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Brilliant families of K3 surfaces: Twistor spaces, Brauer
groups, and Noether—Lefschetz loci *)

DantEL HuyBrECHTS ()

ABSTRACT. — We describe the Hodge theory of brilliant families of K3 surfaces.
Their characteristic feature is a close link between the Hodge structures of any
two fibres over points in the Noether—Lefschetz locus. Twistor deformations, the
analytic Tate-Safarevi¢ group, and certain one-dimensional Shimura special cycles
are covered by the theory. In this setting, the Brauer group is viewed as the Noether—
Lefschetz locus of the Brauer family or as the specialization of the Noether—Lefschetz
loci in a family of approaching twistor spaces. Passing from one algebraic twistor fibre
to another, which by construction is a transcendental operation, is here viewed as
first deforming along the more algebraic Brauer family and then along a family of
algebraic K3 surfaces.

RESUME. — On étudie la théorie de Hodge des familles brillantes des surfaces K3.
Deux fibres dans le lieu de Noether—Lefschetz d’une telle famille ont des structures
de Hodge trés similaires. Les déformations de twisteurs, le groupe de Tate-Safarevié
et certaines courbes de Shimura donnent des exemples de telles familles. Dans ce
cadre le groupe de Brauer apparait comme lieu de Noether—Lefschetz de la famille
de Brauer et aussi comme spécialisation des lieux de Noether—Lefschetz des espaces
de twisteurs. Le passage transcendent d’une fibre algébrique a une autre dans l’es-
pace de twisteur est vu comme composition de deux déformations du caractére plus
algébriques.

This note is concerned with the Hodge theory of brilliant families of K3
surfaces. A connected smooth holomorphic family S —C of K3 surfaces
is called a brilliant deformation of the fibre S = &y if there exists a class
¢ € HY1(S,Z) such that under parallel transport one has

H20(S,) ¢ H*(8) @ H**(S) & C - ¢

with ¢ not contained in H%%(S;) @& H%2(S;), see Sections 2.1 and 3.1 for
details.
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The starting point is the Hodge theory of twistor spaces studied in [8], but
more algebraic constructions like Brauer and Tate-Safarevi¢ groups as well
as special cycles of K3 surfaces are covered by the theory. The Hodge theo-
retic approach adopted here unifies these rather different geometric notions
and explains their interactions. We start out by describing three particular
examples of brilliant families and then state the main results in the geometric
context.

0.1. Examples of brilliant families include the following well-known con-
structions:

(i) The Dwork pencil S— Al \ {t | t* = 1} of quartic surfaces defined
by S0 at — 4t T[>, i, the special fibre S = Sy of which is the
Fermat quartic.

(ii) The Brauer (or Tate-Safarevic) family S—=C ~ H%2(S) param-
eterizing all complex elliptic K3 surfaces with a fixed elliptic K3
surface S —=P! as relative Jacobian.

(iii) The twistor family S —=P' associated with a polarized K3 surface

(S, L).

A priori, these examples have not much in common. For example, the
Dwork pencil is an algebraic family, while for the Brauer and the twistor
family most of the fibres are not projective. However, as we shall explain, the
Hodge theory describing the three families is similar in that H?°(S;) varies
in H29(S) ® H%2(S) ® C -/ for a certain algebraic class £ € H*(S,Z). The
three examples above correspond to (¢.£) < 0 (Dwork), (¢.£) = 0 (Brauer),
and (£.€) > 0 (twistor).

Example 0.1. — To an elliptic K3 surface S —=P! with a section one can
associate brilliant families of all three types, choosing £ as the fibre class of
the elliptic fibration, as an ample class, or as any class of negative square,
e.g. the class of a component of a reducible fibre.

Brauer | (¢.0) =0
(€.0)>0 () <0

twistor Dwork

A similar picture can be drawn for non-elliptic K3 surfaces by working
with higher-dimensional moduli spaces of sheaves on K3 surfaces, see Sec-
tion 3.2.
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0.2. The first result is the observation that the main result in [8] generalizes
from twistor spaces associated to K3 surfaces with complex multiplication
to general brilliant deformations of K3 surfaces with complex multiplication.

THEOREM 0.2. — Assume S—=C' is a brilliant deformation of a K38
surface S with complex multiplication. Then any algebraic fibre S; with
p(St) = p(S) has complex multiplication as well and the mazimal totally
real subfields of the Hodge endomorphism rings of the rational transcenden-
tal lattices T(S) ® Q and T(S:) ® Q are isomorphic.

Beware that except for scalar multiplications, Hodge endomorphisms con-
tained in the maximal totally real subfield do not deform sideways in a bril-
liant family, i.e. they are typically not realized as Hodge endomorphisms of
the transcendental lattice of a fibre with p(S;) < p(5).

We think of the countable set of all algebraic fibres Sy, t € C, with p(S;) =
p(S) as the Noether—Lefschetz locus NL(S/C) C C. Then the result can be
rephrased by saying that the maximal totally real subfield of Enduqge(7(S)®
Q) is reproduced as a field of Hodge endomorphisms of the transcendental
lattice of the fibre over any point in the Noether—Lefschetz locus.

Viewing endomorphisms of T'(5) ® Q as Hodge classes on S x S, the asser-
tion becomes more geometric. However, for (£.£) # 0 we are currently lacking
a geometric explanation for the reappearance of these algebraic classes over
all points in the Noether—Lefschetz locus, see Section 1.2.

0.3. The Hodge theoretic characterization of brilliant families reveals that in
some appropriate sense the Noether—Lefschetz locus NL(S/P!) of the twistor
family associated with (S, L) specializes to the Brauer group Br(.S). This
affirms and refines the point of view, suggested by F. Charles and further
advocated by D. Bragg and M. Lieblich [2], that the Brauer group of a
supersingular K3 surface should be viewed as the analogue of the twistor
base in positive characteristic. We can use Hodge theory to make this more
precise in characteristic zero as follows.

THEOREM 0.3. — Consider an elliptic K3 surface S with polarizations
L approaching the fibre class of an elliptic fibration of S. Then the twistor
families S(s)—=P! associated with (S, L) restricted to the upper hemi-
sphere of S? ~ P! specialize to the Brauer family S—=C. Furthermore,
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the Noether—Lefschetz loci NL(S(s)/P) specialize to Br(S) up to the free
abelian group H?(S,Z)/ NS(S).

NL(S(s)/P')

The precise meaning of the notions involved in this statement will be
explained in Sections 2.4 and 3.1. Viewing the Brauer (or Tate-Safarevic)
family as a degeneration of twistor lines is not new and has been discussed
already by E. Markman [10, Rem. 4.6], see also work of M. Verbitsky [15].
Our discussion adds the comparison of Noether—Lefschetz loci and Brauer
groups to the picture. The proof can be adapted to show analogously that
the Dwork family with its Noether—Lefschetz locus specializes to the Brauer
family and the Brauer group.

0.4. The three types of brilliant families, twistor, Brauer, and Dwork, can be
put in a two-dimensional family. Those parameterizing algebraic K3 surfaces
form a countable union of curves, each of which intersects the three brilliant
deformation types in their Noether—Lefschetz locus. This allows one to view
the transcendental twistor construction as a combination of the Brauer fam-
ily and a family of algebraic K3 surfaces.

THEOREM 0.4. — Assume S is an elliptic K3 surface with an ample line
bundle L. For every pointt € NL(S/P!) in the Noether—Lefschetz locus of the
associated twistor space S —=P!, there exists a Brauer class o € Br(S) such
that the associated K3 surface S, and S; are naturally fibres of a holomorphic
family of algebraic K3 surfaces.

The interest in this viewpoint stems from the fact that we do understand
the propagation of algebraic classes in Theorem 0.2 for brilliant families
of Brauer type, see Section 1.2, and that the propagation along families of
algebraic K3 surfaces should be more accessible to geometric arguments than
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for the purely transcendental twistor families.

Brauer
algebraic
St S «
twistor
i

Once again, a similar result holds linking Dwork and Brauer families.
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1. Geometric families

We start by reviewing some of the geometric properties of the three fam-
ilies mentioned in the introduction.

1.1. The Dwork (or Fermat) pencil of quartic surfaces Sy C P? defined by
Z?:o xd— 4t H?:o x; parameterizes K3 surfaces for t* # 1. The four singular
surfaces S, t € {£1, i}, have 16 ordinary double points and their minimal
resolutions are K3 surfaces. In fact, by passing to a double cover C —= Al
ramified at the four points and then taking a small resolution of the singular
base change, the Dwork pencil can be turned into an algebraic family of
quasi-polarized K3 surfaces.

The Fermat quartic S = Sy is known to have maximal Picard number
p(S) = 20, in fact its Néron—Severi group NS(S) ~ Z®2° is generated by the
lines contained in S, and its transcendental lattice T'(S) is of rank two with
intersection matrix diag(8, 8), see [13]. Furthermore, there exists a primitive
sublattice £+ C NS(S) of corank one that stays algebraic along the whole
family and ¢+ ~ NS(S;) for very general t. By Hodge index theorem, (£.£) < 0
and, more precisely, ¢ can be chosen of the form L, + Ly — Lg — L4 for two
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disjoint pairs of intersecting lines L; C S such that (£.£) = —4.(Y) Thus,
under parallel transport,

H*%(S,) c H**(S) @ H**(S) @ C - L =T(S)c®C- L.

For another example, consider a non-trivial deformation E; of a CM el-
liptic curve E and let S; be the family of Kummer surfaces associated with
E; x E;. Again, p(S;) = 19 for the very general F; and p(S;) = 20 whenever
E; has complex multiplication. Clearly, H>°(S;) = H'(E;) @ HY°(E,) C
H?(E; x E;,C) C H?(S;,C) is contained in the three-dimensional space or-
thogonal to the classes [E; x {pt}], [{pt} x Ei],[A:] € H?*(E; x E¢,Z) or, in
other words,

H*%(S,) c (HYY(E)® HY(E)) @ (H*Y(E)® H* (E))® C - ¢

where ¢ is an appropriate linear combination of the graph I' of a complex
multiplication of £ and the aforementioned three algebraic classes.

More generally, any family of projective K3 surfaces S; for which the very
general fibre has Picard number p(S;) = 19 is of the type covered by our
considerations. These families yield one-dimensional Shimura special cycles
in the moduli space of polarized K3 surfaces. It is possible to construct
holomorphic families of projective K3 surfaces S; over a one-dimensional
base that also fit our theory and have p(S;) < 19 for the very general fibre
S;, but then the family does not correspond to an algebraic curve in the
moduli space, cf. Remark 2.7.

1.2. We next come to the Brauer family. Consider a K3 surface S together
with a fibration 7: S —=P! by curves of genus one. We shall assume that
the fibration has a section, so that all smooth fibres are elliptic curves, in
which case 7 is called an elliptic fibration. The Fermat quartic is an example
of an elliptic K3 surface and it is so in more than one way.

The Tate-Safarevi¢ group of S parameterizes all K3 surfaces with a genus
one fibration and an isomorphism of its relative Jacobian fibration with S. It
comes in two flavors: The algebraic and the analytic Tate-Safarevi¢ group.
More precisely, IIT*"(S) is the set of all isomorphism classes of pairs (S’, )
consisting of a complex K3 surface S’, typically not projective,
with a fixed fibration S’ —=P! by curves of genus one and an isomorphism
P J(S'/PY) =S over P! between the relative Jacobian J(S’/P!) and S,
see [3, Ch. 1.5] or [6, Ch. 11.5]. The algebraic version is III(.S), which is
defined similarly but now requiring S’ to be projective. Clearly, then

ITI(S) C III*(S).

(1) Thanks to E. Sertdz for this information.
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Both sets are indeed groups and as such they are naturally isomorphic to
the algebraic resp. analytic Brauer groups

mis) < me(s)
N I
Br(S) < Br*(9).
Here, the algebraic Brauer group Br(S) can be described cohomologically as
the torsion subgroup of H?(S,0%) or, more directly, as HZ(S,G,,), while

the analytic Brauer group is all of H2(S, O%). From the exponential sequence
one obtains an exact sequence

0 — Pic(S) — H*(S,Z) — H*(S,05) — H?*(S, 0%) — 0,
which leads to the description of the analytic Brauer group as
Br*"(S) ~ H?(S,0g)/ coker (NS(S)“—= H?(S,Z)) ~ C/7822r(5),

Note that the obvious inclusion T'(S) C H?(S,Z)/NS(S) is of finite index
and, therefore, the natural surjection

H2(8)/T(S) ~ H?(S,03)/T(S) — Br*"(S)

has a finite, typically non-trivial, kernel. From a Hodge theoretic perspective
H?(S,0g)/T(S) is more natural, but the difference between the two groups
will be of no importance to us. Note that unless p = 20, the groups

IT°"(S) ~ Br**(S) ~ H*?(S)/Z**~+(5)

have no reasonable geometric structure and cannot serve as a basis for a
family of all K3 surfaces S’ parameterized by I11*"(S). However, there exists
a family, the Brauer family

S—H"*(9) ~C, (1.1)

for which the fibre S; over t € H%2(S) is isomorphic to the K3 surface S’
corresponding to the image (S’, ) of t under H%2(S) —s= Br(S) ~ I1**(S),
see [3, Ch. 1.5] for a detailed discussion. Note that S — C is actually a family
of K3 surfaces together with a genus one fibration which is the one that is
given by considering (S’,) as an element in ITI*"(S).

By construction, we again have
H*°(S;) c H**(S)@e C-¢ c H*°(S) o H*?(S) @ C -4,

where ¢ = f € H?(S,7Z) denotes the class of a fibre of the elliptic fi-
bration S —=P!. The construction does not provide a topological or C>-
trivialization, but see Remark 1.7.
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Remark 1.1. — Instead of studying the Brauer family S —C ~ H%2(S)
one can consider the constant family S x C—C and endow it with a uni-
versal Brauer class a € H?(S x C,0*). Explicitly, using H?(S x C,0) ~
H°(C,0) ® H%2(S), which under the identification C = H%2(S) contains
H%2(8)* @ H*2(S), the universal Brauer class a is realized as the image
of idgo,2 under the exponential map H?(S x C,O)—= H%(S x C,0*). By
construction, if a € H?(S,0%) is the image of t € C = H%2(S), then
a|sx(yy = a. The situation was discussed for supersingular K3 surfaces in
positive characteristic in [2].

Remark 1.2. — The analogy between the Brauer groups of supersingular
K3 surfaces and twistor spaces promoted in [2] is sometimes met with the
following objection. The Hochschild cohomology HH?(S) ~ H?(S,0g) ®
H(S,Ts) ® H°(S, \* Ts) parameterizes all infinitesimal deformations of S,
classical commutative as well as non-commutative ones. First order classi-
cal deformations correspond to classes in H!(S, Ts), while non-commutative
ones associated to deformations of the standard bounded derived category
DP(S) of coherent sheaves to the bounded derived category DP(S, ) of a-
twisted coherent sheaves correspond to classes in H?(S,0g). How could
then possibly the tangent space of Br®"(S), which is naturally identified
with H2(S,Og), end up in the direct summand H'(S, Tg)?

The answer to this is that it is actually not S that is deformed in the
Brauer family above but its Fourier-Mukai partner, which just happens to
be isomorphic to S. More precisely, the automorphism of HH?(S) induced
by the relative Poincaré sheaf P on S xp: S is compatible with the action
of P on Hochschild homology HH.(S) ~ @, _,_, H?(S) considered as a
module over HH*(S). Identifying HH,(S) with (ungraded) de Rham co-
homology H*(S,C) and using that the action of P on H*(S,Z) identifies
(H°® H*)(S,Z) with the hyperbolic plane in NS(S) C H?(S,Z) spanned by
the fibre class ¢ and the class of the section, one finds that P indeed sends
H?%(S,0g) Cc HH?(S) into H(S,Ts) C HH?(S).

A similar point of view is exploited in Section 3.2, where non-commutative
deformations of S corresponding to Brauer classes are interpreted in terms
of classical commutative deformations of a certain moduli space of sheaves
on S.

For o € Br(95), let (Sa, 1) € III(S) be the corresponding algebraic K3
surface 7, : Sy —=P! together with an isomorphism 4 : J(S,/P!)—>S.
The relative Jacobian J(S,/P!) can be interpreted as a moduli space of
stable sheaves concentrated on the fibres of m,, but it is not a fine moduli
space. In fact, the obstruction to the existence of a universal family is exactly
a € Br(S). In other words, a universal sheaf P, on S, xp1 S exists but only
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as a twisted sheaf, where the twist is with respect to 1 X a € Br(S, x 5).
The usual Fourier—-Mukai formalism then yields an exact equivalence

D"(S,) ~ D"(S, )

between the bounded derived category DP(S,) of coherent sheaves on S,
and the bounded derived category DP(S, a) of a-twisted coherent sheaves
on S, for more information and references see [6, §10.2.2 & Rem. 11.5.9].
The Mukai vector of the twisted universal sheaf yields a Hodge isometry
H(S.,Z) ~ H(S,«,Z), which restricts to a Hodge isometry between their
transcendental lattices T'(S,) ~ T(S, ), see [5, 9] for details. Since the
transcendental lattice of the twisted K3 surface (S, «) is a finite index sub-
Hodge structure of T'(S), this yields a Hodge isometry

T(Sa)o =~ T(S)o. (1.2)

Moreover, (1.2) is algebraic, i.e. it is defined by an algebraic class in (T'(S,)®
T(S))(é2 C H*%(S, x S,Q). Here, we use that the (1 X a)-twisted sheaf P
becomes untwisted by passing to its derived tensor power P®" for r = ord(«).
The Chern classes of the untwisted sheaves P®" exist in the traditional sense,
which eventually leads to a description of (1.2) in terms of algebraic classes
associated to untwisted sheaves.

Remark 1.3. — There is a slightly confusing point about the relation be-
tween the transcendental lattices T'(S,), T'(S), and T'(S, o). By definition,
T(Sa)g C H2(S4,Q) and T(S)g € H2(S,Q), while T(S, ) C H(S,a, Q)
is more naturally viewed as T'(S, a)g = exp(B) - T(S)g C (H? & H*)(S,Q),
where B € H?(S,Q) lifts a. The cohomological Fourier-Mukai formal-
ism above then yields T(S,)g ~ T(S,a)g C (H? & H*)(S,Q). On the
other hand, parallel transport along the Brauer family leads to an inclu-
sion T(Sa)g C T(S)o ® Q- f € H?(S,Q), where f is the class of the fi-
bre of the elliptic fibration S—=P!. Furthermore, the image of T(S,) =~
T(S,a) C (H? ® H*)(S,Z) under the projection onto H?(S,Z) identifies
T(S,) with the kernel of T'(S) —=Q/Z, v+ (B.Y), which eventually leads
to the Hodge isometry T'(Sqo)g =~ T'(S)g. In particular, the one-dimensional
H?9(S,) C H?(S,,C) is via (1.2) mapped into H*°(S) @ H*(S,C) while
parallel transport maps it into H>°(S) @ C - f.

Remark 1.4. — The preceding discussion can be made to work with suit-
able modifications in the case when « is not torsion. Again S can be viewed
as a coarse moduli space of torsion sheaves on S, for which the universal
sheaf is twisted with respect to the non-torsion class a on S. For moduli
spaces of stable sheaves on non-projective K3 surfaces see [12].(2) There is

(2) Note however that the case of torsion sheaves needs extra care, but as it is not
essential for our purpose, we ignore this point.
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still a Hodge isometry T'(S,) ~ T(S, «), only that now T(S,«) cannot be
viewed just as the B-field shift of T'(S) (up to finite index). By definition, it
is the minimal primitive sub-Hodge structure of H2(S,Z) ® H*(S,Z) with
its (2,0)-part spanned by o + o A t, where t € C ~ H%2(9) lifts o un-
der H2(S)—= Br*™(S). In fact, when « is non-torsion, the rank of the
transcendental lattice T'(S,) exceeds the rank of T'(S) and, moreover, the
intersection form is degenerate on it.

Clearly, since S, and S have Hodge isometric rational transcendental
lattices for o € Br(.9), their fields of Hodge endomorphisms are isomorphic:

Endeg(T(Sa) ® Q) >~ Endeg(T(S) ® Q)

Furthermore, viewing S as a moduli space of sheaves on S, or, conversely,
S, as a moduli space of a-twisted sheaves on S, provides us with a geometric
understanding of this isomorphism. The Mukai vector of (some tensor power
of) PRP on (S, xS)? maps any Hodge endomorphism ¢ € Endpae(7T(S)®Q)
or, equivalently, any Hodge class ¢ € (T'(S) ® T(S’))é}’2 C H?2(S x S,Q) to
a Hodge class on S, x S,. Under this map, algebraic classes are mapped to
algebraic classes. Note, however, that the Hodge conjecture for squares of
K3 surfaces is only known for K3 surfaces with CM endomorphism field.

We summarize the above discussion as follows.

PROPOSITION 1.5. — Consider the Brauer family (1.1) S—C associ-
ated with an elliptic K3 surface S—=P'. Then for any algebraic fibre Sy
there exists an algebraic Hodge isometry

T(S)©Q~T(S) Q.
Furthermore, the induced isomorphism of their endomorphism fields
Endeg(T(S) X Q) ~ Endeg(T(St) ® Q)

maps algebraic classes to algebraic classes. (]

In Section 3.2 we explain that the same principle applies to projective K3
surfaces S which are not elliptic by working with higher-dimensional moduli
spaces. In the case of elliptic K3 surfaces one can state more algebraically
that the rational Chow motives of all algebraic fibres of the Brauer family
are isomorphic: h(S;) ~ (), cf. [7].

Remark 1.6. —

(i) The first assertion in the above proposition does not hold for the
other two types of families considered in this article. A weaker ver-
sion of the second assertion does hold, see Proposition 2.11, but a
clear geometric reason for the recurrence of the same Hodge classes
in all algebraic fibres is lacking.
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(ii) Furthermore, for the Brauer family, we also know that if S is defined
over QQ, also all other algebraic fibres S, are defined over Q. This is
unknown for the algebraic fibres of the twistor family associated to
a K3 surface without complex multiplication.

1.3. We conclude by a short review of twistor families which have been
discussed already in the prequel [8]. To any K3 surface S together with a
Kihler class w € H11(S,R) there is naturally associated a complex structure
on S x P!, with the corresponding complex threefold denoted S, such that
the projection defines a holomorphic map S&—=P!. The fibres S; are K3
surfaces with

H20(S,) € H*Y(S) @ H*%(S) & C-w C T(S)c & C - w.

The construction of S —=P!, the twistor family associated with (S,w), de-
pends on the existence of the unique Ricci flat Kéhler structure with Kéhler
class w. In this sense, it is a transcendental construction. For more informa-
tion and references see [8, §1].

For a projective K3 surface S, the construction can be applied to any
ample line bundle L on S whose first Chern class £ := ¢y (L) is of course a
Kéhler class. However, even in this case, only countably many of the fibres S;
are projective. According to [8, Prop. 3.2], any projective fibre S; for which
H?°(S,) ® H*2(S;) does not contain £ satisfies p(S;) = p(9). The set of all
fibres for which ¢ is contained in H%%(S;) ® H%2(S;) can be pictured as the
equator of the sphere P! ~ $? with the original K3 surface S corresponding
to the north pole.

Remark 1.7. — Inspired by the twistor construction one might try to find
a C*°-trivialization of the Brauer family. This is indeed possible but not in
a canonical way. Concretely, if 7: S —=P! is an elliptic K3 surface and S
is viewed as a differentiable manifold M endowed with a complex structure
I, then a generator o of H%%(9) is a closed complex two-form on M which
uniquely determines the complex structure I, for T (M, I) C TcM is the
kernel of o: Tc M — T M. Now, pick any non-exact closed (1, 1)-form w on
P!, say with Jw=1. Then 0, := o +tn*w is a closed complex two-form with
the same properties as o, namely o, A 0y = 0 and oy A 7 > 0 (pointwise),
and therefore defines a complex structure I; on M. Note that with respect to
I; the projection 7 is still holomorphic and, hence, S; :== (M, I;) comes with
a natural genus one fibration. However, the section of m: § —=P! will not
be holomorphic anymore with respect to I;. Altogether, this yields a family
of complex structures I; on M that is isomorphic to the Brauer family.
We emphasize that the construction of the family (M, ;) depends on the
choice of w and in this sense the Brauer family does not come with a natural
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trivialization. Also note that proving that the relative Jacobian of S; is
isomorphic to S for all ¢ is not immediate.

2. Brilliant families of Hodge structures

This section deals with all purely Hodge theoretic aspects. The results
can be applied to any geometric situation that involves Hodge structures of
weight two with a one-dimensional (2, 0)-part. Later we will focus exclusively
on K3 surfaces, but the Hodge theory developed here equally well applies to
hyperkéahler manifolds.

2.1. We start by considering a real vector space Tk with a non-degenerate
symmetric bilinear form ( . ) of signature (2,7 — 2). A Hodge structure
of K3 type on Tk is then given by a generator oo € Tgr ® C of its (2,0)-
part, unique up to scaling, that satisfies the two conditions (o¢.09) = 0 and
(00.G0) > 0. Alternatively, the Hodge structure can be thought of in terms
of the oriented, positive plane P,, := (Re(oy), Im(0g)) C Tk.

Next, we extend Tk to the orthogonal sum
Ty =Tr ®R- /L, (2.1)

where d = (¢.£) € R can be arbitrary. The discussions in the three cases,
d>0,d=0, and d < 0, will be similar, but there are interesting differences
and special phenomena that we wish to explore.

For now we fix a Hodge structure on Tx with o¢ € Tg ® C as above and
consider it as a Hodge structure on T, by declaring ¢ to be of type (1,1).
We are interested in Hodge structures of K3 type on Ty, i.e. for which the
(2, 0)-part is spanned by a class 0, € Ty ®C with (0;.04) = 0 and (0¢.5¢) > 0.
Once again, even for d = 0, such a Hodge structure is uniquely determined
by oy, for its (1,1)-part is the orthogonal complement of the positive plane
P,, = (Re(oy),Im(0y)) CTR SR - L.

However, we shall only consider Hodge structures for which
o0€C-00C-50C-/¢
or, equivalently, such that P,, C Py, ® R - (. They are parameterized by an
open subset D; C Qg of the conic Qy CP(C- 0o @ C- 7o @ C-{) defined by
(0.0)=0:

Dy = {O’E Qe | (0.5) >0} C Qz CP(C'O’Q@C-E()EB(C-E) ~ P2, (22)
For d # 0 the conic Q) is smooth, while for d = 0 it consists of the two
conjugate lines P(C- oo @ C-£) and P(C -5 ® C - ¢) with [¢] as their point of
intersection. In the latter case, we shall write Ly := P(C-0o@®C-£)\ {[¢]}. We
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emphasize that, although not reflected by the notation, D, and @, depend
not only on Tg and ¢, but also on oy.

LEMMA 2.1. — Let T CTr ® R - £ be as above. Then
Qe ~ P! ifd>0
Dy=X{L,UL,~CUC ifd=0
D,uD,~HUH ifd<0,
where the connected component Dy is chosen to contain oy.

Proof. — The cases d > 0 and d = 0 are covered by the above discus-
sion. For d < 0 observe that (Re(og),Im(0p),f)g is isometric to R® with
e1, ey isotropic, (ej.ez) = 1, and (ez.e3) = 1. Then z+—=[1 : —(2.2) : V2]
describes a biholomorphic identification of H with one of the two connected
components of the period domain Dy. O

To restore the symmetry between the three cases, we shall shrink the
period domain for d > 0 to the complement of the equator S} C Dy ~ P!,
Recall that the equator is described by the condition ¢ € P,,. Hence,

Dy \ Sgl ~HUH
as in the case d < 0 and we usually follow the convention that oy € H.

Remark 2.2. — Note that for d < 0 every o, € D, satisfies { € P,,. In
fact, if one lets d > 0 approach d = 0, then the equator S} flows into the
point of intersection [¢]. Thus, removing the equator allows one to view the
two connected components in each of the three cases as part of a family
depending on the parameter d = (£.£).

o /111

(£.0) >0 (£.0) =0 (£.0) <0

Those are the deformations of oy that interest us here.

DEFINITION 2.3. — For a fized Hodge structure of K3 type on Tr given
by o9 € Tr ® C the family of Hodge structures o, on Tg ® R - ¢ satisfying

Py, CP,,®R- L and L &€ P,

- 409 -



Daniel Huybrechts

is called a brilliant family of deformations of og. We usually restrict to the
connected component containing oq, the other one being obtained by complex
conjugation.

Occasionally, we will refer to the three types of brilliant deformations
corresponding to d < 0, d = 0, and d > 0 as deformations of Dwork, Brauer,
resp. twistor type.

2.2. In a second step, we start with a Q-vector space T', associate to it the
real vector space Tg = T ® R, and assume that the Hodge structure o
is irreducible. In particular, orthogonal projection yields Q-linear injections
T P,, and T—=C - 0y, cf. [8, Lem. 2.3]. Furthermore, the class ¢ is now
considered to be rational and of type (1,1), so that op can be viewed as a
Hodge structure on the Q-vector space

ToQ- L. (2.3)
For a brilliant deformation o; of oy on T'® Q - £ we denote by
T, CcToQ-¢

its transcendental lattice, i.e. the minimal sub-Hodge structure with non-
trivial (2, 0)-part. For example, since the original Hodge structure is assumed
to be irreducible, we have Ty = T'. The Picard number of o; is then defined
as
ploy) =dim(T & Q- ¥¢) — dimT;.

We are used to think of the Picard number as the dimension of the subspace
of all classes in T'® Q - £ that are (1,1) with respect to o;. However, due
to the fact that the quadratic form is possibly non-degenerate, this number
can be bigger, cf. the discussion for d = 0 in Section 2.3 below.

With this definition, p(cg) = 1 and p(oy) = 0 for the very general oy.
In fact, p(o;) = 1 is the maximal value that can be attained due to the
assumption on oy to be brilliant. Slightly stronger, we have dim(7}) < 1 for
all t. To see this adapt the proof of [8, Prop. 3.2] to cover also the case d < 0
and d = 0.

The set of brilliant deformations o; of o with p(o¢) = 1 is countable and
dense. Of particular interest to us are those for which the transcendental
lattice Ty C T®Q-£ has the same signature (2,7 —2) as Ty = T. Then clearly
p(o¢) = 1 and the converse holds for d < 0. We define the Noether—Lefschetz
locus as the following countable dense subset of brilliant deformations of og:

NL; == { oy | sign(T}) = sign(Tp) = (2,7 — 2) }.

LEMMA 2.4. — For oy € NL; orthogonal projection T;—~T ® Q- { —
Ty =T defines a bijection
T,—T
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of Q-vector spaces, which for d =0 is an isometry of Hodge structures up to
conjugation.

Proof. — First observe that for p(o;) = 1 the obvious inclusion P,, C
T: N (Py, ®R - ¢) is an equality. Next, since T; and Ty are Q-vector spaces
of the same dimension, it suffices to prove the injectivity of T, —T', which
follows from ¢ & T; or, equivalently, £ & P,, = T3 N (Py, ® R - £). Indeed, as
P, is positive definite, we clearly have ¢ € P,, for d < 0. For d > 0 it is
implied by the assumption that o; is brilliant deformations.

For the second assertion in the case d = 0 use that oy = 0g +t£ € Ly or
oy = 69+ tl € L, for some t € C. Hence, the projection Ty —=T maps o, to
og or gg. As for d = 0 the set of (1, 1)-classes is the same for all oy + t¢, see
Section 2.3 below, also (1, 1)-classes are preserved under the projection. O

2.3. Let us now study the case of an isotropic class ¢, i.e. d = 0. We will
restrict to the connected component Ly, i.e. we only study brilliant deforma-
tions of the form o, = oy +t¢ for some t € C. Those parameterized by L, are
obtained by complex conjugation.

The first thing to observe is that, unlike the case d # 0, the class ¢ is
always of type (1, 1), for (o;.£) = 0. However, for the very general o; € Ly,
one has T; = T & Q - ¢, cf. Lemma 2.5, and, therefore, in spite of being of
type (1,1) for oy, the class ¢ is contained in the transcendental lattice Ty.
More generally, the space of (1,1)-classes is the same for all oy € Ly.

Next, any o, € Ly can be written as
oy =09+ (00.B)¢
for some B € T ® C. Here, the class B is not uniquely defined, only its
(0,2)-part B2 € T%?2 is. This yields an identification
Ly —>T%2 (2.4)

which is independent of the choice of oy. The following description of the
image of the Noether—Lefschetz locus under (2.4) views the irreducible Hodge
structure T as a Q-linear subspace of T%2 via orthogonal projection.

LEMMA 2.5. — A point t € Ly is contained in the Noether—Lefschetz
locus NLy if and only if there exists a class B € T (in the Q-vector space!)
with o = o¢ + (00.B){. In other words, under the identification (2.4),

NLg ~T.

Proof. — For any B € T, the map fg: T—=T®Q ¢, a+—=a+ (a.B)¢
defines a Q-linear isometric embedding with oy = 0o + (00.B)¢ € fp(T) ®C
and, moreover, its image fp(T) C T ® Q - ¢ is a sub-Hodge structure with
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respect to 0. Thus, Ty C fg(T) by minimality of T}, which combined with
p(ot) < 1 shows that Ty = fp(T) is of signature (2,7 — 2), i.e. t € NL,.

Conversely, if ¢ is contained in the Noether—Lefschetz locus, then by virtue
of Lemma 2.4, orthogonal projection yields an isomorphism T; —>T'. Its in-
verse is a map T —=T®Q-¢, a+— a+g(«a)l for some linear map g: T — Q.
As (. ) is non-degenerate on T, there exists a (non-unique) B € T with
g(a) = (a.B) for all a. O

If T is associated with an integral Hodge structure, i.e. an integral lattice
Ty C T with T, ® Q ~ T is fixed, then its Brauer group can be defined and it
comes in two flavors. In the following definition we again use the injectivity
of the orthogonal projection T—=T%?2 which allows us to view both, the
Z-module Ty, and the bigger Q-vector space T, as subgroups of 772

DEFINITION 2.6. — The analytic Brauer group of an irreducible integral
Hodge structure Ty, of K3 type as above is the quotient
Br*™(Ty) == T%2 /Ty,
The algebraic Brauer group Br(7%) C Br® (1) is defined as the subgroup of

all torsion elements or, equivalently,

Br(Ty) == T/Tz C T"?/Ty = Br* (7).

Then Lemma 2.5 expresses a relation between the Noether—Lefschetz lo-
cus and the Brauer group:

NL, C Ly~ 70:2

b

BI‘(Tz) C Br*" (Tz)

or, in other words,
NL, /Tz ~ Br(T%),

where NL, is considered as an affine space over T7,.

2.4. There are various similarities between the three cases, d < 0, d = 0,
and d > 0 and also a procedure to combine them.

Remark 2.7. — The most notable difference between the three cases is
the signature of T'® Q - £. To simplify things, assume T is two-dimensional.
Then T @ Q - £ is positive definite for d > 0, of signature (2,1) for d < 0,
and degenerate with one isotropic and two positive directions for d = 0. This
not only has consequences for the description of the corresponding period
domains as in Lemma 2.1, but also for the possible existence of algebraic
quotients.
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To make this more transparent, assume that we start with an integral
Hodge structure Tz, let T = T ® Q, and assume d = (£.£) € Z. Then the
orthogonal group I' := O(T;,®Z-¥) of the lattice T, ®Z- ¢ is a finite group for
d > 0 and in many cases essentially trivial. On the other hand, for brilliant
families of Dwork type, so d < 0, the group T is infinite and D,/T" will be
the quotient of H by a modular group. Often, as in the case of the classical
Dwork family, a family given over D, will descend to an algebraic family of
the quotient of D, by some subgroup of I' of finite index.

Something special happens in the case d = 0. Here, I is again an infinite
group. Indeed, T' contains the B-field shifts a + nf —= a+ ((«.B) +n)¢ for
any B € Ty. Note that this also works when dim 7" > 2 and that under the
identification Dy = Ly ~ T%2 ~ C the action corresponds to translation by
elements in Ty, C T%2. However, unlike the case d < 0, the quotient D,/T’
usually does not have any reasonable geometric structure.

The three types of brilliant deformations can be combined as follows. We
extend the Hodge structure on T' given by g to

T£17£2 =ToQ L1 Q- 4y

by declaring both classes ¢; and ¢s to be of type (1,1). We assume d =
(61.41) > 0, ({1.85) = 0, and (f2.05) = —d. In particular, f := ¢; + {5 is an
isotropic class. Analogously to Dy C @y, one defines

DZI,ZQ CQll,b CP(C'Uo@C‘ao@C~£1@C.£2)

by the conditions (0.0) = 0 and (0.5) > 0. Clearly, the three types of period
domains Dy with (£.£) > 0, = 0, and < 0 considered previously reappear as
curves
Dzl,Dgz, Df C Dgl’&.

More generally, for any rational (or real) linear combination £ = ¢141 + cols
the associated period domain D, describes a curve in Dy, 4,. Note that if an
arbitrary o € Dy, ¢, is written as 0 = ao + bg + (c1€1 + c2fs3), then o can
be viewed as a point in the one-dimensional family of deformations D, with
{ = 141 + cols as in Section 2.1, but typically ¢ = ¢141 + cofs is not even
real. In this context one would again say that o is a brilliant deformation
of og whenever P, intersects R -{; @ R - {5 trivially. In Remark 2.2 we have
noted already that the equators S}q C Dy, for £y = 01 + sy with s € [0,1)
specialize to the point [f] € Q for s approaching 1.

Putting the brilliant deformations associated with varying classes ¢ =
c1l1 + cofs into one family shows the discrete Noether—Lefschetz loci NL,
as part of another continuous family. To make this precise, consider ¢ €
ToQ- -l ®Q- ¢y not contained in Q - 1 & Q - 5 such that

(¢'.0)>0 and (¢.f) > 0. (2.5)
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Then Dy, ¢, N €'+ C Dy, 4, is a one-dimensional family of deformations o of
oo for which ¢ is of type (1,1).

PROPOSITION 2.8. — For any ¢’ satisfying (2.5) and any rational £ =
c1ly + cila, the curve Dy, g, N 0% intersects the family of brilliant defor-
mations parameterized by Dy in the Noether—Lefschetz locus. Conversely, if
oy # 09 is a brilliant deformation contained in NLy, C Dy, then oy € £'* for
an appropriate £ as above.

Proof. — Let o; € Dy be a brilliant deformation of oy orthogonal to ¢'.
If (¢.¢) > 0, then oy is contained in the orthogonal complement of the plane
(0, 0" q, where £” is a generator of £+ C Q-£1®Q-l. Assign(¢’,¢")g = (1,1)
and oy is brilliant, T} is of signature (2,r — 2) and, therefore, 0 € NL,. For
(£.) = 0, i.e. £ a multiple of f = ¢; + ¢y or {1 — {3, we apply Lemma 2.5.
For example, if o, = o¢ + tf, then it suffices to show that ¢ = (0¢.B)
for some B € T. However, (0:.0') = 0 and (¢'.f) # 0 allows us to write
t =—(0g.l')/(¢'.f). Then let B := —(1/(¢'.f))¢', where ¢ is the image of ¢’
under the projection onto 7.

Eventually, for (¢.¢) < 0 the transcendental lattice T} is contained in
T @ Q - ¢, which is of signature (2,7 — 1). Since by assumption ¢ is not
contained in Q - £1 ® Q - ¢5, the transcendental lattice T; is of dimension r
and using P,, C T; ® R its signature must be (2,7 — 2). Hence, also in this
case, g; € NLy.

To prove the converse, recall that o, is contained in the Noether—Lefschetz
locus if its transcendental lattice T; C T @ Q - £ has signature (2,7 — 2). For
(€.£) > 0, its orthogonal complement T;* is spanned by some ¢’ € T®Q-£ with
(¢'.0") > 0, which, after changing its sign if necessary, also satisfies (¢. f) > 0.
For (£.£) < 0, one changes a generator of the orthogonal complement T;- C
T®Q-¢ by a large multiple of a class in £+ C Q-£;®Q-5 to ensure (£.£') > 0.
The condition (¢'.f) > 0 can then be achieved by a sign change if necessary.
If (¢.£) = 0, then ¢ is a multiple of ¢; £ 5. We shall assume ¢ = f = {1 + {5,
the case ¢ = {1 — {5 is similar. Then the transcendental lattice is the image of
fB for some B € T, see Lemma 2.5. In other words, T; is orthogonal to any
element of the form ¢/ := —B + (1/d)¢; + kf with (¢'.f) > 0 and for k& > 0
one has (¢/.¢') > 0. In all three cases, the assumption o; # og is needed to
ensure that ¢ is not contained in Q- ¢; ® Q - £5. O

Rephrasing the above discussion yields the Hodge theory underlying The-
orem 0.4.

COROLLARY 2.9. — Consider a brilliant twistor deformation o, € Dy, of
oo that is contained in NLy, . Then there exists a class ¢! € T®Q -1 & Q- Lo
satisfying (2.5) and such that the curve Dy, 4, N {'* intersects the Brauer
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family Ly C Dy in a point in the Noether—Lefschetz locus, i.e. in a point of
the form oo + (09.B)f for some B € T.

Proof. — By virtue of the proposition, o, € ¢+ for some ¢ satisfy-
ing (2.5). Then o := 0 + (0¢.B) f, where B is the projection of —(1/(f.¢"))¢'
in T, is a brilliant deformation of og in the Brauer family. Moreover, o is
contained in the Noether—Lefschetz locus NL; and, by construction, it is
orthogonal to ¢/, which proves the assertion. 0

2.5. As before, we consider an irreducible rational Hodge structure of K3
type T and fix a generator oy of T72°. Then the ring

K((fo) = Endeg(T)

of Q-linear endomorphisms ¢: T'—=T of the Hodge structure T is a field.
The map ¢+ A, with A determined by ¢(0¢) = Aoy, describes an embed-
ding K(0p)~—=C and according to [17], K(og) is either a RM or a CM
field, i.e. K(oy) is either a totally real field or a purely imaginary quadratic
extension K°(oq) C K(0g) of a totally real field K°(oy).

The Hodge structure T is said to have CM if K (oy) is a CM field and,
additionally, T is of dimension one as a vector space over K (o).

Remark 2.10. — For a brilliant Hodge structure o; contained in
the Noether—Lefschetz locus, projection yields a Q-linear isomorphism
w;: Ty —>T, see Lemma 2.4. In particular, any Hodge endomorphism ¢ €
K (0¢) naturally describes a Q-linear endomorphism ¢, of T;. Observe that
after linear extension, the projection w; maps o; = aog + bag + ¢/ to
aog + bag. Thus, if p(0g) = Aoy, then p(wi(ot)) = p(aocy + bTg) = alog +
bAGo and, therefore, p;(0y) = Ao for any ¢ with A € R. Hence, in this case
the Q-linear map ;: Ty —T; respects the (2,0)-part. However, for d # 0
the map ¢ is not an endomorphism of the Hodge structure T3, as it does not
respect the space of (1,1)-forms. For d = 0, ¢; is a Hodge endomorphism,
which also follows from Lemma 2.4.

In spite of there not being an obvious way of associating to a Hodge endo-
morphism ¢ of T' a Hodge endomorphism ¢; of T}, this is possible whenever
T has CM and ¢ is contained in K°(o¢). The proof of [8, Prop. 3.8], dealing
with the case d = (£.£) > 0, carries over literally to the case d < 0 and yields
the following.

PROPOSITION 2.11. — Assume T is an irreducible Hodge structure of K3
type with complex multiplication. Then, for any brilliant deformation o; of
oo as a Hodge structure on T@®Q-L that is contained in the Noether—Lefschetz
locus NLy, there exists a natural embedding

K%00) = K (o) = Endnag(T}).
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Proof. — Only the case d < 0 needs to be checked. For a brilliant defor-
mation oy in NL, there exists a class ¢/ € T @ Q - £ with m = (¢.¢') # 0 and
T, = ¢'*, which is of signature (2,7 —2). Note that unlike the case considered
in [8, §3], we have (£'.¢') < 0, but this sign difference is of no consequence in
the argument there, only m # 0 matters. O

The result immediately implies Theorem 0.2, see Section 3.1 for the trans-
lation.

COROLLARY 2.12. — Under the assumption of the previous proposition,
if oo has complex multiplication, then also any brilliant deformation o; of
oo contained in the Noether—Lefschetz locus has complex multiplication and
the maximal totally real subfields of oy and oy coincide.

Proof. — For dimension reasons, T; as a vector space over K%(og) is of
dimension two. Hence, according to [14, Lem. 3.2}, T; has complex multipli-
cation and K°(ay) is its maximally totally real subfield. O

Remark 2.13. — Note that the CM fields K (o) and K (o) will typically
be different. In [8, Cor. 3.10] an equation of degree two X2 +~vX 4+ =0 is
given that describes the extension K°(a¢) ~ K°(0;) C K(0}). Unfortunately,
there is a factor 2 missing in the computation of §, which really should be
§ = m? — (1/2)d(00.50) "' (a? + a=2? — 2).(3) The same computation then
holds for any brilliant deformation in the Noether—Lefschetz locus as long
as d # 0. Note that for d = 0 we have K(og) ~ K(oy) for all ¢ in the
Noether—Lefschetz locus.

3. Geometric brilliant families

In this section we translate the Hodge theory of the previous section into
geometric statements. We also indicate how to think of the Hodge theoretic
Brauer family for K3 surfaces that are not elliptic.

3.1. We shall first explain how to reduce the geometric situation considered
in the introduction and in Section 1 to the purely Hodge theoretic context
in Section 2. The arguments are straightforward and we will be brief.

Assume S is a complex projective K3 surface with transcendental lattice
T(S) :== NS(S)+ C H?(S,Z). Then the real Hodge structure Ty = T'(S) ® R
and the rational Hodge structure T := T'(S) ® Q satisfy the assumptions in
Sections 2.1 and 2.2. In particular, Tg is an irreducible Hodge structure. The
generator o9 € 7% is nothing but a non-zero holomorphic (2,0)-form on S.
For the additional class ¢ in (2.1) and (2.3) one picks a class ¢ € H"!(S,Z).

(3) Thanks to F. Viganod [16] for pointing this out to me.
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The three cases (£.£) > 0, = 0, and < 0 are geometrically realized by the
constructions in Sections 1.1, 1.2, and 1.3.

The surjectivity of the period map, see [6, Ch. 7] for the statement and
references, immediately yields the following.

PROPOSITION 3.1. — Consider the period domain Dy in (2.2). Then
there exists a smooth family of K8 surfaces S — Dy such that the fibre over
oo is S and parallel transport identifies H*°(S;) with the Hodge structure
onT & Q- L corresponding to oy. O

For an ample class ¢ the family can alternatively be viewed as the twistor
family in Section 1.3. If ¢ is the class of the fibre of an elliptic fibration
of S, the family can be constructed geometrically and without using the
surjectivity of the period map, see Section 1.2. However, for (£.£) < 0 there
typically is no alternative geometric construction. Moreover, in this case,
unless p(S) = 20, the family S — D, will not descend to an algebraic family
despite all its fibres being polarized by any ample class in ¢+ N H%!(S,7Z),
see Remark 2.7 and the discussion at the end of Section 1.1.

Remark 3.2. — For (£.£) < 0, the family S — D is a brilliant deforma-
tion of S, i.e. H>9(S,) c (H?* @ H*?)(S)@® C-£ with £ ¢ (H*° @ H*?)(Sy).
For (¢.€) > 0, the last condition forces us to restrict to the union of the two
hemispheres D, \ S}, which we shall henceforth do.

Note that by definition ¢t € NL; if and only of S; is algebraic with p(S;) =
p(S), which justifies to call NL; the Noether—Lefschetz locus of the brilliant
family.

Proof of Theorem 0.2. — Apply Proposition 2.11 and Corollary 2.12. O

Let us now focus on the case (¢.¢) = 0. As remarked already in Sec-
tion 1.2, the two Brauer groups Br(S) and Br(T'(5)) differ by a finite group.
More precisely, there is a surjection Br*"(T'(S)) —= Br*"(S) with a finite
kernel and inducing a surjection between the algebraic Brauer groups. How-
ever, as we rather work with the brilliant family over H?°(S) ~ 720 ~ C,
the difference is of no importance to us. If ¢ is the class f of an elliptic fi-
bration S —=P!, then the Brauer family S —=C, see (1.1), is the geometric
realization of the Hodge theoretic Brauer family. This yields

COROLLARY 3.3. — Let S be a complex projective elliptic K8 surface.
Then the Brauer family S —=C ~ H?*°(S) is a brilliant deformation of S
such that its fibre Sy is isomorphic to the K3 surface S, , where o is the image
of t under H*9(S)—s Br*"(S) ~ II**(S). Furthermore, S; is algebraic if
and only if t € T(S) ® Q or, equivalently, if o € Br(95). |
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In other words, the fibre S; is algebraic if and only if after parallel trans-
port H?9(S;) is generated by o¢ + (00.B)f for some rational cohomology
class B € H%(S, Q).

Proof of Theorem 0.3. — In order to apply the Hodge theory in Sec-
tion 2.4, we pick an ample line bundle L on S and let ¢; == m - ¢ (L) with
m = (f.c1(L))/(c1(L).c1(L)). Then ¢y := f — ¢; satisfies the assumption
(ly.ls) = —(£1.41).

Then the first assertion in Theorem 0.3 is the observation in Remark 2.2,
while the second follows from Proposition 2.8 applied to £ = ¢;. O

Proof of Theorem 0.4. — The result is a direct consequence of Corol-
lary 2.9. The class ¢ there satisfies (¢.¢') > 0. Thus, it is a (1, 1)-class in
the positive cone of all fibres of S—= Dy, ¢, N £'*, which therefore are all
algebraic |

3.2. In order to realize the Hodge theoretic description of the Brauer family
in Section 2.3 geometrically, we need to give the additional isotropic class ¢
a geometric meaning. In Sections 1.2 and 3.1 this was achieved for elliptic
K3 surfaces S —=P! by letting ¢ be the fibre class f. Of course, a general
K3 surface is not elliptic, i.e. there is no isotropic (1,1)-class in H?(S,Z).
However, there is an easy way out by passing to higher-dimensional hyper-
kdhler manifolds endowed with a Lagrangian fibration. To this end, we first
note the following standard fact.

PROPOSITION 3.4. — Let S be a projective K3 surface. Then there exists
a projective hyperkdhler manifold X together with a Lagrangian fibration
X —P™ with a section and an algebraic Hodge isometry T'(S) ~ T(X).

Proof. — Consider a primitive ample line bundle L on S and a Mukai
vector v € H*(S,Z) of the form v = (0,c¢1(L), x). Then the moduli space
X of sheaves FE with v(E) = v that are Gieseker stable with respect to
a v-generic polarization on S is a projective hyperkéhler manifold, see [6,
Prop. 10.2.5] for the statement and references. Furthermore, there exists
a Hodge isometry H2(X,Z) ~ vt C H(S,Z), where the left hand side
is endowed with the Beauville-Bogomolov form and the right hand side is
the orthogonal complement of v in the Mukai lattice, see [11]. Moreover,
the isomorphism is algebraic, i.e. it is induced by an algebraic class on the
product S x X, and, thus, yields an algebraic Hodge isometry between the
transcendental lattices T'(S) ~ T'(X). Finally, mapping a sheaf to its Fitting
support yields a Lagrangian fibration X —P" ~ |L|, which for x = (L.L)/2
comes with a section given by the sheaves L|c for C € |L|.
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Alternatively, one could work with any primitive v with a square zero
(1,1)-class in v+ and use [1, Thm. 1.5] to produce a birational Lagrangian
fibration. |

Clearly, there is no canonical choice for X, in fact not even for its dimen-
sion. But note that this happens already for the case of elliptic K3 surfaces
considered before, as frequently K3 surfaces admit more than one elliptic
fibration.

The analogue of Corollary 3.3 for elliptic K3 surfaces is then the following.

COROLLARY 3.5. — Let S be a projective K3 surface with
(H2O & HO2)(S) 0 HY(S,Q) = 0.

(i) There exists a compact Lagrangian hyperkdihler manifold w: X —P"
together with an algebraic Hodge isometry T(S) ~ T(X) and a bril-
liant deformation X —=C of X of Brauer type that is endowed with
a family of Lagrangian fibrations Xy —=P™.

(ii) If oy € Br(X) is the image of a point t € C under the natural pro-
jection H%?(S) ~ C—s= Br*"(S) ~ Br*"(X), then the Lagrangian
fibration m : X, —=P" corresponds to the Tate-Safarevic twist of
X —P" associated to oy.

(iii) The hyperkahler manifold Xy is projective if and only if t is contained
in the Noether—Lefschetz locus or, equivalently, if its image oy is
contained in the algebraic Brauer group Br(X) C Br*"(X).

To spell this out a bit more, observe that T'(S) ~ T'(X) yields a natural
isomorphism (up to a finite kernel) between the algebraic and the analytic
Brauer groups of S and X. The statement that X —C is a brilliant deforma-
tion of Brauer type means that there exists an isotropic class f € H>(X,Z),
namely 7*c;(O(1)), such that H%9(x;) ¢ H*%(X) ® H*?(X) @ C - f. This
allows one to use the identification Ly ~ H%?(X) ~ H%2(S) in (2.4) and
the surjection NL; —s= Br(X) ~ Br(S).

Proof. — The idea of the proof is similar to the one for elliptic K3
surfaces. The existence of X —P" is guaranteed by the previous propo-
sition. For the construction of the family X —C we refer to [10, §§7.1-7.2],
it is analogous to the one for elliptic K3 surfaces [3, Ch. 1.5]. To prove
(iii), one needs to relate projectivity of X; to the existence of (1, 1)-classes
of positive Beauville-Bogomolov square, for which we use the criterion [4,
Thm. 3.11]. 0

Ideally one would like to phrase (ii) in terms of an isomorphism Br*" (X) ~
1" (X) (and similar for the algebraic variants), but the situation is more
complicated in higher dimensions. Also note that the assumption on (H*°®
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H?2)(S) holds for most K3 surfaces and is probably not needed. It is used
to ensure that all fibres in the Brauer family obtained by twisting the La-
grangian fibration X —=P"™ are actually hyperkéahler.

Remark 3.6. — The main result of [10] roughly says that any Lagrangian
fibration of a hyperkédhler manifold that is deformation equivalent to a
Hilbert scheme of a K3 surface is obtained as a fibre X; of a family of the
above type.

Remark 3.7. — The situation in positive characteristic shows certain fea-
tures that are definitely not mirrored by Hodge theory. For example, the
construction of “twistor spaces” in [2] starts with a supersingular K3 surface
S together with a fixed isotropic Mukai vector v and interpretes the collec-
tion of moduli spaces of stable sheaves that are twisted with respect to the
varying Brauer class « as a family of untwisted K3 surfaces. In characteristic
zero, this does not work unless the Mukai vector v = (r, ¢, s) satisfies r = 0.
Indeed, if an a-twisted sheaf exists at all, then the order of @ must divide r,
which is impossible to ensure for varying Brauer classes.
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