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Bivariables and Vénéreau polynomials *)

JErREMY BLaNc () AND PIERRE-MARIE PoLoNT (2)

ABSTRACT. — We study a family of polynomials introduced by Daigle and
Freudenburg, which contains the famous Vénéreau polynomials and defines AZ2-
fibrations over A2. According to the Dolgachev—Weisfeiler conjecture, every such
fibration should have the structure of a locally trivial A%-bundle over A2. We follow
an idea of Kaliman and Zaidenberg to show that these fibrations are locally trivial
A2-bundles over the punctured plane, all of the same specific form Xy, depending on
an element f € k[at!, b*!][x]. We then introduce the notion of bivariables and show
that the set of bivariables is in bijection with the set of locally trivial bundles X
that are trivial. This allows us to give another proof of Lewis’s result stating that
the second Vénéreau polynomial is a variable and also to trivialise other elements of
the family X ;. We hope that the terminology and methods developed here may lead
to future study of the whole family X.

RESUME. — Nous étudions une famille de polyndémes introduits par Daigle et
Freudenburg, contenant les célébres polynémes de Vénéreau, qui définit des A2-
fibrations sur A2. D’aprés la conjecture de Dolgachev—Weisfeiler, toute fibration de
ce type devrait avoir la structure d’un A2-fibré localement trivial sur A2. Suivant une
idée de Kaliman et Zaidenberg, nous montrons que ces fibrations sont des A2-fibrés
localement triviaux sur le plan privé de l'origine, tous de la méme forme spécifique
Xy, dépendant d’un élément f € k[a®!,b%!][z]. Nous introduisons alors la notion
de bivariables et démontrons que l’ensemble des bivariables est en bijection avec
I'ensemble des fibrés localement triviaux Xy qui sont triviaux. Ceci nous permet de
donner une autre preuve du résultat de Lewis établissant que le deuxieme polynéme
de Vénéreau est une variable et de trivialiser aussi d’autres éléments de la famille X.
Nous espérons que la terminologie et les méthodes développées ici puissent mener a
une étude future de toute la famille X .
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J. Blanc and P.-M. Poloni

1. Introduction

Throughout this paper, we work over a fixed ground field k and all alge-
braic varieties and morphisms are defined over it.

The Dolgachev—Weisfeiler conjecture [4, Conjecture 3.8.5] is a famous
open problem in affine algebraic geometry that concerns A"-fibrations, i.e.
morphisms X — Y between affine varieties with the property that every
fibre is isomorphic to the n-dimensional affine space A”™.

The conjecture predicts that every such A”-fibration should have the
structure of an A™-bundle (locally trivial in the Zariski topology), when the
target variety Y is normal.

Recall that every A”-bundle over an affine variety is isomorphic to a
vector bundle (Bass-Connell-Wright Theorem [1]) and moreover that every
vector bundle over A™ is trivial (Quillen-Suslin Theorem [14, 15]). Hence,
the Dolgachev—Weisfeiler conjecture is often reformulated as follows in the
case where the target variety is an affine space.

CONJECTURE 1.1 (Dolgachev—Weisfeiler conjecture). — Every A™-fibra-
tion X — A™ is isomorphic to the trivial fibration A™ x A" — A™.

This was proven to be true for (n,m) = (1,1) in [4, Proposition 3.7],
when n = 1 and m is arbitrary in [11], and when (n,m) = (2,1) in [9].
See also [12] for a recent proof of these results. All other cases remain wide

1)
open.

In this paper, we focus on the case n = m = 2 and study a family of
AZfibrations introduced by Daigle and Freudenburg in [3]. These fibrations
are of the form

TPmn - A4 — A27 (3773/72’»“) = ($7UP,71)7

where n denotes a positive integer, P(z) € k[z] a polynomial of degree at
least two and where vp,, € k[z,y, z,u| is given by

vpn =Y+ " (:Z?Z + y(yu + P(Z))) :

The special case where n = 1 and P(z) = 22 + z corresponds to an old
example due to Bhatwadekar and Dutta [2] whereas the polynomials v,z ,,
are the famous polynomials introduced in the PhD thesis of Vénéreau [16].

(1) We should also mention here that the proof of the Dolgachev—Weisfeiler conjecture
in the case where n = 2, announced in [5], turned out to be incorrect, because of a gap in
the proof of [5, Lemma 3].
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Bivariables and Vénéreau polynomials

Let us recall the notion of A-variable of a ring B. We say that an element
f € B is an A-variable of B, if B = A[X4,...,X;] is a polynomial ring
over the commutative ring A and if there exists an automorphism of B that
fixes A and sends f onto one of the indeterminates. With this notion, we
can reformulate the above problem in algebraic terms as follows. The A2-
fibration mp., is a (locally) trivial A%-bundle if and only vp,, is a k[z]|-variable
of k[z,y, z,u].

In his PhD Thesis, Vénéreau showed that v,z ,, is a k[z]-variable of the
ring klz,y, z,u] = k[z][y, z,u] for each n > 3. More recently, Lewis [13]
succeeded to prove that v,2 o is also a k[z]-variable. Nevertheless, it is still
unknown whether v,2; is a k[z]|-variable, or even if it is a k-variable of
k[x,y, z,u]. Note that the latter question, which is weaker a priori, corre-
sponds to the Dolgachev—Weisfeiler conjecture applied to the A3-fibration
given by A* — A, (z,y,2z,u) — v,21. On the other hand, one can prove
that every polynomial vp,, is a 1-stable k[z]-variable (see Proposition 2.3).

Let us fix from now on some coordinates a,b on A% In [10], Kaliman
and Zaidenberg introduced an interesting strategy to study Vénéreau poly-
nomials based on the fact that the morphisms 7,2, are trivial A2-bundles
over the two open subsets U, = A2\ {a = 0} and U, = A%\ {b = 0}.
Using this idea, they could reprove that .2, is isomorphic to the trivial
fibration for every n > 3. Nevertheless, they couldn’t push this technique
further at that time and were not able to treat the case of v,2, withn =1
or n = 2. In the present paper, we give Kaliman and Zaidenberg’s strategy
another try and want to apply it to the more general polynomials vp . For
this, we will introduce the notion of bivariables. The fact that the second
Vénéreau polynomial v,2 o, and more generally all vpo with P of degree 2,
are k[z]-variables will follow quite simply from this new point of view.

We shall indeed prove in Section 2 that every map mp,, is a trivial A2-
bundle over U, and over Uy. The preimage of the origin being also isomorphic
to A? (since it is given by the equations z = y = 0), this implies that
every mp,,, is an A%fibration and therefore that it should have, according
to the Dolgachev—Weisfeiler conjecture, the structure of an A2-bundle. To
check that this is the case, one needs either to find a neighbourhood of the
origin over which the fibration is trivial, or to show that mp, defines the
trivial fibration over the punctured plane A2 = A%\ {(0,0)} = U, U U, (see
Lemma 3.1).

Having this question in mind, we will consider the following family of
locally trivial A2-bundles over A2, obtained by gluing trivial bundles over

*9

U, and U, along their intersection Uy, = U, N U, = A2\ {ab = 0}.
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DEFINITION 1.2. — Given an element f = f(a,b,x) € kla*!,b*![z],
we denote by Xy the variety obtained by gluing together the affine varieties
U, x A2 and U, x A% by means of the transition function

Ugp X A2 — Ugp X A2
((a,0), (z,y)) — ((a,0),(z,y + f(a,b,x))).

We denote by pr: Xy — A2 the A%-bundle over the punctured affine plane
A? = U, UU, given by the projection onto the first factor.

In Section 2, we will prove the following result, which shows that one can
reduce the study of the morphisms 7p,, to the study of a special family of
varieties Xy.

THEOREM 1.3. — For each n > 1 and each P € K[z], the restriction
of the A%-fibration Tp,, over the punctured plane A2 is a locally trivial A2-
bundle isomorphic to py: Xy — A2 with

1 b7n _ n m
fos 1 &p@) € k[o®!, b+,
a

ab?>  ab™ b—arx
where m is any integer such that mn > deg(P).
In the special case where P = z2, if we choose the smallest m such that

mn > 2, we get that the fibration associated to the n-th Vénereau polynomial
is isomorphic to the fibration py, , where

Py 1 when n > 3,

f _ xT 22 23 h _2

n= e T a%  ab? when n = 2,
2 3 4

a7 T W% T @t —ap Whenn =1

(see Example 2.5). We recover here at once the formulas that were first
computed in [10, Proposition 2].

As the transition functions of the A%-bundle ps: X; — A2 fix the co-
ordinate x, the variety X; can also be naturally seen as an Al-bundle
X — A? x Al via the projection onto the first three coordinates. On the
contrary to the difficult question on the existence of an isomorphism as A2-
bundles, it is straightforward to decide whether two varieties X; and X,
are isomorphic as Al-bundles (see Lemma 3.3). As we will explain in Sec-
tion 3, the triviality of an A%-bundle ps: X; — A? is related to the notion
of bivariables which we introduce in Definition 3.5. A bivariable is a poly-
nomial in k[a, b][z,y] that becomes a variable being seen as an element of
kla®!,b][z,y] as well as when seen as an element of k[a, b*!][x, y]. Since the
group Autyj, ) (k[a, b][z, y]) naturally acts on the set of bivariables, we may
consider bivariables up to the action of this group (see Definition 3.11). This
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leads us to a natural correspondence between bivariables and A%-bundles X
that are trivial. More precisely, we shall establish the following result.

THEOREM 1.4. —

(1) Every bivariable w € kla, b][x,y] trivialises an A?-bundle py: X5 —
A2 for some f € kla™!, bH1][z].

More precisely, given a bivariable w € kla,b][z,y], there ex-
ist elements 7., T, and f(z) of k[a®!,b][x,y], k[a,b*'][z,y] and
k[aT! b1 [x], respectively, such that k[a™!, b][w, T,] = k[a™?, b][z, 9],
kla, b [w, 7] = k[a,bT)[2,y] and 7, = 7, + f(w). Moreover, the
variety Xy trivialised by w is uniquely defined up to isomorphism of
Al-bundles.

(2) The map that associates to a bivariable w a variety Xy trivialised
by w induces a bijection

Varieties Xy which are

bwarmbl?s up . trivial A2-bundles
to the action of — ; ;
up to isomorphisms

AUtk[a,b] (k[av b] [‘Tﬂ y]) of Al-bundles
w — Xy

According to the above bijection, the varieties X; that define trivial Al-
bundles correspond to the set of k[a, b]-variables of k[a,b,x,y], i.e. to the
set of trivial bivariables (see Example 3.12). The polynomials of the form
a™x + by with m,n > 1 are easy examples of non-trivial bivariables. They
correspond to the varieties Xy with f = (see Example 3.13).

@
a‘rnbn

In Section 4, we describe a procedure to construct new bivariables start-
ing with a given one. Indeed, if 7,, 7, and f(z) are given as in the first
assertion in Theorem 1.4 and if m,n > 1 are positive integers such that
a™b" f(z) € k[a, b, 2, y], then we can define, for all polynomials Q € k[a, b][z],
new bivariables w and @ by @ = w + aQ(a™7,) and © = w + bQ(b"7y,) (see
Proposition 4.2).

Applying this procedure to the bivariable ax +by?, we obtain new bivari-
ables of the form az + b?y + bP(z), P(z) € k[z], which correspond to the
AZ-bundles over A? associated with the fibrations mp,, when n > deg(P)
(see Example 4.4). Therefore, this gives a simple proof that the polynomials
vp,, are k[z]-variables for each n > deg(P), and in particular that the n-th
Vénéreau polynomials are k[z]-variables for all n > 3 (see Remark 4.5).

In the case where deg(P) = 2 and char(k) # 2, we can go one step
further: Applying the procedure to w = az + b?y + bP(x), we now obtain
the new bivariable w + 3—2(% + Pa(lf) — L P(2)) which corresponds to the A2-
bundle associated with the fibration mp o (see Lemma 4.6). This proves that
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the polynomials vps are k[z]-variables when deg(P) = 2 and char(k) # 2.
In particular, this generalises and gives a different proof for Lewis’s result
stating that the second Vénéreau polynomial v,z 5 is a k[z]-variable.

Although the bundles py, and py, were easily trivialised with this tech-
nique, we were unfortunately not able to go further and couldn’t trivialise the
bundle py, associated with the first Vénéreau polynomial. Nonetheless, we
can simplify it and show that it is equivalent to a bundle with the transition
function of degree 3 in x (see Example 4.10) and also to another which is still
of degree 4 but has only three summands (see Example 4.11). Surprisingly,
we are able to trivialise the bundle p,4, where the function

differs from f; only by the coefficient g in its last summand (see Exam-
ple 4.9).

In Section 5, we strengthen the result that the morphisms mp,,: A* — A2
are A2-bundles over A2, by proving the stronger fact that 7 p,n yields a locally
trivial A%-bundle 7w p,, : At 1&2, where A2 and A% are respectively obtained
from A% and A* by blowing-up (0,0) and the surface 771372((0, 0)) given by
x =y = 0 (see Theorem 5.1). Proving that mp,, is a locally trivial A?-bundle
is then equivalent to prove that 7p, is trivial, or to prove that 7p,, is trivial
on a neighbourhood of the exceptional curve of A2,

In Section 6, we study the family of varieties Xy and their (non necessarily
trivial) associated bundles ps: X; — A2, In the case where the denominator
of f has degree at most 1 in either a or b, we give a direct criterion to decide
whether p; is a trivial A%-bundle or not.

2. Local triviality over the punctured plane

The aim of this section is to prove Theorem 1.3. We shall indeed show
that the restriction of every A2-fibration 7p,, over the punctured plane A2
is a locally trivial A2-bundle which is moreover isomorphic to a bundle of
the form py: Xy — A? for some explicit f depending on P and n. We will
also prove that each polynomial vp,, is a so-called stable variable.

The following lemma already tells us that vp,, is a kiz, x~1]-variable of
the ring k[z, 27 1][y, z,u], or equivalently that the restriction of 7p, to U,
is a trivial A2-bundle.
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LEMMA 2.1. — The rational map @pn: A* — A* defined by

opn(z,y,2,u) = (ar VP, T2+ y(uy + P(2)),

. Pl y(yuzP(Z))) P(Z)>
T Ty

has Jacobian determinant 1 and restricts to an automorphism of the com-
plement A*\ {x = 0} of the hyperplane defined by the equation x = 0.

Proof. — One first checks by a straightforward computation that ¢p,y, is
equal to the composition

PPn = P4a0P30P20P]
of the following four birational transformations of A*:

vg: (x,y,2,u) — (z,y+ 2"z, 2,u),
w3t (z,y,2,u) — (29,2, Hu— 27 P(z712))),

020 (2,9, 2,u) —  (z,y,22 +yu, z 7 u),

®1: (sc,y,z,u) — (x,y,z,qurP(z))

Since the Jacobian determinants of ¢1, 2, @3, ps are equal to 1, 1/y, 1,
1y, respectively and since all these maps fix y, it follows that the Jacobian
determinant of ¢p,, is equal to 1. Moreover, since all components of ¢p
belong to k[z*!,y, z,u] (remark that the numerator of last component’s last
summand is indeed divisible by y), all components of its inverse belong to
k[zt,y, 2, u] as well. |

As an immediate consequence, we get the following statement.

COROLLARY 2.2. — Every map 7p,: A* — A% is an A%-fibration and
restricts to a trivial A%-bundle over the open set (Al\ {0}) x Al.

Another worth mentioning consequence of Lemma 2.1 is the fact that

vpy is a l-stable variable. This can be shown by a general argument due to
El Kahoui and Ouali [8] (see also [7]).

PROPOSITION 2.3. —  Ewvery polynomial vp, is a k[x]-variable of
k[x,y, z,u, t], where t denotes a new indeterminate.

Proof. — We shall construct an automorphism ¥ € Auty, (k[z,y, 2, u, t])
which maps vp,, onto

Wy = Vp, + 2t =y + 25t + 2" (xz + yPu + yP(2)),

where s denotes a suitable positive integer. The proposition will follow, since
it is easy to check (see for example Lemma 4.1 below), that w; is a k[z, z, u]-
variable of the ring k[z, z, u][y, t].
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The construction of ¥ involves the rational map ¢ = ¢p, defined in
Lemma 2.1. Since ¢ restricts to an automorphism outside the hyperplane
r = 0, its comorphism ¢*: k[z*',y, z,u] — k[zF!y,z,u], Q — Q o o,
is a k[z*!]-automorphism of the ring k[z*!,y, z,u]. We denote by F the
extension of ¢* as a k[zT!, t]-automorphism of k[z*! y, z,u,t]. Note that
F(y) = vpn.

For each ¢ € k[z*1, ], we denote by Hg the k[zF!, 2, u, t]-automorphism
of k[z*!l,y, z,u,t] defined by He(y) = y + &, and by ®¢ the k[z*! ¢]-
automorphism of k[z*1,y, z,u, t] defined by ®¢ = F o He o F~1. Note that
O¢(vpp) = vpy + £ by construction.

Observe that all elements ®¢(y), P¢(2), Pe(u), Pe(t) € k[z*t,y, 2, u, t] de-
pend polynomially on £&. Moreover, since ®q is the identity, their coefficients
of degree 0 in & are y, z, u, t, respectively. Therefore, choosing £ = x° - ¢ for
a large enough integer s, we obtain that ®,s.;(k[y, z,u,t]) C k[z,y, 2, u, t].
Since ®,s.; is of Jacobian determinant 1, this implies that ®,s.; restricts
to a k[z]-automorphism of klz,y, z,u,t]. Recall that ®gs..(vp,) = ws by
construction. This concludes the proof. O

We now proceed with the proof of Theorem 1.3.

Proof of Theorem 1.3. — Let m be an integer such that mn > deg(P)
and denote by Fp, ,, the birational map of A? defined by

z 1 y™—(z"2)™ =z
FP’nym(.'lf,y,Z/U,): (I7y’z’u_acgﬂ+:cym . y—x"z P(;)

= (.’IJ, Yy,z,u — fP,n,m(x7y7 Z))

What we actually only need to prove is that the composition Fp,, m 0 ©pp,
where pp,, is given as in Lemma 2.1, restricts to an isomorphism between
A*\ {vp, = 0} and A*\ {y = 0}. For simplicity, let us denote v = vp,,,
¢ =¢pnand F' = Fpy, .

Note that the first two components of ¢ and F o ¢ are equal to x and v,
respectively. Let us denote their common third component by

v—y

In

w =

— 22+ y(uy + P(2)).

In order to prove the proposition, we only need to show that the last com-
ponent of F o ¢ is an element of k[z,y, z,u,v"!]. Indeed, since F o ¢ is a
birational map of A* whose second component is equal to v, this will imply
that F o ¢ induces an isomorphism from A*\ {v = 0} to A*\ {y = 0}.
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We remark that the last component of F is an element of k[z*+!, !,

Therefore, since the last component of

2, .

P(z) — P(w/x)
ry

is in fact an element of k[xil, y,u, 2], we only need to show that « does not

appear in the denominator of the last component of F o .

( 1
go(a@y,z,u) = x,v,w,fu—i—
€T

This component is equal to
z 1 m— (™)™ z
(Foprt) =y (u- gt o 2P (2))
Yy xy y—anz x
1 P(z) — Plw/z) w 1 o™ — (z"w)™

= — _— P
z * Ty zv2 + TU™ Yy (w/z)

RIS < O IS W C) LS

T Ty v oMy

1 m
=t (w?y + v’ P(z) —wy) — ;;—m -~z P(w/ ).

Since we took m such that mn > deg(P), we only need to check that
w?y +v2P(z) —wy =0 (mod ).
For this, we use the fact that v =y and w = y(uy + P(z)) modulo (z) and
find
wy + 02 P(2) —wy = uy® +y?P(2) —y*(uy + P(2)) =0 (mod z). O

Remark 2.4. — As pointed out to us by one of the referees, the fact
that w = zz + y(uy + P(z)) is linear in u seems to be important for the
proof of Theorem 1.3. On the other hand, one may easily generalise the
construction in the proof of Lemma 2.1 by replacing the map ¢o with any
map (z,y,2,u) — (z,y,2z + Q(x,y,u),r " u) where Q € k[z,y,u] is not
necessarily of degree one in u. Doing so, we obtain A2-fibrations

A — A (2,9, 2,u) — (z,y + 2" (22 + Q(z,y, yu + P(2))))

that restrict to trivial A%-bundles over the open set (A\{0}) x A'. According
to the Dolgachev—Weisfeiler conjecture, all these fibrations should be trivial
A2-bundles. However, we don’t know at the moment whether they are locally
trivial over the punctured plane.

Ezxample 2.5. — Recall that the n-th Vénéreau polynomial is defined by
Vo =02, =y +a"(zz+ viu + yz?).
By Theorem 1.3 above, the map A*\ A2 — A2 (z,y,z,u) — (x,V,) is an
A?-bundle isomorphic to py, : Xy, — A2, where
A

x 1 v —(a™x)™ <§>2
T ab?2  abm b—arzx ’

a
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with m such that mn > 2. If n > 3, we can choose m = 1 and we get

I = x 1 bt —(amx)t 22
T ab? ab! b—arx a?
2
T T
= W — ﬂ when n 2 3.

For n = 2, we can choose m = 2 and get

x 1

ab®  ab?

fa=

b? — (a®z)? xfg
b— a2x

For n =1, we choose m = 3 and get

fi

These functions are

& 1 ¥-(ew) o
ab?  abd b—ax a?
x 1 x?
— —-(b2+amb+a2m2)-a—2

abd

exactly those computed by Kaliman and Zaidenberg

in [10, Proposition 2].

Ezample 2.6. — We now consider the simple cases where n > deg(P)

and n = deg(P).

(1) If n > deg(P), then we can choose m = 1 in Theorem 1.3. Hence,

the restriction of 7p,, to A2

f(x)

is isomorphic to py: Xy — A2 with

L b1—<a"I>1P(£)
ab?  ab! b—arx a

o wt (3

(2) If n = deg(P), then we can choose m = 2 and the map (z,y, z,u) —
(z,vp,) has the structure of an A?-bundle over A? isomorphic to
pr: X5 — AZ with

fz) =

x 1 v —(a"x)?® _ /x
s - 2% p(2
ab®>  ab®>  b—a™zx (a)
T 1 " x
=~ e+ P (D)
n—1

w2 - Ser ()
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3. Bivariables and their relationship with trivial A'-bundles — the
proof of Theorem 1.4

We start by giving an easy result which was already noticed in [10].

LEMMA 3.1. — Let n > 1 and let P € k[z]. Then, the following state-
ments are equivalent:

(1) The polynomial vp, is a k[z]|-variable of k[z,y, 2, u].

(2) The morphism mp.,,: A* — A? is a trivial A®-bundle.

(3) There exists a neighbourhood of the origin in A® over which mp,, is
a trivial A2-bundle.

(4) The restriction of the A®-fibration mp,, over the punctured plane A2
is a trivial A®-bundle.

Proof. — Asking that 7p,,: A* — A? is a trivial A%-bundle means exactly
that there exist 7, s € k[, y, z, u] such that the map

A 5 AT x A? =AY (2,9, 2,u) — (2, 0P, (T, Y, 2,u), 8(2, Y, 2, 1))

is an isomorphism, i.e. such that the equality k[z,y,z,u] = [z,vpn,T, ]
holds. Hence, the statements (1) and (2) of the lemma are equivalent.

If the morphism 7p,, : A* — A? is a trivial A2-bundle, then its restriction
to every subset of A? is trivial. Therefore, Assertion (2) implies both (3)
and (4). It remains to prove the converse implications.

By Theorem 1.3, the map 7mp, defines a locally trivial A2-bundle over
the punctured plane. Hence, if assertion (3) is true, then 7p,, is a locally
trivial A2-bundle over the whole A2, which is isomorphic to a vector bundle
by Bass—Connell-Wright Theorem [1] and is furthermore trivial by Quillen—
Suslin Theorem [14, 15]. This shows that Assertion (3) implies (2).

Under Assertion (4), there exist r, s € k(x,y, z,u) such that the map

AN\ {(z =vp, =0} — A2 x A?,
(x,y,z,u) — (:E,vp’n,r(m,y,z,u),s(x,y,z,u))
is an isomorphism. Since the locus where © = vp, = 0 has codimension 2
in A* (as it is in fact the surface defined by the equations x = y = 0 in
A*%), the ring of regular functions on A*\ {(z = vp, = 0)} = AZ x A?
is equal to the whole ring k[z,y, z,u]. Hence, the map above induces an

automorphism of k[z,y, z, u]. In particular, we have that r, s € k[z,y, z, ]
and k[z,y, z,u] = k[z,vpn,, 7, s|. This proves that (4) implies (2). O

By Theorem 1.3, the four conditions of Lemma 3.1 are equivalent to the
fact that the A%-bundle p;: X; — A2, where f € ka*!,bF!][z] is explicitly
given in the statement of Theorem 1.3, is a trivial A2-bundle.
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We recall the notation U, = A?\ {a = 0}, U, = A?\ {b = 0} and
Uwp = U, NU, = A%\ {ab = 0}. Let us denote by G4, G and Gy the
automorphism groups of the A%2-bundles U, x A2, U, x A? and U, x A2,
respectively. In particular, remark that G, and G} are subgroups of G,p. In
the sequel, we will abuse notation and denote an element

((a,0), (,9)) — ((a,0), (F(a,b,z,y), G(a, b, z,y)))
by (F(a,b,2,y),G(a,b,x,y)) or simply by (F(z,y), G(z,y)).

LEMMA 3.2. — Let f(x), g(z) € k[a™!, b [x]. Then, the two A%-bundles
ps and py are isomorphic as A%-bundles if and only if there exist o € G,
and B € Gy such that

ao(z,y+ f(x)o B = (z,y+g(x)).

In particular, the A*-bundle p¢ is isomorphic to the trivial bundle if and only
if there exist o € G, and 8 € Gy such that

aof = (z,y+ f(x)).
Proof. — Recall that the A%-bundles pf and p, are constructed by gluing
U, x A? and U, x A? via the transition functions (z,y + f(r)) € Ga and
(z,y + g(x)) € Gap, respectively. Hence, they are isomorphic as A%-bundles

if and only if one can find automorphisms of the A2-bundles U, x A% and
U, x A? that are compatible with the gluing. This gives the result. O

Investigating on the conditions of Lemma 3.2 for a specific example (for
instance in the case corresponding to the first Vénereau polynomial) is not
a simple task. On the contrary, when we consider X, and X as Al-bundles
over A2 x Al (via the projection onto the first three coordinates), it becomes
easy to decide whether two bundles X ¢ and X, are equivalent as A'-bundles.

LEMMA 3.3. — For all f,g € kla™!, b [x], the following conditions are
equivalent.

(1) The varieties Xy and X, are isomorphic as A'-bundles.
(2) There exist 7, € k[a*',b][z,y] and 7, € k[a,bT!][x,y] such that
a=(z,7,) € Gq, B=(z,7) € Gy and
ao(w,y+f(z))o B = (z,y +g(x)).
(3) There exist r, € kla™!,b][z], rp € k[a,bT!][z] and X € k* such that

g(x) = M (z) + ro(x) + rp(2).

Proof. — The Al-bundle structures X — A2 x Al and X, — A? x Al are
given by the restriction of the projection A2 x A2 — A2 x Al (a,b,2,y) —
(a,b,x) on both charts U, x A? and U, x A%. An isomorphism of A'-bundles
between Xy and X, is then given by o € Aut(U, x A?) and 8 € Aut(U, x A?),
both compatible with that projection. These automorphisms « and g must
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also belong to G, and Gy, respectively. Moreover, their first coordinate must
be equal to x. This shows that Assertions (1) and (2) are equivalent.

Suppose now that «, 8 are as in (2). Since the Jacobian determinants of
«a and S do not vanish on U, and Uy, respectively, they are of the form

a = (2, ey +ra(x)) and S0 = (2, py + ()

for some p, € ke, pp € k[pE]*, 74 € k[aT!, b][z] and 7y € Kk[a, bT][z].
The equality a o (x,y + f(x)) o 7 = (z,y + g(x)) is then equivalent to

frapiy = 1,74 () + pars(z) + paf () = g().
The above equalities can only occur when p, = (up)~' € k*. Therefore,
Assertion (2) implies Assertion (3). Finally, it is easy to check that (3) im-
plies (2), as we can construct suitable a and 37! given \,r,, 7, such that
9(x) = Af(x) + ra(z) + 15(2). 0

Remark 3.4. — Suppose that ps: Xy — A? is isomorphic to the trivial
A2-bundle. Then, by Lemma 3.2, there exist o € G, and S € G}, such that
a = (z,y + f(x)) o 5. In particular, @ and 8 have the same first compo-
nent, which is in fact an element of kla, b][z,y]. We call such an element a
bivariable.

DEFINITION 3.5. — We say that an element w € K[a, b][z,y] is a bivari-
able if it both a k[a™!, b]-variable of k[a*!, b, z,y] and a k[a, b*']-variable of
kla,b*, 2, y].

Ezample 3.6. — Every k|a, b]-variable of k[a, b, 2, y] is a bivariable.

Example 3.7. — Let m,n > 1 be positive integers. Then, the polynomial
w = a™x+b"y is a bivariable. Indeed, choosing 7, = a~"y and 7, = —b™ "z,
we can define @ = (w,7,) € G, and 8 = (w,7) € Gp. We remark that
ao Bt = (z,y+ f(x)) with f(z) = 5.

As explained above, we can associate a bivariable to every trivial bundle
ps: Xy — AZ. This motivates the following definition.

DEFINITION 3.8. — We say that a bivariable w € k[a, b][x,y] trivialises
the bundle py: Xp — A2, f(z) € kla®,bFY[z], if there exist elements T, and
7, ink[at!, b][z, y] and k[a, b [z, y], respectively, such that k[a™?, b][w, T,] =
ka*!,b][z, ], k[a, b [w, 7] = k[a, b*][z,y] and 7o = 7, + f(w).

Remark 8.9. — 1If a bivariable w € ka,b|[z,y] trivialises a bundle
pr: Xy — A? and if 7,, 7, and f are as in Definition 3.8, then

aof™ = (v,y+ f(2)),
where o = (w, 7,) € G4 and B = (w, ) € Gy. In particular, py is isomorphic
to the trivial A2-bundle.
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LEMMA 3.10. — FEvery bivariable w € Ka,b][z,y] trivialises a bundle
pr: Xp — A2 for some f(z) € kla®!,b*[z].

Proof. — By definition, an element w € k[a, b][x, y] is a bivariable if and
only if there exist 7, € k[a™!, b][z,y] and 7, € k[a, bT1][x,y] such that

k[ail,b][w,Ta] = k[ail,b] and k[mbil][w,n)] = k[mbil][;v,y],

i.e. such that a = (w,7,) € G, and 8 = (w, ™) € Gp. The Jacobian determi-
nant of « is an element of k[a™!, b] which does not vanish on U, x A2. Hence,
Jac(a) € k[a™']\ {0}. Substituting 7, with Tacta]» We may thus assume that
Jac(a) = 1. Similarly, we may assume that Jac(8) = 1. Moreover, since the
first components of o and S are both equal to w, the first component of
the composition a o 871 € G is equal to x. As the Jacobian determinant
of ao 371 is equal to 1, it follows that a0 371 = (z,y + f(x)) for some

f € k[a®!, bE[2].

Finally, the equality oo = (x,y + f(x)) o 8 implies that 7, = 7, + f(w) as
desired. ]

The group of k[a, b-automorphisms of the ring k[a, b][x, y] naturally acts
on the set of bivariables. Indeed, if w € k[a,b][z,y] is a bivariable and if
g € Autypqp(k[a,b][z,y]) is an automorphism, then the element g(w) is
again a bivariable. Therefore, we may consider bivariables up to the action
of the group Auty, s (kla, b][z,y]) and introduce the following definition.

DEFINITION 3.11. — We say that two bivariables wi,ws € Kla,b][z,y]
are equivalent if there exists a k[a,b]-automorphism of the ring k[a, b][z, y]
that maps wy onto ws.

We now proceed with the proof of Theorem 1.4.
Proof of Theorem 1.4. —

(1). — By Lemma 3.10 and Remark 3.9, every bivariable trivialises an
A%-bundle ps: X; — A? isomorphic to the trivial bundle.

We now prove that the isomorphism class of Xy, as a Al-bundle, is
uniquely determined by w. Suppose that a bivariable w trivialises two such
bundles py and p; and consider two suitable pairs (74,7) and (7,,7) as
in Definition 3.8. Define a = (w,7,), @ = (w,7,) € Ga, B = (w,7) and
B = (w,7) € Gy. Then, a0 f~1 = (z,y+ f(2)) and @0 f~L = (z,y + f(x)).
Since

aod ' = (z,y+ra(z)) and Bo L = (z,y +ro(a))
for some r, € k[a*!, b][z] and 7y, € k[a, b¥!][z], the two varieties X ; and X
are isomorphic as Al-bundles by Lemma 3.3.
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(2). — Suppose that two bivariables w’ and w are equivalent and let
Z8S Autk[a,b] (k[av b} [x,y]) be such that Cp(w) = w'. Then, ¢ = (@(x)a ¢(y)) €
G, N Gyp. Choosing o = (w,7,) € G, and B = (w,7) € G} as above, we
obtain

a’:aowz(w/,Té)GGa and BI:ﬂO’(/):(wl,Té)GGb

for suitable elements 7., 7{. Since, @ o 371 = o’ o f’~1, this implies that w
and w’ trivialise isomorphic (as A'-bundles) A2-bundles. Hence, the map &
of Assertion (2) is well defined. It remains to prove that this map is bijective.

The surjectivity of  follows from Remark 3.4. Finally, we prove the injec-
tivity. Consider two bivariables w and w’ trivialising the same bundle py. Let
a=(w,T,) € Gy, B=(w,m) € Gp,a = (W,7),) € Ggand ' = (W', 77) € Gy
be such that a o 37! = o/ o /7! = (x,y + f(x)). Then, the element
Y=aloa = 1o € G,NG, is an automorphism of A% x A2, whose ac-
tion on k[a, b, z, y| gives an automorphism ¢* € Auty|, ) (k[a, b][x, y]) send-
ing w onto w’. This shows that w and w’ are equivalent and concludes the
proof. O

We finish this section by considering again two simple families of bivari-
ables.

Ezample 3.12. — Let v € k[a, b, z,y] be a kla, b]-variable and let 7 €
k[a,b, z,y] be such that k[a, b][x, y] = kla, b][v, 7]. Defining 7, = 7, = 7, the
bijection of Theorem 1.4 associates the (equivalence class) of the bivariable v
to the (isomorphism class as A'-bundle) of the trivial bundle X ; with f = 0.

Ezample 3.13. — Let m,n > 1 be positive integers and P € kla, b]. Then,
the polynomial w = a™x 4 0™y + P is a bivariable. Indeed, choosing 7, =
a~™y and 7, = —b ", we get that @ = (w,7,) € G, and § = (w, ) € Gb.
Then, the bijection of Theorem 1.4 sends (the class of) this bivariable onto
(the class of) X where f = f(z) = Z£, since 7, = 7, + f(w).

4. A procedure to construct bivariables

Let w € K[a,b][z,y] be a bivariable, and let 7, € k[a™!,b][x,y] and
7 € kla,b*1][x,y] be such that a = (w,7,) € G, and B = (w,7) € Gy,
An easy way to get a new bivariable from w is to compose a with a trian-
gular automorphism ¢ = (z + P(y),y), where P € k][a, b][z] should be well
chosen, so that @ = w + P(7,) is also a G-variable. (Note that @ is the first
component of ¢ o a, hence it is a G4-variable.) In order to see that this idea
works in general, we recall the following well-known result (see for example
the proof of [6, Theorem 4]).
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LEMMA 4.1. — Let R be a commutative ring with unity, m > 1 be a
positive integer, a € R be a non-zero divisor and f,Q € R[X] be polynomials
in one indeterminate with coefficient in R. Then, the polynomial

v=r+aQ(a™y + f(x))
is a R-variable of R[z,y].

Proof. — Let us shortly recall, how the proof goes. The idea is to con-
struct, working by induction on ¢, polynomials g;(z) € R[z] such that

f(x) = gi(v) € a’ Rz, y]
for all integers ¢ with 1 < ¢ < m. This allows us to define a map ¢ €
Endg(R[z,y]) by setting

pz)=v and ¢(y)=y+ f@) = gm(v)

am
It turns out that ¢ is actually an automorphism of R[x,y]. We refer to [6,
Theorem 4] for the details. O

We now apply the above lemma to construct new bivariables.

PROPOSITION 4.2. — Let w € K[a,b][z,y] be a bivariable. According to
Theorem 1.4, let 7o, Ty and f(z) be such that k[a™!, b][w, 74| = k[a*', b][z, 1],
kla, b [w, 7] = k[a, b Y[z, y] and 7, = 7 + f(w). Suppose that m,n > 1
are positive integers such that a™b" f(z) € kla, b, z] and let Q € k[a, b][x] be
a polynomial. Then, the elements

w+aQ(a™1,) =w+aQ(a”m + a™ f(w))
and
w4+ bQ(b ") = w + bQ(b" 1, — b" f(w))
are bivariables of k[a, b][z, y].

Proof. — The proof that w + bQ(b"7p) is a bivariable being similar (by

exchanging the roles of a and b), we only prove that
W=w+aQ(a™1,) =w+aQ(amm + a" f(w))
is a bivariable.

On the one hand, it is a k[a™!, b]-variable since it is the first component
of the composition of the k[a*!, b]-automorphisms defined by (x,y) — (z +
aQ(a™y),y)) and by (z,y) — (W, 7a)-

On the other hand, there exists, by Lemma 4.1, a k[a, b*!]-automorphism,
say ¢, of k[a, b*!][z, y] whose first component is equal to v = z + aQ(a™y +
a™f(x)). The element & = w + aQ(a™7, + a™ f(w)) is therefore a k[a, b*]-

variable, since it is equal to the first component of the composition of ¢ with
the k[a, b*1]-automorphism defined by (z,y) — (w,73). O
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Remark 4.3. — Let w be a bivariable associated with the data 7,, 7
and f(x) as in Theorem 1.4. Let @ be a new bivariable obtained from w by
applying Proposition 4.2. Then, one can easily compute elements 7, 75 and
f(x) associated with @. Indeed, in the proof of Lemma 4.1, we explain how
to construct an explicit automorphism of R[z,y] whose first component is
equal to v.

Example 4.4. — Let us consider the bivariable w = ax + by from Ex-
ample 3.7. Recall that it is indeed a bivariable, associated with 7, = %7
Ty, = —3z and f(z) = -75. By Proposition 4.2, the polynomial

O =w+ bP(=b*1,) = ax + b*y + bP(x)
is a bivariable for each P(x) € kz].

Furthermore, one claims that this new bivariable is associated with
v P(3)

T ab? ab ’

with 74 = 7, = —;5 and with

2
Pzt f@) = L4+ PO 1P(x+b y”P(x)).
a ab ab a

Our claims is easy to check. First, it is straightforward to see that 7, €
k[a®!, b, x,7]. Then, since (&,75) € Gy C Ggp is an automorphism of Jaco-
bian determinant 1, it follows that the element (@,7,) € Gga, whose both
components belong to k[a®!, b, z,y], is also of Jacobian determinant 1, hence
that it is an element of G,.

Remark 4.5. — We recall that, as computed in Example 2.6, the function
f(m) above is actually the transition function of the bundle p 7 corresponding
to the fibration mp, in the case where n > deg(P). Consequently, it follows
from Theorem 1.4 and Lemma 3.1 that every polynomial vp, is a k[z]-
variable, when n > deg(P). In particular, we recover the fact that the n-th
Vénéreau polynomials are k[z]-variables for all n > 3.

We can now start with the bivariable of Example 4.4 and apply again
Proposition 4.2 to it. Doing so, we construct the following new bivariables.

LEMMA 4.6. — Let P € k[X] be a polynomial of degree 2 with leading
coefficient c € k* and suppose that char(k) # 2. Define w = ax+b*y+bP(z).
Then, the polynomial

a® (y Plx) 1 w
2 (52 Lo
W 2¢ <a * ab ab \a >
is a bivariable, associated with the A?-bundle over A? corresponding to the
fibration mpo.

- 1407 —



J. Blanc and P.-M. Poloni

Remark 4.7. — As a corollary, we recover the fact that the second
Vénéreau polynomial is a k[z]-variable of k[z,y, z, u] when char(k) # 2.

Proof of Lemma 4.6. — We recall that w = ax + b’y + bP(z) is the
bivariable constructed in Example 4.4 and that it is associated with the
data 7, = £+ 28 — Lp(2) 5 = —% and f(z) = & — 5P (Z). By

a

Proposition 4.2, the polynomial

W=w+aQ(a™7,)

is a bivariable for every m > deg(P) and every Q € k|[a, b][z]. In particular,
we may choose m = 3 and @) = 7. With these choices, we obtain the
bivariable
a® a (y Px) 1 w
et e (420 Lo (2)
v w+20 +20<+ab ab a)

Now, it remains to check that this bivariable indeed corresponds to the
transition function of wpg, i.e. that it is associated with the function

oy == P (2) - o (2)

that we computed at Example 2.6.

As (w,7,) € G4, we also have (&, 7,) € G, and we can let 7, = 7,. To
conclude the proof, we only need to prove that

~ -~

To =70 — @) =70 — F@) =7+ f(w) — F(@)

is an element of the ring k[a, b*', x, 3], i.e. that it has no denominators in a.
So, we need to prove that f(w) — f(@) € k[a, b*!, z,].

Let us define
A =w—ar = by +bP(z) € k[a,b,z,y].

The defining expression of @ gives

~ a’ w a’ AN 2 A 3
w:UJ_QbCP<a)—UJ_2bP( ):W—azb (moda),

where the congruence holds in the ring k[a, b*', 2,y]. In other words, there

exists an element R € k[a,b*!, z,y] such that
2

A
~ _ 2 3
w=w a—%—i—a R.
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By Taylor expansion, we then get, as deg(f) = deg(P) = 2, that
A2
f@=f <w —a® =+ a3R)

2
= f(w) + (—a2A2 + a3R> - ff(w) +% (—a2§b2 —|—a3R> (W)

cA3
= f(w) + e + Rs,

for some element Ry € kla, b, 2, y].

“op <W> _ R

Finally, since

a ab?

for some element R3 € k[a, b, z,y], we get that

F@) - fw) = 1@ - gzoP (2) - 1)

cA3 cA3
= TR g
= R2 - RS S k[aabilaxay]’
as desired. O

Lemma 4.1 does not only allow us to construct bivariables, but it is also
useful to study A%-bundles ps: X; — A2, f € k[a®!,b*![z], that are not
necessarily trivial. More precisely, given a bundle p;, one can construct other
bundles pg, that are isomorphic to ps as follows.

PROPOSITION 4.8. — Let fy, gp € kla,b*][z]. If there exist m > 1 and
Q € K[a, b][z] such that

g(x + aQ(fo(x))) = fo(x) (mod a™),
then pg, 1qm and pg, 1qm are isomorphic A?-bundles.

Proof. — Define v = z+aQ(a™y+ fy(z)). By Lemma 4.1, v is a k[a, b*']-
variable of k[a, b1, x,y]. We also define a = (z — aQ(a™y),y) € G, and
v = (v,y + L8y ¢ G Since ao (z,y + 2) 0y = (2,y + L&),
the result will follow from Lemma 3.2 if we prove that v is actually an

element of Gy. As (z,y + fo(x)/a™) € Gap has Jacobian 1, the same holds
for (v,y + fo(z)/a™) € Gap and for v € Ggp. To obtain that v € Gy as
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desired, it suffices to observe that y + w € k[a™1,b][z, ], as gp(v) =
gp(z + aQ(fp())) = fo(z) (mod a™). O

Although we unfortunately did not succeed to address the case of the first
Vénérau polynomial with our techniques, Proposition 4.8 does lead to the
following three results. Recall that the first Vénérau polynomial is a k[x]-
variable if and only if the A%-bundle pys, : Xy, — A? is isomorphic to the
trivial bundle, where

Ezample 4.9. — Suppose that char(k) # 2. Then, one can apply Propo-

sition 4.8 with Q(x) = § to show that the bundle p, where

=R 1w

is isomorphic to the bundle p; where

J(@) = falw) = =5 = =

Indeed, writing f, = a®f, g» = a®g € k[a,bT!][z], a straightforward calcula-
tion gives gu( + aQ(fo(x))) = fy(x) (mod o).

As py, is a trivial bundle, the same holds for p,. Note that g differs from
f1 only by the coefficient g in its last summand.

Ezample 4.10. — Assume that char(k) # 2 and that 5 is a square in k.

Then, one can apply Proposition 4.8 with Q(x) = X 2 where € = & to

2 V5
show that the A%-bundles py, and p, are isomorphic, where
x x2 £x3
90 =25~ T e
is of degree three in x. Indeed, writing f, = a®f1, g, = a®g € k[a,b*!][z], a
straightforward calculation gives fy(z + aQ(gy(2))) = gp(x) (mod a?).

Ezample 4.11. — Assume that char(k) # 2. Then, one can apply Propo-
sition 4.8 with Q(z) = % to show that the A%-bundles py, and p, are iso-
morphic, where

T x? 124

90) =0~ a3 T 1ab
has the same degree than f; but with one summand less. Indeed, writing
fo = a’f1,gp = a®g € k[a, b*!][z], a straightforward calculation gives f;(x +

aQ(gy(x))) = gv(z) (mod a?).
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5. Local triviality on the blow-up

By Theorem 1.3, every map

TPmn: At — A
('Tayvzau) — (.T,Up,n)

has the structure of an A2-bundle over the punctured affine plane. In fact,
a stronger fact holds: every map 7p, yields an A%-bundle over A? blown-up
at the origin.

THEOREM 5.1. — If we denote by e: A2 — A2 the blow-up of (0,0) € A?
and by n: A* — A? the blow-up of x =y = 0, then the pull-back of wp, by €

Tpn: A x 2 A% — A2

is a (locally trivial) A%-bundle. Moreover, A* x,2 A2 — A2 is simply the
blow-up of x =y = 0.

Proof. — The blow-up €: A2 — A2 of the origin can be seen at the pro-
jection ((a,b),[A : B]) — (a,b), where

A% ={((a,b),[A: B]) € A x P! | aB = bA}.
We consider the two open subsets defined by A # 0 and by B # 0. They

a

correspond to Spec(k[a, 2]) and Spec(k(b, £]) respectively, and their intersec-
tion is isomorphic to Spec(kla, b, %, £]). The transition function oo (z,y+
f(z)) o B € Gap, computed in Lemma 5.22 below, is then an isomorphism
over this intersection. This proves that 7p, is a locally trivial AZ-bundle.
Moreover, as A2 — A2 is the blow-up of (0, 0), the morphism A% x 42 A% — A2
is the blow-up of (7p, )~ (0,0), which is the surface given by x =y = 0. O

LEMMA 5.2. — Letn > 1, P € k[z] and let w € k[a, b, x,y| be defined by
w = ax + b*y + bP(z). For every m > 1, define
x 1 v —(a™x)™ x 11 541
m:———.ip(f) k[a®L, b+ [].
f ab?>  ab™ b—arx a la Jlz]

Then, the following hold:

(1) The elements o = (w, £ + %b(a_lw)) and 3 = (w, —b~2x) belong
to the groups G, and to Gy, respectively, and they satisfy that o' o
@,y + f1(x)) 0 B = (z,9).

(2) For each m > 1, the components of a~! o (z,y + fm(x)) 0o B €
Gap, as well as the components of its inverse, all belong to the ring
kla,b, ¢, g,x, y].
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Proof. — Assertion (1) is straightforward to check. Let us denote T,, =
(z,y + fm(x)) € Gap for each m > 1. In particular, T1 = (z,y + -3z —
LP(%)) € Gqp and we observe that

<T1>1°Tm‘<x’y+fm(m) pr (2)
ib—ab%bmb:z:% r(?))
(s (g Swaie (2)
(s 5 S 2 (2).

Since, 871 = (=b%y, & +ay — - P(—b*y)) and T} = a o B!, we can
now calculate

_ 1" fana\*
=5 ( Y (b) 'P()>°ﬂ
4 1 faw)*
=5 °<°” b2_abkz_:1<b) 'P(a)>
b farw\ " Wy w  ar 1% fa'w w
:<x+ak_l<b) 'P(a)’bz‘bz‘b“<b) P(5)
1 b farw\ " w
57 (“I; (%) P(a)>>
b farw\* w 1% fanw\F w
:<x+ak_1<b) P (%) P ()

As € k|a,b, 7, 7}, it is straightforward to check that the two components
of the above map are contained in k|a, b, ¢, 7] Moreover, since the Jacobian
determinants of «, 8 and T, are equal to 1, the Jacobian determinant of
a~'oT,, of is also equal to 1 and the components of its inverse also belong

to the same ring. O
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6. The varieties X; for small denominators

In this section, we study the varieties Xy introduced in Definition 1.2. One
may always choose m,n > 0 such that a™b" f(z) € k[a, b, z]. Our main result
is Proposition 6.4 which gives a criterion to decide whether the corresponding
bundle p;: Xy — A? is a trivial A%-bundle, in the special case where one of
the two integers m or n is at most 1.

We will proceed as follows. We will first realise X¢ as an open subset of
an affine hypersurface Y C A® (see Lemma 6.1). Then, we will study when
the morphism py: X — A? extends to a (locally) trivial A%-bundle Y — A?
(see Lemma 6.2). Afterwards, we will compute the ring of regular functions
on a variety Xy (see Proposition 6.3) and show that, in the case where m = 1
or n = 1, this ring is equal to the ring of regular functions of Y. We will
finally use this result to prove Proposition 6.4.

LEMMA 6.1. — For each f = f(a,b,z) € k[a™?,b%][z] and for all inte-
gers m,n > 0 such that P(a,b,x) = a™b" f € kla,b, x|, the variety Xy ad-
mits an open embedding into the hypersurface Y C A = Spec(k|a, b, 2, u, v])
defined by the equation

a™u —b"v = P(a,b,x).

More precisely, Xy is isomorphic to Y \ {a = b = 0}, via the isomorphisms

©: U, x A2 — Y\{a =0},
((a,0), (z,9)) — (a,b,2,b"y +a""P(a,b,x),a™y).
P Uy x A2 — Y'\{b =0},

((a,b), (z,y)) +— (a,b,x,b"y,a™y — b "P(a,b,x)).
Proof. — We observe that the maps 1), ¢ are isomorphisms, whose inverse
maps are given by
e Y\ {a=0} = U, x A%, (a,b,z,u,v) — ((a,b), (z,a” ™))
LY\ {b=0} = U, x A%, (a,b,z,u,v) — ((a,b), (x,b~"u)).
Moreover, as we obtain the transition function of X via the composition

w—l op: Uap X A? — Uap X A?
((a,b), (z,y)) — ((a,b),(x,y+a ™b""P(a,b,x))),

we see that the two maps ¢ and 9 induce inverse isomorphisms between X
and Y\ {a =b=0}. O

LEMMA 6.2. — Let m,n > 1 and P € K[a,b,z]. Define Q = a™u —
b"v — P € K[a,b,z,u,v] and let 7: Spec(k|a,b, z,u,v]/Q) — A? be the mor-
phism defined by (a,b,z,u,v) — (a,b). Then, the following conditions are
equivalent:
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(1) 7 is a trivial A%-bundle.

(2) 7 is a locally trivial A%-bundle.

(3) The fibre 7=1((0,0)) 4s isomorphic to A2.
(4) P(0,0,z) € k[z] is of degree 1.

(5) Q is a K[a,b]-variable of k[a, b, z,u,v].

Proof. —
(1) = (2). — Because any trivial bundle is locally trivial.

(2) = (3). — As 7 is a locally trivial A%-bundle, the fibre over (0,0) is
isomorphic to AZ.

(3) = (4). — The fibre over (0,0) is defined by the equation P(0,0,x).
If this fibre is isomorphic to A2, the polynomial P(0,0,x) is then of degree 1.

(4) = (5). — We suppose that P(0,0,z) is of degree 1 and prove that
Q is a k[a,b]-variable of k[a,b,z,u,v]. We may apply elements of G =
Auty, ) (K[a, b, z,u,v]), since these automorphisms send k[a, b]-variables
onto k|a,b]-variables. Applying such an automorphism that sends = onto
&x + p for suitable & € k* and p € k, we can suppose that P(0,0,z2) = x
and replace @ with

Q1 =z+a"u+b"v+aPi(a,b,z)+bP(a,b,x) € Kkla,b, z,u,v],
where Py, Py € kla, b, z]. Now, Lemma 4.1 implies that x4+ a™u+aP;(a,b, x)
is a k[a, b, v]-variable of k[a, b, v][z, u]. There is thus g € G such that v = g(v)
and = g(z 4+ a™u + aPy(a,b,x)). Hence, Q2 = g(Q1) is of the form

Q2 =z +b"v+bPs(a,b,z,u) € Kla,b,x,u,v],
where P; € k[a,b,z,u]. In turn, again by Lemma 4.1, the element Q9 is
a kla, b, u]-variable of k[a,b,u][z,v] and it is thus in particular a k[a, b]-
variable.

(5) = (1). — If Q is a k[a, b]-variable of k[a,b,x,u,v], there exists a
k[a, b]-automorphism of k[a, b, 2, u,v] which sends @ onto z. This isomor-
phism trivialises the A2-bundle 7. O

PROPOSITION 6.3. — For each f = f(a,b,z) € k[a*!,b*F![x], the fol-
lowing hold:

(1) The ring O(Xy) of regular functions on Xy is given on the two
charts U, x A% and U, x A? by R, and Ry, respectively, where

Ro =k[a™,b,z,y) Nk[a,b* 2,y + f],
Ry = Kk[a,b™!, z,y] Nk[a®, b, 2,y — f].
(2) For all integers m,n > 0 such that P = a™b" f € K[a, b, x], we have
kla,b,z,a™y,b"y +a~"P] C R, and k[a,b,z,b"y,a™y — b~ "P] C Ry.
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Moreover, the first inclusion is an equality if and only if the second
s also an equality.

(3) If P(0,0,z) # 0 and m = 1 or n = 1, the inclusions in (2) are
equalities.

(4) Under the assumption that the inclusions in (2) are equalities, we
have that X s is a trivial A'-bundle if and only if P(0,0,z) = P|a—p=o
is of degree 1.

Proof. — Denote by : U, x A? --» U, x A? the birational map
(@), (29)) = ((a.5), (2, + £(a,b,2)) and by  its inverse.

(1). — A regular function on X/ is a function that is regular on U, x A?
and Uy x A2. Regular functions on U, x A? correspond to the ring O(U, x
A?2)Ny*(O(Uy x A?)). Similarly, regular functions on U, x A? correspond to
O(Uy x A%) N ¢*(O(U, x A?)). As O(U, x A?) = k[a*!,b,z,y] and O(U;, x
A?) = k[a,b*!, z, y], Assertion (1) follows.

(2). — As P =a™b"f € k[a,b,z], we have b™"P = a™f € k[a,b*", ]
and a™™P = b™f € kla™!,b,z]. Hence, b"(y + f) = by +a ™P € R,
and a™(y — f) = a™y — b " P € Ryp. This shows that the two inclusions in
Assertion (2) hold. Moreover, since ¢*(b"y + a~™P) = b"y and *(a™y —
b~—"P) = a™y, it follows these inclusions are either both strict or both an
equality.

(3). — We now assume that m = 1 and P(0,0,z) # 0. This implies that
P(0,b,z) € k[b, x] \ bk[b, z]. We want to prove that R, C k[a, b, z, ay, b"y +
a~!P]. Writing P = P(0,b,z)+aS for some suitable S € k[a, b, z], we obtain
that R, = k[a™, b, z,y]Nk[a, b, 2,y + %] and k[a, b, z,ay, by +a 1P| =
k[a, b, z,ay, by + a1 Py]. So, we may assume that P = P(0,b,z) € k[b,z] \
bk[b, 2.

Let us replace y by £ and define u = bnyTH) € kl[a™!,b, x,7]. Doing so,
we now need to prove that any element w € k[a™', b, x,y] N k[a, b, 2, u]

belongs to the ring k[a, b, z, y, u].

We write w = bws with W € Kk[a, b, z,u] C kla,b, z,y,u] and s > 0. Using

the fact that au = b"y + P, we can rewrite W as
d .
W=> u'Q;+R,
i=1
where d > 1, Q; € k[b, z,y] for each ¢ and R € k[a, b, x, y].

If s =0, then w = W € k[a,b,z,y,u] and we have nothing to prove.
Therefore, we assume that s > 0. This implies that W = 0 (mod b), since

w = bw € k[a™!,b, z,y]. Denoting by Pc k[x],@i S k[x,y],ﬁ € kla,z,y]
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the elements such that P = P, @ = Q;, R=R (mod b), gives us the equality
0= Zgzl(g)ic;)i + R. Multiplying this equality by a?, we then obtain that

d d—1
0= Z Pa®'Q; + a’R = Z P1Qq_ia’ + a’R € K|a, z,y] = K[z, y][a).
i=1 =0

Note that P # 0, since we assumed that P & b - k[b, z]. Therefore, since all
coefficients of a’ with ¢ < d are equal to 0, we get Q; =0 foralli =1,...,d,
and that R = 0.

This means that W is divisible by b and we can thus write w = % = bz[fll

with W’ € K[a,b, z,y,u]. Arguing as before, we eventually conclude that
w € K[a, b, x,y,u], as desired.

The case where n = 1 and P(0,0,z) # 0 is similar, when exchanging the
roles of a and b.

(4). — We now assume that the inclusions of 2 are equalities, and prove
that Xy is a trivial Al-bundle if and only if P(0,0,z) = P|q—p—o is of de-
gree 1.

The equalities of 2 imply that the ring O(Xy) of regular functions on X
is given on the two charts U, x A% and U, x A? by

kla,b,z,a™y,b"y + a~™ P] and kla, b, z,b"y,a™y — b~ " P],

respectively. In particular, considering the open embedding X < Y defined
in Lemma 6.1, the ring of regular functions on Xy is the restriction of the
ring of regular functions on Y. Moreover, the A%-bundle ps: X¢ — AZ is the
restriction of 7: Y — A? given by (a,b,z,u,v) — (a,b) (see Lemma 6.1).

If P(0,0,7) is of degree 1, then the morphism 7: Y — A2 is a trivial
A%-bundle (Lemma 6.2), so the restriction p¢ is also a trivial A%-bundle.

Conversely, we now assume that py is a trivial A2-bundle and prove that
P(0,0,x) is of degree 1. Let x: A? x A2 = Xy be an isomorphism such
that py o x is the projection onto the second factor. Then x extends to a
birational map A% --» Y C A® between two affine varieties, which induces
an isomorphism between their regular rings, since O(Xy) = O(Y)|x, and
O(A? x A2) = O(A*)[p2x42. Thus, y is in fact an isomorphism A2 =Y.
By Lemma 6.1, it sends A% x (0,0) onto Y \ Xy =Y N{a =b =0} =
771(0,0). Since 771(0,0) ~ A2, we can now conclude, by Lemma 6.2, that
the polynomial P(0,0,x) is of degree 1. O
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PROPOSITION 6.4. — Let f = f(a,b,z) € k[a®', b*!][x] and let m,n >0
be such that P(a,b,z) = a™b™f € k[a, b, x].

(1) If m =0 orn =0, then the A*-bundle ps: X5 — A? is trivial.

(2) Suppose that P(0,0,z) # 0, i.e. that m and n are minimal with the
property that P(a,b,z) = a™b™f € kla,b,z]. If m =1 orn = 1,then
the A%-bundle pp: X5 — A2 is trivial if and only if P(0,0,z) is a
polynomial in k[z] of degree one.

Proof. —

(1). — If m = 0 or n = 0, then f € k[a,b*!][z] or f € k[a™!,b][z].
This implies that the corresponding A'-bundle X; — A% x Al is trivial (see
Lemma 3.3). In particular, py: X5 — A? is a trivial A%-bundle.

(2). — This follows directly from the assertions (3) and (4) in Proposi-
tion 6.3. 0

Remark 6.5. — If m,n > 2, then the A%bundle ps: Xy — A? can be
trivial, even if the polynomial P(0,0,x) is not of degree one. This occurs
for example in the special case where f(a,b,7) = a=3b~2(a?z — bz?), which
corresponds to the third Vénéreau polynomial. The next example is another
instance of this phenomena when n = m = 2.

Example 6.6. — Let P(a,b,z) = (a + b)x and f(a,b,z) = a=2b72 x
P(a,b,z) = a=?b?(a+ b)z. Then, the A%-bundle ps: X; — A? corresponds
to the bivariable w = a?x + (b — a)y and is thus trivial. Indeed, a straight-
forward calculation gives a0 =% = (2,9 + f(a, b, z)) where

a=(wa%y)eG, and B=(w,b 2y —b2(a+b)x)c .
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