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Irrational pencils and Betti numbers *
FraNncisco NicorAs ) AND PIERRE Py (2)
ABSTRACT. — We study irrational pencils with isolated critical points on compact

aspherical complex manifolds. We prove that if the set of critical points is nonempty,
the homology of the kernel of the morphism induced by the pencil on fundamental
groups is not finitely generated. This generalizes a result by Dimca, Papadima and
Suciu. By considering self-products of the Cartwright—Steger surface, this allows us
to build new examples of smooth projective varieties whose fundamental group has
a non-finitely generated homology.

RESUME. — Nous étudions les pinceaux irrationnels & points critiques isolés sur
les variétés complexes compactes et asphériques. Nous prouvons que si un tel pinceau
posséde au moins un point critique, alors ’homologie du noyau du morphisme induit
entre groupes fondamentaux n’est pas de type fini. Ceci généralise un résultat de
Dimca, Papadima et Suciu. En considérant le produit de plusieurs copies de la surface
de Cartwright—Steger, ceci nous permet de donner de nouveaux exemples de variétés
projectives lisses dont le groupe fondamental a un groupe d’homologie qui n’est pas
de type fini.

1. Introduction

1.1. Finiteness properties and fundamental groups of smooth pro-
jective varieties

Recall that a group G is of type %, for some integer ¢, if there exists a
classifying space for G (i.e. a K(G, 1)) which is a CW-complex with finite
{-skeleton. This condition was introduced by Wall [24]. For finitely presented
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groups, this is equivalent to the property of being of type FP, (see [7] for
the definition of this last property). Given a group G, one can ask whether
it admits a classifying space which is a finite complex or whether it has
property %y for some £. We refer to [1, 2, 5, 20] for important works on
these notions.

In the context of the study of fundamental groups of smooth projective
varieties, called projective groups in what follows, Kollar asked in [14, §0.3.1]
whether a projective group is always commensurable (up to finite kernels)
to a group admitting a classifying space which is a quasi-projective variety.
Since any quasi-projective variety has the homotopy type of a finite com-
plex [10, p. 27], a positive answer to this question would imply that any
projective group is commensurable to a group having a finite classifying
space. However, a negative answer to Kollar’s question was given by Dimca,
Papadima and Suciu in [11]. To describe their results let us introduce some
notations.

Notation. — Throughout this text, X will be a (connected) compact com-
plex manifold of complex dimension n > 2 and S will be a closed Riemann
surface of positive genus. A surjective holomorphic map with connected fibers
f: X — S is called an irrational pencil. For such a map, we will always de-
note by A the kernel of the induced homomorphism f, : 1 (X) — 71 (5).

In [11] the authors proved the following two results.

THEOREM 1.1 (see [11, Theorem C]). — Ifn >3 and if f : X — S is
an irrational pencil with isolated critical points, then the fundamental group
of a smooth fiber of f embeds into that of X and coincides with the kernel A
of the induced homomorphism f, : m1(X) — w1 (S5).

THEOREM 1.2 (see [11, §2]). — Let X = X1 x---x X, be a direct product
of n Riemann surfaces of genus greater than 1 and let S have genus 1. If
f X — S is an irrational pencil with isolated critical points then the group
H, (A, Q) is not finitely generated.

Remark 1.3. — If we use the group structure on S, it is easy to see that
any irrational pencil f : X — S as in Theorem 1.2 is the sum of holomorphic
maps f; : X; — 5, ie.

f(pla-~~7pn) = fl(pl) + +fn(pn)

If all the f;’s are nonconstant and n > 2, f has connected fibers if and only
if it is mi-surjective, see Lemma 2.1 in [17]. The set of critical points of f
is the product of the critical sets of the f;’s. Hence f has isolated critical
points if and only if all the f;’s are nonconstant.
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Combining Theorems 1.1 and 1.2, Dimca, Papadima and Suciu answered
negatively Kollar’s question. Indeed in the situation of Theorem 1.2 the group
A, which is the fundamental group of a smooth fiber of f if n > 3, cannot be
of type FP,, as the group H,(A,Z) is not finitely generated. The property
of being of type FP,, is invariant by the commensurability relation [2, 11].
Therefore, no group commensurable to A can have a finite classifying space.

Building on the work [11], further examples of fundamental groups of
smooth projective varieties with exotic finiteness properties were constructed
and studied by Llosa Isenrich [17, 18] and by Bridson and Llosa Isenrich [6].
Note however that all the examples studied in [6, 17, 18] are either sub-
groups of direct products of surface groups or extensions of such subgroups
as in [6]. The purpose of this note is to provide further examples of projective
groups violating the %, condition for some ¢ and which are not isomorphic
to subgroups of direct products of surface groups (see Proposition 3.1), as
well as to prove that the conclusion of Theorem 1.2 holds in much greater
generality.

1.2. Irrational pencils and Betti numbers

Let f: X — S be an irrational pencil with dim¢ X =n > 2. As before A
denotes the kernel of the morphism f, : 71 (X) — 71 (5). We assume that the
critical points of f are isolated and that f is not a submersion; its critical
set is then a nonempty finite set. Let X — X be the covering space such

~

that 71 (X) ~ A. Our main results are the following:
THEOREM A. — The homology group Hn()A(,Q) is infinite dimensional.

THEOREM B. — If X is aspherical, the group H,(A,Q) is infinite di-
mensional. In particular A is not of type FP,,.

Note that if X is aspherical, the space Xisa K (A, 1), hence Theorem B
follows from Theorem A. The very short proof of Theorem A will be given
in Section 2.

When n > 3, the group A is isomorphic to the fundamental group
of a generic fiber of f, thanks to Theorem 1.1. Hence, when n > 3 and
X is aspherical and projective, A is a projective group with exotic finite-
ness properties. We now discuss the relation of our results with the earlier
works [3, 11, 13, 17, 18].

To study the topology of the covering space X , we follow the same method
as in the articles [11, 13], which can be seen as a complex analog of Bestvina
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and Brady’s work [1]. Namely, denoting by S the universal cover of S, we
consider a lift f : X — S of f and analyze the topology of X by viewing it
as the union Uk>1 g~ Y(Dg) where (Dy)>1 is an increasing union of disks in

S and g: X — S is either the map for a small perturbation of it.

In the special case when X is a product of Riemann surfaces and S has
genus 1, Theorem B reduces to Theorem 1.2 above. Dimca, Papadima and
Suciu’s proof was based on the notion of characteristic varieties. Our proof
however is more direct and applies in full generality: X can be any aspherical
complex manifold and the genus of S need not be equal to 1.(1)

When X is a product of Riemann surfaces, the fact that A is not of type
FP,, can be deduced from the work of Bridson, Howie, Miller and Short [5].
See [17, 18] for further results which rely on properties of subgroups of direct
products of surface groups.

Under the same assumptions as in Theorem B, the article [3] proves the
weaker result that the group A is not of type FP see [7, §VIIL.6] for the
definition of this property and Theorem 7.3 in [3] for this result.

When n = 2, Kapovich [13] has proved that if f : X — S is an irra-
tional pencil which is not a submersion, with no multiple fiber and with X
aspherical, then the group A = ker(f.) is not finitely presented (without
assuming that f has isolated critical points). In the case of maps with iso-
lated critical points, Theorem B gives a slight strengthening of Kapovich’s
result since a finitely presented group must have finitely generated second
homology group. Our proof is very close in spirit to the one in [13].

1.3. Self-products of the Cartwright—Steger surface

It is of course interesting to look for more examples of projective (or closed
Kéhler) manifolds endowed with an irrational pencil to which one can apply
Theorems A and B. One way to build new examples is to use the Cartwright—
Steger surface. Recall that this surface is a smooth compact complex surface
which is a quotient of the unit ball B of C2. We will denote it by Y in what
follows. Hence there exists a torsion-free cocompact lattice I' < PU(2,1)
such that Y = B/T". The surface Y is characterized (up to changing the sign
of the complex structure) by the fact that its Euler characteristic is equal
to 3 and its first Betti number is equal to 2. It was discovered in [9] in the

(1) On the other hand the article [11] also studies the finiteness properties of arbitrary
normal coabelian subgroups of direct products of fundamental groups of closed surfaces,
not necessarily coming from irrational pencils.
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context of the classification of fake projective planes. It was further studied
by several authors, see for instance [8, 21, 22].

We now denote by h : Y — E the Albanese map of Y, whose target is
an elliptic curve since b;(Y) = 2. Cartwright, Koziarz and Yeung [8] have
proved that the map h has isolated critical points and Koziarz and Yeung
later proved that these critical points are nondegenerate [15]. We can thus
consider the product Y of Y with itself b times and the map

h4---+h:Y" — E. (1.1)

This provides natural examples to which one can apply Theorem A. We
discuss these examples in Section 3. Denoting by I' < PU(2,1) the funda-
mental group of the Cartwright—Steger surface, our construction together
with Theorem B immediately implies:

THEOREM C. — The direct product of b copies of I contains a coabelian
normal subgroup N which is of type FPop_1 but satisfies that Hap(N,Q) is
infinite dimensional.

The group N appearing above is the kernel of the morphism on funda-
mental groups induced by the map (1.1). The fact that N is of type FPo,_1
will be explained at the end of Section 2, in Remark 2.2. For a description
of the lattice I', we refer the reader to [8].

2. Growth of the n-th Betti number

We prove here Theorem A Welet f: X — S and X — X be as in
Section 1.2. Let S be the universal cover of S and f: X — 5 be a lift of f.
The surface S is topologically a plane. We now make the following:

Observation. — There exists a C'* map fo X o §, C*°-close to j?,
which is holomorphic in a neighborhood of its critical set and such that each
critical point is nondegenerate.

This observation is well-known, see [19]. To prove the existence of such a
map fo we perturb fin a neighborhood of each degenerate critical point. We
first identify S with C or the unit disc of C. Let q € X be a critical point of
f. We pick a neighborhood Uy of ¢ that we identify with an open ball B(0, ¢)
centered at the origin of C™ via the choice of some holomorphic coordinates.
So we can consider the map f: B(0,e) ~ Uy — S C C. Let £, be a linear
form on C" which is a regular value of the map df : B(0,e) — (C™)* and
which is small enough (if ¢ is nondegenerate, we take ¢, = 0). Then the
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map f — ly : B(0,e) — S C C still takes values in S and has finitely many
critical points which are all nondegenerate. The number of its critical points
is exactly the Milnor number of the critical point g for the map f If ¢, is
small enough, we can assume that all critical points lie in the ball B(0, 5)
(see Appendix B in [19], in particular the remark on page 113, or [12, §5.4]
for more details). In the following we write V; = B(0, 5). We perform the
previous construction for each point of the critical set Crit(f ) of f , assuming
that the open sets

(UQ)qECrit(f)
are disjoint. One builds the map fo by declaring that fg is equal to f— £, on
Vg, to f outside the union of the open sets (Uq)qecm(f) and to a deformation

between f and f — £y on U, — V,. This can be performed in such a way that
every critical point of fg is contained in one of the V;’s. Although this is not
necessary, we also observe that all this can be done in an equivariant way
for the action of 71(X), so that the map fo descends to a map fo: X — S
homotopic to f. This implies the statement of the observation.

Slnce all the d1scussmn below is topological, we will now work with the
map fo instead of f As in [11], we study the topology of X by viewing it as
the increasing union of a well-chosen sequence of compact subsets. We write

S= UDk

where each Dy, is homeomorphic to a closed disk, Dy, C Int(Dg41), no critical
value of fo is contained in the boundary of Dy, Dy11 — Dy, contains exactly
one critical value for k > 1 and D; contains no critical value. We set X k=
fal(Dk). Hence X retracts onto a smooth fiber of ]?0. For k > 2, the
topology of the space X & is described thanks to the following proposition.

PROPOSITION 2.1. — The space )?k.l,_l has the homotopy type of a space

obtained from )A(k by gluing to it a finite number my > 0 of n-dimensional
cells.

This proposition is well-known (see e.g. Lemma 3.3 in [11] for a related
statement, although in that lemma the authors work with the original map
finstead of our perturbation fo). We briefly sketch its proof below, for the
reader’s convenience.

Proof. — Let ¢ : [0,1] — Int(Dg41) be an embedded arc going from a
boundary point ¢(0) of Dy, to the unique critical value contained in Dy —
Dy,. We assume that c(t) ¢ Dy for t > 0. Let D* be a small disk centered at
¢(1) and contained in Int(Dy11 \ Dy) (see Figure 2.1).
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Figure 2.1. The disks Dy and D*

Since the restriction of fo to the preimage of the set of regular values is a
locally trivial fibration, X deformation retracts onto XU fo ' (c([0,1])U

D*). Let my > 0 be the number of critical points in the level fgl(c(l)).
Let z1,..., 2y, be the corresponding critical points. We fix a regular value

t = c(1 —0) (for a small § > 0) of fo close enough to ¢(1). According to
the theory of Lefschetz fibrations (see [23, §14.2.2]) one can find my, disjoint
(n — 1)-dimensional spheres

S U USm, C fol(t)

(each sphere S; being contained in an arbitrary small neighborhood of x;
fixed in advance) such that fg 1(D*) has the homotopy type of the space

obtained from J/C\E L(t) by gluing an n-dimensional ball to each of the spheres
S;. By fixing a trivialization of the fibration

Fo: fo'(e([0,1))) — ¢([0,1)),
each sphere S; can be identified to a sphere S} C fa 1(¢(0)) in such a way that
the (S;)lgjgmk are disjoint. Hence )?kJr] retracts onto the space obtained

from X k by gluing a ball to each of the spheres S7. This proves the result. [J
Proposition 2.1 immediately implies the following:
Observation. — The sequence b,, 1 ()/(:k) = dimg Hn,l()/fk, Q) is decreas-
ing with k.

Let kg be a large enough integer such that the sequence
(b1 (X )iz ko

is constant. We will now prove that the sequence (b, (X))k>k, is strictly
increasing with k£ and that each map

Hn()?kaQ) —>Hn()?k+17(@) (21)

induced by the inclusion X B X k+1 is injective for k > ko. This immedi-
ately implies Theorem A since the group H,, (X, Q) is the direct limit of the
H, (X, Q)’s.
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We use the notations from the proof of Proposition 2.1. Let k > kg. We
know that X1 has the homotopy type of a space Wi, 1 obtained by gluing
a ball to each of the spheres

SiuU...uSh C Xg.

‘We write:
Wit1 =X UB1U...UByp,, (2.2)

where each Bj is homeomorphic to an n-dimensional ball, B; N B; = ) for
Il # j and )?k N B; is equal to the boundary of B, (or to the sphere S5
depending on whether one views it inside X r or Bj). Since the inclusion
of X k into X k+1 induces an isomorphism on (n — 1)-dimensional homology

groups, the same occurs for each inclusion Xy — Wy,1. We now apply the
Mayer—Vietoris exact sequence to the decomposition of Wy 1 given in (2.2).

We obtain (all homology groups being with Q coefficients):
Hy(L7™,0B;) — Ho(Xy) & Ho(L™, Bj) — Hy(Wig1)
— Hoor (U]"0B;) — Hoo1(X3) © Hoo (L7 B))

— Hn—l(Wk+l)- (23)

Since the groups H, (L|j, 0B;), Ha(Ll;2%, B;) and H,—1 (L[], B;) are zero
we obtain:

{0} — Ho(Xy) — Ho(Wir) — Hooa (L2, 9B;)
— Hy (X)) — Hyoy(Wey). (2.4)

The last arrow on the right being an isomorphism, this implies that the
following sequence is exact:

{0} — Ho(Xy) — Hy(Wig1) — Hooa(L740B;) — {0} (2.5)

This implies that each inclusion X & < Wia1 (and hence the inclusion X k<
X j,11) induces an injective map on Hy, (-, Q) and that b, (Xz) = bn(Xes1)+
my. Note that my > 0. This is the desired result and concludes the proof of
Theorem A.

Remark 2.2. — Assume that X is aspherical. Then the space X is a
K(A,1). Tt has the homotopy type of a smooth fiber of 7 (or f) with an
infinite number of n-dimensional cells attached. This observation already
appears in [11] (see Corollary 5.8). This implies that A is of type %,_1
(hence FP,,_1), although it is not of type FP,,.
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3. Examples built from the Cartwright—Steger surface

We resume with the notation from Section 1.3. The Cartwright—Steger
surface is denoted by Y and h : Y — FE is its Albanese map. Besides con-
sidering the products Y x --- x Y, one can also build more examples by
combining the construction by Dimca, Papadima and Suciu and our con-
struction. We fix a family of ramified covers p; : 3; — F of the elliptic curve
E (1 < i < a), where each X; has negative Euler characteristic. We then
consider the map

i1 X XX, XY X+ XY —F

(where there are b > 1 copies of V) which is the sum of the p;’s and of the
map h on each copy of Y. All the results until the end of this section also
apply when a = 0, i.e. when one studies the map f =h+---+h asin (1.1).

The map f has a finite non-empty set of critical points and connected
fibers. This last point follows from the fact that h : Y — E has connected
fibers. We denote by A the kernel of the map induced by f on fundamental
groups. Theorem 1.1 and Theorem B imply that the group Hu425(A, Q) is
not finitely generated and that A is projective if and only if 2b + a > 3.
The following proposition shows that the group A is of a different nature
compared to the examples from [11, 17].

PROPOSITION 3.1. — No finite index subgroup of A embeds in a direct
product of surface groups.

By a surface group we mean here the fundamental group of an oriented
surface of finite type (open or closed). Hence a surface group is either free or
the fundamental group of a closed oriented surface. To prove Proposition 3.1,
we will make use of the following theorem due to Bridson, Howie, Miller and
Short [5].

THEOREM 3.2. — Let Fy, ..., F,, be surface groups. Let G be a subgroup
of the direct product Fy X --- X F,,. If G is of type FP,,, then G is virtually
isomorphic to a direct product of the form Hy x --- x Hy where k < m and
each H; is a surface group. In particular G is of type FP .

Besides this theorem, we will also use the fact that the property of being
FP,, (for m € NU {co}) is invariant under passing to a subgroup or an
overgroup of finite index [7, VIIL.5.1].

Proof of Proposition 3.1. — The group A sits inside the direct product
m (1) X - X (Be) X T (V) x - x m (V). (3.1)
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The factors of this direct product are the subgroups of the form
{1} x - xm (%) x - x {1}

or
{1} x -+ xm(Y) x - x{1}.

Each factor intersects A nontrivially. This implies that A contains copies
of the group Z®**. The Gromov hyperbolicity of each factor implies that
Z2+%+1 does not embed in A. Now suppose that a finite index subgroup A; of
A embeds in a direct product of surface groups Fj x - - - X F},,. By taking m to
be minimal, we may assume that L; = A; N F; is nontrivial for i = 1,...,m.
Otherwise A; embeds in a direct product of m — 1 surface groups. Since
A1 does not contain any nontrivial abelian normal subgroup, this implies
that each F; is non-abelian, hence hyperbolic. A similar argument as before
then shows that A; contains copies of Z™ but no copy of Z™*!. Hence
m = a + b. By Remark 2.2, the group A is of type FPoy,,_1, hence A; is.
Since 2b+a—1 > m = a+ b, Ay is of type FP,, and Theorem 3.2 implies
that Ay is of type FP,. This contradicts the fact that A; is not of type
FPqy00. U

Finally, we compute, in some cases, the first Betti number of the group
A = ker(f,). A similar computation appears in [18, §7], which applies to
some of the examples built in [11, 17, 18].

PROPOSITION 3.3. — Assume that a + 2b > 3. Assume furthermore that
b>2 orthat b= 1 and that the map m1(X;) — m(E) is surjective for some
je€{l,...,a}. Then the first Betti number of A is equal to:

bi(X) X -+ 8, x Yb) —2.
Proof of Proposition 3.3. — We consider the surjective homomorphism
A— 7T1(21) X X 771(2@) X 7T1(Y)b_1

obtained by considering the inclusion of A in the direct product (3.1) and by
projecting onto the first a + b — 1 factors. Its kernel IV consists of elements
of the form

(17...,1,g) Em(Zl) X xwl(Ea) X7T1(Y) X e Xﬂ'l(Y)

where g € ker(h,); it is isomorphic to ker(h,). Hence we have the following
exact sequence:

0—N-—A—m (D)) x - x7m(Xe) xm (V)" — 0.

It induces the following short exact sequence (see [7, VIL6], all homology
groups are taken with Z coefficients):

Hi(N)y — Hi(A) — Hi(m1(21) x - x 11 (Zq) x 1 (V)1 — 0. (3.2)
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Here H1(N)y is the group of coinvariants of Hy(N) for the A-action. It is
isomorphic to the quotient of N by the group [N, A] generated by commu-
tators of elements of A and of N. Note that if x = (1,...,1,9) € N and
y= (Y1, Ya,P1,.--,hp) € A then

zyz ty! = (1,..., 1,ghbg_1hljl).

Hence when we identify N with ker(h.), [N, A] is identified with the group
[ker(h.),m1(Y)] (we are using here that b > 2 or that one of the m(X;)
surjects onto 1 (£)). In particular the groups Hy(N)a and Hy(ker(hy))x, (v)
are isomorphic. Now the short exact sequence

0 — ker(h,) — m (V) — Z* — 0
induces the short exact sequence (see [7, VIL.6] again):
Hy(2?) — Hy(ker(hy))x, vy — H1(Y) — Hi(Z?) — 0.

Since the map H1(Y) ® Q — H;(Z*) ® Q is an isomorphism, we obtain
that H(ker(hs))r, (v) ® Q has dimension at most 1. Hence Hi(N)x ® Q
has dimension at most 1. Since A is Kéhler and hence has even first Betti
number, this implies that the first arrow in (3.2) has finite image. Hence
Hi(A)®@Q and Hy(m(X1) x - x m(Xq) x 71 (Y)?1) ® Q are isomorphic.
This gives the desired result. O

Remark 3.4. — The topology of the generic fiber of our map f (mainly
its homotopy groups up to dimension a + 2b — 1) can be described thanks to
Theorem 5.2 and Corollary 5.4 from [11]. Indeed all the hypotheses required
in loc. cit. are met in our context, except possibly for the hypothesis on
resonance varieties. However, that hypothesis is only used in [11] to prove
that the group H,125(A, Q) is not finitely generated, a result that follows
from our Theorem B.

Remark 3.5. — By considering the case where a € {0,1}, our construc-
tion provides for each n > 2 an example of a CAT(0) group G containing a
subgroup of type FP,,_; but not FP,, and such that G does not contain free
Abelian subgroups of rank greater than L"THJ See [4, 16] for related results
and motivation. The article [16] produces other examples with a smaller
bound on the rank of Abelian subgroups. More precisely, for each positive
integer n, Kropholler gives in [16] an example of a group of type #,_1 but
not of type .%,, which does not contain free Abelian groups of rank greater
than {%] and which is a subgroup of a CAT(0) group.
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