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Equidistribution for weakly holomorphic sections of line
bundles on algebraic curves

DAN CoMAN (U AND GEORGE MARINESCU ()

Dedicated to Professor Ahmed Zeriahi on the occasion of his retirement

ABSTRACT. — We prove the convergence of the normalized Fubini—Study mea-
sures and the logarithms of the Bergman kernels of various Bergman spaces of holo-
morphic and weakly holomorphic sections associated to a singular Hermitian holo-
morphic line bundle on an algebraic curve. Using this, we study the asymptotic
distribution of the zeros of random sequences of sections in these spaces.

RESUME. — Nous prouvons la convergence des mesures de Fubini-Study norma-
lisées et des logarithmes des noyaux de Bergman de certains espaces de Bergman de
sections holomorphes et faiblement holomorphes associées & un fibré holomorphe her-
mitien singulier sur une courbe algébrique. A P’aide de ce résultat, nous étudions la
distribution asymptotique des zéros de suites aléatoires de sections dans ces espaces.

1. Introduction

Let (X,w) be a compact Kéhler manifold of dimension n and (L, h) be a
positive holomorphic line bundle on X such that w = ¢1(L, h). We let hy, be
the metric induced by h on LP := L®P and denote by H°(X, LP) the space
of holomorphic sections of LP. One can define a sequence of Fubini-Study
forms 7, on X by setting v, = ®(wrs), where &, : X — P(H?(X, L)*) is
the Kodaira map associated to (L?, h,) and wgg is the Fubini-Study form
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on a projective space. A theorem of Tian [31] states that %’yp — c1(L,h) as
p — 400, in the €2 topology on X. In [6] we proved the analogue of Tian’s
theorem in the case when h is a singular metric on L and its curvature is a
Kahler current, i.e. ¢1(L,h) > ew for some € > 0. The above convergence is
now in the weak sense of currents on X.

In [4] we generalized this further and studied the asymptotic behavior of
the sequence of Fubini-Study currents associated to an arbitrary sequence
of singular Hermitian holomorphic line bundles L, on a compact normal
Kahler space X. The normality of X was essential, in order to apply Rie-
mann’s second extension theorem for holomorphic functions [19, p. 143] and
for plurisubharmonic functions [18, Satz 4] on a normal complex space. An
interesting question is to analyze the general case when X is a compact
Kéhler space not necessarily normal.

In the present paper we study the one dimensional case. Note that any
compact one dimensional complex space is projective and thus algebraic
by [17, Satz 2, p. 343] (see also [27, Theorem 6.2]). We consider the following
setting:

(A) X C PV is an irreducible algebraic curve, 3 = {z1,...,2,,} C X is
the set of singular points of X, and w is a Hermitian form on X.

(B) L is a holomorphic line bundle on X with singular Hermitian met-
ric h whose local weights are weakly subharmonic and such that
c1(L,h) 2 ew on X \ X for some € > 0.

Let us now introduce the normalization of X, which will be needed
throughout the paper:

(C) o: X — PV, where X is a compact Riemann surface, is the nor-
malization of X and w is a Hermitian form on X.

Here ¢1(L, h) denotes the curvature measure of h (see Section 3). A nat-
ural choice of the form w is the restriction to X of the Fubini-Study form
on PV, but w can be any Hermitian form on X (see (2.3)). We denote by
HY (X, LP), respectively by H?(X, LP), the space of weakly holomorphic sec-
tions, respectively continuous weakly holomorphic sections of L?. Then

HY(X,LP) c H)(X,LP) Cc H)(X,LP) c HY(X \ ¥, LP),

where the latter is the space of holomorphic sections of L?|x\5. We refer to
Section 2 and Section 3 for the definitions of these notions.

We consider the corresponding Bergman subspaces of L2-holomorphic
sections with respect to the natural inner product induced by the metric h,,
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and w:
HY ) (X, LP) = {S € HJ(X,L7) : || S|, < +oo}, (1.1)
Hy o)X, LP) = {S € H (X, LP) : || S|, < +o0}, (1.2)
Hiyy (X \ X, LP) = {S € HY(X\ X, LP) : ||S]l, < +o0}, (1.3)

where

152 = / 1S2 w.
X\2

We show in Proposition 3.3 that the spaces H, ?2) (X'\ X, LP) are finite dimen-
sional.

Let P.p, Py p, P, be the Bergman kernel functions and e, Yw,p, 7p be
the Fubini-Study measures of the spaces Hg(Q) (X, LP), H3}7(2) (X, LP),
H&) (X \ X, LP), respectively, induced by the above metric data. We refer
to Section 3 for their definition and properties. In particular, we have that
log P. ,,, log P, p, log P, € L'(X,w) (see (3.10), (3.14)), and ~, are signed
measures with “small” negative variation (see Lemma 3.4). Our main result
is the following:

THEOREM 1.1. — Let X,w, L, h verify assumptions (A) and (B). Then,
as p — +00, we have:

(i) 3logP.p — 0, Llog Py — 0,3 log Py — 0 in L' (X, w).

(i) $7ep = (L h), 37wy = e1(Lyh), 2y, = (L, h), 2oyt — ei(L, h)
in the weak sense of measures on X, where 'y;‘ 1s the positive vari-
ation of v,.

In a series of papers starting with [29], Shiffman and Zelditch describe
the asymptotic distribution of zeros of random sequences of holomorphic
sections of powers of a positive line bundle L on a projective manifold (see
also [14, 28, 30]). We showed in [6] that some of their results can be gener-
alized to the setting of line bundles L with singular Hermitian metrics on
compact Kéhler manifolds, and also on compact Kéhler orbifolds [5]. Further
such equidistribution results with estimates on the speed of convergence are
obtained in [7, 8, 13].

In [4] and [2] we prove equidistribution results for zeros of random se-
quences of sections in the case when the base space X is a compact normal
Kahler space and the sequence of powers LP is replaced by an arbitrary se-
quence of singular Hermitian holomorphic line bundles L, satisfying certain
assumptions. The results in [2] apply to very general probability measures
on the Bergman spaces H ?2)()( , L,) of L*integrable holomorphic sections,
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and one of the key ingredients of the proof is the version of Theorem 1.1 in
that setting (see [4, Theorem 1.1] and [2, Theorem 1.1]).

We conclude the paper by noting that [2, Theorem 1.1] holds in the
present setting without any changes and with the same proof. Let {HP},>1
be any of the sequences of Bergman spaces defined in (1.1), (1.2), or (1.3).
Given a section S € HP, we associate to S the measure [div(S)] defined
in (3.5). Geometrically, [div(S)] is the sum of Dirac masses with multiplicities
at the zeros of S in X \ ¥ plus a sum of Dirac masses at the singular points
x; € X with coefficients given in terms of the order of ¢*S at the points of
o~ (z;) (see Proposition 3.3 and (3.6)).

We set n, = dim H? and let S}, ..., S5, be an orthonormal basis of H”.
Using this basis we identify HP to C™» and endow it with a probability
measure i, which satisfies the moment condition (B) from [2]. Then the
conclusions of [2, Theorem 1.1} hold with A, = p in the setting of Theo-
rem 1.1 for the probability spaces (HP, u,,). Let us state here more precisely
one particular case of this theorem.

We let 1, be the normalized area measure on the unit sphere of H? =
C™ (see [2, (4.13)]) and consider the product probability space (H,pu) =
(H;O:1 HP,HZOZ1 tp). The expectation measure E[div(s,)] of the measure-
valued random variable H? 3 s, — [div(s,)] is defined by

(Bl = [ ([ iaivts,)]) )
where x is a continuous function on X. We have:

THEOREM 1.2. — Let X,w, L, h verify assumptions (A) and (B). Then
the following hold:

(i) The measure E[div(s,)] is well defined and %]E[div(sp)] — c1(L, h),
as p — +00, in the weak sense of measures on X.

(ii) For p-a.e. sequence {sp} € H we have %log I5p|n, — 0 in L'(X,w)
and %[div(sp)] — c1(L, h), %[div(sp)]Jr — ¢1(L, h), in the weak sense
of measures on X, as p — +oo, where [div(s,)|t is the positive
variation of [div(sp)].

The paper is organized as follows. In Section 2 we recall the notion of
weakly subharmonic function on a complex curve and the definition of its
Laplacian. In Section 3 we consider holomorphic line bundles endowed with
singular metrics on an algebraic curve. We discuss the measures associated
to divisors of holomorphic or weakly holomorphic sections and we define the
Bergman kernel functions and Fubini-Study measures of the corresponding
Bergman spaces. Theorems 1.1 and 1.2 are proved in Section 4. In Section 5
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we give examples of algebraic curves in P? for which we describe explicitly the
Bergman spaces of sections considered in the paper. We also give a precise
lower estimate of the Bergman kernel P, , in the case of a smooth Hermitian
metric on L.

2. Preliminaries

In this section we review the notions of (weakly) holomorphic and
(weakly) subharmonic function on a complex curve.

Throughout the paper we denote by D, C C the open disc of radius r > 0
centered at 0, by D := ID; the unit disc, and by A the Lesbesgue measure on
C. We denote by ord(g, ¢) the order of a meromorphic function g at ¢ € C.

Let X be a complex curve, i.e. a reduced complex space of dimension
one, and let w be a Hermitian form on X (see e.g. [4, Section 2.1] for the
definition). Let X be the set of singular points of X.

Working locally near a singular point z; € ¥ and using a local embedding
of X into CV for some N > 2, we may assume that X is a complex curve
in a polydisc D, C CN centered at x;, and is the union of finitely many
irreducible complex curves which intersect only at x;. Moreover each such
irreducible component Y of X at x; has a local normalization (see [20,
Theorem 5.7, [3, Section 6.1]):

f={(f1,...,f~) : D — D, holomorphic with f(D) =Y, f(0) = ;,
and f: D\ {0} = Y \ {z;} is biholomorphic.
We denote by

(2.1)

a=a(z;,Y) =min{ord(f;,0) : 1 <L < N} (2.2)
the ramification index of f at 0 (see e.g. [21, p. 264]).

By shrinking the polydisc D,;, we may assume that w is the restriction
to X of a Hermitian form on D, . Hence

Cr'Bnly Sw < Cifnly (2.3)

for some constant C7; > 1, where Sy = %Zévzl dzy A dZ, is the standard
Kihler form on CV. By (2.3) we have Cflf*BN < ffw < C1f*By. Hence
we may assume that

C3 (¢ 5dC A AT < f'w < Col¢PSdC AT < CogdC AT (24)

holds on D, with some constant Cy > 1.
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If U C X is an open set, a weakly holomorphic function on U is a holomor-
phic function on U\ ¥ which is locally bounded on U. A weakly holomorphic
function on U that extends continuously at the points of ¥ N U is called a
continuous weakly holomorphic function on U. Note that such a function is
not necessarily holomorphic on U (see e.g. [22, p. 91]). Let

Ox(U) C Ox (U) C Ox (U)

denote the set of holomorphic, continuous weakly holomorphic, respectively
weakly holomorphic functions on U. We remark that if X is locally irre-
ducible at any point then the sheaves 0x . and Ox ,, coincide.

A subharmonic function on U is a function which (using local embeddings
X < CN) is locally the restriction to X of a plurisubharmonic function in
the ambient space CV, and which is not identically —co on any irreducible
component of U (see e.g. [4, Section 2.1]). A weakly subharmonic function
on U is a subharmonic function on U \ ¥ which is locally upper bounded on
U. Let SH(U) € WSH(U) be the set of subharmonic, respectively weakly
subharmonic functions on U.

LEMMA 2.1. — IfU C X is open then WSH(U) C Li (U, w).

Proof. — Let w € WSH(U). Since u is subharmonic on U \ ¥ we have
that w € L (U \ £,w). So we only need to show that u is integrable on
each irreducible component ¥ of X at a point z; € X NU. Let f : D = Y
be a local normalization of Y and set Y, = f~1(D,) for r < 1. Then uo f
is subharmonic on D \ {0} and upper bounded near 0, so it extends to a

subharmonic function on D. Hence by (2.4),

/ |u|w:/ |u0f|f*w<02/ luo fldA < 4o0.
Yo \{x;} D, \{0} D,

This yields the conclusion. O

We refer to [10] (see also [4, Section 2.1]) for the definition of smooth
forms on complex spaces. In our context let €5 (U) denote the set of smooth
functions on X with compact support in U. Let d =9 + 9, d° = 5 (9 — 9),
so dd® = £90. If w € WSH(U) then dd“u is a positive measure on U \ &

given in a local coordinate by 5-Au. Since u € Li, (U, w) we have that dd“u
is a distribution on U defined by

@dux) = [ udd'x, x e GV
U\S '
LEMMA 2.2. — If u € WSH(U) then dd°u is a positive measure on U.
Moreover, assume that x; € XN U, Dy, C CV s a polydisc as in (2.1),

and Yy are the irreducible components of X at x; with local normalizations
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fo D — Yy, 1 <€ < k. Then each function vy := wo fp extends to a
subharmonic function on D and ddu = Eif:l(fg)*(ddcw).

Proof. — Since vy is subharmonic on D\ {0} and is upper bounded near 0,
it extends to a subharmonic function on D. If y is a test function supported
in D, we have

k
(ddu, x) / uddy = / uo fp)dd®(x o fe
Z . > DF\{(}}( )dd*(x o )

B

(ddvg,xof; D {(fo)«(ddve), x).

{=1 (=1

This yields the conclusion. O

We conclude this section with the following lemma (see also [10, Theo-
rem 1.7]):

LEMMA 2.3. — Let u: U — [—00,400) be a function. Then v € SH(U)
if and only if w € WSH(U) and, for every x; € XN U and every irreducible
component Y of X at x;, we have that u(z;) = imsupy5,_,, u(z).

Proof. — One implication is obvious, so we assume that v € WSH(U).
Using [15, Theorem 5.3.1] we have to show that u o g is subharmonic on D,
for any non-constant holomorphic function g : D — U. It suffices to assume
that g(0) = z; € £NU and to prove that uog is subharmonic on D, for some
e > 0. For € > 0 sufficiently small we have that Y = ¢g(ID.) is an irreducible
component of X at z; such that Y\ {z;} is smooth and g(D:\{0}) = Y'\{z;}.
The function v = u o g is subharmonic on D. \ {0} and

limsup v(¢) = limsup u(x) = u(z;) = v(0).
¢—0 Yozr—x;

Hence v is subharmonic on D.. O

We note that if X is locally irreducible at any point then the notions of
subharmonic and weakly subharmonic function are the same.

3. Bergman kernels and Fubini—Study measures

We assume in this section that X, 3, w, o : X — PV, &, verify (A) and
(C). We introduce and study the Bergman kernels and Fubini-Study mea-
sures for the various spaces of L?-integrable holomorphic sections considered
in this paper.
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By the properties of the normalization (see e.g. [20]) we have that
o(X) =X,
c:X\o (D)= X\2

is biholomorphic, and the number of points in the preimage o ~* (zj)ofx; € B
is equal to the number of irreducible components of X at z;. Moreover, for
each such component Y there exists a unique point y € o~ '(z;) and a
coordinate neighborhood of y = 0 which contains D, such that o|p is a local
normalization of ¥ as in (2.1) with the polydisc D,, Cc CV — PV. We
denote by a(y) = a(z;,Y) the ramification index of o at y defined in (2.2).
Let

R, = Z a(y)y, [Ra} = Z a(y)5y7 (31)
y€o— (%) y€o—1 (%)

be the ramification divisor of ¢ and its associated measure, where 4, is the
Dirac mass at y. Let 0';(R,) denote the line bundle defined by R,.

We state the following version of Lemma 2.2 in the compact setting:

LEMMA 3.1. — If u € WSH(U), where U C X is open, then v =uoc
extends to a subharmonic function on o~Y(U) and dd°u = o, (ddv).

Proof. — Note that v € SH(c=1(U \ X)) and v is upper bounded near
each point of 0 ~1(ZNU), so it extends to a subharmonic function on o~1(U).
If x € €0(U) we have

(dd°u, x) = / udd®y = / vdd®(x o o) = (ddv, x o 7). O
U\E -1 (U)

Let L — X be a holomorphic line bundle and {U,} be an open cover
of X such that L has a holomorphic frame e, on U,. We define H? (X, L),
respectively HO(X, L), by requiring that S € H? (X, L), respectively S €
HY(X, L), if and only if S € H°(X \ ¥,L) and for any « we have s, €
Ox ,(Uy), respectively s, € Ox (Uy), where S = sqeq on Uy \ 2.

The notion of singular Hermitian metric i on L is defined exactly as in the
smooth case (see [11], [24, p. 97], [4, Section 2.2])). We have |e, |} = e~ %=,
where ¢, € Li (U,,w) are called the local weights of h. We assume in
the sequel that h has weakly subharmonic weights, i.e. ¢, € WSH(U,). If
Jap = €g/ea € O%(Uy NUg) are the transition functions of L then ¢, =
g +log|gap| holds on (U, NUg) \ X. Set

(L, h)|u, = ddq. (3.2)

It follows from Lemma 2.2 that ¢1(L,h) is a well defined positive measure
on X, called the curvature measure of h.
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Let 0*L — X be the pullback of the line bundle L, endowed with the
pullback metric o*h. Since o*h has weight ¢, o 0 on o~ 1(U,), we infer by
Lemma 3.1 that o*h has subharmonic weights and

ci(L,h) = o.(c1(0*L,0*h)).

Using the Riemann removable singularity theorem, it follows easily that
the map

o* : HO(X, LP) — H(X,0*LP) (3.3)
is well defined and an isomorphism. Hence by the Riemann—Roch theo-

rem [16, 16.9] or by Siegel’s lemma (see [24, Lemma 2.2.6]), applied to o* L,
there exists a constant C > 0 such that

dim H2 (X, LP) < Cp for all p > 1.

We show next that the Bergman spaces H ?2) (X'\ X, LP) defined in (1.3)
are finite dimensional, as they correspond to spaces of meromorphic section
of 0*LP with poles in R,. We need the following simple lemma:

LEMMA 3.2. — Let g(¢) = jioo ajCj be a holomorphic function on

D\ {0} such that fD\{o} l9(O)?[¢]|*"d\ < 400 for some n € Z. Then a; =0
forall j < —n—1.

Proof. — Let € € (0,1). Using polar coordinates we obtain

+oo 1
/ |g(<-)|2‘<—|2nd)\:2ﬂ_ Z |a]|2/ 7‘2j+2n+1dr.
{e<|¢I<1} e

j=—oco

The conclusion follows by letting e — 0. O

PROPOSITION 3.3. — The map o* : Hpy (X \ B, LP) — H(X,0*[? ®
ﬁ)}«(RU)) is well defined and injective. We have dim H?Q)(X \X,LP) < Cp
for allp > 1, where C > 0 is a constant.

Proof. — The holomorphic sections of 0*L? ® 0% (R,) can be identified
to meromorphic sections of ¢* LP with poles in R, so we have to show that
it S e H?Q)(X \ %, LP) and y € 0~ }(¥) then 0*S has a pole of order at most
a(y) at the isolated singularity y.

Let z; = o(y) and D be the unit disc in a coordinate neighborhood of
y = 0 such that o|p is the local normalization of an irreducible component Y
of X at z;. We may assume that z; has a neighborhood U, on which L has
a local holomorphic frame e, such that U, N Y = {z;} and D C o= *(U,).
Then S = s,e2P for some s, € Ox(Uy \ {z,}), and |eq|p, = e~ %=, where

- 957 —



Dan Coman and George Marinescu

Yo € WSH(U,). We may assume that ¢, < M on U,, for some constant
M. Using (2.4) we obtain

HS”;Q) 2/ |5a‘26*21790aw > 67217M/ ‘Sa 00‘20'*(.0
Y\{z;} D\{0}
> Cy et [sa(a(Q)PICPM A
D\{0}

By Lemma 3.2 we infer that the function s, o ¢ has a pole of order at most
a(y) at y.

The map o* is clearly injective, since o : X \ 0~ 1(X) — X \ ¥ is biholo-
morphic. The last assertion follows from the Riemann—Roch theorem [16,
16.9] or Siegel’s lemma (see [24, Lemma 2.2.1] and its proof). O

Let S € Hfy (X \ X, L), S # 0. It follows from Proposition 3.3 that o*S
is a meromorphic section of 0*L, so it induces the divisor div(¢*S) and its
associated signed measure [div(c*S)] on X, where

div(c™* Z ord(c*S,y)y, [div(c*9)] Z ord(c*S,y)d
yEX yGX
Moreover, the divisor div(c*S) + R, is effective. We define
ord(S, z;) = Z ord(c*S,y), z; € . (3.4)
yEo—1(z;)

Writing S = $,€q, where s, € Ox (U, \ X), we have that s, o o is
meromorphic on o~1(U,), hence log|s, o ol is locally the difference of two
subharmonic functions. We infer that log|s,| is locally the difference of
two weakly subharmonic functions on U,. By Lemma 2.1, this implies that
log |sa| € Li,.(Ua,w). Since log |sa| = log |sg|+10g|gas| on (UsNUp)\ Z, we
can define, using Lemma 2.2, the signed measure [div(S)] on X by setting

[div(9)]|v., = dd®log |sq]. (3.5)

Note that [div(c*S)]|s-1(v,) = ddlog|sq o o|. Since 0*S is a meromor-
phic section of o* L, we see that S has finitely many zeros 21, ...,z € X\ X.
By Lemma 3.1 we obtain

k m
[div(S)] = 0. ([div(a*S)]) = > ord(S, 2)8, + 3 ord(S,2;)8,,,  (3.6)

j=1 j=1
where ord(S, x;) is defined in (3.4). Let [div(S)]* denote the positive and
negative variations of the measure [div(S)], so

[div(S)] = [div(S)]" — [div($)]~
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Then

k m
[div(S)]F = ord(S,2;)d., + > ord(S, ;) "o,

j*l j=1

[div(S Zord (S,25) bz,

where ord(S, ;)T = max{ord S,x;),0}, ord(S, z;)” = max{—ord(S, z;),0}.
Since div(c*S) + R, is effective, we infer that

[div($)]" <D [ D a) | ., =ou(R,]). (3.7)

J=1 \y€o1(z;)
Note that the right hand side of (3.7) is independent of L.

Since log|S|n, = log|sa| — ¢a on Uy, the function log|S|, € L'(X,w).
Hence (3.2) and (3.5) yield the following version of the Lelong—Poincaré
formula in this setting:

[div(S)] = e1 (L, h) + dd® log | S|p. (3.8)

The preceding discussion carries over for sections S € HO (X, L), S #
0. As log|se| € WSH(U,), the measure [div(S)] defined in (3.5) is now
positive. Moreover, we have that 0*$ € H(X,0*L), so the divisor div(c*S)
is effective and the measure [div(c*S)] is positive. Formula (3.6) and the
Lelong—Poincaré formula (3.8) hold for [div(S)].

We give now the definitions of the Bergman kernel functions Py, p, P p, Pp
and Fubini-Study measures v, p, Ye,ps 7p of the Bergman spaces considered in

thls paper. We start with the spaces H?, (2)(X, LP) and H? ' (2)(X, LP) defined
n (1.2), respectively (1.1).

Let dy,p = dim H?, (2)(X, LP) and let S¥,1 < j < dy,p, be an orthonormal
basis of H0 o) (X, LP). We write S = sl aegp, Where 8 o € Ox,w(Us). Then
du.p
Pup(@) =Y IS7@)7, ) Yuplv, = ddupa,
j=1
where up o = log Z s8] (3.9)

Note that P, p(z) is defined for all € X \ ¥ such that if # € U, then
Ya(x) > —00. Moreover, up o € WSH(U,) and up o = up s + log|gas| on
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(Ua NUg) \ X, so by Lemma 2.2 ,,,, is a well defined positive measure on
X. We have that P, p, Yw,p are independent of the choice of basis and

log Py plu, = 2Up.a — 2p¢q- (3.10)
By Lemma 2.1 we infer that log P, , € L'(X,w), and

1 1
E%J’p —c1(L,h) = %ddC log Py p. (3.11)

Moreover, as in [4, 5, 6], one has the following variational formula,
Py p(x) = max{|S(2)[}, : S € Hy, o) (X, L7), ||S], =1}, (3.12)
for all z € X \ ¥ where P, ,(z) is defined.

Let dc, = dim HS(Q) (X, LP). One defines the Bergman kernel function
P, , and Fubini-Study measure ~., of the space Hg (2)(X , LP) in the same

way as in (3.9). The formulas (3.10), (3.11), (3.12) hold in this case as well.

We next turn our attention to the Bergman kernel function P, and
Fubini-Study measure -, of the space H&)(X \ X, LP) defined in (1.3).
Proceeding as above, let d, = dimH&)(X \ X, LP) and S}, 1 < j < dp,
be an orthonormal basis of H&)(X \ X, LP). We set S¥ = s¥ e&?, where
s o € Ox(Uy \ ), and define for z € X \ %,

dp
Py(z) = Z |S§)(x)|%p ; and Ylu, = ddUp,qa,
j=1

d
1 P

where up7a:§log g s" 7). (3.13)
i=1

Proposition 3.3 shows that u, 00 is locally the difference of two subharmonic
functions on 0~ *(U,). Hence u,, , is locally the difference of two weakly sub-
harmonic functions on U,. By Lemma 2.1 and Lemma 2.2 we infer that
Up o € Li . (Us,w) and 7, is a well defined signed measure on X. The ana-
logue of (3.10) in this setting shows that

1 1 .
log P, € L*(X,w), —y, —c1(L,h) = 2—dd° log P,. (3.14)
p p
Moreover, the variational formula (3.12) also holds for P,.

LEMMA 3.4. — Let~, be the negative variation of the measure y,. Then
Yy < 0+([Ro]). In particular, ~y, is supported in 3.

Proof. — Since u, o 0 0 is locally the difference of two subharmonic func-
tions on 0 (Uy), Yplo-1(v.) = dd°(up,q © o) defines a signed measure 3,

on X. By Lemma 3.1 we infer that 5, = 0,(3,). Note that X \ o0~ 1(X) is
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a positive set for 7,. Working locally near a point y = 0 € o= (X N U,)
we have by Proposition 3.3 that uy (0(¢)) = v(¢) + nlog|¢|, where v is a
smooth subharmonic function and n > —a(y). Hence 7,({y}) = n > —a(y).
Therefore the measure ¥, + [R,] is positive, hence so is v, + 04 ([Rs]). The
conclusion now follows. O

We conclude this section by noting that the spaces

HY 5 (X, LP) C Hy, 0y(X, LP) C Hpy (X \ %, LP), (3.15)
are endowed with the same inner product, hence
Pep(@) < Pup(z) < Pp(), (3.16)

for every x € X \ ¥ such that if z € U, then p,(x) > —o0.

4. Proof of Theorems 1.1 and 1.2

We start with some auxiliary results that are needed for the proof of
Theorem 1.1.

LEMMA 4.1. — If v is subharmonic on D, A = {( € C: é <[] < %}
and |z| < %, then
/ (w]dA.

Proof. — Let A, ={¢ € C: 1 <|¢— x| <3} Since A, C A we obtain
using the subaverage inequality that

1 [z [ : 1 1
) < —/ / v(z + re’)rdtdr < —/ |[v|dA < —/ [vldA. O
27 1 Jo 21 Ja, 2 J4

We state next a general result about the asymptotics of the logarithms
of Bergman kernels. Let Y be a complex manifold of dimension n, w be a
Hermitian form on Y and (L, h) be a singular Hermitian holomorphic line
bundle on Y. One defines the Bergman spaces H, ?2) (Y, LP) in analogy to (1.3)

using the metric h, induced by h on L? and the volume form % on Y. Let

Vp < (2) (Y, LP) be a subspace of dimension m,, > 0 and define the Bergman

kernel function @, of V,, as in (3.13). Note that log @, is locally the difference
of integrable functions, so log @, € L (Y, w").

LEMMA 4.2. — In the above setting, assume that:

(i) mp < cp™ holds for all p > 1, with some constant ¢ > 0;
(ii) every z € Y has a neighborhood U, such that Qp > €5 holds w™-a.e.
on U, for all p sufficiently large, with some constant e, > 0.
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Then 3 logQp — 0 as p — +00, in Li, (Y,w").

Proof. — We may assume that C, := fU w™ < 4o0. It suffices to show
that 1log@Q, — 0 in L'(U,,w") for each x € Y. Note that [, Qs = my,.
Using Jensen’s inequality and hypothesis (i) we get

1
/ (log @Qp)w™ < Cylog (—/ Qp w") <nCylogp+ C., (4.1)
U, Cz Ju,

for all p > 1, with some constant C7, > 0. If f, := I%(log Qp — loge,) then
by (i), fp = 0 w™-a.e. on U, for all p sufficiently large. Hence [,; f,w™ — 0
by (4.1). This implies the conclusion. O

We now introduce the geometric setting and notation needed to describe
the local structure of X near the singular points. Let o : X — PV be the
normalization of X from (C). For each z; € ¥ we can find a neighborhood
V; C X of x; with the following properties:

(P1) Vjﬁvk:®f0r1<j<k<m.

(P2) there exist coordinates (z1,...,zy) on C¥ < PV and a polydisc
D; C CV centered at 0 such that z; = 0, V; = X N D;, and
v, {z = 0} = {0},

(P3) Y1,...,Y}, denote the irreducible components of V;.

(P4) for 1 < ¢ < k;j, there exists y, € 071(z;) and a coordinate neigh-
borhood of 4, = 0 containing D, such that o, :=olp : D — D; is a
local normalization of Y7 as in (2.1).

Note that by (P1), any two irreducible components of V; intersect only
at z;. In the proof of Theorem 1.1 we will have to work with a different
Hermitian form on X \ ¥, which is provided by the following lemma.

LEMMA 4.3. — Let Q = o, (@|§\071(2)). Then Q is a Hermitian form
which verifies Ricqg > —27BQ and Q > aw on X \ ¥, with some constants

a, B> 0.
Proof. — As X is compact, there exists a constant B > 0 such that

Ricy > —2mBw on X. Since o : X \ 071(2) — X \ T is biholomorphic, 2
is a Hermitian form with Ricq > —27BQ on X \ . For z; € ¥, let ¥} be a
component of X at z; as in (P3), and o, be as in (P4). We infer from (2.4)
that ojw < Cw holds on D, with some constant C' > 0. Hence w < CQ2 on

Yy \ {z;}. This yields the conclusion. O

The function ¢ constructed in the next lemma will be used to obtain a
suitable modified metric on L.

LEMMA 4.4. — Let X, %, w, o verify (A), (C) and Q be as in Lemma 4.5.
If U D X is an open set, then there exists a continuous function ¢ : X — R
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supported in U such that ¢ <0 on X, ¢ is smooth on X\X, and Aw+dd°¢p >
b on X \ X for some constants A,;b > 0.

Proof. — For 1 < j < m, we choose a neighborhood V; C U of z;
such that properties (P1)-(P4) are satisfied. Fix now z; € X. Since V; N
{#1 = 0} = {0}, by shrinking D, we may assume that for each Y, we have

o0(€) = (¢ fe2(C)s - - -, fen(€)), C €D,

where sp — 1 > a(ye) (see (2.2), (3.1)) and fy; are holomorphic in D. We
consider the plurisubharmonic function wy(z1,...,2zn) = log (1 + |21]%/%¢)
on CV, and define

kg
P = E ’lUg|V7~ 7Mj7
=1

where M; is chosen so that p; < 0 on V. Then p; is continuous and subhar-
monic on V}, and it is smooth on V;\{0} since z; # 0if (21, ..., 2n) € V;\{0}.
Moreover,

dd*(p; 0 07) > dd*(we 0 07) = dd‘log(1+ () > =dC A dl  (42)
7l

holds on D, for each £ =1,...,k;.

Let x; € €°(V;) be such that x; > 0 on X and x; = 1 on an open set
W; containing x;. We define

b= X;p;
j=1

Then ¢ < 0 is continuous on X, supp¢ C U, and ¢ is smooth on X \ X.
Since ¢ = p; on W, ¢ is subharmonic in the neighborhood W := U;nzl W;
of . It follows that there exists a constant M > 0 such that dd¢ > —MQ
on X \ X. Since ¢ = p; on W; we infer by (4.2) that dd(¢ o o) > bw holds
on o~ 1(W) for some constant b > 0, hence dd°¢ > bQ on W\ . Let ¢ > 0
be a constant such that w > ¢Q on X \ W. For A > 0 we obtain

Aw+dd°¢ > (Ac— M)Q on X \ W,
Aw +dd¢ > bQ on W\ X.
The conclusion follows by choosing A = (M + b)/c. O

Proof of Theorem 1.1. —
(i). — We show first that

1 1 1
—logP., =0, —logP,, =0, —logP, =0, in L (X \Z,w). (4.3)
p p p
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By Proposition 3.3, (3.15) and (3.16), this will follow from Lemma 4.2
once we show that hypothesis (i) of Lemma 4.2 holds for @, = P, . Let €
X\ ¥ and U, be a coordinate neighborhood of = 0 such that U, C X \ X
and L has a holomorphic frame e, on U,. Set |eq|n = e~ %>, 50 ¢, € SH(U,)

by (B).

For each z; € ¥ we choose a neighborhood V; C X \ U, of z; such that
properties (P1)—(P4) are satisfied. We define the function p; on V; by setting

p; = (a(ye) + 1) loglo, ! on Yo\ {z;}, ¢=1,...,k, and p;(z;) = —(Eo, |
4.4

where a(yg) is the ramification index of o at yy. By Lemma 2.3 it follows
that p; € SH(V;). Moreover p; < 0 and p; is smooth on V; \ {z;}. Let
Xj € €0(V;) be such that x; > 0 on X and x; = 1 on an open set W;
containing ;. We define = Z;n:l X;jp;j- Then n is smooth on X\3, 7 < 0 on
X, and n = 0 in a neighborhood of U,,. Since n = p,; on W}, n is subharmonic
in a neighborhood of ¥. We infer that

dd°n > —-MQon X \ X, (4.5)
for some constant M > 0, where () is as in Lemma 4.3.

Fix ro > 0 such that the disc V := Dy,, € U, and we set U := D,,,. We
will show that there exist a constant C' > 0 and py € N with the following
property: if p > pg, z € U and p,(z) > —oo, then there exists a section
S.p € HS’(Q) (X, LP) such that S, ,(z) # 0 and

HSz,p”;Q) < C‘Sz,p('z”ip‘ (4.6)
In view of (3.12) this implies that
|Sz’p(z)|%p
1520117

which shows that hypothesis (ii) of Lemma 4.2 folds for P, ,,.

P.,(2) > >0

For the proof of (4.6) we use techniques of Demailly [12, Section 9] (see
also [6, Section 5]). By the Ohsawa—Takegoshi extension theorem [26] there
exists a constant C’ > 0 (depending only on z) such that for any z € U
with ¢ (2) > —oo and any p there exists a function v, , € Ox (V) with
v, p(2) # 0 and

[ loale o0 < oy (o) 200,
14

We will extend v, ), to a section S, ), € HB (2)(X, LP) by solving a d-equation
with L2-estimates. Let x : [0, +00) — [0,1] be a smooth function such that
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x=1on[0,%] and y =0 on [3, +00), and set

0.(1) = X(lt Z‘)log lt= Z‘, for t € U,,
70, for t € X \ U,.

Let ¢ be the function constructed in Lemma 4.4 for the open set X \U,, D
¥,50 ¢ <0on X, ¢ =0 in a neighborhood of U, and dd¢ > bQ2 — Aw on
X \ X for some constants A,b > 0. We consider the metric

~ €
hy = hpe_26p¢_2”_292 on LP|x\x;, where § = T

Since 6, is subharmonic in a neighborhood of z, it follows that there exists
a constant M’ > 0 such that dd°0, > —M’'Q on X \ X, for all z € U. Using
Lemma 4.4, (4.5) and hypothesis (B), we obtain for all p sufficiently large
that

1 (LP, hy) = per (L, h) 4 6pdde + ddn + dd°0,

b
2p<cl(L,h) + %Q —sw) — (M +M"Q

> (p;b—M M)Q>2pg'9

on X \ ¥, where ¢/ = £%. Note that the Riemann surface X \ ¥ is Stein
(see e.g. [16, Corollary 26.8]), hence it carries a complete Kahler metric. By
Lemma 4.3 we have Ricg > —27BQ on X \ . Let

g€ L%)l(X \ %, LP,loc), g 8(vz7px(|t Z‘)ea )

By [9, Theorem 5.1] (see also [4, Theorem 2.5]) it follows that there exists
po € N such that if p > py there exists u € Lg,o(X \ X, LP, loc) verifying
Ou = g and
/ |u|2 —26pp—2n— QOZQ < L |g|}2L 6_26p¢_277_20zﬂ.
X\2 pe’ P

Since ¢ =n =0 on U, we have that

—20pp—2n—20
[
= [v: o[ OX (1) [Pe2ree =200
T70<\t7z|<7‘0}

<c” / |02 p[?eT2PPeQ < C'C v, ()PP (2) < oo,
\4
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where C” > 0 is a constant depending only on x. Using ¢ < 0,7 <0, 6,
we get

N

0,

B B C/C// B
| [ et < S e e
X\2 X\2

Note that u(z) = 0, as e 2%:(1) = 72|t — 2|72 is not integrable near z.
Fix now z; € ¥. We have 6, = 0 on V; and n = p; on W;. Let Y; be a
component of V; as in (P3) and oy : D — Y7 be the normalization of Y as
n (P4). We may assume that L has a holomorphic frame e;, on V; and that
the corresponding local weight of h is upper bounded on Vj. Set u = ve%’p .
We infer that there exists a constant ¢ > 0 such that

/ [l e=21=20- > c”/ lv[2e=20 Q)
Ye\{z;} (YenW;)\{z;}

= acp/ lv]2e2Piw,
(YenW;)\{=;}

where the second inequality follows from Lemma 4.3. Using (4.4) and (2.4)
we get

/ of2e 210 > O3t / [0(0e(0))21¢)~2d,
(YenWi\{z;} D, \{0}

for some r € (0,1). Therefore va\{O} [v(oe(¢))]?|¢|72d\ < +o0. Note that

Ou=g=0onV;\{x;}, hence v o o, is holomorphic on D \ {0}. We infer
from Lemma 3.2 that v o oy extends holomorphically at 0 and v o g,(0) = 0.
This shows that u is a continuous weakly holomorphic section of L” on V},
forj=1,...,m.

Set S, p = vz,px(‘tr;ozl)eg’p — u. Then 552,1, =0,S5,, = —uon each Vj,
so S,, € HY(X, LP). Moreover, S, ,(z) = v, ,(2)e2P(z) # 0, as u(z) = 0.
Using Lemma 4.3 we obtain

1 2 -
IS0l < 5 [ 18l @ <2 ([ agPeeoas [0
a Jx\z a 1% X\

20 ol B B
< a (1+ ) |02 p(2)[Pe™ 2P < C’|Sz7p(2)\%p,

pe’

with a constant C' > 0 depending only on . This concludes the proof of (4.6),
and hence of (4.3).

We consider next the L'-convergence near the singular points. Let V}, 1 <
j < m, verify properties (P1)—(P4), and fix x; € . Let Y, be a component of
V; asin (P3) and o be as in (P4). We may assume that L has a holomorphic
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frame ey, on V; and that the corresponding local weight ¢ of h is upper
bounded on Vj. The proof of assertion (i) is complete if we show that

1 1 1
—log P.j, = 0, —log Py, — 0, —log P, — 0, in L' (Yy,w). (4.7)
p p p
Let @, denote either one of the Bergman kernels P, ,, P, ,, Pp, and let
SPo S5, be an orthonormal basis of the corresponding Bergman space.
We write
1 <
S% = s?e%p, where 7 € Ox(V;\ {z;}), up := ilog Z |s4 2
j=1

Formula (3.10) implies that
1 1
;up ooy — ooy = > log(Qp o 0¢) on D\ {0}.

By Proposition 3.3 and (3.15), we have that the functions ¢ O‘(y‘*)sg (¢) extend
holomorphically at 0 € D. Hence the function

vp(C) := up 0 0¢(C) + a(ye) log [¢]

extends to a subharmonic function on D. Moreover, ¢ o o, also extends to a
subharmonic on D.

We infer from (4.3) that 1log(Q, o o/) — 0, hence v, — ¢ ooy, in
P P
Li (D\ {0}, ). Combined with Lemma 4.1 this implies that the sequence
of subharmonic functions {1v,} is locally uniformly upper bounded in D.
P
Therefore [23, Theorem 3.2.12] yields that Lv, — ¢ o oy, hence - log(Q, o
o¢) — 0, in LL (D, \). Using (2.4) we get

loc
/ llog @yl < Ca / llog(Qy 0 o).
Yo\ D

Hence (4.7) follows, and the proof of assertion (i) is finished.

(if). — In the case of 7., and vy p, (ii) follows immediately from (i)
by using (3.11). From (3.14) we see that %fXXde — [y xdei(L, h) for
every smooth function y on X. By Lemma 3.4 the measure 7y, + 04 ([Rs])
is positive, so we infer that %vp — ¢1(L, h) in the weak sense of measures.

Therefore %’y; — ¢c1(L, h), as %’yp’ — 0 in the weak sense of measures, by
Lemma 3.4. ]

Proof of Theorem 1.2. — Let @, n, be the Bergman kernel function and
Fubini-Study measure of the space HP. By Theorem 1.1 we have 1% log @, —

0 in L'(X,w) and %np — ¢1(L,h) in the weak sense of measures on X.
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Note that ¢i(L?,hy) = pei(L,h) and formulas (3.11), (3.14), which re-
late 1y, Qp, c1(L, h), are valid. Moreover, we have the Lelong-Poincaré for-
mula (3.8) relating [div(sy)],|sp|n,,c1(L, k). Hence the proof of [2, Theo-
rem 1.1] goes through with no change in our setting, and we can take 4, = p
(see also [2, Theorem 4.1] and its proof).

In our present situation p, is the normalized area measure on the unit
sphere of H?. By Proposition 3.3 we have n, = dim H? < Cp for some
constant C' > 0. Therefore Theorem 1.2 follows from [2, Theorem 4.12].

We have to consider further the case H? = (2)(X \ X, LP), when the

measures 1, = 7, and [div(s,)] are not necessarily positive. Arguing as in
the proof of [2, Theorem 1.1], we have that %log |pln, — 0 in L*(X,w) for

p-a.e. sequence {s,} € H. By (3.8), this implies that %[div(sp)] — c1(L, h)
in the sense of distributions. Since by (3.7), [div(s,)]” < 0+ ([Rs]), it follows
that %[div(sp)] — ¢1(L,h), I%[div(sp)]"r — ¢1(L,h), in the weak sense of
measures on X. This completes the proof of assertion (ii).

For (i), we have as in the proof of [2, Theorem 1.1] that E[div(s,)] is a
well defined distribution on X and

<]1)]E[div(sp)],x> %/Xxdcl(L,h)

for every smooth function x. By (3.7) the measure v := [div(s,)] + 0« ([Rs])
is positive, hence the total variation |[div(s,)]| < v + 04([R,]). Using (3.8)
we get

]/ xddwsp\ [ o () < Il (pea(E ) 20 (o)) ().

We infer that E[div(s,)] is a well defined measure on X and its total variation
verifies

|Eldiv(s,)]|(X) < (per(L; h) +20.([Ro]) (X))
This yields assertion (i). O

5. Examples

In this section we exemplify our results in the case of certain plane al-
gebraic curves. We also give a precise lower estimate of the Bergman kernel
P, p in the case of a smooth Hermitian metric on L.

Example 5.1. — We consider a class of algebraic curves X in P? which
have one singular point and are normalized by P'. They are defined by graphs
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of polynomials and we will describe explicitly the spaces of holomorphic sec-
tions considered in the paper. We denote by C,,[(] the space of polynomials
of degree at most n in C.

Let [20 : 21 : 23] denote the homogeneous coordinates on P2, and consider
the standard embedding (z1,22) € C2 < [1: 21 : 25] € P2. Let

d
Q(20,21) = Zajzéz‘fﬂ, where ag # 0,
Jj=0

be a homogeneous polynomial of degree d > 2. Set P(z1) = Q(1,21), so
P € Clz1] is a polynomial of degree d. Let X = X be the algebraic curve
of degree d in P? defined by

X ={lz0:21:2) €P?: 2 25 — Q(20,21) = 0}.

Furthermore, let

w=uwrs|x, L= 0p(1)]x,
where wrg is the Fubini-Study form and &p2(1) is the hyperplane bundle on
P2. Recall that m*wps = dd°log || Z||, where Z = (29, 21, 22) € C3\{0} and 7 :
C3\ {0} — P? is the canonical projection. Moreover, if U; = {z; # 0} C P?
then the transition functions of Op2(1) are given by g;x([20 : 21 : 22]) = 2k /%;
on U; NUg, 0 < j,k <2 (see e.g. [2, Example 4.4]).

Note that in C? = Uy we have X NUy = {(21, 22) : 22 = P(21)}, s0o XNV
is biholomorphic to C via the obvious map ¢ € C — (¢, P(¢)) € X NUy. We
also note that X has one point on the line at infinity, as X N {zy = 0} =
{[0:0:1]}. If d > 3 then X is singular and locally irreducible at z; :=
[0:0:1],s0 X = {z1}. It follows that the normalization of X is P!. In fact
we have the explicit formula for this:

o:PY = P% o(te: t1]) = [td - td7M e Q(to, t1)].

Here [to : t1] denote the homogeneous coordinates on P*, and we consider
the standard embedding ¢ € C < [1 : ¢] € PL. Note that ([0 : 1]) = z; and
for r > 0 sufficiently small, the function
4d pd—1
ft)=olt:1] Q(t,l)’Q(t,l)J , te Dy,
is the local normalization of X at x; as in (2.1). We infer that the ramification
divisor of o (see (3.1)) is

R, = (d — 2)y, where y =1[0:1].
Since X is locally irreducible at 1 we have that Ox (U) = Ox ,(U),
and, by Lemma 2.3, that SH(U) = WSH(U), for any open set U C X. Let
S € HY(X, LP) be represented by the holomorphic functions sy on X N Uy
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and sy on X N Usy. Then there exists an entire function s such that sq([1 :
¢: P(Q)]) = s(¢) for ¢ € C, and we have

so([1:¢: P(Q)]) = PP(()s2([1: ¢ P(Q)])
for all ¢ with |¢| sufficiently large. We infer that s/PP is bounded near
00, hence s is a polynomial of degree < dp. We conclude that the space
H? (X, LP) is isomorphic to Cgp[¢], hence dim HY (X, LP) = dp + 1. We can
compare this to the subspace of restrictions to X of global holomorphic
sections on P2,

V,:={S|x : S € H(P? LP)}.
If HY(P?, LP) = {S € H°(P?%,LP) : S = 0 on X} then V, = HY(P?, L)/
HY% (P2, LP). Recall that sections in H°(P?, L?) are given by homogeneous
polynomials of degree p in 2, 21, 22 so dim H°(P?, LP) = W. There-
fore
p+D)pP+2) (—d+1)(p—d+2)

d. = — = d —
im V), 5 > '

d(d — 3)
2
< dim HY (X, LP),
since d > 3. It is worth observing that o* : HO (X, L?) — HO(P!,0*LP) is
an isomorphism and o*L = Op1(d).

We next describe the set of singular Hermitian metrics h on L that have
subharmonic weights. Arguing as above, we infer that the weight of such h on
X NUy is given by a subharmonic function ¢ on C such that ¢(¢) —log|P(¢)|
is bounded at infinity. Hence

¢(¢) < dlog™ [¢|+ Cy, V¢ €C, (5.1)

with some constant C,. This shows that the set of singular Hermitian metrics
on L is in one-to-one correspondence to the class d£(C), where £(C) is the
Lelong class of subharmonic functions of logarithmic growth on C.

We conclude this section by describing the Bergman space H(y, (X\X, LP)

defined in (1.3), where h is the metric given by a function ¢ € d£(C). In
view of the above, this space consists of the entire functions s on C which
verify

/ |s|2e™ PP % (w) < +oo.
c
‘We have
* 1 C
0" (w) = 5dd‘log (L4 1¢1* + [PQ)?)

_ L4 [P(QP +ICP(S) — JZ(QF Edg AdC.
m(1+[¢)2 + [P(Q)?) ?
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Since (P’ — P has degree d we infer that

C1 C2
1+|<\2d2d“d< W) S Tem s

holds for ¢ € C, with some constants c¢;, ¢y > 0. Using (5.1) we obtain that

/ 15(0)21¢] 24P+ dA < too,
C\D

Lac Ade

which implies that s is a polynomial of degree < dp + d — 2. In conclusion,
H&) (X \ X, LP) is isomorphic to the space of polynomials s € Cgpyq—2[C]

that verify
/ P77 1) < oo,
1+(¢P4

where ¢ € dL(C) is the weight of h. We refer to the survey [1] for results
about equidistribution of zeros of random polynomials.

Ezample 5.2. — Let X be an irreducible algebraic curve and (L, h) — X
be a Hermitian holomorphic line bundle as in (A) and (B). We assume further
that the Hermitian metric / is smooth. Since h is smooth, H? @) (X,LP) =

HY(X,LP) and P, ,(x) is defined for all z € X \ . Let o : X — X be the
normalization of X, (0*L,0*h) — X the pull-back of (L, h). The curvature
c1(o* L, 0*h) is semi-positive on X, is positive on X \ ¢~1(2), and vanishes
up to finite order at any point of 0~*(X). These are precisely the hypotheses
of the results from [25] under which the Bergman kernel asymptotics hold

for a semi-positive line bundle on a Riemann surface. There exists C' > 0
such that 0*w < Cw hence for any S € HY (X, LP) we have

S||2 = S w<C o*S|2., o=C o*S|%., @.
p hp o*hy - o*hp
X\ X

X\o—1(%)

We consider the Bergman kernel function ]5p of the space H O()? ,0"LP) with
respect to the Hermitian metric c*h, and volume form w. By the isomor-
phism (3.3) and the variational principle for the Bergman kernel functions
we have

1~
Py p(z) > aPp(cf*l(z)), for any x € X \ 3. (5.2)
By [25, Lemma 25] there exists C > 0 such that for p large enough we have
]Sp(f) > Cp?", forany 7 € X, (5.3)

where r is the maximal normalized vanishing order of the curvature
c1(0*L,0*h) on X, namely, r = max{rz : € X}, rz =ordc1(0*L,0%h)z +2
Hence, (5.2) and (5.3) show that there exists C’ > 0 such that for p large
enough we have

Py p(x) = C'p¥", forany z € X\ X. (5.4)
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Thus for h smooth the convergence %log Py, —0,as p — oo in L'(X,w)
follows directly from Lemma 4.2 and its proof.

Note that (5.4) is a global lower bound for P, ,(x). By [25] we have
P, (%) ~ p?/™* for any T € X and on any open set U € X \ ¢~ '(X) we have

]Sp ~ p uniformly. Thus for any open set U € X \ ¥ there exists C7 > 0 such
that Py ,(x) > Cip on U.
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