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On some elliptic fractional s(-) problems with singular
potential and general datum )

KHEIREDDINE BirouD (V) AND EL-HAJ LAAMRI (2)

ABSTRACT. — The purpose this work is to address the question of existence and
regularity of solutions to a class of nonlocal elliptic problems with variable-order
fractional Laplace operator and whose behaviors are complicated by the presence
of singular nonlinearities. First, we prove the existence of weak solutions for a large
class of data, including measures in some cases. We also obtain additional regularity
properties under suitable extra assumptions. Second, we show that, in the case of
measures datum, existence analysis is strongly related to the fractional capacity
associated to the fractional Sobolev spaces. As a consequence, we get the natural
form of the adequate “fractional gradient” when dealing with the Hamilton—Jacobi
fractional equation with nonlocal gradient term in the sense of Boccardo—Gallouét—
Orsina decomposition Problem.

RESUME. — Le but de ce travail est d’étudier la question de 'existence et la régu-
larité des solutions d’une classe de problemes elliptiques non locaux gouvernés par
lopérateur de Laplace fractionnaire d’ordre variable, et dont le second membre est
non linéaire et comporte des singularités. En premier lieu, nous prouvons l'existence
de solutions faibles pour une grande classe de données, y compris pour des données
mesures. Ensuite, nous montrons que lorsque les données sont réguliéres, les solu-
tions le sont aussi. Enfin, nous montrons que, dans le cas de données de mesures,
I'existence de solutions est fortement liée & la capacité fractionnaire associée aux
espaces de Sobolev fractionnaires. Ce qui nous a permis d’obtenir la forme naturelle
du « gradient fractionnaire » adéquat lorsque nous traitons I’équation fractionnaire
de Hamilton—Jacobi avec un gradient non local dans le sens de décomposition de
Boccardo—-Gallouét—Orsina.
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1. Introduction

Let us consider the following problem

(=A)* )y = 9(z) + f(z,u) inQ,

ua(l')
u>0 in Q, (P)
u=0 in RV \ Q,

where s(-) : RN x RY — (0,1) is a continuous function, 2 is a bounded
regular domain of RY (C!! regularity is sufficient) with N > 2s(z,y) for
all (z,y) € Q2 x Q, f and g are nonnegative measurable functions or Radon
measures with suitable assumptions, ¢ is a positive continuous function on .

The variable-order fractional Laplace operator is defined as follows: for
each z € RY and for all u € C§°(€2)

AP u(e) = _u@) —uly)
(=A)*y(z) :==2P.V. T e dy, (1.1)

where P.V. denotes the Cauchy principal value.

If s(-) = constant € (0,1), (—A)*(") is nothing but the so-called regional
fractional Laplacian. See, for instance, [13, 19, 21, 24, 29, 33, 47, 53] and the
references therein for more details about this operator.

In the case where s( - ) # constant, the operator (—A)*(") arises in a quite
way in many applications such as continuum mechanics, phase transition
phenomena, ... ; see [48, 49] for more details. We refer also to [41, 46, 55, 60]
and the references therein for the analytic theory of variable-order fractional
Laplace operators and their properties.

It is a natural question to ask for which data g, f and o, Problem (P)
admits a solution and to study the regularity of the solution according to
the regularity of the data. This is the main goal of this work. As far as we
know, this paper is the first time to study the Problem (P) driven by the
variable-order fractional Laplace operator (—A)*(*).

To put our work in context, let us review some well known results about
Problem (P) in some particular cases.

(1) The case s(-) =1, o(-) = const and f = 0. The problem was stud-
ied by Crandall, Rabinowitz and Tartar in [26], where they proved
existence of solution. Additional properties of the solution are also
obtained. In [44], the regularity of the solution is analyzed up to
the boundary of the domain in the case where g is a continuous
function. In [17], according to the summability of the datum g and
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the value of o, the authors studied the summability of the solution.
Other properties of the solution are also obtained in [22, 23] such as
symmetric properties if Q is symmetric. The case f(z,u) = \f(x)
is considered in [39] where existence of bounded solution is proved
if f,g € LP(Q) with p > .

The case 0 < s(-) = const < 1, o(-) = const = o >0 and f = 0.
The problem has been recently considered in [15]. The authors have
shown the existence of a positive solution under suitable assump-
tions on g. The behavior of the solution near the boundary is also
studied for bounded data g. See also [1] and [40].

The case 0 < s(-) = const < 1, o(+) = const = o and f # 0,
has been studied using monotony and variational arguments. The
existence of a positive solution is obtained when f has some sub-
critical or critical behavior in u. See for instance [15] and [40] and
the references therein.

Before ending this short review, let us mention two related works:

the first one considers a similar problem where the variable-order
fractional Laplacian in the left-hand side is replaced by the local
anisotropic operator Zlgz‘gN 0; (|3Z-ui p’i_28iul-), see [52] for more
details. In that paper, existence and regularity of the solution is
established under some conditions on the behavior of the function
o(x) near the boundary of ;

the second one deals with the problem (Py) : (—=A)*( )y =
\);Twa;u(x) + k(:c)u2:<-J_1 and u > 0 set in RY where 0 < s(-) =
const < 1, A > 0, h and k are nonnegative functions. We refer the
interested reader to [5] where the second author and his cowork-
ers have shown that (P)) has multiple positive solutions and have
determined their precise behavior near the extremal points under
some suitable assumptions on the data.

In this work, we will consider the general case s(-) # constant and f,g €
L'(9). We treat also some particular cases where f and g are nonnegative
Radon measures. We will analyze the impact of the singular term on the
existence and nonexistence of a positive solution according to the regularity

of the data.

One of the major difficulties is to estimate the singular term on the set
where © = 0. When s( - ) = constant, this is done by using the classical strong
maximum principle, which is a consequence of the weak Harnack inequality
for weak solutions. To the best of our knowledge, there is no similar result
in the case where s(-) is variable. Thus, the first part of this work will be
dedicated to prove a suitable weak Harnack inequality for our operator. The
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proof is inspired from [31, 43], see also [9], taking into consideration the lack
of homogeneity caused by the new form of the function s(-).

As a consequence, we get a strong maximum principle for nonnegative
solution that allows us to obtain suitable estimates on the singular term.

The other major difficulty is that, unlike the case where s(-) = constant,
the behavior near the boundary 02 of the solution to the Poisson equation

(=A)*w=h inQ,
w=0 inRY\Q, (1.2)
w>0 in Q)

is unknown. If s(-) = constant, then for bounded datum h, we know that
w behaves like dist®(., 92). This estimate turns out to be useful in order to
control the singular term.

To circumvent this difficulty in our case, we adopt a new approach using
suitable test functions. As a first step towards understanding the full Prob-
lem (P), we begin by analyzing the Problem (1.2), where the function s(-)
satisfies two basic assumptions (H;) and (Hsz) (see Section 2), and h is a
measurable nonnegative function satisfying suitable summability conditions
that will be specified later. We prove the existence, uniqueness and summa-
bility of the weak solution in the corresponding fractional Sobolev space. To
establish the corresponding regularity result in our case, we will follow the
nonlinear approach of [4] and [7].

Then, we will focus our attention on the main Problem (P). In order to
take in consideration the difficulties due to the singular term, one is naturally
led to distinguish between the case where o( ) is constant or not.

Case where o(+) is constant. —

e First, we begin with the sub-case where f depends only on x. We
show the existence of a solution for all (f,g) € L'(Q) x L*(Q).

e Second, we treat a model case where f depends also on u.

e Third, we study the case where g is a bounded Radon measure and
f = 0. Here we will show that the solution u lives in a suitable
fractional Sobolev space.

It is interesting to note that, one of our main contributions is to relate the
existence of a solution to the regularity of the measure g with respect to the
corresponding fractional capacity. A strong nonexistence result is also proved
if the measure g is singular respect to a suitable fractional capacity. Partial
uniqueness results are also proved according to additional hypothesis on o.
As we will show, a relation between the measure g and the fractional capacity
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is needed in order to prove the existence of a weak solution (or a solution
obtained as a limit of approximations). Therefore, when g = g, a singular

measure with respect to the relative capacity Cap?( -),2 (see Definition 5.7),
we are able to prove a strong nonexistence result.

However, if g = go + ps with go € L'(Q) and p, is as above, then the
sequence of solutions to the corresponding approximated problem converges
to the unique solution of the singular problem with datum gq.

Case where o(-) is nonconstant. — In this case, the situation is more
complicated as we will see later. However, we are also able to prove the
existence of a solution but with less regularity compared to the case o(-) =
constant.

The paper is organized as follows. In Section 2, we give some auxiliary
results on the variable-order fractional Sobolev spaces and some functional
inequalities, as well as and some useful tools that will be used systematically
throughout the paper. The existence and the regularity of the Poisson equa-
tion 1.2 is dealt with in Section 3. In Section 4, we prove a weak Harnack
inequality for our operator. This result will be used to obtain some useful
a priori estimates. In Section 5, we deal with the main Problem (P) in the
case where o( - ) is constant (i.e. does not depend of z). In Subsection 5.1, we
consider the case where g, f € L'(2). Subsection 5.2 is devoted to a model
case where f depends on u. The case where g is a general nonnegative Radon
measure is treated in Subsection 5.3. Finally, we study the main Problem (P)
in the case where o( ) is nonconstant in Section 6.

To carry out our study, particularly in the case where g is a Radon mea-
sure, we shall need a number of technical results form capacity theory. We
have felt it necessary to expound them in order of make the paper self-
contained. However, as this theme is not central in the paper, we have gath-
ered them in a quite long appendix, which can be skipped in a first reading.

Nevertheless, the appendix may be useful, as a first introduction, to read-
ers not already familiar with capacity theory. More precisely, it deals with
two main issues:

(1) A theory of capacities linked to fractional Sobolev spaces of variable
order, where two types of capacities are treated: variable fractional
(s(-), p)-capacity (see Definition 7.2) and variable fractional relative
(s(-), p)-capacity with respect to Q (see Definition 7.4).

(2) A decomposition Theorem for regular signed measures with respect
to (s, p)-capacity, inspired by the paper [16]. More precisely:

(a) any such measure can be written as the sum of an element of
WP (Q) (dual space of WP (Q)) and a function in L'();
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(b) any bounded Radon measure p, with g € L*(Q) + W57 (Q),
is regular with respect to (s, p)-capacity.

As an interesting application of the above decomposition, we extend the
famous result of [16] about a nonlinear problem involving a usual Laplacian,
with gradient term and measure data. More precisely, let D?(u) be a version
of a nonlocal gradient term given by

s awe [ Ju(e) — u(y)P
(D)) = 5 [y

where

54° T(s + o)

71'% F(l - 5) '
Notice that this operator can be at least tracked to [58]. Moreover, it natu-
rally appears as the nonlocal equivalent to the gradient when considering the
minimization of fractional harmonic maps into the sphere. See for instance
the recent papers [20, 54, 56]. Then, by using the above decomposition result,
we prove that if the problem

(=A*u+uD*(u)=pinQ and u=0inRYV\Q, (1.4)

a(N,s) := (1.3)

has a nonnegative solution u with «D?(u) € L*(£2), then u must be a regular
measure.

It should be noted that several “fractional gradients” can be defined. The
two examples often found in the literature are:

e the so-called “half s-Laplacien”

8P = [ MOy, e r,

v |z —y[NTe

e the so-called “Riesz s-Laplacien”

Vsu(x) — / u(x) B u(y) r—y dy = RN.
vz —ylt |z —yl |z -y

In this regard, let us mention that the following nonlocal Kardar—Parisi—
Zhang Problem

dw + (—A)*w = |(=A)*2w|P + f in Qx(0,T)
w(z,t) =0 in (RY\ Q) x (0,7),
w(z,0) = wo(x) in
is considered in [2]. For other existence and nonexistence results involving the

fractional Laplacian and local gradient, see [12] and the references therein.
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Now, setting

8su(m)'=/ wo) —uly) 7~ v __dy reRN,i=1,...,N
T ey Jr -yl o -yl -y ’ T

then it is interesting to note that for u € C5°(RY), we have

N
(—A)u = —div*(Vou(z)) =Y _ 95 u(x).
i=1

We refer to [20, 50, 57] for additional properties of these nonlocal gradients
and some relations between them.

In our opinion, our existence result for Problem (1.4) can be seen as a
justification of the fact that Dg(u) is the natural fractional gradient best
suited to fractional capacity.

2. The functional setting and tools

In this section, we present some useful tools related to our operator.
Inspired by the works [7, 45, 60], we assume in the whole paper that s(-) :
RY xRN — (0,1) is a bounded continuous function and satisfying these two
following assumptions:

Hy) 0<sg:= inf s(x,y) < s1:= sup s(x,y) < 1
(Hy) 0 (zyy)GRNXRN( ) s (raU)GRNxRN( )

(H) s(-) is symmetric, that is s(z,y) = s(y,z) for all (z,y) € RY x RV,

2.1. The functional setting

In this subsection, Q denotes an arbitrary (unless otherwise specified)
open subset of RY and p € [1, +o0).

As in the case where s( -) is constant, we start this paragraph by introduc-

ing the definition of Fractional Sobolev Spaces W*(*)?(Q). Then, we define

the spaces WS( )P (©2) which are the appropriate space functional framework

to study our Problem (P).
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Fractional Sobolev Spaces W*(*):?((), Wg(')’p(Q), WS(')”’(Q).
We define

(1) the space W():2(

s(+),p . P ( )|p
v = {u < LA //QXQ |z — |N+p8(r oy drdy < oo

Endowed with the norm

1
@l o\
lv-comiy = (Il + [ Dt azay)

Ws(-)2(Q) is a Banach space.
— _wsCp
@ W@ =cr@
ey st )p(Q)
(3) Wel)p(Q) := W)r(Q) N Co ()

Let us observe that WOS( ’ )’p(Q) is the smaller closed subspace of W*(*):P(Q)
containing C§° (). In addition, WOS( ' )’p(Q) C We()P(Q); in the case where
s(+) is constant, see [59] for additional details about this inclusion.

Other type of fractional Sobolev Spaces WS()p(Q)

In order to take in consideration the interaction between Q and RY \ Q, we
need appropriate fractional Sobolev spaces. For this purpose, we introduce
the following space

W(S)(');P(Q) — {u c Ws(‘)»p(RN) cu=0in RN \ Q}
endowed with the norm induced by ||u||yysc. )b (RN )

It is clear that WS(')"p (Q) is a Banach space. Moreover, if € is a bounded
domain, then by using Poincaré’s inequality, we can endowed the space

Wi (Q) with the norm

W) v
||“Hw5( Q) T (//DQ lz—y \Nﬂw(r To — N rps(ey 2y ’

where Dq := R?V\ (Q°¢ x Q°).
Particular case p = 2.

In that case, we denote by Hs( )(Q) = WS(')’Q(Q). It is worth to mention

that, as in the case where s(-) is a constant, (HS(')(Q), Il - ||Hs(.)(m) is a
0

Hilbert space.

Under the assumptions (H;) and (Hs), we can show that the space
(H*)(Q), || - |ls(.)) is separable. The proof closely follows the arguments
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of [53] and [60]. For the sake of completness, let us provide some details.
Assume that (Hy), (Hz) hold.

Define the operator T : H*(")(Q) — L?(Q) x L*(Q x Q) with
o~ y o)
Notice that L?(Q) x L%(2 x Q) is a separable space. Using the fact that
T(H*()(Q)) is a closed subspace in L*(Q) x L?*(Q x Q) and since T is an

isometry between H*(*)(Q) and T(H*(*)(Q)), we deduce that H*(")(Q) is a
separable space.

Remark 2.1. — As in [60], under the assumptions (H;) and (Hs), we can
prove that the embedding Wi'P(Q) < Wi ?(Q) < W3P(Q) are contin-
[

uous. Moreover, if N > psg for any fixed constant exponent g € [1, szijgop]v
and the space W' ?(Q) is continuously embedded into L9(2).

Let us recall the next Hardy inequality proved in [35] or [38].

THEOREM 2.2. — Let Q C RY be a bounded regular domain. Then, there

exists a positive constant C = C(sg, ) such that for all ¢ € WP (Q), we

have
C )|p dzd (2.1)
ppso Dgq |IE - ‘N+p80 v .

where p(z) = dist(z, 39).

Since W' P(Q) < Wi*P(Q), under the same hypotheses as in Theo-
rem 2.2, we obtain the next result.

THEOREM 2.3. — Let Q C RY be a bounded regqular domain. Then, there
exists a positive constant C = C(sg, Q) such that for all ¢ € Wg(')’p(Q), we
have

C // o) dzdy (2.2)
Q ppso Do ‘1: _ y|N+p5(a: Y) . .

As we will consider problems with general data, we need the concept of
the truncation. For k > 0, we define T (t) by

t o ifl <k
Ti(t 2.3
k() = {k* if |t >k (2:3)

[t]
and
Gr(t) ==t — Tp(t).

The following lemma will be very useful in this paper.
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LEMMA 2.4. — Let ¢ € Lip(R) (the space of global lipschitz functions)
with ¢(0) = 0. Then, ¢(u) € Hg(')(Q) Moreover, for any k > 0, Ty (u) and
Gr(u) € Hé(‘)(ﬂ); and if u > 0, we have

1Gr(u s( (@ /Gk b( )udsc

Tl ) < [ Thl(=A)uda.

Proof. — The proof is similar to the proof of [45, Proposition 3]. a

2.2. Some useful inequalities

First, we recall the next Kato type inequality, whose proof can be found
in [45] in the special case of the classical fractional Laplacian.

THEOREM 2.5. — Let ® € C2(RY) be a conver function. Let u €
Wil (Q) such that ®(u) e Wi H(Q), (—A)*Due LYQ), (~A)*Dd(u)
LY(Q) and @' (u)(—A)*u € LY(Q). Then

(=AY D(u) < ' (u)(—=A)*u in the weak sense, (2.4)
namely, for all ¢ € C§(Q) with ¥ > 0, we have

/cp( )(—A)sC 1/;dx</w<1> ~A)*Cyda. (2.5)
Q

In particular, we have the next corollary.

COROLLARY 2.6. — Let u € ]HIS( )(Q) be a nonnegative function. Sup-
pose that (—A)*Cu € LY(Q) is a nonnegative function. Then for any k > 0,
we have

(=A)* Ty (u) > X{xeﬂ;u(ag)gk}(—A)s(')u weakly in Q.
Namely, for all p € C§°(Q) with ¢ > 0, we have

/QT;g(u)(—A)S(')z/)de/Qwx{xeg;u(x)gk}(—A)s(')udx. (2.6)

The next Picone type inequality will be useful in order to prove compar-
ison principles. The proof is a simple variation of the arguments used in [4]
and [45].
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PROPOSITION 2.7. — Let u € ]HIS( )(Q) be a nonnegative function such
that (— A)s( Ju € LY(Q) with —A)sC )u > 0 a.e. in Q. Suppose in addition

that % € L .(Q). Then, for all ¢ € CSO(Q), we have

(=2)*u e o(y)?
/Q » dz |x — y|N+2S(m’y) dady. (2.7)

As a consequence, we have the next comparison principle that extends
to the fractional framework the classical one obtained by Brezis and Kamin
in [18]. See [4] and [45] for the case where 0 < s(-) = constant < 1.

THEOREM 2.8. — Let f be a nonnegative continuous function with
flx,r) > 04 r >0 and r — @ is decreasing for r > 0. Let u, v €
Hg(‘)(ﬂ) be such that u, v >0 a.e. in Q and

(=AY Du > flz,u) inQ,
(=AY < fz,v)  in Q.
Then v > v in .
Proof. — The proof follows from suitable rescaling arguments. |

Before closing this section, let us recall some useful algebraic inequalities
that will be used throughout this paper.

LEMMA 2.9. — Let (a,b) € [0,4+00) x [0,+00) and (a, k) € (0,+00)2.

Then, there exist positive constants ¢;,i = 1,...,5 such that
(a+b)* < cra® + c2b® (2.8)
(a—b)(a® = b*) > czla”F —b““| (2.9)
(0 = )(Tla) = T0*) > 0 (Te(@™F) - ™) 5 (2.10)
moreover, if a > 1 we have
la+ 0> a—b]> <csla™® — b |2 (2.11)
Proof. — The proof is elementary and is left to the reader. O

Finally, we need also the following well-know iteration lemma.

LEMMA 2.10. — Let 8> 0 and let {A;};<o be a sequence of real positive
numbers such that

Ajp1 < CobjA?H’
1 1
with co >0 and 8> 1. If Ag < ¢y "b 72, then
A; <bF A,

In particular, lim; o, A; = 0.
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3. Existence and regularity results for the Poisson problem

In this section, we prove the main existence results for Problem (P) in
the case where g = 0. More precisely, we consider the following problem

—A)P )y = in
{( &) h it (3.1)

u=0 in RM\Q
where h € L™(Q2) with m > 1.

We begin by analyzing the Poisson equation with the variable-order frac-
tional Laplace operator. According to the regularity of the datum, we will
prove that the solution lives in a suitable fractional Sobolev space. Our ap-
proach is based on the choice of suitable test functions as in [4]. To make
the paper self-contained as possible, we will include details of the proofs.

To carry out this study, we have to distinguish two cases depending on
whether h is only integrable or not.

The case where h € L™(Q) with m > N+280
We will start by specifying the sense of solution to (3.1) in this case.

DEFINITION 3.1. — Let Q C RN be bounded regular domain and h €
H—5()(Q) where H*()(Q) = (H(Q)). We say that u € H () is a
finite energy solution to (3.1) if

a(u,v) = (h,v)  YoeH (Q),

(y))(u(@) — u(y))
a(w,v) //DQ Ix — y|N+2s(zy) - dady.

Since h € H=*(")(Q), then using Lax-Milgram Theorem we get the ex-
istence and the uniqueness of u. Notice that if h € L*(Q2) with a >

then h € H—*(")(Q).

where

N+280

Following closely the argument used in [45], we are able to prove the next
regularity result.
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THEOREM 3.2. — Assume that (Hy), (Hz) hold and h € L™(Q) where
m > N_gs Then, we have:

(1) if m > % with sg is defined in (Hy), there exists a constant C =
C(N,Q, ||h||Lm () > 0 such that the unique energy solution of (3.1)
satisfies,

[ullzo () < CllhllLm (o) ; (3.2)

(2) if m = 25 , then, there exists a > 0 depending only on the data
and it is mdependent of h and u such the if u is the unique solution
to (3.1) (in the sense of Definition 3.1), then,

/ea”<oo;
Q

mN

(3) if N+25 <m < £, thenu € L™ (Q) where Msg* = Ngpmss nd
there exists a constant C' such that
||u| o5y S CHhHLm(Q). (3.3)

Remark 3.3. — Notice that if (Hy), (Hz) hold and A > 0, then u > 0.
Indeed, by using u~ as a test function in (3.1), we get,

< - .
O\CHU | @( )(Q) /hu \0
Hence ©~ = 0 and the result follows.

m 2N
The case where h € L™(Q) with 1 <m < 575

Unfortunately, we cannot expect the existence of a solution of finite en-
ergy, unlike the local case. To address this difficulty, we extend the meaning
of solutions, and we prove the existence of solution, in this weaker sense, to
Problem (3.1).

DEFINITION 3.4. — First of all, let us define the class of test functions,

T(Q) ={¢ € H Q) ; (AP =1 in Q where p € CP(Q)}. (3.4)
For h € LY(Q), we say that u € L*(Q) is a weak solution to (3.1) if

/ uw(=A)P*)pdr = / hdz, (3.5)
Q Q
for any ¢ € T(Q).
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Remark 8.5. — Observe that, if ¢ € T(£2), then under assumptions (H;)
and (H,) it follows that ¢ € H3' ™ (Q) N L=(Q).

Assume now that (Hy) and (Hz2) hold. Suppose in addition that h €
(L™(Q)T with 1 < m < N+250 If u is a solution to Problem (3.1) in the
sense of Definition 3.4, then u > 0.

In fact, let ¢ € C3°(2) be a nonnegative function. Define ¢ € T(2) to be
the unique solution to the problem (—A)*()¢ =) in Q, then ¢ > 0. Using
¢ as test function in Problem (3.1), we get,

/uwdx:/mﬁdx}o
Q Q

Hence [, uwt)dz > 0 for all ¢ € C5°(Q2) with ¢ > 0. Thus u > 0 a.e. in RV,

Now, we are ready to state our existence result for L!-data.

THEOREM 3.6. — Let Q C RY be bounded reqular domain. Then, for any
h € LY(), there exits a unique weak solution u in the sense of Definition 3.4
to Problem (3.1) such that

N
L 1L, —
ue LY(Q), qu[,N_2%>,

Vk>0, Th(u) eH (@), (3.7)

u(y) [P N ~
//QXQ \x—y|N+PS dzdy < oo, Vpe|l "N 5o and V5 < s9. (3.8)

Proof. — Without loss of generality, we can assume that h = 0. We follow
closely the argument used in [4, 6, 45]. The proof will be split into several
steps.

Step 1.Uniqueness. — Let u be the weak positive solution in sense of
definition 3.4 with A = 0, then

/ wpdr =0, Ve C5o(Q).
Q
Thus, v = 0 and then the uniqueness follows.
Step 2. Existence. — Let u,, be the solution to the following problem:
(—A)S(')un =h, inQ,
u, =0 inRYV\Q, (3.9)

u, >0 in §Q,
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where h, = min{h,n}. Therefore, h, € L*°(Q2) and h,, /' h in L'(Q).
Moreover, we claim that, there exists a positive constant C' = C(N, sg, )
such that

N
— . 1
) (3.10)
To establish (3.10), we take T (u,) as test function in (3.9) where k > 0.

Then

1T () |17

lunll o < CllRllzray, Va e [1

2oy < [ A uds < bkl (1D

Therefore, using Remark 2.1 and the Sobolev inequality, we get the existence
of Cy > 0 such that,

1Tz, ) < ||hn||L1 (3.12)
Let Ay, (un) :=={z € Q; u, > k}, then
F2| A ()| < Do) |2 Hh e
’ L) S
Thus
T
st < ()5 (L) Ty

This means that {u,} is bounded in the Marcinkiewicz space M¥ =% Q)
and estimation (3.10) holds true.

Step 3. — Now, we will establish an estimate of u,, in a suitable fractional
Sobolev space. For this purpose, we will choose a suitable test function taking
into consideration that the datum h,, is only bounded in L(£2).

Let 5 < sg be fixed and assume that p < L_ We claim that

|un () — un(y)|”
dzdy < C for all n.
//an |z — ?J|N+pS

To prove the claim, we follow closely the arguments used in [4].

Let o > 0 to be chosen later. Define z,(z) =1 —
Hy' () 1 L%(9) and ||za | 1=() < 1.

1
TG then 2 €

Using z,, as a test function in (3.9), it follows that

L (1 (@) — () (1 (@) + D™ = ((y) + 1)*)dyde
o (@) + D un(y) + 1)fa — y NG

< / hp(z)dz < C.
Q
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Let wy () = up(x) + 1, then

(un (@) = un(y)) ((un(z) + 1) = (un(y) +1)%)

(wn () — wn(y)) (Wi (z) — why
Hence

o n(y))
/ / (wn(z) — n(y))(wi'{(x) —wg(y))
Dq

< Ch.
wi ()wg (y)le — y[ N+ 1

Since w,,

0, by Lemma 2.9 there exists Cy > 0 such that

1ta 1ta
// lwn” (2) —wa” ()|
Do ’w%(l‘ n

Jws (y)e — g N S O

(3.14)
Now, since p < 2, using Holder’s inequality, we obtain
[wn (7) — wn(y)P
——dxd
/Q o |z —y/Ntes Y
:/ [wn () = wn (Y)[P (wn(2) +wa()* " (wn(@)wa(y))
alo |z —ypsEy (wn (@)wn(y))* (Wi (x) +wn(y))*?
|x_y|p8(w,y) Pidyde
|z —y|¥
[wn () — wn () (wn () + wn (y))*~! >
dydz
</ / Ix - y‘N+2§ T y)(wn(x)wn(y))a
</ / ol *wn W) (wn(@)wn(y)* 7
(wn(@)wn ()™ (wp(z) + wy(y) @ V75
2—p
2= dydz >2
T —y —_— . (315
x o~y il IRCRL)
But

|wn () = wa (y)| (wn (2) + wi (y))* ™

14+

< Cluwa(@) = —waly) =
Hence, taking in consideration that Q x Q C Dg and by (3.14), we get

(//Iwn Ifc—yln SIS 7

)b wa@)e .\
NHS@,y( o))" dydx)

14a 1ta
cof [ me —mi e
Do ‘.’E _ |N+2s(a:, )(

wn(ac)wn(y))adydx) < Cs. (3.16)
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Therefore we conclude that

e
ey

(o) ) 2m<zy>s)) . (3.17)
T —y »

On the other hand

(wm+w@(““W%@Q < (wn(e) + waly))™+

wn(x) + wn(y
< Cs(we (2) + wit(y)),

then
(a+1)p -
P o d d =
// |wn (2 N+ 5) dydz < (// 21)(9(?”3}5))
|z — yl P o
(0“*'1)17 -
7 (y)dzdy \ T
+C(// N-— 2P( ey b)> . (3.18)
2 |z—y|
Notice that
(a+1)p (aﬂ)p

27 (z)dxdy “* (y)dady
217(9(’5 u)—@) 27)( (z,y)—3) °
Y S o o o= 2

Now, since s(z,y) —5 > sg — 5 > 0 for all (z,y) € RY x RY| then using the
fact that  is a bounded domain,

((‘1+1)p

-p d d (atl)p d
// . ray :/wnz‘p (m)dm/ Y —
N— P(S(I y)—3) N_%(S(Ir,y) 3)
2 |z —yl =7 o 2 |z —y| =7

(a+1)p
C/

(a+1)p N
< N—280 :

Since p < by choosing o small enough we deduce that

Ns’

Using the fact that u,(z) — un(y) = wy(x) — w,(y) and since

(a+D)p (etDp
/ wn* 7 (2)dz < C + / un®" (z)dz < C for all n,
Q Q
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we reach that for all

|un (@) — un(y)|”
dedy < C for all n
//QXQ |$7y|N+pS

with §< sp and p < N—_é Hence the claim follows.

Step 4. — Taking into consideration the previous estimates and since
{un}» is an increasing sequence, we get the existence of a measurable func—

tion u such that u, T u a.e. in Q, u, T u strongly in L*(Q2) for all a < =5 29

and Ty (up,) — T (u) weakly in Hg( )(Q) Moreover, using Fatou’s lemma we
deduce that
u(y)l”

dzd C
// |x— |N+ps ys

N7§'

for all § < sg and p <

To end this proof, we show that u is a weak solution to Problem (3.1) in
the sense of definition 3.4.

Let ¢ € T(€2). Let us recall that ¢ € ]HIS( )(Q) NL®(Q) and (—A)*( ¢ =
1 where 1 € C§°(9).

Using ¢ as a test function in (3.9), it holds that

/Qun(fA)s(')gbd:r:/thqﬁdx.
/th¢>dx—>/gh¢dx.

Now, since [, un(—A)*¢dz = [, u,tpdz, then using the strong conver-
gence of the sequence {uy,}, in L*(Q) for all a < N—LQS[N we get, as n — 00,

It is clear that

/unwdx—> uwdxz/u(—A)s(')qbdx.
Q Q Q

Hence u solves Problem (3.1) in the sense of Definition 3.4. O

In the next theorem, we show more regularity result on the solution u if
h is more regular. More precisely, we have:

THEOREM 3.7. — Assume that 1 < m < N+2 (where sg is defined

in (Hy)) and let u be the unique weak solution to Problem (3.1) in the sense
of Deﬁnitz’on 5’.4. Then

y)P mN .
//Dn |x—y|N+pS daxdy < oo for allp<p:= N _mso and for all s < s¢.
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Proof. — Without loss of generality we can assume that h = 0. We follow

closely the argument used in [4]. Notice that, since m < =5 +2§ , then p < 2.

N = x(ygs 2, then am’ = 250 (a+1). Using a suitable

approximating argument, we can take u® as a test functlon in (3.1) to obtain
«@
// ))53 2(x) dxdy—/h
Do ‘m — y‘ + S 71}

u(y)) (u(z) — u®(y)) o
C’//DQ dzdy < | h(z)u®(x)dz.

|»T — y|NH2e0 Q

_ N
Let a = (N—2s0)

Hence

From the algebraic inequality (2.9), we deduce that

atl
—u 2
C’//DQ |m— |N+2SO dxdy /h

Hence, by using Holder’s inequality, we obtain

a+1
—uz (y))?
//DQ |x T dzdy

< < /Q hm(x)dx>’1"< /Q uam'(x)dx>"1”. (3.19)

Using the definition of «, we obtain am’ = %Y. Hence, estimate (3.3)
Spm
in Theorem 3.2 implies

1
</ uam’(x)dx> < Ol pmien-
Q

Going back to (3.19), we obtain

a+1l
—uz (y)® N
//D |x — y|N+280 dzdy < C||h||L:}Q). (3.20)

By using Hardy’s inequality stated in Theorem 2.3, it follows that
1+Oé ua«zl»l ( ))2
e f i e < [, e

<Cllhlighla) (32D
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Now, let § < 5o be fixed and define p = %ﬁ < p. Thanks to Holder’s
inequality, we obtain

/ [u(z) — u(y)”
alo |v—ylNTe

:/ u(z) = uy)” (u(z) + u(y) o —
o lz—ylre (u(@)+u(y)!

(L4 ‘"x_:]sz;uw : )
([ [l s )T

Recall that, from (2.11)7 we have

yet dydx

|z —y[NV

|P(50*§)

a+1 a+1

lu(@) —u(y)* (u(z) +u(y)* ™ <C(u= (z) —u= (y)*
Hence, using (3.20), we get

(L ‘“|x_;|éﬁzzt“<y” )
(//DQ DO )’

0Hh| L’"(Q) (3.23)
Now, we deal with the term
(/ / (u(z) + u(y))*! dydz )22’)
2Jo (u() +uly) @ TVTT g V-

As a < 1, we get

// (u(z) + u(y)*~! dydz
aJao (u(z) +u(y)) ( 325 |z — y| —Zpisa—s)
- [ [t

z —yN

= dyda: = dydx
< C / / 2p(507 ) C / / p( 0 Dl (324)
@ |z — 2z — yl

Using a symmetric argument we deduce that

// re= dyd:zc // B dydx
2P(50 3) 2p(50 3) °
@ | —yl @ Iw—yl
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Hence we have just to estimate the first term, indeed

= d d (1-a) 1
// Z yde :/(u(m))pzfp dx/ __dy
N— P( 0 3) N_2p(so=3)
Q\9c—y| o @ |z —y| >p

p(1

<09) /Q(u(x)) == dz. (3.25)

Since ﬁ(zl:g) = NTQJ;;m and 24 ;) < p(21 —9)  then by using Holder’s

inequality and estimate (3.3), it follows that,

S P dydﬂc p(1—a) 1700
[ [T <o) [ ue) S e < g
Q |z —y Q

2—p

Thus

2—p

(o) +u)* dyde
(/ﬂ/ﬂ<u<x>+u<y>><°‘”fv| " b)) <Ol 620

And then

[ R < Ul (3.27)

As a conclusion, we obtain

// u(y)[Pdyde
Dq |9U - |N+6p
|u(x |pdydx / /
——————dyd
/ / |x_y|N+sp RN\Q |x_/y|N+ép ydxr

< Ol ) + C(O2 )/Q (|;L((x))§pdx, (3.28)

where we have used the fact that

/ 1 d< @
e 1@ —y[NFR Y S (G
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Since p < 2, by using estimate (3.21) and Holder’s inequality, we deduce
that

Ju(z)l” /u’z’“*“ 51-0)
—dx = —u 2V T Ydy
/sz (6(z))%» q (6())P
1+a 5 p(1—a 2%1)
(/ |u(z)| e | ) (/ ()| (H)dx)
Q
- 252
<Ch||zfn;§2)</ ()| 25 dx)

1+a 11—«
< ClRIES ) Hziu 2 (3.29)
()
Recall that o = x(";s()z, then p(21 ;) Nl’;]:om. Thus
u@)”_
< C|lh
. Gy < ClME-cay
Hence
u(y)[Pdydz _ »
//DQ |z, ‘N+sp C”hH m(Q) (330)
and the result follows. O

As a consequence of the previous theorem, we get the next compactness
result.

THEOREM 3.8. — Let § < s¢9 and p < % be fized. Consider the oper-

ator T : L'(Q) — WiP(Q) defined by T(h) = u where u is the unique weak
solution to Problem (3.1). Then, T is continuous and compact.

Proof. — We begin by proving that the operator 7' is compact.
Let 5 < sp and p < 2 be fixed and consider {h,}, to be a bounded
sequence in L!(Q). Define {u, }, to be the unique solution to Problem (3.9).

From the previous results, we deduce that the sequence {T}(uy)}, is
bounded in Hg( (Q) for all k > 0 fixed and

Jttn(2) — un ()P N V
//DQ |x— |N+ps dxdy<0f0rallp<mandforalls<50,

where C' > 0 does not depend on n.

Thus we conclude that the sequence {Tj(uy )} is bounded in Hy® () for
all £ > 0. Hence we get the existence of a measurable function « such that,

up to a subsequence, Tj(u) € HS( )(Q),u € L°(Q) for all 0 < and

N2$
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T (upn) = Ti(u) in HS( ) (€2). Thus, using the Rellich-Kondrachov compact-
ness result, then up to a subsequence, we deduce that u, — u a.e. in Q.
Moreover u,, = 0 in RY \ €, it follows that u = 0 a.e. in RY \ Q.

Now, let us introduce

|tn () — un(y)|” |u(z) = u(y)[”
Un(z,y) == =gV and Ul(z,y):= T — gVt

with p < Nj\l 3

Thanks to Theorem 3.7, {U,,} is bounded in L (2 x Q). Hence, by using
Vitali’s lemma, we conclude that, U, — U, strongly in L'(Q x ), and
compactness of T follows.

Finally, to show that T is continuous, we will use the same argument as
above showing the strong convergence of the whole sequence. O

4. Weak Harnack inequality

In order to address the difficulties caused by the singular term, we need
to know the precise location of the set where the solution is zero. When
s(+) = constant, this information is given by the strong maximum principe,
which is a direct consequence of the weak Harnack inequality. Thus, for
our purpose, we begin by proving a similar inequality in the more general
case where s(-) is not constant. To this end, we closely follow the argument
used in [31, 43] (see also [9]), where a weak Harnack inequality is proved for
weighted fractional operators.

Let u € Hé( ' )(Q) be a nonnegative weak solution of
(=A)*y=h inQ,
u=0 in RM\Q
where h € L?(2) and h > 0. Then, we have the next weak Harnack inequality.

(4.1)

THEOREM 4.1 (Weak Harnack inequality). — Let o € Q and r > 0 be
such that Bay(z9) C Q. Let v € HS(')(Q) be a supersolution (see Defini-
tion 4.2 below) to (4.1) with v 2 0 in RN. Then, for every q < N—LQSO there
exists a positive constant C = C(N, sg,r) such that

1

</ qux) ’ < Cessinfp, (4 v (4.2)
BT(IO) 27

Notation. — For the sake of legibility, and since g is a generic point in
Q, we will denote B,.(zg) by B.
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Before starting the demonstration of the previous theorem, let us make
precise what we mean by sub and surpersolution to Problem (4.1) in the
following definition.

DEFINITION 4.2. — Let h € Hg(‘)(Q)Jr. We say that, u,v € (]HI(Sj(')(Q))Jr
sub and supersolutz'on respectively to (4.1) if

), SR < i vacio

//D |x - y|>13(+l§if3,y_> iy > /Q’“bdx’ Vo e Hy(Q)s

are satisfied

Let us now come back to the proof of Theorem 4.1. This proof is quite
long and will be decomposed into six lemmas.

First of all, we start by the following nonlocal Caccioppoli-type inequality.

LEMMA 4.3 (Caccioppoli’s inequality). — Let u € HS(')(Q) be the weak
solution to (4.1) with u = 0 in RN . Then, for any B, C Q and any nonneg-
ative function (b € C'(‘JX’ (B,.), the following estimate holds true

// _— Ix y|N+2;t<5cy3> = dedy
/ / (max{we (), we Do) — oW | 0
|

xr — |N+25 z,y)

2 ws (z)
+/B wy ()¢ (z)dz (/R eSSSUDy e Supp o Q;N—ﬂs(a:,y)dx)’ (4.3)

. N\B,
where wy := (u — k)+ and ¢ is a positive constant.
Proof. — The proof follows the same ideas as the proof of [32, Theo-
rem 1.4], (see also [31, Theorem 2.2]). a

Let us begin by proving the next useful lemma.

LEMMA 4.4. — Let R > 0 such that B C  and assume that u €
H(SJ(')(Q) with w 2 0 is a supersolution to (4.1). Let k > 0 and suppose that
for some o € (0,1] we have

|B. N {u =k} > o|B,| (4.4)
with0<r< %, Then, there exists a positive constant C' = C(N, sg, s1) such that
C

| Bgr N {u < 20k} < | Ber| (4.5)

ors1—so log(%)
forall 6 € (0,1).
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Proof. — Without loss of generality, we can assume that u > 0 in Bg, (if
not, we can consider u + ¢ and we let ¢ — 0 at the end.) Let ¢ € C§°(BR)
be such that 0 < ¢ < 1, supp® C By, ¥ =1 in B, and |V| < % Taking
Y?u~! as a test function in (4.1), it follows that

[ [ )= D) - W) 4,5
RN RN - '

|£L‘ _ y‘N+25(z,y)

Then

P (z) ¥ (y)
u(y) (58 - 44

/ / __ )dxd
Bs, J Bs. |ZIZ _ |N+25 z,y) Y
))w (z)

()
+2 / / 2 dyda.  (4.6)
RN\ Bs,. J Bs, |$ - \NHS z:y)

Denote x = |z|z’ and y = py’ where |2/| = |¢/| = 1 and p := |y| as in [9].
Then, we obtain

P2 (x)

uv)
dydx
I
dxdy
/RN\B&« s/Bsr |x - |N+25 r y)

ee] N—1 d /
<C 2 P / Y dpde. (4.7
o) [ v ([ e e Jande ()

We set 7 := ‘7”‘, then

dzd
/RN\B& /B& lz —y N+2szy) xay

\
7/J2( )/ N—1 / dy’
< Ve — /| N+251 , (4.
C B, ‘x|281 % T aN—1 |7_y/ _ £L'/|N+251 dex ( 8)

Now, introduce

dy’
D(r) =: /SM [ry — 2| NFo1

Then using the fact that |2’| = || = 1, taking into consideration that we are
integrating in SV ~! and using an orthogonal transformation, we can show
that D(7) does not depend on a’. Now as in the proof of Theorem 1.1, p. 56
in [37], using the spherical coordinates, it holds

N1 ™ N—-2
T2 sin 0
D(7) = 2—5— / (%) e do.
P(%57) Jo (1 —27cos() 4+ 72) =
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Hence,

(y)) 1#2((%)')
x/RN\Bsr /B87 |.’L' _ |N+23(;E y) yaxr

<o YW /OOTN*ID(T)dex (4.9)

B71, .T|2$1

Therefore, we have that, 7V "1D(7) ~ 7717251 as 7 — 4o00. Thus

L:= / N=ID(r)dr < C.

8

7

Hence, we obtain

))dﬂ((ﬂﬁ))

u(x N—-2s

dydx < Cr r 4.10
/RN\BM /BSr |x7 |N+25zy) Y ( )

Now, from [32, Proof of Lemma 1.3], we get

00 (53-29)

~C1(log(u()) —log(u(y)*¥*(y) + Ca(v(x) — ¥ (y))?,  (4.11)

where C7 and Cs are two universal positive constants. Hence
Vi) _ $()
/ / ) ( o )dxd
Bs, J Bs, |$— |N+23z y) y
2,12
of (Iog(u(x)) ~log(u(y))*V*(v) ;.
Bs, J Bs, |a:— |N+25(2,9)
(@) —¥(y))*
¢ e ~drdy.  (4.12
+ 2/387‘ /Bsr |x_y‘N+25(z,y) xray ( )

(6(z) — V() -
/BsT /B& dedy <Cr _
Indeed, since |’(/J(;L') _ 1/J(y)| < C|1 Cla—y| it follows that

= I
Bs, J Ba, x—y|N+29(”ﬂy) S Bs, J Bs, x — y|N+2s(zy)-2"

Then setting z = y — x, it follows that

/ / dxdy / dx/ < OpN—2s1+2
N+2 -2 = 1, N+2s1—2 2 ’
Bsy J Bg, “T - y| +2s(@.y) Bsr Bier |Z| t2s

Hence the claim follows.

We claim that
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Now going back to (4.12), we conclude that

P2 (2) P2 (y)
u(y) (L8 - LY

R )
dzd
/BEM /387 |:L' - |N+28 y) i

(log(u(x)) — log(u(y))*v*(y) s
- dedy + CrV 72 (413
1/Bgr /Bgr |x— y|N+2s(z.9) xdy + Cr (4.13)

Combining estimates (4.6), (4.10) and (4.13) and using the fact that ¢ =1
in Bg,, it holds that

(log(u —log(u(y)))? N-2
dzdy < Cr™ =51, (4.14)
/BM /BM \r*yIN“” v)

Let § € (0,1/4) and define w(z) = min{log(%),log(%)}+. Thanks
o (4.14), we have

w(y))® A dady < OrN 25
Be, J Bs \a; _ y|N+2s z,y) Y x .

Also, let us denote
1

|BGT| Begr

(W) B, = w(x) dz.

Thus, using Remark 2.1, Holder and fractional Poincaré inequalities (see [51,
formula (4.2), p. 297]), we get

[ )= w)s, laz < o ( [ o - <w>BB,,~|2)
Ber Ber
2 3
i (w(e) - w(y))
S Cr (LGT Aﬁrx — y|N+250 dl’dy
e () —w()? , . \?
< O ( /B ) /B ey
< OV tso—st, (4.15)

On the other hand, it is clear that {x € Q; w(z) =0} = {z € Q; u(z) >k},
and then from (4.4) we have

g
| Ber N {w = 0} > x| Berl-

Moreover

N
[Bar 1 {0 = tox(5:)}| < 016g(5)/B (@) — (1) gy, |
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Hence we get the result by applying (4.15) and using the fact that
1
Bgr N {u < 26k} = Bg N {w—log(25)} |

The key lemma in our proof is the following.

LEMMA 4.5. — Assume that the assumptions of Lemma 4.4 hold. Then,
there exists 6 € (0, %) depending only on N, sg, s1,0 and v and it is inde-
pendent of u such that

glf u = ok. (4.16)

Proof. — We follows closely the same arguments used in [31]. For the
reader’s convenience we include here some details.

Let w := (¢ — u)y where ¢ € (0k,20k) and consider ¢ € C3°(B,), with
r < p < 6r. Thus, using wi? as a test function in (4.1) and following the
computations as in the proof of Lemma 3.2 in [31], it holds that

— w(y))?
o, R

a//m@)(%()Mmm

|z — y|N+2s(ay)
+ 2B, {v < gy sup / W
{zesupp(y)} JRN\B ‘LU — y| +2s(z,y)

To estimate the terms of (4.17) and in order to apply Lemma 2.10, we define
the sequences, {/;};en, {p;}jen and {p;},en such that

2 +p]+1

4 = 0k + 279715k, p; o= dr + 27, = B

Let us define
wj = (5] - ’U)+, Bj = Bpj.

Consider 9; € C5°(Bg;) such that 0 < ¢ < 1, ¢ =1 in By with [V);] <
20+3 [,

Using Remark 2.1, it follows that

: : —w(y)¥(y)®
C(/Bj lwjt; %20 dx) /BJ / |z7 _ |N+2s z,y) dedy.

Therefore, taking into consideration that

wip; = (éj —/0j+1)in BN {1} < €j+1},
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with C independent of j, we reach that,

F
S0,

2
* 25 2
(/ |wap; [0 dﬂf) "2 (0 —€i11)?1Bi N{v < L}

J

Hence we conclude that

2
[Bj+1 N {v <1 }tlau | =0
(bi—1 —¥; 1)2<
! 7 |Bj+1|du

<Cr—(N zeo)/ / —w(y)(y ))dedy.

|1’ _ y|N+2s(w y)

Applying (4.17) to wj, it holds that

B in{v<d¥; ﬁ
(Ej _£j+1)2(| j+1 { J+1}|)
| Bj+1]

max{w(z), w(y)}*((z) —P(y))*
<r(N 2@0)( / / |az— |N+29(:cy) dxdy

dy
LB N {o< b)) swp / W) )
o 77 (wesupp(vy)} Jrm\B; | — y[NH2e@)

Using again Remark 2.1, we get

/ / max{w(xxw(y)}?(w(x)—w@»?dxdy

‘(E _ y|N+25($,y)

|N+251

<Cg2||vw,||2 / dx/ wdy
S B (Bs) B;jn{v<t;} B, lr—yl¥

J

< C2Y5r % /B et }dx =C2% 0672 B; N {v < {;}]. (4.19)

Now, we estimate the term

o [
(wesupp(y;)} JRN\ B, |7 — y|NFT2s(@w)”

Since s(z,y) < s1, we get

dy dy
sup TNy SO sup Ty — yIN+2s1°
{wesupp(yh;)} JRN\ B, |z — y sy {wesupp(yh;)} JRN\ B, |z — y| !
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Thus, as in [31, Lemma 3.2], and by taking into consideration (4.18) and
(4.19), it follows that

Bian{v<j+1}\ %
(Ej _£j+1)2(| J+1 { J }|)
|Bj1l

< 2](2+281+N)£2

C
J p(N—2s0)
C2CH R B 0 (v < 4}
7'2(51*50) ‘B]|

r2 B N {v < 45}

<

where C is a positive constant which is independent of 7

Setting
|B; N {v < £}
J
Notice that,
|B6Tﬂ{u<€0}\ < C 1
Bol o log (5)
Then, the previous estimate can be written as follows
52 CQJ(2+251+N)€2 (20 (4+2514N)
Ajr < r2(s1=s0) (¢; —@-&-1) T ) 3
Hence, we get that,
032]( 2% N+22 +512 ) 14250 2sq ( 207 o ) 1+ 2sg

N—2s + + N—2s

Aj+1 g . 50(81_80) y 0 0423 S1 A] 0

where Cy = %f_o) is a positive constant independent of j. Now, we are
r S50
able to use Lemma 2. 10 with

2s
—Cy. b= 2( W) >1 and B= 20 oo
cog = Cy, > and S N o5 >0
Then, if
_ N-2s¢ (Ng 4o N(N 250)
T S e B!
TP o (D) (51 —50) 2

and it depends only on N, sg, 1,7, we deduce from (4.20) and (4.5)

N(N—2s0)
M= 2e0)

o < C (N2 250) —(F+s51+2) <z ']"é\[;(bl 50)
Hence, Lemma 2.10 implies

lim A; =0.

j—oo
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Taking into consideration that ¢; N\, ké and p; \, 4r as j — oo, it follows
that |Bs, N {v < dk}| = 0. Hence infp,, u > 0k and the result follows. O

Now, we prove the following reverse Holder’s inequality.

LEMMA 4.6. — Let r > 0 such that Bs,.;2 C Q and suppose that U is a

supersolution to (4.1) with w 2 0. Then, for every 0 < f1 < 2 <
have

N_2s0 250 we

1 P 1 2
<B|/B uP? (z) da:) <C <|B°>/2| ; uPt(z) da:) (4.21)
r r T 3r/2

with C' = C(N, s, 51, 81, 32) > 0.

Proof. — We follow closely [9, 32]. Let ¢ € (1,2) and d > 0. Set u :=
(u+ d), and assume that ¢ € C§° () such that supp(¢p)) C Brryth = 1 in
B/ and |VY| < oL where 2 <7/ <7< 3.

(TT

Using u'~949)? as a test function in (4.1), it follows that,

))(;zfgm) _ 2 )
0</ / ORIV,

|.’E _ |N+2s(a:,y)

))—Wﬁﬂg))

By using the fact, |z| < |y| in B, x (RN \ B;,), and the positivity of u we
obtain,

()
/ / ))uq l(x)d dy
RN\B., JB., |~T — y[N+2s(zy)

~ dy
< u27q¢2 dac) sup / - .
(/Bw» {zesupp(¥)} JRN\B,,. |T — y|N+2s(z.y)

Now, by the pointwise inequality in [36, Lemma 3.3(i)], there exist two
positive constants C; and Cs, depending on ¢ such that

P*(x) _ P*(y) dxdy
/ / x )) (uq 1(m) ﬂq—l(w) |x7y|N+25(x’y)
i / A (ﬂz(a:)w(x)ﬁf(y)w(y))?dm_;i%

corf [ @ rw ) we - 122
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By symmetry, we get

/ / ((@9(x) + W2(y)) () — (y))*dedy

|(E _ y‘NJrZs z,y)

_2/ / (@~ (@) (¢ (=) — ¥ (y))*dady (4.23)

|N+29(:c y)

and using the same reasoning as in [9, Proof of Lemma 3.7, it follows that

/ / ((29(x) + 729 (y) (() —¥(y))*dady

|z — y|N+2s(@y)
Cr—2s0 ~
< 7(7 TT/)2SO/ w29 dx.
- B,

dy 72
sup / s < CrT 7%,
{z€Supp(v)} JRN\ B, |JI — le-‘r?s(;c,y) =

Then, by combining the estimates above we obtain

(@=" <x>fa"’%"<y>w<y>>2 Cr=2s0 g
fls. EVEEZCOREEESS N R

Tr

On the other hand, we have

Hence, we deduce from the previous inequality, Remark 2.1 and Sobolev’s
inequality:

N-—2sg

1 o 1 e
2-g9N _ *
<|B | 7N %% dx) < (|B | (ﬂqu¢)250 dl‘)
T'r B/, T'r B,

C —
< “ddx. (4.24
Bol(r = 772 /Bﬂu dz. ( )

Morover ¢ € (1,2) is arbitrary and = 2 > 1, then, by using Holder’s
inequality we obtain the estimate (4.21) for u=u+dand 0 < 31 < B3 <
N 2 . Finally, letting d — 0 and applying Monotone Convergence Theorem
to conclude. 0

LEMMA 4.7. — Letr > 0 such that B, C . Assume that u is a nonnega-
tive supersolution to (4.1). Then, there exists a constant n € (0,1) depending
only on N and sg such that

1
1 n
—_ 1 < (i .
(i ) <cnte 2

where C' > 0 depends on N, sq, o, and it is independent of u.
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To prove Lemma 4.7 (see [31], [42] and the pioneering work [30]), we will
use the next covering lemma in the spirit of Krylov—Safonov theory. This
Lemma is taken from [42, Lemma 7.2].

LEMMA 4.8. — Let g € RY andr > 0. Let E C B,(z0) be a measurable
set. For & € (0,1), we consider the set of balls Bs,(x) C RN with x € By, (r)
and |E N Bs,(z)| > 8|B,(z)|. Now, define covering

[El5 := | J{Bsp(x) N By(x0), 2 € By(z0) : |E N Bs,(x)| > 8| By(z)]}.

Then, either

(1) [[El5] > $1E], or
(2) [El; = By (w0).
where C depends only on N.

Proof of Lemma 4.7. — Let us recall that for every n > 0, we have

1 o0 B, N t
I |/B u'lde = 77/0 t"_1|éu|>}|dt. (4.26)

For t > 0 and i € N, we set Al = {z € By; u(z) > t6'} where § is given
by Lemma 4.5. It is clear that Aj~" C Aj. Let p > 0 and x € B, such that
Bs,(z) N B, C [Aj""]5. Hence, we get

4570 By ()] > 818, = By,
Thus, thanks to Lemma 4.5, we obtain
u(z) > 6(t6") =" for all = € B,,
and therefore [A] ']z C Al. Hence by Lemma 4.8, it follows that,

C

Aj = By or |4]] > S1417) (4.27)
So, if for some m € N we have
43> (2) 13 (1.29)
C

then A" = B,. If not, it follows from (4.27) that
m 5 m—
A = E‘At .
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On the other hand, we have A:™' ¢ A7 C B, for all 4 < m. Thus, by the
second point of the alternative (4.27) we reach A:~! and then

_ ~\ m—1 ~\ —1

Therefore |A}*| > |B;|. Or this contradicts the fact that A7* C B,. Hence
A" = B,

Now let us observe that (4.28) holds if

1 AY
> - log(| fl), (4.29)
log(Z) ~ \IB|

and fixing m to be the smallest integer such that (4.29). Then m > 1 and

1 | A7
0<m—-1< — log .
log(&) ~ \IB

Thus, using the fact that § € (0, %), it can be checked that

(AN P
infu > t6™ = t66™ 1 >t8 ( ) ,
! IB,]
3

with 3 := li)g;(é)).

Setting £ := infp,_ u. Then, we have

1B n{u>t} A}l _ 55,58
15r O > U1 1A F5-pp-8e8,
| B, | | Br|

Moreover, we deduce from (4.26)

u”dxgn/ t”fldt—f—nCN'/ t"=15P=Peldt
|BT‘ B, 0 a

~ n—p
—a"— ncus—ﬁgﬂ;_—ﬁ. (4.30)

By choosing a := £ and 7 := g, we can conclude. |

Now, we are ready to prove the weak Harnack inequality stated in The-
orem 4.1.

Proof of Theorem 4.1. — Thanks to Lemma 4.7, we obtain

1

1 n
N n < inf
(51 w5’ <
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for some 7 € (0,1). Fixing 1 < ¢ < -5 25 . By Lemma 4.6 with 8; = n and
P2 = q, we get,

1 @ 1 "
— u? dx <C uldz | .
(|BT B, > (B’S | B%r )
L 1
/ u?dx < Cinf u
|Br| B Bs,.
T 2

and we conclude. O

Hence

As a consequence, we get the next strong maximum principle.

THEOREM 4.9 (Strong maximum principle). — Let u € Hg(')(Q) be a
nonnegative function such that (—A)*u > 0 in the weak sense. Then,
either u=0 oru > 0 a.e. in Q. Moreover, if u 2 O then for all xg € Q and

ro > 0 such that Bay,(xo) C  and for all g < N 5o we have

essinfp, (s u=C(r, N, so,sl)(/ ud dx)
270
o (zo)

where C(r, N, sg,s1) > 0.

5. Existence results for the singular problem in the case where o
is constant

In this section, we come back to the main Problem:

(=A)*Cy, i )-i-f(x u) in Q,
u >0 in Q, (5.1)
u=0 in RV \ Q,
in the case where o is constant.

As mentioned in the Introduction, we will concentrate on the following
sub-cases:

(i) f= f(z) and g € L}(Q) are nonnegative measurable functions;
(ii) f(z,u) =u™ with0 < a <1 and
(iii) f = 0 and ¢ is a nonnegative Radon measure satisfying additional
assumptions that will be specified below.

Let us begin by defining the concept of distributional solution in the case
where f,g € Li ().
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DEFINITION 5.1. — Let u be a nonnegative function such thatu € L*(Q).
We say that u is a distributional solution to (5.1) if for any compact set
K CC Q there ezists a positive constant C'(K) such that essinfx u > C(K) >
0 and for all ¢ € C§°(Y), we have

ux—s(')mxzﬂxx x)¢(x)dx
[ u@=ar o = [ Lo+ [ f@owar 62

provided that every term of (5.2) exists.

In the case where f depends also on u, we suppose that f is a Carathéodory
function such that f(-,u(-)) € Li ().

5.1. Case o = constant, f = f(z) and g € L*()

Let us begin by the following useful comparison principle, whose proof
follows from the comparison principle of Theorem 2.8.

PROPOSITION 5.2. — Assume that f,g € L (Q) are nonnegative func-

tions with g z 0 and a > 0. Let u,v € Hj o )(Q) are nonnegative sub and
supersolutwn in the sense of Definition 4. 2 to the following Problem

APy = — 9 ;
(=4) wi(w+a)“(-)+f in &,
w >0 in €, (5.3)
w=0 in RNV \ Q.
Then v < v in .
Proof. — Let u and v are nonnegative sub and supersolution to (5.3) in
the sense of Definition 4.2, then
1 1
—A () (qy — < — .
( ) (U ’U)($) g |:(U I a)o(x) (U + Cl)a(x):|

Using (u —v)* as test function in the last inequality, we get
1 1
— )2 < — _ N\t

Notice that,

{(u + i)cr(z) e 2)0(@} (u—v)" <0,

since g > 0, then

+12
Thus (u —v)"(z) = C a.e. in RY with C € RM. Since u = v = 0 in RV\(,
then (u —v)* = 0. Therefore the result follows. O
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As a consequence, Problem (5.3) has a unique positive solution u €
Hg(‘)(ﬂ). Moreover, if g1 < g2, f1 < f2 and a1 > a9, then u; < uy where u;
is the solution corresponding to the data f;, g; and a;.

Before stating the main existence result of this subsection, we need the
following auxiliary existence result.

THEOREM 5.3. — Let g be a nonnegative measurable function such that
g € L™(Q2) with m > 1 and o = const. Then, Problem

(=A)* Dy = u% in Q,
u>0  inQ, (5.4)
u=0 inRY\Q,

has a distributional solution u such that u™> € HS(')(Q). Moreover, u is
the unique solution to Problem (5.4) in the sense of Definition 5.1 such that

= e HO(Q).

Proof. — Let n > 1 and define u,, to be the unique positive solution to
the approximating problem
. In .
(fA)S( My = —"—— in Q,
n (Un + %)a
Up > 0 in Q, (5.5)
=0 in RV \ Q,
where g, := min(n,g). The existence in this case follows from a classical
minimization argument. We set
In
L(z,a) = — =— where a > 0.
(a+3)°
L(x,a)

Using the fact that is decreasing for a > 0, then by the comparison
principle of Theorem 2.8, we deduce that {uy}, is increasing with respect
to n. Moreover, from the weak Harnack inequality, it holds that for any
compact set K CC Q and for alln > 1

essinf g u,, > essinf i u; > C(K). (5.6)

Using u? as a test function in (5.5), it follows that

1 (un(z) — un(y)) (up(z) — uy (y))
2 / /DQ |z — y[V+2s@w) dzdy < /Q g(x)da.

From the algebraic inequality (2.9), we get

o+1
r) —un? (y)?
//DQ |ac— N Es) dxdyg/ﬂg(x)dx.
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o41
Thus the sequence {un? }, is bounded in Hg(')(Q). In addition, the se-

quence {uy}, is monotone on n. Then, there exists a measurable function
o+1 .
u such that u, T u ae. in RV, u,> — o weakly in HS( )(Q) Hence we

conclude that u, 1 u strongly in L*(Q2) for all a < (]‘\7,+12)N Since u > uy,
for all n, we deduce from (5.6), that essinfx u > C(K) for any compact set
K CC Q. Hence, by the above estimate and passing to the limit in Prob-
lem 5.5, we can prove that w is a distributional solution to Problem (5.4)
with u ;r € ]HIS( )(Q)

To prove the uniqueness, we suppose that Problem (5.4) has two positive so-
o+1

o+1
lutions vy, vy with vy 2 ,1)2% € HS(')(Q). Denote v; the solution obtained
as a limit of the monotone sequence {uy},. Then, by the comparison prin-
ciple in Proposition 5.2 applied to Problem (5.5), it holds that u,, < vy for
all n > 1. Thus v; < v2. Now, by substraction, we obtain that

(=A)*C) (v — 1) 0. (5.7)
ot1 ot1 ol o4l
Notice that (vy2 — v;2 ) is a nonnegative function with v,? , v;2 €

Hé( ' )(Q) Define v to be the unique positive solution to the problem

{pAwﬂwzeinQ

Yp=0 inRYV\Q, (58)

where 6 € C§°(€2) and 6 > 0. By Theorem 3.2, we know that ¢ € HS(')(Q) N
L>(Q). Using 4 as a test function in (5.7), we deduce that

/(7]2 —v1)8dx <0
Q

Hence we conclude that vo — v; = 0 and then the result follows. O

Now, we are in position to state the main existence result of this subsec-
tion.

THEOREM 5.4. — Assume o(-) = o. Let f and g be nonnegative mea-
surable functions such that f,g € L*(Q). Then, Problem (5.1) has a unique
positz’ve distm’butional solution u such that v € L*(Q) for all a < sto and

T (u )GH ()forallk>()

Proof. — The proof is based on sub and supersolution method and iter-
ation arguments.

For this purpose, let us build a supersolution to (5.1). In fact, let v be
the unique solution to Problem (5.4) obtained in Theorem 5.3 and let w be
the unique solution to Problem (3.1) with h = f.
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Then, by Theorem 5.3, we know that v € HS(‘)(Q), thus v°% €
H° (€2). Hence using Sobolev inequality, we obtain that v e LY for

all a1 < & 2@ . Now, since f € L'(Q), then w € L%(Q) for all ay <

oo 2 Settlng u = v + w, then, we deduce that u € L*(Q) for ever a <

(o+1)N } _ N
N— 250’N 250 N— 250

min{ and

(—A)»*a(z) = % +f> a% + .

Thus @ is a positive supersolution to (5.1) with @ € L%(€) for all a < =5 290

Now, let u,, be the unique solution to the approximating Problem

(_A)S(.)un = dinly + fn in Q,
Up > 0 in Q, (5.9)
Up =0 in RV \ Q,

By the comparison principle in Proposition 5.2, u,, < @ for all n. Moreover,
{tn}n is increasing. Using now T (uZ) as a test function in (5.9), it follows
that

1 (Un(l') - un(y))(T (UZ(Z)) —T (ug(y)))
2 //Dn |z — yTN—i-Qs(zhy) k dzdy < /Qg + k/gf'

Hence by the algebraic inequality (2.10), we deduce that the sequence

{Ty (un )}n is bounded in H o )(Q) Moreover, the sequence {uy, }, is mono-

tone on n, we get the existence of positive measurable function u such that

un T u a.e in RV, Thus u > C(K) a.e. in K, for any compact set of 2 and
ol - s(-

T (un ) - Tk(u#) weakly in ]HIO( )( Q). Since u < @, then @ € L*(Q) for

all a < Nooe 250

Let ¢ € C§°(€2) with Supp ¢ C K, where K isa compact set of 2. We have

WWHMM ¢+f|¢| ( G —— + fl¢],

where we have used the fact that u; > C(K) a.e. in K. Then, by the Domi-
nated Convergence Theorem, we obtain

/Q(UnJr ¢dx+/f"¢_>/7¢dx+/f¢dx as n — o0o.

Tl

On the other hand
lim /rj) V¥ u,dz = lim U (—A)*Cda

n—-+oo n—-+oo Q

= lim u(—A)*gda.

n—-+oo Q
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Hence, u is a weak solution to Problem (5.1) with v € L%(f2) for all a <
;25 and Ty (u™3) € HY'(Q) for all k > 0.

Concerning the uniqueness, we proceed in the same way as in the proof
of the uniqueness part in Theorem 5.3. O

5.2. Case o = constant, f(x,u) =u%, and g € L*()

Now, we deal with the case where f depends on the unknown function
u. To simplify the presentation, we will only consider the potential case i.e.
f(z,u) = u®* with « > 0. Namely, we study the following Problem:

Ay = L5 e g

UU( )
u>0 in Q, (5.10)
u=0 in RV \ Q,

where g € L1(Q) and g = 0.

THEOREM 5.5. — Let 0 5 g € LY (Q). Then, for every o > 0 and for
every o € (0,1), Problem (5.10) has a distributional solution u > 0 such that

W e HO)(Q).

Proof. — We will use monotonicity argument. Let ug = 0 and for n > 1,

we define u,, € HS( ' )(Q) to be the unique solution to the Problem

s(- In , :
(=A)* gy, = ot e +uy_; in 9,
Un >0 in Q, (5.11)
Up, =0 in RV \ ,

where g, := min(n, g). The existence of {u,},, follows by using an induction
argument. For the convenience of reader, we will include some details. Recall
that ug = 0, we define u; to be the unique solution to the Problem

APy =9 0
( ) st (u1+1)a' m 9
uy >0 in Q,
up =0 in RV \ Q.
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Notice that the existence of u; follows using minimizing argument. Since
(ulgﬁ < g1, then we can show that w; € L*°(Q). Thus, again using mini-
mizing argument, we can define ug as the unique solution to the Problem

. g2 .
(AP yyg = —2— L4 inQ,
(uz2 + 3)°
ug >0 in Q,
ug =0 in RV \ Q.
Notice that (uﬁ_ill)a + uf < 2992 +uy € L>®(Q). Hence by an induction
2

argument, we get the existence of u,, that solves Problem (5.11) with w,, €
L (Q)n HS( )(Q) In addition, {u,} is an increasing sequence.

Now, using uZ as test function in (5.11), we get,

2 </ %dx—l—/u(”“dx.
HS(.)(Q) X 0 (un—&—l)” o n

n

o+l
Cllun® |

Since o < 1, it follows that o + o < "7“2:0. Hence, applying Holder and
o+l .
Sobolev inequalities imply that {u,> }, is bounded in HS( )(Q) Therefore,
o+1

o41

there exists a measurable function u such that u,? — wu,?

(o+1)2}

Hg( ' )(Q), U, T u strongly in L—2(Q) and u,, = u a.e. in RV, Hence, we
easily conclude that u is a distributional solution to (5.10). O

weakly in

Remark 5.6. — The above existence result still holds if we replace the
term u® by the linear term Au with A small enough. The case where o > 1
is more complicated and left as an open problem.

5.3. Case o = constant, f =0, g is a nonnegative Radon measure

In this paragraph, we study Problem (5.1) when g = p is a nonnegative
Radon measure. To this end, we shall need of definition and some properties
of fractional relative (s(-),2)-capacity with respect to 2. Readers who are
not familiar with the concept of relative capacity might want to start by
reading the first part of the Appendix.

Before stating the main results of this section, we need the following three
definitions.

DEFINITION 5.7. — Let U C Q be a relatively open set, that is, open with
the relative topology of Q. The variable order fractional relative (s(-),2)-
capacity of U with respect to Q is defined by

Capg(_m)(U) := inf {||u||%,s(.)(m sue HC)(Q) and u > xu a.e. in Q} .

- 721 —



K. Biroud and E.-H. Laamri
More generally, for any subset B C Q,

Capg(_)’z)(B) = inf{Capg(_)’z)(U) ; U relatively open in Q and B C U}.

In the previous definition, we have denoted H*(")(Q) := W*(:):2(Q) and
HoC)(Q) = We()2(Q).

DEFINITION 5.8. — Let u be a Radon measure on 2. We say that p is
concentrated on a Borel subset E of Q, if u(B) = u(B N E) for every Borel
subset B of RN . See, for example, [28, p. 746.

DEFINITION 5.9. — Let u be a nonnegative Radon measure in 2. We
say that p is singular if it is concentrated on a subset E C 2 such that

Cap?s(,)’z)(E) = 0. We denote the set of singular positive measures by M.

Now we are ready to state and to prove the principal theorems of this
section.

THEOREM 5.10. — Let p be a nonnegative Radon measure concentrated

on a Borel set E such that Cap?s(,m)(E) = 0. Let {gn}n be a sequence of
nonnegative bounded functions such that g, — p in the narrow topology of
measures. Let u,, be the unique solution to the approximated Problem (5.5).
Then, up to a subsequence,

o+1

un®> — 0 weakly in HS(')(Q) as n — Q.

Proof. — We follow closely the argument used in [3]. Since p is a singular

measure with respect to the capacity Cap?( )25 then for all € > 0, we get the

existence of an open set U, CC 2 such that E C U, and Cap?(_)’Q(UE) <e.
Thus there exists a regular function ¢. in C§°(2) such that ¢. > 0, ¢. = 1

in Uz and
pe () — ¢ (y)?
//DQ lz — |N+25(xy)d xdy <€

Using Picone’s inequality stated in Proposition 2.7 to u,, and ¢., we obtain

“AP) (g, + 1 2
/ ( ) (ul + n // |¢5 ( )| d dy < e
Q (un + ) Dq |z — y|N+28(m )

n

Thus

N

In
—————dz <e.
/l\]a (un + %)JJFI
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Applying this time Holder’s inequality, we obtain

[ p——T
v. (un +3)° v. (un +3)7*! U.

n
<C / A RS
—_— — Adx go+l

B . (un+%)g+1 B

We claim that for all ¢ € C§°(2),
. gn
lim | ————=—¢dz=0.
n—oo Jo (Un + %)U ¢

First, we have

In 9n gn
— || dx < I —d —l—/ — o] d
/Q e 014 < o / e [ el

gn
< Jlllooe + / I 41da
Q\U. (un+ %)a

Second, since u(Q2\ Us) = 0, we can choose a sequence {g,}, such that
Supp(gn) C Ue if n = ng. Thus
In .
|p|dz =0 if n > ng.
Q\U. (un + %)J

Hence

. In
lim ————0dz =0 5.12
n—oo [ (un + %)o‘ ¢ ( )

and the claim follows.

By using the same computation as above and again applying Hoélder’s
inequality, we easily get

nl;rréo ; ﬁ(ﬁdx =0 for all @ < o and for all ¢ € Cz°(2). (5.13)

Now, using ug as test function in (5.5) as in the proof of Theorem 5.3.
o+l .

Then, we get the sequence {un? }, is bounded in HS( )(Q) Thus, there

o+1

exists a subsequence still denoted by {u,}, such that u,? — uE weakly
in HS(')(Q). It is clear that u solves (—A)*(‘)u = 0. Moreover, by using
an approximation argument, we can take u” as a test function in 5.5 to
obtain that

C(o)u"F|

1?413«)(9) S /Q“U(*A)S(')u =0.
Since u = 0 in RV \ €, then u = 0 and the result follows. g

For the more general case g = ps+h where h € L'(Q) and p, is a singular
measure, we can prove the next improvement.
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THEOREM 5.11. — Let {€,}n, and {h,}, be two sequences of nonnegative
bounded functions such that £,, — p in the narrow topology of measures and
hyn — h strongly in L*(Q). Let u,, be the unique solution to the approzimated
Problem (5.5) with g, = £y, + hy,.

Let w be the unique distributional solution to the Problem
h of1 s(-
(—A) Oy = — in D(Q),w™ eH) (), (5.14)
wﬂ

obtained by approximation. Then, up to a subsequence,
o+1

Ut —wE weakly in HS(')(Q).
Proof. — Using the same arguments as in the proof of Theorem 5.3, we

otT .
deduce that the sequence {u,? } is bounded in Hf)( )(Q) Hence, up to a

subsequence, we get the existence of w such that W € HS(')(Q) and
o+l o .
un? — w'E weakly in Hi()(Q).

By the same techniques used in the proof of Theorem 5.10, we obtain
by
lim o ¢de =0 forall ¢ € C5o().

n—oo [o (Un —+ ﬁ)

Let v,, be the unique positive solution to Problem

s(- hy .
(=A)* Dy, = ot D in Q,
vy, >0 in €,
Up = in RV \ Q.

Then according to the comparison Principle in Proposition 5.2, we obtain
Uy = v, = v1 for all n > 1. Thus for any compact set K of 2, we have
up, = C(K) > 0 for all n.

Finally, we can easily show that w solves (5.14) at least in the sense of
distributions. |

6. Existence results for the singular problem where the function
o(-) is not constant

Throughout this section, we assume that o : = — o(z) is a positive
continuous function and nonconstant.

As mentioned in the introduction, the situation is more complicated
in this case. In fact, several estimates, valid in the case ¢ is constant, no
longer hold.
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In the beginning, assume that f = 0. Then, Problem (5.1) can be writ-
ten as

(=A)* Dy = Iy Q,

B ua(x)
u>0 in Q, (6.1)
u=0 in RV \ Q.

Then we have the next existence result.

THEOREM 6.1. — Let g be a nonnegative function such that g € L™(2)
with m > 1. Then, Problem (6.1) has a unique distributional solution u such

that u € L*(Q) and Tk(u#) € Hé(')(ﬂ) where 0* = ||o]| Lo () -

Proof. — Let n > 1, define u,, to be the unique solution to the approxi-
mating problem

Ay, G

(=A)* Ty, (ot %)U(I) in Q,
Uy > 0 in Q, (6.2)
u, =0 in RV \ Q,

where g,, := min(n, g).

First of all, the existence in this case follows from Schauder fixed point
Theorem.

To make the paper self-contained as possible, we include here some
details.

Fix n > 1 and consider the operator R : L*(Q) — L%*(Q) defined by
R(v) = u with u being the unique solution to the problem

APy = I

(A (0r % 1)o@ in Q,
u>0 in Q, (6.3)
u=0 in RV \ Q,

Since < C(n, ||lo|loo), then R is well defined. Hence we get the

existence of R > 0 depending only on n, ||o||o such that if R(Bg(0)) C
Br(0), where Br(0) is the closed ball of L?(2) centered at the origin with
radius R. It is not difficult to show that R is continuous and compact. Hence
using the Schauder fixed point Theorem, we get the existence of u,, € L?(£)
such that R(u,) = up. It is clear that u, is a positive solution of (6.2).
The uniqueness of u,, follows using Theorem 2.8, where in the same way we
deduce that {u,}, is increasing in n.
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Let 0* = max__g o(z). Using Ty (ug"), where Ty, is defined in (2.3), as a
test function in (6.2). We obtain

1 (un () = un () (T (g, (x)) = Tio(ug, (y)))
2//DQ k k dzdy

|1. _ y|N+25(x,y)

Q (un + 7)0(06)

n

Notice that

[ oL e,

(up, + %)"(I)

9nul () 9n
= 2=~ dr+k —dx
/{u:;*<k} (un + )o@ {ug= >k} (Un + )@

n

oc*—o(x) gn
gn(ud (x))dx + k:/ —dz
/{uz*<k} fug* >k} (Un + )7
< C’(k)/ gdx.
Q
Thus we deduce that

1 (un(2) — wn (Y) (T (g () — Ti(ug (y)))
2 //DQ Z|Jx — Z|N+25(w7y) : : dzdy < C(k)llgll 21 (-

N

In addition, we have

1 (un () = un () (T (g, (x)) = Tioug, (y)))
2//DQ k k dzdy

|1’ _ y|N+23(w,y)

o* 41
2 O T (un® )

2
Hy (@)

Hence as in the past subsection and taking into consideration that {u, }, is
monotone, we get the existence of a measurable function u such that u, T u

a.e. in RY, Tk(unTH) — Tk(u#) weakly in H)(Q). It is clear that
essinf g u > C(K) for any compact set K C Q and that w, — u strongly in
L'(€). Hence by the above estimate and passing to the limit in the problem
of uy,, we can show that v is a distributional solution to problem (6.1) with
Tk(ug*;l) € HS(')(Q) and u € L'(Q). The uniqueness follows thanks to
comparison principle in Proposition 5.2 and the monotonicity of the singular
term. |

In order to show more regularity result for the solution to Problem (6.1),
in the case where o( ) is not a constant, we will consider the set

Qs :={z € Q; dist(z,00Q) > 6} with § >0,
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and we will distinguish two cases, depending on whether |[o|| 7<) > 1 or
not.

More precisely, we have the next regularity result.

THEOREM 6.2. — Assume that o is positive continuous function in €.
Let u be the unique distributional solution to Problem (6.1) obtained in The-
orem 6.1 and define 0™ := ||o|| (). Then

(1) If U(x) 1 in Qs for some § > 0 and g € L O)I(Q), then u €
Hy (). *
(2) If () 2 1inQs, 0 > 1 and g € L™ (Q) where my = %,
then u™=" € HS(')(Q).

Proof. — Let u, be the unique solution to the approximating problem
(6.2) and consider the set ws := O\ Q5. Thanks to the Harnack inequality
and the monotonicity of {u,},, we get the existence C,,, independent of n
such that u,, > C,,.

In the first case we have just to show that {u,} is bounded in Hg( ' )(Q)
More precisely, using u,, as test function in (6.2), it holds that

2 . In In
HS(’)(Q) - /Q(s (un + %)U(I) undx + Lé (un i %)U(m) undx

</ gndx—|—/ gnundx—l—/ gT(L )undx
Qsn{un,<1} Qsn{un>1} ws Cos”

ws
<ol + (14 1C57 ) /Q Gntinda.

[[n]

Therefore, by applying Holder and Sobolev inequalities, we get

1
1 @) = un (@) \?
et < i ([ ) o], sy

Thus, we obtain ||u,|| H < C. Thus we conclude. For the second case,

()
@ =
we use uZ as test function in (6.1) and proceed as in the first case. O

Now, going back to Problem (5.1), with o(-) # constant. By following
the same arguments as in the proof of Theorem 5.4, we get the next existence
result.

THEQREM 6.3. — Suppose that o(-) is a nonnegative continuous func-
tion in Q. Then for all f,g € L*(Q) with f > 0 and g Z 0, Problem (5.1)
has a um’que positive distributional solution u such that u € L'(Q) and

Ti(u™= )EH ()forallkz>0
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In the case where f and g are more regular, we can improve the regularity
of the solution. In particular, we have the next improvement.

THEOREM 6.4. — Let o be a positive continuous function in Q and con-
sider u to be the unique distributional solution to Problem (5.1) obtained in
Theorem 6.3. Then

(1) If o(x) > 1 in Qs and f, g € L™ (Q) with my = ﬁ‘;jjl, then
2 (@),

(2) Ifo(z) < 1in Qs and f, g € L% (), then u € H ) (Q).

Proof. — We use the same reasoning as in the proof of Theorem 6.2. [

In this regard, we can prove the existence of a solution for all g € L'(Q)
when o(x) > 1 in Q. This is the purpose of the following theorem:

THEOREM 6.5. — Assume that hypotheses of Theorem 6.4 hold. Suppose
that g € LY(Q) and f € L0 (Q). Let u be the solution to Problem (5.1)

ot 41
obtained in Theorem 6.3. Then, Gy(u) € H:(Q) and T, % (u) e 1) ()
for all k > 0.

Proof. — Recall that u, is the solution to the approximating Problem
(5.9). Then, using Gi(u,) as test function in (5.9), Holder and Sobolev
inequalities, we get

gnGr(un
C”Gk(un)H%gm(Q) </Q(k(d +/fnGk (un)d

Un+ﬁ

< [ e+ 1o |Gl

<E T ey 9]l L1 0y + Cll Gl H3<->(Q)~

c*+1

Hence {Gj(un)}n is bounded in ]HIQ( )(Q) We prove now that {7}, 2 (un)}n
is bounded in HO( )(Q) Testing with T¢ (u,,) in (5.9), it follows that,

2 gnTU (un)
How e gt [ e

SA%ﬁ_mWwM+ﬂf%WMmﬂ

41
C|IT, * (un)|

<K 7O ooy l9ll 1) + C (0™, Ky || fll 23 0))
< Ok, 0%, || fllr @), gl @))s

Taking into consideration the monotony of the sequence {uy,},, it follows

. ottt o
that G (u) € Hi)(Q) and T, % (u)e H:' ) (€). Hence we conclude. O
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Remark 6.6. — The existence results in Theorems 5.4 and 6.3 hold if
we replace f with a nonnegative bounded Radon measure . This follows by
using the fact that we can approximate p by a sequence of bounded functions

{fn}n with an”Ll(Q) <C.

7. Appendix

Inspired by the papers [14, 59], we will introduce two notions of
(s(+),p)-capacities connected with the variable order fractional Sobolev
spaces W*():P(Q). Then, we will give a decomposition Theorem for regular
signed measures with respect to (s, p)-capacity. As an interesting applica-
tion, we will extend the famous result of [16] about a nonlinear problem
involving the usual Laplacian to a nonlinear problem driven by the regional
fractional Laplacian.

In order to make this paper self-contained, we include some details for
the reader’s convenience.

7.1. Different notions of capacity

In this paragraph, we will introduce three notions of capacity and gather
some of their properties that we have already used in Section 5 or will use
in the last part of this appendix.

Throughout this paragraph, we will assume that p € [1,+00) and the
function s(-) satisfies the hypothesis (H;) and (Ha).

Choquet capacity.
First, let us recall the definition of the so-called Choquet capacity.

DEFINITION 7.1. — Let T be a topological space and let P(T) be the
power set of T. A mapping C : P(T) — [0,00] is called a Choquet capacity
on T if the following properties are satisfied:

(1) C(0) = 0;
(2) Let (A,B) € P(T) x P(T) such that A C B, then C(A) < C(B),
(3) Let {A,}n be an increasing sequence of subsets of T. Then

Jim C(A,) = C<nL_JO An>;
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(4) Let {K,}n be a decreasing sequence where K, is a compact subset
of T. Then

i e~ )

For more details on the Choquet capacity, we refer the interested reader
to [25, 34].
Variable order fractional (s(-),p)-capacity.
DEFINITION 7.2. — Let O be an open set of RN . The wariable order
fractional (s(-),p)-capacity of O is defined by
Cap(s(.) ) (O)
= inf{||u||€vs(,),p(RN) u e WORRY) andu > 1 ac. in O}.

Now, we will gather some properties of the variable order fractional
Cap(s( .),p) that can be proved by using the same approach as for the “clas-
sical” Sobolev-capacity, see [10, 33, 59].

THEOREM 7.3. — Assume that (Hy) and (Hz) hold. Then, the variable

order fractional capacity Cap .y ,) has the following properties:

(i) Cap(y(.y,p) s a Choquet capacity.
(ii) For any subset M of R, we have
Cap(s( ) p (M)
= inf{Cap(S(,),p)(O) : O open subset of RN and M C 0}
= sup{Cap(s(,)}p) (K); K compact subset of RN and K C M}

(iii) For any compact subset K of RN, we have

Capy(.yo(K) = inf{||u||€VS<,),p(RN) ;u€CP(RY) andu > 1 a.e. on K}.

Variable order fractional relative (s(-),p)-capacity.

Before going further, one should note that the fractional Sobolev version of
the relative (s,p)-capacitie has been introduced in the case where s(-) is
constant in [59] (see also [14]). Here, we will extend this notion to the case
where the function s(-) is not a constant function.

In what follows, € is an arbitrary (unless otherwise specified) open subset
of RV with boundary 6.
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DEFINITION 7.4. — Let U C Q be a relatively open set, that is, open with
the relative topology of Q. The wvariable order fractional relative (s(-),p)-
capacity of U with respect to Q) is defined by

Cap?s(,),p)(U) = inf{||u||€vsvp(ﬂ) ;u € WsP(Q) s.t.u>1 ae. on U}.

Remark 7.5. — If Q = RN, C&pg()m) = Cap(s(m))

THEOREM 7.6. — Assume that (H1) and (Hz) hold. Then, the variable

ractional relative capacity CapQ, . has the following properties:
(s(+)p)

(i) Capg(_)m) is a Choquet capacity on Q.
(ii) For any subset M C €, we have

Q
Cap(s( .y p) (M)
= inf{Cap?(,m(U) ; U relatively open in Q and B C U}
= sup{Cap?S(_)’p)(K) . K compact subset of RN and K ¢ M C Q}
(iii) For any compact K subset of Q, we have
Cap?( . ),p(K)
= inf{||u||€vs(_),p(ﬂ) cue WHIP(Q)NC(Q) and u>1 a.e. on K}

Decomposition of a signed measure in M} (Q) .
Before stating the main result of this paragraph, we will introduce two no-
tations. We denote by:
o M;(Q) the set of all bounded signed measures on €;
o MP(€) the space of all measures in M, (£2) such that p(E) = 0 for
every set F fulfilling Capgp(E) =0.

Inspired by the papers [16, 61], we have the following decomposition of a
measure of My(Q).

THEOREM 7.7. — Let Q be bounded domain in RN with boundary 052,
p be an element of Myp(Q2), s € (0,1) and 1 < p < +oo. Assume that

Cap{,(0Q) = 0. Then, p € L*(Q) + W=*¥(Q) if and only if u € My().

The main idea in the proof of Theorem 7.7 is similar to the proof of [61,
Proposition 2.6], see also [16, 27, 28].
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7.2. Application

In this subsection, we deal with the following Problem,
(—=A)*u+uD?(u) =p inQ,
u=0 inRY\Q, (7.1)
uw>0 in €,

where Q is bounded regular domain of R and s € (1,1). Here D?(u) is a
nonlocal term that plays the role of the gradient square in the nonlocal case
and it is given by

2 _ans [ |u(@) —u(y)
Db(x)_ 2 /]RN ‘.’E—y|N+2S dy

with ap s is the normalization constant given by (1.3).

It is worth to mention that the case, where the nonlocal gradient term
D?(u) appears as a reaction term, was studied recently in [8]. Existence of
a solution is proved under restrictive condition on the datum pu.

Since we are considering our problem with general datum, we need to
specify the concept of solution. We begin by the following definition, see [11]
and [4].

DEFINITION 7.8. — Let u be a measurable function. We say that u €
TE2Q) if Ti(u) € W2(Q) for all k > 0. Let u € T3*(Q). We say that
u is a renormalized solution to (7.1) if uD?(u) € LY(Q) and the following
conditions are satisfied:

u(y)|
(1) lim // ———————dxdy = 0, where
h—=+o0 J JA(n) |$ - Z/\NHS

h+1 < max{|u(z)], |u(y)[} }

_ T N N .
A= {( W ERTET min{|u(z)], [u(y)|} < h or u(z)u(y) <0

(2) for any ¢ € C*(Q) and S € WEL(RYN) with compact support, it
holds that

(u(z) — u(y))((S(w))¢(x) — (S(u)o(y) ,

= /Q S(u)ddp.

The main result of this subsection is the following:
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THEOREM 7.9. — Let Q be bounded regular domain in RN such that
Capgp(aﬁ) =0, p € My(Q) and s € (3,1). Assume that u is a solution
to (7.1) in the sense of the definition 7.8. Then p € M{ ().

Proof. — Let u be a renormalized solution to (7.1). To prove that u €
MP(Q), it suffices to prove that u € W3?(Q). Moreover Ty (u) € Wg?(9),
then we have just to prove that Gy (u) € W (Q).

Define the following subsets

Ay ={(z,y) € RN x RN ; u(z) < k and u(y) < k},
Ay = {(z,y) e RN xRY ; u(z) > k and u(y) > k},
Az = {(z,y) e RN x RN ; u(z) < k and u(y) > k},
and Aq = {(z,y) € RN xRY ; u(z) > k and u(y) < k}.

Thus, if Gi(u) € VVOS’2 (Q) for every k, then, by using the previous sets, we
obtain

//DQ (Gk(u(if))—ﬁfgg(y)))zdxdy
//A2 |$_y‘N+2.s d dy +//AS |N+25d vy
i //A4 |xy|_N+225d$dy- (7.2)

In addition, uD?(u) € L*(€). Then, we obtain

> _ ()
/QuDs(:c)dxff /RN |x_ |N+23 ——— " dady
u(y))®
k;/ / —————5—dad
u :v)>k} RN ‘.’E - |N+2S Y
v)?
//Az Ix—le“@ Ty W (73)

Hence
(u(@) —u(y))?
//A2 —\x e dzdy < C(k). (7.4)
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On the other hand, we have

/Q uD?(x)dz = / / |x_y|N+2>3 .
/RN /]RN |2 _))y|(NJ(r22 + uly) dxdy
sof [ e, -

which implies that u? € W2(€) and Gy (u?) € W*(Q) for all k > 0. Thus,
by using the same computation as in (7.2), we get,

// (Gr(uf(2)) — Gilu?(y >>)2dxdy

‘N+25
_// (u?(z) —u?(y ))2d dy
Wi @)skud sy T =y

5 k)2
+// 3 3 (u? (y) N+2)sd dy
{ud @<k ud )>ky 1T =Yl

+ //{ , dedy

wd (@)>kud )<hy 17—

3
2 —k
2//3 N L el P
{u? (z)<k,u2 (y)>k} |z -yl

(u? () — k)?
i //{u2( : wdmdy (7'6)

$@)>kud (<hy 17—

Now we claim that, by choosing k1 > 0 such that u2 (y) > k1, we obtain

oo

(u (y) — k1)? > C(k1)(uly) — ki )? (7.7)

where C(k1) is a positive constant. Indeed, since u%( ) > k1, we have

2 2\2
(y) — k1)* = u’(y) (1 - usk(ly)> > kiu®(y) (1 - f@) :

, we have 7 € (0,1) and

(MY

(u

By setting 7 = —2
u2 (y)
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where we have used the fact that (1 —7)2 > C(1 — 73)2 for all 7 € (0, 1).
Thus (7.7) follows. So, inequality (7.6) implies

// dedy < oo forevery k >k (7.8)
(03 (@)<h,ud ()>k) [T —y[NT2e N .

Hence, by using the same computations as above, we obtain

3
$r) — )2
// . , %dxdy < oo forevery k > k. (7.9)
i<kt @k 17—yl

Combining (7.2), (7.4), (7.8) and (7.9), we get Gi(u) € W3*(Q). Or u =
Ti(u) + Gi(u), then u € W2(Q). Hence (—A)*u € W=52(Q) (the dual
space of W?(€2)) and we conclude that p € MY (Q). O
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