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On the invariance of the total Monge—Ampére volume
of Hermitian metrics *)

TonuT Chiosg ()

ABSTRACT. — In this note, we describe the Hermitian metrics that leave the total
Monge—Ampeére volume invariant. In particular, we give several characterizations
of the Hermitian metrics which satisfy the comparison principle for the complex
Monge—Ampeére operator.

RESUME. — Dans cette note, nous décrivons les métriques hermitiennes qui laissent
le volume total de Monge—Ampeére invariant, et nous donnons plusieurs caractéri-
sations des métriques hermitiennes qui satisfont le principe de comparaison pour
l’opérateur complexe de Monge—Ampeére.

Let g be a Hermitian metric on a compact complex manifold X of di-
mension n. Suppose that it satisfies the equations

i00gF =0, Vk=T,n—1 (1)

(we denote by the same letter g the fundamental form of the Hermitian
metric g). These metrics were introduced by Guan and Li [7] because these
metrics leave the total Monge-Ampere volume unchanged, i.e., they satisfy

/ (g +i00u)" = / g", YuePSH(X,g) (2)
X X
where PSH(X, g) denotes the space of g-plurisubharminic functions on X,
that is the C*> real functions v on X such that

g+ i00u > 0.
Indeed, the equality (2) follows from (1) from Stokes’ theorem applied twice.

In this note, we prove the converse of this statement, namely we show
that a Hermitian metric which satisfies (2) has to satisfy (1). This answers
Question 29 in [5] (see also Problem 11.1 in [4]).

(*) Recu le 13 septembre 2022, accepté le 16 novembre 2022.
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THEOREM 1. — Let (X, g) be a compact complex Hermitian manifold of

dimension n such that
[ tg+ivmy = [ g 3)
b'e X

for any smooth g-plurisubharmonic function u on X. Then
i0dg* =0, Vk=Tn— 1 (4)

Proof. — First note that if u is an arbitrary C* real function on X,
then there exists g = go(u) > 0 such that eu is g-plurisubharmonic for
€ € (—¢q,€0). Therefore, for any u € C*°(X,R), we have

/(g+5i85u)”:/ g", Veé€ (—eo,e0) (5)
X X

If we expand the expression on the left and write it as a polynomial in &, we
obtain that

g" A (i00u)" " =0, Yk=T,n—1 (6)
X

Now fix k € {1,2,...,n — 1} and if uy, ug, ..., u,_ are arbitrary C* func-

tions on X and ¢y, to,...,t,_ are arbitrary real numbers, then, from

ek n—=k
/ g" A 100 tiu; =0 (7)
X i=1
it follows that
/ g* NidOuy N iddug A - - - N DO,y = 0. (8)
X

Now use Stokes’ theorem twice to obtain that, for arbitrary C*° functions
UL, U,y v ., Uy o0 X we have

/ u1i00g" N i00ug A - - - N 100U, i, = 0. (9)
X
Since the function u; is arbitrary on X, we obtain that
iD0g* NidOuy A - - NidOuy_f, =0 (10)
on X for any wug, ..., un,—g € C*(X,R). It is clear that we can let the func-
tions ug,...,u,_r be complex valued. Fix z € X and let 21, 22,...,2, be
local coordinates around z. If
.an k _ _
100g" = Z Girooipirgrogess @2 A Adzi  AdZg Ao Adzg, o (11)
11 <o <Tpt1
J1<- . Jk+1
then let

{ll, .. ~7ln7k71} = {1, .. .,n} \ {il, . ,Z'k+1} (12)
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and
{ml, . ,mn,k,l} = {1, [N ,TL} \ {jl, ‘e ;jk+1} (13)
and take us = 21, Zmy, -+ -y Un—k = 21,41 Zm,,_,_, D€ar z to obtain
gi1~~ik+131~~3k+1 (.’13) =0 (14)
hence i99g* = 0. a

Combining the above result with [6], we obtain the following

THEOREM 2. — Let X be a compact complex manifold of dimension n
with a Hermitian metric g. Then the following are equivalent:

(i) i00g = idg A Bg = 0;

(ii) i00g = i00g? = 0;

(iii) i00g* =0, Vk=T,n— 1;
)
)

(iv) i0dg >0, idg A Og > 0;

(v / (g + i00v)"™ < (g +i00u)"™, Y u,v € PSH(X,g);
{u<v} {u<v}

(vi) / (g 4 i00u)"™ = / g", VYuePSH(X, g).
X b's

Proof. — 1t is clear that (i), (ii) and (iii) are equivalent and that they im-
ply (iv). Proposition 3.2 in [6] shows that (iv) implies (v). If u € PSH(X, g),
then v — C' < 0 < u+ C for a constant C large enough. This shows that (v)
implies (vi) since u — C,0,u+ C € PSH(X, g). Finally, (vi) implies (iii) from
the above Theorem 1. |

Remark 3. — (v) is called the comparison principle and it plays a crucial
role in the pluripotential study of the complex Monge-Ampeére equation.

Remark 4. — The above result implies that a Hermitian metric g on a
compact complex manifold which satisfies :00g > 0 and i0gAdg > 0 actually
satisfies 100g = i0g A g = 0, and the proof goes through Proposition 3.2
in [6]. However, there is a more direct proof of this fact. Indeed, from

d(ig" "2 A dg) = (n— 2)g" 2 ANidg A Dg + g" 2 N iddg (15)

and Stokes’ theorem, it follows that
(n—2) / gV 3 Nidg A Og + / g" 2 Niddg =0 (16)
X X

and, since both integrals are positive, it follows that they have to be zero.
Therefore ¢" 3 Aidg A Og = ¢" 2 A iddg = 0, that is the trace measures
of the positive currents idg A dg and i0dg with respect to g are zero, hence
they have to be zero.
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Remark 5. — If a compact complex manifold admits a Hermitian metric
g as above, i.e., it satisfies i00g = i0dg?> = 0, and if p : Y — X is a blowup
with a smooth center, then Y supports a Hermitian metric ¢’ with the same
property. Indeed, if F is the exceptional divisor, then the line bundle O(—[E])
has a metric with curvature 8 such that ¢’ = Np*g + /3 is positive for N a
large enough constant. Then it is trivial to show that ¢’ satisfies the same
equations as g. However, it is not true that this property is a bimeromorphic
invariant, and this follows from the fact that a manifold bimeromorphic to a
Kéhler manifold need not be Kéhler [9], combined with the fact that a Fujiki
manifold which supports a SKT metric is Kahler [2].

Remark 6. — It is fairly easy to construct metrics as in Theorem 2. Take
(X, g) to be a manifold as in Theorem 2 and (Y, h) a Ké&hler manifold. If px
and py denote the two projections, then the metric p% g + p3 h also satisfies
the above equations on X x Y. Now take g to be a Gauduchon metric on
a non-Kéhler surface X to obtain examples of non-Ké&hler manifolds that
admit metrics as above.

Remark 7. — A similar question is the following:

QUESTION 8. — Characterize the Hermitian metrics g on a compact
complex manifold X such that there exists a constant C' such that

/ (g +i00u)” < C, VuePSH(X,g).
X

This question is related to the proof of Theorem 4.1 in [3]. For instance,
on surfaces, any Hermitian metric has the above property, while on 3-folds,
this class includes the Hermitian metrics g that satisfy i00g > 0. Indeed, if
u € PSH(X, g), then

/(g+i85u)3:/gg+3/ 92/\i8(§u+3/9/\(i85u)2
X X X X

and the second integral on the right is known to be bounded, while the third
integral is negative if i00g > 0 since

/g/\(i@éu)2=—/ i00g N idu A Ou < 0
X b'e

from Stokes’ theorem. In particular, as in [3], we obtain that if a Hermitian
3-fold (X, g) such that i9dg > 0 admits a nef class a of non-negative self-
intersection, then X is Kéahler (see Theorem 2.3 in [2]).

Remark 9. — Partial results in this direction have been obtained recently
by Guedj and Lu in [8] and by Angella, Guedj and Lu in [1]. In [8], the
authors associated to a Hermitian metric g on a compact complex manifold
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X of dimension n two numbers,

v4(g) = sup { /X (g + i00u)"

u e PSH(X, g) NC(X, R)}

" v_(g) = inf {/X(g + i00u)™

Note that Question 8 is equivalent to finding the metrics g for which v, (g) <
oo. In [8], the authors showed that the conditions v (g) < oo and v_(g) < oo
are independent of the choice of g, therefore they are an intrinsic property
of the manifold X. In [1] the authors further study these conditions.

u € PSH(X, g) N C™(X, R)}.

Bibliography

[1] D. ANGELLA, V. GUEDJ & C. H. Lu, “Plurisigned hermitian metrics”, Trans. Amer.
Math. Soc. 376 (2023), no. 7, p. 4631-4659.

[2] 1. CHIOSE, “Obstructions to the existence of Kahler structures on compact complex
manifolds”, Proc. Am. Math. Soc. 142 (2014), no. 10, p. 3561-3568.

, “The Kéhler rank of compact complex manifolds”, J. Geom. Anal. 26 (2016),
no. 1, p. 603-615.

[4] S. DINEw, “Pluripotential theory on compact Hermitian manifolds”, Ann. Fac. Sci.
Toulouse, Math. 25 (2016), no. 1, p. 91-139.

[5] S. DINEw, V. GUEDJ & A. ZERIAHI, “Open problems in pluripotential theory”, Com-
plex Var. Elliptic Equ. 61 (2016), no. 7, p. 902-930.

6] S. DINEW & S. KoropzIEJ, “Pluripotential estimates on compact Hermitian mani-
folds”, in Advances in geometric analysis, Advanced Lectures in Mathematics, vol. 21,
International Press, 2012, p. 69-86.

[7] B. GuaN & Q. L1, “Complex Monge—Ampére equations and totally real submanifolds”,
Adv. Math. 225 (2010), no. 3, p. 1185-1223.

[8] V. GuEpJ & C. H. Lu, “Quasi-plurisubharmonic envelopes 2: bounds on Monge—
Ampeére volumes”, Algebr. Geom. 9 (2022), no. 6, p. 688-713.

[9] H. HIRONAKA, “An example of a non-Kéhlerian complex-analytic deformation of Kéah-
lerian complex structures”, Ann. Math. 75 (1962), p. 190-208.

(3]

- 579 —



	Bibliography

