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Scattering Theory and Spectral Stability under a Ricci
Flow for Dirac Operators *)

SEBASTIAN BorpT () AND BATU GUNEYSU (@)

ABSTRACT. — Given a noncompact spin manifold M with a fixed topological spin
structure and two complete Riemannian metrics g and h on M with bounded sec-
tional curvatures, we prove a criterion for the existence and completeness of the
wave operators #4(Dy, Dg, Iy ) and #4 (Di,Dg7 Iy 1), where I 5, is the canoni-
cally given unitary map between the underlying L?-spaces of spinors. This criterion
does not involve any injectivity radius assumptions and leads to a criterion for the
stability of the absolutely continuous spectrum of a Dirac operator and its square
under a Ricci flow.

RESUME. — Etant donné une variété spin non-compacte M avec une structure
spinorielle topologique fixée et deux métriques riemanniennes complétes g et h sur
M & courbures sectionnelles bornées, nous prouvons un critére d’existence et de
complétude des opérateurs d’onde #4 (D, Dy, 14 1) et Wi(D}QL,Dg,Ig’h), ou Iy p
est 'application unitaire canoniquement donnée entre les espaces L? de spineurs
sous-jacents. Ce critére ne requiert aucune hypothése de rayon d’injectivité et améne
a un critere de stabilité du spectre absolument continu d’un opérateur de Dirac et
de son carré sous un flot de Ricci.

1. Introduction

Assume that M is a noncompact spin manifold with a fixed topological
spin structure and that g and h are complete Riemannian metrics on M with
the induced Dirac operators D, and Dy, acting in their respective Hilbert

(*) Recu le 2 novembre 2022, accepté le 21 février 2023.

2020 Mathematics Subject Classification: 35P25, 53C27, 58J65.

(1) Fakultéit fiir Mathematik, Technische Universitit Chemnitz, 09126 Chemnitz,
Germany — sebastian.boldt@math.tu-chemnitz.de

(2) Fakultét fiir Mathematik, Technische Universitit Chemnitz, 09126 Chemnitz,
Germany — batu.gueneysu@math.tu-chemnitz.de

Article proposé par Gilles Carron.

— 785 —


mailto:sebastian.boldt@math.tu-chemnitz.de
mailto:batu.gueneysu@math.tu-chemnitz.de

Sebastian Boldt and Batu Giineysu

space of square integrable spinors I'r2 (M, 3,(M)) and T'r2 (M, 35, (M)). This
paper deals with the following question():

Which smallness assumptions on g, h and the deviation of g from h guar-

antee the existence and completeness of the wave operators #a(Dy, Dy, I41)
and Wi(D}QN Dg, Ig,h) ?

Above,
Igp :Tpe(M,Ey(M)) — Tp2(M, %, (M)

denotes the canonically given map which is induced from writing h as a
multiplicative perturbation of g (cf. Section 2 for a precise definition of this
identification operator). In particular, the above problem is a genuine two-
Hilbert-space scattering problem. As usual in scattering theory, the existence
and completeness of #4(Dp, Dy, I, ) (resp. #4 (D3, Dg, I, 1)) implies that
the absolutely continuous spectra of D, and Dj, (resp. of Dg and DZ) are
equal, thus any solution of the above problem automatically provides a con-
tribution to the spectral geometry of noncompact manifolds, although of
course the existence and completeness of wave operators is a much stronger
statement than the equality of the absolutely continuous spectra.

In order to formulate our main result, given a Riemannian metric g on
M we denote by R, its curvature tensor, with V¢ its Levi-Civita connection,
with Bg(x,r) the open geodesic balls, and with p, the volume measure. If ¢
is complete, we further set

2
U, M — R, Uy(x) = (1+ max |ngg(y)|) .
yeBg (-'Evl)

Assuming now g and h are Riemannian metrics on M, define a fiberwise
positive endomorphism

A7 TM — TM, h(X1,X2)=g(X1,X2),
which is self-adjoint with respect to g and h. By taking the fiberwise operator
norm® of a certain normalization of )7 we get a function
Ogn: M — R
that measures the deviation of the metrics at a zeroth order level (cf. Sec-

tion 2 for a precise definition). In order to measure a first order deviation of
the metrics, define the function

wgh: M —R, wgp(z):= |Vh — VI ().

(1) The basic concepts of scattering theory needed in this paper are summarized in
Section B.

(2) Here it is irrelevant whether the fiberwise operator norm is taken w.r.t. g or w.r.t.
h, as by the self-adjointness 427}?, this number is just the largest eigenvalue on the given
fiber
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Using these functions, we finally define the weight functions
\I/‘(l]’h(sc) i=max (0g,n(2)?, wg,n(2), 8g.n(2)Vy(2)),
\Il;h(x) i= max (wg,p(2), 8g.n ()W (), 0g.n(2) V() .
Now our main results read as follows (cf. Theorem 5.2):

Assume ¢ and h are complete and quasi-isometric, and there exists a
constant C' with |wg x| + |Ry| + |Ri| < C.

(a) If for some t > 0 and some (and then by quasi-isometry: both)
j € {g,h} one has

v ()
/, 1B, (a, i) o) =0

then the wave-operators #4 (D, Dy, I, 1) exist and are complete
and one has Spec,.(Dp) = Spec,.(Dy).

(b) If for some ¢t > 0 and some (and then by quasi-isometry: both)
j € {g,h} one has

v (@)
/M w;(Bj(z, \/f))dﬂj(x) =

then the wave-operators Wi(D%,Dg,Igﬁ) exist and are complete
and one has Spec, (D7) = Spec,.(D2).

To the best of our knowledge, this result is even philosphically entirely
new, in the sense that for the first time arbitrary metric perturbations of
Dirac operators are being treated. There are only two comparable results we
are aware of. One is the scattering theory for the Hodge-Laplacian on k-forms
treated in [3], which, however only treats conformal perturbations of the met-
rics, a situation which is much easier to handle, as then the analogue of 7/
is a scalar factor which conveniently commutes with several data (moreover
the results in [3] lead to assumptions on the underlying injectivity radii). The
other is a trace class result(® for the differences of the semigroups induced
by squares of generalized Dirac operators in [7, Chapter 6, Section 2], which
comes with a rather long list of assumptions, one being bounded geometry of
the underlying manifold, making it difficult to apply. Some scattering theory
for Dirac operators, which essentially treats perturbations by compact sets,
can be found in [5], while the current state of the art concerning arbitrary
metric perturbations of the scalar Laplace—Beltrami operator can be found
in [10, 11]. In any case it should be noted that, in contrast to the above

() from which one can deduce a scattering result by the invariance principle of the
wave operators

— 787 —



Sebastian Boldt and Batu Giineysu

references, the situation we treat in this paper is a genuine 2-Hilbert space
scattering problem, in the sense that not only the scalar products in the
underlying Hilbert spaces are changed, but also the underlying spaces them-
selves differ (since, given a fixed spin structure, any two different metrics
lead to different spinor bundles). This fact requires some considerable extra
machinery the complexity of which is reflected ultimately by results such as
Theorem 3.4 and Theorem 3.5 below.

The main strenght of our result is given by the fact that we do not have to
impose a control on the underlying injectivity radii. We achieve this by using
parabolic methods, rather then elliptic methods. More precisely, keeping the
Belopol’skii-Birmann theorem in mind (cf. Section B), the main step is to
prove that for (a) the operator

Ryt = Dy exp(—tD,QL)Ig’h exp(—tDS) - exp(—tD,zl)Igwh exp(—th)Dg
is trace class, while for (b) that the operator
Ty ht = D,QL eXp(—tD}QL)Ig’h exp(—tDE) — exp(—tDi)Ig)h eXp(—tDS)D;

is trace class. To achieve this, we use the machinery for metric perturbations
of Riemannian spin structures by Bourguignon and Gauduchon [4] in order
to decompose these operators in a form that allows us to restrict ourselves
to the derivations of Hilbert—Schmidt estimates for operators of the form
AB; exp(—sD?)7 where A is a multiplication operator and B; is either D; or
the Spin-Levi-Civita connection w.r.t. j € {g, h}. The proofs of these decom-
position formulae are rather technical and are the contents of Theorem 3.4
and Theorem 3.5, respectively.

In order to obtain Hilbert-Schmidt estimates for the operators
AB; exp(—sD?), we adjust the probabilistic machinery by Driver and Thal-
maier [6] to our situation: ultimately, in the spirit of the Feynman—Kac for-
mula, it turns out that it is possible obtain path integral formulae in terms
of Brownian motion for the operators Bjexp(—sD7). These so called Bis-
mut derivative formulae involve certain stochastic processes, which reflect
the underlying geometry in a very transparent way, and thus allow to obtain
explicit estimates. These formulae are the content of Theorem 4.2 and of
Theorem 4.3.

The fact that our main result does not require any control on injectivity
radii makes it accessible to Ricci flow and we prove the following result in
this context (cf. Theorem 6.1):

Let S > 0, x € R and let (gs)seo,5] be a smooth family of Riemannian
metrics on M. Assume

(i) go is geodesically complete with |Rglo < C < o0;
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(ii) (gs)sefo,s) evolves under a Ricci type flow
0
5595 = k Rics for all s € [0, 5];
s
(iii) there exist positive constants Cp, C; such that
|Rs|s < Co and |V°Rs|s < Cy/s forallse(0,95].

For every sg € (0,5), z € M, set
Ao (x) :=sup {| Rics(v,v)| : v € Tu M, |v|s < 1,5 € [s0, 5]},

V¢ Rics (u, w) + V& Ricy (v, w) W VW € Tald,
Bso(x) ‘= sup s - : |U|Sa |'U|Sa |w|s <1,
=V, Rics(u,v)| ¢ ¢ [50, S]

(a) If for some sg € (0,.5) one has

/ max (sinh (% (S — so)|k|As, (), sinh? (%(S—s0)|K|Asy (), B2 ()
frso (Bso (2,1))
then the wave operators #4 (Ds, Dy, I, s) exist and are complete
and one has Spec,.(Ds) = Spec,.(Ds,) for all s € [sg, S].
(b) If for some sg € (0,.5) one has

/ max (sinh (2 (S — so)|k[As, (%)), Bs, (7))
sy (Bsy (1))

then the wave operators #4 (D2, DSO,ISO s) exist and are complete

and one has Spec,.(D?) = Spec,.(D2)) for all s € [so, S].

dptsy (x) <00

dps, (z) < 00

Note that the assumptions of this result are natural: a typical short time
existence result for the Ricci flow on noncompact manifolds (see, e.g., [17])
asserts that, given any Riemannian metric go satisfying (i), there exists a
solution (gs)sefo,s) of the Ricci flow

— 0. = —9Ri
539 Rics,, s€10,5]

for some S > 0 which satisfies (iii).

This paper is organized as follows: in Section 2 we introduce the ba-
sic notions from spin geometry, allowing to introduce the elements of the
Bourguignon/Gauduchon machinery. Section 3 deals with the proofs of the
aforementioned decomposition formulae Theorem 3.4 and Theorem 3.5, and
Section 4 deals with the Bismut derivative formulae Theorem 4.2 and The-
orem 4.3, as well as the resulting Hilbert—Schmidt estimates. Section 5 is
devoted to the proof of our main result Theorem 5.2. Finally, Section 6 is
devoted to the application of our main result to the Ricci flow, that is, the
proof of Theorem 6.1.
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In addition, we have included an appendix which summarizes the basic
concepts of stochastic analysis that are needed in the context of Bismut
derivative formulae, aiming to make the paper essentially self-contained.

Note added in proof

The scattering theory of the Hodge-Laplacian has been recently treated
also in [2], partially generalizing the results from [3].

Acknowledgements

We are grateful to Marcus Waurick for pointing out a gap in the first
draft of this paper.

2. Preliminaries

This section serves to fix notation, describe the set-up and recall the
Bourguignon-Gauduchon theory of metric variations of the (spin-)Dirac op-
erator [4]. We also point the reader to [15, Appendix A] which contains an
excellently translated and extended excerpt of [4](*).

Let M be a smooth oriented noncompact manifold of dimension n > 2 and
let GL4 (M) denote the GL (n)-principal bundle over M of oriented frames.
Then a topological spin structure on M is a double cover P — GL, (M) by
a (/}i: (n)-principal bundle P over M, which is equivalent to (/}i:(n) —
GL,(n) when restricted to the fibers over M, where the latter map de-
notes the universal double cover if n > 3, and the connected double cover
if n = 2. If M admits a spin structure, one calls M a spin manifold. This
condition is equivalent to the assumption that the second Stiefel-Whitney
class wo(TM) € H*(M,Zs) of TM vanishes.

We assume throughout that M is a spin manifold and we fix a topological
spin structure on M.

Then, given a Riemannian metric g on M, the restriction P, of P to
SO(M,g) € GL4 (M) becomes a Riemannian spin structure in the usual

4) Unfortunately, there are three typos in the proof of Theorem A.8. In the first two
display formulae the expression bg (X) needs to be replaced by X and in the third display

formula V. has to be V" .
ormula e; as 1o be Hg_l/Q(Ej)
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sense (see [14, Chapter IT, Theorem 1.4]), where SO(M, g) denotes the SO(n)-
principal bundle over M of oriented g-orthonormal frames. In other words,
P, is a Spin(n)-principal fibre bundle over M which reduces SO(M, g) in the
sense of principal fibre bundle and for which each fiber (P,), is a nontrivial
double cover of SO(M, g), for each z € M. In particular, we canonically get
the Hermitian vector bundle ¥,M — M of spinors. We denote by
V9 :Tow (M, TM) — Tcee(M,T*"M @ TM)
the Levi-Civita connection of g and with
V9 : Towe (M, SyM) — Tooe (M, T*M @ X,M)

its lift to the spinor bundle, where we recall that although the tensor product
T*M ® ¥4M is over R, the bundle carries a canonical complex structure,
where complex multiplication is given by multiplication on the second factor
(and likewise for TM ® X,M). The Clifford multiplication will be denoted
with

TM ®@ ¥gM — ¥gM, v®<pl—>vé<p

and the Dirac operator with

Dy = e; -V : T (M, NgM) — Dawo (M, S, M),
g e
i=1
where (e1,...,e,) is a local g-ONB. Furthermore,
9:.T"M — TM

will stand for the musical isomorphism. Finally, the volume measure is
denoted with ug4, leading to the complex Hilbert space of L?-spinors
Fp2(M, 2 M).

For two (smooth) Riemannian metrics g and h on M we write g ~ h if ¢
and h are quasi-isometric, i.e., there exists C' > 0 such that

(1/C)g < h < Cg (2.1)
in the sense of quadratic forms.

Henceforth, we fix a pair g,h of quasi-isometric geodesically complete
Riemannian metrics.

Define a section
o = .52/};9 of EHd(TM) by h(Xl,XQ) = g(ﬂXl,Xz)
forall x € M, X1,Xo € T, M.

It follows from the symmetry of g and h that & is self-adjoint w.r.t. g. This
in turn implies that <7 is also self-adjoint w.r.t. h. The positive-definiteness
of h (or g) then implies that o is positive, i.e., &7 (x) has only positive
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eigenvalues for every x € M. Note that the spectral calculus of o/ (x) is
independent of any metric: we can decompose o7 (x) pointwise as a linear
combination of its eigenprojections, which are independent of the metrics g
and h.

Now let P and @ be the spin structures corresponding to the metrics g
respectively h and the topological spin structure P. Since o7 ~1/2 is a (point-
wise) isometry from (T'M,g) to (T'M,h), it lifts to an SO(n)-equivariant
map by from SO(M, g) to SO(M, h) taking an oriented ONB (ey, ..., e,) of
(T, M, g,) to the oriented ONB (o (z)~?ey, ..., o/ ()~ /?e,) of (T, M, hy).
This map in turn lifts to a Spin(n)-equivariant map 3§ from P to Q. By
equivariance, j now extends to a fibrewise unitary isomorphism from X,M
to Xp M. This unitary isomorphism is moreover compatible with Clifford
multiplication in the following sense:

BIX - ) = &/ VA(X) . (o)
g
forallz € M, X € T,M and 0 € (¥4M),.

We define a bounded identification operator by
I'=1I,p:T2(M,LgM) — T p2(M, L, M)
Iy nep(x) = By () ,
which is well-defined since g ~ h. Clearly, we have
I =1ng and I7,9(x) = 0g.n(x)Ingt(z), (2.2)

where 0 < gy, € C°°(M) is the Radon-Nikodym density of pj, with respect
to ug, ie.,

dpn = 0g,ndpg-
The density g4, can be expressed in terms of &7 by
0g,h = det(,;zf,f)% : (2.3)
We denote by &’ := (&/?(x))’ the transpose map of </J(z), ie

(@ (x)) ¢ = ¢ o (x) for all ¢ € TxM. Note that we have g*(¢,v¢) =
h* (e p, 1), e, ' is a (pointwise) isometry from (T*M, g) to (T*M,h),
and that the spectral calculus commutes with taking transposes, e.g.,
() = (&) for « € R. For later usage, we also record the following
two relations,

AT = f @ = (). (24)

Here, f(7) and f(&/") are the spectral calculi associated with & and &,
respectively, and a suitable function f.

In the sequel, we will work on various tensor product bundles, one of
which is T*M ®@¥; M with j € {g, h}. To not further clutter the presentation,
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we will implicitly use the obvious inner product on any such bundle. For
example, the bundle T* M ® 3, M is endowed with the inner product g* ®+,
where v is the inner product on X4M.

Let us define another bounded linear identification operator by
IT:=1,p:T2(M,T*M @ SyM) — Tp2(M, T*M ® £, M)
I no(w) = (/"% ® 57) (p()).
Analoguosly to (2.2) we have
I pt(@) = Tngt(z) = (o712 @ BY) (¢())
I ¥ (x) = g (@) (o'~ @ By) (0() = g (x) (Ing¥) () -
We introduce the following “skewed” connections,
IV = o7 0V 0 V2 : T e (M, TM) — Do (M, T* @ TM)
"9 = o/ =126V 0 a7 : Do (M, TM) — Tcoo (M, T* @ TM).

These connections are g- resp. h-metric, hence they lift to connections of
Yy M resp. XM, where they coincide with

IVM = B oV 0 B i Do (M, Sy M) — Tom (M, T* ® £y M)
and
"9 = B0V 0 Bl i Tom (M, £ M) — Dow (M, T* @ £, M) ,
respectively.
For every X € T'M the difference
T(X) :=Tho(X) :=9V% - V% (2.5)

is an endomorphism of the corresponding tangent space. Since both connec-
tions are g-metric, T(X) is skew-symmetric w.r.t. g and we can project it

to an element T'(X) := Th,g(X) of the Clifford algebra C¢(TM, g) under the
map

pr = pr, : End(TM) = T*M @ TM X' T\ @ TM = CI(M,g). (2.6)

Here, 7 is the restriction of the projection from the tensor algebra bundle to
the Clifford algebra bundle.

Remark 2.1. —

(i) Using the unique extension of each connection to the tensor algebra,
it is easy to see that T} 4(X) is given by the following expression,

T g(X) = /% 0 (Vgcﬂ’m + (Vi = V%) o g{*l/2) .

- 793 —



Sebastian Boldt and Batu Giineysu

(ii) It is proved in [15, p. 1042] that
1

W =V = (The(X) ;-

We define the transformed Dirac operators
Dy =TI}, ;Dylhg : Tooe (M, £, M) — Toes (M, £, M)
and
Dhg =1 3 Dplyp: T (M, SyM) — Tee (M, 5y M) .

In general, Dy}, (Dp4) is not Dy (D,). Rather, it is an operator acting
canonically on h-spinors (g-spinors) but having the same spectrum as Dy,

(Dy)-

By [4, Théoreme 20] (see also [15, Theorem A.8]) these transformed Dirac
operators are given by the following expressions,

Dh,g‘p Zel . @/ 1/2¢ SO+ Zez Th g(d_l/Qei)g'?@;
(2.7)
Qh’(/} ZU'L' Z{% 1/]"" sz' ghd(‘)vl)};wa

where (eq, ..., en) is a local g-ONB and (v1,...,v,) alocal h-ONB.

Remark 2.2. — The formulae (2.7) differ from the statement of [4,
Théoreme 20] 1n that the factor § in front of the second sum has to be
replaced by a 5. As explained in [15 Remark A.10], this is due to [4] using
CRT %a -7 as the convention for Clifford multiplication.

The following two weight functions will be central to our main result:
6:= (Sgﬁ M — R

T — 231nh<n max |ln/\|>
4 AeSpec(y, n(x))

= max
AeSpec(y n(x))

/4 )\771/4" (2.8)
wi=wgp: M—R
z— |V = VY|, (z),

where we view V" — V9 as a section of the bundle Hom(7'M, End(T'M)) and
| - |¢ is the corresponding operator norm induced by the inner product g.

In the sequel we will always assume that wy p is bounded.
The following proposition establishes, in view of Remark 2.1 (i), the con-

nection between T}, 4 = 9 V"—V9 and V" —V9, by showing that any pointwise
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bound on the latter will imply one on the former. Note that the statement
is independent of the quasi-isometry of the metrics g and h.

PROPOSITION 2.3. — For all vector fields X on M one has the pointwise
estimate

VS "2y < |t TP ||V~ Vg s
in particular,
(Thgly < (4221 "2 4 o/ 7 e | ey
Proof. — We covariantly differentiate the identity
Id = o/% o o/ 1/
to obtain
0= V%t o/ V2 4 ot oV V2.
Rewriting this gives
V9 V2= —f V20V 7 0 "V (2.9)
which shows that any bound on V%ﬂ% leads to a bound on V4.7 ~1/2.
Next, we differentiate the identity
g(o/?Y, e/3Y) = h(Y,Y)
in direction X, which yields
29(V% (A2Y), /Y
= 29(V 3 (Y), d2Y) + 29(/2VLY, 7Y ) = 20(VY,Y).
This, in turn, implies by definition of &
g(ert o V4t (Y),Y) = g(of o (Vi — V)(Y).Y).
A simple calculation shows that the self-adjointness of .o/ 3 implies that

of Vg(szf%. Fix a point x € M, let X be an eigenvalue of Vgggzﬁ at x with

IV%./7|, = |\ and u € T, M a corresponding g-normalized eigenvector.
Then we have

l9(&7% 0 Veo% (u),u)| = [N||g(2u, )|
= |V 3| glg(AEu,u)]
> (V9.3 |, Y72,
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so that
V4art|y < |77 sup |g(arh o Vot (v), )]
[v]<1
= |12 sup |g(e o (Vi — V%) (v),0)|
[v|<1
< | |||V = V-
Combining this with (2.9) proves the proposition. a

3. Dirac HPW-Formulae

The goal of this section is to prove Theorems 3.4 and 3.5 below, which
are decomposition forumulae that calculate the parabolic variant of the cen-
tral operator of the Belopol’skii-Birman-Theorem, which in turn is one of
the key ingredients in the proof of our main results. As this approach to
scattering can be traced back to the case of the scalar Laplace—Beltrami-
Operator considered in [11] (where an elliptic approach is followed), we call
these formulae HPW-formulae.

First, we dissect the various Dirac operators we have defined in the last
section by writing them as compositions of covariant derivatives and certain
homomorphism fields. Define

Ly € Tooe (M, Hom(T*M @ S,M,%,M))  Ly(é®0) = gﬁgé o,

Ly, € Tow (M, Hom(T*M ® S, M, S, M) Ly(§ @ o) = & 2o,
Ly € Too (M, Hom(T*M @ S, M, S,M)) Ly (¢ @0) = (%171/26)119!;0_ ,
Ly € Tow (M, Hom(T*M © S, M, S5 M)) Ly p(€ © o) = (7'76)F S0

We will also need the following multiplication operators

1 «— ~
Mg € Tox (M, End(,M)) - Mig(0) = ; D e éTh,g(d_l/Qei) 20
=1

1< ~ ;
My € Tox (M, End(2,M)) Mg p(0) = ; > v Tyn(?v) - o,
i=1

where (e1,...,e,) and (v1,...,v,) are a g-ONB and a h-ONB, respectively,
at the appropriate base point. It is easy to see that the endomorphism M} 4

is in general not normal. Indeed, the expression > . , e; - Th,g(,ﬁzf_l/Qei) €
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Cl(M, g) is a linear combination of terms of degree one or three. We therefore
dissect Mp 4 into its self-adjoint and anti-self-adjoint parts,

Mp,g = Miig +M,,
. 1 * — 1 *
with M;:g: i(Mh,ngMh,g) and Mh,g = i(thngh,g)’
and analogously for Mg ;.

By (2.7), the various Dirac operators can now be written as

D, = L,V¥, Dy, = LyV",
Dp,g = Lh,g%g + Mh,g, Dgn = Lg,h%h + Mg,p .
LeEMMA 3.1. — The fibrewise adjoints Ly, and L7, of Ly respectively
Ly 1 are given by
—Z;%'@viilr, Ly, 2%2%(8111- ,

where (v1,...,v,) s an h-ONB of TM at the appropriate basepoint and
(¢1,---,¥n) the corresponding h-dual ONB. Analogous formulae hold for L}
and Ly, .

Proof. — We calculate straightforwardly

(Ln€ @ 0),7) = (€ 0,7) = 3 (0ot - 0,7) = D &(wi) (vi-0,7)
i=1 i=1
&) (0v-T) ==Y (@0, pi®v;-T),

1 i=1

i
which proves the formula for Lj. The one for L7, is obtained by precom-

posing Ly, with /"2 ® Id and using the first relation in (2.4) and that «/’2
is an isometry (T*M, g) — (T*M,h). O

Now define the following smooth endomorphism fields

K, € Tooe (M, End(T*M @ £,M))  K,(£®0) Zsz ® e - gﬁq

Kp € Tooo (M, End(T*M @ %, M) Kp(§®0) = Z%@vz &

Denote o' = o' ®1Id, which we use as a symbol for the corresponding
sections of endomorphisms of T"M @ ¥, M and T*M @ X, M.
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LEMMA 3.2. — The endomomorphisms K, and K}, are fibrewise self-
adjoint and satisfy

(2 @ B) Ky = Kn (2 @ 7). (3.1)
Moreover,

LyB]Lng = KhJ—l/z(%/% ®BY) = (ﬂf% ®5Z)Kqﬂ7_l/z, -
LyniLy = " Ki(of" © §]) = (' @ 6) " K

Proof. — We have

( (§®U £®U Zgla el-fﬁ-a,a)
i=1

n

= - Z 517 E]v el-ej-a,a): Z (€i7§)(€j,§)(6]’~076i-0)

4,j=1 ,j=1

|£| |U‘2+2Z 517 5]7 )§R(€j'0',€i-0'),

i<j

which is real. Hence, K is self-adjoint. The calculation for Kj, is entirely
analogous.

Assume w.l.o.g. that o~ 12¢; = v, for all 1 < i < n. Then we also have
e, = ;. Hence

("2 © B Ky(§ © o)

== () ®ﬁi(€ié§ﬁg£‘] o) ==Y @i e ;Lﬂf_l/Qfﬂg;L Bi(o)

i=1 =1
n g h
==Y e T B0 Z%@v "2 Bo)

= Ko @ )€ ®0).
where we have used the first relation in (2.4).

We prove the first equality in the first line of (3.2). By the definition of
Ly and Ly, 4 and by Lemma 3.1 we have

LifiLng (€ @ 0) = LiB((o/' 1287 - o) = Ljj (7 T2 (e 71 28)7 - B (0)
= [k (gﬁh Bq Z ©; @ v; - fﬁ Bz (0’)
= K (a0 ),
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where we have used once more (2.4). The second equality in the first
line of (3.2) follows from (3.1). The proof of the second line in (3.2) is
analogous. O

Remark 8.3. — If we identify T* M with TM using the metric j € {g, h},
we recognize K; from its definition as a multiple of the projection onto the
orthogonal complement of the kernel of Clifford multiplication, cf. [8, p. 69],
from which we could have also deduced self-adjointness.

To state the main results of this section we need to introduce several
functions, sections and operators. To this end, we denote by |-| : C — R
the absolute value function and by sgn : C — C the sign-function with
sgn(0) = 1 so that we have for every diagonalizable operator B on a fi-
nite dimensional vector space a decomposition B = abs(B)sgn(B) in which
abs(B) and sgn(B) commute, the eigenvalues of abs(B) are nonnegative and
the eigenvalues of sgn(B) have modulus one. Note that if B is normal with
respect to a distinguished inner product, then this is the usual polar decom-
position, i.e., abs(B) is nonnegative and sgn(B) is unitary.

Sg7h:M—>R

1 _
T 04 1(2)2 — 04.n(T) 1z,

S; € T (M, End(T* M ® 3, M))
gj(az) = egz?/’(gv)_l/2 —1d(z) = (eﬁz{'(az:)_l/2 —Idp-p(2)) ® Ids, p (),

)

€ Doee (M, End(T*M @ X, M))

(@) = 090 (2)F Kj(2) e ()12 — 0y 4 (2) V2l ()2 K ()

)

Note that §j is fibrewise similar to the self-adjoint endomorphism

1 ~—-1/4 —~ —1/4 —~1/4 —~1/4
¢ K i
and that in light of (3.1) we have
(% © B9)S, = Sp('? @ BY). (3.3)

We continue with our definitions.
Sy Tp2(M, X, M) — T2 (M, X;M)
8,15 0() = abs(Sy n(2))F ()
Sgnij i T2 (T*M ® 33 M) — Tp2(T*M @ %, M)

~ ~

Synij(a) = abs(S;(2))F p(x)
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Qg :Tr2(M, T*M @ S,M) — FLz(M T"M @ %,M)
Qgp(x) = abs(Sy(x))? p(x),
Qn:Tp2(M, X, M) — T2 (M "M @ X, M)
Qup(x) = abs(Sh())? Ln(x) p(x),
Rg:FLz(M ZQM) FLQ(M T*M®Z M)
op() = fThg< z)p(a),
Ry :Tp2(M, Xy M) — T'pe (M T*M @ ¥, M)
Rugp(x) = abs(Sh(z)) L (z)" o (=),
Ugp :Tr2(M, S M) — FLZ(M YnM)
Ugnp() = sgn( Sy () ogn (@) 7231 (p())

Uy : T2 (M, T*M @ SyM) — T2 (M, T*M ® h M)
Uynpla) = 0g.1(2) ™% sgn(Sh (1)) Ty.n () ()
= 0g.n(2) "2 Iy 1 (sgn(S, )( ().

By g ~ h, the operators Sy p.;, §g,h;j7 Qj, Ry, Uy and ﬁg,h are bounded.
For R, to be bounded, the boundedness of w5 is additionally needed, see
Lemma 3.7 below. Moreover, U, is always unitary whereas l?gyh is only
unitary if §j is self-adjoint for one (and then both) j € {g, h}.

Next, define for i € {+, —} the operators

Tp :Tp2(M,SgM) — T2 (M, S, M)
Typ(x) = abs(Mj, 4(2)) p(x),
v i Dra(M, S M) — T2 (M, S, M)
Typ(x) = B (abs(Mj, ,(x))2 B (p(2)),
T} :Tpa(M, S, M) — T2 (M, %, M)
Thp(w) = abs(M; ()2 ()
Ty.y: Tp2(M,SgM) — L2 (M, Sy M)
Thg(x) = By (abs(My 4 (2))2 B (p(2))
Vi :Tp2(M,SgM) — T2 (M, 5, M)
Vone(@) = B (sen(My, 4(2))e(2))
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Vi, Dpa(M,2,M) — Tp2 (M, 2, M)
Vo no(x) = oy (x)sgn(M, , (2)) 6] (p(x)) ,

Wi :Tp2(M,SgM) — T2 (M, S, M)
W, nl@) = sen(My , (2))57 (¢(x)),

Wyn: Tra(M, T*M @ S,M) — Tp2(M, T*M © £, M)
Wy ne(x) = sgn(Sn(x))1gn(0)(x),

where Sgn is the complex conjugate of sgn.

The operators Ty, T, Tj, and T}, , are bounded in view of g ~ h and the
boundedness of wy p,, see Corollary 3.8 below. For the operators V', Agi’h,
W, and Wy 5, to be bounded, g ~ h is sufficient.

We recall that if g is a geodesically complete metric on M, then Dy as
well as all its powers are essentially self-adjoint in I'y2 (M, £,M), when de-
fined initially on smooth compactly supported spinors and the corresponding

unique self-adoint realizations will be denoted with the same symbol again.
We denote by

(P#)s>0 := (exp(=5D}))s>0
the heat semigroup associated with Dg in T'p2(M,E4M), defined via the
spectral calculus of Dg. Note that PY is precisely the operator f(D) defined

—sA?

by the spectral calculus of D, where f: R — R is given by f(\):=e¢

With these definitions, the central results of this section are given by the
following two results below:

THEOREM 3.4 (Dirac-HPW-formula I). — Let g ~ h be geodesically
complete Riemannian metrics on M such that the function wgp is bounded.
Given s > 0 define the bounded operator

Tyns : Tpa(M,S,M) — Tp2(M, %, M)
by
Tyhs = Sgnn V" P UgnSg gV PI + (T, Dp PV, T, PY
+ (T, DnP) VT, P — (T,F PV T Dy PY
- (T{P;L)*%ThTf;ngPsg - (Sg’h;hpsh)*Ug,th’h;ngmD;Pgm :

Then the following formula holds for all s > 0, ¢ € Dom(D_g) and ¢ €
Dom (D),

(W, Tyn,sp) = (Db, Pl Ty n PIg) — (1, PP, n PID2p) . (3.4)
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Proof. — Since Dz and D7 are essentially self-adjoint (so that smooth
compactly supported spinors are dense with respect to the corresponding

graph norms), we can assume that ¢ and @ are smooth and compactly
supported. We add

0 = (I, 4 P, DyPYp) — (I3, Pl DyPY )
to the right hand side of (3.4) and obtain
(D, P nPYp) = (0, Pi Ly n PIDG)
= (DR, Pl Ly nPY) = (I, P, DGPLp)
— (P, IgnPIDg) + (I, Pi, DiPY)
= (DP{v), DLy nPY) = (Dyl P, Dy Plg)
— (P, (Ign — (1)) Dy PY) (3.5)

We transform the last term in (3.5) as follows
(Pl
-,

(g = (I; 1)) D PL0)
(

[ (P = o atz2e) du
(
(

P, (8] — 0, hB7)D2PY ) dun

J
J

/ P, abs(S )% sgn(.Sy, h)gg P ﬁh abs (.S, h)%DEPSggo) dup

<1/%P Sgthgthths/gD P/Q(p>

P, Syno, i BIDEPI®) dyun

S

Pl abs(Sy )t sn(Sy ), /2 abs(S, )} 59D2P930) dpn

S

S

Let us come back to the first two terms in (3.5),
(Dn P, DulynPYp) = (Dyly P, DyPiy)
= (D P, Duly nPEp) = (IgnDgly Pl I Dy PE)
= (DnPMp, DIy n P9g) — (Dy 1 P, I ;D PIo)
= (LaN" P, Didyn PYp) = (Lgn V" + My) P, I Dy PY )
= (VP (L Dulgn — Ly Ii; g Dg) PY) — (Mg P, I Dy PYp)
= (V"PI, (L Iy Dhg — Ly T7, g Do) PE9) — (0, (M n P2 Iy Dy PY)
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= (VP! (Lidgn (Lng Vo + My g) — Ly I o (LgV9)) PEo)
— (¥, (My 1, P!)*I}; y Dy PY¢p)
= (VP! (LidgnLng — Ly I o Lg) VI P0)
+ (VP Ly Ly n My g PY9) — (. (Mg P I} 4Dy PY o)
= (V"PIM, (L Iy nLng — Lj 17 o Lg) VI PO)
+ (¢, (DR P! Ty n Mg PS0) — (3, (Mg n Pl I}; Dy PY) . (3.6)

We rewrite the first term in (3.6) using Lemma 3.2 and the relation (3.3),
(VMPLY, (LidgnLng — Ly T o Lg) VI PLp)

/ (Thl 5h¢7 (Lzﬁth,g Qg,}LLZ,h/ﬁ}gng)~;gl f@)dﬂ:h
M
~1/2

_ B X 1 __ _ 1 ~
/ (Vhpsh'l/%QQ;L/Q(’Q/E@ﬂ}gL)(Q;hKQ%I _ ‘Qg,}z/Q'Q{/z Kg)VQPsg@)duh

[ (9Pl 0,3 @ 65,9 P

/ (V" P, 0,1/ (a7 @ B7) abs(S,)} sgn(S,) abs(S,)t VI PLeo ) dun
M

- /M(ﬁhpsw,abs(§h)%g;;/2(¢%®ﬁ§)sgn(§g)abs(§ VP )dﬂh
= (V" P, S} 1 Ugn S g VIPLP)

At last, we rewrite the second term in (3.6) (the third is handled analo-
gously),

(- (DPI) Ty Mg PEo) = [ (1 (DUPLY B, + M P2 dpn
= /M (¢, (DyPMY* By abs(M;f )2 B 37 sgn (M} ) abs(M;] )2 nga) dpp,

+ /M(w, (DL B abs(My, )2 61 54 sem(My.,) abs(Mi )} P24 ) du

= (¢, (DR P! (T, V5T PIo) + (b, (Dh P! (T,,) V, Ty Plo). O
THEOREM 3.5 (Dirac-HPW-formula II). — Let g ~ h be geodesically

complete Riemannian metrics on M such that the function wgp is bounded.
Given s > 0 define the bounded operator

%g,h,s : FLQ(M7 EQM) — FLQ(M7ZhM)
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by
Ryns = (QuPM) Wy nQuVIPI + (Ry P! Wy, R, P?
— (T Pl) W, Tk P — (T, L) W, T, P

h;g® s

Then the following formula holds for all s > 0, ¢ € Dom(Dy) and ¢ €
Dom(Dy,),

(), Ryn,s0) = (Db, PPy PI9) — (), PP I, nPIDg) . (3.7)

Proof. — As in the proof of Theorem 3.4, we assume that ¢ and 1) are
smooth and compactly supported.

We start with the right hand side of (3.7),

(Dnp, Py n PY) — (3, Py n PYDyop)
= (¢, (DR PIMIPI — PMIPID,) )
= (¢, (P}(DnI — IDg)P{)p) = (b, P! (Dy, — Dy ) IPY )
= (4, PI((Ln = Lyn)V" = My ) IPY)
= (¢, PM(Lp, — Ly n)V"IPYp)
— (¢, PIM,, IPY) — (4, PIM, , IPI) . (3:8)

By Remark 2.1(ii), the first term in (3.8) is equal to
[ @RI L = 100" 3P
/w, " (L, — Ly p)Ad ®B9) V" PI)d s,
/ (¢, PP (L, — Ly n)Ad ®B7)VIPIo)dpuy,
/ (1, PI(Lp, — Ly p)(1d@87) ~ :Fh’gpg@)duh
= [ P aa 05T Py
/ (b, PPLy(1d - ) (1 2 ) > 1 TnoPLe)dmn
= | @ PILAS @ BT LN
+ [ @ PILSuer © 51 1T Ploddn
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= / (¥, Pl Ly, abs(Sy) sgn(Sy) (/"2 ® B]) abs(S,)2 VI PIp)dpy,

+ [ . PE Ly abs(Sh)sen(Sh) (" © ) Thg PN
= <’¢)7 (QhPs ) g,thv Psg@> <w7 (RhPs ) Wg,hRgPs}q(p> .
With i € {+,—}, the second and third term in (3.8) are handled as
follows,
(, Pl Mg , TIPS )

N /M(w, Py Mg ;85 P{o)dun

i % i i \L
= [ . Plabs 013 ) sen(013) 5784 abs(M,) P2
M
= W, (TI’LLPh) WZ hTh gt s S0> O
We close this section with operator estimates that we will need in the
next section.

LEMMA 3.6. — For j € {g,h} we have the pointwise estimates
S| < b, |§J| g61'69ﬁ7 and |§J| <52'5g7h)

where the constants 51, C~'2 only depend on the dimension n and the constant
n (2.1).

Proof. — We prove the estimate for S j- The ones for S and §j will then
be apparent.

Fix a point z € M and let {®o € (T*M X ;M),, let (e1,...,e,) bea j-
ONB of T, M consisting of eigenvectors of &/ with &/e; = \je;, i =1,...,n
and let (e1,...,e,) the j-dual ONB which then satisfies &’¢; = \;e; for all
i=1,...,n

By definition of S ; we have
~ 1[4~ —~1/4
7 57 ¢ w0
~—1/4__ —~—1/4
—1/4

— o Vg / K;d' / ) (E®o)
— —1/4
= 0'?a" Kj(sz{'*l/%@o)—g*lﬂsz{’l/ K"V @ o)
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= Q1/2;27’_1/4 <_Zfi ®e;- (427/_1/4f)ﬂ 'O')

i=1
— _1/2;%//1/4 Z %11/4
0 Ei®e £)F -

(971/2%/1/461_ ® e AV g — o 2 e @ ey - VAR a)

I

i=1

I

£ ®e; - (971/2)\;}/4%1/4 . 91/2)\;1/4 1/4) (5“)

1=1

We denote the operator in parantheses

ggi — 9—1/2/\3/4£{1/4 _ 01/2)\;1/4&{_1/4
:(Q72>‘i£{)1/4—(972)\iﬂ) 1/4_2S1nh<4 ( 72>\ JZ%))

and obtain from the above, the Clifford-relations and the fact that Clifford
multiplication is skew-symmetric that

S5iE@0) = 1" eilles - Bil(' VAN - o]

i=1

S| 1Y leil| Bi(or =€) lo|

=1
< ||V TS B [€lo] (3.9)
=1

It remains to bound the norm of %;. Since sinh is odd and positive for
positive arguments, we have

| ;| =

1 1
2sinh(4 In 9_2)\1@7> ‘ = 2sinh<4 ‘ln ‘Q_Q)\i%|) .

In light of (2.3) we can bound the argument of sinh as follows,

i In o2 | = i T ;mx Fln) +1In | < g - omax Il
From this we obtain

| Bi| < 0g.1
which in turn yields, together with (3.9), the claimed bound on |§J| O

- 806 —



Scattering Theory and Spectral Stability under a Ricci Flow for Dirac Operators

LEmMMA 3.7. — Viewing Th,g resp. fg,h as sections of the bundles
Hom(X,M, T*M ® £,M) resp. Hom(X, M, T*M ® £, M)) through Clifford
multiplication, we have the pointwise estimates

|Thg‘ 03 wgh and |Tgh| C4 wgh,

where the constants C’3 and 04 only depend on the dimension n and the
constant in (2.1).

Proof. — Let © € M and (ey,...,e,) be a g-ONB of T, M consisting
of eigenvectors of o/ with g-dual basis (e1,...,¢,). If we write Tj, 4(e;) =
Y heq QijkEj @ ex, it follows from the definition of T}, 4 that

Thg ez g Ajjk€j « €k
7,k=1

from which we obtain the estimate

n

|Th,g(0)| = Z Aijk€i @ €j €0

i.gk=1
n n
< Y0 laslleilles - ex ol = Y lagkllo] < ClThgllol,
i.5.k=1 i.g.k=1

where the last inequality follows from the fact that all norms on finite-
dimensional vector spaces are equivalent. Together with Proposition 2.3,
this proves the first inequality in the statement of the lemma. To prove the
second one, we note that analogously to the above calculation we obtain
|Ty.n(7)| < C|Ty 1||7| and that

Tyn(v) ="V§ = Vi =/ /20 Vo o/t — V]

— 12 (VI —9VM) o o = —of V20 Th,g(v) 0 o ,
which implies
|Tg,n(0)ln < |2 7| Thg (v)lgl o]

Hence, |Ty.n|n < |9/ 13/?|e7||Th.4], and the proof is finished. O

COROLLARY 3.8. — We have the pointwise estimates

|th‘ C5 Wgq, h and |Mg h| 06 Wy, h »

in particular, for i € {+,—},

(ﬁh (abs th>1/2/3h
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where the constants 5’5, 56, 57, 6’8 only depend on the dimension n and the
constant in (2.1).

Proof. — With (eq,...,e,) a g-ONB consisting of eigenvectors of &7 we
have by the last lemma

1< ~ i 1< ~ _
|Mp4(0)| = Zzlei-Th’g(;z{ 12¢)) . o <Z;|ei‘|Th}g(,§z{ 1/2¢,) . g

I . c, ~
< 1Y Thgler) - ol < e Thglo]
i=1

and similarly for | Mg p|. O

4. Bismut Derivative Formulae

In this section, we fix a geodesically complete metric g on M, so that the
dependence of the data on g can be safely ommited in the notation. For the
simplicity of the presentation we are going to assume that the Riemannian
manifold M = (M, g) is stochastically complete, which means that for the
integral kernel of the unique self-adjoint realization of the Laplace—Beltrami
operator A > 0 one has

/ e Az, y)duly) = 1,
M
rather than the generally valid / e B (z,y)du(y) < 1.
M

This assumption is satisfied, for example, if the Ricci curvature of M is
bounded from below by constant (this criterion relies on geodesic complete-
ness). We denote the spinor bundle as above with XM.

We now record the Driver—Thalmaier machinery for probabilistic deriva-

2
tive formulae for P, = e~ *P" noting that we have collected (essentially) all
probabilistic definitions that are used in the sequel in the appendix of this

paper.

Let (92, #, %.,P) be a filtered probability space, which satisfies the usual
conditions, and which for every x € M carries an adapted Brownian motion

b(z) : [0,00) x Q@ — M

in M starting from « € M, generated by A (rather than A/2, the latter being
the more common choice in probability). In other words, b(z) is adapted,
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has continuous paths and the transition density of b(x) with respect to u is
given by the heat kernel (¢,y) +— e~ *2(x,y). In particular, in view of

P{b;(x) e M} = /M e Az, y)duly), t>0,

stochastic completeness just means that Brownian paths have an infinite
lifetime (while on a general Riemannian manifold Brownian motion takes
values in the Alexandroff compactification). We denote with the usual abuse
of notation with //* the stochastic parallel transport along b(z) with respect
to any metric connection; for any ¢ > 0 it is a pathwise unitary map from
the fiber over z to the fiber over b;(z).

THEOREM 4.1 (Covariant Feynman-Kac formula). — Assume M is

geodesically complete with Ric > —C"' for some constant C' > 00) . Then
for allt >0, ¢ € Tge(M,XM), x € M one has

Prs(e) = [ e do 0 ety ).

Proof. — That both sides agree p-almost everywhere is a well-known
fact. To see that the RHS actually is the smooth representative of the semi-
group generated by (the unique self-adjoint realization of) D?, one can use
the classical probabilistic argument from the compact case under the given
assumptions: pick C' > 0 with scal > —C'. The process

N:[0,4] x Q —s (SM),,
Nom e*i for Scal(bs(I))ds//f’_lpt—rw(br(x))

is a local martingale (Proposition 3.2 in [6]), where we remark that by local
parabolic regularity and the smoothness of ¢, the time-dependent section
(s,y) — Psp(y) is actually smooth on [0,00) x M, that is, up to s = 0.
Using the Lichnerowicz formula

D* =V*V + iscal (4.1)
one finds the following Kato—Simon inequality [9]
|Ps(z,y)| < e_%e_SA(x,y) forall s >0, z,y € M, (4.2)
where
M x M > (z,y) — Py(z,y) € Hom((XM),, (EM),) C SM K (SM)*
denotes the integral kernel of Ps, so that
|Pa(y)| < e sBFCD|yp|(y) forall s >0,y e M.

(5) so that M is stochastically complete
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It follows that

)] < eFeBulw) = [ e B u)lully)dnty)
M

<eF Il [ e auty) < o F ol
M
Thus, as //, is pathwise unitary, for all r € [0, ] we have

ey sl A y(b,(2) < F P (@) < e Fe

and so

jieagyie)
104

1]l

/ sup |N,|dP < oo,
rel0,t]

so that N is actually a true martingale (being a uniformly integrable local
martingale) and thus its expectation value is constant in time. Thus,

Ps(a) = [ NodP = [ N = [[e il oty 0))ap,
which completes the proof. O
The Ricci curvature is read as a section
Ric € Tgee (M, End(T'M)),
and
Ric’ € Too (M, End(T*M))
is defined by duality. Let
ReTeoo (M, T"M @ T*M ® End(TM))
denote the curvature tensor of the Levi-Civita connection and let
R e Tpee (M, T*M © T*M @ End(XM))

denote the curvature tensor of the Levi-Civita connection acting on spinors.
The section

R € Tewe (M, End(T*M @ SM))
is defined on ¢ € (T"M ® ¥M),, v € T, M, and an orthonormal frame

€1,...,en for T, M by
E()(0) i= (Ri¢' @1sa0)(0)(0) ~ 23 R(w,e)o(0) + | scal -9(0),

and the section

p € T'coo (M, Hom (M, T*M @ $M))
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is defined on ¢ € (X¥M), by

p(¥)(v) = i(grad scal), Z )(ei, v

We define a continuous adapted process by
Q(z) : [0,00) x @ — End((IT"M @ M), ),
(d/ds)Q, (x) = —Q () (v R(bs(2)) 7). Qylz) = 1.
Let
b(z) : [0,00) X Q@ — T, M

denote the stochastic anti-development of b(z). The actual definition of b
(cf. [12]) will play no role for us; it will only be essential to know that
this process is an adapted Fuclidean Brownian motion in T, M. For every
r >0 let

T(x,r) :=inf{t > 0: by(z) ¢ B(z,7)} : @ — [0, 0]
be the first exit time of b(x) from the open ball B(x,r).

Given r > 0,t >0,z € M,v € (TM* ®@ ¥XM), define a set of pro-
cesses 1 (x,r,t,v) to be given by all adapted processes having absolutely
continuous paths

0:[0,t] x Q — (T"M @ XM),.,
such that

tAT(z,7 .
// |€S|2dsdIP’<oo, by=v, Ls=0 foralls=tA7(x,1).
0

For ¢ € P (x,r,t,v) define a continuous adapted process by
UL [0,t] x Q — (EM),,

. / ey FeealbuleNdug qp (2))Q" (2)4,
0
1 " ®1gea x u — *
b [ e e e (0)) Q7 @)t
0

where
g ¢ Hom(TxM, Hom ((T*M ® ©M),, (ZM)x))

is given by

G(v)A:=Av, Ae(T"M®3IM), =Hom(T,M,(EM),), veT,M.
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THEOREM 4.2 (Bismut derivative formula I). — Assume M is geodesi-
cally complete with scal > —C' for some constant C' > 0. Then for allxz € M,
t,r >0 €loe(M,XM), ve (T"M @XM),, £ € P(x,r,t,v) one has

(TPt v) = [ 1ot D (ot (@), Ul ) .

Proof. — With N as in the above proof and
N:[0,t] xQ— (T"M @ XM),,

N e—ifor scad(bs(ac))ds//gf,—lﬁptirw(br(x))7
the process
Z:00,]xQ—C, Z :=(N,t)— (N, U)

is a local martingale (Theorem 3.7 in [6]). It follows that the stopped process
Z7(®7) is a martingale (as it is a uniformly integrable local martingale by
the Burkholder-Davis—Gundy inequality; cf. (A.4) in the appendix) so that

(eptw(x)vv) :/ZOdP:/Zt/\T(m,T)dIFD

-1 tAT(I'T)scal bs(x))ds yz,—
= /(e 4 fU (b«() //t/’\T(lz’r)Ptft/\r(:c,r)@b(bt/\r(w,r)(I))>Utz/\T(m,r)>d]P>'

Using the covariant Feynman—Kac formula and the strong Markoff property
of Brownian motion, the RHS of the latter equation is precisely the RHS of
the first Bismut derivative formula. O

Given r > 0, ¢t > 0, x € M, ( € (XM), define a set of processes
Pa(x,r,t, () to be given by all pathwise absolutely continuous processes

£:0,t] x Q — (XM),
such that

tAT(z,r)
// |£S’2dsd]P’<oo, ly=¢, Ls=0 foralls>tAT(x,r).
0

THEOREM 4.3 (Bismut derivative formula IT). — Assume M is geodesi-
cally complete with Ric = —C for some constant C > 0. Then for all xz € M,
t,r >0 €loe(M,XM), ¢ € (XM)y, £ € Pa(x,7,t,() one has

_1 tsc’ll(b (x))ds 1 thr(@r) ;
(DPas(a). Q) = [ M (et ), [ db, o), Ja.
0
Proof. — With N as in the above proof and
N :[0,t] x Q@ — XM,

N, = e—% o Scal(bs(I))ds//f’_lDPtfrw(br(37))
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the process
Z:0,t] xQ—C, Z.:=(N,¥l)+ (NT,/ db,(x) -és>
0

is a local martingale (again by Theorem 3.7 in [6]). It follows that the stopped
process Z7(#7) is a martingale so that

(DP(x), C) = / ZodP = / Zinr oy P

_1 [T i (@) ds
- /(e ! fo seal(b(2)) s//t/,\‘r(lx,r)Pt_t/\T(IvT)w(bt/\T(LT) (),

tAT(z,T) .
/ db, (z) - es) dp.
0

Using again the covariant Feynman-Kac formula and the strong Markoff
property of Brownian motion, the RHS of the latter equation is precisely the
RHS of the second Bismut derivative formula. |

We record some consequences of the Feynman—Kac formula and the Bis-
mut derivative formula, respectively: to this end, let £ (74, 7%) denote the
space of bounded operators between two Hilbert spaces 741, %, and for
p € [1,00) let LP(4, 74) denote the p-th Schatten class (so p = 1 is the
trace class and p = 2 is the Hilbert—Schmidt class), where

L(M) = L (M, ), L) =L (A, ).

Remark 4.4. —
TeLP T eL? for all p, (4.3)
LPo L CLP for all p, (4.4)
P c for all p < ¢, (4.5)
LPoLlC YL for all p,q,r with 1/p+1/q=1/r. (4.6)

In particular, the product of two Hilbert—Schmidt operators is trace class,
and the product of a bounded operator and a trace class operator (resp.
Hilbert—Schmidt operator) is again trace class (resp. Hilbert—Schmidt). As-
sume we are given metric vector bundles F, F' over M and a bounded oper-
ator

T € Z(Tr2(M,E),T2(M,F))

1
loc

Tf(x) = /M T, ) f(y) dpu(y).

which is given by a pointwise well-defined L; _-integral kernel, that is,

where
T(~,~)€I‘L11 (M x M,EX F¥)
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that is, an L -map
M x M > (z,y) — T(z,y) € Hom(E,, F,) € EK F*.

Then one has
T € L*(T2(M,E),T12(M,F)), if / / T (2, y)|Pdu(z)du(y) <

COROLLARY 4.5. — Assume M is geodesically complete with Ric > —C
for some constant C' > 0 and let t > 0. Then for every metric vector bundle
FE over M, and every

Ae Lpo (M Hom(XM, E)) (considered as a multiplication operator)

which satisfies
/ Mdﬂ(x) < oo, one has AP, € L*(Dp2(M, M), T12(M, E)).

Proof. — We note that by the Li—Yau heat kernel estimate for the scalar
Laplacian one has

Cy
u(B(z, V1))
for some C} < oo, where in the sequel, C; denotes a constant which depends

on t but is uniform in z,y € M, whose actual value may differ from line to
line. By the Kato—Simon inequality (4.2) we have

[AP](z,y)| = |A(x) Pi(z,y)| < CilAz)|e™ "2 (2, y),
so that by the Li—Yau estimate

| [ iapePauauty / A@F [ e i)

e B (x,y) < forallt >0, z,y € M,

|A(z)[?
_ct/ Az (2, 2)du(z) < ct/ AP,
m p(B(z, V1))
completing the proof. a
Now we can prove:
COROLLARY 4.6. — Assume M is geodesically complete with |R| < C

for some C' < oo and let t > 0. Then for every metric vector bundle E over
M, and every
Ae Lp (M,Hom(T*M @ M, E))

which satisfies

/ (1 + maxyepe) lp(y)]) | A@)[?
M M(B(.’L‘, \/7?))

one has AVP, € &2 (rLz (M, %), T2 (M, E)).

dp(z) < oo,
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Proof. — Note that by |R| < C, the tensor R as well as the Ricci and the
scalar curvature are bounded. In the sequel, C and C}; denote constants whose
actual value can change from line to line. Let x € M, ¢ € T'c~(M,XM),
ve (T*M@XM),, { € P(x,1,t,v) so that by the first Bismut derivative
formula and scal > —C we have

()

tAT(2,1) —f‘sl cal(by (2))d .
<af |w<bt<x>>|' [ e gy () 2 e
0

tAT(2,1) s
e fo

+ Gy [ [0(be())] / FeealbuloNd) ya 1y (b (2))* 2Q" ()0, |dsdP,

0

so that by Cauchy—Schwarz the latter is
1 2 \?
ol o) () )
o [P

- </ (/owwe_ Jy gmesiCoulande) ety ()" Q0 (mes!ds)QdP)é.

tAT(z,1) /
/ o~ Jo deedbulNdugy (0)0% (2)i,
0

We use scal > —C, that by Gronwall’s inequality
|Q:($)’ < Cp forall 0 <s<t,

and

lo(bs(x))*| < max |p(y)] forall 0 < s < 7(z,1)
yEB(z,1)

for the second integral, and the Burkholder-Davis—Gundy inequality, to
bound the first integral, so that the above is

% 7(z,1) 51
< Gy </1/J(bt(ac))2dIP> <//0tA o~ Jo 2 scal(bu(@))du
3 ¢ 2\
o e o)l [ oot Par) ( J([eas) dIP’) ,
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which is

- (/ |¢(bt($))|2dP>; (/ /OMT(GCJ) |és|2dsdP>;
v o ) (][ )

Now, using a lower bound for the Ricci curvature, ¢ can be chosen (cf. the
proof of Corollary 5.1 in [18]) such that

tAT(z,1) 1
1] < Jol, (// £S|2dsdIP) <Cilol,
0

so that we arrive at

(Frao)| < c(i+ max ol)( [ |w<bt<w>>2dp)é|v|

y€B(z,1)
- Ct(l + Max Ip(bs(y))\) (/ e (2, )b (y)] du(y))2|v

< Ci(1+ maXyeB(z,1) lp(y)

S 7 ([ wtran )|v|

_ Gl masenen lobo@))
= 2 .

s

Using Riesz—Fischer’s duality theorem this estimate implies

N 2 Ci(1 + maxye g1 |p(y))?
/M ‘[VPt](af,y)) du(y) < (Bl ;

so that
| [ Jiavrien)] au

1(y)dp(z)
//M]A [F P, 9)| duly)duz)

1+ (z A
<o [ U AR,
M u(B(z, V1))
which completes the proof. O
COROLLARY 4.7. — Assume M is geodesically complete with scal > —C

for some C > 0 and let t > 0. Then for every metric vector bundle E over
M, and every
A€ Lp (M, Hom(XM, E))
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which satisfies

[A(z)[?
——————du(x) < oo,
one has ADP, € %2 (F 12(M,SM),Tp2 (M, E)).
Proof. — Letx € M, € Tceo(M,XM),( € (XM),, L € Po(x,1,t,() s0

that by the second Bismut derivative formula, scal > —C', Cauchy—Schwarz
and Burkholder-Davis—Gundy we have

[(DPap(x (/lw b ()] dIF’) <//W“) A dsdIP’)

Now we choose ¢ such that (cf. again the proof of Corollary 5.1 in [18])

tAT(x,1)
<1l (/ / |e|dsdp> <cll,

so that we arrive at

(DP(x), Q)] < C ( / |¢<bt<x>>|2dp)5 .

From here on one can copy the proof of Corollary 4.6. ]

5. Main Result

Assume g and h are geodesically complete Riemannian metrics on M
and denote by Q; the nonnegative closed sesquilinear form corresponding
to D, ie., Q;(¥) = (D, ¢) = ||Dy[|* with Dom(Q;) = Dom(D;) =
Dom(+/D3).

LEMMA 5.1. — If g ~ h are geodesically complete Riemannian metrics

on M with bounded scalar curvatures and such that the function wgp is
bounded, then

I, Dom(Q,) = Dom(Qp) .

Proof. — Throughout the proof, C is a positive constant whose value
might change from line to line, but whose existence is guaranteed by the
assumptions of the lemma.

The space Dom(Q;) is the closure of I'cee (M, ¥; M) with respect to the
graph norm

¥ — (]2 + 1D¥lI2)? .
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By the Lichnerowicz formula (4.1) we have for 1 € I'cee (M, X, M)
=1
| DpI||> = (DiIp, Ip) = <<vh*vh +7 scalh) w,1¢>

= [ 19t (o) + 5 [ (scaln (@) 351 0). () o)
M

Since we assumed quasi-isometry of the metrics and boundedness of the
scalar curvatures, the second term is bounded by C/||+||2.

By Remark 2.1 (ii), Lemma 3.7 and the assumption on w5, we can bound
the first term as follows,

/ 97 B9 () 2 (& / 18481 B (@) [2dpun ()

:/Mwh (@)% (z) /'(VH Thg>w()

< /M(ﬁw( |+ 2 e >|) 001 () tg ()

<C (V91 + loog 212 + 199l g 1))
<C (1992 + el + 199 ] )

We use the Lichnerowicz formula once more to obtain
~ ~  ~ ~ o~ 1
G2 = (Fo T, ) = <(vg*vg + L seal, )w w> L (scal, , )

< (D, 0) + C (§,4) < CUIDgw I + [14]) -
Putting everything together, we have

1612 + DAY < € (1Dl + g1 + \/IDg0 2 + 102 1)

which implies

dpn ()

IDom(Q,) € Dom(Qp) . (5.1)

Because of I~! = =1, }1l = Iy 4 and since our arguments are symmetric in g
and h, we have equahty in (5.1). O

Assuming ¢ and h are geodesically complete Riemannian metrics on
M, set

V) (@) = max (8,4 (2)%, we,n (2)2, g, (2) Wy (2)) |
W) (2) = max (w,n (2), 01 (2) Uy (), 54,0 ()T (2))
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where

2
U, M —R, U ::(1+ VIR )
g () jomax VIR, (y)|

2
Uy MR, Uy(z) = (1+ max |Vth(y)|>.
yEBh(z,l)

Now we can prove our main result, refering the reader to Section B for
the basic notions and notations from scattering theory used here:

THEOREM 5.2. — Assume g ~ h are geodesically complete Riemannian
metrics on M such that there exists a constant C' < oo with

|wg,n| + | By + [Ra| < C.

Then the following results hold true:

(a) If for some t > 0 and some (and then by g ~ h both) j € {g,h} one
has

/ \IIS')L(:L dpj(z) < o0
a pj(By(z V) ’

then the wave-operators #+(Dy, Dy, 1,1) exist and are complete.
Moreover, the #+(Dy,Dgy, 1y 1) are partial isometries with initial
space T2 (M, 3X,M)*(Dy) and final space I' 12 (M, X, M)*(Dy,). In
particular, we have Spec,,(Dgy) = Spec,.(Dp).

(b) If for somet > 0 and some (and then by g ~ h both) j € {g,h} one

has
v (@)
/M 115 (Bj(x, V1)) Ay ) < 00,

then the wave-operators Wi(D%”Dg,Ig’h) exist and are complete.
Moreover, the Wi(Di,Dg,]g,h) are partial isometries with initial
space T2 (M, 3, M)**(D2) and final space T 2(M, X, M)**(D3). In
particular, we have Spec, (D7) = Spec,.(D}).

Proof. — We will use the Belopol’skii-Birman-Theorem (cf. Appendix B).

We are only going to prove (b), noting that the proof of (a) is similar and
in fact easier, using the second part of the Belopol’skii-Birman-Theorem.

Note that for all x € M one has

max |pg(y)] < C"  max [VIR(y)],

yE€By(@.1) VEB,(x.1)
max <C" max |V'R )
Lmax [py(y)| <€ max | V"R, ()]
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Now Corollary 4.5, Corollary 4.6, Corollary 4.7, Remark 4.4, Corollary 3.8,
and Lemma 3.6 imply that the operator 7 p, ; from the Dirac HPW-formula
is trace class. Moreover, we have

(I*I = 1) exp(—tD?) = I "Ug.nSg.n:gSg.n:g exp(—tD2),

which by Corollary 4.5, Remark 4.4 and Lemma 3.6 is Hilbert—Schmidt.
These facts together with Lemma 5.1 show that the assumptions of the first
part of the Belopol’skii-Birman-Theorem are satisfied. O

Ezample 5.3. — Let (M™,g) = (H", hyp) denote the n-dimensional hy-
perbolic space with constant sectional curvature —1. Then, being retractable,
H™ carries precisely one spin structure. The spectrum of D; is given by

SpecaC(Dg) = [0, 00), Specsc(Ds) =, Specpp(D2) =0,

see [5, Corollary 4.6] and also [1, p. 441 & p. 456] for a minor correction.
The spectrum of D, is symmetric with respect to 0 (this is true on any
Riemannian spin manifold of dimension n # 3 (mod 4), and can be deduced
in the above situation from the symmetric space structure of (H", hyp) for
all n) which implies by the spectral mapping theorem that

Spec(Dy) =R.

Regarding the individual parts of the spectrum, we can easily exclude that
D, has eigenvalues, because Dg has none, i.e.,

Spec,,,(Dg) = 0.

Next, by working directly with the definition of spectral measures and ab-
solute continuity, it is easy to show that(®)

Lp2(M,SgM)*(Dy) = T2 (M, 5,M)*(D2).

From the above, we already know that I' 2 (M, Xy M)**(D2) =T 12 (M, %,M),
which implies that

Spec,.(Dy) =R and Specy (Dy) =0.
Because (H", hyp) is homogeneous, the volume p,(B(z,v/t)) does not

depend on the point x. Now let h be any Riemannian metric on H" with
g ~ h and such that there exists C' < co with

lwg,n| +|Rr| < C.

Then we have:

(6) This would still hold true if we replaced the function x — 22 by any measurable
function f : R — R for which f(N) and f~1(N) have Lebesgue-measure zero as soon as
N C R itself has Lebesgue-measure zero. A class of such functions is, e.g., the set of all
f € CY(R) with {z| f/(x) = 0} discrete.
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(a) If
| e @) < .
M

then the wave-operators Wi(Dh,Dg,Ig,h) exist and are complete.
Moreover, the #4(Dy, Dy, I, ) are partial isometries with initial
space I' 2 (M, X,M)*°(D,) and final space I'p2 (M, X, M)?°(Dy). In
particular, we have Spec, (Dy) = Spec,.(Dy) =R.

(b) If

[ ¥ @y a) < o,

then the wave-operators #4 (D%, Dg, I, 1) exist and are complete.
Moreover, the Wi(D%,Dg,Ig’h) are partial isometries with initial
space I'2(M, 3, M)**(D?) and final space T'12 (M, ¥, M)**(D3). In
particular, we have Spec,.(D}) = Spec,. (D7) = [0, 00).

6. Application to Ricci Flow

Applying our main result to g and h running through a Ricci flow, we
obtain the below result on the stability of the absolutely continuous spec-
trum, in which we adjust the notation slightly for convenience by indexing
any quantity associated with a Riemannian metric g; simply by the family
parameter s.

THEOREM 6.1. — Let S > 0, k € R and let (gs)seqo,5) be a smooth family
of Riemannian metrics on M. Assume

(i) go is geodesically complete with |Rglo < C < 0o;
(i) (gs)sepo,s) evolves under a Ricci type flow

5595 = kRics for all s €10,5];

(iii) there exist positive constants Co, Cy such that

|Rsls <Co and |V*Ry|s < Ci/s forallsc(0,9].

Setting, for so € (0,5) and x € M,
A, (z) :=sup {| Rics(v,v)| : v € Tp,M,|v|s < 1,5 € [s0, 5]},

V3 Ric, (u, w) + V3, Ric, (v,w) - € TV,
B, (z) := sup s - s uls, Jols, Jwls <1, 5
—=Va Rics(u,v)] s € [s, S

one has:
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(a) If for some sg € (0,5) and t >0
/' max (sinh(} (S — s0)|K[As, (), sinh® (4 (S = so) k| Asy (2)), B, ()
Hsq (Bso (I, \/{f))

then the wave operators #i(Ds, Dy, Is, s) exist and are complete
and one has Spec,.(Ds) = Spec,.(Ds,) for all s € [sg, S].
(b) If for some sp € (0,5) andt >0

/ max (sinh(% (S — s0)|k[As, (2)), Bs, (2))
150 (Bso (x, /1))

then the wave operators Wa (D2, Déo,Iso s) exist and are complete

and one has Spec,.(D?) = Spec,.(D2)) for all s € [sg, S].

dpis, () <00,

S

Aty (@) < 00, (6.1)

Proof. — We will only prove (b) leaving the apparent modifications for
the proof of (a) to the reader. The symbol C' will stand for a positive constant
whose actual value might change from line to line but whose existence is
assured by the assumptions of the theorem.

Firstly, it is well known that the Ricci flow equation in conjunction with
(i) implies that g5 ~ go for all s € [0, 5] (see, e.g., the proof of Theorem 1.2
n [17]). In particular, all g, are geodesically complete.

Next, we restrict to a subfamily (gs)se[s,,s) of metrics, where so € (0, S),
so that by assumption (iii) we have

|[V°Rs|s < C  for all s € [sg, 5], (6.2)
which implies, in particular, that ¥, is bounded.

It remains to prove that ws, s is bounded and that the integrability (6.1)
implies

LL%?UMN%@¢M”@M@<% (6.3)
for all s € [sg, S].

We refer the reader to the proof of [10, Corollary 2.4] for the (using
Gronwall’s lemma, simple to prove) fact that

§yp.s(1) < 2sinh(%(5 — 50)|K| Ay (x)),
so that
max(8yy s (2) Wy (), 65y 5 (2) Vs, (2)) < C - sinh(%(S — 50)|K]As, (x)). (6.4)

The fundamental theorem of calculus gives us (pointwise)

— Ve —/ —V"da
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Taking norms, we get

9 o

V-V, <
| < [ o
|

S S
</ dogC/
S0 g S0

where the last inequality follows again from ¢, ~ g,.

do

S0

a7

0,50

do,

a [ea a g
90" 5 |,

Letting (e1,...,en) be a gy-orthonormal basis of T, M and using [19,
Proposition 2.3.1], we calculate

9 . 2 n 9 . 2

n 2

Z (ng Ric(e;, ex) + V¢, Ric(ej, ex) — VZ, Ric(es, ej))
ij k=1

< nngo (x) )

which implies

Wep,s(x) < C - By, (). (6.5)
Note that ws, s is bounded since by (6.2)

sup Bs,(x) < 00.
reM

Now (6.3) follows from (6.1), (6.4) and (6.5). O

Appendix A. Stochastic Analysis

The material presented in this section is mostly standard and can be
found, e.g., in [13].

Let (Q,%#,%.,P) be a filtered probability space, which means that
(Q, Z,P) is a probability space #, = (%:):>0 is a filtration of the o-algebra
Z by sub-c-algebras. We will assume that (Q, %, %,,P) satisfies the so
called usual conditions, which means that %, is right continuous in the
sense that

Fo=[)F foralls>0,
s<t
and that %, contains all sets N € % with P(N) = 0. This assumptions
guarantees that one can pick continuous versions of sufficiently well-behaved
processes which are defined on this probability space.
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A stopping time is a random variable, that is, an (#-) measurable map
7:Q — [0, 00]

such that {r < t} € % for all t > 0. A map with values in a topological
space (equipped with its Borel-c-algebra)

Y:[0,00) x Q2 — X
is called a process, if for all ¢ > 0 the map
Y, : Q— X
is measurable. Then the maps
Y(w):[0,00) — Z, weQ,

are called the paths of Y. The process Y is called adapted, if Y; is F;-
measurable for all ¢ > 0. If Y adapted with continuous paths, if 2 is
completely metrizable, and U C £ is an open subset, then the first exit
time

I =inf{t >0:Y, ¢U}: Q— [0, 0]
of Y from U provides an example of a stopping time.

Assume from now on that 2 is a finite dimensional Hilbert space. Given
t > 0, the orthogonal projection

L*(Q,7,P,2) — L*(Q, 7, P; Z)
extends uniquely to a bounded linear map
7 LNQ, F, P X)) — LNQ, F, P, X)),
called the conditional expectation given %;. One has
/mfd]P’: /fd]P’ forallt >0, f € LY(Q,.7,P; Z). (A.1)
Then a process
Y:[0,00) x Q — 2
with
/\Yt|d]P’ <oo forallt>0
is called a martingale, if for all 0 < s <t one has
YS = 7T5Yt7 (AQ)

and a local martingale, if it is adapted and there exists a strictly increasing
sequence of stopping times 7, / oo such that for all n € N the stopped
process

Y™ . [0, OO) x ) — t%" an = Yt/\-,-
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is a martingale. Any martingale is adapted and a local martingale. A local
martingale Y is a martingale, if it is uniformly integrable in the following
sense:

/ sup |Y¢/dP < oo for all t > 0.
re(0,t]

Note that if Y is a martingale, then in view of (A.1) and (A.2) one has

/ Y, dP = / ToYdP = / YodP,

so that martingales have a constant expectation.

A process
W:[0,00) x Q@ — 2
with continuous paths is called an adapted Fuclidean Brownian motion start-

ing in xg € 4, if it is adapted and the transition density with respect to
the Lebesgue measure on £ is given by the Gauss kernel

dim(2Z) _ |zg—yl?
2 4t

(0,00) x Z" > (t,y) — e_m(xo,y) = (4nt)~ € (0, 00),

in the sense that for any m € N, any finite sequence of times 0 < t; < --- <
tm and all Borel sets Ay, ..., A, C 2, setting §; := t;11 —¢; with ¢y := 0,
one has

P{th J)o S Al, .. th (.730) € Am}
/ /1,41 x1)e 50A(x0,x1) “1a, (x )e_‘s”“'*lA(xm,l,xm)dxl coodagy,.

Above, A > 0 denotes (unique self-adoint realization of) the Euclidean
Laplace-Operator in L?(%2"), and as the notation indicates, the Gauss ker-
nel is the integral kernel of the associated heat semigroup. This observation
allows to define Brownian motion on smooth Riemannian manifolds, too.

Any adapted Euclidean Brownian motion W turns out to be a martingale
with

/|Wt|2d]P’ <oo forallt>0.
Assume now 27, 25, Z3 are finite dimensional Hilbert spaces,
W :[0,00) x Q@ — 27
is an adapted Euclidean Brownian motion,
Y :[0,00) x  — 25
is an adapted process with continuous paths, and

9 c HOHI(%LHOHI(%—% %))
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Then .
/ 4G (dW4)Ys : [0,00) X Q — 23
0

denotes the Ito stochastic integral, which can be defined as the uniquely
given local martingale with continuous paths starting in 0 which for all £ > 0
satisfies

n

t
g(dWS)YS = Li.p. E g(W@ — W(k—l)t)Y(k—l)t7 (A3)
n— 00 b—1 " n n

where 1.i.p. stands for the limit in probability, that is

Lip. X, = X,

n—o0

if and only if for all € > 0 one has li_{n P(|X, — X|>¢) =0.

In (A.3) it is not important to take the uniform partition of [0,¢] (as we
did), in the sense that one can take any sequence of partitions whose mesh
tends to zero. It is important, however, to evaluate Y in the left points of
the underlying sequence of partitions. For example, taking 5 (Ym —Yo- 1)1)

instead of Yx_1): =i would lead to the so called Stratonovic stochastzc mtegml

In the above situation, the Burkholder—Davis—Gundy inequality states
that for all p € (0, 00) there exists a constant C), < oo such that for all finite

stopping times 7 one has
T p/2
P< Cp/(/ |Y5|2d8> dP € [0,00]. (A.4)
0

/

This estimate follows, e.g., from Theorem 1 in [16].

sup / G (dW;)

re(0,7]

Finally we remark that, with obvious modifications, all of the above defi-
nitions and results carry over the case where one replaces [0, 0o) with a time
horizon of the form [0, 7], where 7" > 0.

Appendix B. The Belopol’skii-Birman Theorem

We recall that given a self-adjoint operator H in a complex Hilbert space
€, the closed subspace of H-absolutely continuous states is defined as

H(H) = ep € | Ex(-)v|)* is absolutely continuous cw
w.r.t. Lebesgue measure )

where Ep denotes the spectral measure of H. Then J#2°(H) reduces H and
the spectrum of the induced self-adjoint operator in J#2°(H) is denoted by
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Spec,.(H) and called the absolutely continuous spectrum of H. We denote
with
Tac(H) : H — H*°(H)

the orthogonal projection.

THEOREM B.1 (Belopol’skii-Birman). — For k = 1,2, let Hy be a self-
adjoint operator in a complex Hilbert space 54, where m,.(Hy) denotes the
projection onto the Hy-absolutely continuous subspace of 5¢,. Assume that
I € Z(4, 75) is a bounded operator which has a two-sided bounded inverse.

(a) Assume that Hy, > 0 and that

e one has I Dom(v/H;) = Dom(y/Ha),
e the operator

(I"I — 1)exp(—sHy) : 4 — 54 is Hilbert-Schmidt
(or more generally: compact) for some s > 0,

e there exists a trace class operator F : A, — 5 and a number
s> 0 such that for all fo € Dom(Hs), fi € Dom(H;) one has

(f2. 7 f1) = (Hafa,exp(—sHz)I exp(—sHh) f1)
— (fo,exp(—sHy)I exp(—sHq)H; f1) .
Then the wave operators

Wo(Ho, Hy, 1) = st-lim exp(itHz)I exp(—itH1)Tac(Hi)
— 00

exist") and are complete, where completeness means that

(Ker #4(Ha, Hy, I))" = 7*(Hy),
RanWi(H27H1,I) = %aC(HQ).

Moreover, W4 (H27H1,I) are partial isometries with inital space
H2°(Hy) and final space H#P°(Hs), and one has Spec,.(H;) =
Spec,.(Hz).
(b) Assume that
e one has I Dom(H;) = Dom(Hs),
e the operator

(I*I — 1) exp(—sH?}) : 4 — A4 is Hilbert-Schmidt

(or more generally: compact) for some s > 0,

(7) st-lim¢—, 4+ oo stands for the strong limit.
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e there exists a trace class operator X : 74 — 5 and a number
s> 0 such that for all fo € Dom(Hs), fi € Dom(H;) one has

(fo, Zf1) = (Ha fo,exp(—sH3)I exp(~sH}) f1)
- <f2, exp(szg)I exp(—st)H1f1> .
Then the same conclusions as in (a) holds.

Proof. — See the appendix of [10] and the references therein. O
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