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Small eigenvalues of the rough and Hodge Laplacians
under fixed volume *)

CoLETTE ANNE (D AND JUNYA TAKAHASHI (2)

ABSTRACT. — For each degree p and each natural number k£ > 1, we construct on
any closed manifold a family of Riemannian metrics, with fixed volume such that the
kB positive eigenvalue of the rough or the Hodge Laplacian acting on differential p-
forms converges to zero. In particular, on the sphere, we can choose these Riemannian
metrics as those of non-negative sectional curvature. This is a generalization of the
results by Colbois and Maerten in 2010 to the case of higher degree forms.

RESUME. — Pour chaque degré p et chaque entier naturel k£ > 1, nous construi-
sons, sur toute variété compacte, une famille de métriques riemanniennes & volume
fixé telle que la k'®™e valeur propre strictement positive du Laplacien brut ou du
Laplacien de Hodge agissant sur les formes différentielles de degré p converge vers
zéro. En particulier, sur la sphére, nous pouvons choisir des métriques a courbure
sectionnelle positive ou nulle. Ce résultat généralise aux plus hauts degrés celui de
Colbois et Maerten de 2010.

1. Introduction

We study the eigenvalue problems of two elliptic differential operators
acting on differential p-forms on a connected oriented closed Riemannian
manifold (M™, g) of dimension m > 2.
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One is the rough Laplacian A = V*V, or the connection Laplacian,
acting on p-forms on (M, g), where V is the covariant derivative induced
from the Levi-Civita connection of the Riemannian metric g. The spectrum
of the rough Laplacian consists only of non-negative eigenvalues with finite
multiplicity. We denote its eigenvalues counted with multiplicity by

0 <X (M, ) <X (M, g) < <A (M,g) < -+

The other is the Hodge-Laplacian A = dd + dd acting on p-forms on
(M, g), where d is the exterior derivative and ¢ its formal adjoint with re-
spect to the L2-inner product. The spectrum of the Hodge-Laplacian consists
only of non-negative eigenvalues with finite multiplicity. We also denote its
positive eigenvalues counted with multiplicity by

by (M)

where the multiplicity of the eigenvalue 0 is equal to the p-th Betti number
by(M) of M, by the Hodge-Kodaira—de Rham theory. In particular, it is
independent of a choice of Riemannian metrics.

Furthermore, since the Hodge-Laplacian A commutes with d and §, we
can define the k-th eigenvalues of the Hodge—Laplacian acting on exact and
co-exact p-forms, which are denoted by )\;g(p)(M, g) and )\Z(p)(M,g), respec-
tively. These are always positive. From the Hodge duality, it follows that for
any degree p

N, g) = XM, g) (1.1)
for k =1,2,.... In particular, we see that
AP (M, g) = min{A{" (M, g), N/ (M, 9)}

(1.2)
= min{\\" (M, g), NP (M, g)}.
We are interested in the supremum and the infimum of the k-th eigen-
values under all Riemannian metrics with fixed volume on M. Colbois and
Dodziuk [5] proved that there exists no universal upper bound of the first
positive eigenvalue of the Laplacian acting on functions under fixed volume.
Similar results to the rough-Laplacian acting on p-forms with 1 <p<m—1
were proved by Colbois and Maerten [6, Theorem 1.1], and to the Hodge-
Laplacian acting on p-forms for 2 < p < m — 2 by Gentile and Pagliara [12].
But, the case of p=1,m — 1 is still unknown (cf. [11], [25]).

There exists no positive universal lower bound of the first positive eigen-
value of the Laplacian acting on functions, if we deform a Riemannian
manifold to a dumbbell under fixed volume, which is called the Cheeger
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dumbbell [4]. Similar results to the rough Laplacian acting on p-forms with
p=0,1,m—1,m were also proved by Colbois and Maerten [6, Theorem 1.2].
On any connected oriented closed manifold M of dimension m > 3, there
exists a one-parameter family of Riemannian metrics g; with volume one
such that for p =0,1,m — 1,m and for any k > 1,

MM, G,) — 0 as L —s oc.

In the present paper, we prove similar results in the case of all degree p
with 1 < p < m — 1. We also prove them in the case of the Hodge-Laplacian
for all degree p with 1 < p < m — 1. In the same way as Colbois and
Dodziuk [5] who deduced their result from that on the spheres, for the odd
dimensional spheres by Tanno [24], Bleecker [2], for the even dimensional
spheres by Muto [19], using a spectral analysis of connected sums, we first
construct such a family of Riemannian metrics with non-negative sectional
curvature on the m-dimensional standard sphere S™. More precisely,

THEOREM 1.1. — For m > 2 and a given degree p with 1 <p<m — 1,
there exists a one-parameter family of Riemannian metrics g, ; on the m-
dimensional standard sphere S™ with volume one and non-negative sectional
curvature such that for any integer k > 1,

7( m o=
(1) (™3, 1) = 0;
2) A\LP(S™,g,.0) = 0,

as L — 00.

Furthermore, we give lower bounds of the eigenvalues of the Hodge—
Laplacian acting on p-forms on S™ in Theorem 4.1 and Corollary 4.2.

Next, by gluing this sphere with any closed manifold, we obtain the same
result as Theorem 1.1 for any closed manifold, without keeping non-negative
sectional curvature.

THEOREM 1.2. — Let M™ be a connected oriented closed manifold of
dimension m > 2. For any fized degree p with 1 < p < m — 1, any integer
k > 1 and for any € > 0, there exists a Riemannian metric g, . on M with
volume one such that

0< N (Mg,.)<e and XNP(M3,.)<e.

We note that Riemannian metrics g, ;, and g, . in Theorems 1.1 and 1.2
depend on the degree p. But, by taking connected sums of M and (m — 1)
spheres at distinct (m — 1) points, we obtain a Riemannian metrics g, on M
with small eigenvalues for all p=1,2,...,m — 1.
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THEOREM 1.3. — Let M™ be a connected oriented closed manifold of
dimension m = 2. For any € > 0 and any integer k > 1, there exists a
Riemannian metric g, on M with volume one such that for any degree p
withl<p<m-—1,

0 1(P) — /1(p) =
<A, (M,g,)<e and X "(M,g.)<e.
Remark 1.4. —

(i) In the case of m = 2, Theorem 1.2 is covered with the result by
Colbois and Maerten [6].

(ii) The same results for the Hodge-Laplacian were obtained from the
results by Guerini [14] and Jammes [15], [16]. Although the sectional
curvature for their Riemannian metrics on S™ diverges to —oo, our
Riemannian metric constructed in Theorem 1.1 has non-negative
sectional curvature. This is our advantage.

(iii) As a consequence of our result on spheres, Theorem 1.1, there exists
no lower bound of the positive eigenvalue of degree p with 1 < p <
m — 1 depending only on the dimension, the volume and a lower
bound of the sectional curvature. See Remark 3.3 below.

(iv) Jammes [15] constructed similar Riemannian metrics within a fixed
conformal class for m > 5, except for p = % if m is even.

The present paper is organized as follows. In Section 2, we recall the
Weizenbock formula and the properties of parallel forms. In Section 3, we
consider the case of the sphere, and give the proof of Theorem 1.1. In Sec-
tion 4, we give lower bounds for the eigenvalues of the Hodge—Laplacian on
the sphere. In Section 5, we consider the case of a general manifold, and give
the proof of Theorems 1.2 and 1.3. In Section 6, as an appendix, we prove
the convergence theorem of the eigenvalues of the rough Laplacian acting
on p-forms, when one side of a connected sum of two closed Riemannian
manifolds collapses to a point.

Acknowledgements

We thank the referee for the interest on our work, valuable improvement
and the idea of Theorem 1.3.

2. Notations and basic facts

We fix the notations used in the present paper. Let (M™,g) be a con-
nected oriented closed Riemannian manifold of dimension m > 2. The metric
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g defines a volume element du, and a scalar product on the fibers of any ten-
sor bundle. The L2-inner product of the space of all smooth p-forms QP (M)
is defined as, for any p-forms ¢, on M

(0, ¥V)2(myg) = /M<80a1/1> dpg  and ||80||%2(M,g) = (p, ¥)L2(M,g)-

The space of L? p-forms L?(APM, g) is the completion of QP(M) with
respect to this L2-norm.

For a positive constant a > 0, it is easy to see that

~(P) —17(P) _
)‘kp (Ma ag) =a 1)‘kp (Mv 9)7 )‘](qp)(Mv (lg) =a 1>‘§gp)(Ma g)a (2 1)
vol(M, ag) = a’# vol(M, g),

where vol(M, g) denotes the volume of (M, g). Thus, if we take a new Rie-
mannian metric

_ _2

g :=vol(M,g)" g, (2.2)

then the volume is one: vol(M,g) = 1. Therefore, instead of considering a
volume normalized metric, we may consider the following invariants

~(p) 2 2

N (M, g)vol(M, g)7, NP (M, g) vol(M, g) .

The relation between the rough and Hodge Laplacians on p-forms is given
by the Weitzenbock formula: for any p-form ¢ on M,

Ap = Ap + Fy(p), (2-3)
where F), is the Weitzenbock curvature tensor defined as
m
Fplp) == > € Nie, (Rles, 7)), (2.4)
i,j=1
where R denotes the curvature tensor with respect to the covariant derivative
induced from the Levi-Civita connection and i x denotes the interior product

of a vector X, and {ey,...,en} is alocal orthonormal frame and {e!, ..., e™}
is its dual frame.

Now, after taking the scalar product of ¢ with (2.3), we obtain the
Bochner formula: for each point on M,

SA(eP) =~V + (B, o)
= (Ap, @) = [Vl = (Fp(p), ¢)-

By the Hodge-Kodaira—de Rham theory, the kernel of the Hodge—
Laplacian acting on p-forms consists of harmonic p-forms, whose dimension

(2.5)
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is equal to the p-th Betti number of M, that is, a topological invariant of M.
In contract, the kernel of the rough Laplacian acting on p-forms consists of
parallel p-forms, whose dimension is not a topological invariant. In fact, we
can Kkill all parallel p-forms under local perturbation of a Riemannian metric.

LEMMA 2.1. — Let (M,g) be a connected oriented closed Riemannian
manifold. If F, is positive definite at one point, there exist no non-zero par-
allel p-forms on (M, g).

Proof. — We prove this by contradiction. Let ¢ be a non-zero parallel p-
form on M. Then, ¢ is harmonic and of constant norm. By the assumption,
there exists an open subset U of M such that (F,(¢),¢) > 0 on U. From
the Bochner formula on U

SAP) = (A, ) ~ V6P — (Fy(e), ),

we have
0=|Vel* = —(Fy(¢),9) <0,
which is a contradiction. |
LEMMA 2.2. — Let (M™,g) be a connected oriented closed Riemannian

manifold. For any open subset U, there exists a Riemannian metric g on
M with ¢ = g on M\ U such that all parallel p-forms with respect to g’ are
zero.

Proof. — We take any point z in any open subset U of M. On a neigh-
borhood of gy, we deform the Riemannian metric g to ¢’ such that ¢’ has
constant sectional curvature 1. The curvature operator is also 1 on this neigh-
borhood of zg (see [20, Proposition 3.1.3]). Since the Weitzenbock curvature
tensor F), is controlled below by the curvature operator (see [10, Corol-
lary 2.6]), we see that F,, > p(m —p) > 0 at z¢. Hence, from Lemma 2.1, we
see that (M, ¢’) has no non-zero parallel p-forms. O

3. Small eigenvalues on the sphere S™

We first consider the case of the m-dimensional standard sphere S™.

Notation. — For a dimension n, Let gs» be the Riemannian metric on
S™ of constant sectional curvature one. We denote by D" the n-dimensional
closed disk, and let gp» a fixed Riemannian metric on it, which is identified

with [0, 2] x S*—1, of non-negative sectional curvature K, , > 0. We can, in
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addition, assume that gpr is a product metric near the boundary. In fact, if
we take a smooth positive function f(r) on the interval [0, 2] satisfying that

~Jsin(r) on [0,1],
Jr) = {1 on [3/2,2],

(note that sin(1) ~ 0.84) and 0 < f'(r) < 1 and f”(r) < 0, then the metric
gpr is written as

gpn = dr? @ f23(r)gs.—1 on [0,2] x S"7L. (3.1)

The sectional curvatures of gp» are given, if X and Y are orthonormal
vectors tangent to the angle directions, by

) 1—(f'(r)°
flr)’ fAr)
both of which are non-negative (e.g., Petersen [20, 4.2.3]).

K(0,,X) = K(X,Y)=

Proof of Theorem 1.1. We take any degree p with 1 < p < m — 1. We
consider the decomposition (see Figure 3.1)

S™ = (Sp X ]D)Zb_p) U (]D)p"'1 X Sm_p_l), (3.2)

Spx§m—p—1

and set

Hy:=SP xD}"? and Hy:=DP x S™7 P71

- ]D)erl

SPxSm-—p-1

m—p
]D)L

Figure 3.1. S™ = (SP x D7 7P) Ugp ygm-p—1 (DPT! x S™7P71)

For any real number L > 0, we construct a one-parameter family of
Riemannian metrics g, ; on S™. First we introduce a one-parameter family
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of Riemannian metrics gpm-» ;, on D™ P containing a long cylinder as follows
(see Figure 3.2):

{dr2 @ f2(r)gsm-»r-1 on [0,2] x SmPL
gpm-» [ ‘=

dr? @ gsm—p—1 on [2’ L+ 2} wx §m—p—1
Dy
0 2 L+2
L

Figure 3.2. long disk D}

Then, we define the smooth Riemannian metric g, , on S™ as

v m—p H :Sp Dmip,
pp = {QS D gpm-».L on iy <V (3.3)

gpp+1 D ggm-p—1  ON HQ = Dp+1 X Smipil.

Since
vol(SP x D7 P) = vol(SP) - vol(D}"7)
= vol(SP) - {Vol(ID)m_p) + vol(S™P~1) . L},
we can write for some constants A, B > 0 independent of L
vol(S™, gp.1.) = vol(SP x DT 7P) + vol(DPH! x §™ P~ 1) (3.4)
= AL + B. '

Next, we estimate the eigenvalues of the rough and Hodge Laplacians
acting on p-forms from above.

LEMMA 3.1. — For any integer k > 1 and any real number L > 0, we
have
(1) X (8™, gpn) < 155

I? 7
2, 2

(2) X", gp) < M
Remark 3.2. — We note that, for any metric, the rough and Hodge Lapla-
cians acting on p-forms of S™ for 1 < p < m — 1 have no 0 eigenvalues. In
fact, from b,(S™) = 0 for 1 < p < m — 1, by the Hodge theory, there exist
no non-zero harmonic p-forms on S™. In particular, there exist no non-zero
parallel p-forms.
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Proof. — We construct k test p-forms ¢; for the min-max principle. Their
behaviour will be like f;v,, for suitable functions f;, if v, is the volume p-
form on (SP, gsr ), so we can take advantage of the properties of the standard
volume form. The functions f; are constructed as follows: we divide the
interval [2, L + 2] of length L into k intervals I; := [r;_1,7;] (i = 1,...,k),
where

L
2=rog<r;<---<rg=L+2 with r; ::Ei+2 (i=0,1,...,k).

Let f;(r) be the first Dirichlet eigenfunction of the Laplacian acting on
functions on the interval I;, that is,

fi(r) = sin ((r — m_l)kg> for r € [ri_1,ri).

Figure 3.3. test functions f;(r)

Then, we define k test p-forms ¢; on S™ as follows (recall that v, is the
volume p-form on (S?, gsr)): on Hy = SP x D777,

) filr)w onpr(ri_,ri xSm_p_l),
o {fO( " otherwise,[ o 85)
and ¢; = 0 on Hy = DPT1 x Sm—P—1,

We remark that the family ; (i = 1,...,k) is orthogonal.

(1). — We first prove the case of the rough Laplacian acting on p-forms.

Since the orthogonal family ¢; (i = 1,..., k) have disjoint supports, they are
also orthogonal for the quadratic form defining the rough Laplacian, namely,
||V<p\|%2(sm 4p.r)- The min-max principle and Remark 3.2 give then

Vs ||2L2(S’”,gp,L)
llpi ||%2(S"%gp,L)

0< X,(Cp)(Sm,gp,L) < max {

3.6
i=1,2,....k (3.6)

Since v, is parallel, the numerator of the right-hand side of (3.6) is

||V90i||%2(gm’gp’L) = ||V(fivp)||iz(SpXD7gL—p) =||df; ®’Up||%2(§p><([i><8m—p—1)).
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Since the Riemannian metric on C; = I; x S™ P~ is product, we have
1dfi @ vpllF2srxcy) Z/ / |df; ® vp|*dusrdpuc,
S JI; xSm—p—1
— vol(S?) / (£ [2drdpigm—ps
I; xSm—p—1

— vol(SP) vol(S™ P 1) / C|dfi[2dr

i—1

Since f;(r) is the Dirichlet eigenfunction on the interval I; = [r;_1, 7],
which is isometric to [0, £], we have

T4 ]{7271'2 T
/ |df;|?dr = 7 / | f;|2dr.
Ti—1 Ti—1

i— 71—

Therefore, the numerator of the right-hand side of (3.6) is
2 k2ﬂ-2 D m—p—1 " 2
||VS0iHL2(SnL’gp,L) = ? VOI(S ) VOI(S ) g |f2| d?". (37)

On the other hand, the denominator of the right-hand side of (3.6) is

il sm.gp.0) = Wit agompnr) = IivplZaeoncy
= vol(S? / i drdpgm—p—
( ) I, xgm—p—1 |f| Hs 1 (38)

— vol(SP) vol(S™ P~ 1) / CIfil2ar

i—1

Thus, by substituting (3.7) and (3.8) into (3.6), we obtain

2,2
0 <A™ g1) < kL—Z

(2). — Next, we prove the case of the Hodge Laplacian acting on co-
exact p-forms. We use the same test p-forms ¢; constructed in (3.5). For
the same reason as before, this family is orthogonal for the quadratic form
defining the Hodge Laplacian ||(d + 5)90||2L2(Sm,g,, .- Moreover, we note that
the test p-forms ¢; are co-closed. Indeed, since the Riemannian metric is
product on the support of ¢;,

09,10 = f(0g, 1 Vp) — Z'(gradgpif)(vp) =0.

Since S™ has no non-zero harmonic p-forms, all co-closed forms must
be co-exact. Therefore, from the min-max principle of the Hodge-Laplacian

- 132 —



Small eigenvalues of the rough and Hodge Laplacians

acting on co-exact p-forms, it follows that

sl 2 gm
0 < NS gy0) < e { PTG |
S N

By the same calculations as in (1), we obtain the same upper bound
k272
)‘Z(p) (5™, gp,L) < Iz U
Finally, we normalize the volume to be one. Namely, if we set a new
Riemannian metric
_ _2
Gp.1. = VOlS™, gp,L) ™ gp.L,
then
vol(Sm,gpyL) =1
and still K3 | > 0. From Lemma 3.1 and (3.4), we have

*( ) m — *( ) m m Z
)‘kp ( 7gp,L) = )‘kp (S 7gp7L) : VOI(S 7gP7L)m

k2

< (AL+B)* (3.9)
2
AL+ B\ ™
:m<L:) )

and similarly )\Z(p )(Sm,gn 1) = 0 as L — oo. Thus, we have finished the

proof of Theorem 1.1. O

Remark 3.3. — Theorem 1.1 implies that the first positive eigenvalue of
the Hodge—Laplacian acting on p-forms cannot be estimated below in terms
of dimension, volume and a lower bound of the sectional curvature. For this
family g, ;, the diameter diam(S™,g, ;) — oo as L — o0.

Lott [17, p. 918] conjectured that for given m € N, k € R and v, D > 0,
there exists a positive constant C'(m, k,v, D) > 0 such that any connected
oriented closed Riemannian manifold (M™,g) of dimension m with the
sectional curvature K, > &, the volume vol(M,g) > v and the diameter
diam(M, g) < D satisfies

A(lp)(M,g) > C(m,k,v,D) > 0.
This conjecture is still open. We note that this is a non-collapsing case.
In a collapsing case, we do not know anything, but recently Boulanger and

Courtois [3] proposed a Cheeger constant for coexact 1-forms, whose square
gives a lower bound of the first positive eigenvalue of the Hodge-Laplacian
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acting on 1-forms for Riemannian manifolds with bounded diameter and
bounded sectional curvature.

4. Lower bounds for the eigenvalues of the Hodge—Laplacian on
S’ITL

We consider lower bounds of the eigenvalues of the Hodge—Laplacian
acting on exact g-forms for 1 < g < m for the one-parameter family of volume
unnormalized Riemannian metrics g, ;, on S™ constructed in Theorem 1.1.

THEOREM 4.1. — Let p be an integer with 1 < p < m — 1. For the one
parameter family of Riemannian metrics g, 1. on S™ constructed in the proof
of Theorem 1.1, the eigenvalues of the Hodge—Laplacian acting on exact q-
forms for 1 < q < m satisfy the following:

(1) Forq# 1,p,p+1,m—p—1,m—p,m—1,m, there exists a positive
constant C' > 0 independent of L such that

ND(S™, gpp) > C > 0.

(2) Forq=1,p,p+1,m—p—1,m—p,m—1,m, there exist positive
constants C1,Co > 0 independent of L such that for sufficiently large
L>0

1

(q) m
)‘nq+1(S 7gp,L) = Cle i CQ.
Here, ng is given by

4 if (p,q) = (251, 2H) and m is odd,
2 qu:17p+17m_p7mu

n, .=
1 except for (p,q) = (mTfl, mT“) if m is odd,
0 otherwise.
COROLLARY 4.2. — Let p be an integer with 1 < p < m—1. For the one

parameter family of the volume normalized Riemannian metrics g, ;, on S™,
ifqg#L,p,p+1,m—p—1,m—p,m—1,m, we have

)\gq)(Sm,gp’L) — o0 as L — oo.

Proof of Corollary 4.2. — By combining (1) in Theorem 4.1 with the

Hodge-duality A'l/(q) = All(m_q), we find that the first positive eigenvalue of
the Hodge—Laplacian acting on g-forms for ¢ # 1, p, p+1, m—p—1,m—p, m—1
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has a uniform lower bound in L. That is, there exists a positive constant
C > 0 independent of L such that

D(S™, gp.r) = min{ N P(S™, g, 1), [P (S™, g, 1)}

= min{)\/l(p) (8™, 9p,L)s )\ll(m_p) (S™, gp,)}
>C >0.

For the volume normalized metric

_ _2
Jp.L = Vol(S™, gp,L)” ™ gp,L,

in the same way as in (3.9), we have

—_ 2
MO(S™,G,.1) = MO (S™, gp.1) - vOL(S™, gy 1)
> C(AL+ B)w —s 00, as L —» oc. O

Remark 4.3. — In the case of ng = 2,4 forg=1,p,p+1,m—-—p—1,m—

p,m — 1, m, we do not know whether or not )\Z(.q)(Sm,gp,L) fori=1,...,n,
have positive lower bounds independent of L. A similar problem occurs in [9,
Remark 5.7].

We prove Theorem 4.1 in the same way as Gentile and Pagliara [12]. In
this way, the following result by McGowan [18, Lemma 2.3] (see also [12,
Lemma 1]) plays an important role. A similar argument was used to prove
Corollary 1.5 in [23].

We now denote by u{(p )(U, g) the first positive eigenvalue of the Hodge—
Laplacian acting on exact p-forms on (U, g) with the absolute boundary
condition.

LEMMA 4.4 (McGowan [18]). — Let (M™,g) be a connected oriented
closed Riemannian manifold of dimension m. We take a finite open cov-
ering {U; YK, of M satisfying U; N U; N Uy = 0 and a partztzon of unity
{pi Y\ subordinated to {U;}X,. If we set n, = > iy dim HP~ YU;;R),
where Uy; := U; NUj, and

A 12
Cylp) = max max{|dp;[(2)},

then we have
AL (M, g)

>

Cq(p) 1 1
8 ’ ’ - 3 1 ’ ’
Z “”(U 9) ; (ul“’ D) >(ul<”<m,g) +ul“’)(zJj,g))

U; ﬂUj#@
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Proof of Theorem 4.1. We take an open covering {Uy,Us,Us} of M as
follows:

Uy :=SP x ([0,3] x S™7P71),
Uy :=SP x ([2,L+2] x S™ P71,
Us:=(SP x ([L+1,L+2] xS™P71))U (DPH x S™P1).
Then,
Upp = Uy NU; =SP x ([2,3] x S™7P71),
Uiz =U1 NU3 =0,
Uss =UsNU3 =S x ([L+1,L+2] x Sm_p_l)
and Ujaz := Uy N Uy N Us = (. Since both Uy and Uss are isometric to
SP x ([0,1] x S™=P~1), their eigenvalues do not depend on L. Therefore, only
vi(p)(Ug,ng;) depends on L.

We can take a partition of unity {p; };=1,2,3 subordinate to this open cov-
ering {Uy, Uz, Us} such that the supports of dp; are in Ujs or Uss. Since the
C%-norms of dp; are independent of L, the constant Cy(p) is also independent
of L.

Now, we compute ng. Since both Ui and Uz are homotopy equivalent
to SP x S™P~! by the Kiinneth formula, we have

ngy = dim H9 1 (Uyo; R) + dim H97 ! (Us3; R)
=2dim H91(SP x S™ P~ L R)
4 if (p,q) = (’”T_l, mT'H) and m is odd,
o 2 ifq:17p+17m_p7m7
B except for (p,q) = (mT_l, mTH) if m is odd,

0 otherwise.

Next, we estimate the eigenvalue Vi(q)(Ug, gp,1,) from below. If 0 is the

eigenvalue for s-forms on (N, k), we denote it by )\,(JS)(N, h). From the Kiin-
neth formula for the eigenvalues of the Hodge-Laplacian (e.g., [13, Exam-
ple 1.5.7]), we have

D (Us, gp,1) 2 11" (U, gp,2) = 7 (0, L] x 87 x S™7P7)

= min {9 ([0, 1)) + AP (&7 x 571}
(4.1)

— min {L—2 v (10,1]) + AP (8P x sm-P-l)}.
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To proceed with the calculation, we consider whether or not 0 is the
eigenvalue on [0, 1] and SP x S™~P~1. By the Hodge theory, this follows from
the cohomology groups

o —
RV S
=0 ifa=1,

(4.2)

Hb(SpXSm_p_l;R) {7&0 ifb=0,pm—p—1,m—1,

0 otherwise.

If g =pm—p—1,m—1, by (4.2), 0 is the eigenvalue for g-forms on
SP x S™=P~1 Hence, we have for sufficiently large L,

DUz, gp1) > arfbileq{pz v{([0,1]) + AP (7 x Sm*pfl)}
i+i>1

j=0

= min{ L7210, 1) #0787 x 8777,
2 —
=0
L7201 + A (87 x 8™,

=0

L72V([0,1]) + AV (8P x gmopy }

> L2 min{ v (10,1)), »V([0,1]) }

Similarly, if ¢ = 1,p+1,m —p, m, by (4.2), 0 is the eigenvalue for (¢ —1)-
forms on SP x S™~P~1. Hence, we have for sufficiently large L,

V{(q)(Ug, gp.L) = (1141_1biI:1q{L*2 yi(a)([o, 1) + )\‘gb) (SP x Sm*pfl)}
itj2>1

Jjz

- mi“{ L2 ([0,1]) +A17 (87 x 877771,
0 N—_——’
=0
L7200 ([0, 1]) + AP (87 x smP1y,

L2V ([0, 1) + AV (SP x s }
=0
> L*2min{ v (10,1)), »V([0,1]) }
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Therefore, if g =1,p,p+1,m—p—1,m—p,m—1,m, from Lemma 4.4,
there exist positive constants C, Co > 0 independent of L such that
1
)\’(’1) sm > )
’quJrl( >gP,L) 01L2 T 02
Ifq#1,p,p+1,m—p—1,m—p,m—1,m, by (4.2), 0 is neither eigenvalue

for (¢ — 1)-forms nor for g-forms on SP x S™~P~1, Hence, for any L > 0, we
have

Vi(q)(U%gp,L) > min{)\%‘]) (S;D x Sm*p*l)7
L7207((0,1]) + A7 (87 x 8P 7Y,
L2V (0.1)) + AV (87 x5 )

> mm{qu) (SP x S™P=1), AlTTD(sP sm-P-l)} > 0.

In this case, we have n, = 0. Thus, we obtain a lower bound C' > 0
independent of L such that

XD (s™ g, )= C > 0. 0

5. General manifold
5.1. Gluing theorem

To prove Theorem 1.2, we need a gluing theorem for the eigenvalues
on a connected sum. The gluing theorem we use here is obtained from the
convergence of the eigenvalues of the Laplacian, when one side of a connected
sum of two closed Riemannian manifolds collapses to a point. We call it
collapsing of connected sums. This was studied in the case of the Laplacian
acting on functions in [21], and in the case of the Hodge-Laplacian acting
on p-forms in [1], [22]. We recall it.

Let (M;, gi), i = 1,2, be connected oriented closed Riemannian manifolds
of the same dimension m (m > 2). For simplicity, we suppose that each
metric g; is flat on the geodesic ball B(z;, ;) with the radius r; > 0 centered
at x; € M;, where r; is smaller than the injectivity radius of (M;, g;). By
changing the scale of g2, we may suppose 1o = 2. Set M;(r) := M; \ B(x;,1).
For any € > 0 with 0 < ¢ < min{ry, 1}, since both boundaries of (M (), g1)
and 9(Ma(1),e%gs) are isometric to the (m — 1)-dimensional sphere of radius
e in R™, we glue (M;(g),g1) to (Ma(1),2g2) along their boundaries. After
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deforming go on a neighborhood of 9M3(1), we obtain the new closed smooth
Riemannian manifold

(M’ ge) = <M1<5)7gl) Us (M2(1)?5292)' (51)

If we choose suitable orientations of M7 and My, M is also oriented.
From the construction of (M, g.), it is easy to see that

ggr%)vol(M, g:) = vol(My, g1). (5.2)

In our previous works [1], [21], we have the following convergence theorem
for the eigenvalues of the Hodge—Laplacian acting on exact and co-exact p-
forms. In fact, by considering the convergence of eigenforms, we find that all
the eigenvalues for exact and co-exact forms still converge.

LEMMA 5.1. — Forall k=1,2,..., we have
;l_rf(l))‘;c(p)(M7 gE) = )\;c(p)(Mlagl)a

ili% A;C/(p)(Ma g&) = )\;c,(p) (Mlagl)~

We also have the convergence of the eigenvalues of the rough Laplacian
acting on p-forms.

THEOREM 5.2. — For all k =1,2,..., we have

lim X,(Cp)(M, g:) = X](Cp)(Mla g1).

e—0

In fact, in the same way as the proof of Theorem 4.4 in [22], we see the
upper bound for the eigenvalues of the rough Laplacian acting on p-forms.

LEMMA 5.3. — Forall k=1,2,..., we have

lim supx,(cp)(M, g:) < X;(Cp) (M, 91)-

e—0

On the other hand, we will give the proof of the lower bound for the
eigenvalues of the rough Laplacian acting on p-forms in Section 6.

Proof of Lemma 5.3. — To prove Lemma 5.3, we use a standard cut-
off argument for the min-max principle for eigenvalues of the rough Lapla-
cian. Let {p1,...,¢r} be an L?(Mj, g;)-orthonormal system of the eigen
p-forms of the rough Laplacian on (M, g1) associated with the eigenvalue

Xg»p)(Ml,gl) for j = 1,2,...,k. We take a cut-off function x.(r) on M;
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defined as

€),
Ve), (5.3)

XE(T) = 710g510g (E)
1 (Ve <),
where r is the Riemannian distance from x; € M; with respect to g;. We take
a linear subspace E. in H*(APM, g1) spanned by {x.¢1,..., X9k}, and we
see dim F. = k. If we take this subspace E. as a test k-dimensional subspace
for the min-max principle for the eigenvalues of the rough Laplacian acting
on p-forms, we obtain

sup (My,g1) +0(e),  (5.4)
Apg £

where §(¢) — 0 ase — 0. For details, see the proof of Theorem 4.4 in [22]. O

_ V2
R b

H‘PEHQL'Z(M,QE)

5.2. Proof of Theorem 1.2

We prove Theorem 1.2 for a general manifold M. The main idea is to
perform a connected sum of this manifold M and the sphere S™ equipped
with the Riemannian metric constructed in Theorem 1.1.

Proof of Theorem 1.2. — Let M™ be a connected oriented closed C'>°-
manifold of dimension m > 2. We fixed a degree p with 1 < p < m. We take
any smooth Riemannian metric ¢ on M such that g is flat on the geodesic
ball B(z3,2) with the radius 2 centered at x2 € M.

For any n > 0 and any index k£ > 1, from Theorem 1.1, there exists some
L, > 0 such that for all L > L,,

(S ,gpL) 3 and )\ (S ,gpL) 2

where g, ; is the volume normalized Riemannian metric on S™ constructed
in Theorem 1.1. By the continuity of the eigenvalues of the rough and Hodge
Laplacians acting on co-exact forms in the C°-topology of Riemannian met-
rics (see [7, p. 297], [8]), after C%-perturbation of Jp, 1, We may suppose that
Gy, 1, 1s flat on a small geodesic ball B(x1,r1) with the radius 71 > 0 centered
at x1 € S™ such that (5.5) still holds.

Now, we set (Mi,g1) := (S™,7, 1) and (Ma, g2) := (M, g). By the con-
struction of collapsing of the connected sum (M,g.) from (Mi,g1) and
(M3, g2) as in (5.1), we obtain a family of Riemannian metrics g. on the
connected sum M = S™§M such that

(M, ge) := (8™(€),Fp,1.) Ua (M(1),€%9).

(5.5)
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(M(1),%g)
(8™(€),9p,r)

Figure 5.1. (M, gpc)

From Lemmas 5.1 and 5.3, there exists some g9 > 0 such that for any
e <ep,

5 3@ (qm = n
0< )‘kp (Mage) < /\kp (S ’gp,L) + 57 (5 6)
0 < XYM, g.) < NP (S™, G, ) + 2 '
k 1 9e) X A agp,L 2-
By substituting (5.5) to (5.6), we obtain
Oéx,(cp)(M,gs)<n and 0<)\Z(p)(M7g€)<77.

Finally, we normalize a Riemannian metric g. on M. If we set a new
Riemannian metric

— _2
g. :==vol(M, g.)" g,

then vol(M,g.) = 1. From the volume convergence (5.2), there exists smaller
€1 < €g, if necessary, such that for all € < ¢4,

vol(M, g:) < 2.

Therefore, we have
N (M,5.) = N (M, g2) - vol(M, g2) & < -2,

and similarly )\Z(p) (M,g,.) < 77-2%. Since i > 0 is arbitrary, we have finished
the proof of Theorem 1.2. O

5.3. Proof of Theorem 1.3

Proof of Theorem 1.3. — We prove it in the same way as in the proof
of Theorem 1.2. Let M™ be a connected oriented closed C'*°-manifold of
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dimension m > 2. We take a smooth Riemannian metric g on M such that g
is flat on (m — 1) disjoint geodesic balls B(x;,2) for i = 1,2,...,m — 1 with
the radius 2, centered at distinct (m — 1) points z; € M. By rescaling of ¢,
we can do this.

For any n > 0 and any index k > 1, as in the proof of Theorem 1.2, we
can take a positive number L, > 0 safisfying that the inequalities (5.5) hold.
For all L > maxp=12, . m—1Lp, the inequalities (5.5) hold uniformly for all
degrees p=1,2,...,m — 1.

We consider now the (m — 1) spheres (S™,g;.), (8™, 92.):---,
(8™, Gpm—1,1,) and fix a point zg € S"™, it defines on each of them a point z .
From the continuity of the eigenvalues of the rough and Hodge Laplacians
acting on co-exact forms in the C°-topology of Riemannian metrics, we may
suppose that each metric g, , on S™ for p =1,2,...,m — 1 is flat on each
geodesic ball B(xgp,71) centered at o, with radius r; > 0 small enough,
such that the inequalities (5.5) still hold.

We now perform the connected sum of M and these (m — 1) spheres
(8™ d1.0), (8™, 92.), -+ (8™, Gp—1,1.), Where x;, € M is related to xg, €
S™ equipped with the metric g, ; (See Figure 5.2). We denote the resulting
manifold by

(M, g2) = ((8™(2). 1) U (S™(€). Fap) U+ U (8" (€): T 1.0

Uo (M\ml_l B<xp,1>,szg),

p=1

where S™(g) := S™ \ B(xg, ). After smoothing the Riemannian metric g on
each neighborhood of 0(M \ B(zp,1)) for p = 1,2,...,m — 1, we obtain a
family of closed smooth Riemannian manifolds (M, g.) for € > 0.

For this (M, g.), we find that the same statement as in Lemma 5.3 holds
for the Hodge—Laplacian and rough Laplacian. In fact, we take the same
cut-off function as in (5.3) for each component, and estimate the Rayleigh—
Ritz quotients from above. Since a contribution from each cut-off function
is within its own component, we obtain the same estimate as in (5.4).

Therefore, there exists some ¢y > 0 such that for any € < ¢g and p =
1,2,....m—1

(p)

0< N (M, g:) <N (S 7gp,L)+§7

(5.7)
0 < X P (M, g.) < NP, 5,.0) + 1
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(§™(€),92.1.) (§™(e),91.1.)

(S™(€):Gp-1,1) (S™(€),Gp,1.)
Figure 5.2. (M, gc)

By substituting the same inequalities as in (5.5) to (5.7), for small € > 0,
we obtain

0< )\,(f)(M,ge)<77 and 0<)\Z(p)(M,gs)<17

forall p=1,2,...,m — 1. Since vol(S™, g, ;) is alomost 1 (because of small
perturbation around one point) we find

vol(M, gc) Z vol(S™,g, 1) + vol(M, e 2g) <

After normalization of Riemannian metric g. on M, we can find a Rie-
mannian metric g, on M such that vol(M,g,) =1 and

M M,g) <n-m%  and  NP(M,g.) <n-m*
forallp=1,2,...,m— 1.
Thus, we have finished the proof of Theorem 1.3. O

6. Appendix: Convergence of the eigenvalues of the rough
Laplacian

We study here the convergence of the eigenvalues of the rough Laplacian
acting on p-forms, when one side of a connected sum of two closed Riemann-
ian manifolds collapses to a point. Our setting is the same as in the beginning
of Section 5.1.

— 143 —



Colette Anné and Junya Takahashi

THEOREM 6.1. — For allp with0O < p < m and for allk =1,2,..., we
have
.~ _~
lim Ay (M, g:) = Ay (M, g1)-

e—0

To prove this Theorem 6.1, we follow the schema of [1] which dealt with
the Hodge Laplacian, but with less difficulties: when working with the rough
Laplacian the related quadratic form is exactly the one involved in the H!-
norm and we are rather in the situation of [21] which dealt with functions.
Nevertheless notice that we use here cut-off functions, while [21] used a
technique by means of the harmonic extension.

Let . be a normalized eigen p-form of the rough Laplacian associated
with the eigenvalue X,(f) (e) = X,(f) (M, ge):
N ()
Ap, = )‘kp (e)p- and H‘PeHLQ(M,ga) =1

By Lemma 5.3, we already know that the family {X,(Cp) (€)}e>o is bounded.

So, we set Xép) = liminf._,q XLP)(M, g<), and decompose the eigen p-form .

on the connected sum into
Qie = (ot €75 2) with ol € H'(APMy(€), g1), @2 € H' (AP My(1), g2).
Then, these satisfy

192172 (ats (0),00) + 192172 (A2 (1),00) = 1

m 6.1
0?2 =¢e% P! on the boundary. (6.1)
Furthermore, since ¢, is a normalized eigenform, we have
(P 1
M (M, g.) =/ Vi *dpg, + 7/ V2P dug,
M (e) € JInma(1) (6.2)

1
12 2112
= [IVeellz2(a (),01) + €7||V<Pe||L2(M2(1),g2)~

From (6.1) and (6.2), it follows that

||@§||?{1(M2(1),g2) = ||<)0§H%2(M2(1),g2) + ||V%0§||i2(M2(1),92)

<1420 (M, g.).

By Lemma 5.3, we see that the family {p2?}.so is bounded in
HY(APMy(1),g2). Since Ma(1) is compact, there exists a subsequence

{@2 }22, which converges weakly to ¢? in H'(APMj(1),g2) and strongly
in L2(APMy(1), ga).
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LEMMA 6.2. — The sequence {@Z} converges strongly to ¢* in
HY(APMy(1), g2), and the limit ©* is parallel on (Mz(1),g2).

Proof. — From the lower semi-continuity of the weak limit and Lem-
ma 5.3, it follows that

IV o ) < B0 1922 0.0

. ~(P)
<liminfe?);,” (M, g.) =
im inf " Ay~ (M, 9:) = 0,
that is, ©? is parallel on (Mz(1), g2). Therefore, we have

||S0§i - @2\@11(1\/[2(1)792) = ||<P§,- - 902||%2(M2(1)7g2) + ||V<P§i||2L2(M2(1),g2)
— 0 (i — o00). O

The following boundary value estimate is crucial in our argument.

LEMMA 6.3. — There exists a constant C' > 0 such that for any r with
e<r<r, o€ HY(M(r),q1) satisfies

w2 el o r).00) ifm >3,

Crllogr| ”90”?{1(1\41(7-)@1) ifm=2.

lelont, (m 1720001 (7). g1 ) < {

Note that since ¢ € H'(My(r), 1), the boundary value ©lgnr, () on OM;(r)
is considered in the sense of the trace operator

Hl(Ale(T% g1) — LQ(Ale(T)v g1) faMl(r)-

Proof. — We may assume that ¢ is smooth. By using the polar coordi-
nates (r,0) on the geodesic ball B(x1,71), we denote a p-form ¢ = a+drAp
and the metric g1 = dr? + r2h, where h is the standard metric of S™1.
Then, the point-wise norm of ¢ at (r,0) is expressed as

|§0(T7 9) = 7ﬁ72p|O‘(7ﬂ> 9)'% +T‘72p+2|ﬂ(7‘,0)|i.

2
|91

We take a cut-off function x on the ball B(xy,r) satisfying x(s) =1 for
s < rand x(r1) = 0 (We may take r; < 1, if necessary). From the Kato
inequality |V|p|| < |V¢| and the Schwarz inequality, it follows that

|90(74’ 9)|91 = \/T1 as(|XSD(S79)|91) dS < /T1 |V(XLP)(S79)|91 dS

< / st=mds - \// IV(xp)(s,0)[2, sm 1 ds.

— 145 —




Colette Anné and Junya Takahashi

Therefore, we have

I loar, (r) H%z(aM1 (r),91.5)

- / o(r0)2, dpyzy, = ™ / o, 0)2, dpu
M, (r) sm—1
71 71
m—1 1— 2 —1
<t [Cammae [U ] 900 s
1 " 1 " 2 1
=™ /T s _mds-/r /Smi1 VX ® ¢+ xVeplg,s™ " dsdus

1
m— -m 2
<Corm! /T s ds - HS”HHI(Ml(r),gl)’

where C' is a positive constant depending only on x and Vyx. By combining
this with

2—m .
/7'1 Sl—m ds < :n72 lf m = 3,
r logr| if m =2,

we obtain the boundary value estimate. O

LEMMA 6.4. — The limit ¢*> =0 a.e. (Mz(1), go).

Proof. — Since ¢? is parallel, it is sufficient to prove that the boundary
value of p? to dMs(1) in the sense of the trace is zero. Since the trace
operator is continuous and 9‘% — ¢? strongly in H'(M;(1), g2), we have

H‘Pi faM2(1) - <P2 FaMz(l)H%Z(aMQ(l),gz,@)

< CH@?L - @2”%11(]\/[2(1))92) — 0 (i — o00).

Thus, we see the norm convergence:

16 lonta 1) | 220012 (1).2.0) = Jim 1192, Tonra(1) |22 031(1).2,0)-
From the gluing condition (6.1) at the boundary, we have

2 2 _
02, Tort, (1) | 220015 (1),95.0) = /61\42(1

= / les® Pl Tonr, (en)
OMa(1)

= 51’/ i P10k Tont (e0) |2 Abte,2n
OMi(es)

: 02, Tonts(1)l 2y ditn

2, dun (by (6.1))

= 51’/ |§0;7 rBMl(ai)E;l dusﬂh
aMl(Ei)

1 2
=& ||(‘051 raMl(E‘L) LQ(aMl(Ei),g17a)'
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By Lemma 6.3, we find that the boundary value of ¢? is zero. Therefore, the
limit »? must be zero. |

We take again the cut-off function x. on M; as in (5.3), and set
we = Xs@i on M;. (63)
LEMMA 6.5. — The family {1:}c>o is bounded in H(AP My, gy).

Proof. — It is easy to see that the L2-norm of 7). is bounded by 1. Now,
we have

/JV |V(X5<p€) \dpg, = / VX ® ‘Pa + X5V<Ps|g1 dpg,

0))% rm3drd 2/ \Y d
10g€ / Am ) |§05 Ty rdpp + M1(€)| 905 gl g,

8

|log€\2

/ 1122008, (.00 072 4 + 21V a1, 0000

For the first term, by applying Lemma 6.3, we have, if m > 3,

8 vE 12 —2
|10g6|2 i HL/75||L2(0M1(7")791,8) rotdr
C 8 12 v -1
< —— W ||<Ps||H1(M1(r),gl) /g rodr
C 4
< ||50;||§{1(M1(T)791)’

m—2 [loge|
and if m = 2,

8
[log <2

Ve 112 2
/ 1o B2 00, ) g0 oy 72
£

8C _
|1Og€|2||(pe||H1(M1(r) g1) / ‘lOgT‘|T tdr

8C vE
< 12 / —ld
|1og8|”<pa||H1(M1(r),gl) a r r

2
=4C ||50;||H1(M1(r),gl)'
For the second term, we have

~(P)
IVOHIZ 2 (arr e).00) < IVPNZ2(0r9.) = Xe (M, ge),
which is uniformly bounded by Lemma 5.3.
Therefore, we find that {1 }.~o is bounded in H*(AP My, g1). |
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The following lemma is obtained from the same method as in [1, Corol-
lary 15, p. 1732].

LEMMA 6.6. — We can extract a subsequence {1} which converges
weakly to 1 in H'(APMy, g1) and strongly in L?>(AP My, g1) such that

= 5(@)
A =X % and |[¥]n2(ay g0y = 1

Proof. — From Lemma 6.5, a family {¢.} is uniformly bounded in
H'(APMj, g1). By the weak compactness for a Hilbert space and the Rellich—
Kondrachov theorem, there exist a subsequence {t,}; and the limit ¢ €
HY(AP My, g1) such that

Y., — 9 weakly in H'(APM,, g1) and strongly in L*(A? M, g1) as i — oo.

For any smooth p-form w € QF(M; \ {z1}), there exists g > 0 such that
the support of w is in M; \ B(z1,2,/20). So on this support we have 1., =
QL = ¢, as far as g; < g9. We label with (x) when we use this fact. By
Lemma 6.4, we have

(¢a Zgl W)Lz(Ml,gl)

= _hIl’l (1!)51 s Zglw)Lz (]\/[1 7g1)

= lim (e, Agsiw)L2(M1(€1ﬂ)791)

(*) 1—00

hm (905 A g.,W)r2(M,g.,) (by Lemma 6.4)

2]
= lim )‘k (M ge.) (e, w )LQ(M,qe _)‘k lim (%7 )L2(M1( i),91)

1—00 1—00

= A( ? lim (Ve W) 20y, g1) (1/% W) L2 (Mi,g1)-

(*) i—00

Since m > 2, Q5 (M \ {z1}) is dense in H'(APM;, g1), and we conclude
that

Ayth =29 weakly.

Furthermore, by the regularity theorem of weak solutions to elliptic equa-
tions, the limit 7 in fact is a smooth p-form on M;.

Next, from the normalization ||¢c,|/z2(ae. ) = 1 and Lemma 6.4, we
have [[1[|z2(ar,,4,) = 1. Hence, the limit 1/ is a non-zero smooth eigenform

on (Mj, g1) with the eigenvalue )\,(C ), O

To complete the proof of Theorem 6.1, we have only to prove the following
lemma.
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LEMMA 6.7. — Let {p1,c;s--- Qe be L?(M, ge,)-orthonormal eigen-

forms on (M, g.) associated with the eigenvalues X(lp)(M, Jei )y )\ff)(M Je,)s
and let {¢n1,...,¢¥r} be the limits obtained from {pi1.,,... wk’gi} Then,
{b1,...,9} are also L?(Mjy, g1)-orthonormal eigenforms on (My,g1) asso-

ciated with the eigenvalues Xi”) (My,q1),.--, X;p)(thl).

Proof. — We first calculate:

H(XEi - 1)@& L2(Mi(g:),91)

/ /mll%

C{m1_2 fs\i/ardr||()067"H%11(M1(8i)7g1) ifm>37

VE i =
[log & fais rdr e, %’11(1\/[1(51‘))91) ifm =2 (6.4)

2 P 1d7’d/1,h

ez ey gy M =3,
logeiles 19 3 (asy (1)) i M =2

— 0 (i — o0).

Then, from lim;_, ., 90?,51 = 0 by Lemma 6.4 and (6.4), it follows that for all
Gil=1,.. .k

(7/1])7/]1) L2(My,g1)
= hm (Xs Pjeir Xe; Ploe; )Lz(thl)

= lim { 90] sn‘Pl € LQ(Ml( i):91) + ((ng - 1)‘)0]1',517@ll,e,i)L2(M1(6i);91)}

1—00

= .hrgo{(@j,siv‘Pl,si)Lz(Ml(av‘%m) + (@?,si’ 8012,51.)L2(M2(1),g2)}

1—r

+ ,hm ((Xi - 1)90]1',51-7 <pl1,5i)L2(M1(€i),g1)

lim (%,smpz el)LQ(M ge;) + hm ((X?i - 1)%0;,5,”S011,e,i)L2(M1(gi),gl)

1—00

=5,

Here, the last equality follows from (6.4). Therefore, we conclude that
Xg»p) = lim; o X;p) (M, ge,) for j = 1,..., k belong to the set of all eigenvalues
of the rough Laplacian acting on p-forms on (M7, g1). Hence, we have finished

the proof of Theorem 6.1. O
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