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On stability of rotational 2D binary Bose—Einstein
condensates *)

RiM1 CARLES (V) VAN DuonG Dina (2 aND HicHEM HAJAIES )

ABSTRACT. — We consider a two-dimensional nonlinear Schrodinger equation
proposed in Physics to model rotational binary Bose—Einstein condensates. The non-
linearity is a logarithmic modification of the usual cubic nonlinearity. The presence
of both the external confining potential and rotating frame makes it difficult to apply
standard techniques to directly construct ground states, as we explain in an appen-
dix. The goal of the present paper is to analyze the orbital stability of the set of
energy minimizers under mass constraint, according to the relative strength of the
confining potential compared to the angular frequency. The main novelty concerns
the critical case where these two effects compensate exactly (lowest Landau Level):
orbital stability is established by using techniques related to magnetic Schrédinger
operators.

RESUME. — Nous considérons une équation de Schrédinger non linéaire en deux
dimensions d’espace, introduite en physique pour modéliser les condensats de Bose—
Einstein en rotation. La non-linéarité est une modification logarithmique du terme
cubique habituel. Les présences conjuguées d’un potentiel confinant et d’un repere
tournant font qu’il est difficile d’appliquer les techniques standard dans la construc-
tion d’états fondamentaux, comme expliqué en appendice. Le but de ce papier est
d’analyser la stabilité orbitale de ’ensemble des minimiseurs d’énergie & masse fixée,
selon la valeur relative de la force du potentiel confinant par rapport & la vitesse
de rotation. La nouveauté principale concerne le cas critique ou les deux effets se
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compensent exactement (niveau fondamental de Landau) : la stabilité orbitale est
démontrée en utilisant des techniques en lien avec les opérateurs de Schrodinger
magnétiques.

1. Introduction

The formation of self-bound droplets is a well-known macroscopic phe-
nomenon. Recent experiments with ultracold quantum gases of bosonic atoms
revealed a novel type of quantum liquid: dilute self-bound Bose—Einstein
condensate (BEC) having orders of magnitude lower density than air (see
e.g. [19, 20, 25, 35] for Bose gases of dysprosium and [12, 36] for binary Bose
gases of potassium). Since these droplets form out of a BEC, there is good
reason to assume that they have superfluid properties. One remarkable fea-
ture of a superfluid is its response to rotation, in particular the occurrence
of quantized vortices (see [1] for a broad introduction to these phenomena).
In [37], binary BEC droplets carrying angular momentum were considered.
Using weak first-order corrections to the mean field energy, often referred to
as the Lee-Huang—Yang correction [27], a binary BEC droplet with angular
momentum is well described by the wave function ¥ : R, x R? — C whose
evolution is governed by the Gross-Pitaevskii equation (GPE) with angular
momentum

) 1 )
00+ SAY =V + [P m(y*)y — iK' — QLy, (L)
where the scaling invariances have been used to bring the equation into its
dimensionless form. Here the external potential V' is of the form
7 2
Viz)= ?W + Voe =", (1.2)

where v > 0 is the harmonic trap frequency and V, > 0 is the amplitude of
the Gaussian. The parameter K3 > 0 is the rate of three-body losses. The
angular momentum operator L, is of the form

L, = i(220,, — 110s,), == (x1,13) € R? (1.3)

and € > 0 is the rotational speed. The fact that the constants in the har-
monic trap and the Gaussian part of the potential are equal stems from [37],
but is not crucial in our analysis, so we consider more generally

2
Viz)= %|x|2 + Voe ol 5 4 > 0. (1.4)

The main purpose of this paper is to study the existence/nonexistence and
orbital stability of mass-constraint standing waves for (1.1). We consider the
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Cauchy problem for (1.1) with initial data 1y € 3, where
Y:={fe H'(R?), z— |z|f(z) € L*(R*)}
is equipped with the norm
IF1% = 117 + 2 flZe-
Due to the presence of the harmonic potential, this space is rather natural

(see e.g. [14]). In the case K5 = 0, there are three physical quantities which
are formally conserved along the flow of (1.1)

M(8) = [0 = M(dy), (Mass)
L(y(t)) = /RZ Y(t, 2)L(t, x)dx = L(ty), (Angular momentum)
Ba(b(t)) = 3 IVe(0)3 + / V@(t, ) de (Energy)
1 iy (DY -
+5 [ ol (P20 ar - anwo) = Bawo),

Here we note that the angular momentum is real-valued, but has no definite
sign. Similarly, the term involving the natural logarithm also has no definite
sign.

In the case K3 # 0, solutions to (1.1) formally satisfy

1d

S DI + Ksllw@)]1gs =0. (15)
This shows that for K3 # 0, the equation is irreversible. This is the reason
why, since K3 > 0, we consider only positive time in the present paper.
In the case K3 = 0, the equation is reversible, and ¢ (—¢,x) solves (1.1):

considering the case t > 0 suffices to describes the dynamics for all time.

When v = Vy = K3 = Q = 0, the equation (1.1) was recently studied
in [16]. More precisely, the global well-posedness for H! data, the existence
and uniqueness of positive ground state solutions for (1.1) were shown there,
along with the orbital stability of prescribed mass standing waves.

Our first result is the following global existence for (1.1).

THEOREM 1.1 (Global well-posedness). — Let v,v0 > 0, Q@ >0, Vo > 0,
Ks > 0, and ¢y € X. Then there exists a unique global-in-time solution
to (1.1) satisfying ¢ € C(Ry;2) N LY (Ry; LS (R?)).

loc

o If K3 =0, the conservation laws of mass, angular momentum, and
energy hold.
o If K3 > 0, the solution asymptotically vanishes in the sense that

w3 = O (t’l/“) as t — 0o. (1.6)
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The Cauchy problem is addressed by resuming the approach from [3].
In passing, we fix a small flaw present in this paper regarding dispersive
estimates. The asymptotic extinction (1.6) is then established like in [2],
thanks to a suitable uniform bound which makes it possible to control the
LS-norm in (1.5) from below in terms of the L?-norm.

Remark 1.2. — The potential V in (1.4) is radially symmetric, since it
is the model given in [37]. We will see in the proof of Theorem 1.1 that the
result still holds true in the more general case of smooth potentials which are
at most quadratic (and thus need not be radial); see Remarks 2.2 and 2.3.

In the rest of the introduction, we are interested in the absence of three-
body losses, i.e. K3 = 0. In this case, (1.1) admits standing waves, i.e.
solutions of the form

w(tv:ﬂ) = 6““(;5(1‘), w € R, (17)

where ¢ solves
—%A¢+V¢+¢|¢|21n(|¢|2) —QL.¢p4+wp=0, xR (1.8)

Note that in the case K3 > 0, there is no such solution in view of the
asymptotic extinction (1.6).

The existence of standing waves for (1.8) can be achieved by several ways.
The first way is to minimize the energy functional
|f[?

Bar) = 319013 + [ VisPars gintm (UE) - arg),

with prescribed mass constraint, i.e. |f||2, = p > 0, a strategy which is
often adopted in Physics. In this case, the parameter w in (1.8) appears as
a Lagrange multiplier associated to the minimization problem. Another way
is to look for critical points of the action functional

Su(f) = Ea(f) +wM(f)

1 UL (M
= IV et + [ virPass g [ 1t (V) e - aro,

with w being given and fixed. However, this approach seems difficult to
apply in the present context. More precisely, (1.8) has two features which
make it difficult to characterize the range of w’s allowed to find a non-trivial
solution to (1.8). The presence of the external potential V' and the rotation
L. introduces an z-dependence which makes it impossible to invoke the
results from [9] (the 2D counterpart of [10]), or even adapt easily the proof.
On the other hand, the fact that the nonlinearity is not homogeneous in ¢
makes it impossible to reproduce the arguments from [34] (see also [22] in the
case of a harmonic potential). In an appendix, we collect some information
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regarding the possible range for w in the radial case, where the rotating term
is absent from (1.8), and explain in more details why minimizing the action
seems difficult here.

We therefore consider the following minimization problem: for p > 0,
Io(p) = inf {Eq(f) = feX||flz:=p}. (1.9)

Our next result concerns the existence and stability of prescribed mass stand-
ing waves for (1.8) in the case of low rotational speed.

THEOREM 1.3. — Let K3 =0, v,7% >0,V 2 0 and 0 < Q < . Then
for any p > 0, there exists ¢ € ¥ such that Eq(¢) = Io(p) and ||¢]|2. = p.
Moreover, the set

Galp) :={0 €T : Eqa(¢) =Ialp), ¢l = p}

is orbitally stable under the flow of (1.1) in the sense that for any e > 0,
there exists § > 0 such that for any initial data ug € ¥ satisfying

inf — < 4,
»eGal(p) o = dll=

the corresponding solution to (1.1) exists globally in time and satisfies

su inf t) — <e.
teRIjr $€Ga(p) () = ¢l

The proof of Theorem 1.3 is based on a standard variational argument
using the following observation (see Lemma 3.1): for 0 < Q < ~,

VA +2 [ VIFPde = 20L(7) = V£ + laf s

which enables us to use the standard compact embedding ¥ < L"(R?) for
all 2 < r < co. We also make use of the log-type inequality

2
[t (L0) aof sz, + s (1.10)

for any € > 0. For more details, we refer to Subsection 3.1.

Next we consider the critical rotational speed 2 = 7 (lowest Landau level,
see e.g. [1] and references therein), which constitutes the main novelty of this
paper. In this case, the energy functional can be rewritten as

1
B,(f) = SIVasE:
olaf? 1 1 |f|2)
+v0/Rze ’ |f(:c)\2dx+2/Rz|f|l <ﬁ dz, (1.11)
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where V4 := V —iA with A(z) = y(—x2,21). Thanks to this observation,
it is convenient to consider the above functional on the magnetic Sobolev
space

HY(R?) := {f € L*(R?) : (9; —iA;)f € L*(R?),j = 1,2} (1.12)
endowed with the norm
£ = 1172 + IV aflZo-

Note that the energy functional (1.11) is well-defined on HY(R?) by us-
ing (1.10) and the magnetic Gagliardo—Nirenberg inequality (see e.g., [18]):
for 2 < r < oo,

Iz < CAVafll22 172, ¥ F € HAR?).
We also have ¥ C H}(R?). Indeed, for f € ¥, we have
£, = 1172 + IV FIZ2 + 22l flIZ — 7/R2 FL.fdz < O|fI%,

where the last inequality follows from

1 v
LN < Nz flle2[[V fllze < EIIWII%Q + 5l fllZe

To show the existence and stability of standing waves to (1.1) in the

critical rotational case, it is convenient to consider separately two cases:
Vo =0 and Vy > 0.

When Vj = 0, we denote

() =inf {EO(f) : fe HAED.If3=p).  (113)
where
2
B = gl Vaflhe by [ (Yo ae g

and the superscript 0 is here to emphasize the assumption V3 = 0. Let us
first introduce the cubic ground state, that is, the unique positive, radially
symmetric solution to

—%AQJrQ:QS, r € R (1.15)

By making use of a variant of the celebrated concentration-compactness
principle of Lions adapted to the magnetic Sobolev space H (R?) (see Lem-

ma 3.8), we prove the following result.
THEOREM 1.4. — Let K3 = Vo = 0, 0 < v < 557 and Q = 7. Let
0<p<|Ql32. Then there exists ¢ € H}(R?) such that ES(¢) = I9(p) and

9|22 = p. Moreover, the set of minimizers for IO( ), namely
G(p) = {¢ € HA(R?) : EJ(¢) = I(p), 972 = p}
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is orbitally stable under the flow of (1.1) in the sense that for any € >, there
exists § > 0 such that for any initial data 1o € H}(R?) satisfying

inf — 1 < 0,
$€G0 () o = &l

then the corresponding solution to (1.1) exists globally in time and satisfies

sup inf inf [|A@ Tyt x + O(x)|| g < e
teR, $€G5(p) yER? ” 1/1( y) ( )HHA

The assumption p < ||Q||3. is probably technical, due to our argument
(see after (3.18)). The proof also relies on the property I9(p) < 0 (see Propo-
sition 3.5). In the case K3 = Vy = v = = 0, the latter condition was shown
in [16] for any p > 0. In our setting, showing that I9(p) < 0 is more com-
plicated since the scaling argument used in [16] does not work because of
the presence of magnetic potential. However, by using a trial function of the
form Ae~?1** with suitable positive constants A and b, we are able to show
(see Lemma 3.10) that both conditions p < [|Q||7. and I9(p) < 0 are fulfilled
by some data f € H(R?). This also leads to a restriction on the validity of
~. We refer the reader to Subsection 3.2 for more details.

When Vj) > 0, the above-mentioned concentration-compactness argument
does not work due to the lack of spatial translation of the term

[ e @)
R2

To overcome the difficulty, we restrict our consideration on H} . 4(R?) the
space of radially symmetric functions of H(R?). Note that this restriction
has a drawback since we no longer see the effect of rotation to the equation
as L, f = 0 for a radial function f. We consider

Ly raa(p) = inf {E,(f) + f € Hj (R, [IfIIZ> = p} (1.16)
where E.,(f) is as in (1.11). We have the following result.

THEOREM 1.5. — Let K3 =0, Vo =2 0, v,v% > 0, and Q2 = . Then
for any p > 0, there exists ¢ € H}x,rad(Rz) such that E.,(¢) = I,rad(p)
and ||¢||2. = p. Moreover, the set of minimizers for Ly aa(p) is orbitally
stable under the flow of (1.1), and radial perturbations (in the sense that ¥
is replaced by H}l,md in the conclusion of Theorem 1.3).

Remark 1.6. — As mentioned above the rotation term vanishes for radi-
ally symmetric functions, so the result in Theorem 1.5 holds for any € > 0.
In particular, it gives another (radial) solution, besides the one obtained in
Theorem 1.4, to (1.8).
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The proof of Theorem 1.5 relies on the following compact embedding
Hj 1aa(R?) 3 f = |f| € L7(R?) (1.17)

for all 2 < r < oco. This compact embedding follows from the well-known
compact embedding H' j(R?) — L"(R?) for all 2 < r < co and the fact that

rad

Hil,rad(RQ) > f = |f| € Hlad(RQ)

r

is continuous due to the diamagnetic inequality (see e.g. [28])
IVIfl(z)] < |[Vaf(z)| ae z€R2

When the rotational speed exceeds the critical value, i.e. > ~, we
have the following nonexistence of minimizers for the constrained variational
problem Iq(p).

THEOREM 1.7. — Let K3 =0, v,7% >0, Vo 2 0, and Q2 > . Then for
any p > 0, there is no minimizer for Io(p), i.e., In(p) = —oo.

The proof of Theorem 1.7 is based on an idea of Bao, Wang, and
Markowich [7, Section 3.2], using the central vortex state with winding num-
ber m, namely

m+1 212 .
Im(x) = fin(r,0) =4/ ~ ' rme_%e”"e, m €N,
m!

where (r,6) are the polar coordinates in R?. Physically, when the angular
velocity of rotation exceeds the trapping frequency, the harmonic poten-
tial cannot provide enough necessary centripetal force that counteracts the
centrifugal force caused by the rotation, and the gas may fly apart. In the
classical rotating BEC with purely power-type nonlinearity, the nonexis-
tence of prescribed mass standing waves was proved by Bao, Wang, and
Markowich [7].

This work is organized as follows. In Section 2, we study the local well-
posedness for (1.1) and prove the global existence given in Theorem 1.1. In
Section 3, we investigate the existence/nonexistence and the orbital stability
of prescribed mass standing waves for (1.1) given in Theorems 1.3, 1.4, 1.5,
and 1.7. Finally, we give some information on stationary solutions of (1.8) in
the radial case in Appendix A, and characterize prescribed mass minimizers
in Appendix B.

2. Cauchy problem

In the case K5 = 0, Theorem 1.1 is reminiscent of the results from [3]
for the local and global well-posedness. We present an alternative proof, to
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show that local solutions are actually global, which simplifies the approach,
and yields better bounds. The asymptotic extinction in the case K3 > 0 is
obtained by adapting the arguments from [4] based on the introduction of a
suitable pseudo-energy (see also [2] for generalizations).

2.1. Local well-posedness

Local well-posedness follows from a fixed point argument on Duhamel’s
formula

t
0lt) = Uty —iA | Ut =) () ds, (21)
0
where here and in the following, we denote
f(2) = z|z]*In(|z|?) — iK3|z|*z, z€C.

The notation U( - ) stands for the linear propagator, that is, U(t)to = ¥ (t)
is the solution to

1
10y 1in + §A1/)11n = V(2)1in — QL. Y1,  Y1ia(0, ) = vo. (2.2)
As noticed in [3], U(t) = e~ (®D2) wwhere

H(z,§) = %|§|2 +V(z) + Qx1€2 — 2261),

enters into the general framework of [26], where the fundamental solution,
that is, the kernel associated to U(-), is constructed. However, this does
not yield directly local in time dispersive properties, since unlike in [21], the
solution to(!)

Z@ﬂﬂ + H(t7 T, —Zaz)w =0 ; wlt:O =¥,

for H = H(t,x,&) smooth, real-valued and at most quadratic in (z, £) (locally
in time), is represented as

U(t)p(x) = / 900 (t, 2, €)B(€)de,

RQ
that is, an oscillatory integral involving the Fourier transform of ¢, and not
¢ directly. Consequently, dispersive L' — L™ estimates cannot be inferred in
general, as shown by the trivial case H = 0: it enters the framework of [26],
the above representation holds with a = constant (whose value depends
on the definition of the Fourier transform), but no Strichartz estimate is
available, of course.

(1) We do not include here the semi-classical parameter present in (21, 26].
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In the present case, local dispersive estimates are available though, as
we show by relying on the isotropy of V and L,; this corresponds to the
trick presented in [3] in the 3D case. This alternative approach not only
yields dispersive estimates, but also makes it possible to study the Cauchy
problem as if the rotation term was absent. Define the function ¢ by

o(t, z) = ¢ (t, 1 cos(t) + x4 sin(Qt), —z1 sin(Q) + x2 cos(Q)) . (2.3)
We check that since V depends only on |z|? (and is therefore invariant under
rotation), ¢ solves (1.1) if and only if ¢ solves

. 1 .

0 + 500 = Vot oleIn(lpf?) — iKslel'e, (t,2) € Ry x R,

SD(Oa l‘) = 1/)07

that is, (1.1) with Q@ = 0. Now for the perturbed harmonic oscillator H =
—%A + V, local in time dispersive estimates are available: from [21], there
exists 6 > 0 such that

y 1
lle™ " ol o S mllonLla ] < 6. (2.5)

(2.4)

Note that ¢ is necessarily finite, as H possesses eigenvalues (as a consequence
from e.g., [33, Theorem XIII.67]). This implies local in time Strichartz es-
timates (see e.g., [17]) and so, as long as bounded time intervals only are
involved, (2.1) can be studied like in the case where U(t) = ¢®?. Note that
since (2.3) preserves the Lebesgue norms, we infer

» 1
le™ " oqp | Lo S mlldfol\u, ] <9, (2.6)

for all © € R, with § and an implicit multiplicative constant independent
of €.

In the case K3 = 0, the analysis meets essentially the one presented
in [16]. In the general case K3 > 0, f € C*(R?;R?) satisfies f(0) = 0,

[f@)] S P~ +ul*, Ve>o,

as well as
IV f)] < (lul?5 + [ul)[Vul.
‘We then obtain:

LEMMA 2.1 (Local well-posedness). — Lety > 0,2 >0,V, >0, K3 > 0,
and g € 3. Then there exist T > 0 and a unique solution

Y E C([07 T]? E) N L3((07 T)§ L6(R2))7
0 (2.4). Equivalently, in view of (2.3),
e C([07 T]; E) N L3((O> T)? Lﬁ(RZ))7
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solves (1.1). Moreover, it satisfies (1.5). Either the solution is global in time,
¥, w € C(R-‘r’ E) n L?OC(RJF; LG(R2))3
or there exists T* < oo such that

i [Ve(t)]lz2 = Jim [Vo(6)]12 = oc.

In the case K3 = 0, we also have the conservation laws of mass, angular
momentum, and energy.

Sketch of the proof. — We present the elements of the proof which require
a little modification due to the presence of the damping term (K5 > 0).

We recall that the standard blow-up alternative involves the condition
li =1l = 00.
Jim (o)l = lim_[o(0)]s = oo

In view of (1.5), the L?-norm of 1 remains bounded for positive time, and
thus, so does the L?-norm of ¢. On the other hand, we compute

d _
GOl = ~tm [ laPeneds - 2k, [ [aPlelds
R2 R2

=2Im | @z-Vedr - 2K3/ |z[?||°d.
R2 R2

Using Cauchy—Schwarz and Young’s inequalities, we infer that

d
Fllze®li: < llze@®lzz + V@7 (2.7)

Therefore, if V¢ remains bounded in L2, then so does the ¥-norm, and the
blow-up criterion can be reduced to the one stated in the lemma.

In the case K3 = 0, the proof of conservation laws follows, for instance,
from [31]. O

Remark 2.2 (Non-radial potential). — The case of a non-radial potential
can be treated along essentially the same lines. Indeed, for a potential V €
C*°(R?;R), which is at most quadratic in the sense of [21], that is,

0%V € L=(R?), VacN? |af>2,
the function ¢, given by (2.3), solves
. 1 ~ .
i0p + 5 Ap = V(t )0 + plel* In(lol*) — iKsle|"e,

with V (¢, 2) = V(21 cos(Qt) + x5 sin(Qt), —z1 sin(Q1) + 25 cos(t)). The time
dependent potential V' is smooth in (¢, x), and at most quadratic in space (in
the same sense as above), uniformly in time. It follows from [21] that (2.5)
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remains valid with e=*# replaced by the evolution group U(s +t, s) associ-

ated to H(t) = —IA+ V(t,z), hence (2.6) holds in this case too. The rest
of the proof of Lemma 2.1 can be repeated exactly then.

2.2. Global well-posedness

In the case K3 = 0, the following energy is independent of time,

._1 2 2 } 4 |op|?
Bule) = 5Vl + [ ViePas+ 3 [ foltm (L) as

as well as the mass of ¢. The positive part of the energy satisfies

Bi(e(®) = 519601 + | VieWlds

+ % /¢|2>\/€ lo(t, z)[* In (W) dz

= Eo(vo) + ;/wl2<f|(p( 2)|*In (W(t,\/i)P) dx

< Eo(vo) + / lo(t, z)|?dz,

where we have used the easy bound Ina < a for a > 1. Using the conservation
of mass, this yields

Ei(e(t) S 1,

and thus global existence (in the past as well, since for K5 = 0, the equation
is reversible), since |¢||s < F4(¢). Note that even the L?-norm of ¢ is con-
trolled by E., in view of the uncertainty principle (see e.g., [32, Section 3.2])

I£IZ2 < IVFllzellzfllze,  f €3 (2.8)
In particular, there exists C' > 0 such that

[ laPlotaPas = [ WPlwolPa<c, vizo  (@9)
R R

In the case K3 > 0, following the strategy presented in [4, Section 3.1],
we introduce a pseudo-energy, for k > 0,

E(k, @) = Eo(¢) + k[l ollfs-
Adapting slightly the computations from [2], we find:

d

GE0) = K [ ol Re(@ag)de =3k [ Joi'Tm (pAg) da

—2K3/ V|<p|6dx—2K3/ |<p|81n(|cp|2)dx—6kK3/ o' 0dz.
R2 R2 R2
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Again, following the computations from [4, Section 3.1], we introduce the
polar factor related to ¢,

p(t, ) ot
ﬂ(t,x) = ‘(p(t’x” fQD(t7 ) 7é O,
0 if p(t,2) =0,

and the above time derivative can be rewritten as

d
G e(0) = ~(Ka = 68) [ 11 VePdn =48y [ 1ol V1l da

—6k/ \¢|4\Re(9’w)—Im(éw)|2d:c—2K3/ Vg|fdz
R2 R2

—2K3/ \<p|8ln(|<p|2)dx—6kK3/ \<p|10dx.
R? R2

Picking 0 < k < K3/6, the above relation implies

d 1
GE® PO <2Ks [ [oPnde <28y / pl°da
dt lo|<1 ]2 2

Since the change of unknown (2.3) preserves the Lebesgue norms, (1.5) yields

2K [ 161" =~ el
hence d
= (B (ko) + ol22) <0,
and we conclude like in the case K3 = 0. In particular, (2.9) holds.

Remark 2.3 (Non-radial potential, continued). — For a general potential
V' like in Remark 2.2, the natural energy associated to ¢ becomes

Bo(e(0) = 5 IVl + [ T(t.ole(t.o)ldr

+ % /}R2 lp(t, z)[* In ('Lp(t’\/?P) dez,

and even for K3 = 0, it is not constant in time if V is not radial (9,V % 0).
However, following either the virial computation from [13] or the pseudo-
energy argument from [15], we can easily adapt the above argument and
infer that the global well-posedness in Theorem 1.1 remains valid.

2.3. Large time extinction in the presence of loss

In view of [2, Lemma 4.1],

3/5 2/5 3/5
lellze S Nell38 Nzel2s < Nl
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where we have used (2.9). This, together with (1.5), yields

d
le®Izz + Cle®)llzz <0,

for some uniform C' > 0. Recalling that the (nonnegative) solution of the
ODE g+ Cy® = 0 with y(0) = [|¢)||2 satisfies y(t) = O(t~1/*), this implies

1
IOl < 77

hence the decay announced in Theorem 1.1, since ||p(t)|lr2 = |[¥(t)] L2
Again, this conclusion remains true when V satisfies the assumptions of
Remark 2.2 and is not necessarily radial.

3. Orbital stability

In this section, we study the existence/nonexistence and stability of con-
straint mass standing waves associated to (1.8). Recall that K3 = 0 through-
out this section. We will consider separately three cases: low rotational speed
(0 < 2 < 7), critical rotational speed (2 = «), and high rotational speed
(Q>19).

3.1. Low rotational speed

In this subsection, we consider the low rotational speed 0 < 2 < . Let
us start with the following observation, mimicking the proof of [5, Proposi-
tion 2.1] (see also [8, Theorem 7.8]):

LEMMA 3.1. — Let v, > 0 and Vo =2 0. If 0 < Q < ~, then for any
fex,

IVAII7> + Q/sz VIfPdz = 2QL(f) = [V flZ> + e flZ..  (3.1)

Proof. — We first observe that by Cauchy—Schwarz and Young inequal-
ities, we have for any § > 0,

QL) < Q([Je1 fll 22 102, fllL2 + 22 f | 22|02, fllL2)

Q2
< Qaflle2lIV e <OIVAAZ: + Z5llflze (3:2)
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Using (3.2) with 6 = %, we have
B() = VSl +2 [ VIfids —20L(f) (33
<AV + (0F + )2 fl2s + Vol £
< (24 2) 1950 + (2 + 02+ 2 ar3e

< C1 (IVAIIZ: + llefliZ2)

where we have used (2.8) to get the third line. On the other hand, by (3.2),
we have for any § > 0,

B(f) = (1= 20)[IVfll7- + <v - Q) l£1I7> + 2Vo/ el | f () Pdar

We choose § > 0 so that

2 2 _ 02 2
L S L or = 97
26 2 v 4 Q2
It follows that
L 2 o U 2 2 2
B(f) > m”vfnﬂ + 2 fl|72 = Co (IVFlZ2 + [l fl172) -
The proof is complete. O

Proof of Theorem 1.3. — The proof is divided into two steps.

Step 1. — We show the existence of minimizers for I (p). Let p > 0 and
[ € T satisty || f[|2. = p.

We first show that Io(p) is well-defined. We have

E“(f)_;B(f)+;/|f|2>f|f|4ln<|x];|f) o 1/|f2<ff|4 (|}/|;>

> 1B - [ |
[fI?<ve
> 1B -0, (3.4

where B(f) is as in (3.3). Here we have used the fact that In(1/\) < 1/\ for
0 < A < 1. Using (3.1), we see that Ig(p) > —oc.

Next let (fn)n>1 be a minimizing sequence for Io(p). By (3.4) and (3.1),
we see that (f,)n>1 is a bounded sequence in ¥. Thus there exists ¢ € ¥
such that (up to a subsequence) f,, — ¢ weakly in ¥ and strongly in L"(R?)
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for all 2 < r < oo (see e.g., [33, Theorem XII1.67] for the compactness of the
embedding ¥ < L"(R?)). It follows that

I1ll72 = lim || fallZ2 = p. (3.5)
n—o0
By the strong convergence, Holder’s inequality, and the fact that
14 (L5 1ot (ML) | < 01— 17+ 1519+ 1o+ 191). (3)
Ve Vel ’

we infer that

4] ¢|2>d = lim 41n (|fn|2>d
[ ot (5 Yo =t [ 10 (2]

Moreover, by the lower semicontinuity of the weak convergence and (3.1),
we have

B(¢) < liminf B(f,).

n—oo

It follows that
EQ((Z)) < lim inf Eg(fn) = IQ(p)
n—oo

which together with (3.5) show that ¢ is a minimizer for Io(p). In view
of Lemma 3.1, we also have that (up to a subsequence) f,, converges to ¢
strongly in X.

Step 2. — We show the orbital stability. We argue by contradiction.
Suppose that Go(p) is not orbitally stable. There exist ¢g > 0 and ¢g € Ga(p)
and a sequence ug,, € ¥ satisfying

lim [lug,n — dol[x =0 (3.7)
n— oo
and a sequence of time (¢,)n>1 C R such that

inf ||u,(tn €0, 3.8
¢€gn(p)|| (tn) — ¢lls = €0 (3-8)

where u,, is the solution to (1.1) with initial data w, (0) = ug n.

Since ¢g € Ga(p), we have Eq(¢po) = Ia(p). By (3.7), (3.1) and Sobolev
embedding, we have

luonllz: — llollz: = p,  Ealuon) =2 Ea(do) = Ia(p)-
n—oo
By the conservation of mass and energy, we get
Hun(tn)H%Q — p,  Ea(un(tn)) — Ia(p).
n—oo n—oo

This shows that (uy,(t,))n>1 is a minimizing sequence for Ig(p). By Step 1,
we see that up to a subsequence, u, (t,) — ¢ strongly in ¥ for some ¢ € Gq(p)
which contradicts (3.8). The proof is now complete. O
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3.2. Critical rotational speed

In this subsection, we study the existence and stability of standing waves
related to (1.8) with a critical rotational speed 2 = v (lowest Landau level).
To this end, we first collect some basic properties of the magnetic Sobolev
space H} (R?) (see (1.12)) in the following lemma.

LEMMA 3.2 ([18, 28]). — We have:

o H.(R?) is a Hilbert space.
. gO(RQ) is dense in HY(R?).
o HY(R?) is continuously embedded in L"(R?) for all 2 < r < oco.
. HA(RQ) C Hi, (R?).
e Diamagnetic inequality:
IV|f|(x)| < |Vaf(z)] a.e zecR2 (3.9)
o Magnetic Gagliardo—Nirenberg inequality. For 2 < r < oo,
Iz < CAVaFIR2 I flZe, ¥ f € HaR?). (3.10)
LEMMA 3.3. — The best constant in (3.10) is the same as the optimal

constant in Gagliardo—Nirenberg inequality for the case A = 0. In particular,
when r = 4, the best constant in (3.10) can be taken as

Cy = |Q 72,

where Q is the cubic (positive, radial) ground state given by (1.15). Moreover,
the equality in (3.10) cannot be attained.

Proof. — We recall the standard Gagliardo—Nirenberg inequality
£z = MFNE- < CENIFIZ=IVIFIR2, (3.11)

where CSN stands for the best constant in the “regular” Gagliardo-Nirenberg
inequality. This best constant was first characterized in [38], in terms of a
suitable ground state solution of some elliptic equation. In particular, C$N
is given by
Y=l

where @ is the (only) positive, radially symmetric solution to (1.15) (recall
that unlike in [38], there is a % factor in front of the Laplacian in (1.15),
hence a slightly different formula) As a consequence of the diamagnetic
inequality (3.9), we infer

G —
1117 < CENIAIZR IV af 1727

This shows that (3.10) holds and C,. < CEN. To see CSN < C,., we follow the
argument of [11, Proposition 3.1]. Note that the argument given [11] does
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not hold in two dimensions. Denote A% (z) := 0 A(ox) with o > 0. By (3.10),
we have for any smooth compactly supported function f,

£ < CollVas fI722 11 £l 72, Vo> 0.
On the other hand, by the triangle inequality, we have
IVac fllz < IV fllpz + 1A% f 22

We estimate

A% (@) f ()Pl < ( / |A”<x>|2dx> 1l
R2 lz|<R

_ (/ |A(:z:)|2dz> flle =0 as o — 0,
2| <Ro

where R > 0 is such that supp(f) C {z € R? : |z| < R}. This shows that
£ < ClIV A2 F 11,
hence CSN < C,.

Finally we show that the equality in (3.10) cannot be achieved. Assume by
contradiction that (3.10) is attained by some function ¢. By (3.9) and (3.11),
we have

Ill7- = ColIVagl221612: = CEN VIl 2191172 > l14]
which implies that

r
LT

IVadllLz = [[VI¢l] 2.
This together with the following estimate of [28, Theorem 7.21]:
¢
|9l

_ LA
- (5o

Re (<v i) ) ] <I(V - iA)g

imply that
j— ) ; — — —_
Im((V ZA)¢| |)—O — A—Im( )

In particular, Bia(x) := 01Az(z) — 024:1(z) = 0, where A(z) = (A1(x),
As(x)) = y(—x2,21). This is a contradiction since Bis(x) = 2. The proof is
complete. O

Note that in view of [23, Lemma 1] (recall again the 1 factor (1.15)),
7<|Ql7: < Tln2. (3.12)

We also have the following useful remark.
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Remark 3.4. — Let (f)n>1 be a bounded sequence in H (R?). Then up
to a subsequence, f, — ¢ weakly in H}(R?), f,, — ¢ a.e. in R? and f,, — ¢
strongly in LI (R?) for all 2 < r < co. Moreover,

IVafalZs = IV agllZs + [V a(fa = @)lI72 + 0n(1).

We have the following conditional result on the existence and stability of
prescribed mass standing waves to (1.1).

PROPOSITION 3.5. — Let K3 =Vy =0,y >0 and Q =+. Let 0 < p <
Q- and assume that I9(p) < 0. Then there exists ¢ € H)y(R?) such that
ES(¢) = I9(p) and ||¢||3. = p. Schrodinger equation in the presence of a
magnetic ﬁeld. Moreover, the set

Gy(p) = {¢ € HA(R?) : EN(¢) = LI(p), lgll7> = p}

is orbitally stable under the flow of (1.1) in the sense that for any e > 0,
there exists 6 > 0 such that for any initial data v € HY(R?) satisfying

mf ||¢o = llay <6,
$€g0

the corresponding solution to (1.1) exists globally in time and satisfies

iA(y)x
sup ¢€1510f(p) nf, le Utz +y) = o@)|m <e
Remark 3.6. — In the case A = 0 and v = 0, it was shown in [16]
that I(p) := IJ(p) < 0 for any p > 0. This is done by using the scaling
fia(x) == Af(Ax) and taking A > 0 sufficiently small. In our case, showing
IS (p) < 0 is more complicated. The above scaling argument does not work
due to the presence of magnetic potential A.

Remark 3.7. — The assumption p < [|Q||%, is probably only technical,
due to our argument (see after (3.18)).
Before giving the proof of Proposition 3.5, let us recall the following

version of concentration-compactness lemma.

LEMMA 3.8 (Concentration-compactness lemma [29, 30]). — Let (fn)n>1
be a bounded sequence in HY(R?) satisfying

”fnll%? =p

for alln > 1 with some fized constant p > 0. Then there exists a subsequence
(still denoted by (frn)n>1) satisfying one of the following three possibilities:

Vanishing. — lim sup / |fn(2)|?dz =0 for all R > 0.
B(y,R)

n— oo yER2
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Dichotomy. — There exist a € (0,p) and sequences (gn)n>1, (hn)n>1
bounded in HY(R?) such that

| frn = 9gn — hnllr = 0 as n — oo for all 2 < r < oo,

lgali2s = . [hals = p—a as k= oo, 1)
dist(supp(gn ), supp(hy,)) = 00 as n — oo, .
lim inf, o0 [VafullZe = [Vagnlz: = [VahnlZ. > 0.

Compactness. — There exists a sequence (yn)n>1 C R? such that for all

€ > 0, there exists R(e) > 0 such that for all k > 1,

/ ful@)Pde > p—e.
B(yn ’R(E))

The proof of this result is very similar to that of [29, 30], see also [17,
Proposition 1.7.6]. The only difference is the last inequality in (3.13) which
is proved by using the fact that

IValerfa)lze = llprVafallze < CMR™Y
where ¢pr(z) = ¢(z/R) with a suitable function ¢ € C*°(R?) and M =

SUPp>1 an”?ﬁ

Remark 3.9. —

e If vanishing occurs, then we infer that f,, — 0 strongly in L"(R?)
for all 2 < r < oo. Indeed, by the magnetic inequality (3.9), we see
that |f,| is a bounded sequence in H'(R?). The result follows by
applying [30, Lemma 1.1] to (|fn|)n>1-

e If compactness occurs, then (f,),>1 is relatively compact in L™ (R?)
for all 2 < r < oo up to a translation and change of gauge, i.e. there
exists (yn)n>1 C R? such that up to subsequence

eiAnfn( -+ yn) - ¢
strongly in L"(R?) for all 2 < r < oo, where A, (z) = A(y,) - and
¢ € H}(R?). In fact, denote

Fa(z) =AW f (24 y,).
We see that
(@) = fal@+yn)l,  [1Vafullle = Vafal3e-

It follows that (fn)n>1 is a bounded sequence in H (R?) satisfying
for all € > 0, there exists R(¢) > 0 such that for all n > 1,

[ iR@lir= [ Pl <e
B<(0,R(e))

B<(0,R(e))
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By the standard diagonalization argument and the compact embed-
ding H}(R?) < L"(B(0,R)) for all R > 0 and all 2 < r < oo, we

show that f,, — ¢ strongly in L?(IR?), hence strongly in L"(R?) for
all 2 < r < oo by Sobolev embedding.

Proof of Proposition 3.5. — The proof is divided into three steps.

Step 1. — We first show that for each p > 0, I9(p) is well-defined, i.e.
I9(p) > —o0. Indeed, recalling (1.14) and arguing as in (3.4), we have directly

1
1) > 2Vl — Lo (3.14)

for any f € H)(R?) satisfying || f[|7. = p.

Step 2. — We show the existence of minimizers for I9(p), under the
assumption Ig(p) < 0. It is done by using the concentration-compactness ar-
gument as in [18]. Let (fn)n>1 be a minimizing sequence for I9(p). By (3.14),
we see that (f,)n>1 is a bounded sequence in H (R?) satisfying

1falliz = p, VY0 =1, EJ(fa) = I3(p) asn — oo.

By Lemma 3.8, there exists a subsequence still denoted by (f,,)n>1 satisfying
one of the following three possibilities: vanishing, dichotomy and compact-
ness.

No wvanishing. — Suppose that vanishing occurs. Passing to a subse-
quence, we infer that f, — 0 strongly in L"(R?) for all 2 < r < co. Thanks
to (1.10), we infer that

/ | £ In w dz — 0,
R2 \/E n—o0
hence
00,y — 1i 0 1 2
Lp) = lim Ei(fn) = lim [[Vafollz2 >0,
which contradicts the assumption I9(p) < 0.

No dichotomy. — If dichotomy occurs, then there exist a € (0, p) and
sequences (gn)n>1, (hn)n>1 bounded in HY (R?) such that (3.13) holds. To
rule out the dichotomy, we first claim that there exists § > 0 such that

liminf || f,]|74 =6 > 0. (3.15)
n—oo
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Since E9(fn) — I9(p) < 0, we see that for n sufficiently large, E9(f,) <
0
I”T(p). It follows that
0
I5(p)
2

! 1 ful?
> B = 19kl + 5 [ 1l (B ) as
n|?>+e

,1/ |fn|4ln(\/i>d:£
2 Jifa2<ve | fnl

which implies, since 0 < Inz < /z for z > 1,

e (p)
A AT OO RREE
| fnl2< /e | fn] 2

for n sufficiently large. The claim (3.15) follows from the Holder inequality
1132 < IAIZallfllp2 and [ fall7. = p.

We next claim that

liminf (EY(fn) — E5(gn) — ES(hn)) = 0. (3.16)

n— o0

>0,

To see this, we consider K (z) = 2*In(2?) for z > 0. Using Taylor expansion
and the fact that
K" ()] Se 127 + [P

for any € > 0, we infer that
Sen Y lzel (|22 + |2 *T).

N N
‘K<Z%> =) K(z)
j=1 j=1 £k

Applying the above estimate with e = 1, N = 3 and e, := f,, — gn — by, We
see that

‘/K(fn)dm—/K(gn)dx—/K(hn)dx—/K(en)dx

< / enl(19al? + [gnl® + Bl + [hn])da

+ / (Iga] + 1hal) (Jenl? + len])dz.

Using (1.10), Hélder inequality and the fact that e,, — 0 strongly in L"(R?)
for all 2 < r < oo, we have

[l 0Pz = [ gnl ia(haP)de — [ hof (i P)dz — 0.
R2 R2 R2 n— oo
Similarly, we can prove that

1fallds — llgallls — IAnlils — 0.
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This shows that

() [ ()
—/Rz|hn|4ln<|}i;g|2>dxn:;0.

Using this and (3.13), we show (3.16).
Now, let A > 0. We have

2
B0 = 3 I9ale + 5 [ 1t (D) o

2 AtIn(A?
=2||VAf%z+/2f|41n(|\f[>d + X0,

2 — /\2 MIn()\2
IV afl3s + 200

— NES(f) - 11,

which implies

1—)\"2 In(\2
IV afe — 2

EO(f) = AU ES(\) +

Set A, ”gﬁQ and i, = nhﬁ Tt follows that [ Angnl|2e = ||tnhn 2, =
p, hence ES(Angn), ES(tinhn) = I9(p). We see that for n sufficiently large,

. 1— A2 In(\2)
ES(Qn) = )‘n4E3()‘ngn) + 9 HVAQTLH%2 T ”gn”}l/*
1=22Nlgnllze In(A2)
2 )\—4]0 4 n Lt n n .
n ’Y(p) 204 ||gn||2L2 2 Hg ||L4

Here we have used the magnetic Gagliardo—Nirenberg inequality (3.10) and
the fact A, = /2 > 1 asn — oo. A similar estimate goes for E9(h,,). Thus,
we get

1= 22 llgnllze — (A7)

ES(gn) + E5(hn) = (A" + 1) 15(p) +

i gl 2 1ol
1_Mn2 ||h || ln(/-l/n)”h || ..
2Cy  ||hnllZ- t
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Letting n — oo and using (3.16), we obtain

2 2
oy s ©H(P—0a) o 1L,__B~- 4
D) > 10 + 5 (g, (5= 1) = (5) ) timint g1

1/ p p
*d(@p@—a ) e (525 e

a®+ (p—a)? I o
> TIS(P) + imln{Kth}hnfglogfan||?§47 (3.17)

h
o Km0 0) m(®),
Cyup a

1 p p
Ky = — —1 .
’ C4P< - ) n</90>

Here Ky, K> > 0 as soon as Cyp < 1, which follows from 0 < p < [|Q]3.,
see Lemma 3.3. Using (3.15) and (3.17), we infer that I9(p) > 0 which is a
contradiction.

(3.18)

Compactness. — Therefore, compactness must occur. In this case, there
exist ¢ € H}(R?) and (yn)n>1 C R? such that up to a subsequence,
fn— o

strongly in L"(R2) for all 2 < r < oo, where f,,(z) := AW 2 f (z4+y.). It
follows that

6132 = tim [ Fule = lim [1£ul + )3 = p.
and by (1.10),

= 1im/ |fn|4hl(|{;5>d
n—oo [p2
‘We also have

IV 402> < liminf [V afnl2> = lminf [V 4 fnl2.
n—r 00 n—o0

Thus, we get
E9(¢) < liminf BY(fa) = 1(p)-

This shows that ¢ is a minimizer for I9(p). We also have that fn = ¢
strongly in H (R?) as n — oo.

Step 3. — The orbital stability of gg (p) follows by the same argument
as in Theorem 1.3. We thus omit the details. The proof is now complete. [J
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In the following lemma, we show that the conditions 0 < p < [|Q||3. and
I(p) < 0 are satisfied for some data f € H}(R?).

LEMMA 3.10. — IfO0<y < 25%, then there exists f € H}(R?) satisfy-
ing |f1172 = p < Q72 and I(p) < 0.
Proof. — We look for a function f € H}(R?) satisfying

I£12= = p < lQIZ2  EJ(f) <0. (3.19)

e—blzl?

To this end, we consider f,(z) = for some b > 0 to be chosen later.

A direct computation shows

2 _ —2bfe)? g, — T
I3l = [ e e = 7

We also have

R 2
IVaflze = (v2+462)/ el 4o = (1+ 4b2>
R2

In addition, we have

4 _ —ple? s, T
illagesy = [ e ae =

and

4 |fb|2 / 2 —4b|z|? ]‘/ —4b|z|? T
fol *In | —= ) de = —2b dz — = doe = ——.
/2|b| n(\/é> T 2\x|e -5 | e x ;

Let A > 0 to be chosen later. We see that

)\ 22 - )\2 22 == lAz
IAfllZ Ifolz2 = 552

2
0 s 2 T 4, Ty 2
E,Y(/\fb) <1+ 4b2> A 8b>\ 8b>\ In(A%).

To make |[Afy]|22 < |Q|%2, we need A2 < 22(|Q||2.. In view of (3.12), this
is granted by the property A2 < 2b. Consider

2
T .o T o
F + =)0 =67+ = < 2b.
(0) = 5 (1 4b2>6 8b9 Sbe In(@), for0<6<2b

We rewrite

F() = 4b% + % — b0 + b0 1n(0)) = —G(0).

2
The condition E9(Afy) < 0 is now reduced to finding 6 € (0,2b] so that
G(0) < 0. We have

G'(0) = bIn(0).
If 2b > 1, we see that G attains its minimum at § = 1, however G(1) =
4b% +~42 —b > 0 for 2b > 1. So, we need 2b < 1. In this case, G is strictly
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decreasing on (0,2b]. To find # € (0,2b] so that G(6) < 0, a necessary
condition is

G(20) <0 <= 4b* ++>—2b* -2’ In (;l)) < 0.

Consider H(b) := 2b% +~% + 2b?In(2b) for b € (0,1). We compute

H'(b) = 2b(3 + 21n(2b)).

We see that on (0, %), H attains its minimum at by = e < % A direct
computation shows

1

H(bo) =7 - —.
(bo) 4e3

Thus, if v < 26%/2, then we have G (2by) < 0. Therefore, by choosing A > 0

so that A? < 2by, we show the existence of a function f € H}(R?) satisfy-

ing (3.19). The proof is complete. O

Proof of Theorem 1.4. — It follows directly from Proposition 3.5 and
Lemma 3.10. ]

In the case Vy > 0, the concentration-compactness argument presented
above does not work due to the lack of spatial translation in the new potential
term

/ =012 | () 2d.
R2

More precisely, the sequence (y,),>1 C R?, which appeared in the compact-
ness, may tend to infinity, and then

/ e 01| £ (@ + ) [2de —> 0.
R2 n—oo

To overcome this difficulty, we restrict our consideration on H}Lmd (R?) the
space of radially symmetric functions of HY(R?). Note that this restriction
has the drawback that we no longer see the effect of rotation to the equation
since L, f = 0 for a radial functions f.
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Proof of Theorem 1.5. — We proceed in two steps.

Step 1. — We show that there exists a minimizer for I, 1aq(p). Let p > 0
and f € H) ,q(R?) satisfy || f[|7. = p. We have

B,(f) = 519afl3e+ Vo [ e

1 (U2 ar- L ()0
#5143 e (i

1 e
> LIVafle - % [
[fI2<ve
1 e
> LIVaflEe - Lo (320)

This shows that I, rada(p) > —o0 is well-defined.

Next, let (fn)n>1 be a minimizing sequence for I,,.qa(p). By (3.20),
(f)n>1 is a bounded sequence in H} . ,(R?). Since H} ,.4(R*) — L"(R?)
is compact for all 2 < < oo, there exists ¢ € H) rad(]RQ) such that, up to
a subsequence, f, — ¢ weakly in H) . ,(R?) and strongly in L"(R?) for all
2 < r < oo. By the strong convergence and (3.6), we see that

Lot (1) ar =t [ irien (o) 0

On the other hand, by the weak continuity of the potential energy (see e.g.,
[28, Theorem 11.4]), we have

/ el |g(a)Pdz = lim / el | 1 () Pda,
R2 n—oo R2
Moreover, the lower semicontinuity of the weak convergence implies
IVad|rz < Uminf ||Vafnllze.
n—oo

Thus we get
E’Y((b) liminf £ (fn) = A/rad(p)

n—oo
which together with
lplz: = lim || falZ2 = p
n—r oo
implies that ¢ is a minimizer for I, ;a4(p). In addition, we have that (up to
a subsequence), f, — ¢ strongly in H} . ,(R?).

Step 2. — The orbital stability follows from the same argument as in
the proof of Theorem 1.3. We omit the details. O
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3.3. High rotational speed

In this subsection, we show the nonexistence of minimizers for I (p) given
in Theorem 1.7.

Proof of Theorem 1.7. — The proof is inspired by the idea of [7] (see
also [6]). We consider
x) = r,0) =C(m rme_ﬁeime
Jm(2) = fin(r,0) ) ;

where m € N and C(m,v) > 0 to be determined later. Here (r,6) is the
polar coordinate of x = (z1,25) € R?, i.e.

xy =rcosf, wzy=rsinf, r>0, 60¢c(0,2n].

It is useful to recall the following formulas:
Orx1 Ogx1) _ (cosf —rsinf
Orxs Opxa) \sin@ rcosh )’

Oz,7 Op,r\ _ [ cosf sind
823'19 83;20 — \ _sin@ cosb |-

s T

and

‘We have
oy = [ m(@)Pde = 20C(m2)? [ e rar
R2 0

Let p > 0. We choose C(m, ) so that ||fm\|%2(R2) = p for all m € N. Set

I(~,m) ::/ T2m67’yT2T‘dT‘7
0

and write

1 fmll72 @2y = 27C (m, 7)1 (v, m).
Integrating by parts, we see that I(y, m) = %I(’y, m—1) which, by induction,
implies I(y,m) = %I('y, 0), where

e 1
I(’ya 0) = / e_’YTZTdT = 27
0

Y
Thus we get
m!
The condition || f[|72 g2y = p is equivalent to
— 27 C(m, )2 C(m, )2 = 2 3.22
p=2m (m,v)W = COmn)" =—H (3.22)
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‘We compute

aacl fm = arfmamlr + a@fmame

. 2
= C(m,~)e™ e "2 (mr™' — 4r™ 1) cos §
. 2
— C(m,~)e™ e "= imr™ ' sin @

qr?

= C(m,y)e™le 2 ((mr™=t — 4r™ 1) cos @ — imr™ ' sin6) ,

and

812fm = 67‘fma$2'r + 69fm8:v29

R 2
= C(m,»)e™e "z ((mr™=t — 4r™ 1) sin @ + imr™ " cos 6) .
It follows that

|me|2 = |ax1fm|2 + |az2fm|2
= C(m, fy)%f”2 [ ((mr™=t — 4r™ 1) cos @ — imr™ ' sin 9)2
+ ((mr™= " — r™ ) sin 6 + imr™ " cos 9)2}
_ C(m,7)26_7T2 (2m2r2(m—1) — 2myr?m _’_,72,,,2(m+1)> .

Thus we have

IV fnll 72 g2y

:271'/ |V f|?rdr
0

o)
= 271'C(m’ 7)2/ <2m27.2(m—1) _ 2m7627n + 727,2(m+1)) 6_"{7-2 rdr
0

= 2 C(m,)? (2m*L(y,m — 1) — 2myI(y,m) ++*I(y,m + 1)) .

Thanks to (3.21) and (3.22), we have

m+1 —1)! ! !
Py 5 (m—1)! m! o (m+1)!
YV fmll? =2 2 —2
IV fmllz2 @2y = 27 ml (m 9y M mtT T 9ym+2
= p(m +1)7.
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We next compute
2
/ V| fin Pde
R2
2 Ve —volz|? 2m_—v|z|?

=C(m,7) —\x| + Voe™ |z|*™e " da

R2

= 27C(m,v)? (T + Voe 0" ) F2M o=

[\]

= 27'('0(’]’71 /7 (7/ 2(m+1)e ~yr? rdr + VO /OO ,’q2me—(’y+’yo)'r'27,,d,r,)
0

=,

= 2nC(mn)? (G Tm+ 1)+ Vol + 70,m) ).

which, together with (3.21) and (3.22), implies that

mtl (42 (m+1)! m!
/]R? |f | X ™ ! 9 2,ym+2 + ‘/02(7 _|_,}/O)m+1

m+1
Vop.
’Y+’Yo) 0

Moreover, since the rotation operator can be rewritten as L, = —idy, we
have

=g(m+1)7+<

L(fm) = / mezfmdx = 271'0(7’)’2,,’}/)2/ mr2me_7r2rdr
R2 o
= 27TmC(m7fy)2[(’y’m) — m||fm‘|%2(R2) = mp.
Next we compute

oo
||fm\|(ze(R2) = 27TC(m,'y)6/ rme=37" pdpr = 2 C (m, v)°T (3, 3m)
0

3m)! Y™\ (3m)!
=2rC o_Gm!__,
mC(m, ) 2(37)3m+1 T < P 2(3)3m+1
3l2 (3m)!
72 (3mml)3’
which tends to zero as m — oo for each p > 0 fixed. By interpolation between
L? and LY, we infer that

”meip(RQ)m:ZOO’ v p €]2,6].
This yields

4 |fm|2 3 5
[ttt (H2E) ao] < U, + Unliseey =, 0
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Finally we have

2
Il + [ VigaPao g [ 15 (F20) o - arir,)

v
Y+

m—+1
p(m+1)7+( ) Voo + om(1) — Qmp

m+1
=—mp(Q —7) + py + ( ) Vop + om(1),

7+

where 0,,(1) = 0 as m — co0. As Q > ~, letting m — oo yields Eq(fm) —
—00. Therefore, for any p > 0, there is no minimizer for Io(p). g

Appendix A. Ground states

In this appendix, we collect some information on stationary solutions in
the radial case, where the rotation terms is absent, so (1.8) becomes

1
—§A¢+w¢+¢|¢|2ln(|¢|2)+V¢>:0, z € R% (A1)
Recall that
2 2
Viz) = %|x|2 + Voe~volel”,

We introduce the minimizing problem

. 1
vy = mf{znwiw/w VifPde : f e, f|2e =1}. (A.2)

Denoting by
1

we see that wy, is simply the bottom of the spectrum of H. If V) = 0, then
it is well-known that wg is attained by the Gaussian

tpo(x) — \ﬁe—”vlawm7 and  wp = 7.
s

Moreover, every minimizer for wy is of the form f(z) = epy(x), where
0 cR.

LEMMA A.1. — Let Vi 2 0. Then wy, is attained and v = wy < wy, <

i
v+ Y+ Vo.

- 111 —



Rémi Carles, Van Duong Dinh and Hichem Hajaiej

Proof. — Since Vy > 0, it is obvious that wy, > wy. Also,

<H900’<p0> :74_{/01/2 e*(7+70)\z|2dm:7+ Ve,
R

T Y+

hence wy, < v+ ﬁvo. It remains to show that wy, is attained. Let (fp)n>1

be a minimizing sequence for wy,. It follows that (f,)n>1 is a bounded
sequence in . Thus, there exists ¢ € ¥ such that (up to a subsequence)
fn — ¢ weakly in ¥ and strongly in L"(R?) for all 2 < r < co. We infer that

lollze = lim [[fal72 =1.
By the lower continuity of the weak convergence, we have
1 2 1 7’
LIVl + Dlelze < minf 219730 + 22l

We also have from the weak continuity of the potential energy (see e.g., [28,
Theorem 11.4]) that

/e*volﬂﬂm(:ﬂ)ﬁdx: lim/ e 0l £, () 2da. (A.3)
]R2 n— o0 RQ

This implies

1 o1
vy < 5196l + [ ViePde < limint 1953+ [ Vg o =y,
R2 n—oo 2 R2
hence ¢ is a minimizer for wy;. The proof is complete. O
Consider now the Pohozaev identities related to (A.1).

LEMMA A.2. — Let ¢ € ¥ be a solution to (A.1). Then the following
identities hold

1
SIV0lE: +wlolie+ [ ViePdo+ [ o' o)z =0, (A4)

1
wl|¢lZ: +/ V|¢|2d$+§/ - VV]p[*dz
R2 R2

Ll i (190 a0
1 1
SIV6IE: + ol =wlélf+ [ VioPdo+ [ o 9VIgPds (a0)
R2 R2

1 Vo
2/e e?

Proof. — The identity (A.4) follows by multiplying both sides of (A.1)
with ¢ and taking the integration over R%. By multiplying both sides of (A.1)

In particular, since Vo >0, if w > or w+ wy, > %, then ¢ = 0.
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with - V@, integrating over R?, taking the real part and using the fact that

Re (/ Adz - ngd:c) =0,
RZ

ke ( [ vor-viar) = / VigPds - 3 [ 2. VVigPda,
R2 R2

Re ([ olofw(ofe-var) =~ [ o (1)
we get (A.5). Finally, (A.6) follows dlrectly from (A.4) and (A.5).

In view of the formula
1
V(z)+ 3% VV(z) = v*z|* + Vo (1 — 70|z[?) e olel?
and of the straightforward estimate

1
sup (rolaf? 1) sup(r— e = L,
[z[2>1/0 r>1 €

(A.5) yields

2 2 2) 412 1 4 <¢|2>
olofis +2* [ fefioPae 5 [ ol (1
1 4 (\[)
<= 1 dr + — 2.
<z . torm (%) dr s Gpe

We also compute

1 1
sup zlIn <> =_ (A7)
0<z<1 z e
hence
ol ++ [ loflofas+ 5 | |¢|41n<¢|2>
R 2 Jig2>ve Ve

1
<5zt 2) 1ol
It follows that

2 2 2 1 4 |¢|2 1 VO 2
7 [ aRlorar e g [ () < (5 ) ol

Since the left hand side is the sum of non-negative terms, if w > 2\1/5 +
then we must have ¢ = 0.

Similarly, (A.4) and (A.2) yield

(w +wip) 9]122 + / 161" In(¢[?)dz < 0
R2

)

mm‘ c<
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hence
1 1
¢4ln<>dx< o2,
‘2<1| | |¢|2 6” HL2

where we have used (A.7) again. This shows that if w + wy, > %, then we
must have ¢ = 0. The proof is complete. O

+wyy) |9l12: <
(@ +ww) ]2 /|¢

Remark A.3. — We infer from Lemma A.2 that non-trivial solutions exist
only if

Vo
2 and w4 wy, <

Q|

w < % + (A.8)

In particular, when Vy = 0, the above conditions become

< ! d w+v< L
w<—= and w -
2/e TS

According to the value of «, either the first condition or the second one is
the more stringent.

We now explain in more details why finding directly a solution to (A.1)
(that is, not minimizing the energy under a mass constraint, in which case
w corresponds to the - unknown - Lagrange multiplier) seems intricate. In
order to simplify the computations, we go back to the initial case (1.2), that
is, we assume 79 = ~. To find ground states related to (A.1), a standard way
is to consider the following minimization problem

me, = inf {S,(f) : feS\{0}, K.(f) =0}, (A.9)

and then show that minimizers for m,, are indeed solutions to (A.1), where

1 1 2
Suld) =3IV A+l + [ Vistao s [ it (UE) a.
K i= IV S+ 26001 +2 [ VIsPaz+2 [ 1 D17,
Note that
1 1 1
S = 5Hul) =5 [ 171 () do = 111 (A.10)

1 1 w 1 1
K, z 2 2P+ = 2dx — = fII4.. (A.11
T (D + IV FIZ + SIS +2/RZV|f| de = 2 [Ifl1%e. (A11)

We have the following sufficient condition that ensures the minimizing
problem (A.9) is well-defined.
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LEMMA A.4. — Let v >0 and VO >0. If
Vo
—_— —y = — A.12
w < 2\[ (il (A.12)
then the set

{f eX\{0} = Ku(f) =0}

is not empty.

Proof. — Denote fy(z) = eb1*I” with b > 0. A direct computation shows

™ 71' ™
Wl =55, el = g3 1WAl = U415 =
Ve
2d ’Y ’/T Vo / 41 :77.
| v@ih@rae =35+ 00 [ AP

For A > 0 to be chosen later, we have

KoM = N o2 + 2002 foll 2o + 207 / Vifol2de
R2

L2 I (A2) foll e + A / ol In(l o 2)de
]R2

Vo \ | Mo /N2
=27 (14 2) 22 A I :
(1 3) + A”(81)2 7+2b)+ 2 (\/E>

It follows that

Ko\ 2 2V A2 A?
BolMo) _ @ o 2 Xy (X))
A2 b 4b2 4y +2b 2D Ve
Using (A.7), we see that the last term takes its maximal negative value at
A2 = ﬁ It follows that
K,(\ 2 2Vq 1
# (1 TSI MR L I > .
A2m /\2:% b 4b2 vy +2b  2by/e

Optimizing the sum of the first and third terms yields b = 3, hence

Ko (Mfy) :77( w Vo 1 )
N e n=(27) v e

This shows that if w < 7 o &, then

()\fb)|()\2 b) ( ) <0
By the continuity argument, there exists f € X\{0} such that K, (f)=0. O

Remark A.5. — The condition (A.12) is stronger than (A.8) since V5 > 0
and wy, < v+ %
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By the above remark, from now on, we consider the following condition
on w
—Wwy, <w<ﬁ—fy—%. (A.13)
This condition is equivalent to
Vo
2[ 27

To make sure that the above inequality is not empty, we need

0<wtuwy < +wy, — 7 —

+E—w <L
Y B Vo 2 /e

Note that the left hand side belongs to (O, %) as v S wy, <7+ % So,

if Vo < ﬁ ~ (.6, then the above condition is satisfied. Note that only the
values Vo = 0 and Vp = 0.2 are considered in [37].

To show the existence of minimizers for m,,, we need an estimate showing
the boundedness in ¥ of minimizing sequences for m,,. However due to the
interplay of various nonlinear terms, it is not clear to us how to prove this
at the moment. Below we collect some estimates which may be helpful for
future investigation.

Remark A.6. — Let w be as in (A.13). Let f € ¥\{0} be such that
K, (f) = 0. Then there exist positive constants C; = C}(w) and Cy = Ca(w)
such that

IFI1Z2 + 111Zs < Cr(@)lflZs,
IVAIZ + 112 < Cr@)lIfIIZz, fllze > Cow).
Indeed, since K, (f) = 0, we have

IVFs + 26l +2 [ VIPdaz [ |f|41n<

hence

97+ 20l 2 [ ViPas e+ [ it ()
R? 117> Ve Ve
_ 2/ £*In (*/;) da.
If12<ve /]
By the definition of wy,, we see that

2
2o+l + 2 i (L) ar <o

which implies

/2

f)d Ffl =0

I£1Z2 + 1 flIZs < CW)IIFIIZs-
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Another estimate using (A.7) yields

2 2 4 4 |f|2)
972 [ VISR et ez [ it () as
1
<2 (\/E —W) I£lZ:  (A.14)

IVAIZ: + 1 fllze < C)IFIZ--
By the Gagliardo—Nirenberg inequality, we obtain

I£11%s < CUVAIZNfZ2 < CW)IFIL < C@)fl7s, (A.15)
hence || f||3; > ﬁ > 0.

which implies

OBSERVATION A.7. — We have the following useful estimates:

112 < 19 leellefll e
1/2
< @nwnm < / Vf|2dm>
Rz

Y :
7( 951+ [ VirPas).

IV AL 11122

and

4
||f||L4 =X HQ”2

where @Q s the unique positive radial solution to (1.15) satisfying (3.12).

In the following remark, we point out another difficulty in finding ground
states related to (A.1). More precisely, suppose that there is a minimizer ¢
for m,,, we are not able to show that ¢ is a solution to (A.1).

Remark A.8. — Assume that m,, is attained by a function ¢. Then there
exists a Lagrange multiplier A € R such that S/ (¢) = MK/, (¢) or

— A¢ + 2w + 2V + 26|6] In(|¢]?)
= A (2A¢ + 4w + 4V ¢ + 8¢|¢|* In(|¢|*) + 44|¢|*) .  (A.16)

We want to show that A = 0 so that ¢ is a solution to (A.1). To see this, we
first multiply both sides of (A.16) with ¢ and integrate over R? to get

Keof0) = M2Vl + awlol +4 [ VigPas

+8 [ loft (oo + 4ol ).
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Since K, (¢) = 0, we infer that

A( [ ol miteyae + ol ) <o

Suppose that A # 0, then we must have

[ el moae + ol = 0. (A1)
In particular, as K, (¢) = 0, we have
IVt + 26010l +2 [ VioPde =200l = o (A.19)

Moreover, if we multiply both sides of (A.16) with x - V¢, integrate over R?,
and take the real part, we get

1
209l +2 [ VioPdo+ [ o VVioPdo+ [ joltin(igR)de - 3ol
R2 R2 R2

= (4w|q§||2L2 - 4/ V|g|?da + 2/ z-VV|¢|Adw +4/ |¢|41n(|¢|2)da:>
R2 R2 R2
which implies
1
2X-1)A+(4X-1)B+ 5C =0,

where
A= 20]9ll3 + 2/ IR +/ x-VV|gPda,
R2 R2
B:= /Rz 6 In(|¢*)dz,  C =@l 7s.
From this and (A.17), we have
2rx—1)A+ (2 —4/\) C=0.

However, it is not clear that A = 0, and it is not possible to conclude.

Appendix B. Characterization of prescribed mass minimizers

In this section, we will characterize the orbit of prescribed mass standing
waves obtained in Section 3, in the absence of the rotational effect, following
the strategy from [24]. Throughout this section, we assume that = 0 and
K3 =0.

Denote

ZR::{fEHl(RQ,R) : / x|2f2dx<oo}.
R2
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For f € X, we define
EX(f) = 1|Vf|i?. +/ V f2da + 1/ f*1n <f2> dz.
2 R2 2 Jge Ve
Let z = (f,g) ~ f + ig. We observe that
z€X <= feXg, g€

For z € ¥, we consider

1 1 z|?
Eo(z) = 1Vl3 + /R VIsPda 4 /R 2/ In (|ﬁ> da.

Here |- |72 and || - || 2 denote the norms of L?(R?,R) and L?(R?, C), respec-
tively.

For ¢ > 0, we consider the following minimizing problems:
Iélic := inf {E%Q(f) : fe SF},
In.:=1inf{Ey(z) : z€ S},
where
S&i={fer : |fli:=c},
Sei={z€X : |z[7 =c}.
We also denote
We={f €S + E(f)=1I.. f>0},
Z.:={2€8. : Eo(z)=1Ip.}.

THEOREM B.1. — We have the following properties:

(1) For any c> 0,15, = Iy,
(2) If z € Z., then |z| € W,.
(3) If z € Z. with z = f +1g, then
(a) f=0 or f(x) #0 for all x € R2.
(b) g=0 or g(z) #0 for all z € R2.
(4) Z.={e"¢p : s R, p W}
Proof. — The proof is essentially given in [24]. For the reader’s conve-
nience, we provide some details.
(1). — Let z = (f,g) € S be such that Ey(z) = I, and set ¢ := |z| =
V/ f2 + g2. Tt follows that ¢ € S* and we have (see [24, Proposition 2.2.]) for
i=1,2,
Oip = f2+g?
0 otherwise.

if f2+¢2 >0,
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We see that
1
Eo(2) — Eq (p) = B (V2172 = [Veli2)
1
—5 | (917 + V9P = [V6P) do
2 Jre
2
1 / 3 (f0ig — 90:f) |
2 Jprtrgzs0i 2+ g2
> 0. (B.1)
Thus
Ine = Eo(2) 2 Eq(9) 2 I . > Io.c
which implies that
It =Toe, Eg(p)= I (B.2)

(2). — If 2 € Z,, then ¢ = |2| satisfies ¢ € S¥ and E§(¢) = Io... Using
regularity theory and maximum principle, we can deduce that ¢ € C*(R?)
and ¢ > 0. In particular, |z| € W..

(3). — We only prove (a) since the one for (b) is treated in a similar
manner. Let z = (f,g) € Z. and ¢ = |z|. By (B.1) and (B.2), we know that
dig — g0if)*
/ Y09 =90id) g, _, (B.3)
f2+g2>0 f?+yg

On the other hand, as Ey(z) = Iy, there exists y € C such that for any
e,

Ey(2)(§) = & /]R #E+¢zde.

Putting z = ¢ and using regularity theory, we can deduce that f and g
belong to C*(R?).
Now suppose that f = 0. Denote
§p={zeR® : f(z)=0}.
The continuity of f implies that df is closed. Let us now prove that it is
also an open set of R2. Pick a point 2o € ;. Since ¢(xg) > 0, there exists

a ball B(xg,p) centered at xo with radius p > 0 such that g(x) # 0 for all
x € B(xzo, p). Observe that for each x € B(x p) and i = 1, 2,

(fOig — 90:f)° _ (a_ <f>>2 g*
fP+g ‘Ng/)) fPtg*
g

From this and (B.3), we have
)
vl
(g [P +g?

/B(:Eo,p)
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Hence V(g) = 0 on B(wg, p). This implies that 5 = C on B(xzy, p) for some
constant C' > 0. As f(zg) = 0, we infer that C' = 0. Hence f(z) = 0 for all
x € B(xzo, p) or B(xg,p) C 67 which tells us that d is an open set.

(4). — Finally we prove that Z, = {e“’cp 0 €ER, pe€ WC}. To this
end, we consider two cases.

First case. — 1f g =0, then ¢ = |f| > 0 on R%. Thus z = f = €7 with
c=0if f>0,0=mif f <O.

Second case. — 1If g(z) # 0 on R?, then for i = 1,2, we have from (B.3)

that ) ) ,
Gog =gt [ . (I f
/]R? 2+ g2 dx_/uaz&(g) f2+92dx_0'

It follows that V (é) = 0 on R2. This implies that f = kg for k € R, hence
z=(k+1i)g and

¢ =z = |k +1llg].
Let @ € R be such that k+i = |k +i[e?’. We also write g = |g|e’’ with ¢ = 0
if g> 0 and ¥ = if g < 0. It follows that

2= (k+i)g = |k+ile?|gle" = pe'”, o:=0+09cR.
The proof is complete. O

Remark B.2. — The statement of Theorem B.1 would remain true in the
presence of the rotation and the line of attack would be identical provided
that we had

VazllLz 2 [V alzl[r2 (B.4)

and
IVaz|[2 = Valzllre = [[V2llr2 = [V]2][ L.

However, we show that (B.4) cannot hold in general. By definition, we have

2
IVazle =3 [ 10, = i4;)zPda
j=1

2
= Z/Rz (10;2)° +iA;20;2 — iA;20;Z + A3|z\2) dz.
j=1
Applying to z = |z|, we get
Valllts = VIl + [ 14PIsaa.

In our case A = Q(—x2,21), we have |A]? = Q?|z|? and

Valzlliz = [VI2llZ + Q% [laz]|Zs.
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Let o(z) = e~ 171" and set z,(2) := €A Tp(2 4 y,) with some (y,)n C R?
to be chosen later. Observe that

QZ
al@) = lote 4l 1Vazmlls = IVasts =7 (14 ).

On the other hand, by choosing |y,| — 0o as n — oo, we have

(1]
2]

(3]

(4]
(5]
(6]

7]

8

[9

[10]
(1]

[12]

(13]

(14]

Valenllie > 9 [ oot +n)Pde =92 [ fo =y, Plote)do

n—oo

QQ 2 2
> T'y"‘ lp(z)["dz — oo.
jel<1
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