−1 :=
(
h

(m)
X/Y,m∆

)⊗m−1
m ⊗ h∆.
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Then the curvature current of hLm−1 is positive. We are now ready to apply
Theorem 2.6 to L = Lm−1, except that we need to establish in addition that
the natural inclusion

f∗
(
KX/Y ⊗ Lm−1 ⊗J (hLm−1)

)
↪! Fm,∆

is generically an isomorphism.

To this end, let Y2 be the (analytic) Zariski open subset of Y0 satisfying
the conditions (i) and (ii) in the definition of Y1 for L = Lm−1 (see Nota-
tion 2.8) and such that the pair (Xy,∆y) is klt for ∀ y ∈ Y2 (cf. [59, §9.5.D,
Theorem 9.5.35, pp. 210–211, vol.II]). By virtue of the base change prop-
erty of Fm,∆ over Y2 and Lemma 2.9, it suffices to prove that the natural
inclusion

H0(Xy,KXy⊗Lm−1|Xy⊗J (hLm−1 |Xy )) ↪! H0(Xy,KXy⊗Lm−1|Xy ) (2.12)

is an isomorphism for y ∈ Y2. But this results from the following Lem-
ma 2.12. �

Lemma 2.12. — Let f : X ! Y be a Kähler fibre space between complex
manifolds and let N be a Q-line bundle endowed with a semipositively curved
singular Hermitian metric hN such that J (hN |Xy ) = OXy for almost every
y ∈ Y0 (which is the case, e.g. if J (hN ) = OX , by Lemma 2.7). If the
direct image sheaf f∗(K⊗mX/Y ⊗ N⊗m) 6= 0, then by Theorem 2.3 one can
construct the relative m-Bergman kernel metric h(m)

X/Y,mN on K⊗mX/Y ⊗N
⊗m

whose curvature current is positive. Set

Nm−1 := K
⊗(m−1)
X/Y ⊗N⊗m

and
hNm−1 :=

(
h

(m)
X/Y,mN

)⊗m−1
m ⊗ hN .

Then the natural inclusion

H0(Xy,KXy ⊗Nm−1|Xy ⊗J (hNm−1 |Xy )) ↪! H0(Xy,KXy ⊗Nm−1|Xy )

is an isomorphism (or equivalently, surjective) for a.e. y ∈ Y0.

Proof. — Let y ∈ Y0 be a point such that J (hN |Xy ) = OXy and let
v ∈ H0(Xy,KXy ⊗ Nm−1|Xy ) = H0(Xy,K

⊗m
Xy
⊗ N⊗m|Xy ), then with the

same notations as in Section 2.2 we can write

v ∧ (dt1 ∧ · · · ∧ dtd)⊗m = Fv · (dz1 ∧ · · · ∧ dzn)⊗m.

Since J (hN |Xy ) = OXy , we have

‖v‖
2
m

m,y,mN =
∫
Xy

|v| 2
m e−φN =

∫
Xy

(
|Fv|

2
m e−φN

)
VolXy < +∞, (2.13)
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where φN denotes the local weight of the metric hN . By (2.2) (cf. also [6,
§A.2, p. 8]) the local weight φ(m)

X/Y,mN satisfies

φ
(m)
X/Y,mN = log

(
sup

‖u‖m,y,mN61
|Fu|2

)
> log

(
|Fv|2

‖v‖2m,y,mN

)
,

and thus

log |Fv|2 6 φ(m)
X/Y,mN +O(1) =⇒ |Fv|

2(m−1)
m e

−m−1
m φ

(m)
X/Y,mN 6 O(1). (2.14)

Regarded as a holomorphic n-form with values in the line bundle Nm−1|Xy ,
the section v satisfies

|v|2e−φNm−1 = |Fv|2e−
m−1
m φ

(m)
X/Y,mN

−φN ·VolXy ,
where φNm−1 denotes the local weight of the metric hLm−1 , hence by (2.13)
and (2.14) we have

‖v‖2y,Nm−1
=
∫
Xy

|v|2e−φNm−1 =
∫
Xy

(
|Fv|2e−

m−1
m φ

(m)
X/Y,N

−φN
)

VolXy

=
∫
Xy

(
|Fv|

2
m e−φN

)
·
(
|Fv|

2(m−1)
m e

−m−1
m φ

(m)
X/Y,N

)
VolXy

6 C
∫
Xy

(
|Fv|

2
m e−φN

)
VolXy = C · ‖v‖

2
m

m,y,mN < +∞,

where C is a constant given by (2.14). Therefore v ∈ H0(Xy,KXy ⊗ L|Xy ⊗
J (hNm−1 |Xy )), which proves the lemma. �

By combining Theorem B and Theorem 1.13 we immediately get:

Corollary 2.13. — Let f : X ! Y and ∆ as in Theorem B. Suppose
that the determinant of Fm,∆ is numerically trivial. Then

(
Fm,∆, g

(m)
X/Y,∆

)
is a Hermitian flat vector bundle.

3. Log Kähler Version of Results of Kawamata and of Viehweg

In this section we will apply the Ohsawa–Takegoshi type extension Theo-
rem 2.2 to prove Main Theorem A(I). Along the way we also give a proof of
the conjecture Cn,m over general type bases (cf. Theorem 3.2 below) which
is a main ingredient in the proof of Theorem C in Section 4.

Classically the proof of Main Theorem A(I) and Theorem 3.2 is based on
Viehweg’s weak positivity theorem on the direct image; here we will take a
new argument which only depends on the Ohsawa–Takegoshi type extension
Theorem 2.2. Precisely, Theorem 2.2 is used to ensure the effectivity of the
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twisted relative canonical bundle up to adding an ample line bundle from
the base, in virtue of the following auxiliary result:

Lemma 3.1. — Let f : X ! Y be an analytic fibre space with X a
normal complex variety and Y a projective variety. Let L be a holomorphic
line bundles on X such that κ(L) > 0 and let A be a ample line bundle on
Y . Then

κ(X,L⊗ f∗A) = κ(F,L|F ) + dim Y

where F denotes the general fibre of f .

Before giving the proof, let us remark that this simple but useful result
has been implicitly used in the works on Cn,m, e.g. [35, 74]; it is explicitly
formulated in [17, Lemma 4.9] but without proof. For the convenience of the
readers, we will give the detailed proof.

Proof of Lemma 3.1. — Up to multiplying L and AY by a sufficiently
large and divisible integer, we can assume that H0(X,L) 6= 0 and A is
very ample; we can further assume that the closure of the image of the
meromorphic mapping

Φ := Φ|L⊗f∗A| : X 99K PV

with V := H0(X,L ⊗ f∗A) is of dimension κ(X,L ⊗ f∗A). Up to blowing
up X we can assume that Φ is an analytic fibre space (cf. [71, Lemma 5.3,
pp. 51–52, and Corollary 5.8, p. 57]). Then consider the sub-linear series
defined by the inclusion

H0(Y,A) ' H0(X, f∗A) ↪! H0(X,L⊗ f∗A) ' H0(PV,OPV (1)),

this gives rise to a meromorphic mapping

PV 99K PH0(Y,A).

On the other hand, since A is very ample, the linear series |A| defines an
closed embedding i := Φ|A| : Y ↪! PH0(Y,A), thus we have the following
“commutative” diagram:

Y

X

PH0(Y,A).

PV

f

Φ|f∗A|

Φ := Φ|L⊗f∗A|

i := Φ|A|
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In particular, the general fibre G of Φ is contracted by f , hence we get an
analytic fibre space

Φ|F : F ! Im(Φ|F ),
whose general fibre is isomorphic to G. Φ|F is defined by the linear series
|L⊗f∗A| restricted to F , which is a sub-linear series of |(L⊗f∗A)|F | ' |L|F |,
hence we have
κ(F,L|F ) > dim Im(Φ|F ) = dim Im Φ − dimY = κ(X,L⊗ f∗A)− dimY.

In addition, by applying the easy inequality [71, Theorem 5.11, pp. 59–60]
to Φ|F and (L⊗ f∗AY )|F we get

κ(F,L|F ) = κ(F, (L⊗ f∗A)|F )
6 κ(G, (L⊗ f∗A)|G) + dim Im(Φ|F ) = dim Im(Φ|F ),

therefore κ(X,L⊗ f∗A) = κ(F,L|F ) + dim Y . �

3.1. Kähler Version of C log
n,m over General Type Bases

In this subsection we will apply the Ohsawa–Takegoshi type extension
Theorem 2.2 to recover the result that C log

n,m holds for fibre spaces over general
type bases, i.e. to give a new proof of the following theorem:

Theorem 3.2 (Kähler version of [49, Theorem 3], [74, Theorem III]).
Let f : X ! Y be a fibre space between compact complex varieties in Fujiki
class C and let ∆ be an Q-effective divisor on X such that (X,∆) is klt.
Suppose that Y of general type (thus projective). Then

κ(X,KX + ∆) > κ(F,KF + ∆F ) + dim Y,

where F denotes the general fibre of f and ∆F := ∆|F .

Let us remark that by virtue of the easy inequality [71, Theorem 5.11,
pp. 59–60], the inequality in the theorem is in fact an equality. In order to
establish Theorem 3.2, we first prove the following lemma, which can be
regarded as a (log) Kähler version of [74, Corollary 7.1]:

Lemma 3.3. — Let f : X ! Y be an analytic fibre space with X a
(compact) Kähler manifold and Y a smooth projective variety. Let ∆ be an
effective Q-divisor on X such that the pair (X,∆) is klt. Then for any ample
Q-line bundle AY on Y , we have

κ(X,KX/Y + ∆ + f∗AY ) = κ(F,KF + ∆F ) + dim Y. (3.1)
where F denotes the general fibre of f , and ∆F := ∆|F .
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Proof. — If κ(F,KF +∆F ) = −∞, then for any integer µ > 0 sufficiently
large and divisible (so that A⊗µY is a line bundle and µ∆ is an integral divisor)
we have

Fµ,∆ := f∗

(
K⊗µX/Y ⊗ OX(µ∆)

)
= 0,

thus Fµ,∆ ⊗A⊗µY = 0, and in particular

H0(X,K⊗µX/Y ⊗ OX(µ∆)⊗ f∗A⊗µY ) = H0(Y,Fµ,∆ ⊗A⊗µY ) = 0,

therefore κ(X,KX/Y + ∆ + f∗AY ) = −∞, hence the equality (3.1).

Suppose in the sequel that κ(F,KF + ∆F ) > 0. Let m be a sufficiently
large and divisible positive integer, so that A⊗mY is a line bundle, m∆ is an
integral divisor, Fm,∆ 6= 0 and that there is a very ample line bundle A′Y on
Y which satisfies (A′Y )⊗2 ' A⊗mY and the following inequality for Seshadri
constant

ε(A′Y ⊗K−1
Y , y) > dimY, for general y ∈ Y.

Suchm exists by [59, §5.1, Example 5.1.4, p. 270 and Example 5.1.18, p. 274,
Vol.I]. By Theorem 2.3 the relative m-Bergman kernel metric h(m)

X/Y,m∆ on
K⊗mX/Y ⊗ OX(m∆) is semi-positively curved. Then as in the proof of Theo-
rem B we consider the line bundle

Lm−1 := K
⊗(m−1)
X/Y ⊗ OX(m∆)

equipped with the semi-positively curved metric

hLm−1 :=
(
h

(m)
X/Y,m∆

)⊗m−1
m ⊗ h∆,

where h∆ denotes the singular Hermitian metric whose local weight is defined
by the local equation of ∆. Then apply Theorem 2.2 to L = Lm−1 (by virtue
of Lemma 2.12) and we get a surjection

H0(X,KX ⊗ Lm−1 ⊗ f∗
(
A′Y ⊗K−1

Y

))
� H0(F,KF ⊗ Lm−1|F ),

i.e.
H0(X,K⊗mX/Y ⊗ OX(m∆)⊗ f∗A′Y )� H0(F,K⊗mF ⊗ OF (m∆F )),

which implies that
H0(X,K⊗mX/Y ⊗ OX(m∆)⊗ f∗A′Y ) 6= 0. (3.2)

By (3.2) we can apply Lemma 3.1 to L = K⊗mX/Y ⊗ OX(m∆) ⊗ f∗A′Y and
A = A′Y and we get
κ(X,KX/Y + ∆ + f∗AY ) = κ(X, (mKX/Y +m∆ + f∗A′Y ) + f∗A′Y )

= κ(F, (mKX/Y +m∆ + f∗A′Y )|F ) + dim Y

= κ(F,KF + ∆F ) + dim Y. �
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By virtue of Lemma 3.3, one easily deduces Theorem 3.2:

Proof of Theorem 3.2. — By Lemma 1.5, up to replacing Y by a higher
smooth model and up to taking a desingularization of the fibre product,
we can assume that X and Y are smooth. Since Y is of general type, it
is projective. Then fix an ample line bundle H on Y ; its canonical bundle
KY being big, the Kodaira Lemma (cf. [57, Lemma 2.60, pp. 67–68]) implies
that there exists an integer b > 0 such that K⊗bY ⊗H−1 is effective. Now by
applying Lemma 3.3 to AY = 1

bH we obtain

κ(X,KX + ∆) > κ(X, bKX/Y + b∆ + f∗H)
= κ(F,KF + ∆F ) + dim Y,

thus we prove Theorem 3.2. �

3.2. Iitaka Conjecture for Kähler Fibre Spaces with Big Determi-
nant Bundle of the Direct Image of Relative Pluricanonical
Bundles

The proof of Main Theorem A(I) is obtained by combining Lemma 3.1
and Theorem 2.2 plus the following result:

Theorem 3.4 (Kähler version of [25, Theorem 3.4]). — Let f : X ! Y
be a fibre space with X a compact Kähler manifold and Y a smooth projective
variety andd let F be the general fibre of f . Let L be a holomorphic Q-line
bundle on X equipped with a singular Hermitian metric hL such that its
curvature current ΘhL(L) > 0 and that J (hL) ' OX . Suppose that there is
an integer m > 0 such that L⊗m is a line bundle and that

f∗

(
K⊗mX/Y ⊗ L

⊗m
)
6= 0. (3.3)

Such m exists if and only if κ(F,KF +L|F ) > 0. Suppose that there is a SNC
divisor ΣY containing Y \Y0 where Y0 is the (analytic) Zariski open subset
over which f is smooth, such that f∗ΣY has SNC support (in other word, f
is prepared in the sense of [17]). Then there exists a constant ε0 > 0 and an
f -exceptional effective Q-divisor E such that the Q-line bundle

KX/Y + L+ E − ε0f∗ det f∗
(
K⊗mX/Y ⊗ L

⊗m
)

(3.4)

is pseudoeffective.

Before giving the proof, let us remark that:
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Remark 3.5. — The condition (3.3) concerning the positivity of the Ko-
daira dimension of the general fibre does not appear in the original statement
of [25, Theorem 3.14], but is indispensable. In fact, consider for example
the case where Y = pt, X is a smooth Fano variety (or more generally a
smooth uniruled projective variety) with ∆ = 0, f is the structural morphism
X ! pt and L = OX ; f being a smooth morphism, there is no f -exceptional
divisors, and the direct image (space of global sections) of K⊗mX is always 0,
then the Q-line bundle (3.4) is equal to KX , which can never be pseudoef-
fective for X Fano (or uniruled projective, by [11]).

Proof of Theorem 3.4. — The proof follows the same idea as that of [25,
Theorem 3.4]; in fact, the algebraicity of f (or equivalently, the algebraicity
of X) is not essential in the original proof: it is only used in [25] to apply
the Ohsawa–Takegoshi extension theorem and [64, III.5.10.Lemma, pp. 107–
108]; as have been seen in Section 2.1 and Section 1.3 respectively, both of
them can be generalized to the Kähler case. Nevertheless, the proof being
highly technical, we will give more details for the convenience of the readers.
Let us summarize the central idea of the proof as follows: from the natural
inclusion of the determinant into the tensor product, we can construct, by the
diagonal method of Viehweg, a non-zero section on X(r) (where X(r) denotes
the resolution of some fibre product Xr of X over Y ) of a line bundle of the
form (3.4) (with X replaced by Xr and ε0 = 1); and then we “restrict”
this section to the diagonal so that we get a section of the line bundle (3.4)
on X. However one cannot deduce the effectivity of the line bundle (3.4),
since the section constructed as above can vanish along the diagonal. To
overcome this difficulty, we have to take a twisted approach: at the cost
of tensoring by an ample divisor on Y , we can use the Ohsawa–Takegoshi
extension Theorem 2.2 to extend pluricanonical forms on the general fibre
F (by virtue of the condition (3.3)) to sections of the line bundle of the
form (3.4) on X(r), then one can restrict them to the diagonal and get
non-zero sections. However, these sections usually have poles, due to the
singularities of f ; in order to get rid of them, one has to carefully analyse
these singularities (this analysis takes up a technical part of the proof),
then it turns out that the poles are supported on the non-reduced fibres in
codimension 1 and hence one can use Proposition 2.5 to control them. Finally
one use an approximation argument to conclude the pseudoeffectivity of the
line bundle (3.4). The proof of the theorem proceeds in six steps:

(A). Analysis of singular fibres of f . In this step, we will use
a standard argument to show that the (analytic Zariski) open subset of
y ∈ Y such that Xy is Gorenstein is of codimension > 2 (whilst the generic
smoothness only ensure this to be analytic Zariski open). To this end, note

Yf := Yflat ∩ YFm,L
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the (analytic) Zariski open subset over which f is flat and Fm,L :=
f∗(K⊗mX/Y ⊗ L⊗m) is locally free; and denote Xf := f−1Yf . since X and
Y are reduced, codimY (Y \Yf) > 2 (cf. [55, Corollary 5.5.15, p. 147] and [38,
Example A.5.4, p. 416]). By [62, Theorem 23.4, p. 181], for every y ∈ Yf , the
fibre Xy is Gorenstein.

(B). Construction of the fibre product Xr and the canonical
section. Over Yf one has a natural morphism (injection of vector bundles)

det f∗
(
K⊗mX/Y ⊗ L

⊗m
)
↪!

r⊗
f∗

(
K⊗mX/Y ⊗ L

⊗m
)
, (3.5)

where r := rk Fm,L, which gives rise to a non-trivial section of(
r⊗
f∗

(
K⊗mX/Y ⊗ L

⊗m
))
⊗
(

det f∗
(
K⊗mX/Y ⊗ L

⊗m
))−1

. (3.6)

over Yf . In order to get a section of a line bundle of the form (3.4), we will
apply the diagonal method of Viehweg (cf. for example [75, §6.5, pp. 192–
196]). Let

Xr := X ×
Y
X ×

Y
. . .×

Y
X︸ ︷︷ ︸

r times

be the r-fold fibre product of X over Y , equipped with a morphism (a Kähler
fibration) fr : Xr ! Y as well as the natural projections pri : Xr ! X to
the i-th factor. Denote Xr

f := (fr)−1Yf , then fr|Xf is flat; moreover, since
Y and Xr

y = Xy×· · ·×Xy are Cohen–Macaulay for every y ∈ Yf , Xr
f is also

Cohen–Macaulay (by [61, (21.C) Corollary 2, p. 154]). By the base change
formula for relative canonical sheaves we see that Xr

f is Gorenstein and

ωXr ⊗ fr∗K−1
Y = ωXr/Y '

r⊗
i=1

pr∗i KX/Y (3.7)

Note

Lr :=
r⊗
i=1

pr∗i L,

then by an induction argument, the projection formula together with the
base change formula imply that (cf. [47, Lemma 3.15])

r⊗
f∗

(
K⊗mX/Y ⊗ L

⊗m
)
' (fr)∗

(
ω⊗mXr/Y ⊗ L

⊗m
r

)
over Yf .
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In consequence, the morphism (3.5) gives rise to a non-zero section

s0 ∈ H0
(
Xr

f , ω
⊗m
Xr/Y ⊗ L

⊗m
r ⊗ (fr)∗

(
det f∗

(
K⊗mX/Y ⊗ L

⊗m
))−1

)
= H0

(
Yf ,

(
r⊗
f∗

(
K⊗mX/Y ⊗L

⊗m
))
⊗
(

det f∗
(
K⊗mX/Y ⊗ L

⊗m
))−1

)
. (3.8)

(C). Analysis of the singularities of Xr. Take a desingularization
µ : X(r) ! Xr which is an isomorphism over the smooth locus of Xr. Note
f (r) := fr ◦ µ and X(r)

f := µ−1Xr
f . The natural morphism

µ∗KX(r) ! ωXr , (3.9)

which is an isomorphism over Xr
rat where Xr denotes the (analytic Zariski)

open subset of point with rational singularities on Xr, gives rise to a mero-
morphic section of the line bundle (by virtue of (3.7))

K−1
X(r)/Y

⊗ µ∗
(

r⊗
i=1

pr∗i KX/Y

)
,

whose zeros and poles are contained in X(r)\µ−1Xr
rat. In consequence,

there are two effective divisors D1 and D2 over X(r) such that Supp(D1),
Supp(D2) ⊆ X(r)\µ−1Xr

rat and that

KX(r)/Y ⊗ OX(r)(D1) = µ∗

(
r⊗
i=1

priKX/Y

)
⊗ OX(r)(D2). (3.10)

Now let us further analyse the rational singularities locus Xr
rat by virtue

of our hypothesis on ΣY and f∗ΣY . Write

f∗ΣY =
∑
i

Wi +
∑
j

ajVj (3.11)

with the Wi’s and Vj ’s prime divisors over X and ai > 2; by hypothesis,

W :=
∑
i

Wi et V :=
∑
j

Vj

are (reduced) SNC divisors. As is explained in Remark 1.2, the fibre product

(Xf\(V ∪ f−1 Sing(ΣY )))r

:= (Xf\(V ∪f−1 Sing(ΣY ))) ×
Yf\ Sing(ΣY )

· · · ×
Yf\ Sing(ΣY )

(Xf\(V ∪f−1 Sing(ΣY )))︸ ︷︷ ︸
r times

is contained in Xr
rat.
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In consequence, both D1 and D2 are contained in the set D where D
denotes the set of divisors D on X(r) such that every component Γ of D
satisfies (at least) one of the following three conditions:

(D1) f (r)(Γ) ⊆ Y \Yf (in particular, Γ is f (r)-exceptional);
(D2) Γ is pri ◦µ-exceptional for some i;
(D3) pri ◦µ(Γ) = Vj for some i and j.

(D). Extension of pluricanonical forms on X
(r)
y by Ohsawa–

Takegoshi. The section s0 (cf. (3.8)) gives rise the section

µ∗s0 ∈ H0
(
X

(r)
f ,K⊗m

X(r)/Y
⊗ µ∗L⊗mr ⊗ OXr)(mD1)

⊗ f (r)∗
(

det f∗
(
K⊗mX/Y ⊗ L

⊗m
))−1

)
.

Since codimY Yf > 2, the section µ∗s0, regarded as a section of the torsion
free sheaf (3.6) over Yf , extends to a global section s0 of the reflexive hull[(

r⊗
f∗

(
K⊗mX/Y ⊗ L

⊗m
))
⊗
(

det f∗
(
K⊗mX/Y ⊗ L

⊗m
))−1

]∧

=
[
f

(r)
∗

(
K⊗m
X(r)/Y

⊗µ∗L⊗mr ⊗OXr)(mD1)⊗f (r)∗
(

det f∗
(
K⊗mX/Y ⊗L

⊗m
))−1

)]∧
.

By Theorem 1.14, there is an f (r)-exceptional effective divisor D3 such that[
f

(r)
∗

(
K⊗m
X(r)/Y

⊗µ∗L⊗mr ⊗OXr)(mD1)⊗f (r)∗
(

det f∗
(
K⊗mX/Y ⊗L

⊗m
))−1

)]∧
=
[
f

(r)
∗

(
K⊗m
X(r)/Y

⊗µ∗L⊗mr ⊗OXr)(mD1)
)]∧
⊗f (r)∗

(
det f∗

(
K⊗mX/Y ⊗L

⊗m
))−1

= f
(r)
∗

(
K⊗m
X(r)/Y

⊗µ∗L⊗mr ⊗OXr)(mD1+D3)
)
⊗f (r)∗

(
det f∗

(
K⊗mX/Y ⊗L

⊗m
))−1

= f
(r)
∗

(
K⊗m
X(r)/Y

⊗µ∗L⊗mr ⊗OXr)(mD1+D3)⊗f (r)∗
(

det f∗
(
K⊗mX/Y ⊗L

⊗m
))−1

)
,

hence s0 can be regarded as a (global) section of the line bundle

K⊗m
X(r)/Y

⊗ µ∗L⊗mr ⊗ OXr)(mD1 +D3)⊗ f (r)∗ det f∗
(
K⊗mX/Y ⊗ L

⊗m
)−1

.

Moreover, since the torsion free sheaf (3.6) is locally free on Yf , hence

f (r) (Supp(D3)) ⊆ Y \Yf ,

in particular, D3 ∈ D . Now choose ε ∈ Q>0 small enough such that ∆0 :=
εdiv(s0) is klt on X(r).The Q-line bundle OX(r)(∆0) is equipped with a
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canonical singular Hermitian metric h∆0 whose local weight is given by

φ∆0 = ε

2 log |gs̄0 |2,

where gs̄0 denotes a local equation of div(s0). Denote L0 :=µ∗Lr⊗OX(r)(∆0),
this Q-line bundle is equipped with the singular Hermitian metric

hL0 := h∆0 ⊗
r⊗
i=1

µ∗ pr∗i hL.

whose curvature current is positive. By strong openness [43, Theorem 1.1]
for ε sufficiently small we have

J (hL0) = J

(
r⊗
i=1

µ∗ pr∗i hL

)
. (3.12)

Since µ is supposed to be an isomorphism over Y0, we have X(r)
y ' Xy ×

· · · × Xy for y ∈ Y0 (cf. Step (E1) below), then by Lemma 2.7 and [32,
Theorem 2.6(i)] we have J (hL0 |Xy ) = OXy for a.e. y ∈ Y0.

Let AY be an ample line bundle over Y such that the line bundle AY ⊗
K−1
Y is ample and that the Seshadri constant ε(AY ⊗K−1

Y , y) > d := dimY
for general y ∈ Y0 (such AY exists by [59, §5.1, Example 5.1.4, p. 270 and
Example 5.1.18, p. 274, Vol.I]). Claim that the restriction map

H0(X(r),K⊗k
X(r)/Y

⊗L⊗k0 ⊗ f (r)∗AY ) −! H0(X(r)
y ,K⊗k

X
(r)
y

⊗L⊗k0 |X(r)
y

) (3.13)

is surjective for any k sufficiently large and divisible and for every y ∈ Y0 such
that J (hL0 |X(r)

y
) = O

X
(r)
y

. In fact, ∆0 being effective, the hypothesis (3.3)
implies that

f
(r)
∗

(
K⊗k
X(r)/Y

⊗ L⊗k0

)
= f

(r)
∗

(
K⊗k
X(r)/Y

⊗ µ∗L⊗kr ⊗ OX(r)(k∆0)
)

⊇ f (r)
∗

(
K⊗k
X(r)/Y

⊗ µ∗L⊗kr
)
6= 0

for k sufficiently large and divisible (e.g. such that εk ∈ Z>0 and k di-
visible by m) hence the integrability condition in Theorem 2.3 is satis-
fied (cf. Remark 2.4). Moreover, since ΘhL0

(L0) > 0, Theorem 2.3 implies
that the k-Bergman kernel metric h(k)

X(r)/Y,kL0
is semi-positively curved. Set

Mk := K
⊗(k−1)
X(r)/Y

⊗ L⊗k0 , equipped with a singular Hermitian metric

hMk
:=
(
h

(k)
X(r)/Y,kL0

) k−1
k ⊗ hL0
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whose curvature current is positive. Then by Lemma 2.12 one has

H0
(
X(r)
y ,K⊗k

X
(r)
y

⊗ L⊗k0 |X(r) ⊗J
(
hMk
|
X

(r)
y

))
= H0

(
X(r)
y ,K⊗k

X
(r)
y

⊗ L⊗k0 |X(r)

)
(3.14)

for a.e. y ∈ Y0. Hence we can apply Theorem 2.2 to

KX(r) ⊗Mk ⊗ f (r)∗(AY ⊗K−1
Y ) = K⊗k

X(r)/Y
⊗ L⊗k0 ⊗ f (r)∗AY

to obtain the surjectivity of the restriction morphism (3.13) for a.e. y ∈
Y0. Moreover, set Hk := AY ⊗ det f∗(K⊗mX/Y ⊗ L⊗m)⊗−εk, then we can
rewrite (3.13) as

H0
(
X(r),

(
KX(r)/Y ⊗ µ∗Lr

)⊗ (1+εm)k⊗OX(r)(εkmD1 + εkD3)⊗f (r)∗Hk

)
restriction
−−−−−−!! H0

(
X(r)
y ,

(
K
X

(r)
y
⊗ µ∗Lr|X(r)

y

)⊗ (1+εm)k
)

(3.15)

for a.e. y ∈ Y0 and for k sufficiently large and divisible.

(E). Extension of pluricanonical forms on Xy via restriction to
the diagonal. For general y ∈ Y0 take a section

u ∈ H0
(
Xy,

(
KXy ⊗ L|Xy

)⊗ (1+εm)k
)

with k sufficiently large and divisible, we will construct a section s in

H0
(
X,
(
KX/Y ⊗ L

)⊗ (1+εm)kr ⊗ OX(CkV + kE0)⊗ f∗H⊗rk
)
,

for C > 0 a constant and E0 an f -exceptional effective divisor, both inde-
pendent of k, such that s|Xy = u⊗r.

(E1). Extending the section u to a section over X(r) by Step (D). —
Note

Xr
0 := X0 ×

Y0
X0 ×

Y0
. . .×

Y0
X0 ⊆ Xr,

then Xr
0 is smooth, hence µ−1X0

r

µ∼
−! Xr

0 is an isomorphism. In particular,
we have

X(r)
y

µ∼
−! Xr

y = Xy ×Xy × · · · ×Xy︸ ︷︷ ︸
r times

. (3.16)

Hence u gives rise to a section

u(r) := µ∗

(
r⊗
i=1

pr∗i u
)
∈ H0

(
X(r)
y ,

(
K
X

(r)
y
⊗ µ∗Lr|X(r)

y

)⊗ (1+εm)k
)
, (3.17)
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such that the restriction of u(r) to the diagonal is equal to u⊗r. Using the
surjection (3.15) we obtain a section σ(r) of the line bundle(

KX(r)/Y ⊗ µ∗Lr
)⊗ (1+εm)k ⊗ OX(r)(εkmD1 + εkD3)⊗ f (r)∗Hk, (3.18)

such that σ(r)|
X

(r)
y

= u(r).

(E2). Restricting the section σ(r)|µ−1Xr0
to the diagonal. — In order to

restrict σ(r)|µ−1Xr0
to the diagonal, use (3.10) to rewrite the line bundle (3.18)

as follows:(
KX(r)/Y ⊗ µ∗Lr

)⊗ (1+εm)k ⊗ OX(r)(εkmD1 + εkD3)⊗ f (r)∗Hk

= µ∗

(
r⊗
i=1

pr∗i (KX/Y ⊗ L)
)⊗ (1+εm)k

⊗ OX(r)(−kD1 + (1 + εm)kD2 + εkD3)⊗ f (r)∗Hk. (3.19)

In consequence, σ(r) can be regarded as a meromorphic section of the line
bundle

µ∗

(
r⊗
i=1

pr∗i (KX/Y ⊗ L)
)⊗ (1+εm)k

⊗ f (r)∗Hk (3.20)

whose poles are contained Supp(D2) ∪ Supp(D3). Locally, by choosing a
trivialization of the line bundle (3.20), the section σ(r) can be written as a
meromorphic function F (r) such that

g−kD1
g

(1+εm)k
D2

gεkD3
· F (r) (3.21)

is holomorphic, where gDl is a local equation of the divisor Dl (l = 1, 2, 3).

By construction, D1, D2, D3 ∈ D (in particular, D3 is f (r)-exceptional),
hence there exist constants C1 et C2 such that

Dl 6 Cl · µ∗
r∑
i=1

pr∗i V, pour l = 1, 2 (3.22)

over X(r)
f \S where S ⊆ X(r) denotes the union of the components in D1+D2

which are pri ◦µ-exceptional for every i = 1, . . . , r. By Step (D) we have

f (r) (Supp(D3)) ⊆ Y \Yf ,

hence locally over X(r)
f \S the meromorphic function

F (r) ·
r∏
i=1

(
(pri ◦µ)∗gV

)C2(1+εm)k = F (r) ·
r∏
i=1

(pri ◦µ)∗
(
g
C2(1+εm)k
V

)
is holomorphic where gV =

∏
j gVj is a local equation of V .
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Note ∆X,r : X ! Xr the inclusion of the diagonal. Then pri ◦∆X,r = idX
for ∀ i = 1, . . . , r. Since the Dl’s (l = 1, 2, 3) are disjoint to

µ−1Xr
rat ⊇ µ−1Xr

0 ⊇ µ−1(∆X,r(X0)),

then locally the meromorphic function F (r) is holomorphic over µ−1Xr
0 .

Therefore we can restrict σ(r)|µ−1Xr0
to the diagonal and obtain a section

s1 := (µ|−1
Xr0
◦∆X,r|X0)∗

(
σ(r)|µ−1Xr0

)
over X0 of the line bundle

(KX/Y ⊗ L)⊗ (1+εm)kr ⊗ f∗H⊗rk . (3.23)

Locally over an open subset of X0 trivializing the line bundle (3.23) the
section s1 is given by a holomorphic function

F1 := (µ|−1
Xr0
◦∆X,r|X0)∗

(
F (r)|µ−1Xr0

)
.

(E3). Extending the section s1 across the singular fibres of X. — In
order to extend s1 across f−1ΣY , one needs to know its behaviour around
theWi’s and the Vj ’s; this can be done by analysing the poles along the Dl’s
of σ(r), regarded as a meromorphic section of the line bundle (3.20), as we
explain in the sequel:

(E3-i). — By Step (C) (Xf\(V ∪ Sing(W )))r is contained in Xr
rat, thus

disjoint to the Dl’s (l = 1, 2, 3); regarding F1 as a holomorphic function on
∆X,r(X0)), one has

µ∗F1 = F (r)|µ−1(∆X,r(X0)),

but the poles of F (r) are contained in Supp(D2) ∪ Supp(D3), hence the
function F1 is bounded around the Xf\(V ∪ f−1 Sing(ΣY )), and thus F1 can
be extended to Xf\(V ∪ f−1 Sing(ΣY )) by Riemann extension; moreover, by
Hartogs extension, F1 extends to a holomorphic function over Xf\V .

(E3-ii). — In general, F1 is not bounded around V . Nevertheless, by
Step (E2) the meromorphic function

F (r) · µ∗
r∏
i=1

pr∗i
(
g
C2(1+εm)k
V

)
is holomorphic over Xr

f \S. And the restriction of S to the diagonal is an
analytic subset of codimension > 2 (cf. (E2) for the definition of S), hence
the function

F1 · gC2(1+εm)kr
V

is bounded around a general point of V ∩ Xf . By Riemann extension (as
well as Hartogs extension) F1 extends across V ∩Xf as a holomorphic local
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section of the line bundle

(KX/Y ⊗ L)⊗ (1+εm)kr ⊗ OX(CkV )⊗ f∗H⊗rk ,

where C := C2(1+εm)r is a constant independent of k. Combining this with
(E3-i) we obtain an extension of s1 to a section over Xf :

s1 ∈ H0(Xf , (KX/Y ⊗ L)⊗ (1+εm)kr ⊗ OX(CkV )⊗ f∗H⊗rk ).

(E3-iii). — At last, we will extend s1 to a global section, which provides
the section s that we search for. In fact, s1 can be regarded as a section of
the direct image sheaf

f∗

(
(KX/Y ⊗ L)⊗ (1+εm)kr ⊗ OX(CkV )⊗ f∗H⊗rk

)
(3.24)

over Yf . But codimY (Y \Yf) > 2, hence s1 extends to a global section s of
the reflexive hull of the (torsion free) sheaf (3.24). By Theorem 1.14, there
is an f -exceptional effective divisor E0, independent of k, such that

f∗

(
(KX/Y ⊗ L)⊗ (1+εm)kr ⊗ OX(CkV )⊗ f∗H⊗rk

)∧
= f∗

(
(KX/Y ⊗ L)⊗ (1+εm)kr ⊗ OX(CkV + kE0)⊗ f∗H⊗rk

)
,

hence

s ∈ H0(X, (KX/Y ⊗ L)⊗ (1+εm)kr ⊗ OX(CkV + kE0)⊗ f∗H⊗rk ).

Moreover, by (3.16) as well as the construction of the section u(r) (cf.
(3.17))we have

s|Xy = s1|Xy = (∆ ◦ µ)∗u(r) = u⊗r.

This finishes (E3) and thus the Step (E).

(F). Conclusion. By the hypothesis (3.3), for any general y ∈ Y and
for any integer k sufficiently large and divisible (e.g. such that εk ∈ Z>0 and
that k divisible par m), we have a non-zero section

u ∈ H0(Xy,
(
KXy ⊗ L|Xy

)⊗ (1+εm)k).

Assume further that y ∈ Y0 and J (hL0 |X(r)
y

) = O
X

(r)
y

, then by Step (E)
above, we can construct a section

s ∈ H0(X, (KX/Y ⊗ L)⊗ (1+εm)kr ⊗ OX(CkV + kE0)⊗ f∗Hk),

for C and E0 independent of k such that s|Xy = u⊗r. In particular s 6= 0,
implying that the line bundle

(KX/Y ⊗ L)⊗ (1+εm)kr ⊗ OX(CkV + kE0)⊗ f∗H⊗rk (3.25)
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is effective. By writing V = Vdiv + Vexc with Vdiv (resp. Vexc) the non-
exceptional (resp. exceptional) part of V with respect to f , one can rewrite
the line bundle (3.25) as follows:

(KX/Y ⊗ L)⊗ (1+εm)kr ⊗ OX(CkV + kE0)⊗ f∗H⊗rk
= (KX/Y ⊗ L)⊗ (1+εm)kr ⊗ OX(CkVdiv + kE1)⊗ f∗H⊗rk

where E1 = CVexc + E0 is f -exceptional. In addition, the hypothesis (3.3)
implies that the relativem-Bergman kernel metric h(m)

X/Y,L on K⊗mX/Y ⊗L⊗m is
semi-positively curved, hence by Proposition 2.5 and (3.11) the line bundle

KX/Y ⊗ L⊗ OX(−bVdiv)

is pseudoeffective, where b := minj{aj − 1}. Therefore the Q-line bundle(
(1 + εm)kr + Ck

b

)
(KX/Y + L) + kE1 + rf∗AY

− εkrf∗ det f∗
(
K⊗mX/Y ⊗ L

⊗m)
is pseudoeffective. By letting k ! +∞ and by putting

E := b

(1 + εm)br + C
E1 and ε0 := εbr

(1 + εm)br + C

we obtain the pseudoeffectivity of the Q-line bundle (3.4), thus prove Theo-
rem 3.4. �

Now turn to the proof of Main Theorem A(II). In fact one can prove a
stronger result as following, whose proof is quite similar to [25, Corollary 4.1]:

Theorem 3.6. — Let f : X ! Y be a fibre space between compact
Kähler manifolds. Let ∆ be an effective Q-divisor on X such that (X,∆) is
klt. Suppose that there exists an integer m > 0 such that m∆ is an integral
divisor and the determinant line bundle det f∗(K⊗mX/Y ⊗ OX(m∆)) is big.
Then

κ(X,KX + ∆) > κ(Y ) + κ(F,KF + ∆F ). (3.26)
where F denotes the general fibre of f and ∆F := ∆|F . Moreover, if κ(Y ) > 0
then we have

κ(X,KX + ∆) > κ(F,KF + ∆F ) + dim Y.

Proof. — The key point of the proof has already been proved in Theo-
rem 3.4, the rest is quite similar to that of Theorem 3.2. Nevertheless, in
order to apply Theorem 3.4, one should be able to add an “exceptional”
positivity to the pluricanonical bundle; therefore we take a diagram as in
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Lemma 1.4:

Y ,

X

Y ′

X ′

ff ′

πY

πX

and take ∆′ an effective Q-divisor on X ′ as in Lemma 1.5, so that every
f ′-exceptional divisor is also πX -exceptional and that (X ′,∆′) is klt. By
construction, the morphism f ′ is smooth over Y ′0 := π−1

Y Y0 where Y0 denotes
the (analytic) Zariski open subset of Y over which f is smooth; πX |X′0 : X ′0 !
X0 with X ′0 := (f ′)−1Y ′0 and X0 := f−1Y0 is an isomorphism. In particular,
for y′ ∈ Y ′0 , we have an isomorphism X ′y′ ' Xy (with y := πY (y′)) between
complex manifolds, implying that F ′ ' F where F ′ denotes the general fibre
of f ′; moreover this isomorphism identifies ∆′F ′ := ∆′|F ′ to ∆F .

In addition, we have the following (non-trivial) morphism of base change

π∗Y f∗
(
K⊗mX/Y ⊗ OX(m∆)

)
! f ′∗

(
π∗X
(
K⊗mX/Y ⊗ OX(m∆)

))
↪! f ′∗

(
K⊗mX′/Y ′ ⊗ OX′(m∆′)

)
, (3.27)

where the first morphism is an isomorphism over Y ′0 , and the second mor-
phism is injective, which is a result of the fact that KY ′/Y is πY -exceptional
and effective; πY being birational, the line bundle

π∗Y det f∗
(
K⊗mX/Y ⊗ OX(m∆)

)
is big over Y ′, therefore the morphism (3.27) implies that the determinant
line bundle det f ′∗(K⊗mX′/Y ′ ⊗ OX′(m∆′)) is also big over Y ′. In particular

f ′∗
(
K⊗mX′/Y ′ ⊗ OX′(m∆′)

)
6= 0. (3.28)

Hence we can apply Theorem 3.4 to f ′, and we get an f ′-exceptional Q-
divisor E′ and ε0 ∈ Q>0 such that the Q-line bundle

KX′/Y ′ + ∆′ + E′ − ε0(f ′)∗ det f ′∗
(
K⊗mX′/Y ′ ⊗ OX′(m∆′)

)
is pseudoeffective. Let us fix a very ample line bundle AY ′ on Y ′ such that
AY ′⊗K−1

Y ′ is ample and that the Seshadri constant ε(AY ′⊗K−1
Y ′ , y) > dimY

for general y ∈ Y ′ (such AY ′ exists by [59, §5.1, Example 5.1.4, p. 270 and
Example 5.1.18, p. 274, Vol.I]). Since det f ′∗(K⊗mX′/Y ′ ⊗OX′(m∆′)) is big, the
Kodaira’s Lemma (cf. [57, Lemma 2.60, pp. 67–68]) implies that there exists
a integer m1 > 0 sufficiently large and divisible and a pseudoeffective line
bundle L0 on X such that m1∆′ and m1E

′ are integral divisors and that
K⊗m1
X′/Y ′ ⊗ OX′(m1(∆′ + E′)) = (f ′)∗A⊗2

Y ′ ⊗ L0.
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And we have L0|F ′ = K⊗m1
F ′ ⊗ OF ′(m1∆′F ′). Now L0 being pseudoeffective,

we can equip it with a singular Hermitian metric hL0 whose curvature current
is positive. Since ∆′ is klt, by strong openness [43, Theorem 1.1] (or [4,
Theorem 1.1]) we can find m2 ∈ Z>0 sufficiently large and divisible such
that

J

(
h∆′ ⊗ h

⊗ 1
m2

L0

)
= OX′ .

Now we can endow K⊗m2
X′/Y ′⊗OX′(m2∆′)⊗L0 with the relative m2-Bergman

kernel metric h(m2)
X′/Y ′,m2∆′+L0

, then by applying Lemma 2.12 to the Q-line
bundle N = ∆′ + 1

m2
L0 we have

H0(F ′,KF ′ ⊗ Nm2−1|F ′ ⊗J
(
hNm2−1

∣∣
F ′

))
= H0(F ′,KF ′ ⊗ Nm2−1|F

)
,

where Nm2−1 := K
⊗(m2−1)
X′/Y ′ ⊗ OX′(m2∆′)⊗ L0 equipped with singular Her-

mitian metric

hNm2−1 :=
(
h

(m2)
X′/Y ′,m2∆′+L0

)⊗m2−1
m2 ⊗ h∆′ ⊗ h

⊗ 1
m2

L0
.

Now by Theorem 2.2 we have a surjection

H0(X ′,KX′ ⊗Nm2−1 ⊗ (f ′)∗(AY ′ ⊗K−1
Y ′ ))� H0(F ′,KF ′ ⊗ Nm2−1|F ′)

which amounts to:

H0(X ′,K⊗m2
X′/Y ′ ⊗ OX′(m2∆′)⊗ L0 ⊗ (f ′)∗AY ′

)
� H0(F ′,K⊗(m1+m2)

F ′ ⊗ OF ′((m1 +m2)∆′F ′)
)

where the space on the right hand is non-vanishing by (3.28).

Then by applying Lemma 3.1 to L = K⊗m2
X′/Y ′ ⊗ OX′(m2∆′) ⊗ L0 ⊗

(f ′)∗AY ′ (noting that L|F ′ = K
⊗(m1+m2)
F ′ ⊗OF ′((m1 +m2)∆′F ′)) and by [28,

Lemma 7.11, p. 175] we obtain the following equality:

κ(X,KX/Y + ∆) = κ(X ′, (m1 +m2)(KX′/Y ′ + ∆′) +m1E
′)

= κ(X ′,m2KX′/Y ′ +m2∆′ + L0 + 2(f ′)∗AY ′)
= κ(X ′, L+ (f ′)∗AY ′)
= κ(F ′,KF ′ + ∆′F ′)) + dim Y ′. (3.29)

Then by Lemma 1.5 we get

κ(X,KX/Y + ∆) > κ(F,KF + ∆F ) + dim Y.

If κ(Y ) = −∞ then the inequality (3.26) is automatically established; oth-
erwise, there is an integer k > 0 such that K⊗kY is effective, then by (3.29)
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we get
κ(X,KX + ∆) = κ(X, kKX/Y + k∆ + kf∗KY )

> κ(X, kKX/Y + k∆)
> κ(F,KF + ∆F ) + dim Y. �

4. Albanese Maps of Compact Kähler Manifolds of log
Calabi–Yau Type

Having proved Theorem 3.2, one can follow the same argument as that
in [49] to deduce Theorem C. Let us remark that in [49] a result equivalent to
Theorem C with ∆ = 0 is also stated ([49, Theorem 25]). Similar to [49] the
first step of the proof of Theorem C is to obtain the following proposition,
which generalize [71, Theorem 10.9, pp. 120–123] and can be regarded as an
analytic version of [49, Theorem 13]:

Proposition 4.1. — Let p : V ! T be a finite morphism with V a
compact normal complex variety and T a complex torus. Then κ(V ) > 0,
and there is a subtorus S of T and a (projective) normal variety of general
type W , which is finite over T/S, such that

(a) there is an analytic fibre space φp : V ! W whose general fibre is
equal to S̃, a complex torus which admits a finite étale cover S̃ ! S
over S.

(b) κ(W ) = κ(V ) = dimW ;

Before showing the proposition, let us recall the following lemma, which
can be proved by following the same argument as in [63] (combined with an
analytic version of [1, Proposition (1.3)]):

Lemma 4.2 (analytic version of [63, Theorem 3.1]). — A meromorphic
mapping from a complex manifold to a complex torus is always defined ev-
erywhere, thus gives rise to a morphism.

Proof of Proposition 4.1. — By [71, Lemma 6.3, pp. 66–67], we have
κ(V ) > κ(T ) = 0. Let ΦV : V ′ ! W ′ be the Iitaka fibration of V where V ′
is smooth model lying over V andW ′ a complex manifold. For a general point
w′ in W ′, Vw′ and V ′w′ are bimeromorphic and thus κ(Vw′) = κ(V ′w′) = 0,
where Vw′ is the image of V ′w′ in V . Denote Sw′ = p(Vw′) for w′ ∈ W ′,
then by [71, Theorem 10.9, pp. 120–123] we have κ(Sw′) > 0; on the other
hand, p being a finite morphism, [71, Lemma 6.3, pp. 66–67] implies that
κ(Sw′) 6 κ(Vw′) = 0 for w′ ∈W ′ general, hence κ(Sw′) = 0 pour w′ general.
Again by [71, Theorem 10.9, pp. 120–123], Sw′ is a translate of a subtorus
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of T for w′ general (in particular, Sw′ is isomorphic to a complex torus for
w′ general). Therefore {Sw′}w′∈W ′ ⊆ T ×W ′ forms an analytic family of
complex varieties over W ′ whose general fibre is isomorphic to a complex
torus; but T has only countably many subtori, hence there exists a subtorus
S of T such that for very general w′ we have Sw′ ' S. Now by (the analytic
version of) [49, Lemma 14] (applied to f = (V ′ ! V ! T/S) and g = ΦV ),
this implies that we have a meromorphic mapping q′ : W ′ 99K T/S; but W ′
is smooth, then by Lemma 4.2 the meromorphic mapping q′ is everywhere
defined, hence q′ ◦ ΦV is equal to the composition morphism V ′ ! V

p
−!

T
quotient
−−−−−! T/S.

Note W ′0 = q′(W ′) = image of V in T/S. Since we have
dimW ′ = dimV ′ − dimV ′w = dim p (V )− dimSw = dimW ′0,

q′ is generically finite. Take a Stein factorization of q′: q : W ! T/S is
a finite morphism and W ′ ! W an analytic fibre space; in addition, W
is normal by our construction. Since q′ is generically finite, W ′ ! W is a
fortiori bimeromorphic, in particular we have

dimW = dimW ′ = κ(V ). (4.1)
By construction q : W ! T/S also gives a Stein factorization of the proper
morphism V ′

ΦV−−!W ′
q′

−! T/S since ΦV ∗OV ′ = OW ′ ; V ′ ! V being bimero-
morphic morphism, the fibres of the morphism V ′ ! V are connected, hence
they are contracted by V ′ ΦV−−!W ′ !W , by [28, §1.3, Lemma 1.15, pp. 12–
13] there is a morphism φp : V !W such that q◦φp is equal to the morphism
V

p
−! T ! T/S, i.e. the following diagram is commutative:

V

T

T/S.

V ′

W ′

W

p
∃ φp

quotient

ΦV

bimeromorphic

q′

q

Moreover, since V ′ ! V is bimeromorphic, Zariski’s Main Theorem (cf. [71,
Corollary 1.14, p. 12]) implies that φp∗OV = OW , hence φp is an analytic
fibre space; by our construction φp and q provide a Stein factorization of
the proper morphism V ! T ! T/S. In order to prove (a) it suffices to
apply [49, Theorem 22], which is an analytic version of [54, Main Theorem].
In fact, since κ(Vw) = 0 for w ∈ W general (W ′ ! W bimeromorphic),
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[49, Theorem 22] implies that the finite surjective morphism p|Vw : Vw !
p (Vw) = Sw ' S is a finite étale cover, hence Vw is isomorphic to a (disjoint)
union of copies of S̃ with S̃ a complex torus admitting a finite étale cover
over S; Vw being connected, we must have Vw ' S̃. In other word, φp is an
analytic fibre space whose general fibre equals to S̃. In order to establish
(b), it remains, by virtue of (4.1), to show that W is of general type, i.e.
κ(W ) = dimW . To see this, we will follow the same argument as in [71, Proof
of Theorem 10.9, p. 122]. Assume by contradiction that κ(W ) < dimW , then
one can apply the above argument to the finite morphism q : W ! T/S and
get the following commutative diagram

T/S1,

W1

T/S

W

T

V

q1qp

quotient

φq

quotient

φp

where dimW1 = κ(W ) < dimW , S1 is a subtorus of T containing S, φq is
an analytic fibre space whose general fibre is equal to S̃1, a complex torus
admitting a finite étale cover over S1/S, and q1 is a finite morphism. Then
φq ◦φp : V !W1 is an analytic fibre space whose general fibre is denoted by
F . By construction F admits a finite morphism F ! S1, thus F is Kähler
and by (a) we have κ(F ) > 0. Moreover, we have an analytic fibre space
φp|F : F ! S̃1 whose general fibre is equal to S̃. KS̃1

being trivial, consider
the relative Bergman kernel metric hF/S̃1

on KF ' KF/S̃1
(cf. Section 2.2).

Since KFt ' KS̃ ' OS̃ is trivial for general t ∈ S̃1, then by (2.2) and by
the Riemann extension, the local weight of hF/S̃1

is a constant psh func-
tion, hence (KF , hF/S̃1

) is an Hermitian flat line bundle. Consequently we
have κ(F ) 6 0 by [71, Example 5.4.3, p. 72], hence κ(F ) = 0. By the easy
inequality [71, Theorem 5.11, pp. 59–60] we have

κ(V ) 6 κ(F ) + dimW1 = dimW1 < dimW = κ(V ),

which is absurd. Therefore we must have κ(W ) = dimW = κ(V ). �

Proof of Theorem C. — Take a Stein factorization of the Albanese map
of X: f : X ! Y is an analytic fibre space and p : Y ! T := AlbX is a
finite morphism. Then by Proposition 4.1, one can find a subtorus S of T
and a projective variety Z of general type which admits a finite morphism
q : Z ! T/S such that there is an Kähler fibre space φp : Y ! Z whose
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general fibre S̃ is a complex torus, which is a finite étale cover over S.

T = AlbX

YX

T/S.

Z
f

albX
p

quotient

q

φp

u

Since Z is of general type, apply Theorem 3.2 as well as the easy inequal-
ity [71, Theorem 5.11, pp. 59–60] to the Kähler fibre space f ◦ φp : X ! Z
and we get:

0 = κ(X,KX + ∆) = κ(Xz,KXz + ∆z) + dimZ > dimZ,

where z ∈ Z is a general point and ∆z := ∆|Xz . Hence Z must be a singleton.
In consequence Y = S̃ is a complex torus. By the universal property of the
Albanese map, we obtain a unique morphism u : T ! Y of complex tori, such
that u ◦ albX = f (up to change the base point of albX); in particular, the
fibres of albX are connected, hence albX is also an analytic fibre space, hence
a Kähler fibre space, thus proves Theorem C. Let us remark that albX being
an analytic fibre space, then so is p (all its fibres are connected); p is thus a
fortiori an isomorphism by Zariski’s Main Theorem (cf. [71, Theorem 1.11,
pp. 9–10]). �

5. Pluricanonical Version of the Structure Theorem for
Cohomology Jumping Loci

In this section we will prove Theorem D by combining Lemma 1.1 and
the main result in [77]. First let us recall some notions: let V be a complex
manifold, and let F be a coherent sheaf on V , for every k > 0 denote

V ik (F ) :=
{
ρ ∈ Pic0(V )

∣∣hi(V,F ⊗ ρ) > k
}
,

the “k-th jumping locus of the i-th cohomology”. With the help of the
Poincaré line bundle on V ×Pic0(V ), one can express this as the locus where
a certain coherent sheaf (in fact, some higher direct image sheaf) of Pic0(V )
has rank > k, hence V ik (F ) is a closed analytic subspace of Pic0(V ). The
study of the cohomology jumping loci is initiated by the works of Green–
Lazarsfeld [41, 42] where they treat the case F = OV . When F = Ωp

V for
V a smooth projective variety (resp. a compact Kähler manifold) these co-
homology jumping loci are described by the result of Simpson [70] (resp. of
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Wang [77]). Now let everything as in Theorem D, then as mentioned above,
the case g = idX , m = 1 and ∆ = 0 has been proved in [77]; and in the
sequel we will follow the ideas in [20, 45] to deduce Theorem D from this
special case. First let us reduce to the proof of Theorem D to a “key lemma”.

Reduction to Lemma 5.1. — The idea of the proof is similar to that of
[45, Theorem 10.1]. In fact, when ∆ = 0, Theorem D is nothing other than
the Kähler version of [45, Theorem 10.1]; moreover, as in [45] the theorem is
proved by a Baire category theorem argument combined with the following
“key lemma”:

Lemma 5.1 (Key Lemma). — Every irreducible component of
V 0
k (g∗(K⊗mX ⊗ OX(m∆))) is a union of torsion translates of subtori in

Pic0(Y ).

Assuming that Lemma 5.1 is true, let us prove Theorem D. Since Pic0(Y )
is compact, the jumping locus

V 0
k

(
g∗
(
K⊗mX ⊗ OX(m∆)

))
,

as a closed analytic subspace of Pic0(Y ), has only finite many irreducible
components, thus it suffices to prove that every irreducible component of

V 0
k

(
g∗
(
K⊗mX ⊗ OX(m∆)

))
is a torsion translate of a subtorus. Let Z be a irreducible component of

V 0
k

(
g∗
(
K⊗mX ⊗ OX(m∆)

))
.

By Lemma 5.1, Z is a union of torsion translates of subtori. Then by the
following Lemma 5.2, Theorem D is proved. �

Lemma 5.2. — Let Z be a analytic subvariety of a complex torus T .
Suppose that Z is a union of torsion translates of subtori of T . Then Z itself
is a torsion translate of a subtorus of T .

Proof. — Since T has only countably many subtori (cf. [7, Ch.1, Ex-
ercise (1-b), p. 20]) and countably many torsion points, hence the set of
torsion translates of subtori is countable, then by hypothesis we can write
Z =

⋃
n∈NEn with each En being a torsion translate of a subtorus of T .

By the Baire category theorem (Z is (locally) compact, hence it is a Baire
space: every countable union of closed subsets of empty interior is of empty
interior), there is one En, say E1, which dominates Z, a fortiori Z = E1. �

The following two subsections will be dedicated to the proof of the “key
lemma”.
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Remark 5.3. — Remark that in order to prove Lemma 5.1 it suffices to
show that every point of

V 0
k

(
g∗
(
K⊗mX ⊗ OX(m∆)

))
is in a torsion translate of a subtorus contained in V 0

k (g∗(K⊗mX ⊗OX(m∆))).
In fact, assume this to be true, and let Z be an irreducible component of

V 0
k

(
g∗
(
K⊗mX ⊗ OX(m∆)

))
,

with Z0 be the dense (analytic Zariski) open subset of Z complementary to
the other irreducible components of

V 0
k

(
g∗
(
K⊗mX ⊗ OX(m∆)

))
;

then Z0 is contained in a union of torsion translates of subtori: Z0 ⊆
⋃
λEλ,

with each Eλ ⊆ Z being a torsion translate of a subtorus. Hence Z =
⋃
λEλ

by the density of Z0. By Lemma 5.2 we get Lemma 5.1.

5.1. Result of Wang and Reduction to the Case g = id

In this subsection we consider the case where m = 1 and ∆ = 0, this
is also the case considered by Simpson and Wang. In particular, if g = id,
Theorem D is proved by Botong Wang in [77]; effectively, he proves the more
general:

Proposition 5.4 ([77, Corollary 1.4]). — Let V a compact Kähler man-
ifold, then each V ik (Ωp

V ) is a finite union of torsion translates of subtori in
Pic0(V ).

In the sequel we concentrate on the case i = 0, as in Theorem D. For
every integer k > 0 and for every coherent sheaf F on X, by the projection
formula we have:

V 0
k (g∗F ) =

{
ρ ∈ Pic0(Y )

∣∣ h0(Y, g∗F ⊗ ρ) > k
}

=
{
ρ ∈ Pic0(Y )

∣∣ h0(X,F ⊗ g∗ρ) > k
}

= (g∗)−1 (V 0
k (F ) ∩ Im g∗

)
(5.1)

where g∗ : Pic0(Y ) ! Pic0(X) is the morphism of complex tori given by
L 7! g∗L. Then the following lemma permit us to reduce to the case g = id:

Lemma 5.5. — Let α : T1 ! T2 a morphism of complex tori. Let t ∈ T2
a torsion point and S ⊆ T2 a subtorus. Then α−1(t + S) is also a torsion
translate of a subtorus in T1.
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Proof. — By [27, §1.2, Théorème 2.3, p. 7] α can be factorized as

T1
quotient
−−−−−!! T1/(Kerα)0 ᾱ

−−−−!
isogeny

T1/Kerα = Imα
inclusion
↪−−−−−! T2.

Thus it suffices to prove the lemma in the following three cases:

• α is the quotient by a subtorus,
• α is an isogeny,
• α is the inclusion of a subtorus.

Each of theses cases can be done by elementary linear algebra. �

In particular we obtain immediately:

Proposition 5.6. — Let g : X ! Y a morphism between compact Käh-
ler manifolds. Then for every k > 0 and for every 0 6 p 6 n, V 0

k (g∗Ωp
X) is

a finite union of torsion translates of subtori in Pic0(Y ).

5.2. Proof of the “Key Lemma”

Not turn to the demonstration of Lemma 5.1. It proceeds in four steps:

(A). Reduction to the case g = id. First apply the formula (5.1) to
F = K⊗mX ⊗OX(m∆) and then by Lemma 5.5 we see that Lemma 5.1 is true
for V 0

k (g∗(K⊗mX ⊗ OX(m∆))) as soon as it holds for V 0
k (K⊗mX ⊗ OX(m∆)).

In consequence we can suppose that g = id (and X = Y ).

(B). Case m = 1 and ∆ = 0. This is nothing other than Proposition 5.6
for p = n.

(C). Case m = 1 and ∆ is of SNC support. In this step, we
consider the case where m = 1 and ∆ is an effective Q-divisor of SNC
support; in addition, we do not require ∆ to be an integral divisor, but only
assume that it is given by a line bundle L+, i.e. there is a line bundle L+,
(L+)⊗N ' OX(N∆) for any N ∈ Z>0 which makes N∆ an integral divisor.
In this case, Lemma 5.1 can be deduced from Lemma 1.1 combined with the
following auxiliary result (cf. also [77, Lemma 3.1]):

Lemma 5.7 (analytic version of [45, Lemma 10.3]). — Let F and G be
coherent sheaves on X such that F is a direct summand of G . Then for
∀ i ∈ N and ∀ k ∈ Z>0, each irreducible component of V ik (F ) is also an
irreducible component of V il (G ) for some l > k.
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Proof. — This is simply a result of Grauert’s semi-continuity theorem
(cf. [2, §III.4, Theorem 4.12(i), p. 134]) �

Now let L+ be the line bundle given by ∆. Since (X,∆) is a klt pair,
then b∆c = 0. Moreover, ∆ being a Q-divisor of SNC support, then for
any N making N∆ an integral divisor, we can construct, by Lemma 1.1, a
generically finite morphism f : V ! X of compact Kähler manifolds such
that

f∗KV '
N−1⊕
i=0

KX ⊗ (L+)⊗i ⊗ OX(−bi∆c).

By Lemma 5.7 each irreducible component of V 0
k (KX ⊗ L+) is also a irre-

ducible component of a certain V 0
l (f∗KV ) for some l > 0. Then by Step (B)

(or Proposition 5.6), every irreducible component of V 0
k (KX ⊗ L+) is a tor-

sion translate of a subtorus in Pic0(X).

(D). General case. In order to prove the general case we use a re-
duction to the case of Step (C). This reduction process is inspired by[20,
§1.A-1.C], whose idea has already appeared in [14]. Let L be a point in

V 0
k

(
K⊗mX ⊗ OX(m∆)

)
⊆ Pic0(X),

we will prove in the sequel that there exists a torsion translate of a subtorus
contained in

V 0
k

(
K⊗mX ⊗ OX(m∆)

)
which contains L. Pic0(X) being complex torus, thus divisible, then we can
write L = mL0 = L⊗m0 for some L0 ∈ Pic0(Y ). Then we have h0(X,Lm,∆) >
k, where

Lm,∆ := K⊗mX ⊗ OX(m∆)⊗ L⊗m0 .

Now take a log resolution µ : X ′ ! X for both ∆ and the linear series
|Lm,∆|. Then we can write

K⊗mX′ ⊗ OX′(m∆′) ' µ∗(K⊗mX ⊗ OX(m∆))⊗ OX′

(∑
i∈I+

maiEi

)
, (5.2)

µ∗ |Lm,∆| = |µ∗Lm,∆| = Fm,∆ + |Mm,∆| ,

where:

•
{
Ei
∣∣ i ∈ I} denotes the set of µ-exceptional prime divisors, and

ai := a(Ei, X,∆)

denotes the discrepancy of Ei with respect to the pair (X,∆); I+

(resp. I−) is the set of indices i such that ai > 0 (resp. ai < 0).
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• ∆′ is an effective Q-divisor on X ′ as in the proof of Lemma 1.5, i.e.

∆′ := µ−1
∗ ∆−

∑
i∈I−

aiEi,

by Lemma 1.5 the pair (X ′,∆′) is also klt.
• Fm,∆ (resp.Mm,∆) is the fixed part (resp. mobile part) of the linear
series µ∗ |Lm,∆|; by construction, |Mm,∆| is base point free.

By construction (µ being a log resolution of ∆ and of |Lm,∆|),m∆′+
∑
i∈I Ei

and Fm,∆ +
∑
i∈I Ei are (integral) divisors of SNC support. Let H be a

general member in |Mm,∆|, then H has no common component either with
Fm,∆ or with

∑
i∈I Ei or with ∆′; by Bertini’s theorem, H is smooth (in

particular H is reduced), H + Fm,∆ +
∑
i∈I Ei is of SNC support. Set

F ′m,∆ := Fm,∆ +
∑
i∈I+

maiEi,

L′m,∆ := K⊗mX′ ⊗ OX′(m∆′)⊗ µ∗L⊗m0 .

Then we have

L′m,∆ ' µ∗Lm,∆ ⊗ OX

(∑
i∈I+

maiEi

)
,

thus ∣∣L′m,∆∣∣ = |Mm,∆|+ F ′m,∆.

By [28, Lemma 7.11, p. 175] we have

H0(X,L′m,∆) ' H0(X,Lm,∆) ' H0(X ′,OX(Mm,∆)),

hence F ′m,∆ is equal to the fixed part of the linear series |L′m,∆| and by
construction it is of SNC support.

Put
µ−1
∗ ∆ :=

∑
j∈J

djDj , dj ∈ Q>0,

bj := coefficient of Dj in Fm,∆, j ∈ J,
bi := coefficient of Ei in Fm,∆, i ∈ I−,

and take

∆ := ∆′ −
∑
j∈J

min
(
dj ,

bj
m

)
Dj −

∑
i∈I−

min
(
−ai,

bi
m

)
Ei,

Fm,∆ := F ′m,∆ −
∑
j∈J

min(mdj , bj)Dj −
∑
i∈I−

min(−mai, bi)Ei,
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so that ∆ and Fm,∆ have no common component. We see that ∆ 6 ∆′,
Fm,∆ 6 F ′m,∆. Now consider the line bundle

Lm,∆ := K⊗mX′ ⊗ OX′(m∆)⊗ µ∗L⊗m0 ,

then the same argument as above shows that Fm,∆ equals to the fixed part
of the linear series

∣∣Lm,∆∣∣, hence we have∣∣Lm,∆∣∣ = Fm,∆ + |Mm,∆| .
In addition we have

Lm,∆ ⊗ OX′

(
−
⌊
m− 1
m

Fm,∆

⌋)
= K⊗mX′ ⊗ OX′(m∆)⊗ µ∗L⊗m0 ⊗ OX′

(
−
⌊
m− 1
m

(
Fm,∆ +H

)⌋)
' KX′ ⊗ OX′(∆+)⊗ µ∗L0

where the Q-divisor

∆+ := ∆ +
{
m− 1
m

(
Fm,∆ +H

)}
.

Since H has no common component with either ∆ or Fm,∆, hence

∆+ = ∆ +
{
m− 1
m

Fm,∆

}
+ m− 1

m
H;

but H is reduced, ∆ and Fm,∆ have no common components, then the coef-
ficients of the irreducible components in ∆+ are all < 1; since ∆+ is of SNC
support, then [57, Corollary 2.31(3), p. 53] implies that the pair (X ′,∆+) is
klt. A priori OX′(∆+) is only a Q-line bundle, but by our construction ∆+

is given by a line bundle

L+ := OX′(∆+) = Lm,∆ ⊗ OX′

(
−
⌊
m− 1
m

Fm,∆

⌋)
⊗K−1

X′ ⊗ µ
∗L−1

0 .

Moreover, we have

h0(X ′,KX′ ⊗ L+ ⊗ µ∗L0) = h0
(
X ′, Lm,∆ ⊗ OX′

(
−
⌊
m− 1
m

Fm,∆

⌋))
> h0(X ′,Mm,∆) > k,

which means that µ∗L0 ∈ V 0
k (KX′ ⊗L+). Let W ′ an irreducible component

V 0
k (KX′ ⊗ L+) containing µ∗L0. By Step (C) W ′ is a torsion translate of

subtorus, then we can write W ′ = βtor + T ′0 with βtor a torsion point in
Pic0(X ′) and T ′0 a subtorus, in particular µ∗L0 can be written as the sum
of βtor and an element of T ′0, thus

(m− 1)µ∗L0 +W ′ = mβtor + T ′0
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is also a torsion translate of a subtorus as mβtor is also a torsion point
of Pic0(X ′). In addition, (m − 1)µ∗L0 + W ′ contains µ∗L = mµ∗L0 as
µ∗L0 ∈ W ′. It remains to see that (m − 1)µ∗L0 + W ′ is contained in
V 0
k

(
K⊗mX′ ⊗ OX′(m∆′)

)
. In fact, for every α ∈ W ′, we have (since W ′ ⊆

V 0
k (KX′ ⊗ L+)):

h0(X ′,K⊗mX′ ⊗ OX′(m∆′)⊗ µ∗L⊗(m−1)
0 ⊗ α)

> h0(X ′,K⊗mX′ ⊗ OX′(m∆)⊗ µ∗L⊗(m−1)
0 ⊗ α)

= h0(X ′, Lm,∆ ⊗ µ∗L−1
0 ⊗ α)

> h0
(
X ′, Lm,∆ ⊗ OX′

(
−
⌊m− 1

m
Fm,∆

⌋)
⊗ µ∗L−1

0 ⊗ α
)

= h0(X ′,KX′ ⊗ L+ ⊗ α) > k.

Therefore (m− 1)µ∗L0 +W ′ ⊆ V 0
k

(
K⊗mX′ ⊗ OX′(m∆′)

)
.

In virtue of the isomorphism (5.2) we have

V 0
k

(
K⊗mX ⊗ OX(m∆)

)
=
{
ρ ∈ Pic0(X)

∣∣h0(X,K⊗mX ⊗ OX(m∆)⊗ ρ) > k
}

=
{
ρ ∈ Pic0(X)

∣∣h0(X ′, µ∗
(
K⊗mX ⊗ OX(m∆)⊗ ρ

)
) > k

}
=
{
ρ ∈ Pic0(X)

∣∣h0(X ′,K⊗mX′ ⊗ OX′(m∆′)⊗ µ∗ρ) > k
}

= (µ∗)−1 (V 0
k

(
K⊗mX′ ⊗ OX′(m∆′)

)
∩ Imµ∗

)
,

where the third equality is a consequence of [28, Lemma 7.11, p. 175]. Hence
by Lemma 5.5,

W := (µ∗)−1 (((m− 1)µ∗L0 +W ′) ∩ Imµ∗)

is a torsion translate of a subtorus in V 0
k

(
K⊗mX ⊗ OX(m∆)

)
and L = mL0 ∈

W . This proves Lemma 5.1.

Remark 5.8. — If X is a smooth projective variety, then one can prove
Theorem D for log canonical pair (X,∆) as follows:

• First apply [15, Theorem 1.1] along with [76, Théorème 8.35(ii),
p. 201] to prove Lemma 5.1 (thus also Theorem D) for m = 1 and
∆ a reduced SNC divisor (cf. also [52]);

• Then by [20, Lemma 2.1] and Lemma 1.1 one can deduce further
Lemma 5.1 for the case of m = 1 and ∆ a log canonical Q-divisor of
SNC support, which is given by a line bundle, but is not necessarily
an integral divisor;
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• Finally one can follow the same argument as in Step (D) above to
prove Lemma 5.1 and thus Theorem D.

As for the Kähler case, as soon as [16, Conjecture 1.2] is solved, one can
prove Theorem D for log canonical pair (X,∆).

5.3. Kähler version of a result of Campana–Koziarz–Păun

Before ending this section, let us prove the following significant corollary
of Theorem D, which generalizes a result of Campana, Koziarz and Păun to
the Kähler case, and will be used in the proof of Main Theorem A(II). In
the algebraic case, it is proved in [21, Theorem 3.1] for ∆ = 0, and in [20,
Theorem 0.1] for ∆ log canonical.

Corollary 5.9. — Let (X,∆) a klt pair with X a Kähler manifold, and
let L0 a numerically trivial line bundle on X, i.e. L0 ∈ Pic0(X). Then

(a) κ(X,KX + ∆) > κ(X,mKX +m∆ + L0), ∀ m ∈ Z>0. Namely, for
any Q-line bundle(1) L on X such that c1(L) = c1(KX + ∆), we
have κ(X,KX + ∆) > κ(X,L).

(b) If there is an integer m > 0 such that κ(X,KX +∆) = κ(X,mKX +
m∆ + L0) = 0, then L0 is a torsion point in Pic0(X).

Remark 5.10. — Before entering into the proof, let us remark that one
cannot omit the condition “κ(X,KX + ∆) = 0” in the point (b) above. For
example, if (X,∆) is of log general type, then for any L0 ∈ Pic0(X) we
always have κ(X,KX + ∆) = κ(X,mKX +m∆ + L0) = dimX.

Proof of Corollary 5.9. — We will follow the argument in [21] with a
little simplification. First prove the point (a), the proof proceeds in three
steps:

Step 1. — Reduction to the case κ(X,KX ⊗ OX(∆)) 6 0. Assuming
(a) for any klt pair (X,∆) with κ(X,KX + ∆) 6 0, we will prove it for
any klt pair (X,∆) with κ(X,KX + ∆) > 0. Let g : X 99K W the Iitaka
fibration (cf. [71, §5, Theorem 5.10, p. 58]) of the Q-line bundle KX + ∆
and f : X 99K Y that of mKX + m∆ + L0. By Lemma 1.5 the point (a) is
preserved by log resolutions of (X,∆), we can thus suppose that f and g are

(1) In fact, since Pic0(X) is divisible, this a priori Q-line bundle L is an “authentic”
line bundle.

– 876 –



On the Iitaka Conjecture Cn,m for Kähler Fibre Spaces

morphisms (instead of meromorphic mappings).

X W

Y

G

g

f

f |G

By construction we have dimY = κ(X,mKX + m∆ + L0), dimW = κ(X,
KX + ∆). Denote by F (resp. by G) the general fibre of f (resp. of g), then

κ(X,KX + ∆) > κ(X,mKX +m∆ + L0)⇐⇒ dimW > dimY

⇐⇒ dimG 6 dimF,

then it suffices to prove that G is contracted by f (i.e. f(G) = pt). By
adjunction formula the Q-line bundle

KG + ∆G ' (KX + ∆)|G
where ∆G := ∆|G, hence f |G is bimeromorphically equivalent to a meromor-
phic mapping defined by a sub-linear series of

∣∣K⊗kmG ⊗ OG(km∆)⊗ L0|⊗kG
∣∣

for some k sufficiently large and divisible.(2) Therefore it suffices to show
κ(G,mKG +m∆ + L0|G) = 0.

But by our construction
κ(G,KG + ∆G) = κ(G, (KX + ∆)|G) = 0,

hence our assumption implies that (a) holds for the klt pair (G,∆G). Since
L0|G ∈ Pic0(G) we have

κ(G,mKG +m∆G + L0|G) 6 κ(G,KG + ∆G) = 0.

Step 2. — By the precedent step, we can assume that κ(X,KX+∆) 6 0.
If κ(X,mKX +m∆+L0) = −∞, then the inequality is automatically estab-
lished, hence we can assume that κ(X,mKX+m∆+L0) > 0; in addition, up
to replacing m and L0 by a multiple, we can assume that m∆ is an integral
divisor and

H0(X,K⊗mX ⊗ OX(m∆)⊗ L0) 6= 0.
For every integer k > 0 denote

rk := h0(X,K⊗kmX ⊗ OX(km∆)⊗ L⊗k0 ) > 0.

(2) In the proof of [21, Theorem 3.1], it is said that f |G is equal to the Iitaka fibration
of mKG +m∆G + L0|G; but it is not true in general.
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Then L⊗k0 ∈ V 0
rk

(K⊗kmX ⊗ OX(km∆)) ⊆ V 0
1 (K⊗kmX ⊗ OX(km∆)), thus by

Theorem D, L⊗k0 ∈ βtor + T0 ⊆ V 0
rk

(K⊗kmX ⊗ OX(km∆)) for βtor a tor-
sion point in Pic0(X) and T0 a subtorus; in particular, βtor ∈ V 0

rk
(K⊗kmX ⊗

OX(km∆)). Let m0 > 0 an integer such that β⊗m0
tor ' OX . Then

h0(X,K⊗kmm0
X ⊗ OX(kmm0∆))

> h0(X,K⊗kmX ⊗ OX(km∆)⊗ βtor) > rk. (5.3)

Step 3. — By hypothesis we have κ(X,KX +∆) 6 0, hence (5.3) implies
that κ(X,KX + ∆) = 0, which means that rk 6 1 for every k ∈ Zk>0.
Therefore κ(X,mKX +m∆ + L0) = 0. This proves (a).

Now turn to the proof of (b): assume by contradiction that there is a
line bundle L ∈ Pic0(X) with L non-torsion such that κ(X,mKX + m∆ +
L) = κ(X,KX + ∆) = 0 for some m > 0. Up to replacing m and L by a
multiple, we can assume thatm∆ is an integral divisor and that h0(X,K⊗mX ⊗
OX(m∆) ⊗ L) = 1, then L ∈ V 0

1
(
K⊗mX ⊗ OX(m∆)

)
. By Theorem D there

exists βtor ∈ Pic0(X)tor and T0 a subtorus in Pic0(X) such that L ∈ βtor +
T0 ⊆ V 0

1
(
K⊗mX ⊗ OX(m∆)

)
, then we can write L = βtor ⊗ F with F ∈ T0.

By our assumption L is not a torsion point in Pic0(X), hence F cannot
be trivial and thus T0 is not reduced to a singleton. In consequence there
is a (non-trivial) one-parameter subgroup (Ft)t∈R in T0 passing through F
(by choosing an isomorphism T0 ' Cq/Γ , we can take Ft = t · F ), then for
every t ∈ R, βtor ⊗ Ft ∈ βtor + T0 ⊆ V 0

1
(
K⊗mX ⊗ OX(m∆)

)
hence there is a

non-zero section st in
H0(X,K⊗mX ⊗ OX(m∆)⊗ βtor ⊗ Ft).

We claim that:
Claim (∗). — There is a t ∈ R>0 such that the sections st ⊗ s−t and

s⊗2
0 are not linearly independent in H0(X,K⊗2m

X ⊗ OX(2m∆)⊗ β⊗2
tor).

In fact, this leads to a contradiction: we have immediately
h0(X,K⊗2m

X ⊗ OX(2m∆)⊗ β⊗2
tor) > 2,

which implies that
κ(X,KX + ∆) = κ(X,K⊗2m

X ⊗ OX(2m∆)⊗ β⊗2
tor) > 1,

and this contradicts the hypothesis that κ(X,KX + ∆) = 0. Therefore (b)
is proved.

Let us prove Claim (∗). Assume by contradiction that st ⊗ s−t are s⊗2
0

are linearly dependent for every t ∈ R. Then ∀ t ∈ R, div(st) + div(s−t) =
2 div(s0); in particular, div(st) 6 2 div(s0) for every t ∈ R>0. Take ε suf-
ficiently small such that t 7! Ft is injective for t ∈ ]−ε, ε[. By Dirichlet’s
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drawer principle, there are t1, t2 ∈ ]0, ε[ such that div(st1) = div(st2), hence
the divisor

0 = div(st2)− div(st1) ∈
∣∣Ft2 ⊗ F−1

t1

∣∣ ,
which implies that Ft1 = Ft2 in Pic0(X) with t1, t2 ∈ ]0, ε[; but this contra-
dicts our hypothesis on ε. This proves Claim (∗). �

As a by-product of Corollary 5.9(a) we obtain the following special case
of the Kähler version of the (generalized) log Abundance Conjecture by using
the divisorial Zariski decomposition (cf. [9, Definition 3.7]):

Theorem 5.11. — Let (X,∆) be a klt pair with X a compact Kähler
manifold whose numerical dimension ν(X,KX + ∆) = 0, then κ(X,KX +
∆) = 0.

Proof. — For the definition of the numerical dimension of (non necessar-
ily nef) Q-line bundles (or cohomology classes in H1,1(X,R)) over a compact
Kähler manifold, cf. [29, §18.13, p. 198]. Since ν(KX + ∆) = 0, the Q-line
bundleKX+∆ is pseudoeffective, hence we can consider the divisorial Zariski
decomposition (cf. [9, Definition 3.7] and [29, §18.12(d), p. 195]) of its first
Chern class:

c1(KX + ∆) =
{
N
(
c1(KX + ∆)

)}
+ 〈c1(KX + ∆)〉.

By hypothesis ν(c1(KX + ∆)) = 0, which means that 〈c1(KX + ∆)〉 = 0; in
other word, the Q-line bundle KX +∆ is numerically equivalent to the effec-
tive R-divisor N = N

(
c1(KX + ∆)

)
, a fortiori N is an Q-divisor. Therefore

by Corollary 5.9(a), we have
κ(KX + ∆) > κ(N) > 0.

Finally by [29, §18.15, p. 199] we get κ(KX + ∆) = 0. �

6. Kähler Version of C log
n,m for Fibre Spaces over Complex Tori

In this section, we will prove our Main Theorem A. To this end, we do
some reductions by an induction on the dimension of T and by applying The-
orem 2.6, Theorem 3.6 and Theorem C; at last, we deduce Main Theorem A
from Corollary 5.9.

6.1. Reduction to the case T is a simple torus

By an induction on dimT we can assume that T is a simple torus, i.e.
admitting no non-trivial subtori. In fact, if T is not simple, take a non-trivial

– 879 –



Juanyong Wang

subtorus S ⊆ T and denote by q : T ! T/S the canonical morphism (of
complex analytic Lie groups), this is a Kähler fibre space (more precisely a
principle S-bundle). We obtain thus a Kähler fibre space f ′ = q ◦ f : X !
T/S, and then by induction hypothesis we have

κ(X,KX + ∆) > κ(F ′,KF ′ + ∆F ′),
where ∆F ′ := ∆|F ′ with F ′ the general fibre f ′. In addition, f |F ′ : F ′ ! S
is also a Kähler fibre space of general fibre F over a complex torus S of
dimension < dimT , hence by induction hypothesis we have

κ(F ′,KF ′ + ∆F ′) > κ(F,KF + ∆F ),
thus we get

κ(X,KX + ∆) > κ(F,KF + ∆F ).

6.2. Dichotomy according to the Determinant Bundle and Reduc-
tion to the Case of Numerical Flat Direct Images

For positive integer m such that m∆ is an integral divisor, consider the
direct image

Fm,∆ := f∗
(
K⊗mX ⊗ OX(m∆)

)
= f∗

(
K⊗mX/T ⊗ OX(m∆)

)
.

If κ(F,KF + ∆F ) = −∞ then Part (II) of Main Theorem A is automatically
established; hence we can assume that κ(F,KF + ∆F ) > 0. In consequence
for m sufficiently divisible Fm,∆ 6= 0. Let us denote by M the set of positive
integers m such that m∆ is an integral divisor and that Fm,∆ 6= 0, then
we can suppose that M 6= ∅, this is moreover an additive subset of Z.
By Theorem B, for ∀ m ∈ M the torsion free sheaf Fm,∆ admits a semi-
positively curved metric g(m)

X/T,∆; in addition, the induced metric det g(m)
X/T,∆

on its determinant bundle det Fm,∆ is of curvature current
θm,∆ := Θdet g(m)

X/T,∆
(det Fm,∆) > 0.

In particular, the line bundle det Fm,∆ is pseudoeffective on T for every
m ∈M . By Section 6.1 we can assume that T is a simple torus, hence [22,
Proposition 2.2] (cf. also [25, Theorem 3.3]) implies that we fall into the
following two cases:

• Either θm,∆ 6≡ 0, in this case T is an Abelian variety equipped with
det Fm,∆ an ample line bundle;
• Or θm,∆ ≡ 0, in this case det Fm,∆ is a numerically trivial line
bundle, and thus Corollary 2.13 implies that (Fm,∆, g

(m)
X/T,∆) is a

Hermitian flat vector bundle.

– 880 –



On the Iitaka Conjecture Cn,m for Kähler Fibre Spaces

If there is an integer m ∈M such that the determinant bundle det Fm,∆
is ample, then Main Theorem A(II) can be deduced by Main Theorem A(I)
(which is proved in Section 3.2, cf. Theorem 3.6). Hence in order to finish
the proof of Main Theorem A(II), one only need to tackle the case that
the determinant bundle det Fm,∆ is numerically trivial for every m ∈ M ,
which implies that (Fm,∆, g

(m)
X/T,∆) is a Hermitian flat vector bundle for every

m ∈M .

6.3. Reduction to the case κ 6 0

In this subsection we will demonstrate that we can reduce to the case
κ(X,KX+∆) 6 0, which is an observation dating back to Kawamata, cf. [49,
§3, Proof of Claim 2, pp. 256–266]. Suppose that Main Theorem A(II) holds
true for klt pair (X,∆) with κ(X,KX + ∆) 6 0. Now take a klt pair (X,∆)
such that κ(X,KX + ∆) > 1. By Lemma 1.5, we can freely replace X by a
superior bimeromorphic model (the Kodaira dimension remains unchanged),
and in consequence we can suppose that the Iitaka fibration of KX + ∆ is a
morphism, denoted by

φ : X ! Y,

whose general fibre is G. Then dimY = κ(X,KX + ∆) > 0 and κ(G,KG +
∆G) = 0 where ∆G := ∆|G. Consider

f |G : G! f(G) =: S ⊆ T,
and take a Stein factorization of f |G:

S.

G

S′f |G

Case 1: S 6= T . T being a simple torus, [71, Theorem 10.9, pp. 120–123]
implies that S is of general type, then so is S′ by [71, Lemma 6.3, pp. 66–67].
By Theorem 3.2, for general s ∈ S′ we have

0 = κ(G,KG + ∆G) = κ(Gs,KGs + ∆Gs) + dimS′

= κ(Gs,KGs + ∆Gs) + dimS,

– 881 –



Juanyong Wang

where ∆Gs := ∆|Gs = ∆G|Gs . This forces dimS = dimS′ = 0, hence f(G) =
pt, and in consequence G is contained in F . Therefore φ|F : F ! φ(F ) ⊆ Y
is a Kähler fibre space of general fibre G, and thus by the easy inequality [71,
Lemma 5.11, pp. 59–60] we obtain (noting that ∆G = ∆F |G):

κ(F,KF + ∆F ) 6 κ(G,KG + ∆G) + dim h(F ) = dim h(F )
6 dimY = κ(X,KX + ∆).

Case 2: S = T . First we prove that S′ ! S is a finite étale cover
(thus S′ is also a complex torus) with the help of Theorem C. In fact, let
albG : G ! AlbG the Albanese map of (G, y) with base point y such that
f(y) = e ∈ T . By the universal property of the Albanese map we get a
(unique) morphism u : AlbG ! T of complex tori (a morphism of complex
analytic Lie groups) such that f |G = u ◦ albG. Then by Theorem C, u
factorizes through S′ ! T , and hence by [27, Théorème 2.3, p. 7] S′ is a
complex torus and S′ ! T is a finite morphism.

Put F ′ to be the general fibre of G! S′, then for general t ∈ T , we have
Gt ' F ∩ G is finite union of copies of F ′. Now apply our assumption to
G! T (κ(G,KG + ∆G) = 0) and we get

0 = κ(G,KG + ∆G) > κ(F ′,KF ′ + ∆F ′).

where ∆F ′ := ∆|F ′ = ∆G|F ′ . Furthermore, consider a Stein factorization of
φ|F : F ! φ(F ) =: Z ⊆ Y :

Z.

F

Z ′φ|F

For z ∈ Z general Fz ' F ∩ G, hence the general fibre of the analytic
fibre space F ! Z ′ is isomorphic to F ′. Then by the easy inequality [71,
Lemma 5.11, pp. 59–60] we obtain:

κ(F,KF + ∆F ) 6 κ(F ′,∆F ′ + ∆F ′) + dimZ ′ 6 dimZ ′ = dimZ

6 dimY = κ(X,KX + ∆).
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6.4. End of the Proof of the Main Theorem

By Section 6.2 we have that (Fm,∆, g
(m)
X/T,∆) is a Hermitian flat vector

bundle for every m ∈ M . In other words Fm,∆ is constructed by a uni-
tary representation of the fundamental group (cf. for example [55, Proposi-
tion 1.4.21, p. 13] or [30, §6, pp. 260–261])

ρm : π1(T, t0)! U(rm)

where
rm := rk Fm,∆ = h0(F,K⊗mF ⊗ OF (m∆F )).

Since π1(T, t0) is an Abelian group, every representation of π1(T ) can be
decomposed into (irreducible) sub-representations of rank 1, hence a decom-
position of Fm,∆ into (numerically trivial) line bundles:

Fm,∆ = L1 ⊕ L2 ⊕ · · · ⊕ Lrm , with Li ∈ Pic0(T ), ∀ i = 1, . . . , rm. (6.1)

Step 1. First prove that Im(ρm) is finite for every m ∈ M . In fact,
suppose by contradiction that there exists m ∈ M such that Im(ρm) is
infinite, hence there exists j ∈ {1, 2 . . . , rm}, say j = 1, such that Lj is not a
torsion point in Pic0(T ). Consider the natural inclusion L1 ↪! Fm,∆, which
induces a non-zero section

H0(T,Fm,∆ ⊗ L−1
1 ) = H0(X,K⊗mX ⊗ OX(m∆)⊗ f∗L−1

1 ).

This implies that κ(X,mKX + m∆ + f∗L1) > 0. As f∗L1 ∈ Pic0(X), by
Corollary 5.9(a) and Section 6.3 we have

κ(X,mKX +m∆ + f∗L1) 6 κ(X,KX + ∆) 6 0,

hence a fortiori

κ(X,mKX +m∆ + f∗L1) = κ(X,KX + ∆) = 0. (6.2)

By Corollary 5.9(b), the equality (6.2) implies that f∗L1 is a torsion point
in Pic0(X), i.e. there is an e > 0 such that f∗L⊗e1 ' OX , meaning that
L⊗e1 ' OT since the morphism

f∗ : Pic0(T )! Pic0(X)

is injective (f being an analytic fibre space). This contradicts our supposition
that L1 is not a torsion element in Pic0(T ). Hence Im(ρm) is finite for each
m ∈M .
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Step 2. By the precedent step we see that Im(ρm) is a finite group.
Set Hm := Ker(ρm), then Hm is normal subgroup of π1(T ) of finite index.
Hence Hm induces a finite étale cover of T . Up to passing to this finite étale
cover (the Kodaira dimension is invariant under finite étale covers) we can
assume that the representation ρm is trivial, and consequently Fm,∆ is a
trivial vector bundle, then we have
h0(X,K⊗mX ⊗ OX(m∆)) = h0(T,Fm,∆) = rm = h0(F,K⊗mF ⊗ OF (m∆F )),
which implies that κ(X,KX + ∆) = κ(F,KF + ∆F ).

7. Geometric Orbifold Version of the Main Results

In this last section, we will prove Theorem E, in other word, generalize
Main Theorem A(II), which is established in Section 6, to the geometric
orbifold setting. Along the way, we also show that Corb

n,m holds when (Y,Bf,∆)
is of log general type. Before entering into the proof of theses results, let us
first clarify some definitions. Remind that for f : X ! Y analytic fibre
space between compact complex manifolds and for ∆ effective Q-divisor on
X, the branching divisor Bf,∆ is defined as the most effective Q-divisor on Y
such that f∗Bf,∆ 6 Rf,∆ modulo exceptional divisors (see below, cf. also the
Introduction); on the other hand, in [17, Definition 1.29] Frédéric Campana
defines a divisor on Y with respect to f and ∆ in the setting of geometric
orbifolds, named “orbifold base”. We will see in the sequel that these two
definitions coincide when (X,∆) is lc. Let us first recall the definition of
Campana:

Definition 7.1. — Let f : X ! Y and ∆ as above such that (X,∆) is
lc. For any prime divisor G on Y , write

f∗G =
∑

j∈J(f,G)

RamGj (f)Gj + (f -exceptional divisor),

where J(f,G) is the index set of all prime divisors mapped onto G. Then the
orbifold base with respect to f and ∆ is defined to be the Q-divisor

Bf,∆ :=
∑
G

(
1− 1

m(f,∆;G)

)
G

where the multiplicity m(f,∆;G) of G with respect to f and ∆ is defined
to be

m(f,∆;G) := inf
{

RamGj (f)m(∆;Gj)
∣∣ j ∈ J(f,G)

}
with m(∆;Gj) ∈ Q>1 ∪ {+∞} satisfying

ordGj (∆) = 1− 1
m(∆;Gj)

.
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Now we have:

Lemma 7.2. — Let f : X ! Y and ∆ as above such that (X,∆) is lc.
Let Bf,∆ be the orbifold base respect to f and ∆ in the sense of Campana,
as defined in Definition 7.1 above. Then there is an f -exceptional effective
Q-divisor E such that the Q-divisor Rf,∆ +E−f∗Bf,∆ is effective; and Bf,∆
is the most effective Q-divisor on Y satisfying this property.

Proof. — The second assertion is evident by construction of Bf,∆. In fact,
if B is a divisor on Y such that f∗B 6 Rf,∆, then for every prime divisor G
on Y we have

ordGj (f∗B) = RamGj (f) ordG(B) 6 ordGj (Rf,∆)
= RamGj (f)− 1 + ordGj (∆)

= RamGj (f)− 1
m(∆;Gj)

, ∀ j ∈ J(f,G),

where
f∗G =

∑
j∈J(f,G)

RamGj Gj + (f − exceptional divisor);

this implies that

ordG(B) 6 1− 1
RamGj (f)m(∆;Gj)

, ∀ j ∈ J(f,G),

and hence

ordG(B) 6 inf
j∈J(f,G)

(
1− 1

RamGj (f)m(∆;Gj)

)
= 1− 1

inf
{

RamGj (f)m(∆;Gj)
∣∣ j ∈ J(f,G)

}
= ordG(Bf,∆).

Now turn to the proof of the first assertion. To this end, it suffices to
show that for any prime divisor D on X such that f(D) is a divisor on Y
we have

ordD(Rf,∆) = ordD(Σf ) + ordD(∆) > ordD(f∗Bf,∆). (7.1)
Let ΣY be a (reduced) divisor containing Y \Y0 with Y0 ⊂ Y the smooth
locus of f and write

f∗ΣY =
∑
i∈I

biWi,

then
Σf :=

∑
i∈Idiv

(bi − 1)Wi.
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where Idiv denotes the set of indices in I such that f(Wi) is a divisor on Y .
Now we consider separately the two cases:

Case 1: D 6⊂ Supp(Σf ). — Then ordD(Σf ) = 0 and a general point of
f(D) is contained in Y0, thus

f∗f(D) = D + (f -exceptional divisor).
In consequence RamD(f) = 1 and J(f, f(D)) = {D}, which implies that
m(f,∆; f(D)) = m(∆;D). Hence

ordD(f∗Bf,∆) = ordf(D)(Bf,∆) = 1− 1
m(∆;D)

= ordD(∆) = ordD(Σf ) + ordD(∆).

Case 2: D ⊂ Supp(Σf ). — Then D = Wi for some i ∈ Idiv. In conse-
quence, f(Wi) ⊂ Supp(ΣY ) and

f∗f(Wi) =
∑

j∈J(f,f(Wi))

bjWj + (f -exceptional divisor),

with J(f, f(Wi)) =
{
j ∈ Idiv

∣∣ f(Wj) = f(Wi)
}

and RamWj
(f) = bj . By

definition we have

m(f,∆; f(Wi)) = inf
{
bjm(∆;Wj)

∣∣ j ∈ Idiv and f(Wj) = f(Wi)
}

6 bim(∆;Wi).
Hence

ordWi
(f∗Bf,∆) = bi · ordf(Wi)(Bf,∆) = bi

(
1− 1

m(f,∆; f(Wi))

)
6 1− 1

bim(∆;Wi)
= (bi − 1) + (1− 1

m(∆;Wi)
)

= ordWi
(Σf ) + ordWi

(∆).

In both cases, the inequality (7.1) is established for prime divisor D
vertical w.r.t. f , hence the proof is proved. �

Remark 7.3. — As a corollary of the above lemma, one sees clearly:

• f∗Bf,∆ being a vertical divisor w.r.t. f (i.e. not dominating Y ), it is
in fact the most effective divisor on Y such that f∗Bf,∆ 6 Rf,∆vert =
Σf + ∆vert where ∆vert denotes the vertical part of ∆.
• If (X,∆) is klt and Fm,∆ := f∗(K⊗m(X,∆)/Y ) 6= 0 for some m suf-
ficiently large and divisible, one can easily deduce from Proposi-
tion 2.5 (applied to L = OX(m∆horiz) with ∆horiz the horizontal
part of ∆) that there is an f -exceptional effective Q-divisor E such
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that the Q-line bundle Korb
f,∆ + E is pseudoeffective, where the orb-

ifold relative canonical bundle is defined (as a Q-line bundle) by the
formula:

Korb
f,∆ := K(X,∆)/(Y,Bf,∆) = KX/Y + ∆− f∗Bf,∆.

Before proving Theorem E, let us first prove the result that the klt version
of Corb

n,m holds for fibre spaces over bases of general type in the sense of
geometric orbifolds:

Theorem 7.4. — Let f : X ! Y be a surjective morphism between
compact Kähler manifolds whose general fibre F is connected. Let ∆ be an
effective Q-divisor on X such that (X,∆) is klt. Suppose that (Y,Bf,∆) is of
log general type. Then

κ(X,KX + ∆) > κ(F,KF + ∆F ) + dim Y,

where ∆F := ∆|F .

Notice that a stronger (log canonical) version of the above theorem is
proved in [17] (for X projective) based on the a weak positivity theorem
for direct images of twisted pluricanonical bundles. We will give here a new
argument depending on the Ohsawa–Takegoshi extension theorem:

Proof of Theorem 7.4. — First, as in the proof of Theorem 3.6, by pass-
ing to a higher bimeromorphic model of f , we can assume that f is neat
and prepared (in virtue of Lemma 1.4 and Lemma 1.5), that is, every f -
exceptional divisor is also exceptional with respect to some bimeromorphic
morphism X ! X ′ and the singular locus of f is a (reduced) SNC divi-
sor; in particular, for every effective f -exceptional divisor E0 on X, we have
κ(X,KX + ∆) = κ(X,KX + ∆ + E0).

If κ(F,KF + ∆F ) = −∞ then there is nothing to prove, hence suppose
that κ(F,KF + ∆F ) > 0, this implies that there is m > 0 sufficiently large
and divisible such that Fm,∆ := f∗(K⊗m(X,∆)/Y ) 6= 0. By Remark 7.3, there is
an effective f -exceptional Q-divisor E such that the Q-line bundle Korb

f,∆ +E

is pseudoeffective. Since (Y,Bf,∆) is of log general type, Y is projective,
one can fix a very ample line bundle AY on Y such that the Q-line bundle
AY − KY − Bf,∆ is ample and that the Seshadri constant ε(AY − KY −
Bf,∆, y) > dimY for general y (such AY exists by [59, §5.1, Example 5.1.4,
p. 270 and Example 5.1.18, p. 274, Vol.I]). Now by our hypothesis KY +Bf,∆
is a big Q-line bundle, then (up to replacing m by a multiple) we can assume
that m(KY +Bf,∆)− 2AY is effective. Then we have

κ(X,KX + ∆) = κ(X,KX + ∆ + E) > κ(X,mKorb
f,∆ +mE + 2f∗AY ).
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In virtue of Lemma 3.1 it suffices to show that
H0(X, (Korb

f,∆)⊗m ⊗ OX(mE)⊗ f∗AY
)
6= 0,

which is a direct consequence of the Ohsawa–Takegoshi type extension The-
orem 2.2, as we precise below:

Since ∆ is klt, by Theorem 2.3 the relative m-Bergman kernel metric
hX/Y,m∆horiz onK⊗mX/Y ⊗OX(m∆horiz) is semipositive (noting that ∆horiz|F =
∆F ). Set

Lm−1 := K
⊗(m−1)
X/Y ⊗ OX(m∆horiz),

L′m−1 := Lm−1 ⊗ OX(mE +m∆vert − (m− 1)f∗Bf,∆),
respectively equipped with the singular Hermitian metrics:

hLm−1 :=
(
h

(m)
X/Y,m∆horiz

)⊗m−1
m ⊗ h∆horiz ,

hL′
m−1

:= hLm−1 ⊗ h⊗mE ⊗ h⊗m∆vert ⊗ f∗h⊗−(m−1)
Bf,∆

.

where h∆horiz , h∆vert , hE and hBf,∆ denote the canonical singular metrics de-
fined by the divisors. Then by Proposition 2.5 and Lemma 7.2 the curvature
current of hL′

m−1
satisfies

ΘhL′
m−1

(L′m−1)

= m− 1
m

Θh
X/Y,m∆horiz

(
K⊗mX/Y ⊗ OX(m∆horiz)

)
+ [∆] + (m− 1)[∆vert]

+m[E]− (m− 1)[f∗Bf,∆]
> (m− 1)

(
[Σf ] + [E] + [∆vert]− [f∗Bf,∆]

)
+ [∆] + [E]

> [∆] + [E] > 0.
Moreover, since L′m−1|F = Lm−1|F and hL′

m−1
|F = hLm−1 |F , by Lemma 2.12

the natural inclusion

H0(F,KF ⊗ L′m−1|F ⊗J (hL′
m−1
|F ))

= H0(F,KF ⊗ Lm−1|F ⊗J (hLm−1 |F ))
↪! H0(F,KF ⊗ Lm−1|F ) = H0(F,K⊗mF ⊗ OF (m∆F ))

is an isomorphism. Hence by Theorem 2.2 we get a surjection
H0(X,KX ⊗ L′m−1 ⊗ f∗(AY ⊗K−1

(Y,Bf,∆))
)
� H0(F,K⊗mF ⊗ OF (m∆F )

)
.

Since
KX ⊗ L′m−1 ⊗ f∗

(
AY ⊗K−1

(Y,Bf,∆)
)

= (Korb
f,∆)⊗m ⊗ OX(mE)⊗ f∗AY ,

this proves the non-vanishing of H0((Korb
f,∆)⊗m ⊗ OX(mE)⊗ f∗AY ). �
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Finally, let us turn to the proof of Theorem E:

Proof of Theorem E. — Let us proceed by an induction on dimT . If
Bf,∆ = 0, then Theorem E is reduced to the Part (II) of Main Theorem A.
Hence we assume that Bf,∆ 6= 0. Then by [22, Proposition 2.2], there is a
subtorus S of T of dimension < dimT and an ample Q-divisor H on A : T/S
such that π∗H = Bf,∆ with π : T ! A = T/S the quotient map.

Now let f ′ = π ◦ f : X ! A, which is a fibre space with general fibre
F ′. Then f |F ′ : F ′ ! S is a fibre space with general fibre F . We have
Bf |F ′ ,∆F ′

> (Bf,∆)|S , as one can easily check: for every component G of
(Bf,∆)|S , it arises from a prime divisor of X, hence Bf |F ′ ,∆F ′

has the same
vanishing order over G. This is enough for our use; we nevertheless remark
that we have in fact the equality Bf |F ′ ,∆F ′

= (Bf,∆)|S since every component
of Bf |F ′ ,∆F ′

must arise from a divisor on X: in fact, every component of
Bf |F ′ ,∆F ′

is either the image of a component of ∆F ′ = ∆|F ′ or the image of
a component of Σf |F ′ = (Σf )|F ′ (we have the equality if we choose S to be
a general translate). Now the induction hypothesis gives:

κ(F ′,KF ′ + ∆F ′) > κ(F,KF + ∆F ) + κ(S, (Bf,∆)|S).

Furthermore, since κ(S, (Bf,∆)|S) > 0, we have

κ(F ′,KF ′ + ∆F ′) > κ(F,KF + ∆F ). (7.2)

We claim that

κ(X,KX + ∆) > κ(F ′,KF ′ + ∆F ′) + dimA. (7.3)

If κ(F ′,KF ′+∆F ′) = −∞, then (7.3) evidently holds. Hence we can assume
that κ(F ′,KF ′+∆F ′) > 0. In this case, for m sufficiently large and divisible,

H0(F,K⊗mF ′ ⊗ OF ′(m∆F ′)) 6= 0.

Since (X,∆) is klt, (F ′,∆F ′) is klt, then by Theorem 2.3 we can con-
struct the relative 2m-Bergman kernel metric h

(2m)
X/A,2m∆horiz on K⊗2m

X/A ⊗
OX(2m∆horiz) ' K⊗2m

X ⊗ OX(2m∆horiz). Now put

L := K
⊗(2m−1)
X ⊗ OX(2m∆ + 2mE −m(f ′)∗H)

equipped with the singular Hermitian metric

hL :=
(
h

(2m)
X/A,2m∆horiz

)⊗ 2m−1
2m ⊗ h∆horiz ⊗ h⊗2m

∆vert ⊗ h⊗2m
E ⊗ (f ′)∗h⊗−mH ,

where E is an f -exceptional effective divisor as in Lemma 7.2 and h∆horiz ,
h∆vert , hE and hH are the canonical singular metrics defined by the divisors.
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Then by Proposition 2.5 and Lemma 7.2 the curvature current of hL satisfies

ΘhL(L) = 2m− 1
2m Θ

h
(2m)
X/A,∆horiz

(
K⊗2m
X/A ⊗ OX(2m∆horiz)

)
+ [∆horiz]

+ 2m[∆vert] + 2m[E]−m[(f ′)∗H]
> (2m− 1)[Σf ] + [∆horiz] + 2m[∆vert] + 2m[E]−m[f∗Bf,∆]
= [∆] + [E] + (m− 1)([Σf ] + [∆vert] + [E])

+m([Σf ] + [∆vert] + [E]− [f∗Bf,∆])
> [∆] + [E] + (m− 1)([Σf ] + [∆vert] + [E]) > 0.

Since hL|F = hL2m−1 |F , where L2m−1 :=K
⊗(2m−1)
X ⊗OX(2m∆horiz) equipped

with the singular metric

hL2m−1 :=
(
h

(2m)
X/A,∆horiz

)⊗ 2m−1
2m ⊗ h∆horiz ,

then by Lemma 2.12 we see that the natural inclusion
f ′∗
(
KX/A ⊗ L⊗J (hL)

)
↪! f ′∗(KX/A ⊗ L)

is generically an isomorphism, hence by Theorem 2.6 the canonical L2

metric on
f ′∗(KX/A ⊗ L) = f ′∗

(
K⊗2m
X/A ⊗ OX(2m∆ + 2mE)

)
⊗H⊗−m

is semi-positively curved. In particular its determinant is pseudoeffective,
which implies that det f ′∗(K⊗2m

X/A ⊗ OX(2m∆ + 2mE)) is big on A. Since
f ′∗(K⊗2m

X/A ⊗OX(2m∆+2mE)) and f ′∗(K⊗2m
X/A ⊗OX(2m∆)) are equal in codi-

mension 1, hence
det f ′∗

(
K⊗2m
X/A ⊗ OX(2m∆ + 2mE)

)
= det f ′∗

(
K⊗2m
X/A ⊗ OX(2m∆)

)
,

implying that det f ′∗(K⊗2m
X/A ⊗ OX(2m∆)) is big on A. Since κ(A) = 0, (7.3)

results from Theorem 3.6.

At last, by combining (7.2) and (7.3) with the easy inequality [71, Theo-
rem 5.11, pp. 59–60] (applied to π : T ! A) we obtain:

κ(X,∆ +KX) > κ(F ′,KF ′ + ∆F ′) + dimA

> κ(F,KF + ∆F ) + κ(S, (Bf,∆)|S) + dimA

> κ(F,KF + ∆F ) + κ(T,Bf,∆). �

Appendix A. Proof of the Negativity Lemma 1.3

In this appendix we are engaged to prove the Negativity Lemma 1.3
in Section 1.1. Let us recall the statement: h : Z ! Y being a proper

– 890 –



On the Iitaka Conjecture Cn,m for Kähler Fibre Spaces

bimeromorphic morphism between normal complex varieties and B being a
Cartier divisor on Z such that −B is h-nef, we will prove that B is effective
if and only if h∗B is effective. First notice that if B is effective, then h∗B is
effective; hence it remains to show that h∗B is effective ⇒ B is effective. To
this end we proceed in three steps:

(A). Reduction to the case where h is a sequence of blow-ups
with smooth centres. For any proper bimeromorphic morphism f : Z ′ !
Z, B is effective ⇔ f∗B is effective; moreover, if we note h′ = h ◦ f , then
h′∗f

∗B = h∗B and −f∗B is h′-nef. This observation gives us the flexibility
to replace Z with a higher bimeromorphic model. In particular, by Chow’s
Lemma ([46, Corollary 2]) we can suppose that h is projective. In addition,
by Hironaka’s construction in [46] we see that h is in fact the blow-up of
an analytic subspace (a coherent ideal) of X (cf. [46, Definition 4.1]); hence
by Hironaka’s resolution of singularities, we can take a principalization h′

of this ideal, which is constructed by a sequence of blow-ups with smooth
centres, by the universal property of blow-ups, h′ dominates h. Cf. also [13,
Lemma 4.1]. Now up to replacing h′ with h, we can assume that h is a
locally finite (over Y ) sequence of blow-ups with smooth centres; moreover
the problem being local over Y , one can further assume that h is a finite
sequence. In particular, (e.g. by an induction on the number of blow-ups
contained in h) there exists an effective Cartier divisor h-exceptional divisor
A such that −A is h-ample.

(B). Reduction to the case where −B is h-ample by an approx-
imation argument. In this step we use an approximation argument to
reduce to the case where −B is h-ample. To this end, assume that the lemma
is true for h-anti-ample divisors. By Step (A), one gets an h-exceptional di-
visor A such that −A is h-ample. Since h∗A = 0, our assumption implies
that A is effective. For every m > 0, the Cartier divisor−mB−A is h-ample;
in addition, h∗(mB + A) = mh∗B > 0, hence by our assumption, mB + A
is effective. By arguing coefficients by coefficients and by letting m tend to
+∞ we obtain that B is effective.(3)

(C). The case where −B is h-ample. By the reduction procedures
(A) and (B), we can suppose that h is projective and that B is a Cartier
divisor on Z such that −B is h-ample. Since −B is h-ample, then for any
m� 0, the Cartier divisor −mB is relatively globally generated, i.e. we have

(3) Let us remark that in many cases, when there is no ambiguity, by saying that “a
divisor is effective” we mean that it is linearly equivalent to an effective divisor; but in
the statement of the Negativity Lemma 1.3 we take “effectivity” in its strict sense.
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an surjection
h∗h∗OZ(−mB)� OZ(−mB).

In particular, OZ(−mB) = h−1am · OY where am = h∗OZ(−mB) fractional
ideal on Y (i.e. a torsion free subsheaf of rank 1 of MY the sheaf of germs
of meromorphic functions on Y ) since h is bimeromorphic. It remains to see
that am is an authentic ideal. To this end it suffices to consider the inclusion
(by hypothesis h∗B is effective)

am = h∗OZ(−mB) ⊆ OY (−mh∗B) ⊆ OY ,

where the inclusion h∗OZ(−mB) ⊆ OY (−mh∗B) above results from Lem-
ma 1.15.

Appendix B. Proof of Proposition 1.18

In this appendix, we give the detailed proof of Proposition 1.18 which
serves to complete the proof of Theorem 1.14. Let X ! S be a surjective
morphism between complex varieties with X smooth and S normal, we will
show that there is an effective π-exceptional divisor E such that for any
π-exceptional prime divisor Γ , E|Γ is not π|Γ -pseudoeffective.

The starting point of the proof is the following observation: if π is flat,
then π∗L is always reflexive. Consider thus a flattening of π (cf. [46], or for
the algebraic case, [69, §4.1, Theorem 1, p. 26]): let ν : S′ ! S be a projec-
tive bimeromorphic morphism (a sequence of blow-ups with smooth centres)
which flattens π and let X ′ be the normalization of the main component of
X ×S S′ equipped with morphisms X ′ µ

−! X and X ′ φ
−! S′ (µ is projective

and φ is equidimensional).

By the construction of ν, there is a π-exceptional effective (Cartier) di-
visor ∆ such that −∆ is ν-ample. Consider the divisor E := µ∗(φ∗∆). Then
E is effective since ∆ is effective; E is Cartier since X is smooth. Moreover,
−∆ is ν-ample, hence −φ∗∆ is µ-nef: in fact, let C be a curve contracted by
µ, then φ∗C (which is, by definition, a curve on S′ if C is not contracted by
φ or is equal to 0 otherwise) is contracted by ν since π ◦ µ = ν ◦ φ, hence by
the projection formula we get

(−φ∗∆ · C) = (−∆ · φ∗C) > 0,
µ being projective, this implies that −φ∗∆ is µ-nef; then so is µ∗E − φ∗∆.
Now since

µ∗(µ∗E − φ∗∆) = E − E = 0,
then we have µ∗E − φ∗∆ 6 0 by the Negativity Lemma 1.3.
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Assume by contradiction that there exists a π-exceptional prime divisor
Γ such that E|Γ is π|Γ -pseudoeffective and denote

Γ ′ := the strict transformation of Γ by µ−1.

S

X

S′

X ′

ΓΓ ′

π(Γ)φ(Γ ′)

π

ν

µ

φ π|Γφ|Γ′

µ|Γ′

ν|φ(Γ′)

⊂⊂

⊂⊂

Then µ∗E|Γ′ is (π ◦ µ)|Γ′ -pseudoeffective, hence φ∗∆|Γ′ is (ν ◦ φ)|Γ′ -
pseudoeffective since µ∗E 6 φ∗∆. On the other hand, by our construction
−∆ is ν-ample, then −∆|φ(Γ′) is ν|φ(Γ′)-ample, and thus

−φ∗∆|(Γ′) = (φ|(Γ′))∗(−∆|φ(Γ′))
is (ν ◦ φ)|Γ′-nef. Therefore −φ∗∆|(Γ′) is (ν ◦ φ)|Γ′ -numerically trivial, which
implies that −∆|φ(Γ′) is ν|φ(Γ′)-numerically trivial. But −∆|φ(Γ′) is ν|φ(Γ′)-
ample, this cannot happen unless ν|φ(Γ′) : φ(Γ ′) ! π(Γ) is finite. We will
show in the sequel that ν|φ(Γ′) is never finite:

Since φ is the composition of a finite morphism (normalization) followed
by a flat morphism, φ is equidimensional; in particular, φ(Γ ′) is Weil di-
visor on S. Moreover, ν(φ(Γ ′)) = π ◦ µ(Γ ′) = π(Γ) is of codimension > 2,
hence φ(Γ ′) is ν-exceptional; in particular, the general fibre of the morphism
ν|φ(Γ′) : φ(Γ ′)! π(Γ) is of dimension > 1. Thus we prove the proposition.
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