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Hermitian metrics on the anti-canonical bundle of the
blow-up of the projective plane at nine points *)

TakAYUKI Koike ()

ABSTRACT. — We investigate Hermitian metrics on the anti-canonical bundle of a
rational surface obtained by blowing up the projective plane at nine points. For that
purpose, we pose a modified variant of an argument made by Ueda on the complex
analytic structure of a neighborhood of a subvariety by considering the deformation
of the complex structure.

RESUME. — Nous étudions les métriques hermitiennes sur le faisceau anticano-
nique d’une surface rationnelle obtenue en éclatant le plan projectif en neuf points.
Dans ce but nous utilisons une variante modifiée d’'un argument de Ueda sur la
structure analytique complexe d’un voisinage d’une sous-variété en considérant la
déformation de la structure complexe.

1. Introduction

In this paper, we investigate the complex analytic structure of a small
neighborhood of a subvariety of a complex manifold. As our motivation
comes from a study of Hermitian metrics of the anti-canonical bundle of
some concrete examples of complex projective manifolds, we explain and
describe our main results in this context in this section.
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First, let us explain our main interest on Hermitian metrics of line bun-
dles, which is on semi-positivity criteria for nef line bundles. Let X be a
complex projective manifold and L be a holomorphic line bundle on X. We
say that L is nef if the intersection number (L.C) is non-negative for any
compact complex curve C of X, and that L is semi-positive if L admits a
C>’ly smooth Hermitian metric h such that Chern curvature tensor v/—10y,
is semi-positive. As is easily shown, L is nef if it is semi-positive. The first ex-
ample, as far as the author knows, of (X, L) such that L is nef however is not
semi-positive was constructed by Demailly, Peternell, and Schneider in [6,
Example 1.7]. In [12], we also constructed another example of such (X, L) by
choosing suitable nine points Z = {p1,pa,...,pg} from the complex projec-
tive plane P2, letting X be the blow-up Blz P? of P? at Z, and by letting L
be the anti-canonical line bundle K)_(l. On the other hand, by the studies of
Arnol’d, Ueda, and Brunella, it is known that the anti-canonical line bundle
K ;(1 is semi-positive when X = Blz P? is as above for almost every choice of
the nine points Z in the sense of the Lebesgue measure [1, 2, 21] (see also [5,
§1]). Let us note that, for any of the examples above, there exists a reduced
divisor Y C X which is included in the complete linear system |L| such that
the line bundle L]y := i} L is topologically trivial, where iy : Y — X is the
inclusion. Motivated by such circumstance, we are interested in the following
(see also Conjecture 2.1):

PROBLEM 1.1. — Let X be a complex manifold and Y C X be a (re-
duced) hypersurface. Assume thatY is compact and Ny,x := iy [Y] is topo-
logically trivial, where [Y] is the holomorphic line bundle on X such that
Ox([Y]) = Ox(Y). When is [Y] semi-positive?

We will see previous results on this problem generally in Section 2.1.
Here, let us focus on one of the most interesting cases, which is the case
where X = X is the one obtained by blowing up P? at nine points Z =
{p1,p2,--.,po} C P2. As nothing is unclear on (singular) Hermitian metrics
on K)_(; if it is not nef (see [12, §7]), we assume that K}é is nef. Then, ac-
cording to [12, Proposition 7.10], there exists a reduced divisor Yz € |K)_(é|
such that the restriction K;(; |y, admits a flat connection (i.e. all the tran-
sition functions are C*-constant for a suitable choice of local trivializations)
and that Y is the strict transform of either a smooth elliptic curve, a cycle
of rational curves, a curve with a cusp, or three lines intersecting at a point of
P2. Here we mean by a cycle of rational curves a one-dimensional compact
reduced variety with only nodal (i.e. normal crossing) singularities whose
normalization consists of finite numbers of P’s and whose dual graph is a
cycle graph (Note that a rational curve with a node is also a cycle of rational
curves in our definition). We are mainly interested in the case where Y is a
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smooth elliptic curve or a cycle of rational curves, since the other cases have
already been investigated in the proof of [12, Proposition 7.10 (ii)].

First, let us describe our main result for (Xz,Y;) when Yz is a cycle
of rational curves. In this case, there exists an isomorphism a: Pic®(Yyz) —
C* := C\ {0}. Note that all the elements of Pic’(Yz) admit flat connec-
tions (i.e. the natural map H'(Y,C*) — Pic’(Yy) is surjective). Note also
that an element L € Pic’(Yy) is unitary flat (i.e. L admits a Hermitian
metric h with /=10; = 0) if and only if |o(L)| = 1. In the present paper,
we show the following:

THEOREM 1.2. — Let (Xz,Y7) be as above. Assume that the anti-canon-
ical bundle K;é is nef, and that Yz is a cycle of rational curves. Then the
followings are equivalent:

(i) K;(; is semi-positive.

(ii) Nz is unitary flat, where Nz := K;é|yz (i.e. |a(Nz)| =1).

(iii) Yz admits a pseudoflat neighborhoods system (i.e. there exists a fun-
damental system {V.}. of neighborhoods of Yz in X5 such that the
boundary OV. is Levi-flat for each ).

(iv) The set {T € cl(K)_(;) | T : closed semi-positive (1,1)-current} is
not a singleton.

Note that, when K;(; is nef and Yz has a singular point which is not a
node (i.e. Yz is a curve with a cusp or three lines intersecting at a point),
it follows from the argument in the proof of [12, Proposition 7.10] that the
assertions (i), (iii), and (iv) in Theorem 1.2 are equivalent. Note also that,
under the assumption in the theorem above, it is known that Y, admits a
strongly pseudoconcave neighborhoods system when Nz is not unitary flat
(i.e. |a(Nz)| # 1, [22] for a rational curve with a node, [12, Theorem 1.6]
in general). It is shown by Brunella that the assertions (i) and (iii) in The-
orem 1.2 are equivalent to each other when Y is non-singular and X \ Yz
does not contain any compact complex curve [2, Theorem 1 (i)]. Therefore
one can regard Theorem 1.2 as a singular analogue of Brunella’s theorem.

Let us add some explanation on known results on the semi-positivity of
K ;é when Y7 is a cycle of rational curves. As is easily observed, K;(; is semi-
ample if and only if K;é ly, is torsion in Pic®(Yy) (i.e. a(Nz) = e2™V=1? for
some rational number 6). In this case, K;(; is semi-positive by a standard
argument (see Section 2.1). In [12], we showed that the conditions (i), (iii)
and (iv) in Theorem 1.2 hold if a(Nz) = 2™V ~1? holds for some Diophantine
irrational number 6 [12, Theorem 1.4, Corollary 7.5]. Here we say that an
irrational number 6 is Diophantine if there exist positive numbers A and «
such that min,ez |n —mf| = A-m~°. For example, any algebraic irrational
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number is Diophantine according to Liouville’s theorem. By combining [12,
Theorem 1.6 (ii)] and the argument in the proof of [10, Theorem 1.1] that
K)_é is not semi-positive if |a(Nz)| # 1. Therefore, our contribution in the

present paper is in the case where a(Nz) = 2™V =19 holds for some non-
Diophantine irrational real number 6.

Next, let us describe our main result for (Xz,Y7) when Yz is a smooth
elliptic curve. In this case, any topologically trivial line bundle L on Yz
admits a unitary flat structure (see [21, §1.1] for example). Denote by pr, :
7m1(Yz, %) = U(1) the unitary representation of the fundamental group which
corresponds to L: i.e. pr, is the one obtained by considering the holonomy
of Fr along the zero section, where U(1) := {t € C | |¢t| = 1} and Fp is
the foliation of the total space of L which corresponds to the connection
defined by a flat metric (see [13, §2.1] for the detail). Denote by rank(L)
the rank of the image of py, as a finitely generated abelian group. Note that
rank(L) = 0 if and only if L is torsion in Pic’(Yy) (i.e. there is a positive
integer m such that L®™ is holomorphically trivial), that rank(L) = 1 if and
only if any leaf of Fr, is biholomorphic to C* except for the zero section, and
that rank(L) = 2 if and only if any leaf of F, is biholomorphic to C except
for the zero section. Our main result in the case where Yy is smooth is the
following:

THEOREM 1.3. — Let (Xz,Yz) be as above. Assume that Yz is smooth
and rank(Nz) < 2, where Nz = K;é|yz, Then K;(; is semi-positive, and
Yz admits a pseudofiat neighborhoods system.

Note that, as is classically known, K}}; is semi-ample if and only if
rank(Nz) = 0. As K)_(; is semi-positive in this case, we are interested in
the case where rank(Nz) > 0 (i.e. Nz is non-torsion). It follows from the
studies of Arnol’d, Ueda, and Brunella [1, 2, 21] that K)_(; is semi-positive
if Nz is Diophantine. Here we say that a topologically trivial line bundle
L on Yy is Diophantine if there exist positive numbers A and « such that
dpico (v, Iz, NZ™) > A-m~®, where I is the holomorphically trivial line
bundle on Yz and dp;co(y,) is an invariant distance on Pic’(Yy) (see [21,
§4.1]). Therefore, our contribution in the present paper when Y is smooth
is in the case where rank(Nz) = 1 and Nz is not Diophantine.

Let us briefly explain the idea how to construct a C'* Hermitian metric
with semi-positive curvature under the condition (ii) of Theorem 1.2, or the
assumption of Theorem 1.3. Based on an argument in the proof of [2, Theo-
rem 1], or the argument which we described in [13, §5] (see also Section 2.1),
the problem is reduced to show the existence of an open covering {V;}; of
a neighborhood of Yz and a system {@;}; of holomorphic functions on V;
such that @; is a defining function of Y NV; and that |@;/@w;| = 1 holds on
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each V; N V. Take a sufficiently fine covering {V;}. Then, it follows from a
simple argument that there exists a defining function w; on V; of Yz NV} for
each j such that |w;/wg| = 1 holds on Yz N'V; N'Vj,. Following the strategy
of [1] or [21, §4], we will modify w; by solving a functional equation in the
form of

oo
L. E L
wj = w; + Fim w3

m=2

on each V; (after shrinking V; suitably), where each Fj ., is a suitably con-
structed holomorphic function on V;. As is described in [21, §4.2] or [12,
§4.2.1], one can actually construct coefficient functions {Fj ,,} inductively
on m in our setting (see also [18]). Thus the problem is reduced to the L*>°
estimate of each A, := max;supy, [Fjm| so that the formal power series
Yo, AnX™ € C[[X]] has a positive radius of convergence (then one can
actually solve the functional equation above by using the implicit function
theorem, see Section 5.1 for details).

For such purpose, one need to estimate the L°° operator norm of the
coboundary map ¢: éo({Uj},OYZ(NEm)) — él({Uj},OyZ(Ngm)) of the
Cech cocycles, where Uj :=YzNV; and N,;™ is the m-th tensor power of
the dual line bundle N, L of N. According to Ueda’s lemma [21, Lemma 4]
or its singular analogue we will describe as Lemma 4.2, the operator norm of
the coboundary map can be estimated from above by K -|1—a(N%')|~! when
Yz is a cycle of rational curves, and by K - (dpjco(y,)(Iz, N5™)) " when Yz
is smooth, where K is a constant which does not depend on m. This type of
estimate is not enough for the case where N can be “too-well” approximated
by a sequences of torsion line bundles (for example when a(N%") = 2V =10
for some Liouville number 6 € R\ Q). In order to overcome this difficulty, we
alternatively consider a deformation family 7: X — S such that each fiber is
isomorphic to Xz for some nine points configuration Z. Then, by using the
maximum principle suitably, we can improve the estimate in our situation
(see also Section 2.4).

The organization of the paper is as follows. In Section 2, we will review
the relationship between neighborhood theories and the semi-positivity of nef
line bundles. Here we will also review Ueda theory, give an explanation on
the original proof of Ueda’s theorem, and explain our basic strategy to prove
the main theorems. In Section 3, we describe a generalized configuration and
state our main result as Theorem 3.1. In Section 4, we give two more concrete
configurations as examples of the generalized configuration we describe in
Section 3. In Section 5, we prove Theorem 3.1. In Section 6, we give some
examples and prove Theorem 1.2 and 1.3.
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2. Preliminaries

2.1. Semi-positivity of a nef line bundles and a neighborhood of
the stable base locus

Let X be a complex manifold and L be a holomorphic line bundle on
X. For a positive integer m, we denote by L™ the m-th tensor power L&™
and by L™™ the m-th tensor power (L*)®™ of the dual bundle L* of L. A
line bundle L is said to be semi-ample if Ox(L™) is globally generated for
some positive integer m. If L is semi-ample, then L is semi-positive. Indeed,
h = @[} hrs is a C*° Hermitian metric on L™ with /=10y, > 0, where m
is a positive integer such that Ox (L™) is globally generated, ®pm: X —
P(H°(X,Ox(L™))) is the map defined by the complete linear system |L™|,
and hpg is Fubini-Study metric on Op(go(x 04 (Lm)))(1). By considering the
metric h'/™, one can attach a C™ Hermitian metric on L with semi-positive
curvature.

In what follows, we drop the condition that X is projective and assume
that X is just a complex manifold. A holomorphic line bundle L on X is said
to be effective if HY(X,Ox (L)) # 0. When L is effective, there exists a non-
zero global section f € H°(X,Ox(L)). Let D be the corresponding divisor:
D := div(f). Note that L = [D] and Ox (L) = Ox (D) hold, where [D] is the
holomorphic line bundle on X which corresponds to the divisor D. In this
case, the current T defined by (Tp, ¢) := [, ¢ (for a compactly supported
C*> form o) is a closed semi-positive (1,1)-current such that Tp € ¢1(L).
Therefore we have that {T € cl(K;(;) | T : closed semi-positive (1,1) —
current} is not empty. Note that this set is not a singleton if L is semi-
positive, since /=10, € c¢;(L) is also a closed semi-positive (1, 1)-current
for any C'*° Hermitian metric h of L with semi-positive curvature.

We say that L is C*-flat, or L admits a flat connection, if L is an element
of the image of the natural map H'(X,C*) — H'(X, O%), or equivalently,
all the transition functions are taken as constant functions valued in C* for
a suitable choice of local trivializations. We say that L is unitary flat if L
is an element of the image of the natural map H'(X,U(1)) — H'(X,0%),
or equivalently, all the transition functions are taken as constant functions
valued in U(1) for a suitable choice of local trivializations. If L is unitary flat,
then L is semi-positive. Actually one can easily construct a C°° Hermitian
metric h on a unitary flat line bundle L such that /—10; = 0. Note that any
topologically trivial holomorphic line bundle on a compact Kéhler manifold
is unitary flat (Kashiwara’s theorem, see [21, §1.1]).
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Let Y be a reduced divisor of X. In this paper, we denote by Ny, x the
line bundle [Y]|y = }[Y] on Y, where iy: ¥ — X is the inclusion. As
Ny/x coincides with the holomorphic normal bundle of ¥ when Y is non-
singular, we call this bundle the normal bundle of Y in general. Even when
Ny,x is unitary flat, it may possible that L := [Y] is not semi-positive.
Indeed, [6, Example 1.7] gives such an example.

Assume that there exists a neighborhood V of Y in X such that L|y
is unitary flat, where L := [Y]. In this case, L|y admits a C°° Hermitian
metric hy with semi-positive curvature. On the other hand, L also admits
a singular Hermitian metric hgng such that hgng x\v is a C*° Hermitian
metric on L|x\y, hsing — 00 holds when a point approaches to Y, and
that Chern curvature current of hgng is semi-positive. Indeed, the singular
Hermitian metric hging defined by | fy|%sing = 1 enjoys these properties, where
fy € H°(X,0x(Y)) is a canonical section. A C*° Hermitian metric h on
L with semi-positive curvature can be constructed by using the regularized
mazimum construction for these two metrics hy and hging, which is the
same construction as we used for proving [9, Corollary 3.4] (see also [13,
§5]). Here we briefly explain this construction. Fix a relatively compact open
neighborhood Vj of Y in V. For a sufficiently small positive constant C, one
can easily see that the continuous Hermitian metric A on L defined by

hol.— maX{C' (h’V);la (hsing);l} ifxel
’ (Psing)z " ifre X\ 7V

T

is well-defined, and that the curvature current /—10y, is semi-positive. By
replacing the function “max” in the construction above with “a regularized
maximum function” (see [4, §5.E]), one can make h smooth.

Again, let X be a complex manifold and Y be a reduced divisor of X.
For a singular Hermitian metric h on L = [Y] with semi-positive curvature
current, one can construct a plurisubharmonic function ®;, on X \ Y by
@), = —log|fy|?, where fy € H°(X,Ox(Y)) is a canonical section. As
@y (z) = O(—logd(Y,z)) as x approaches to Y if h is smooth, one can
prove the non semi-positivity of L if one can deny the existence of such a
plurisubharmonic function on X \ Y, which is the strategy of the proof of
the main theorem in [10].

For investigating the flatness of L]y or the plurisubharmonic function on
V\Y for a neighborhood V of Y, we apply Ueda theory [21, 22] and its
analogues [11, 12, 13], which will be reviewed in the next subsection.
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Motivated by the argument as above together with some results such
as [2, Theorem 1 (i)] and Theorem 1.2, we pose the following:

CONJECTURE 2.1. — Let X be a projective manifold and ¥ C X be
a reduced subvariety of codimension 1. Assume that the restriction L|y (:=
iy L) of the line bundle L := [Y] to Y is unitary flat (or topologically trivial),
where iy : Y — X is the inclusion. Then L is semi-positive if and only if
there exists a neighborhood V' of Y such that L|y is semi-positive.

Note that, if the conjecture above is affirmative, then L = [Y] is not
semi-positive when Y is a smooth compact curve and the pair (Y, X) is of
type (v) (see Section 2.2 for the definition), which is actually the case for
some examples as we showed in [14, 16].

2.2. Short review for Ueda theory and its analogues

Let X be a complex manifold and Y C X be a holomorphically embedded
compact complex subvariety with topologically trivial normal bundle.

In [21], Ueda investigated the complex analytic structure of a neigh-
borhood of ¥ when X is surface and Y be a smooth (i.e. non-singular)
complex curve (see also [18]). He defined the obstruction class u,, (Y, X) €
HY(Y,Ox (Ny /%)) (m > 1), whose definition will be explained below in
a generalized configuration. In broad strokes, he defined the obstruction
classes by comparing [Y]|y and N on a small tubular neighborhood V
of Y, where N is the flat extension of Ny, x (ie. N is the unitary flat
line bundle on V' which corresponds to Ny, x via the natural isomorphism
HY(V,U(1)) - H'(Y,U(1))). The m-th obstruction class u,, (Y, X), which is
called m-th Ueda class, reflects the difference between [Y]|y and N in m-th
order jet along Y. By using Ueda classes, he classified the pair (Y, X) into
the following four cases: (a): The case where u,, (Y, X) # 0 for some m > 0,
which means that [Y]]y and N are different to each other in a finite order jet
along Y. In this case, the pair (Y, X)) is said to be of finite type. Otherwise, the
pair is said to be of infinite type. (8'): The case where there exists a proper
holomorphic map 7: V' — D onto the unit disk D := {w € C | |w| < 1} by
shrinking V' if necessary such that 7*{0} = mY holds as divisors for some
positive integer m. (8”): The case where [Y]|y is non-torsion and unitary
flat by shrinking V if necessary. In these two cases, Y admits a pseudoflat
fundamental neighborhoods system. (v): The remaining case.

Ueda showed that Y admits a strongly pseudoconcave neighborhoods
system if (Y, X) is of type («) [21, Theorem 1]. In this case, he investigated
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the detailed grouth properties of a plurisubharmonic function defined on
V' \Y [21, Theorem 2]. He also established a singular analogue of these
theorems for the case where Y is a rational curve with a node and Ny, x is not
unitary flat [22], which was slightly generalized by the author to, for example,
the case where Y is a cycle of rational curves [12, Theorem 1.6]. By combining
these and the argument we explained in the previous subsection, one obtains
many examples of nef line bundles which are not semi-positive (see [10], [12,
Corollary 1.3]). In the infinite type case, Ueda gave a sufficient condition for
the pair (Y, X) to be of type (8) or (8”) [21, Theorem 3], whose proof also
makes sense even when Y is a manifold of higher dimension. Note that [21,
Theorem 3] can be regarded as a generalization of Arnol’d’s theorem [1]. The
following theorem is a generalized variant of Ueda’s theorem:

THEOREM 2.2 ([21, Theorem 3], [12, Theorem 1.4], see also [13, Theo-
rem 1.1]). — Let X be a complex manifold andY C X be a compact reduced
subvariety of codimension 1 such that the normal bundle is unitary flat. As-
sume one of the following two conditions: Y is non-singular, or'Y is a cycle
of rational curves. Then there exists a neighborhood V' of Y such that the
line bundle [Y]|y is unitary flat if the pair (Y, X) is of infinite type and the
norml bundle Ny x := [Y]|y is either torsion or Diophantine.

Here we say that a topologically trivial line bundle L on a cycle of rational
curve is Diophantine if a(Ny,x) = e>™V=19 for a Diophantine number 6 €
R\ Q (see Section 1 for the definition when Y is non-singular). Especially,
note that the pair (Y, X) is of type (/') if and only if it is of infinite type and
Ny/x is a torsion element of PicO(Y). We will roughly review the strategy
of the proof of Theorem 2.2 in the next subsection.

In [11, 13, 15], we investigated a higher codimensional analogue of Ueda
theory. According to [12] and [13], we explain the definition of a generalized
variant of Ueda classes. Let X be a complex manifold, and ¥ C X be a
compact reduced subvariety of codimension r > 1 such that Ny, x is unitary
flat. Assume Y is a cycle of rational curves and r = 1 whenever Y is singular
for simplicity. Take a finite open covering {U;} of ¥ and a neighborhood V;
of U; in X. When Y is singular, one may assume the following condition
by refining them if necessary: U; N Uy # 0 and Uy, N Yiing # 0 imply U; N
Yiing = 0. Take a defining function w;: V; — C” of U; for each j: i.e. w;
is a holomorphic function on V; such that div(w](/\))’s transversally intersect

along U;, where w§>‘) : V; = C is the composition of w; and A-th projection

map C" — C. By a simple argument, one may assume that dw; = T)jpdwy
holds on each Ujj, := U;NUj, for some unitary matrix 7, € U(r) by changing
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w;’s if necessary, where

By shrinking V;’s if necessary again, we assume that, for each j with U; N
Yiing = 0, there exists a holomorphic surjection Pry,: V; — Uj such that
(wj, zj o Pry,) are coordinates of Vj, where z; is a coordinate of U;. In what
follows, for any holomorphic function f on U;, we denote by the same letter
f the pull-buck Pr’{]j f = foPry,. Take U; and Uy such that Uy, # 0. We

may assume that U; NYgine = (). In this case, one obtains the series expansion

w vy figa2)
(2) 2
S I I N
~ ~ jal>2
wy” w” 7l

where a = (ay,as,...,a,) is the multiple index running all the elements
of (Zso)" with |a| := Y \_,ar > 2, fk ’s are holomorphic functions on
Uji (we regard this also as a function defined by (Pry, |P]r ) f,g;\)a)

and w = [T\_; (w ()‘))‘“. For a positive integer m, we say that {(Vj,wj)}
is of type m if fkj,a = 0 holds for any a with |a|] < m and any j, k such
that Uj, # 0 and U; N Yaing = 0. If {(V,w;)} is of type m, it follows that
{(Ujk,u i)} satisfies the 1-cocycle condition, where

Ujk = Z Z fk ?a
A=1|a|=m+1 j
and thus it defines an element of H' (Y, Oy (Ny,x ® SNy ). We denote
by um (Y, X) the class [{(Ujk, u;x)}], which is the definition of the m-th Ueda
class. Note that we define ug; := —uji for j with U; N Ysing # 0 when
Y is singular. Ueda class u,, (Y, X) is well-defined up to the U(r)-action
of HY(Y,Oy(Ny/x ® S"”HN}*,/X)): i.e. it does not depend on the choice
of the system {(Vj,w;)} of type m as an element of H'(Y,Oy(Ny,x ®
Sm“N;‘,/X))/U(r) [21, p. 588], [12, Proposition 3.6], [13, Lemma 3.6].

Remark 2.3. — The obstruction can be similarly defined even when the
normal bundle is C*-flat if once we fix a system of type m. However, it is
not the case on the well-definedness of u,, (Y, X), see [3, Remark 2.2].
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Finally, in the rest of this subsection, let us summarize the situation when
(Y, X) = (Yz,Xz) is the pair as in Section 1: i.e. X is the blow-up of P?
at nine points Z = {p1,pa,...,po} such that Z C C\ Cqing, where C' is
either a smooth elliptic curve or a cycle of rational curves in P2, Csing is
the singular part of C, and Y is the strict transform of C. Assume that
the anti-canonical bundle K)_(1 is nef. In this case, Ny,yx is topologically
trivial. By the arguments in [21, §1.1], Ny, x is unitary flat if Y is a smooth
elliptic curve. As will be seen in Section 4.2, when Y is a cycle of rational
curves, there exists an isomorphism a: Pic’(Y) — C* such that an element
L € Pic’(Y) is unitary flat if and only if |a(L)| = 1 (see also [22, §1] for the
case where Y is a rational curve with a node). If Ny, x is not unitary flat,
Y admits a strongly pseudoconcave neighborhood and the line bundle [Y] is
not semi-positive. In this case, Ty as in the previous subsection is only the
element of the set {T" € ¢; (K)_(;) | T : closed semi-positive (1,1)-current}
(It follows by combining the arguments in the proof of [10, Theorem 1.1]
and [12, Theorem 1.6 (ii)]). In what follows, we will investigate the case where
Ny x is unitary flat. In this case, it follows from the argument as in [18] that
(Y, X) is of infinite type even when Ny, x is torsion (it is clear that the pair
is of infinite type if Ny, x is non-torsion, since H*(Y, Oy(N;/T;L()) = 0 holds
for any positive integer m in this case). Therefore, by Theorem 2.2, it follows
that there exists a neighborhood V of Y such that [Y]|y is unitary flat if
Ny, x is torsion or Diophantine. Thus, by using the regularized minimum
construction as we explained in the previous subsection (see also [13, §5]),
K)}l is semi-positive if Ny, x is torsion or Diophantine.

When Y is an elliptic curve, denote by p = p(Ny,x) and ¢ = q(Ny,x) the
real number such that the holonomy of the foliation defined by the flat metric
along v; and 7, is equal to exp(2m/—1p) and exp(27v/—1q), respectively,
where 1 and -, are generators of the fundamental group 7 (Y, %) of Y. The
normal bundle Ny, x is torsion if and only if both p and ¢ are rational.
The normal bundle Ny, x is Diophantine if either p or ¢ is a Diophantine
irrational number. According to Theorem 1.3, K;cl is semi-positive for (Y, X)
as above if Y is smooth and either p(Ny,, /x, ) or ¢(Ny, x ) is rational. Thus
the remaining problem is as follows:

QUESTION 2.4. — Is Ky' semi-positive when (Y,X) = (Yz,Xz) as
above if Yz is smooth and neither p(Ny, x,) nor q(Ny,,x,) is rational
or Diophantine for any choice of the generator (v1,72) of the fundamental
group (Y, %) of Y?

Note that, when Ny, x is neither torsion nor Diophantine, Ueda con-
structed an example of (Y, X) which is of type () [21, §5.4]. For his exam-
ple, we showed that [Y] is not semi-positive [14] (see also [16]). However, as
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this Ueda’s example or some examples in [16] are essentially only the known
examples of type (v) and X is non-compact surface in these examples, we
know nothing on the existence of such an example when X is compact.

2.3. Outline of the proof of Ueda type linearization theorems

In this subsection, we explain the outline of the proof of Ueda type lin-
earization theorem such as Theorem 2.2 by using a toy model.

Let Y be a smooth elliptic curve C/(1,+/—1): i.e. Y is the quotient C/ ~,
where “~” is the relation generated by z ~ z 4+ 1 ~ z + v/—1. Denote by
[2] the image of z by the quotient map C — Y. Define an open covering
{Uj}j:1,273 by Uj = {[Z] S R/Z | 2] < Rez < (2] + 1)/6} Let X be a
non-singular surface which includes Y as a subvariety such that N;/lx =

{(Usk, tjr)}Y] € H'({U;}, 0%) holds, where

s if (4,k) =(3,1)
tiw=19s"" if (j,k) =(1,3)
1 otherwise

for some s € U(1). Additionally, we assume for simplicity that there exists a
neighborhood V of Y in X and a holomorphic map Pry: V — Y such that
Pry |y is the identity, and that there exists a defining function w; on V; of
U; for each j, where V; := Pr;l(Uj). By a simple argument, it follows that
we may assume dw; = tjdwy holds on each Uji. Fix a local coordinate z;
of Y on Uj, and regard (z;,w;) as coordinates of Vj, (Here we extend the
domain of the function z; to V; by pulling buck by Pry). Then, by letting
Srjm = 8871;|wj=0(tjk- - wg), one has that

tik - wi = wj + frjo(z) - w] + fuja(zg) - wf + ...
holds on each Vj;. Our goal is to construct a new system {(V;, w;)} of local
defining functions such that @; = t;, W, by modifying w;’s (and by shrinking
V}’s if necessary).
The strategy of Ueda’s proof of [21, Theorem 3] can be explained as

follows: Define a suitable holomorphic functions F},,: U; — C for each
j =1,2,3 and for each m > 2 so that the solution of the functional equation

oo
wy =D+ Y Fim(z) - OF (2.1)
m=2
satisfies W; = t;,Ws on a neighborhood of Ujy, (if exists). Here we are re-
garding F} ., as a function on Vj by pulling back by Pry.

— 242 —



Hermitian metrics on the anti-canonical bundle

In order for @w;’s to satisfy @; = ¢;, @y, both of the coefficients of @}" in
two expansions

oo
m
tjkwk = wj + E fkj,m . wj

m=2

o0 o0 o0 Z
=@+ > Fjm -0+ frje- | @5+ Y Fin -0
m=2 =2 n=2
and

o0 o0
~ A~ ~ 1—m ~
tjk.wk = tjkwk + E tijk,m wzﬁb = tjkwk + E tjk Fk,m . w;n
m=2 m=2
should coincide for each m. This condition can be reworded as —Fj,, +
1—m . . ~m .
ik Fim = hijm, where hy; ., is the coefficient of wj" in the expansion of

oo oo e
> frge- (@' +Y Fin '@) € Oy (U;)[[w;]]-
(=2 n=2

Note that each hyj n, only depends on fi; ,’s and {F} .} u<m,j=1,2,3, and does
not depend on {Fj,p}p2m7j:1,2,3: Indeed, hkj}g = fkj,g and hkj)g, = fkj)g, +
2fkj,2 - Fj2 hold for example. Conversely, it is observed by relatively simple
inductive argument that a formal solution @, of the functional equation (2.1)
satisfies ¢;, Wy = W; in any order jet along Ujy if F},,’s satisfies —F)} ,, +
t;;kam = hyj,m. Therefore what we should do is the following:

Step 1. — Solve the equation

Uy, Fym)} = {(Usn, = Fjm + 15" Frm})
= {(Ujk: hijm)} € Z'({U;}, Oy (Ny/ §))
to obtain Fj ,,’s inductively on m.

Step 2. — Estimate By, := max; supy, |Fj| and show that the formal
power series Y ~_, B, X™ € C[[X]] has a positive radius of convergence
(if so, one actually shows the existence of the solution @; of the functional
equation (2.1) by shrinking V; by using the implicit function theorem, which
completes the proof).

Note that the assumption that the pair is of infinite type is needed
in Step 1 (since the class [{(Ujk, hijm)}] coincides with m-th Ueda class
um (Y, X), see [21, p. 598]), and that the normal bundle is either torsion or
Diophantine is needed in Step 2.
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In the rest of this subsection, we will focus on Step 2. In what follows,
we assume that each fi;, is a constant function for simplicity. By a simple
inductive observation, each F} ., is also constant in this case.

Remark 2.5. — When each fi; . is a constant function, clearly there is a
holomorphic foliation such that each leaves are defined by {w; = constant}.
In this case, the problem is reduced to the linearization problem of the
holonomy function, which explains the strategy of original proof of Arnol’d’s
theorem [1] in our simple model.

For o € C*, denote by L, the unitary flat line bundle on Y defined by

La’ = [{(U127 1)7 (U217 1)a (U23a 1), (U327 1)a (U31a 0_1)7 (U13, U)}]
€ Eﬂ({Uj}” (C*)7
and by C(L,) the sheaf of locally constant sections of L,. In the case where
each fi;m is constant, F} ,,’s are inductively defined by solving
5{(Ujs Fjm)} = {(Ujk, = Fjm + t55 " Frm})
= {Ujks hijom)} € Z'({U;}, C(LT ).
The following lemmata are needed for the inductive estimate of |F} ,,|’s:

LEMMA 2.6. — There exists a constant K which does not depend on o
such that, for any o = {(Ujx, a;)} € Z1({U;},C(Ly)) and B = {(U;,3;)} €
C°({U;},C(L,)) with 68 = a, it holds that

d(1,0) -mJaXIﬁjI < K -max|agil,
Js

where d is the distance of U(1) = R/Z induced by the Euclidean distance of
the universal covering R.

Proof. — If 0 = 1, nothing is non-trivial. Otherwise, by a simple calcula-
tion, one has that ﬂl = —ﬁ, ﬁQ = —Q31 —agg—%, and 63 = —Q31 —%,
where A := aq5 + as3 + a31. The assertion follows from this and the equiv-
alence of d and the distance of U(1) obtained by restricting the Euclidean

distance of C (D U(1)). O

LEMMA 2.7. — For each o € U(1), there exists a constant Ko(o) which
satisfies the following property: For any o = {(Ujk, aji)} € Zl({Uj}7 C(L,))
with [a] = 0 € ﬁl({Uj},C(La)), there exists an element 5 = {(U;, B;)} €
éo({Uj},(C(Lg)) such that 68 = a and

max |3;| < Ko(o) - max |a; x|
J J.k
hold.
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Proof. — When o # 1, the assertion follows from Lemma 2.6 (Note that
the solution f is unique in this case). When o = 1, it follows by simple
argument that [@] = 0 holds if and only if ajs + as3 + a3y = 0. As the
solution S can be constructed by letting 8 := 0, B := —a31 — asos, and
B3 := —ag, the assertion holds if one lets Ky(1) := 2. |

Note that Lemma 2.6 can be regarded as an analogue of [21, Lemma 4],
and Lemma 2.7 can be regarded as an analogue of [21, Lemma 3] (=[8,
Lemma 2]).

Let M := max; supy, |w;|, and assume that there exists a positive con-
stant R such that {(z;,w;) € V; | z; € Vi, |w;j| < 1/R} € Vj, holds for each
J, k for simplicity (we mean by “€” the relatively compact subset). Then, by
an inductive argument as in [21, §4], one has that the formal power series
AX)=X+> 7 , A, X™ € R[[X]] defined by the equation

> A m MA(X)?
2 e N T AW

m=2

satisfies max; supy, |Fj,m| < A for any m, where Ko(s™™1) is the one as
in Lemma 2.7.

When s is a torsion element of U(1), {Ko(s™ 1)}, is a finite set,
and thus there exists a constant which is larger than any Ko(s™™1). When
s = e2™V=10 for o Diophantine irrational number, we have a suitable type
of estimate of Ko(s™!)’s by Lemma 2.6. In these cases, one can show that
the formal power series A(X) has a positive radius of convergence (by using
the implicit function theorem suitably in the torsion case [21, §4.4], and by

using the estimate as in [19] in the Diophantine case [21, §4.6]).

On the other hand, when s = €2™V~1? for a real number # which is neither
rational nor Diophantine, Lemma 2.6 is not enough to show the convergence
of the formal power series > >°_, max; |F} | - X™ € C[[X]] (Indeed, there
is a counterexample by Ueda, see [21, §5.4]). We will explain our idea to
improve the estimates under some special situations in the next subsection.

2.4. Our idea to improve the estimates

In order to improve the estimates of |F} ,,|’s in the previous subsection,
we will consider a deformation of the complex structure of X. Let S be a
neighborhood of U(1) in C*, X a complex manifold of dimension 3, and
m: X — S be a surjective holomorphic submersion. Assume that there exist
a submanifold Y C X and a biholomorphism p: Y — Y X S such that the
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diagram

bS]

Y xS

w\

commutes, where Y = C/(1,+/—1) and Pry is the second projection. For each
s € S, denote by X, the fiber 771(s) and by Y, the submanifold ) N X,. In
what follows, we will identify Y with Y x S via p.

\lz

Letting U; := U; x S, where Uj is the one in the previous subsection, we
define a C*-flat line bundle L on Y =Y x S by

L = [{(tha, 1), Ua1,1), (U3, 1), Us2, 1), (Us1, Pry "), (U, Pra)}]
e H'({U;},03),

where Pry: Y x S — S(C C*) i
L, holds via natural isomorphism between Yy = Y x {s} and Y. Here we
assume that Ny, r = L. Then one can regard each pair (Y, X;) as the one
we observed in the previous subsection for each s € U(1) under suitable

additional assumptions.

Remark 2.8. — As will be seen in Section 6.1, the pair (Yz, Xz) as in
Section 1 is settled in a fiber of such a deformation 7: X — S when Y7 is
smooth. On the other hand, we constructed in [14, Example 4.3] a patho-
logical example of such 7: X — S, in which the line bundle [Y;] on X
is semi-positive for almost every s € S in the sense of Lebesgue measure,
whereas it is not semi-positive for uncountably many s € U(1). In order to
distinguish these two cases, Condition (x) we will add below is important.
Note that the pair (Ys, X;) is of infinite type for any torsion element s in
U(1) in the former example [18], and that the pair (Y, X;) is of finite type
for any torsion element s in U(1) in the latter example [14, Example 4.3].

Assume, again for simplicity, that there exists a holomorphic retraction
Pry from a neighborhood of ) onto Y such that Pry |y is the identity, and
that there exists a neighborhood V; of each U/; in X and a defining function
wj: V; — C of U; such that {(Vjs,wjly,,)} is a system as in the previous
subsection for each s € S, where V; ; := V; N X,. Under such a situation, one
can consider the “simultaneous linearization problem” for {(V;, w;)}, which
is the problem on constructing a new defining functions system {(V;,@;)}
by shrinking V;’s if necessary such that ¢;,wy, = w; holds on each Vjj, where
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tjk: Vjr — C* is the function defined by

Pry o Pry(z) if (j,k) = (3,1)
tik(x) == ¢ (PraoPry(z))~" if (j,k) = (1,3),
1 otherwise

where Pra: Y x5 — S(C C*) is the second projection. Under some additional
technical assumptions including the following Condition (*) and (xx), this
simultaneous linearization problem is reduced to the estimate of the L
operator norm of the function

§: CO{Us}, Op(L™h)) — C ({Us}, Op(L™ )

for each m > 2 by the same argument as in the previous subsection and
by an analogue of Lemma 2.7 (Proposition 2.9 below for a toy model case,
Proposition 5.4 for the actual configuration).

Condition (x). — The pair (Ys, X;) is of infinite type for any s € S.
Condition (). — For each m > 2, [{(Ujx, X {8}, hijm|u, . x(s3)}] =0 €

If[l({Uj’s}7 Oy (L™ 1)) holds for any s € S, where hy;j, is the function on
Uy, defined in the same manner as in the previous subsection.

In fact, it turns out that Condition (x*) implies Condition (), since
the class [{(Ujx x {s}, hijmlu,.x{s})}] coincides with m-th Ueda class for
s € U(1), as is mentioned in the previous subsection. On the other hand, even
when Condition (x) holds, it may possible that Condition (xx) does not hold,
since the class [{(Ujx X {s}, hkjmlu,,x{s})}] does not necessarily coincide
with Ueda class (see also Remark 2.3). In the actual situation (i.e. in the case
where each fiber X is realized as Xz as in Section 1), Condition (*) holds.
Although Condition (#*) is much more useful for running an argument we
will explain as Proposition 2.9 below for a toy model case (in order to explain
the idea of the proof of Proposition 5.4 for actual configuration), we do not
know whether or not Condition (x#) holds in the actual situation. Thus, we
need to run the inductive argument by carefully shrinking S depending on
m so that Condition (**) holds at each step of the induction (Note that the
cohomology group H'({U; .}, Oy (L™1)) itself vanishes if s™1 # 1, which
means that Condition (*) implies Condition (xx) for m = myg if S is so small
that {s € S | s™~1 =1} c U(1)).

In the rest of this subsection, we will explain the idea how to establish an
analogue of Lemma 2.7 for the family configuration and estimate the operator
norm of d: CO({U;}, Oy(L™ 1)) — CH({U;}, Oy (L™ 1)). In what follows,
we replace S and Oy (L™~1) with U(1) and Ay «y(1)(£™), respectively, and
consider the coboundary map

o éo({Ua‘ x U} Ay xua)(£™)) = él({Uj x U} Ay xua)(£™)).
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as a toy model, where Ay, y(1)(L™) is the sheaf of the sections of £™ which
are locally constant in Y direction and real analytic in U(1) direction.

For each positive integer m and for each v = 0,1,...,m — 1, define a
subset W, ,, of U(1) by

1

Wi = {exp(27r\/—1¢9) e U(1) ‘ g e R, ’9 — %‘ < }

2m

Note that s = (};, is the only element s of W, , such that s™ = 1, where
Cm = exp(2my/—1/m). For an open neighborhood W,, ,, defined by

v 3
A
m 4m}

Wi = {exp(27r\/19) e U(1) ‘ 0 eR,

of Wi, in U(1), we first show the following:

PROPOSITION 2.9. — Let a = {(Uj x Wm,y,ajk)} be an element of
ZY{UjxWiu b, Ay xuy (£™)). Denote by as = {(Uji < {s}, ajilu,, < (s))} €
ZY({U; s}, C(L™)) the element obtained by restricting o to Yy for each s €
Win,. Then the followings are equivalent:

(i) [acy]l=0¢€ Hl({Uz,C:n}v(C(L%))-
(i) [aly, 5. 1=0€H'({U; x Wi}, Ayxu@ (£7))-

Proof. — As clearly (ii) implies (i), we show the converse. Assume (i)
holds. Denote by W;W the set Wm,y \ {¢%}. It follows from an argument in
the proof of Lemma 2.6 that the element 8 = {(U; x W;;’,,, Bi)} € 5’0({UJ— X
Wﬁz,y}vAYXU(l)(‘cm)) defined by S (s) = *%7 Ba(s) = —azi(s)—aas(s)—
s"AG) - and B3(s) = —aszi(s) — Si’iﬁj) satisfies 8 =

1—sm 2

where

a‘Yxﬁ/:mu’
A(s) = a12(s) + az3(s) + asi(s). As it follows from the argument in the
proof of Lemma 2.7 that A(¢},) = 0, one can naturally extend §; to define

a primitive 8 € CV'O({Uj X Wm,u},AYXU(l)(‘Cm))' 0

Under Condition (x), one has that the assertion (i) of Proposition 2.9
holds for any v. If the function

s™A(s)

1—sm

eC

Wy 28—

is convex, whose complex analytical counterpart is actually the case in the
actual situation in some sense, one has that
s™A(s)

1—sm

s™A(s)

max
1—sm

SEWTIL,II

SEMW o ’
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where A is the one in the proof of Proposition 2.9. In this case, for a point
s« € OWp,,, which attains the maximum of the function above, it follows
from Lemma 2.6 that

s™A(s) ST A(sy) ST A(Sx)
max =
€W, | 1 — 8™ 1—sm ed(1,sm)
|A(s)] 2 6
P 7 R [ A(s:)] < 2 max sup |k (s)]

where ¢ is a positive constant such that ed(1,0) < |1—0o|. Note that £ depends
on neither s nor m. As therefore the constant 6/¢ depends on neither s nor
m, one can regard this estimate as an improved variant of Lemma 2.6 under
Condition (x).

3. Main result for a suitable deformation configuration

According to the observation in Section 2.4, we will pose a generalized
configuration, which can be regarded as a generalization of a configuration
of the blow-up model of P? at suitably chosen nine points as we described
in Section 1 (see the next section), and state our main result in this section.

Let S C C* be a neighborhood of U(1), X a complex manifold, 7: X — S
a surjective holomorphic submersion, and ) C X be a reduced subvariety of
codimension 7 > 0 such that there exist a connected reduced compact com-
plex variery Y and a biholomorphism p: ) 2 Y x S such that the following
diagram commutes.

i~

y Y xS

R

A
y
c |
-
\

S

Assume that Y is either a manifold (i.e. a non-singular variety) or an analytic
space of dimension one with only nodal singularities. Also assume that r = 1
in the latter case (i.e. when Y is singular). Take a finite open covering {U;}
of Y such that each U; is Stein, connected and simply connected which
satisfies the following properties: For each p € Yiing, there uniquely exists U;
such that p € Uj;, and it holds that UUjﬂYsing:V) U; = Y \ Ying. Note that
especially it holds that Yging N Uji = 0 holds for any j and k if j # k. By
considering a refinement of {U;} if necessary, we may assume that it also
holds that U; NYsing = 0 if Uji #* 0 and U, N Yiing #* 0.

Define an open covering {U;} of V by letting U; := p~*(U; x S). Take
a neighborhood V; of U; in X such that V; N Y = U;. We assume that
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Vji 1= V; NV, is empty if and only if Uy, := U; N U, is empty by shrinking
V;’s if necessary. We use the following notation for each s € S: X := 7 1(s),
Y, = X, NY =p 1} Y x {s}), Ujs := Xs NU; = p~1(U; x {s}), Vjs =
Xs NV, Ujs = Uj s NUgs, and Vi s := V; s NVy ;. We denote by I, the
holomorphically trivial line bundle on Yj.

In what follows, we give five assumptions. First one is the following;:

Assumption 1 (Cohomology vanishing assumption). — For any topolog-
ically trivial holomorphic line bundle L on Y which is not holomorphically
trivial, it holds that H'(Y, Oy (L)) = 0.

The second one is:

Assumption 2 (Flatness assumption for the normal bundles). — There
exists a holomorphic function

®
J
wj; = . : Vj — C

w

e
such that the following six conditions hold:

(i) {wg»’\)}f\:l is a system of defining functions of U, (i.e. {wj(’\)}“;\:l
generates the defining ideal sheaf Iy, C Oy, of U;).
(i) maxy max; supy, |wj(->‘)| is bounded.
(iii) For each j and k with Uj), # 0, there exists a holomorphic function
t;z): S — C* for each A = 1,2,...,r such that dwj(-)‘) = tﬁ)dw,(:‘)

holds on U;,, where we denote by the same letter t%) the composi-

tion of p: Y — Y x S, the second projection, and t;?.

(iv) When Uy, is singular, there exist coordinates (zk,yx,s) of Vi such
that w,(cl) =z - yr and 7(xg, Y, S) = s.

(v) When Uj is smooth (i.e. non-singular), V; is embedded into C" x
U; in the following manner: There exists a holomorphic retraction
Pry,: V; — U; (i.e. Pry; [y, is the identity) such that 7o Pry, =7
and that V; 3  — (w;(z), zj o Pry, (z), m(x)) € C" x U; x S defines
coordinates of V;, where z; is a coordinate of Uj.

(vi) When Uy, is singular, Vy is embedded into C? x S in the following
manner: The images of the maps Vi 3 (2, yk, s) — (zk,0,8) € Uy
and Vi 3 (zk, Yk, s) — (0,yk,s) € Uy coincide with each of the
irreducible components of Uj.
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In what follows, we often denote simply by w; the function w](.l)
when r = 1. Denote by A* the holomorphic vector bundle on Y of rank
r defined by N* = [{(U, Tjx)} € H'({U;}, GL(Oy)), where T, =
diag(tﬁ), tﬁ), . ,t;?) is the diagonal matrix, and, for each s € S, by N the
holomorphic vector bundle N*|y, = [{(Ujk.s, Tjr(s))}] € H' ({U; s}, GL,.(C))
on Yy of rank r. We regard them as conormal bundles of ) and Yy, respec-
tively. Note that N* = @) _, £ and N} = @) _, Ly s for each s € S, where
L is the holomorphic line bundle on Y defined by £y := [{(L{jk,tﬁ))}] €
H'({U4;},05), and Ly, is the holomorphic line bundle on Y defined by
Lys = Lily, = [{(Ujk’s,tgz)(s))}] € H'({U;s},C*) for each A\=1,2,...,7r.
Note that such a decomposability is actually the case for example when Y
is an elliptic curve with unitary flat normal bundle, since any unitary flat
vector bundle on an elliptic curve can be split as the direct sum of unitary
flat line bundles.

For a multi-index a = (a1, a2,...,a,) € Z", we denote by |a| the sum
a1 +ag+---+ap, by L% the line bundle L' ® L32 @ - - - @ L%, by L% the line
bundle Li'® Ly* ®- - -®@ L7, for each s € S, by t$; the product H;Zl(tﬁ))“*,
and by dw the tensor ®:\:1(dwj(->‘))®“*.

Fix an integer My > 1. Denote by §m the subset of S defined by

G .= {s es ‘ d(s,U(1)) < Mim}

for each m € Z(, where d is the distance of S attached by restricting the dis-
tance of C* which is induced by the Euclidean distance of C via the covering

map C € & — exp(2my/—1€) € C*: i.e. d(exp(2my/—1a),exp(2my/—1b)) =

|a — b| for a,b € C when a is close to b.

Assumption 3 (Assumption on torsion points and the bound of the tran-
sition functions). — The following three conditions hold:

(i) The set S; is a relatively compact subset of 3.
(ii) For each positive integer m and each a = (a1, as,...,a,) € Z" with
la| =m, {s €S, | L* = 1,} is a subset of {s € U(1) | s™ = 1}.
(iif) There exists a positive constant © > 1 such that

max sup [t7,(s)] < ©
Ik SES\WL

holds for any positive integer m and any a € Z" with |a| = m.
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Note that Assumption 3 (iii) implies |t;2)(s)| =1 for each s € U(1) and
each A. For each positive integer m, denote by S,,, the subset of §m defined by

S = {s cs ‘ d(s,U(1)) < 4]\/}0771}’

by Cagm the point exp(2my/—1/(Mom)) of U(1) C S, by Wy, the closed
subset of S defined by

1
A~ g S (Ca Reg - MV ‘ g M. )
Wi i= { exp(2mV/—1€) € Sy, om om1
I <
el < e

forv=0,1,2,...,Mym —1, and by d, ., : Wy, , = R the function defined
by

d(s, % if L%, is holomorphically trivial
duos) = {100 o) T KL,
5 Mlom otherwise
for each m,v, and a with |a] = m. Note that one simply has that

Uy:ggn*l Wiy = Sy and dg ,(s) < d(s,{oc € S| L2 = 1,}) for each pos-
itive integer m, multi-index a with |a| = m, v = 0,1,2,..., Mym — 1, and

s € Wy, (Here we use Assumption 3 (ii)).

Assumption 4 (Ueda-type Lemma). — There exists a positive constant
K such that the following holds: For any positive integer m, multi-index
a = (ay,ag,...,a;) € Z" with |a|] = m, v = 0,1,2,...,Mym — 1, s €

Winv, a l-cochain o = {(Ujhs,ozjf,sdw?)} = Zl({Uth},OyS(L(S‘)), and a
0-cochain 3 = {(Uj.s, 8;,sdw§)} € C°({U; s}, Oy, (L%)) such that a = 63 :=
{(Ujk.s (=Bj.s +18;(5) - Brs)dw})} € Z'({Uji,s}, Oy, (LE)), it holds that

m - dau () [|Blls,a < K- ”O‘”s,av

where [|al|s,q == max;  supy,, | and [|B||s,« := max; supy, _ |Bj,s

Ajk,s

The final assumption is the following:

Assumption 5 (Assumption on the type of (Ys, Xs) for s € U(1)). — For
each s € U(1), the pair (Y, X;) is of infinite type in the sense of [12] when
Y is singular, and of [13] when Y is smooth (i.e. Ys admits a system of local
defining functions of type m for any positive integer m, see also Section 2.2).

The following theorem is the main result:
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THEOREM 3.1. — Let s be an element of U(1)(C S). Then, under As-
sumptions 1, 2, 3, 4, and 5, the following holds by shrinking V; .’s if neces-
sary: there exists a function

—

)

3 ®»

258

>

(1
(

~ _ J . . r
Wy,s = . :Vis = C

Aér)

1S
on each V; ; such that {@ﬁ-/\)}'g\:l generates the defining ideal sheaf Iy, C
Ov,, of Ujs, and that @;AS) = tﬁ)(s) . @,93 holds on each Vji s for X =

Js

1,2,...,7r.

4. Two examples of configurations which satisfies five
assumptions in Theorem 3.1

Before we give the proof of Theorem 3.1 in Section 5, we will give two
examples of configurations which satisfy five assumptions in Section 3, so
that one can apply Theorem 3.1 to the examples in Section 1.

4.1. A configuration in which Y,’s are smooth elliptic curves

Let Z be a manifold of dimension r» + 1, L be a holomorphic line bundle
on Z, DY,DY,...,D? be prime divisors of Z such that Oz(DY) = Oz(L)
for any A = 1,2,...,7. Assume that Y := DY N DIN-.-N DY is a smooth
elliptic curve, Dg’s intersects to each other transversally along Y°, and that
the intersection number (L.Y?) is equal to 1. Denote by py € Y the point
such that Oyo (L‘YO) = Oyo (po)

In what follows, we identify ¥ := Pic’(Y?) with Y° via the map Y° >
q— Oyo(q—po) € X. Let X be the blow-up of Z x X along the subvariety

{(2,5) € Y" x & | 2 coincides with s via the identification above} C Z x %,

and 7: X — ¥ be the morphism obtained by composing the blow-up mor-
phism and the second projection Z x ¥ — ¥. Note that « is a surjective
holomorphic submersion, and that each fiber X, := 7~ !(s) is the blow-up of
Z at s for each s € . Denote by Dy C X the strict transform of Dg x ¥ for
each A =1,2,...,r, and by ) the intersection ﬂ;zl Dy. It is easily observed
that {Dy s := Xs; N Dy}5_, intersects transversally along Y; := X, NY
for each s € X. Note also that Np, /x|y, = L;! holds for any X (and
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thus it holds that Ny, i = L¥") for each s € ¥ (= Y by the identifi-
cation we fixed in the above), where L is the line bundle on Y such that
Oy, (Ls) =2 Oyo(s — pp) holds via the natural isomorphism between Y and

Y (i.e. via the composition of the blow-up morphism and the first projection
Z XY= 7).

Take an element 7 of the upper half plane H := {¢ € C|Im¢ > 0} such
that Y := C/(1,7) is isomorphic to Y°. Let 71 and <, be generators of
71(Y?, po) which corresponds to the deck transformations +1 and +7 of the
universal covering C — Y. Denote by £ the line bundle on Y° x Y such that,
for each y € Y, the restriction L, := L|yoy,} of it to Y0 x {y} is the unitary
flat line bundle which corresponds to the unitary representation 71 (Y, %) —
U(1) defined by 71 — exp(2mv/—1- (—q(y))) and 2 — exp(2my/—1p(y)) via
the first projection Y x {y} — Y°, where p(y) and ¢(y) are the elements of
R/Z such that y = [p(y) + q(y) - 7]. Note that we can naturally regard L as a
holomorphic line bundle, since each line bundle L, is isomorphic (on Y x {y}
via the first projection as a holomorphic line bundle) to the C*-flat line
bundle on Y which corresponds to the C*-representation 7 (Y, %) — C*
defined by 71 +— 1 and v — exp(2mv/—1(p(y) + q(y) - 7)) (This C*-flat line
bundle holomorphically depends on y. The isomorphism is easily obtained by
considering the function o: z — exp(2mv/—1 - (q(s) — qo)z) on the universal
covering of Y). Tt follows from the fact that Pic’(Y?) has a property as
the coarse moduli (see [17, §A.1] for example), there exists an isomorphism

i: Y — X such that (idyo xi)*NDil//,ﬂy 2~ £ via the isomorphism between
A
Y and Y? x ¥ which is defined by using the blow-up morphism (Note that

it does not depend on A, since N%l/fb’s are isomorphic to each other for
A
A=1,2,...,7).

In what follows, we identify Y with Y° (and thus also with ¥) via i.
Note that the point py € Y is identified with the point [0] € Y. Note also
that it follows from a simple argument that the following two conditions
are equivalent to each other for an element of y € ¥ = Y° = Y under our
identifications:

(i) y is torsion as an element of Y (i.e. [m(p(y) +¢q(y) - 7)] =[0] € ¥
for some m € Z \ {0}),

(ii) y is torsion as an element of X (i.e. Ly is holomorphically trivial for
some m € Z \ {0}).

In such case, we simply say that y is torsion.

Fix a rational number ¢y € Q with 0 < g9 < 1. Set

Ly :={[ptqo7] €Y |p € R} and £, ::{{p+<qo+;> 'T:| GY’pGR},
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and regard them as subsets of ¥ via the identification. Define a base space
S by S :=%\ls. We regard S as a neighborhood {s € C* | exp(—7Im7) <
|s| < exp(mIm7)} of U(l) in C* by using the embedding

S35 [z] = exp(2nvV—1(z — qo - 7)) € C*,
where we are regarding z as an element of {p+q¢7 € C | p,g € R, |¢— qo| <
1/2}. In what follows, for each element s € S, we let p(s) and ¢(s) be the real

numbers such that |g(s) —qo| < 1/2 and s = [p(s) +¢(s) - 7] hold as elements
of Y (p(s) is determined modulo Z, whereas ¢(s) is determined uniquely).

We define the total space X by X := 771(S) C X, and the subvariety
by Y := YN X. Denote the restriction 7|y simply by the same letter 7, and
by D, the intersection Dy N X for each A = 1,2,...,r. Let {U;},{U4;}, and
{U,.s} be those as in Section 3. In the rest of this subsection, we will show
that 7w: X — S satisfies Assumptions 1, 2, 3, 4, and 5 under the following:

Assumption 5. — The following holds for any torsion element s € X:
There exist a complex manifold B of dimension r, r divisors {Ey}5_; of
Bs, a neighborhood V; of Y, in X,, and a surjective proper holomorphic
map bs: Vz — By, such that Yy is a fiber of b, F)\’s intersects transversally
to each other at the point b,(Y;), and that b Ey = myD) s holds as divisors
for some positive integer m) for each .

4.1.1. Assumption 1

As Y is an elliptic curve, the assertion of Assumption 1 clearly holds.

4.1.2. Assumption 2

As is obtained by a simple observation, the line bundle L is holomor-
phically isomorphic to the C*-flat line bundle which corresponds to the
C*-representation 71 (Y, ) — C* defined by 1 + exp(2my/—1(—qo)) and
y2 + exp(2myv/—1(p(s)+(q(s)—qo)-7)). Thus we have that, by taking a refine-
ment of {U;} if necessary, there exists a holomorphic map ¢;;: S — C* for
each j and k such that each ¢;(s) coincides with either 1, exp(£2mv/—1qp),
exp(22mv/—1(p(s)+(q(s)—qo) 7)), or exp(£2my/—1qo)-exp(d2mv/—1(p(s)+
(q(s) — qo) - 7)), and that Ly = [{(Ujx,s,tjx(s))}] holds for each s € S.

Take a neighborhood V; of each U; by using [20, Corollary 1]. Then we
have that each V; is Stein, and there exists a defining functions system {w; }
and a holomorphic retraction Pry, such that the assertions (ii) and (v) in
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Assumption 2 hold. By a standard argument, one can modify {w;} so that

wj(-A) is a defining function of Dy NV, on V;, and that dwj(-)‘) = tjkdwl(c/\) holds
on each Uy, since Ngi/x|y = [{Ujk, t;x)}] as elements of H'({U;}, O3) for
each A (see [13, §2.2] for example). Thus we have that the assertions (i) and

(iii) in Assumption 2 also hold by letting tﬁ) = t;), for each .

4.1.3. Assumption 3

Fix a sufficiently large integer m, such that m, > max {2, (Im T)_l}.
By letting My := m, - min{m € Z|m > 0,mqy € Z}, we here show the
assertions (i), (ii), and (iii) in Assumption 3.

First, the assertion (i) follows directly by our definition of Mj. Here let
us note that U(1) is identified with ¢y in the configuration in this subsection.

Next, for the assertion (ii), we will show that {s € S | LT = [} C
{s € U(1)|s™ = 1} holds for each positive integer m (Note that t$, = tﬁl

and L¢ = LI(= L2} hold for any a € Z"). As L™ is holomorphically
isomorphic to the unitary flat line bundle which corresponds to the unitary
representation 71 (Y, *) — U(1) defined by v1 + exp(2my/—1(mq(s))) and
y2 — exp(2my/—1(mp(s))), one has that it is holomorphically trivial if and
only if both mp(s) and mq(s) are integers, since a unitary flat line bundle
on a compact complex manifold is trivial as a unitary flat line bundle if and
only if it is holomorphically trivial (see also [13, Proposition 2.2]). Therefore
one has that Mymgq(s) is an integer which is a multiple of m, in this case.
As it follows by definition that Myqg is also an integer which is a multiple
of m., we have that either g(s) = qo or |mMpq(s) — mMoyqo| = m. holds if
L™ is holomorphically trivial. The assertion (ii) follows from this, since

mMO

Im 7

holds for any s € S, (Note that d(s, U(1)) = |Im(p(s) + (q(s) — qo)7)| by
definition).

[mMog(s) —mMogo| = (lg(s) = gol - Im 7) < mMom.. -d(s, U(1)) < m.,

Finally, we show the assertion (iii). Let m be a positive integer. Take an
element s € Sy,. As tji(s) is either 1, exp(+2mv/—1qo), exp(+£2mv/—1(p(s) +
(q(s) = qo) - 7)), or exp(+27mv/—1qo) - exp(+2mv/—1(p(s) + (¢(s) — ) - 7)),

one has that

[tx(s)|™ < max|exp(£2mmv/=1(q(s) — o) - 7)| < exp(2mlg(s) —go| - Tm 7).

As |q(s) — qo| - Im 7 < (Mom)~* holds for any s € Spm, one has the assertion
by letting © := exp (27 /Mp).
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4.1.4. Assumption 4

Take a positive integer m, v € {0,1,2,..., Mym — 1}, and an element
s € Wi. When s € U(1), it follows by [21, Lemma 4] that there exists a
constant K which depends only on the choice of Y and {U;} such that the
inequality
m-d(s,{o € S| Lg" =1, }) - maxsup|f| < K - max sup |aps|
J J

3.8 ) ik,s

holds for any multi-index a with |a|] = m, any l-cochain o =
{(Ujk’s,ajkﬁsdw?)} € Zl({Ujk,s}, Oy, (L™)) and any O-cochain f =
{(Uj.s, Bj,sdw}) } € éo({Uj,S}, Oy, (LY")) such that o = /3, since each ¢;i(s)
is an element of U(1) by Assumption 3 (iii) (Note that such 8 is unique when
d(1,s™) # 0 by Assumption 3 (ii), since L7 is not holomorphically trivial in
such case). As dg,(s) < d(s,{c € S| L' =2 1,}), one has the assertion of
Assumption 4 for such s.

In what follows, we investigate the case where s need not to be an element
of U(1) by fixing such an element s € W, ,,. Take a local trivialization e; of
L on each U, 5 such that e; = t;(s) - e holds on each Ujy ;.

As L is isomorphic to the line bundle which corresponds to the unitary
representation 71 (Y, %) — U(1) generated by 71 +— exp(2mv/—1 - (—q(s)))
and 5 — exp(2my/—1p(s)), it follows that there exists another local trivi-
alization é; of L, on each Uj . such that é; = t;;, - € holds on each Ujy, s,
where £y, is a constant function valued in U(1). Note that such €;’s are con-
structed by considering the function o: z +— exp(2mv/—1-(q(s) —qo)z) on the
universal covering of Y. Therefore we may assume that the ratio o; := €;/e;
coincides with this function o restricted to a suitable open subset of C via
the covering map. As |o(z)| = exp(—27(¢(s) — ¢o) Im z), one has the exis-
tence of a constant M; > 1 which only depends on M, and the manner how
to choose domains of the universal covering of Y; such that the restriction of
o to it coincides with o; (and thus depends on neither m nor s € §m) such
that ) )

My < inf Joy(2)] < max|oy ()] < M
Uji.s Uj,s
holds for each j. Again by the inequality d, . (s) < d(s,{oc € S| LT = 1,}),
it is sufficient to show the following:

LEMMA 4.1. — There exists a constant K which depends on neigher
m nor s € S,, such that, for any 1l-cochain o = {(Ujkﬁs,ajk’se;”)} €
Zl({Ujk’s},Oys(L’S”)) and any O-cochain [ = {(Uj’s,ﬁj,se;")} S

CO{Uj,5}, Ov, (L)) with a = 68 := {(Us,es (=Bjs + 15() - Br.s)ef)} €
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ZY{Ujk.s}, Oy, (L™)), it holds that
m- min |(p(s)+ q(s)T) — (a+ b7)| -
belz

’ m

where ||a||s,m := max; i supy

s aji,s| and || B s,m = max; supy,

Proof. — One may assume that L7* is not holomorphically trivial, since
otherwise both mp(s) and mq(s) are integers by Assumption 3 (ii). Note that
HO({U; s}, Oy, (L™)) = H*({U; s}, Oy, (L™)) = 0 in this case, which meas
that 8 as in the assertion is uniquely exists for any o.

Take a 1-cocycle a = {(Ujk,s, ajk,s€]") } € Zl({U] s} Oy, (L)) such that
[a] =0¢€ ﬁl({Uj s}, Oy, (LY)). By letting Qg s == o7 ™

J
Qjk,s€;" = aji se]'. Take a primitive 8 = {(Uj s, Bj.s€7")} = {(Ujs, B5.5€7") },
which uniquely exists as we mentioned above. Note that ﬁjys ~o' = Bjs for
each j. It follows from [21, Lemma 4] that there exists a constant K; which
depends only on Y and {U;} and on neither s, m, «, nor 3 such that

Sp— @
< o5 - max sup Qs

dE(Hvagn) Jik Ujk,s

where dx. is an invariant distance on Y. As all the invariant distances on X
are equivalent to each other, one can use our distance d on Y as dyx, via the
identification. As

- Ok, s, ONe has that

Jss

II;:}CX sup |@j,s| = max sup (\ajk)s| . |aj|_m) < M; - max sup |oyg, s

Ujk,s ’ jk,s ’ Ujk.s

and
maxsup |8,o| = mascsup (|35, log™) < My - massup| B,
J s J Uj,s J Uj,s

hold, one has the lemma by letting K := K; - M}. O

4.1.5. Assumption 5

For any non-torsion element s € ¥, one has that the pair (Y, X) is
of infinite type, since it follows from Assumption 1 that H'(Y;, Oy.(Ns ®
SmHIN®)) = 0 for any m > 1. When s € U(1) = {; is a torsion element,
consider the foliation F, on X, defined by b, as in Assumption 5’. Then,
by a simple observation, it follows that the holonomy of F along a leaf
Y, is a diagonal matrix diag(t1,ta,...,t.) for my-th roots of the unity ¢,’s.

a®,a?,... 2l

This means that, for a suitable foliation chart (Z]a , W on a

neighborhood of each Uj s, the transition functions of (W, (1) A(2)7 ..,@]m)

are unitary, which shows the assertion of Assumption 5.
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4.2. A configuration in which Y,’s are cycles of rational curves

Let Z be a smooth complex surface and Y° C Z be a holomorphically
embedded cycle of N rational curves (i.e. Y is a reduced subvariety of
X with only nodal singularities whose normalization consists of N copies
of P! such taht the dual graph is a cycle graph). Denote by i: C — Y?°
the normalization, and by Ci,Cs,...,Cx the irreducible components of
C. We may assume that i(C,) Ni(C,) # 0 if (v,p) = (1,2),(2,3),...,
(N —1,N) or (N,1). Let py be the intersection i(Cn)Ni(C4), and p, be the
intersection ¢(Cy,)Ni(Cyy1) for v =1,2,..., N —1 when N > 1. In this case,
we often identify each C, with the image i(C, ), and regard each p, also as
a point of C,, or C,_1 for v =0,1,...,N —1 (Cy := Cy). When N =1, we
denote by {po,p1} the preimage of the unique nodal point of Y by i. We
sometimes denotes the unique nodal point also by pg in this case.

Denote by L the normal bundle Nyo,7 = [Y°][y0. Assume that the inter-
section number (4*L.C,) is equal to 1 for v = 1 and to 0 for v =2,3,..., N.

Set ¥ := C4 \ {po, p1}. In this subsection, we identify ¥ with C* by using
the non-homogeneous coordinate s of C such that s maps py to 0 € P!, p;
to oo € P!, and the unique zero of a non section fr, of H(Y? Oyo(L)) to
1 € PL. Note that it follows by a standard argument that H°(Y?, Oyo(L)) =
C,HY(Y? Oyo(L)) = 0, and that, for an element f € H°(Y? Oyo(L)),
the following three conditions are equivalent to each other: i*f(pg) = 0,
i*f(p1) =0, and f =0.

We use a finite open covering {U;} of Y such that Uy y,, —pUj =
Y \ Yiing and that, for each p, € Y, it holds that #{k | p, € Up} = 1. We
denote by U(y1) the unique element of {U;} which includes pg, by U, ,41)
the unique element of {U;} which includes p, for each v =1,2,...,N — 1,

and by U(ﬂf\,l) the irreducible components of Ui y1). We may assume that

Ua'\,l) N{s € ¥ |[s| < 1} # 0. We also assume that U; N Y], = 0 holds if

U,NYY #@andeﬂUk#w.

sing
According to the proof of [12, Lemma 2.1] and [12, Remark 2.2], the map
¥ 3 5+ Oyo(L) @ Oyo(—s) € Pic’(Y?)

is an isomorphism, by which we will identify ¥ with Pic®(Y?) in this sub-
section. Let us see how are the transition functions of Oyo(L) ® Oyo(—sp)
for sg € . Denote by Fy, € H°(C,0c(i*L) @ Oc({1} — {so})) the sec-
tion obtained by tensoring i* f;, and the element of H°(C,Oc ({1} — {s0}))
which coincides with the rational map s + %= on Cj. Then it holds that

Fy(po) = so - Fsy(p1). Denote by G € H°(U(n1y, Oyo(L) ® Oyo(—i(s))) the
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element defined by

G {FSO on U&'\,l)

so-Fs, on U&\H).

By using G as a local frame on U1y and a section e; such that i*e; = F, |y,
as that on U; for j # (N1), one has that there exists a holomorphic function
tj1 on X for each j and k such that the element of Pic’ (Y?) which corresponds
to so € ¥ coincides with [{(Ujx, (tjx(s0))~1)}]. Note that t;1(s) is either s**
or 1.

Let X be the blow-up of Z x ¥ along the subvariety
{(2,8) € Y x | z coincides with s via the identification above} C Z x X,

and 7: X — ¥ be the morphism obtained by composing the blow-up mor-
phism and the second projection Z x ¥ — 3. Note that 7 is a surjective
holomorphic submersion, and that the fiber X, := 7~1(s) is the blow-up of
Z at s € YO C Z for each s € . Denote by Y the strict transform of Y? x ¥,
by Y; the intersection X, N Y, and by N the line bundle Oy, (L) ® Oy, (—s)
on Y for each s € ¥, where we are regarding L as a line bundle on Y; by
the natural identification of Y; with Y°. Note that Ny, /x, = Ns.

In what follows, we identify > with C* by using the coordinate s, and
will use the distance d of ¥ which is the restriction of that of C* induced by
the Euclidean distance of the universal covering C 3 £ +— exp(2my/—1£) €
Y. Denote by S the subset defined by S := {s € ¥ | d(U(1),s) < 2}(=
{exp(2my/—1¢) € ¥ | |Im €| < 2}). We define the total space X by X :=
7-1(S) C X, and the subvariety Y by J := Y N X. Denote the restriction
7| x simply by the same letter w. Let {U;},{U;}, and {U; s} be those as in
Section 3. In the rest of this subsection, we will show that 7: X — S satisfies
Assumptions 1, 2, 3, 4, and 5 under the following:

Assumption 5”. — Assume that an element s € ¥ is torsion (i.e. s =1
for some positive integer m). Then there exists a neighborhood V; of Y; in X
and a surjective proper holomorphic map bs: Vs — B, onto a neighborhood
B; of the origin of C such that v%{0} = m - Y; holds as divisors for some
positive constant m.

4.2.1. Assumption 1

One can easily show that the assertion of Assumption 1 holds by the
calculation as in the proof of [12, Proposition 2.5].
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4.2.2. Assumption 2

First we construct Vy for k = (N1),(12),..., (N, N —1). Denote by U}, C
X the strict transform of Uy, x 3. Let U f be each of the irreducible component
of Uy. As each U] is stein, it follows from [20] that there exists a Stein
neighborhood W, of U : in X. Take a defining function y; of U ﬁ on W, and
x, of Zj{; N Wy on Wy. Set wy := xx, - yx. Then, as S € X, the assertion (ii),
(iv), and (vi) of Assumption 2 holds for each k = (N1),(12),...,(N,N —1)
by shrinking Uy’s and W;’s and by letting Vj, := Wi N X. Note that {U;}
is still an open covering of Y after shrinking U’s in such manner, since it
holds that UUJ-mYsir.g:(Z) Uj =Y \ Yeing-

For j such that U; N Yging = 0, we define V; by using [20, Corollary 1] in
the same manner as in Section 4.1. Then, by the same argument as in, one
has that the assertion (i), (ii), (iii), and (v) of Assumption 2 also holds by

letting ¢} := ;. (Note that Ny !y = [{Usk, tjx(s)})-

4.2.3. Assumption 3

Here we show the assertion Assumption 3 holds by letting My := 1. First
let us note that the assertion (i) clearly holds.

It follows from a calculation by using a long exact sequence as in [12,
Proposition 2.5] that, for s € S, H°(Y;, Oy, (Ns)) = 0 holds if and only
if s = 1. Thus one has that the set {s € S | N = I;} coincides with
{s € U(1) | s™ = 1}, which proves the assertion (ii).

Denote by p(s) and q(s) the real numbers such that exp(2mv/—1(p(s) +
q(s)y/—1)) = s for each s € S. Note that p(s) is determined modulo Z.
Then, as s € &, if and only if lg(s)] < 1/m, one has that
max;, sup, g [tjx(s)™| < exp(2m/m)™ = exp(2m), since t;x(s) is either
1 or s*1. Thus the assertion (iii) holds by letting © := exp(27).

4.2.4. Assumption 4

Take a local frame e; of N)j/lX on each U; such that e; = t;;e; holds on
each Uy (or just let e; := dw;ly;,). It is sufficient to show the following:

LEMMA 4.2. — There exists a constant K such that the following holds
for any positive integer m and any element s € Sp,: for a 1l-cochain
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a = {(Ujk,s ajrsej)} € Zl({U]ks} Oy, (N;™)) and a 0-cochain =
{(Uj,s,Bjs€j")} € OO({UJ s} Oy, (NS™) with o = 68 := {(Ujk,s, (—Bj,s +
thi(s) - 6;675) ™)}, it holds that

m - min_|(p(s) + Q(S)\/jl) —al-|Blls;m < K - || s,m,

aeiZ

where ||c|s,m 1= max; i supy

sue [Qk,s| and [|Bls,m := max; supy, | |5;]

Proof. — 1t is sufficient to show the lemma only when s™ # 1.

Let J: C — Y° be the morphism obtained by considering the normal-
ization only at the singular point py. Note that C is a connected variety
. -1 . . +

whose dual graph is tree, and that J~!(pg) consists of two points, say pg .

Denote by (7 the preimage J=HUj) for each j # (N1), and by U (N1) the
neighborhood of pO , respectively, such that J~ (U(Nl)) U(Nl yu U(N1+)
holds. We regard {Uj};+(n1) U {U(N1+ U(Nl )} as an open covering of C.

Define a 0-cochain 3 = {(Uj,ﬂj)} € CO({UJ-}, O5(J*N;™)) by ﬂ(NH_) =
J*Bn1y, B(Nl_) = J* By 8™, and by Bj := J*B; for the other j’s, where
we are regarding Ny as a line bundle on Y by using the natural identification
of Y? and Y;. As all the transition functions of J*N, are trivial, one has
that max; supg; | |k = ||e||s,m holds, where we are denoting 05;(= J*«)
by @ = {( ]k,%k)} Again by the fact that all the transition functions
of J*Ny are trivial, it follows from [12, Lemma 4.1] that there exists an
element (' :A{(Uj,ﬁ;-)} € CO({Uj},(’)a(J*NS_m)) such that 8" = @ and
max; supz |B7] < Kol|a|[s,m holds for some constant Ko which depends only
on Y% and {U;} and on neither s nor m. Note that, as is clearly followed by
the compactness of Y, one can take a constant ¢ € C such that 3; = ﬂ; +4.
As it holds for a4 := BENli)(poi) that ap + £ = s ™(a— + £), one has that
(= % Therefore, by

~ sMay —a_

180, < max{1, 5]} - | macsup |3 + 27000l

i, [1—sm

2e2™ Kol o]

< I K s,m e )
€ < OHO‘” ) + |1—8m|

one has the inequality |1 — s ||5]|s,m < K1 - |la||s,m holds for a constant
K = e* Kj-(1+¢e>™ +2¢™). The lemma follows form this, since d and the
distance of S induced by restricting the Euclidean distance of C(D C* D S)
are equivalent. O
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4.2.5. Assumption 5

Take s € ¥. When s is non-torsion, it follows from Assumption 1 that
the pair (Ys, X;) is of infinite type, since H*(Yy, Oy, (N;™)) = 0 holds for
any m > 1. When s is non-torsion, consider the fibration bs: Vy; — By as in
Assumption 5”. Then one can construct a system of local defining functions
{(Vj,s NVi,wj )} of Yy by considering m-th root of biw|v, ,Av,, where w is
the coordinate of Bs. As clearly the ratio w; s/ws, s is a constant function
whose value is a m-th root of the unity for each j and k, one has that the
assertion Assumption 5 holds.

5. Proof of Theorem 3.1
5.1. Outline of the proof

In this section, for proving Theorem 3.1, we will try to construct a new
system of defining functions

e
by modifying w;’s as in Assumption 2. Modification is done in the fol-
lowing manner: construct a suitable holomorphic function FJ()‘) for each
A=1,2,...,r and for each multi-index a € (Z>o)" with |a| > 2, and solve
the functional equation

wM =M+ 3T FY e, (5.1)

la|>2
. ~ (X
where @ = Hf\zl(wj( ))a”

We will construct the function Fj(”;)

suitably as a function defined on
p~ (Y x S|q|—1) inductively on |a[, and extend it to a holomorphic function

on a neighborhood of p~(Y x Sla|-1) in the manner we will explain in
Remark 5.1 below.

Remark 5.1. — Here we explain our rule in this section how to extend

j()‘) defined on S|4 —; to its neighborhood. For simplic-

ity, we will explain on each Uj, (s € Sjq—1). Let F' be a holomorphic

a function F =
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function defined on U;,. When U; is non-singular, we use the pull-back
(Pry; v, )" F' = F o Pry, |y, ., which will be denoted by same letter F'. For
singular Uy, denote by py its singular point, and by Uk and Uy, the irre-
ducible components {(x,yx) € Vs | yr = 0} and {(wk,yk) €Vjs|axr =0},
respectively, of Uy . Letting ¢ := F(py), it is easily observed that there
uniquely exist holomorphic functions F* on U, ,jfs such that F*(p;) = 0 and

Fe e Ft onUk}
F- onUk,S

hold. In this case, we use the function F on Vj,s defined by ﬁ(mbyk) =
F*(x)+ F~(yg) + c as an extension of F. In what follows, we often denote
F simply by the same letter F. Note that supy, _ |F'| < 3supy; , |F] holds in
both of the cases. O

The functions {F (r )}|a| will be constructed so that they enjoy the

following (Property),, inductively when {Fj(;\l)}‘ a|<m have already been con-
structed in the manner that each of them enjoys (Property)|q/.

(Property),,. — For any choice of the remaining {FJ'(72)}|a|>mv the for-
mal solution @; of the functional equation (5.1) satisfies T;,wy = @] +
O(|@;|™*1) as elements of Oy(p~ (Usr x Sm-1))[[@", 37, ..., @] for
each j and k with Uj;, # 0 and U; N Ying = 0.

We will describe how to construct {F j()’;)} in Section 5.2. We here remark
that we never shrink V; and U; anymore in Section 5.2. After finishing the
construction of them, we will estimate each |F ](2)| suitably on each Uj , with
s € U(1) in Section 5.3 so that one can regard the right hand side of the
functional equation (5.1) as a convergent series in a suitable sense.

In the rest of this subsection, we will explain how to solve the functional
equation (5.1) after once the construction and the estimate of F j(;‘b)’s are
finished. Take s € U(1). We will construct a solution w; of the functional
equation on each Vj, by shrinking Vj, to a smaller neighborhood of Uj ,
if U;j N Ysing = 0, and Vj 5 to a smaller neighborhood of the nodal point if
U; N Yang # 0. Note that {V;,} is an open covering of Y; even after such
shrmkmg7 since it holds that UU Yoz Ui = Y \ Ying.

sing

First let us consider on Vj , for j such that Y, NU; = (. It follows by
Assumption 2 (v) that one can embed V; ; into U; s x C™ by regarding w; as
the coordinate of C”. For each A = 1,2,...,r, it will be turned out by the

— 264 —



Hermitian metrics on the anti-canonical bundle

estimate we will make in Section 5.3 that
Fi)(z,5)
(2)
F:l(2,5) ~
G(zj,w;, W;) == —w; + W; + Z J’ ,j -7
la|>2
F(T)(Zj, s)

can be regarded as a C"-valued holomorphic function defined on a neighbor-
hood of Uj s x {(0,0)} in U, s x C" x C". As the Jacobian matrix (0G/0w;)
is invertible on each point of Uj s x {(0,0)}, one has by the implicit function
theorem that there exists a holomorphic function @;(z;,w;) on a neighbor-
hood of Uj s in V; s such that G(z;,w;,w;(z;,w;))) = 0, which mean that
W, is a solution of the functional equation (5.1).

Next, let us consider on Vj s for k such that Yine N Uy # 0. According

to Assumption 2 (iv), one may regard Vj s as a subset of C2. Denoting w,(:)

simply by wy, consider

G(Tk, Y, Ti) 1= *IkJrIkJrZF(l) (ks Yk, ) - TRy g

m=2

By the estimate we will make in Section 5.3, it will be turned out G defines
a holomorphic function on a neighborhood of the point (0,0,0) in Vi 4. As
%G(0,0,0) =1 # 0, it follows from the implicit function theorem that
there exists a holomorphic function Zy = Zy(zk,yx) defined on a neighbor-
hood of the nodal point in Vj s such that G(xk, Yk, Tk (zk, yx)) = 0 holds,
which means that @y := Zpyg is a solution of the functional equation (5.1).

5.2. Construction of Fj(”(\l)’s
5.2.1. Outline of the construction

Take w;’s as in Assumption 2. Let

thwk = + Z fkja Zj» S
|a|>2
be the expansion of tjkw,(:‘) on Vj; for each A = 1,2,...,r, where a =
(a1,ag,...,a,) runs all the elements of (Z>()" with |a| 2. We always

assume that U; is non-singular whenever we consider such kind of expansion
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(it may possible that Uy is singular). We note that each coefficient functions
are obtained by

Fia(z:9) ol (¢
Zi, =
kj,a\~J |a|| 8(w§1))ala(w§_2))a2 . 8(w§r))ar

(wj,25,8)=(0,0,...,0,25,s)

We are also regarding this function as the one defined on V;;, according to
the rule we mentioned in Remark 5.1 (i.e. by pulling back by Pry; ).

In order for all Fj(i‘b)’s to satisfy (Property),, the following two formal
)

expansions of t;,w,”’ around a point (0,0,...,0,z;,s) for each z; € Uj;, and
each s € U(l) should coincide:
ey w?
tik wk =wiV + Z fk (2j,8) - wj
la|>2
o 3 E )
la|>2
ap
A ~ @b
+ 3 Fa(z9) H @Y+ Fy(z8) -
la]>2 k=1 |b[>2
and
N, (N
tix Wy,
A) ~(A A) Pos
zté.k) )—i—Zt( F( (2, 8) - W
la|>2
~(A A) a a
—tjk )—i- Z t( F( (zk(wj, 25, 8), 8) - t; W5
la|>2

B+ 3 1 | FON (0,25 9).9) + D0 Bz -l | g

la|>2 [b]>2
(A N N
—t]k )—i- Zt F,ga (2k(0, 25, 5), 8) - WF
la|>2
I b“
A A . . .
+ 200 > B @ [T &+ 30 i Geys) - @
lal>2 [b]>2 n=1 le|>2

when U, is smooth, where ij)ab(zj,s)’s are the function defined by the
expansion

A A A
F,g’a)(zk(wj,zj,s),s) = F,E’a)(zk((),zj,s),s) + Z Fk(:j))a’b(zj,s) wé’
[b|>2
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When Uy, is singular, replace the second expansion with

A, (N
ik Wy
A) ~(X by A ~a

= tg'k)“’l(c = Z tgk)F;£7(3($k7yk78) Wy

|a|>2
— W + St tV ) (an(wy, 25, 8), y(wy, 24, 8), 5) - £

|a|>2

_ ()~

=15 Wy

A A ~a
3V [ EX (0,25, 8), 5000, 27,8),8) + Y FO) 4 (2,8) - wh |- @

Ial>2 [b]>2
(A A A N
Jk w ) 4 Z # )tk]F,ga) (zx(0, 2, 8), Yk (0, 25, 8), 8) - WF
la|>2
bl»"
T
2ot Y Fgaatens) g [T @) + D0 Fes) a5 |
|a|>2 |b| >2 p=1 le|>2

where F, ,Eiz’b(zj, s)’s are the function defined by the expansion

A
F]g,a)(xk(wj7Zj75)7yk(wjazj7$)7$)

A A b
= P @r(0,27.8), 900,25, 8).8) + D iy plz05) -
[b]>2
in this case. In the following, we will construct Fﬁ?’s according to the ob-
servation based on the comparison of these expansions.

Remark 5.2. — On each X, the idea of the construction of Fj(j;)’s is
the same one as in the proof of [21, Theorem 3]. Indeed, one can run just
the same argument when s € U(1) as the one described in [12, 13, 21].
In the construction of F ]-(7’(\1)’8, the condition that s € U(1) is important
since otherwise the transition functions ¢;;(s) need not to be elements of
U(1) and this cause a serious problem when we compare a cohomology class
what we will denote by [{(Ujk,sah](w)a( $))}] in the notation below with
Ueda classes. This problem is caused by the difficulty on the well-definedness
of Ueda classes when t;;(s)’s are not unitary (see also Remark 2.3). How-
ever, in our configuration, it follows by Assumption 1 and 3 that H Y{U; s},
S™NZX® Ng) =0 holds for any s € S,,—1 \ U(1), which helps us to overcome
this kind of difficulty.
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5.2.2. Construction on S},

Denote by h1 kj.a(%i: 8) the coefficient of @§ in the expansion

a,
A T ~
> e T1 89+ X e -
la|>2 p=1 b >2
Then one has that
Z ZJ’ ’ A;'l
la|>2
>\ N A~
3 i L8+ X R ) @t
la|>2 pn=1 |b]>2
~(A\ A o
— o + (FJ{J(% )+h1,w(z7,s)) a0,

Denote by h2 k.l /(2;, ) the coeflicient of 135—1/ in the expansion

bl"
)y ) 0 T 5¢
ot S EG sy T | @0+ Y F z,8) -
la>2 b]>1 p=1 le|>2
Note that
~ )\ ~q
( + Z tjk ka zk(O 2j,8),8) - W;
la|>2
b
A A ~ L @
+ 3 D Fiha(z:9) B+ E (z09) - @
la|>2 b >1 52
~ )\ )\ ~a
= o +Z( Vi F (240, 2, 5), )+h2,33a(zj,s)).wj.

la|>2
It is simply observed that each hg”\lzj’a(zj, s) and hg‘,zj’a(zj, s) depends only
on {Fj(,?))}\bkla\ and some known functions, and thus especially it does not

depend on {Fj(’)l;)}‘b|>|a|. Therefore, according to the observation we made

above, we define {F](,:\I)}|a|:m+1 by Lemma 5.3 and Lemma 5.4 below so that
they are the solution of the equation

A A A A A
F( )(Zja ) hg ]2] a(zja )*t( )tkjF]Ea)(Zk(O 2558 )7 ) h’(2 Iz] a(zjvs)a
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or equivalently,
m A m A > m a—e
U™ DY = AU b 0 90)) € 2 U™, Oy, (£7),
where h,(c])a(zj,s) thlzja(zj, s) — héAlzja(zj,s), when {F},}p<m is al-
ready decided in a manner such that each (Property),, holds for m’ =

1,2,...,m (inductive assumption). See the proof of Lemma 5.3 for the fact
that {( ];n), h,&;‘)a(zj,s))} € Zl({(uj(m)}, Oy, (L*~¢*)). Here we are denot-
ing by ey the multi-index (0,0,...,0,1,0,...,0) € Z" whose A\-th entry is
one and the other entries are zero, by ), the set p~1(Y x S,,), by L{;m) the

set p~1(U; x Sp), and by U;,T) the intersection Z/I;m) OL{,gm).
First we construct Fj(:‘l)’s on S =5, \U®).

LEMMA 5.3. — Let m be a positive integer. Assume that {Fjp}p<m is
already decided in a manner such that each (Property), holds for m' =

1,2,...,m. Then there uniquely exist holomorphic functions {F;,z)}|a|=m+1
on p~ Y (Y x Sk) such that

A A A A A
F( )(Zjv )7t( )tk‘jF( )(Zk(o Zjy 8 )a ) 7hg 12] a(zj75) +h; 12] a(zjﬂs)

holds on each Uj s with s € S,

* . and that {Fj,a Hal=m+1 satisfies (Prop-
BTt:l/)m_,'_l,

Proof. — As it follows by the same argument as in the end of Section 5.1
that one can solve the functional equation

Y N S s

2<a|<m
to define a new system {(vj,uj)} of local defining functions of p~1(Y x
S _1) by using the implicit function theorem. As it holds that Tjrur = u;+

O(Ju;j|™ 1) by (Property)y,, it follows from the calculation as we described
above that

A a m
Tjeux =u; = D hi(z,8) - uf + O(uy "),
la]=m+1

Denote by h’]ka the function —t‘;,;e* . h,(:]‘)a when Uy N Yiing # 0. Then
one easily obtains, by comparing the both hands sides of the expansion of
Ty — ©; = Tyo(Tor oy — de) + (Ljele — @;), that {UG" b, (2,5))} €
2N (U™}, Oy, (L7)).

It follows from Assumptions 1 and 3 that H(Y,, L2=¢) = 0 for any

s € Sr. Thus one has that R’(Pryop|y:).L% % = 0 for each j > 0
for Vi = p (Y x S%), by which it follows that H(Y, 6 L) =
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HY(S;,, (Pryop).L27¢*). As S, is Stein and (Pryop),L£2~¢* is coherent by
Grauert’s theorem, one has that H!(YF, £27) = 0, which implies the
lemma. Note that the uniqueness of the solution follows by H°(Ys, L) = 0
for each s € S* (Here we used Assumption 3 (ii)). O

5.2.3. Construction on S,, and preliminary L*> estimates

In this subsection, we fix a positive integer m and v € {0,1,2,
mMy — 1}, and use the following simple notation: & := v/(Mym), s¢ :=
exp(2myv/—1&p). Let Wy be the set defined by

WO:{EG(C

1 1
< —— I .
Re€ — 60| < gy, el < |

Note that it holds that exp(2mv/—1Wy) = Wy, .

In the previous subsection, under the inductive assumption and
Lemma 5.3, we have seen that there exists a holomorphic function F j(j‘l) :
p 1 (Y x S7,) — C for each a with |a| = m + 1 which enjoys (Property),,+1,

which is the solution of the functional equation

— 0 (2,8) + SVt ) (2000, 25, 8), 8) = WY, (2, 9).

a

Note that hﬁw “

(zj, s) is holomorphic on V,,—1. In what follows, we show that
F j(ﬂ) holomorphically extends to ),,, or equivalently, that F](,/c\u)|p*1(YxW,,*l,V)

holomorphically extends to p~* (Y x W, ,,), where Wy, |, := Wi, ,, \ {s0} (for
each v).

First, let us note that, when L~ is not holomorphically trivial, one

can construct the function Fj ( ) as the one defined on p~'(Y x W,,,) by
exactly the same argument as in the proof of Lemma 5.3. Note also that, in
this case, it follows from Assumption 4 that

) K )
mjaxsgiﬂF o] < WH}%@X Sip ol
= 2MpK - max sup |hkj oo (5.2)
’ jk,s
When Lg~“* is holomorphically trivial, we show the following:
PROPOSITION 5.4. — Let a be a multi-index with |a| =m + 1, and X be
an element of {1,2,...,r}. Denote by a' the multi-index a—ex. Assume that

L“ is holomorphzcally trivial. Let a = {(Ujx X Wi, p, ajrpdw$ N} e Zl({Uj X
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Wm,y},(’)y(/i“l)) be a 1-cocycle with M := max; SUPY,, X Wi, laji| < o0,
where we are identifying L with p*L via p. For each { € Wy, denote by

o = {(Upn x {exp(2rv/716)} o jedu )}
e 7' ({U; x {exp(2nV TN, Ov. o (Lot

e

the 1-cocycle obtained by restricting o to Y x {exp(2m/—1&)}. Then the
followings are equivalent:

(i) [afo] =0 E\/ﬁl({Ujvso}v OYSO)'
(ii) [a] =0 € H'({Uj x Wi}, Op(L [y xw,)-
Proof. — As clearly (ii) implies (i), we show the converse. Assume
that the assertion (i) holds. In what follows, we use the estimate
max; i SUPsew,, , |t§2)(s)| < 0Y™ < O follows from Assumption 3 (iii).

By the assertion (i), it follows from [21, Lemma 3] (=[8, Lemma 2], for
the smooth case) or [12, Lemma 4.1] (for the singular case) that there exists

a O-cochain fg, = {(U; x {s0}, Be,.jdw?’ )} € COL{U; x {s0}, Oy, (L)) with
0, = ag, such that

m;‘;LX sup |Be,,;| < KxsM

4150
holds, where Kxg is the constant which depends only on Y and {U;}. Define
a holomorphic function §;: U; x Wy, , — C by B(z;,5) = Be,.i(%5), a
0-cochain f by

B = {(U; X Win, Bidw? )} € CO{Uj x Wi}, Op(£7)),
and a 1-cocycle

¥ =A{Ujk X Wonv,736)} € 2 ({U; X Wi}, Oy (L))

by v:= a — 5. In what follows, we will construct a primitive B of v (Then
clearly it holds that §(8 + 8) = «, which proves the lemma). Note that

max  sup |'7]k| < M+(].+@)KK5M: (1+KK5+®KK5)M
Ik Ui x Wi

Denote by Wy the set Wy \ {¢o} and by Wy, , the image exp(2mv/—1W).
It follows by the same argument as in the proof of Lemma 5.3, one has that
there uniquely exists a holomorphic function 3;: U; x W, |, — C such that

the 0-cochain 5 defined by
Bi=A{(U; x W, . Biduwy )} € COUU; x Wiy, }, Op(£)
satisfies 55 = 04|wa:"’¥”. According to Assumption 4, one has the inequality

m:- |£ - §0| : ||ﬂ‘|exp(27r\/jl§),a/ SK- H7||exp(27r\/le),a’
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for each £ € W. Therefore, for each element z; € U; and each £ € W, one
has that

~ K
|B(2j, exp(2mv/—1€))| < ———— -max sup |v;x(p,exp(2mv—1¢))|
m|§ 60‘ Ik peU;y,
_K ik (P exp(2mV/~1¢))
= -max sup
m gk peu;, £—%

holds. As vjk|¢=¢, = 0 by construction, one has that the function

ik (P, exp(2mv/~1€))
£—%

can also be regarded as a holomorphic function defined on Uj; x Wy. Thus

it follows by the maximum principle that there exists a point (p., &) of the

boundary 0U;, x OW, which attains the maximum

¥k (p, exp(2my/—1¢)) ’
§—&o '

Uji x W5 2 (p,€) = ecC

sup
(p,€) €Uk xWo

Therefore, by |£, — &o| = m, we have that
sup Vi (P exp(QWlef)) ‘ _ 7% (P, exp(2myv/—1&,))|
(p,§) €Uk xWo §—%o |€x — &ol
(1+ Kgs + ©Kks)M
= (4Mqm)—1

=4Mom - (1 + Kgs + OKks)M
holds. Thus we obtain the estimate
Yk (p; exp(2mv/—1€))
§—%
<4AMyK - (1 + Kxs + (-)KKS)M

~ K
1Bz, exp(2rvI0)] < 2 - max sup
m J.k pEUjk

for each z; € U; and £ € W, by which one can apply Riemann’s extension
theorem to conclude that # can be holomorphically extended to & = &,. O

As is seen in Section 5.3, the assumption “M < 0o” in Proposition 5.4 will

be inductively assured for the case where « is the one defined by h,(c;‘)a For

such case, the assertion (i) of Proposition 5.4 actually holds by Assumption 5
and the argument as in [21, p. 598] (see also [12, Remark 3.5] and [12, §4.2.1]
for singular case, [13, §3.2] and [13, Claim 4.3, 4.4] for higher codimensional

)

case), by which we obtain that the solution F j(,z ’s of

A A)a A A
—Fj(,a)(zj, s) + tEk)tkjF,g,J(zk(O, 2j,8),8) = h,gj?a(zj, s)
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actually exist on }V,,. Note also that it follows by the argument in the proof
of Proposition 5.4 that the inequality

max sup |F j(,i\z) |
38

< ((1+©)Kks +4MyK - (1 + Kks + ©Kxks)) - max sup |h
IE Ujk,s

kj, a| (53)

holds for each s € Wy, ..

5.3. Estimates of |F] ’\)|

Here we will construct positive constants {A,,}5°_, such that

A
max max sup \F]( a)| < Apmi
I lal=m4l p-1(U;xs,,)

holds and that the formal series
AXY, X2 Z A X® =" Ay H (X))
la|>2 la|>2

is convergent.

First, we define a new open covering {U ;‘} of Y whose index set coincides
with that of {U;} as follows: Set U; := Uy if Uy N Yiing # 0, and U} is a
relatively compact subset of U; if U; N Yiing = 0 such that Uj, # 0 if and
only if Uy N Uy # 0. By Assumption 3 (i), one has that

8651, Zj EUjﬂU]:,
Zi, Wi, S) € V; eV
(i1 8) € Vs |wj(-A)|<1/Rf0reach)\e{1,2,...,r} ¥
holds for sufficiently large constant R if both U; and U}, are smooth.

When Uy, is singular, we need to modify Uy and some of the elements of
{U,} as follows if necessary (see also [12, Remark 4.3]). Take a sufficiently
small positive constant € such that V; 3y € Vi, where V;, ) == {(zx, yr, 5) €
Vi | max{|zk|, |yx|} < p-e, s € Si} for p = 1,2,3. Denote by Uy ) the
subset {(zx,yr) € Uk | max{|zg|, |yx|} < p-e} for p = 1,2,3. For non-
singular U; such that Uy, 3y NU; # () for some singular Uy, we will divide U;
into U3y := U3y NU; and Uj,9) := Uj \m, and use

{U; | U; is smooth, U, 3y N U; = for any singular Uy }
U{Uy2) | Uk,3y NU; # 0 for some singular Uy}
U{U¢3) | U3y NU; # 0 for some singular Uy}
U{Uk,1) | Uk is singular}
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as a new open covering of Y. We will use the restriction of the original
coordinate (zx,yx, s) on a neighborhood V(1) of p*I(U(k,l) x S) for each k
such that Uy, is singular, the restriction of the original coordinate (z;,w;, s)
on a neighborhood of V; 2y of pil(U(ﬂ) x 8) for each U;9) (V2 is, for

example, a subset of V; \ V(i 2)). For each Uy, 3y, we use the restriction of
(zk, Yk, ) as the coordinate of a neighborhood. In this case, either z; = 0
or yr = 0 holds on p_l(Ujg x S). When, for example, yx = 0 holds on
p 1 (Uyz) % S), we use the set Vi3 = {(zk,yr,s) € Vi | 2x € Uga),
lyx| < €} as a neighborhood of p~(U;3) x S), and use w(;3) := y and
2(j,3) i= Tk as coordinates.

After modifying {U;} and {V;} in such manner, we may assume that
s € Sy, ZjEUjﬂUk,

() Vi
lw;”’| < 1/R for each A € {1,2,...,7}

{(zj7wj, s) € V;

holds for any smooth U; even if Uy is singular (by letting 1/R < €/2).

Denote by M the constant © - max, max; supy,, |wj(4’\)|, which is finite by
Assumption 2 (ii). By Cauchy’s inequality, one has that

max  sup |f(’\) | < MRle,
Bk (UnUr) xS

(A)
hkja k7, a|

M R?. Therefore one has by the cocycle condition and Assumptmn 3 (iii)
that, for each (p,s) € Uji x S, it holds that

For any a. It follows by f,i)‘) that max; . SUp(y,nus)xs, |h

A
Ih) (0, 5)| < 110G, (0, )| + (£ tRE), (0, 9)

A A A
= |hG (p, 8)| + [£5)th0) (0, 9)] < (1+ ©) M R?

even if p & U}, where £ is the one such that p € U (Note that Uy is smooth
if p & Uy, by construction of {U}}). Thus we obtain the inequality

max max  sup |h,(€§)a| < B;:=(14+0©)MR%
gk lal=2p—1(U;), x51) '

Consider the division S,, = UT:]\go_l Wi, for m = 1. Take a multi-
index a with |a|] =2, A € {1,2,...,A}, and v € {0,1,..., My — 1}. When
a—ey . . D ) . .
Lexp(% /M) 18 holomorphically trivial, it follows from the inequality

(5.3) that

max sup |Fj(72)| < (14 ©)Kks +4MoK - (14 Kxs + ©Kks)) Br
J pil(UJ‘ XWl,u)
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holds (Note again that here we used Assumption 5 to assure the assertion (i)
of Proposition 5.4. Here we used the argument as in [21, p. 598], [12, Re-
mark 3.5, [12, §4.2.1], [13, §3.2], [13, Claim 4.3, 4.4] in order to see that the

1-cocycle defined by h,(c;?a coincides with the Ueda class, see also the proof
of Lemma 5.3). In what follows, we let K > Kkg > 1. Then one has that

max max sup |Fjo| < 14My©OK? - By
I lal=2 p-1(U; xwn )
a—e) . . .. .
holds. When L_ (2 T/ Mo) is not holomorphically trivial, it follows from
the inequality (5 2) that

max sup |Fjol < 2MoK By
I pm (U x Wi )

holds. Thus one has that max; max|q|=2 Sup,-1(y, xs,) |[Fj,a| < A2 holds if
one lets Ay := 14MyOK? - (1 + ©)M R2.

Assume that we have decided As, A3, ..., A,, suitably. Then, as hg/\lzj oS
are defined by

(IH
T

(A) ~ ) ~ oy
> fgaCns) TL {07+ 37 R Gs) 0| = 30 Y a(e08)-5,

la|>2 p=1 |b]>2 la|>2

) .
1,kj,a| 18

it follows that the value of max;; max|q|—p,41 SUPp,—1((U;nU ) x Spm) |
bounded from above by the coefficient of X in the expansion of

> MR- H (XH 4+ A(X))™

la|>2 p=1

1
B ME 1— R(X" + A(X))

- M- MR (X" + A(X)),

where A(X) = A(X!, X2 ..., X"). Note that the coefficient of X in the
expansion of the above depends only on Ag, As,..., Ay if |a] = m + 1.

Similarly, as hg‘lgj,a’s are defined by

T b”
) ~a ’\(H) (M) ¢
Zt tijF,wasz,s)-wj~ +ZF (25,8 w5
la|>2 b>1 p=1 le|>2
U/
_z:th]azJ’ ’ j’
la|>2
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the value of max;, max|qs|—m-1SUP,1 (v, U7 )xS,n) |h9;3j .| is bounded from
above by the coefficient of X in the expansion of

T

S 0> 34, RM. X TT (x# + A(X))™

la|>2  |b|>1 p=1
=30A(X)- ) H RX" + RA(X))"
[b|>2 p=1

Here we used the estimate \FIS;‘)(,CA < 3A| R which is obtained by Cauchy’s
inequality and the rule we described in Remark 5.1.

Therefore, one has that the value of

max max sup | k |
. n Jra
gk lal=m+1 p—1((U;NU) X Sim)

is bounded from above by the coefficient of X® in the expansion of

. 1
M- <H R T AR 1— RZV:(X” + A(X)))

T

1
+30A(X) - (Hl 1—R(XV+AX)) 1) .

Take a point (p,s) € Ujp X Sy,. When p & Uy, as Uy, is smooth by con-
struction of {U;} in this case, it follows from the cocycle condition and
Assumption 3 (iii) that

A A A A
A (0, )| < VR (0, 9)| + £ 88052, (9, )
A A A
= [h5) (0, s)| + [t 18,00, (. 5)]

< (1+0) -max max sup |
gk lal=m+1 p—1((U;NU) X Sim)

A
i,

where / is an index such that p € U.

) |
kj,a

Thus one has that the value of max;x max|q|=m+1 SUP,-1 (U, x5,,) |7
is bounded by the coefficient of X in the expansion of

(L+©)M- (H 1- R(XV1+ axy) T RZV:(XV ' A(X))>

v=1

T

+3(1+0)0A(X) - (H 1 _R(XVI+ AX)) 1) ’

which will be denoted by B,,.
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Take a multi-index a with |a] = m + 1, an element v € {0,1,...,
mMy — 1}, and A € {1,2,...,r}. When Lpre(gw\/jlu/(mMo)) is not holo-

morphically trivial, it follows by (5.3) that
max sup \FJ(Z) (p,s)] < 14My©OK? - B,,
T p U W)
(again we remark that here we used Assumption 5). When L~}

exp(2m/~1v/(mMo))
is holomorphically trivial, it follows by (5.2) that

max  sup  |F)(p,s)] < 2MoK - By,
T p Uy W)
holds.

Thus now we have that one can obtain constants {4,,}5°_, such that

max max  sup  |FO)(ps)| < App
Jolal=m41p-1U;x8,,) 7
by letting A(X) € C[[X*', X2,..., X"]] be the formal power series defined by
the equation
1

—A(X
14My© K? (X)

T

=(1+O0)M- (Hl 1—R(X”1+A(X)) —1—RZV:(X”+A(X))>

+3(1+ ©)OA(X) - <H 1 —R(X”1+A(X>) B 1) '

Denoting by C the constant 14MyOK?(1+0), welet F(X!, X2,...,X",Y) €
Ocr+1 o be the one defined by

F(X,Y):=-Y +CM - (H m ~1-R) (X” +Y)>
v=1 v

1

Then, as %F(O, 0) = —1 # 0, it follows from the implicit function theorem
that A(X) is convergent.

5.4. End of the proof

Let s be an element of U(1). Then, by the estimates in Remark 5.1 and
Section 5.3, one can carry out the argument as in the end of Section 5.1 on
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each U; s to obtain the solution @; of the functional equation (5.1) defined
on a neighborhood ‘A/j,s of Uj s in X,. Note that clearly {(YA/j,S, w;)} is also a
local defining functions system of Y, since w; and @; coincide in the first
order jet. It follows by (Property),,’s that @w; = T;x(s) - Wy holds on each
XA/]-,S N ‘A/hS, the theorem holds. O

6. Examples and Proof of Theorem 1.2 and 1.3
6.1. Some examples

First, we give an example of the configuration we described in Section 4.1.

Ezample 6.1. — Let (V, F') be a del Pezzo manifold of degree 1: i.e. Vis a
projective manifold of dimension n and F' is an ample line bundle on V' with
K‘;l = Fn=1and the self-intersection number (F™) is equal to 1. In this case,
as we wrote in [13, §6.3], it follows from [7, 6.4] that dim H°(V, L) = n. Take
general elements DY, D3, ..., D% € |F|. By [7, 4.2] and (D9, D3,...,D%) =
(F™) = 1, it holds that the intersection ()}y_, DY is a point, which we denote
by po. It is clear that DY’s intersect each other transversally at po. From this
fact and Bertini’s theorem, we may assume that each Dg is non-singular.

Consider an sequence of the subvarieties V,, := V,V,,_1 := DY, V,,_5 :=
DYNDY, -, Vi:=D{NDY--- ,NDY_,. Denote by F) the restriction F|y,
for each A = 1,2,--- ,n — 1. Note that it follows from a simple inductive

argument that (V, Fy) is also a del Pezzo manifold of degree 1 for each A.
Especially, for A = 1, it holds that V7 is an elliptic curve and deg F; = 1.
Let m: X — S be the one obtained by the construction we described in
Section 4.1 starting from Z := V, L := F, and Y° := V;. By running
the same argument as in [18, §5] inductively on A, one has that this model
actually enjoys Assumption 5/ (One has that the anti-canonical bundle of
X, is semi-ample, and that the morphism defined by the complete linear
system K;(:” can be used as the fibration bs for each torsion s, where m is
a suitable positive integer).

Next, we give an example of the configuration we described in Section 4.2.

Ezample 6.2. — Let Y C P2 be a cycle of rational curves which is of
degree three, and p1,p2,...,ps be points of ¥ \ Yiing. Assume one of the
following four conditions:

(1) Y is a rational curve with one node,
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(2) Y consists of two irreduceble components C; and Cs such that the
degree of C7 is one and of Cy is two, p1,p2 € Ci and ps,p4,...,
Ps € CQ;

(3) Y consists of two irreduceble components C; and Cy such that the
degree of C7 is two and of Cs is three, pi,p2,...,p5 € C7 and
Pe,D7,D8 € CQa or

(4) Y consists of three irreduceble components C7,Cy and Cs, p1,ps €
C1, p3,pa,ps € Ca, and pg, p7,ps € Cs.

Let m: X — S be the one obtained by the construction we described in
Section 4.1 by using the blow-up of P? at py,ps,...,ps as Z, and the strict
transform of Y as Y. By the same argument as in [18, §5], one has that this
model actually enjoys Assumption 5”.

6.2. Proof of Theorem 1.2

Let (Xz,Yz) be as in Section 1 such that the anti-canonical bundle K)_(;
is nef, and that Yy is a cycle of rational curves.

When K;(; ly, is unitary flat (i.e. |a(K;(; ly,)| = 1), by the argument as
in [12, §7], (Xz,Yz) = (X;,Ys) holds for some deformation 7: X — S as in
Example 6.2 and for some s € U(1) C S. Thus one has by Theorem 3.1 that
there exists a local defining functions system {(Vj;, w;)} of Yz such that each
ratio w; /wy, is a unitary constant. It follows by regarding w; as a local frame
of [Yz] on each V; that [Y] is flat on a neighborhood of Y. Thus, by the
argument as in the proof of [9, Corollary 3.4] or [13, §5] (see also Section 2.1),
one has the assertion (i). Define a function ®: J; V; — R by @ := log |w|
on each Vj. By considering neighborhoods {® < e} of Yz for sufficiently
small positive numbers €, one has that the assertion (iii). The assertion (iv)
follows by considering Chern curvature forms of smooth Hermitian metrics
on [Y] with semi-positive curvature.

When K;(; |y, is not unitary flat, neither the assertion (i) nor (iv) holds
by [12, Theorem 1.1(ii)]. In this case, there exists a strongly plurisubhar-
monic function ¥ on V'\ Yz for some neighborhood V of Yz according to [12,
Theorem 1.6 (i)], by which one has that the assertion (iii) does not hold. O

6.3. Proof of Theorem 1.3

Let (Xz,YZ) be as in Section 1 such that Y7 is smooth and rank(Nz) = 1,
where Ny := K;(; lv, (Z = {p1,p2,--.,p9}). Denote by V the blow-up of P?
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at the eight points p1, ps,...,p7, and pg. Then, as V' is a del Pezzo manifold
of degree 1, one can obtain the deformation 7: X — S as in Example 6.1.
Note that, it follows by the condition rank(Nz) = 1 that one may assume
that Xz = X, for some element s of U(1) C S by choosing 7 and ¢ suitably
in the construction in Section 4.1. Thus one has by Theorem 3.1 that there
exists a local defining functions system {(V;,w;)} of Yz such that each ratio
w; /wy, is a unitary constant.

It follows by regarding w; as a local frame of [Y] on each V; that [Y] is
flat on a neighborhood of Y. Thus, by the argument as in the proof of [9,
Corollary 3.4] or [13, §5] (see also Section 2.1), one has the former assertion.

Define a function ®: |J; V; — R by @ := log|w;| on each V;. By consid-
ering neighborhoods {® < ¢} of Y7 for sufficiently small positive numbers ¢,
one has that the latter assertion. g

Appendix. A correction to the paper “Toward a higher
codimensional Ueda theory”

We found that the main theorem [11, Theorem 1] was not correct. We
have to add some assumptions in [11, Theorem 1]. The main application [11,
Corollary 1] needs no correction.

A.1. Corrected form of [11, Theorem 1]

Corrected form of [11, Theorem 1] is the following;:

THEOREM A.l1. — Let X be a complex manifold, S a smooth hypersur-
face of X, and C be a smooth compact hypersurface of S such that Ng,x|v
is flat, where V is a sufficiently small neighborhood of C in S. Assume one
of the following two conditions holds:

(i) Noss € &(C), Nsyxlo € &(C),
(i) Noys and Ng/x|c are isomorphic to each other and they are ele-
ments of £1(C).

Further assume that w, ., (C, S, X;{w;}) = 0 holds for alln > 1,m > 0 and
for all system {w;} of order (n,m), and that there exists a system of local
defining functions of C in V' of extension type infinity. Then there exists a
neighborhood W of C' in X such that Ox (S)|w is flat. Moreover, there exists
a smooth hypersurface Y of W which intersects S transversally along C.
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In the above statement, we removed the case (iii) from [11, Theorem 1]
and added the assumption on the existence of a system of local defining
functions of C' in V' of extension type infinity, which is the notion we posed
n [15]. As a result, we could also add the conclusion on the existence of the
transversal Y to [11, Theorem 1]. For the proof of Theorem A.1l, see [15,
§3.4].

Let us explain some terms in Theorem A.1. We say the line bundle L on a
manifold M is flat if the transition functions are chosen as constant functions
valued in U(1) := {t € C | |t| = 1} (ie. L € HY(M,U(1))). We denote by
&o(C) the set of all flat line bundles F' such that there exists a positive
integer n with F™ = I, where I is the holomorphically trivial line bundle. We
denote by £;(C) the set of all flat line bundles F' which satisfies the condition
[log d(I, F™)| = O(logn) as n — oo, where d is an invariant distance of the
Picard group (£1(C) does not depend on the choice of d, see [21, §4.1]). Let
(C,S,X) be as in Theorem A.l. In [11, §3.1], we defined the obstruction
class tunm(C, S, X) = tnm(C, S, X;{w;}) € H'(C,Ng/x|c" ® Ne¢Js) for
each n > 1,m > 0 and for each system {w;} of order (n,m). We here
explain the meaning of our new assumption “there exists a system of local
defining functions of C'in V' of extension type infinity”. Let V' be a sufficiently
small tubular neighborhood of C'in S and W be a sufficiently small tubular
neighborhood of C' in X such that W NS = V. Take a sufficiently fine open
covering {U;} of C, {V;} of V, and {W;} of W such that V; = W; N S,
Uiy =V;NnC,and Uy, == U; NU, = 0 iff Wy, := W; N W, = 0. Extend
a coordinates system x; of U; to Wj. Let y; be a defining function of U;
in V; and w; a defining function of V; in W;. As both Ng,x and N¢ /g are
flat in our settings, we may assume that ¢;,w, = w; + O(w?) holds on Wy
and sjryr = y; + O(y3) holds on Vjj, for some constants t;i, s € U(1).
The assumption “there exists a system of local defining functions of C' in
V of extension type infinity” means that we can choose such {y;} with the
following two additional properties:

(a) sjryr = y; holds on Vjy, for each j and k, and

(b) {y;} is of extension type infinity in the sense of [15, Definition 3.2]:
i.e. the class vym(C, S, X;{z}) € H'(C,Ng/x|c" ® NC_/":LQH) is
equal to zero for each n > 1, m > 0 and for any type (n, m) extension
{z;} of {y;} (the class v, ,(C,S, X;{z;}) is the obstruction class
we posed in [15]).

We here remark that, as we will see later, [11, Corollary 1] needs no
correction. It is because the example of general 8 points blow-up of P3 au-
tomatically satisfies this condition.
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A.2. Details of the mistakes

There are following three mistakes in [11]: one is on the well-definedness
of the obstruction classes, another one is in the statement of [11, Lemma 1],
and the other one is in a Taylor expansion in Lemma 6 and Lemma 7. In
this section, we explain the details of these mistakes.

A.2.1. Mistake on the well-definedness of the obstruction classes

The first one is on the well-definedness of the obstruction classes. In [11,
Proposition 3|, we stated that the (n,m)-th Ueda class upm(C,S,X) of
the triple (C,S, X) is independent of the choice of a system {w;} of or-
der (n,m) up to non-zero constant multiples. However, we found a critical
mistake in the proof. Thus, now we should denote the obstruction class by
Un,m(C, S, X; {w;}). See also [15, §2.2.2, §3.2.2].

A.2.2. Mistake in the statement of [11, Lemma 1]

We also found a mistake in [11, Lemma 1], which is an open analogue
of [8, Lemma 2]. The corrected form of [11, Lemma 1] should be stated as
follows:

LEMMA A.2 (Corrected form of [11, Lemma 1]). — Let C be a compact
complex manifold embedded in a complex manifold S Fix a sufficiently small
connected neighborhood V. of C in S and a sufficiently fine open covering
{V;} of V' which consists of a finite number of open sets. Fix also a relatively
compact open domain Vo C V which contains C. For each flat line bundle
E on V, there exists a positive constant K = K(E) such that, for each 1-
cocycle o« = {(Vjg,ai)} of E which can be realized as the coboundary of
some 0-cochain, there exists a 0-cochain 5 = {(V;NVo, B;)} of E such that
aly, is equal to the coboundary 6(B) of B and the inequality

max sup |3;| < K -max sup |ajil
7 vonv; Ik VonViy

holds.

This mistake is critical for proving [11, Theorem 1] for the case (iii), which
is why we had to remove this case.
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A.2.3. Mistake in a Taylor expansion in Lemma 6 and Lemma 7

Here we explain the mistake under the configuration of Lemma 7. Lem-

ma 7 is the lemma for defining the system of functions {G;n’m)}

inductively:
i.e. assuming that {G;y’“ )} has already defined for each (v,p) < (n,m),
we are stating how to define {GE"’m)} in this lemma. For the definition of
{Gg"’m)}, we regard Gg-u’” )zf as the function defined on W; which does not
depend on the variable w; and considered the expansion

G () - 2 = G (wj(wny 2y wh) - 25 (@ 210, w3 )

= G;u’“)(xj(xk,o 0)) - 2
(v, ) + (v, ) +
JrZGﬂf%q # q+ZZG3kgq # ! Z
p=1q=0
on Wy, in which we made a mistake. This expansion should be

G () - 2l = G (w2, wk)) : Zj(ﬂfk’ 2, W)

J
= G (2;(x4,0,0)) - s 21

+ZG§ZZIS?<1( +q +ZZGJkpq Zng'

g=1 p=1q=0

Even after this correction, the inductive definition of {ng’m)} can be exe-
cuted just as in Lemma 7. However, the norm estimate problem occurs in
this case so that we can not show the convergence of the functional equa-
tion (8) in [11, §4]. To avoid this difficulty, we have to refine not only the
system {w;}, but also the extension {z;} of {y;} by using a suitable func-
tional equation at the same time (with fixing only {x;} and {y;}), see [15,
§3.4] for the details.

We here remark that, by the same reason, we also have to correct [11,
Proposition 4, Lemma 5].

A.3. Proof of [11, Corollary 1]

Here we prove the following:

COROLLARY A.3 (=[11, Corollary 1]). — Let Co C P3 be a complete
intersection of two quadric surfaces of P* and let p1,pa,...,ps € Cy be 8
points different from each other. Assume Ops(—2)|c, @ Oc,(p1 +p2 + -+ +
ps) € £1(Co). Then the anti-canonical bundle of the blow-up of P* at {p;}5_,
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is not semi-ample, however admits a smooth Hermitian metric with semi-
positive curvature.

Proof of Corollary A.3. — We use the notations in [11, §5.2]. We apply
Theorem A.1 to the triple (C, Sy, X). We here remark that the existence of
the transversal Y is clear in this example (consider ¥ := S).

All we have to do here is to check the added condition “there exists a
system of local defining functions of C in V of extension type infinity”. Let
{sjx} and {y;} be as in Section 1 here. As u,(C,Sp) € H'(C,N~") =0 for
each n > 1, we can conclude from [21, Theorem 3] that we may assume the
condition (a) sjryr = y; holds on Vji for each j and k. We will check the
condition (b) the class vnm(C, S, X;{z}) € H'(C,Ng/x|c" ® NCT/’?;H) is
equal to zero for each n > 1,m > 0 and for any type (n,m) extension {z;}
of {y;}. First we will check the case where (n,m) = (1,0). Note that the
class v1,9(C, S, X;{z;}) does not depend on the choice of an extension {z;}
of {y;} (nor a system {w;}). It can be shown by just the same (and much
more simple) argument as in [15, §3.2.2]. Thus, it is sufficient to show that
v1,0(C, S, X;{z;}) = 0 for a suitably fixed extension {z;} of {y;}. For this
purpose, let us fix an extension z; of y; such that z; is a defining function
of Wj n Soo Let

SikZk = 2 —|—p§}€) (xj,25) - wj + O(w?)
be the expansion in w; and

P (@) = 450 () + O(yy)

be the expansion of pﬁ) lv;, in y; for each j and k. As sj 2y /2; is holomorphic
around W;, NS, we obtain that pﬁ) (xj,2;) can be divided by z;. Therefore

we obtain that v1 o(C, S, X; {z;}) = [{qﬁ’o)}] = [{0}] = 0. Next we will check
the case where (n,m) > (1,0). In this case, as N is non-torsion and n+m —
1 > 0, we obtain that H*(C, Ng/x|5" ® NCT}ZH) = HY(C,N—n—m*1) =0
holds, which proves the assertion. O
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