
Publication membre du centre
Mersenne pour l’édition scientifique ouverte

http://www.centre-mersenne.org/

ANNALES
DE LA FACULTÉ

DES SCIENCES

Mathématiques
CHARLES P. BOYER AND CHRISTINA W. TØNNESEN-FRIEDMAN
Iterated S3 Sasaki Joins and Bott Orbifolds

Tome XXXI, no 3 (2022), p. 837–860.

https://doi.org/10.5802/afst.1706

© les auteurs, 2022.
Les articles des Annales de la Faculté des Sciences de Toulouse sont mis
à disposition sous la license Creative Commons Attribution (CC-BY) 4.0
http://creativecommons.org/licenses/by/4.0/

http://www.centre-mersenne.org/
https://doi.org/10.5802/afst.1706
http://creativecommons.org/licenses/by/4.0/


Annales de la faculté des sciences de Toulouse Volume XXXI, no 3, 2022
pp. 837-860

Iterated S3 Sasaki Joins and Bott Orbifolds

Charles P. Boyer (1) and Christina W. Tønnesen-Friedman (2)

ABSTRACT. — We present a categorical relationship between iterated S3 Sasaki-
joins and Bott orbifolds. Then we show how to construct smooth Sasaki–Einstein
(SE) structures on the iterated joins. These become increasingly complicated as
dimension grows. We give an explicit nontrivial construction of (infinitely many)
smooth SE structures up through dimension eleven, and conjecture the existence of
smooth SE structures in all odd dimensions.

RÉSUMÉ. — Nous présentons une relation catégorique entre les jointures Sasaki
S3 itérées et les orbifolds Bott. Ensuite, nous montrons comment construire des
structures Sasaki–Einstein (SE) lisses sur les jointures itérées. Celles-ci deviennent
de plus en plus compliquées à mesure que la dimension augmente. Nous donnons une
construction non triviale explicite de structures SE lisses (infiniment nombreuses)
jusqu’à la dimension onze, et conjecturons l’existence de structures SE lisses dans
toutes les dimensions impaires.

Introduction

It is well known that to a compact quasi-regular Sasaki manifold (orb-
ifold) one can uniquely associate a projective algebraic variety with an orb-
ifold Kähler structure. To understand this relation better it behooves us to
think in categorical terms as a functor between the category of compact
quasi-regular Sasaki manifolds (orbifolds) and the category of projective al-
gebraic varieties with an orbifold Kähler structure. Here we restrict ourselves
to the case where the objects in the Sasaki category are what we call iterated
S3

w Sasaki joins which are obtained by iterating the S3
w join construction de-

scribed in [9]. The objects in the Kähler category are orbifold Bott towers
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which are Bott towers [3, 16] with an orbifold structure on the invariant
divisors. At first glance one might expect a map from the Sasaki cone to the
Kähler cone, but there is no such map. What there is, is a map of topoi of
groupoids, that is a functor, and it is the purpose of this note to investigate
this relationship with the goal of producing constant scalar curvature (cscS)
Sasaki metrics. While Fano Bott manifolds are relatively sparse [3, 25], it
is not so for Bott orbifolds. This then gives rise to constant scalar curva-
ture Sasaki metrics on S3

w iterated joins. However, we shall see that as the
dimension grows it becomes increasingly complicated to obtain examples of
cscS metrics on smooth iterated joins. Nevertheless, we certainly believe that
there are many examples. We prove that there are infinitely many smooth
nontrivial SE examples up through dimension 11 and conjecture it to be true
in arbitrary dimension.

Since the category of Bott orbifold towers is somewhat easier to under-
stand than the category of iterated S3 joins, we begin with the former.
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1. Orbifold Bott Towers

As we shall see the quotient orbifolds produced by iterating the S3
w join

construction have the form of Bott orbifolds that we now describe. Before
embarking on our journey we present a brief review of Bott manifolds.

1.1. The Construction of Bott Towers

We recall the definition of a Bott tower as defined by Grossberg and
Karshon [16] (see also [3]): We call Mk the stage k Bott manifold of the Bott
tower of height n:

Mn
πn−−→ Mn−1

πn−1−−−→ · · · π3−→ M2
π2−→ M1 = CP1 π1−→ pt (1.1)
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where Mk is defined inductively as the total space of the projective bundle

P(1⊕ Lk) πk−→ Mk−1 (1.2)

with fiber CP1, and some holomorphic line bundle Lk on Mk−1. At each stage
we have zero and infinity sections σ0

k : Mk−1 → Mk and σ∞
k : Mk−1 → Mk

which respectively identify Mk−1 with P(1⊕ 0) and P(0 ⊕ Lk). We consider
these to be part of the structure of the Bott tower (Mk, πk, σ0

k, σ∞
k )n

k=1.

Bott towers Mn(A) of dimension n form the objects of a groupoid that
are in one-to-one correspondence with the set of n by n lower triangular
unipotent matrices A = (Aj

i ); hence, they are in one-to-one correspondence
with the set Z

n(n−1)
2 . Our convention here is that j labels the columns of A

and i the rows. Note that Bott manifolds are smooth toric varieties. A Bott
manifold Mn(A) has a set {Dvi , Dui}n

i=1 of Tn invariant pairs of divisors
which are just the zero and infinity sections of πi : P(1⊕ Li) → Mi−1. That
is, Dvi

= σ0
i (Mi−1) and Dui

= σ∞
i (Mi−1). respectively. The divisor classes

[Dvi
], [Dui

] are elements of the Chow group An−1(Mn(A)) and we denote the
Poincaré duals in H2(Mn(A),Z) by yi, xi, respectively. A Tn invariant basis
of An−1(Mn(A)) (correspondingly H2(Mn(A),Z)) is obtained by choosing
one element from each of the invariant pairs {[Dvi

], [Dui
]}n

i=1 (correspond-
ingly {yi, xi}n

i=1). We note that x1 = y1 (equivalently Dv1 ∼ Du1), so there
are at most 2n−1 invariant bases.

Let us recall the quotient construction of Bott manifolds in [3, 16]: A
stage n Bott manifold Mn can be written as a quotient of n copies of C2

∗ :=
C2 \ {0} by a complex n-torus (C∗)n. To see this, consider the action of
(ti)n

i=1 ∈ (C∗)n on (zj , wj)n
j=1 ∈ (C2

∗)n by

(ti)n
i=1 : (zj , wj)n

j=1 7−→

(
tjzj ,

(
n∏

i=1
t
Ai

j

i

)
wj

)n

j=1

, (1.3)

where A is a lower triangular unipotent integer-valued matrix

A =


1 0 . . . 0 0

A1
2 1 . . . 0 0

...
...

. . .
...

...
A1

n−1 A2
n−1 . . . 1 0

A1
n A2

n . . . An−1
n 1

 , Ai
j ∈ Z. (1.4)

Since the induced action of (R+)n is transverse to (S3)n, where S3 is the
unit sphere in C2

∗, the orbits of this action are in bijection with orbits of the
induced free (S1)n action on (S3)n, and the geometric quotient is a compact
complex n-manifold Mn(A).
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1.2. The Category of Bott Orbifold Towers

We employ the notation of [9] by writing Du0
i
, Du∞

i
instead of Dvi

, Dui
,

and construct Bott orbifold towers simply by putting an orbifold structure
on the invariant divisors Du0

i
, Du∞

i
to make them branch divisors with ram-

ification indices m0
i , m∞

i , respectively.

Definition 1.1. — A Bott orbifold tower of height n is a Bott tower of
orbifolds of the form

(Mn(A), ∆T
mn

) πn−−→ (Mn−1(A), ∆T
mn−1

) πn−1−−−→ · · ·
π3−→ (M2(A), ∆T

m2
) π2−→ (M1 = CP1, ∆m1) π1−→ (pt, ∅) (1.5)

where Bott orbifold towers are log pairs (Mn(A), ∆T
m) with

∆T
mn

=
n∑

i=1
∆mi

=
n∑

i=1

((
1 − 1

m0
i

)
Du0

i
+
(

1 − 1
m∞

i

)
Du∞

i

)
(1.6)

and (Mi, ∆T
mi

) is the log pair associated to the total space of the projective
orbibundle

Pm(1⊕ Li)
πi−→ (Mi−1, ∆T

mi−1
)

with fiber CP1(v0
i , v∞

i )/Zmi for some holomorphic line orbibundle Li on
Mi−1 where mi = (m0

i , m∞
i ) = mi(v0

i , v∞
i ) with v0

i , v∞
i relatively prime,

so mi = gcd(m0
i , m∞

i ). The set of Bott orbifold towers of height n forms a
groupoid whose objects BOn

0 are Bott orbifold towers (Mn(A), ∆T
mn

) and
whose morphisms BOn

1 are orbifold biholomorphisms. The quotient stack
BOn

0 /BOn
1 is bijective to the set of biholomorphism classes of Bott orbifolds

{(Mn(A), ∆T
mn

)}. The orbit of BOn
1 through (Mn(A), ∆T

mn
) is the set of all

Bott tower orbifolds that are equivalent to (Mn(A), ∆T
mn

).

All categories in this paper are small. The equivalences that are of most
interest to us in this paper are those induced by the fiber inversion maps as
described in [3, 9]. Such Bott tower orbifolds take the form (Mn(A′), ∆T

m⊥
n

)
where A′ is described in Section 1.4 of [3]. Since the entire singular orbifold
stratum consists of branch divisors, it follows that as an algebraic variety
(Mn(A), ∆T

m) is biholomorphic to the Bott manifold Mn(A), cf. Section 4.4.1
of [4]. Notice also that, since M0 is a point, in the case i = 1 with

∆m1 =
(

1 − 1
m0

1

)
Du0

1
+
(

1 − 1
m∞

1

)
Du∞

1
,

we can identify (M1, ∆m1) with a quotient of the weighted projective line, viz.
CP1[v0

1 , v∞
1 ]/Zm1 . For ease of notation we will often write this as CP1[m1].

The case of the Bott manifolds studied in [3] occurs when mi = (m0
i , m∞

i ) =
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(1, 1) for all i and is denoted by (Mi(A), ∅) or simply Mi(A) when it is clear
from the context.

We let BO0 denote the set of all Bott orbifold towers with morphisms BO1
consisting of orbifold maps that preserve the tower structure (1.5). These are
the equivalences in the groupoid BOk, the projection maps πk in the tower,
and the section maps σ0

k, σ∞
k . This forms a special type of category called a

topos. For the basics of topos theory we refer to the books [15, 17, 21]:

Lemma 1.2. — The category BO is a topos which at each stage k is the
groupoid BOk.

Proof. — We outline a proof which can be checked as follows. First, from
the sequence (1.5) we see that the singleton (pt, ∅) is a terminal object.
Second, at each stage diagrams pullback. Finally, the section maps σ0, σ∞

generate the subobjects which are the subsets giving power objects. So BO
is finitely complete and has power objects; hence, it is a topos [15, p. 106].
That each stage is a groupoid follows by construction, and the morphisms
πk, σ0

k, σ∞
k are functors of the groupoids. □

Since orbifolds can be represented by proper étale Lie groupoids, BO
is a category whose objects are categories. Moreover, a morphism of BO,
that is orbifold diffeomorphisms, corresponds to Morita equivalence of the
groupoids [4, 22, 23, 24]. So the catagory of Bott orbifolds is a 2-category [20].

Remark 1.3. — The category BO has both inverse and direct limits. The
former is given by the inverse limit of the sequence (1.5); whereas, the latter
is the direct limit of the system

({pt}, ∅) σi
1−→ (CP1, ∆m1) σi

2−→ · · ·
σi

k−1−→ (Mk−1, ∆T
mk−1

) σi
k−→ (Mk, ∆T

mk
) −→ · · ·

given by choosing i = 0, ∞ at each stage. The singleton ({pt}, ∅) is both a
terminal and initial object, so the category BO has both limits and colimits.
There are natural topologies(1) on topoi known as Grothendieck topologies,
but we do not make explicit use of them here. Suffice it to say that BO has
an appropriate Grothendieck topology.

(1) Grothendieck topologies are not topologies in the usual sense. They deal with “open
coverings” which are not necessarily open sets.
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1.3. The Orbifold First Chern Class

We need to compute the orbifold first Chern class with respect to each
of the Tn invariant bases. Let us begin by making note of the relations

yi =
n∑

j=1
Aj

i xj = xi +
i−1∑
j=1

Aj
i xj ,

xi =
n∑

j=1
(A−1)j

i yj = yi +
i−1∑
j=1

(A−1)j
i yj .

(1.7)

Then we compute the orbifold first Chern class in the basis {xj},

corb
1 (Mn(A), ∆T

m)

= c1(Mn(A)) −
n∑

i=1

((
1 − 1

m0
i

)
yi +

(
1 − 1

m∞
i

)
xi

)

=
n∑

i=1
(xi + yi) −

n∑
i=1

((
1 − 1

m0
i

)
yi +

(
1 − 1

m∞
i

)
xi

)

=
n∑

j=1

(
1

m0
j

yj + 1
m∞

j

xj

)
=

n∑
i=1

((
1

m0
i

+ 1
m∞

i

)
xi +

i−1∑
j=1

Aj
i

m0
i

xj

)

=
n−1∑
j=1

(
1

m0
j

+ 1
m∞

j

+
n∑

i=j+1

Aj
i

m0
i

)
xj +

(
1

m0
n

+ 1
m∞

n

)
xn. (1.8)

Lemma 1.4. — On Bott orbifolds, corb
1 satisfies the following recursion

relation

corb
1 (Mn(A), ∆T

mn
) = corb

1 (Mn−1(A), ∆T
mn−1

) +
n−1∑
j=1

Aj
n

m0
n

xj +
(

1
m0

n

+ 1
m∞

n

)
xn

where the matrix A in Mn−1(A) is A with the nth row and column deleted.
Moreover, if corb

1 (Mn(A), ∆T
mn

) is log Fano then corb
1 (Mn−1(A), ∆T

mn−1
) is

log Fano.

Proof. — The recursion formula follows easily from (1.8), while the sec-
ond statement follows from Proposition 4.2 of [12]. □

Remark 1.5. — It is easy to see by examples that the converse of the
second statement in Lemma 1.4 does not hold generally.

The form of the first Chern class (1.8) of the orbifold canonical divisors
suggest that we extend these rational cohomology classes to the entire Kähler
cone K and deal with real cohomology classes as well as real divisors. Thus,
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it is convenient to introduce {(q0
j , q∞

j ) = ( 1
m0

j
, 1

m∞
j

)}n
j=1 and consider them

as coordinates for (R+)2n. So we rewrite (1.8) as

corb
1 (Mn(A), ∆T

m) =
n−1∑
j=1

(
q0

j + q∞
j +

n∑
i=j+1

Aj
i q0

i

)
xj +

(
q0

n + q∞
n

)
xn. (1.9)

Let G ≈ (Z2)n denote the group generated by the fiber inversion maps τj

which interchange the zero and infinity sections σ0
i , σ∞

i and hence inter-
change the invariant divisors Du0

i
and Du∞

i
. This induces an action inter-

changing the divisors classes [Du0
i
] and [Du∞

i
] as well as their duals xi and yi.

So the set of Tn invariant bases is a G-module. Fixing a basis, say {xi} of Tn

invariant divisors, we obtain an arbitrary Tn invariant basis by an action of
G. So the set of all such bases is given by {g(xi)}g∈G. This induces an action
of G on the set UP of lower triangular unipotent matrices. From this we ob-
tain an action of G on BOn

0 = Z
n(n−1)

2 ×(Z+)2n. Note that the action τj ∈ G
on (Z+)2n = (Z+)n × (Z+)n is the interchange map on the two jth factors;
it is free away from the diagonal in the (Z+)2n

j = (Z+)n
j × (Z+)n

j . Moreover,
this action extends to an action on UP × (R+)2n ≈ Z

n(n−1)
2 × (R+)2n. Note

that τ1 acts as the identity on UP as well as on the invariant divisor classes
and their dual. Thus, it acts as the identity on UP × D1 × (R+)2n−2 where
D1 is the diagonal in the first factor R × R.

Proposition 1.6. — For each g ∈ G = (Z2)n the orbifold first Chern
class of the Bott orbifold (Mn(A), ∆m) takes the form

corb
1 (Mn(A), ∆T

m)

=
n−1∑
j=1

(
q0

j + q∞
j +

n∑
i=j+1

g(Aj
i q0

i )
)

g(xj) +
(
q0

n + q∞
n

)
g(xn) (1.10)

where g(Aj
i q0

i ) has the form

g(Aj
i q0

i ) =
{

Bj
i q0

i if g(xi) = xi,

Bj
i q∞

i if g(xi) = yi,
(1.11)

and Bj
i is determined by g and A.

Changing from the basis element xi to yi amounts to applying the fiber
inversion map τi interchanging Du0

i
and Du∞

i
. Thus, to write corb

1 in an
arbitrary invariant basis, we need to apply a product of fiber inversion maps
τk1 . . . τkr

∈ G. Generally, the τk are morphisms of the Bott tower groupoid
described in Lemma 1.10 of [3]. As explained in the proof of that lemma, the
kth fiber inversion map τk is induced by the equivalence which interchanges
the kth column of the matrix −A with the kth column of the identity matrix
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1 in (−A 1). Putting the image in normal form gives the equivalent matrix
τk(A). Thus, from any product g = τk1 . . . τkr of fiber inversion maps one
obtains an equivalent Bott tower with a lower triangular unipotent matrix
g(A). This gives an affine map on (Z+)2n which extends to an affine map
on (R+)2n. Moreover, since g(A) is equivalent to A, G is a subgroup of
the isotropy group at A in BO1, namely, the group Aut(Mn(A), ∆T

m) of
automorphisms of the Bott orbifold (Mn(A), ∆T

m).

1.4. The Log Fano Condition

We are interested in the monotone case with positive orbifold first Chern
class, that is when the orbifolds (Mn(A), ∆T

m) are log Fano. We have the
following analog of Lemma 3.10 of [3]

Lemma 1.7. — A Tc-invariant R divisor D is ample if and only if in
every Tc-invariant basis [D1], . . . , [Dn] of An−1(Mn(A)) with D1 = Du0

1
and

either Di = Du0
i

or Di = Du∞
i

, the coefficients ri of [D] =
∑n

i=1 ri[Di] are
all positive.

Proof. — Using the Nakai Criterion for R divisors (cf. Theorem 2.3.18
of [19]) the proof proceeds as in that of Lemma 3.10 of [3]. □

Lemma 1.7 implies that (Mn(A), ∆T
m) is log Fano if and only if

corb
1 (Mn(A), ∆T

m) has positive coefficients with respect to each of the 2n−1 in-
variant bases of H2(Mn,Z). When these conditions are satisfied (Mn(A),∆T

m)
will be a monotone log Fano orbifold, and we can search for orbifold Kähler
Ricci solitons and Kähler-Einstein metrics.

We have an immediate consequence of Proposition 1.6

Lemma 1.8. — (Mn(A), ∆T
m) is log Fano if and only if for all j =

1, . . . , n − 1 the inequality

1
m0

j

+ 1
m∞

j

+
n∑

i=j+1

Bj
i

mα
i

> 0

holds, where Bj
i is determined in Proposition 1.6 and α is chosen to be 0 or

∞ depending on that analysis.

Note that these positivity conditions imply that corb
1 (Mn(A), ∆T

m) lies
in the Kähler cone K of the Bott manifold Mn(A). In fact, if we allow
m0

i , m∞
i to take on values in the positive real numbers, they parameterize the

entire Kähler cone. Geometrically, when we allow m0
i , m∞

i to be any positive
real numbers we are dealing with Mn(A) with cone singularities along the
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T invariant divisors Du0
i
, Du∞

i
with cone angle 2π

m0
i

and 2π
m∞

i
, respectively.

See [13] for this approach. Summarizing we have

Proposition 1.9. — Let ω be an orbifold symplectic form. Then [ω] lies
in the Kähler cone K(Mn(A)) if and only if its coefficients with respect to
each of the 2n bases of invariant forms obtained by choosing one from each
invariant pair {xi, yi}n

i=1 are positive.

2. The Iterated S3-Join Construction

As most recently described in [9] the S3
w-join

Ml,w = M ⋆l S3
w

where M is a Sasaki manifold (orbifold) with a quasi-regular Reeb vector
field ξM is then constructed from the following commutative diagram

M × S3
w

π2

��

πL

((
Ml,w

π1

vv
(N, ∆N ) × CP1[w]

(2.1)

where the π2 is the product of the projections of the standard Sasakian
projections πM : M → (N, ∆N ) and S3

w → CP1[w]. The circle action on
M × S3 is generated by the vector field

Ll,w = 1
2l0 ξM − 1

2l∞ ξw, (2.2)

where l = (l0, l∞) has relatively prime components, and ξw is the quasireg-
ular weighted Reeb field with weights w = (w0, w∞) on S3

w. The join Ml,w
has a naturally induced quasi-regular Sasakian structure Sl,w with contact
1-form ηl,w and Reeb vector field

ξl,w = 1
2l0 ξM + 1

2l∞ ξw. (2.3)

The contact bundle splits as
Dl,w = DM ⊕ D3

where DM is the contact bundle of M and D3 is the contact bundle of S3,
and the subbundle EM = DM ⊕ Lξw is integrable. The leaves are copies of
M with Sasakian structure whose Reeb vector field is ξM up to transverse
scaling.
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We now specialize to the case of S3
w-iterated joins. Our first result shows

that in this case the quotients of any quasiregular Reeb vector field in t+w
is a Bott orbifold. Hence, the orbifold singularities are all of codimension
one over C. We consider the iterated S3-join construction and we refer to
Sections 2.3 and 2.4 of [7] for its description.

We do not want to restrict ourselves to the completely reducible case, that
is where D splits as ⊕Di with dimR Di = 2, but only to the “cone reducible”
case which is given by a filtration of D with 2-dimensional quotients. This
is needed to be able to effectively implement the admissibility conditions of
the generalized Calabi construction. Explicitly, we need to be able to choose
a quasiregular Sasaki metric at each stage of the iteration. It is convenient
to change notation a bit. We have weight vectors wi = (w0

i , w∞
i ) with i =

0, . . . , k and lj = (l0
j , l∞

j ) with j = 1, . . . , k, so l, w are multi-indices. For
simplicity we restrict ourselves to the case where the components of wi and
lj are relatively prime. We consider the S3-iterated join of height k

M2k+1
l,w = M2k−1

l,w ⋆lk−1 S3
wk

=
((

S3
w1

⋆l1 S3
w2

)
⋆l2 · · · ⋆lk−2 S3

wk−1

)
⋆lk−1 S3

wk
. (2.4)

as an element of O2k+1 as described in [4, 5, 7, 9]. The orbifolds M2k+1
l,w

are compact of dimension 2k + 1. In our iterated join (2.4) we began with
the weighted 3-sphere S3

w1
; however, it is convenient to begin with the 1-

dimensional Sasaki manifold, namely, S1 with its flat metric. Then by choos-
ing l0 = (1, 1) we obtain the weighted 3-sphere as the join S1 ⋆1,1, S3

w = S3
w.

Then at each stage k we choose a quasi-regular Sasakian structure given by
a primitive quasi-regular Reeb field ξvj in the subcone t+wk

. Since the join
operation is non-associative we fix the order as is indicated in Equation (2.4).
This can then be written as a (k − 1) dimensional torus action on the k-fold
product S3 ×· · ·×S3 as follows. First we represent the jth sphere S3 in terms
of complex coordinates (z0

j , z∞
j ) satisfying |z0

j |2 + |z∞
j |2 = 1 for j = 1, . . . , k.

Then the Tk−1 action on the jth sphere for j = 2, . . . , k − 1 is

(z0
j , z∞

j ) 7−→
(
ei(mjv0

j θj−l0
j−1w0

j θj−1)z0
j , ei(mjv∞

j θj−l0
j−1w∞

j θj−1)z∞
j

)
(2.5)

whereas, for j = 1 we have

(z0
1 , z∞

1 ) 7−→
(
eil∞

1 w0
1θ1z0

1 , eil∞
1 w∞

1 θ1z∞
1
)
, (2.6)

and for j = k

(z0
k, z∞

k ) 7−→
(
e−il0

k−1w0
kθk−1z0

k, e−il0
k−1w∞

k θk−1z∞
k

)
(2.7)

with the relations l∞
j−1 = mjsj and sj = gcd(l∞

j−1, |w0
j v∞

j − w∞
j v0

j |). Note
that θj occurs only in the jth and (j+1)st S3 for j = 2, . . . , k −1. This action
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gives the torus bundle
Tk−1 −→ S3

w1
× · · · × S3

wk
−→ M2k+1

l,w . (2.8)

2.1. The Category of Iterated S3
w Joins

We let SJ0 denote the set of all S3
w iterated Sasaki joins beginning with

the 1 dimensional Sasaki manifold described by a circle S1 with the flat
metric. This S1 provides the set SJ0 with both a limit and a colimit. Thus,
we have towers of the form

· · · −→ M2k+1
l,w −→ · · · −→ M5

l,w −→ M3
l,w −→ M1 = S1 (2.9)

and
S1 = M1 −→ M3

l,w −→ M5
l,w −→ · · · −→ M2k+1

l,w −→ · · · . (2.10)
At each stage k (except possibly the last) we choose a quasi-regular Sasakian
structure in the wk subcone of the Sasaki cone. That this can always be done
at least in the orbifold category follows inductively from [9]. So at stage k the
set of objects SJ k

0 consists of Sasaki orbifolds Jl,w,v that are k-fold S3
w iter-

ated joins of the form (2.4) such that at each stage i = 1, . . . , k − 1, (except
possibly the last stage k) a quasi-regular Reeb vector field ξvi ∈ t+wi

is cho-
sen where l, w and v are multi-indices such that for each i the components
(l0

i , l∞
i ), (w0

i , w∞
i ) and (v0

i , v∞
i ) are relatively prime positive integers(2) . A

subobject in SJ0 is the Sasakian structure represented by the leaves of the
foliation Ei = Di + Lξvi

of the ith stage of the iterated join. The morphisms
SJ1 consist of the restrictions to the subobjects, the inclusion of the sub-
objects, and orbifold diffemorphisms that intertwine the Sasakian structures
at each stage. The latter are the morphisms of the groupoid SJ k of equiva-
lences defined by orbifold diffeomorphisms f : Ml,w → Ml′,w′ such that

f∗Dl,w = Dl′,w′ , f∗ ◦ Jw = Jw′ ◦ f∗ (2.11)
and f∗Sl′,w′,v′ = Sl,w,v. Note that the isotropy subgroup of SJ1 at Sl,w,v
is just the Sasaki automorphism group Aut(Sl,w,v). The quotient stack
SJ0/SJ1 then consists of the orbifold diffeomorphism classes of iterated
S3

w Sasaki joins. This determines the underlying CR structure (Dl,w, Jw)
and equivalently the transverse complex structure. So the choice of Reeb
vector fields ξv = (ξv1 , . . . , ξvk

) gives the object set SJ k
0 consisting of all

such Sasakian structures
SJ0 = {Jl,w,v} = {Sl,w,v}(l,w,v)∈(Z+)2×(Z+)2×(Z+)2

(2) For simplicity we take the components l0i , l∞i and w0
i , w∞

i to be relatively prime for
each i. This implies that the orbifolds Ml,w are simply connected. Dropping this condition
defines a larger groupoid J̃ such that J ⊂ J̃ is full subgroupoid.
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with relatively prime components for each i as stated above. As in the case
of Bott orbifolds we have

Proposition 2.1. — SJ is a topos of groupoids.

While the components l0
i , l∞

i and (w0
i , w∞

i ) being relatively prime implies
that all the objects are associated with simply connected Sasaki orbifolds,
they are generally topologically different which we describe in more detail
below. At stage 2 there are precisely two diffeomorphism types determined
by the Stiefel–Whitney class of the contact bundle Dl,w. To each element S ∈
Jl,w,v we can associate the first Chern class c1(Dl,w) of the contact bundle.
In fact c1(Dl,w) is invariant under equivalence, and so only depends on the
class in J0/J1. Of course, the mod 2 reduction of c1(Dl,w) is the Stiefel–
Whitney class. However, as we shall see, at higher stages, there are infinitely
many diffeomorphism types which are distinguished by torsion classes.

2.2. The Topology of the S3-Iterated Joins

The (orbifold) order of a quasi-regular Sasakian structure Sk with Reeb
field ξv on the height k iterated join (2.4) is given by

ΥSk
= mkv0

kv∞
k . . . m2v0

2v∞
2 w0

1w∞
1 =

k∏
i=2

lcm(m0
i , m∞

i )w0
1w∞

1 (2.12)

where
mi =

l∞
i−1

gcd(l∞
i−1, |w0

i v∞
i − w∞

i v0
i |) .

So from Lemma 2.3 of [9] we have
Lemma 2.2. — Assuming the previous stages give smooth manifolds, the

iterated join (2.4) is smooth if and only if
gcd(l∞

k−1ΥSk−1 , l0
k−1w0

kw∞
k ) = 1.

First we note that the homotopy groups can be determined from the ho-
motopy groups of spheres by the long exact homotopy sequence of the torus
bundle (2.8); however, for topological computations it is more convenient to
write this fibration as

S3
w1

× · · · × S3
wk

−→ M2k+1
l,w −→ BTk−1. (2.13)

In particular we have
π1(M2k+1

l,w ) = {1}, π2(M2k+1
l,w ) = Zk−1,

π3(M2k+1
l,w ) = Zk, π4(M2k+1

l,w ) = Zk
2 , . . . .

So as in Lemma 3.2 of [11] we have
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Lemma 2.3. — The (2k+1)-manifolds M2k+1
l,w satisfy the following con-

ditions:

(1) H1(M2k+1
l,w ,Z) = π1(M2k+1

l,w ) = {1},
(2) π2(M2k+1

l,w ) = Zk−1, π3(M2k+1
l,w ) = Zk,

(3) H2(M2k+1
l,w ,Z) = H2(M2k+1

l,w ,Z) = Zk−1,
(4) H3(M2k+1

l,w ,Z) is torsion free.
(5) The Betti numbers b3(M2k+1

l,w ), . . . , b2⌊ k+2
2 ⌋−1(M2k+1

l,w ) and their
Poincaré duals are even where ⌊·⌋ is the floor function.

Lemma 2.4. — For the iterated join M2k+1
l,w with k ⩾ 3 the following

hold:

(1) H3(M2k+1
l,w ,Z) = 0;

(2) the free part of H4(M2k+1
l,w ,Z) is Z

k(k−3)
2 .

Proof. — Since H3(M2k+1
l,w ,Z) is torsion free, it suffices to work over

Q. Consider the Leray–Serre cohomology spectral sequence of the bundle
S1 → M2k+1 → Mk(A). The only 3 dimensional classes in the E2 term
take the form α ⊗ u where α is the 1 dimensional class of the fiber and
u a 2 dimensional class on the base. If such a 3 dimensional class were to
survive to E∞ we would have d2(α ⊗ u) = 0. But d2(α) is the Kähler class
so d2(α) =

∑k
j=1 cjxj where {xj} is a basis for H2(Mk(A),Q) and cj > 0.

Now the cohomology ring of the Bott manifold Mk(A) is the polynomial ring
Q[x1, . . . , xk] modulo the ideal generated by x2

j +
∑j−1

i=1 Ai
jxixj . Using this

we see that d2(α ⊗ u) = 0 gives the system of equations

cjui + ciuj − Ai
jcjuj = 0

which can be written in matrix form Cu = 0 where C is a k by k(k − 1)/2
matrix. Since cj > 0 for all j it is not difficult to see that C has at least
k − 1 independent columns. So the rank of C is either k or k − 1. If it is k
we get u = 0, and if it is k − 1 there is precisely one non-zero solution which
contradicts the fact that b3 is even. This proves (1).

To prove (2) we consider the Leray–Serre spectral sequence of the fibra-
tion (2.13). Now H4(BTk−1,Z) = Z

k(k−1)
2 , and by (1) none of the 3 dimen-

sional classes on the fiber survive to E∞, so we must have k(k−1)
2 −k = k(k−3)

2
4 dimensional free classes that survive to E∞. □

The argument in [11] clearly holds for the general 7-dimensional cscS
case, namely we have
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Theorem 2.5. — The 7-manifolds M7 = (S3 ⋆l1 S3
w1

) ⋆l2 S3
w2

have the
rational cohomology of the connected sum (S2×S5)#(S2×S5). Furthermore,
the only torsion that occurs is H4(M7,Z) ≈ Zv0v∞m2(l∞

2 )2 ⊕Zw0
2w∞

2 (l0
2)2 where

ξv with v = (v0, v∞) is the Reeb vector field of the quasi-regular cscS metric
on S3 ⋆l1 S3

w1
.

3. Iterated Joins and Kähler Bott Orbifolds

3.1. The Orbifold Quotients

We want to understand the quotient orbifolds of a quasi-regular Sasakian
structure in the w Sasaki cone of an iterated join. To do so we consider the
objects of BO to have a fixed Kähler orbifold structure. Thus, the morphisms
of BO will also be maps of the Kähler structures. We shall denote the objects
in BO0 by Km,n.

Theorem 3.1. — Let M2n+1
l,w be an iterated S3-join of height n. Then

for each k ∈ {2, . . . , n} the S1 orbifold quotient of a quasi-regular Sasakian
structure Sl,w,v with Reeb vector field ξv ∈ t+w on Ml,w is a Kähler Bott
orbifold Kmk,nk

of the form (Mk(A(k)), ∆T
m, ωk) with ∆T

m given by Equa-
tion (1.6) and A(k) has the block form(

A(k − 1) 0
A(k)1

k . . . A(k)k−1
k 1

)
where A(k) is a matrix representative for the Bott manifold Mk. Moreover,
the line orbibundle Lk defining the Bott tower (Mk(A(k)), ∆T

mk
, ωk) π−→

(Mk−1(A(k − 1)), ∆T
mk−1

, ωk−1) satisfies

c1(LΥk−1
k ) =

k−1∑
j=1

A(k)j
kxj = nk[ωk−1]I , (3.1)

and is determined by the Reeb vector field ξvk−1 where mk = mk(v0
k, v∞

k ),

mk =
l∞
k−1
sk

, nk =
l0
k−1
sk

(w0
kv∞

k − w∞
k v0

k),

sk = gcd(l∞
k−1, |w0

kv∞
k − w∞

k v0
k|).

(3.2)

Proof. — The proof is by induction. At each stage the quasi-regular
Sasakian structure has a Reeb vector field given by ξvk

∈ t+wk
. For k = 1 the

Bott orbifold is CP1[w1] = (CP1, ∆w1) with w0
1, w∞

1 coprime, i.e. m1 = 1.
Assume that the theorem is true for k−1. Then, it follows from the definition
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of the join construction that for any (quasi-regular) Sasakian structure in
t+w we can associate the Sasakian structure Sm. Then it follows from Equa-
tion (1.6), and the form of A(k) that the hypothesis holds for k. Moreover,
the relation between the orbifold Kähler classes π∗[ωk−1] and [ωk] is given by
Lemma 2.11 of [9]. Thus, the integral Kähler class [ωk]I on Mk(Ak) satisfies
the recursion relation

[ωk]I = mkl0
k−1w0

kv∞
k π∗[ωk−1]I + mkskΥSk−1xk. (3.3)

Since the CR structure is fixed ηk uniquely determines ωk. The result now
follows from Theorem 2.7 of [9]. □

We do not need to choose the Reeb vector field ξvn at the last stage to
be quasi-regular.

Remark 3.2. — Not all Bott orbifolds occur as quotients of quasi-regular
Reeb vector fields in the w Sasaki cone of an iterated join. Equation (3.1)
places restrictions on the entrees of the matrix A. Proposition 4.13 and
Example 4.14 of [7] describe explicit examples of this general phenomenon.
The well known Koiso–Sakane manifold [18], which is a special case of a Bott
manifold ([3, p. 53]), gives a particular example.

Theorem 3.1 gives rise to a functor F k : SJ k ⇒ BOk defined by
F k(Slk,wk,vk

) = Kmk,nk
with the relations (3.2) understood. We shall of-

ten drop the superscripts and subscripts k when it is clear from the context
that we are fixing the stage k. The Koiso–Sakane Bott manifold shows that
this functor is not essentially surjective, but it is left invertible since F (f)
is in BO1 and the composition rules of a (covariant) functor hold. One can
check that SJ is a fibered category [26] over BO in the sense that given
morphisms f, f̃ ′ ∈ SJ1 there exists a unique morphism f̃ such that the
diagram

Sl̃,w̃,ṽ

F

��

f̃ ′

&&f̃ ##
Km̃,ñ

h ## ''

Sl,w,v

F

��

f
// Sl′,w′,v′

F

��
Km,n

F (f) // Km′,n′

(3.4)

commutes. The morphism f is called a Cartesian morphism. Given Km,n ∈
BO0 we denote by SJ (Km,n) the fiber over the object Km,n which is a
subcategory of SJ whose objects are the objects Sl,w,v of SJ such that
F (Sl,w,v) = Km,n and whose morphisms f satisfy F (f) = idKm,n . By Propo-
sition 2.21 of [9] that F has a left inverse at each stage k. This implies that
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the subcategory F (Sl,w,v) has only one object, and one morphism, the iden-
tity. However, there is another subcategory whose set F (Sl,w,v)0 of objects
is a single point {Sl,w,v}, but whose morphisms are the morphisms of SJ k

whose source and target are {Sl,w,v}. This is precisely the isotropy subgroup
Aut(Sl,w,v) at Sl,w,v ∈ SJ0, and F maps these morphisms to the isotropy
subgroup Aut(Km,n) at Km,n ∈ BO0. Note that Remark 3.2 shows that
SJ (Km,n) can be empty.

Example 3.3. — For any element ξv ∈ t+w we consider the involution
sending v = (v0, v∞) to v⊥ = (v∞, v0). This induces an involution of joins
Mlk,wk

⇆ Mlk,w⊥
k

at stage k giving rise to bijections Slk,wk,vk
⇆ Slk,w⊥

k
,v⊥

k
.

Applying the functor F gives the kth fiber inversion map τk ∈ BOk
1 for the

corresponding Bott orbifolds.

3.2. Constant Scalar Curvature

The natural setting for the join construction is the orbifold category [5, 7],
and the basic theorem on constant scalar curvature Sasaki (cscS) metrics is
Theorem 3.2 of [9]:

Theorem 3.4. — Let Ml,w = M ⋆l S3
w be the S3

w-join with a quasi-
regular Sasaki orbifold M which is an S1 orbibundle over a compact Kähler
orbifold N with constant scalar curvature sN . Then for each vector w =
(w0, w∞) ∈ Z+ × Z+ with relatively prime components satisfying w0 > w∞

there exists a Reeb vector field ξv in the 2-dimensional w-Sasaki cone on
Ml,w such that the corresponding ray of Sasakian structures Sa =
(a−1ξv, aηv, Φ, ga) has constant scalar curvature. Moreover, if sN ⩾ 0, then
the w-Sasaki cone t+w is exhausted by extremal Sasaki metrics. If sN > 0 and
l∞ is sufficiently large then the w-cone has at least 3 cscS rays.

We can easily apply this theorem inductively to obtain cscS orbifold met-
rics on the iterated joins (2.4); however, in order to obtain smooth iterated
joins Ml,w the gcd conditions of Lemma 2.2 must hold. These conditions
become increasingly complex since the order of the orbifolds become in-
creasingly complex.

Since the w-cone t+w has dimension 2, the cardinality of the set of cscS
metrics in t+w is finite ([6, Corollary 1.7]). Moreover, these can be obtained
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from the admissible construction as real roots b of the polynomial [10, 9]

f(b) = (w0)2(dN +1)b2dN +3(AN l∞ + l0(dN + 1)w∞ − b(dN + 1)l0w0)
− (w0)dN +2(w∞)dN bdN +3((dN + 1)(AN (dN + 1)l∞

− l0((dN + 1)w0 + (dN + 2)w∞))
)

+ (w0)dN +1(w∞)dN +1bdN +2

×
(
2AN dN (dN +2)l∞ −(dN +1)(2dN +3)l0(w0 +w∞)

)
− (w0)dN (w∞)dN +2bdN +1(dN + 1)

×
(
AN (dN + 1)l∞ − l0((dN + 2)w0 + (dN + 1)w∞)

)
+ (w∞)2(dN +1)(b(AN l∞ + l0(dN + 1)w0) − (dN + 1)l0w∞) (3.5)

where dN is the complex dimension of N . In our case N is a Bott orbifold
with a cscK metric chosen with a rational Kähler class, so AN is a rational
number in this case. Thus, for any pair (w0, w∞) we can take b to be a large
enough rational number and solve for l∞/l0. This will give cscS metrics for
any dimension. Note that it follows from p. 1052 of [10] that b = w∞

w0 is a
root of multiplicity 3. This root corresponds to the quotient having a product
structure which does not have constant scalar curvature unless w = (1, 1)
which we exclude. Thus, we are left with a polynomial g(b) of degree 2dN +1
which implies(3)

Lemma 3.5. — There are at most 2dN + 1 cscS rays in t+w.

However, we cannot a priori guarantee smoothness as we increase dimen-
sion. Obtaining quasi-regular Sasaki metrics of constant scalar curvature on
smooth iterated joins becomes quite difficult. We shall investigate this fur-
ther in the Gorenstein case in Section 3.3 below. For now we consider the
beginning stage, namely S3 bundles over S2. It is well known [7, 8] that every
toric contact structure on an S3 bundle over S2 comes from an S3 join of the
form S3

w1
⋆l S3

w2
. Here for Theorem 3.4 to be applicable we consider those

toric contact structures whose Sasaki automorphism group Aut(S) contains
SU(2) × T2. These are precisely the S3

w join with the standard S3.

Example 3.6 (S3 bundles over S2). — At stage 2, i.e. k = 2 the join Ml,w
is smooth if and only if gcd(l∞, w0w∞) = 1 (we always assume that l0, l∞

(3) This lemma holds for any S3
w join.
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and w0, w∞ are pairwise relatively prime). Consider the diagram

S3 × S3
w

πL

��
Ml,w

πR

��

πv

��
CP1 × CP1[w] Ha(∆m)

(3.6)

where Ha(∆m) is a Hirzebruch orbifold. The notation here is that S3 is the
standard sphere with its diagonal S1 action and standard CP1 quotient, S3

w
is the sphere with a weighted S1 action with weight vector w = (w0, w∞)
and quotient the weighted projective line CP1[w]. The map πR ◦ πL is just
the product of S1 bundles; whereas, the map πv ◦ πL depends on a choice
of quasiregular Reeb vector field ξv in the w cone t+w. Here ∆m is a branch
divisor with ramification indices m = (m0, m∞). The idea is to end up with a
Reeb vector field ξv of constant scalar curvature on Ml,w. Of course, this is a
very special case of Theorem 2.7 of [9], Theorem 3.8 of [10], and Theorem 3.1.
From these theorems we see that

m = l∞

s
v, s = gcd(l∞, |w0v∞−w∞v0|), a = l0

(
w0v∞ −w∞v0

s

)
. (3.7)

We also have Equation (9) of [10]

c1(Dl,w) = (2l∞ − l0|w|)γ (3.8)

where γ is a positive generator of H2(Ml,w,Z) with respect to the oriented
vector bundle Dl,w. So there are two diffeomorphism types depending on
whether l0|w| is even or odd which correspond to the trivial bundle S2 × S3

and the non-trivial S3 bundle over S2, respectively. Within each diffomor-
phism type there is a countably infinite number of inequivalent toric contact
structures of Sasaki type.

The cscS metrics are determined by the roots of the polynomial (34)
in [9], and a special case of (3.5), namely the polynomial

f(b) = 2(−bw0 + w∞)3
(

b3l0(w0)2 + b2(2l0w0w∞ − l∞w0)

− b(2l0w0w∞ − l∞w∞) − l0(w∞)2
)

. (3.9)

Note that the admissible construction requires that b ̸= w∞/w0, so we are
dealing with the roots of a cubic polynomial which implies that there are at
most 3 cscS rays in the w cone t+w. In fact we have
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Proposition 3.7. — Let Ml,w be the join S3 ⋆l S3
w and assume that

w0 > w∞. Then the w cone t+w of Ml,w has at least one cscS metric and
at most three cscS metrics. Furthermore, there exists L(l0,w0,w∞) ∈ R+ such
that for l∞ < L(l0,w0,w∞) there is precisely one cscS metric in t+w, whereas for
l∞ > L(l0,w0,w∞) there are precisely three cscS metrics t+w, and L(l0,w0,w∞)
satisfies the inequality

2l0w0 < L(l0,w0,w∞) <
11
2 l0w0 + 5l0 (w0 − w∞)

2 .

Proof. — It is convenient to write f(b) = 2(bw0 − w∞)3g(b) with

g(b) := −l0(w0)2b3 + (l∞ − 2l0w∞)w0b2 − (l∞ − 2l0w0)w∞b + l0(w∞)2.

Then each real positive root of g corresponds to a cscS ray in the w cone t+w.
Since g(0) > 0 and limb→+∞ g(b) = −∞ we confirm that g(b) has at least one
positive real root, a fact that follows from Theorem 3.3 of [9]. Furthermore,
for l∞ ⩽ 2l0w0, Descartes’ rule of signs tells us that g(b) has at most one
real positive root. Now assume l∞ > 2l0w0 in which case Descartes’ rule of
sign tells us that g(b) has no negative real roots, so any real root of g(b) must
be positive. Thus, g(b) will have three distinct real positive roots if and only
if the discriminant of g(b) is positive. This discriminant is calculated to be
(w0w∞)2h, where h may be viewed as a polynomial of degree 4 in l∞:

h = (l∞)4 − 8l0(w0 + w∞)(l∞)3

+ 2(l0)2(2(w0)2 + 41w0w∞ + 2(w∞)2)(l∞)2

− 100(l0)3w0w∞(w0 + w∞)l∞

+ (l0)4w0w∞(32(w0)2 + 61w0w∞ + 32(w∞)2).
Now, we may calculate that the discriminant of h as a polynomial in l∞

equals −768(l0)12w0(w0−w∞)4w∞(8w0+w∞)3(w0+8w∞)3, which is clearly
negative. Thus h has precisely two real roots. Since h|l∞=0 > 0, h|l∞=2l0w0 =
−(l0)4w0(32(w0 − w∞)3 + 27(w∞)2(w0 − w∞) + 27(w∞)3) < 0, and
liml∞→+∞ h > 0, we know that h has precisely one real root in the in-
terval (0, 2l0w0) and precisely one real root in (2l0w0, +∞). Putting this
together we can conclude that for fixed values (l0, w0, w∞), there exists a
real positive value L(l0,w0,w∞) such that for l∞ < L(l0,w0,w∞), g(b) has pre-
cisely one real positive root, and for l∞ > L(l0,w0,w∞), g(b) has three distinct
real positive roots. The above observations tell us that L(l0,w0,w∞) > 2l0w0.
Further, since

• g(0) > 0,
• g( w∞

2w0 ) = −(w∞)2(2l∞−l0(16w0−5w∞)
8w0 ,

• g( w∞

w0 ) = 3l0(w∞)2(w0−w∞)
w0 > 0, and
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• limb→+∞ g(b) = −∞,

we know that L(l0,w0,w∞) < l0(16w0−5w∞)
2 . □

Remark 3.8. — Note that L(l0,w0,w∞) is the real root of h (as a polyno-
mial of l∞) appearing in the interval (2l0w0, +∞). It is likely not an integer,
but in the event that it is, we can say that for l∞ = L(l0,w0,w∞), g(b) has
either one (third order) real positive root or two positive real roots (one of
order one and one of order two).

Proposition 3.7 implies that the first Chern class of the contact bundle is
an obstruction to the existence of multiple cscS rays in t+w. In fact,

Corollary 3.9. — Assume the hypothesis of Proposition 3.7 and sup-
pose t+w has more than one cscS ray. Then

c1(Dl,w) >
(
2l0w0 + l0(w0 − w∞)

)
γ > 0.

3.3. Smoothness in the Gorenstein Case, c1(D) = 0

In this case Theorem 3.4 produces a Sasaki-η-Einstein ray with a unique
Sasaki–Einstein metric (see Theorem 3.3 of [9] for the precise statement).
So in this case we assume that the Sasakian structure for each intermediate
stage is a quasi-regular Sasaki–Einstein structure.

Example 3.10 (Dimension Five). — In this case the beginning stage 2
gives the Y p,q which are well understood [4, 10, 14]. They give a countable
infinity [1, 2, 8] of toric contact structures on S2 × S3 each of whose w
cone contains a unique Sasaki–Einstein metric. In this case smoothness is
automatic since l∞ = w0+w∞

gcd(2,w0+w∞) .

Example 3.11 (Dimension Seven). — The stage 3 case was considered
in [11]. Here one chooses a quasi-regular Reeb vector field ξm2 on a Y p,q

with a cscS metric. This puts constraints on p, q, namely that 4p2 − 3q2 =
n2 for some n ∈ Z. Then Lemma 2.1 of [11] says that the join M7

l,w =
Y p,q ⋆l S3

w is smooth if and only if gcd(l∞m2v0
2v∞

2 , l0w0w∞) = 1 where
m2 = m2(v0, v∞) with m2 = p

gcd(p,| p+q

l0 v∞
2 − p−q

l0 v0
2 |) . We gave examples of

quasi-regular SE metrics on smooth 7-manifolds which include the infinite
family

St
3 = Y 780300t2+65790t+1387,15(170t+7)(306t+13) ⋆306 t+13,4 S3

17,3 (3.10)

for t ∈ Z+.
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Example 3.12 (Higher Dimension). — Instinctively it should be true that
one can use the iterative join in a non-trivial way to construct quasi-regular
smooth Sasaki Einstein structures of arbitrarily high dimension. The follow-
ing result is meant to offer a hint on both why this is a reasonable belief and
also why this would be very challenging to verify in general.

Proposition 3.13. — In dimensions 9 and 11 there exist countably in-
finite families of quasi-regular smooth Sasaki Einstein structures in the form
of non-trivial iterated S3

w-joins M2k+1
l,w .

Proof. — The starting point is the one-parameter family of quasi-regular
smooth, 7-dimensional Sasaki–Einstein structures {St

3}, t ∈ Z+, given by
Equation (3.10). As discussed in [11], these are obtained by iterating the join
construction twice and the quasi-regular quotient is a stage 3 Bott orbifold.
Now we observe (using Lemma 2.9 and (33) from [9], respectively) that
for a given parameter t ∈ Z+, we have the orbifold order and Fano index,
respectively

Υ3 = 22 · 32 · 17 · (780300 t2 + 65790 t + 1387)(1020 t + 43)(255 t + 11),
Iv3 = 13.

Assuming that we choose the quasi-regular Sasaki Einstein structure St
3

such that the transverse Kähler class is primitive orbifold our next step is to
look for a smooth join St

3 ⋆l3 S3
w4

with a quasi-regular η-Einstein ray in the
w-cone. This is done experimentally using the machinery presented in e.g.
Section 4 of [9]. Indeed, let k = 2 in p±(k) (with d = 3) as in Lemma 4.1 of [9]
with v∞

4 /v0
4 = p−(k)/p+(k) and w∞

4 /w0
4 = p−(k)/(kp+(k)). Then we get

(v0
4 , v∞

4 ) = (49, 26)
(w0

4, w∞
4 ) = (49, 13).

Setting

l0
3 = Iv3

gcd(w0
4 + w∞

4 , Iv3) = 13

l∞
3 = w0

4 + w∞
4

gcd(w0
4 + w∞

4 , Iv3) = 62

we know that (v0
4 , v∞

4 ) represents a quasi-regular η-Einstein ray in the
w-cone of St

3 ⋆l3 S3
w4

. Further, St
3 ⋆l3 S3

w4
will be smooth exactly when

gcd(l∞
3 Υ3, l0

3w0
4w∞

4 ) = 1, i.e., exactly when
gcd(2·3·17·31·(780300 t2 +65790 t+1387)(1020 t+43)(255 t+11), 7·13) = 1,

which in turn is equivalent to
gcd((780300 t2 + 65790 t + 1387)(1020 t + 43)(255 t + 11), 7 · 13) = 1.
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Noting that 1387 = 19 · 73, 43, and 11 are all coprime with 7 · 13, we realize
that this is satisfied if we assume t = 7 ·13 · t̂ with t̂ ∈ Z+. With these choices
we now have a one-parameter family of quasi-regular smooth, 9-dimensional
Sasaki–Einstein structures {S t̂

4}, t̂ ∈ Z+ and we can calculate that

Υ4 = 24 · 32 · 72 · 13 · 17 · 31
· (6461664300 t̂ 2 + 5986890 t̂ + 1387)(92820 t̂ + 43)(23205 t̂ + 11)

Iv4 = 150.

Assuming that we choose the quasi-regular Sasaki Einstein structure S t̂
4 such

that the transverse Kähler class is a primitive orbifold class, our next step
is to look for a smooth join S t̂

4 ⋆l4 S3
w5

with a quasi-regular η-Einstein ray in
the w-cone. This is done experimentally using the same machinery as above.
After much trial and error and some instinctive avoidance of those prime
numbers that have already arrived at the scene, we proceed with k = 37/5
in p±(k) (with d = 4) as in Lemma 4.1 of [9] with v∞

5 /v0
5 = p−(k)/p+(k)

and w∞
5 /w0

5 = p−(k)/(kp+(k)), to get

(v0
5 , v∞

5 ) = (3498805, 834997)
(w0

5, w∞
5 ) = (25891157, 834997).

Now we set

l0
4 = Iv4

gcd(w0
5 + w∞

5 , Iv4) = 25

l∞
4 = w0

5 + w∞
5

gcd(w0
5 + w∞

5 , Iv4) = 7 · 13 · 31 · 1579

(where the factors displayed for l∞
4 are all prime). Then (v0

5 , v∞
5 ) represents

a quasi-regular η-Einstein ray and the join S t̂
4 ⋆l4 S3

w5
will be smooth exactly

when
gcd(l∞

4 Υ4, l0
4w0

5w∞
5 ) = 1.

Now, one can calculate that the left side of this equation equals

gcd
(
(6461664300 t̂

2 + 5986890 t̂ + 1387)(92820 t̂ + 43)(23205 t̂ + 11),
52 · 29 · 37 · 28793 · 699761

)
and since gcd(1387 · 43 · 11, 52 · 29 · 37 · 28793 · 699761) = 1, we can make sure
gcd(l∞

4 Υ4, l0
4w0

5w∞
5 ) = 1 by simply assuming that

t̂ = 52 · 29 · 37 · 28793 · 699761 t̃,

for some t̃ ∈ Z+. We thus arrive at a one-parameter family of quasi-regular
smooth, 11-dimensional Sasaki–Einstein structures {S t̃

5}, t̃ ∈ Z+. □
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It seems very likely that one can repeat this process in perpetuity (with-
out resorting to products), but it is not clear how to show this explicitly
and it was certainly more complicated to arrive at {S t̃

5} than at any of the
previous stages. Nevertheless, we propose

Conjecture 3.14. — In the Gorenstein case the iterated S3 joins admit
smooth Sasaki–Einstein manifolds in all odd dimensions.

It seems reasonable that an analogous result should hold in the general
cscS case, although this would be even more complex.
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