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Systoles of Arithmetic Hyperbolic 2- and 3-Manifolds (∗)

Rainie Bozzai (1) and Benjamin Linowitz (2)

ABSTRACT. — In this paper we study the systoles of arithmetic hyperbolic 2- and
3-manifolds. Our first result is the construction of infinitely many arithmetic hyper-
bolic 2- and 3-manifolds which are pairwise noncommensurable, all have the same
systole, and whose volumes are explicitly bounded. Our second result fixes a positive
number x and gives an upper bound for the least volume of an arithmetic hyper-
bolic 2- or 3-manifold whose systole is greater than x. We conclude by determining,
for certain small values of x, the least volume of a principal arithmetic hyperbolic
2-manifold over Q or 3-manifold over Q(i) whose systole is greater than x.

RÉSUMÉ. — Dans cet article, nous étudions les systoles des variétés hyperboliques
arithmétiques en dimension 2 et 3. Notre premier résultat est la construction d’une
infinité de variétés hyperboliques arithmétiques qui sont incommensurables deux-à-
deux, ont toutes la même systole, et dont les volumes sont explicitement bornés.
Notre deuxième résultat suppose fixé x > 0 et donne une borne supérieure pour
le plus petit volume d’une variété hyperbolique arithmétique avec une systole su-
périeure à x. Nous concluons en déterminant, pour certaines petites valeurs de x,
le plus petit volume d’une variété hyperbolique arithmétique principale sur Q (en
dimension 2) ou sur Q(i) (en dimension 3) avec une systole supérieure à x.

1. Introduction

Let M be a closed Riemannian manifold. The central problem of inverse
spectral geometry is to determine the extent to which the geometry and
topology of M are determined by its Laplace eigenvalue spectrum. It is
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known, for example, that volume and scalar curvature are determined by a
manifold’s Laplace eigenvalue spectrum, whereas isometry class is not.

In geometric topology one often studies not only the Laplace eigenvalue
spectrum but the geodesic length spectrum as well. The geodesic length
spectrum, defined as the multiset of lengths of closed geodesics, turns out to
encode many of the same geometric and topological properties as the Laplace
eigenvalue spectrum. In fact, the Selberg Trace Formula shows that if M is
a compact hyperbolic 2-manifold, then these two spectra determine one an-
other. Subsequent work of Duistermaat and Guillemin [5] and Duistermaat,
Kolk, and Varadarajan [6] shows that the geodesic length spectrum of a com-
pact locally symmetric manifold of nonpositive curvature is determined by
the manifold’s Laplace eigenvalue spectrum.

When studying arithmetic manifolds one is often interested in knowing
which geometric and topological properties determine the commensurability
class of the manifold. (Two manifolds are said to be commensurable if they
have an isometric finite-sheeted covering in common.) An important result
of Reid [23] states that two arithmetic hyperbolic 2-manifolds with identical
geodesic length spectra are necessarily commensurable. This result was ex-
tended to arithmetic hyperbolic 3-manifolds by Chinburg, Hamilton, Long,
and Reid [3], and to a broad class of arithmetic locally symmetric spaces by
Prasad and Rapinchuk [22].

A different generalization of the results of Reid and Chinburg, Hamilton,
Long, and Reid was obtained by Linowitz, McReynolds, Pollack and Thomp-
son [16], who showed that two arithmetic hyperbolic 2- or 3-manifolds M
and M ′ with volume less than V are commensurable provided their length
spectra begin with the same f(V ) lengths. Here f(V ) is an explicit (doubly
exponential) function of the volume of the manifolds M and M ′. The de-
pendence of the number of lengths needed to determine commensurability
on volume is in fact necessary, as one can construct, for a very broad class
of arithmetic hyperbolic 2- or 3-manifolds M , and any finite subset S of the
geodesic length spectrum of M , an arithmetic hyperbolic manifold N which
is not commensurable with M and whose length spectrum also contains S
(see [16, Section 4.4]).

In this paper we consider a variant of the problems discussed above. Re-
call that the systole of a compact Riemannian manifold M , denoted Sys(M),
is the length of the shortest non-contractible closed geodesic on M . In this
paper we study the systolic geometry of arithmetic hyperbolic 2- and 3-
manifolds. It is known, for example, that there exist non-commensurable
hyperbolic manifolds with the same systole. For example, the work of Mil-
lichap [18] and Futer–Millichap [9] both contain constructions of pairs of
non-commensurable hyperbolic 3-manifolds whose length spectra agree for
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the first n lengths. It follows that the manifolds constructed by Millichap
and Futer–Millichap have the same systoles. Although the construction of
Futer–Millichap produces pairs of manifolds, the construction of Millichap
actually produces families of manifolds of arbitrarily large (though finite)
cardinality.

Our first main result provides a strong generalization of this fact by ex-
hibiting infinite families of non-commensurable arithmetic manifolds whose
volumes may be explicitly bounded and which all have the same systole.

Theorem. — Let M be a hyperbolic 2-manifold (respectively 3-manifold)
whose fundamental group is principal arithmetic. Then there exist infinitely
many pairwise non-commensurable hyperbolic 2-manifolds (respectively 3-
manifolds) M1, M2, M3, . . . such that

(1) all of the Mi have the same systole as M , and
(2) Vol(Mn) ⩽ c · n2 · Vol(Mn−1) for some constant c depending only

on M .

One of the most well known conjectures concerning the systolic geometry
of arithmetic manifolds is the Short Geodesics Conjecture, which asserts
that there is a constant C > 0 such that every arithmetic hyperbolic 2-
or 3-manifold has systole greater than C. There is an analogous conjecture
for more general arithmetic locally symmetric spaces (see [11]). The Short
Geodesic Conjecture is known to follow from Lehmer’s Conjecture on Mahler
measures, which asserts that there is a constant µ > 1 such that the Mahler
measure of any nonzero algebraic number that is not a root of unity is greater
than µ. For a more thorough discussion of the Short Geodesic Conjecture,
see Chapter 12 of Maclachlan and Reid [17].

Although the Short Geodesic Conjecture is currently out of reach (it is,
however, known for commensurability classes of arithmetic manifolds defined
over number fields of bounded degree; see [8, Proposition 2.6]), it is easy to
construct arithmetic manifolds with arbitrarily large systole. Although such
constructions may be easily carried out using orders in quaternion algebras,
estimating the resulting manifold’s volume is another matter and is a much
more nuanced problem. Our second main result achieves such an estimate.

Theorem. — Fix a real number x > 0. There exists a principal arith-
metic hyperbolic 2-manifold with systole at least x and area at most

4ce11x

.

Here c is a positive, effectively computable constant.

An analogous result is proven for arithmetic hyperbolic 3-manifolds.
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We expect that the bound given in the above theorem is far from op-
timal. That being said, obtaining a significant improvement seems to be a
challenging problem. In Section 6.1 we explain that our bound’s doubly ex-
ponential character is closely related to the algebraic number theory problem
of bounding the least prime which splits completely in a number field, and
that even the Generalized Riemann Hypothesis would not allow us to sig-
nificantly improve our bound. We conclude by using the SAGE computer
algebra system to determine, for certain small values of x, the least volume
of a principal arithmetic hyperbolic 2-manifold over Q or 3-manifold over
Q(i) whose systole is greater than x.

2. Notation

Unless explicitly stated otherwise, throughout this paper k will denote a
number field with ring of integers Ok. We denote the absolute discriminant
of k by ∆k, and for a relative extension L/k of number fields, by ∆L/k the
relative discriminant of the extension. Given an ideal I of Ok, we denote by
N(I) the norm of I. The set of prime ideals of Ok is denoted Pk. Finally, we
denote by ζk(s) the Dedekind zeta function of k.

3. Preliminaries on quaternion algebras

In this section we review some of the properties of quaternion algebras
over number fields that will be used throughout this paper. A comprehensive
reference for this material is Voight [27].

Given a field k of characteristic not equal to 2, we define a quaternion
algebra B over k to be a four dimensional central simple k-algebra. Equiv-
alently, B is a quaternion algebra over k if there exist non-zero elements
a, b ∈ k× such that B is isomorphic to the central simple k-algebra with
basis {1, i, j, ij} and defining relations

i2 = a, j2 = b, ij = −ji.

It is a consequence of Wedderburn’s Structure Theorem that if B ̸∼= M2(k),
then B is a division algebra.

Let k be a number field and B be a quaternion algebra over k. A prime
ν of k (possibly infinite) is said to ramify in B if the kν-algebra B ⊗k kν is a
division algebra, and is unramified otherwise. Here kν denotes the completion
of k at ν. We denote by Ram(B) the set of primes of k that ramify in B,
and by Ramf (B) the set of finite primes of k that ramify in B. It is known
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that the set Ram(B) is finite, of even cardinality, and that this set both
determines and is determined by the isomorphism class of B as a central
simple k-algebra. As we have already noted, Ram(B) is empty if and only if
B ∼= M2(k), and if B ̸∼= M2(k), then B is a division algebra.

A quaternion order is a subring O of B which is also a finitely generated
Ok-module containing a basis for B over k. An order is said to be maximal
if it is maximal with respect to inclusion. For example, the order M2(Ok) is
always a maximal order of M2(k).

The following result provides a very useful criterion for a quadratic ex-
tension of k to embed into a quaternion algebra over k. For a proof, see
Proposition 14.6.7 of [27].

Proposition 3.1. — Let k be a number field and B be a quaternion
algebra over k. A quadratic extension L/k embeds into B if and only if no
prime of k which ramifies in B splits in L/k.

As an immediate application of Theorem 3.3 of [1] we have the following.
Theorem 3.2. — Let k be a number field, L be a quadratic field exten-

sion of k, and B be a quaternion algebra over k for which either

(1) Ramf (B) is nonempty, or
(2) B and L/k do not ramify at exactly the same (possibly empty) set

of real primes of k.

If u ∈ L is an integral element, then every maximal order of B contains a
conjugate (in B) of u.

4. Arithmetic groups arising from quaternion algebras

In this section we will review the construction of arithmetic groups aris-
ing from quaternion algebras. We refer the reader seeking a more detailed
reference for this material to Maclachlan and Reid [17].

Let k be a totally real number field and B be a quaternion algebra over
k which is unramified at a unique real prime ν of k. We therefore have an
identification B ⊗k kν

∼= M2(R). Let O be a maximal order of B and O1 the
multiplicative group consisting of those elements in O having reduced norm
equal to one. We will denote by Γ1

O the image in PSL2(R) of O1. The group
Γ1

O is a discrete subgroup of PSL2(R) having covolume equal to

8π∆3/2
k ζk(2)

(4π2)[k:Q]

∏
ν∈Ramf (k)

(N(ν) − 1) .
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The group Γ1
O is called a principal arithmetic Fuchsian group. A Fuchsian

group Γ is arithmetic if there is a principal arithmetic Fuchsian group Γ1
O

which is commensurable with Γ in the sense that the intersection Γ∩Γ1
O has

finite index in both Γ and Γ1
O.

Let H2 denote hyperbolic 2-space. If M is a hyperbolic 2-orbifold, then
there exists a Fuchsian group Γ such that M = H2/Γ. We say that M is
arithmetic if the group Γ is an arithmetic Fuchsian group. Similarly, we
say that M is principal arithmetic if the group Γ is a principal arithmetic
Fuchsian group. The orbifold M is a hyperbolic 2-manifold precisely when
the group Γ is torsion-free.

Now let k be a number field having a unique complex prime ν. Let B be
a quaternion algebra over k which is ramified at all real primes of k. Then
we have an identification B ⊗k kν

∼= M2(C), and to any maximal order O of
B we can associate, in the same manner as we did above, the Kleinian group
Γ1

O ⊂ PSL2(C). The Kleinian group Γ1
O has covolume

∆3/2
k ζk(2)

(4π2)[k:Q]−1

∏
ν∈Ramf (k)

(N(ν) − 1) .

The group Γ1
O is called a principal arithmetic Kleinian group, and a Kleinian

group Γ is arithmetic if there is a principal arithmetic Kleinian group which
is commensurable with Γ.

Suppose that Γ is an arithmetic Fuchsian or Kleinian group. The invariant
trace field of Γ is the field kΓ = Q(tr γ : γ ∈ Γ(2)), where Γ(2) = ⟨γ2 : γ ∈ Γ⟩.
Similarly, the invariant quaternion algebra of Γ is the quaternion algebra
over kΓ given by

AΓ =
{∑

xiyi : xi ∈ kΓ, yi ∈ Γ(2)
}

.

If Γ is commensurable with a principal arithmetic Fuchsian group or a prin-
cipal arithmetic Kleinian group Γ1

O arising from a number field k and quater-
nion algebra A over k, then it is known [17, Theorem 8.3.1] that kΓ = k and
AΓ = A.

Let H3 denote hyperbolic 3-space. If M is a hyperbolic 3-orbifold, then
there exists a Kleinian group Γ such that M = H3/Γ. We say that M is
arithmetic if the group Γ is an arithmetic Kleinian group. Similarly, we
say that M is principal arithmetic if the group Γ is a principal arithmetic
Kleinian group. The orbifold M is a hyperbolic 3-manifold precisely when
the group Γ is torsion-free.

Two hyperbolic 2- or 3-orbifolds are said to be commensurable if they
share a common finite-sheeted cover (up to isometry). This condition is
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equivalent to their orbifold fundamental groups Γ1 and Γ2 being commensu-
rable in the wide sense. This means that there is an element A ∈ PSL2(R) (or
A ∈ PSL2(C) in the case of 3-orbifolds) such that Γ1 and AΓ2A−1 are com-
mensurable. In the case that both orbifolds are arithmetic it is known [17,
Section 8.4] that the orbifolds are commensurable if and only if their invari-
ant trace fields and their invariant quaternion algebras are isomorphic. When
the invariant quaternion algebras are defined over a common number field k,
commensurability is equivalent to there being a field automorphism τ of k
such that τ maps the ramification set of the first quaternion algebra to the
ramification set of the second quaternion algebra (see [17, Theorem 8.4.7]).
An important consequence of this is the following.

Proposition 4.1. — If Γ1
O1

and Γ1
O2

are principal arithmetic Fuchsian
or Kleinian groups arising from quaternion algebras B1, B2 over a number
field k, then the orbifolds arising from the two groups are non-commensurable
whenever the sets of rational primes lying beneath the primes in Ramf (B1)
and Ramf (B2) do not coincide.

Remark 4.2. — We note that although we have just defined principal
arithmetic Fuchsian groups and principal arithmetic Kleinian groups to be
groups of the form Γ1

O, these are in fact examples of a class of lattices known
as principal arithmetic lattices (see for instance [21]). Moreover, lattices of
the form Γ1

O are not the only principal lattices in SL2(R) and SL2(C). Nev-
ertheless, throughout this paper when we refer to a principal arithmetic
Fuchsian group or a principal arithmetic Kleinian group we mean a group of
the form Γ1

O.
Proposition 4.3. — Let Γ1

O be a principal arithmetic Fuchsian or
Kleinian group arising from a maximal order O in a quaternion algebra
B defined over a number field k. Assume that the field k is primitive; that
is, that k contains no proper subfields apart from Q. If Ram(B) contains
primes splitting in k(

√
−1)/k and k(

√
−3)/k, then Γ1

O is torsion free.
Proof. — Suppose that Γ1

O contains an element of finite order m ⩾ 2.
Then O1 contains an element of order 2m, hence there is an embedding of
the cyclotomic field k(ζ2m) into B. Since k is primitive, the only cyclotomic
quadratic extensions of k are k(

√
−1) and k(

√
−3). The result now follows

from Proposition 3.1. □

Proposition 4.4. — Let Γ1
OA

, Γ1
OB

be principal arithmetic Fuchsian or
Kleinian groups arising from maximal orders OA and OB in quaternion
division algebras A and B, both defined over the number field k. If Γ1

OA
is

torsion-free and Ram(A) ⊆ Ram(B), then Γ1
OB

is torsion-free.

Proof. — Suppose that Γ1
OB

contains an element of order n ⩾ 2. Then
O1

B contains an element of order 2n and the field L = k(ζ2n) must embed into
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B. Because Ram(A) ⊆ Ram(B), Proposition 3.1 implies that L embeds into
A as well. Because A is a division algebra, either Ramf (A) is nonempty or
else there is a real prime of k which ramifies in A. The cyclotomic extension
L/k is not ramified at any real primes of k, hence either condition (1) or (2)
of Theorem 3.2 holds. It follows that O1

A contains an element of order 2n.
But this means that Γ1

OA
cannot be torsion-free, a contradiction. □

4.1. Geodesics, hyperbolic elements and quadratic subfields

Let M be an arithmetic hyperbolic 2- or 3-orbifold with orbifold fun-
damental group Γ, arising from a number field k and quaternion algebra
B. The closed geodesics on M are in one-to-one correspondence with the
Γ-conjugacy classes of loxodromic elements γ of Γ. If pγ(t) denotes the min-
imal polynomial of γ and M(pγ) denotes the Mahler measure of pγ , then
the length of the associated closed geodesic is equal to log(M(pγ)) when γ
is loxodromic and 2 log(M(pγ)) when γ is hyperbolic. Each closed geodesic
determines a quadratic extension kγ/k of k (i.e. the splitting field over k of
pγ) which embeds into the quaternion algebra B.

Proposition 4.5. — Let k be a number field which is either totally real
or else has a unique complex prime. Let d = 2 if k is totally real and d = 3 if
k has a unique complex prime. Let A, B be quaternion algebras over k which
are unramified at a unique real prime of k if k is totally real, and which are
ramified at all real primes of k if k has a unique complex prime. Finally, let
OA, OB be maximal orders of A, B.

If Ramf (A) is nonempty and Ram(A) ⊆ Ram(B), then Sys
(
Hd/Γ1

OB

)
⩾

Sys
(
Hd/Γ1

OA

)
.

Proof. — If Ram(A) ⊆ Ram(B), then Proposition 3.1 implies that every
quadratic extension which embeds into B also embeds into A. Now suppose
that γ is a loxodromic element of Γ1

OB
associated to a closed geodesic in

Hd/Γ1
OB

with length Sys
(
Hd/Γ1

OB

)
. It follows that the extension kγ/k em-

beds into B. We have already seen that this implies that kγ/k also embeds
into A. Let u be a preimage in B of γ and note that u is an integral ele-
ment contained in kγ . Theorem 3.2 now implies that every maximal order of
A (and in particular OA) contains an element conjugate to u. This implies
that Hd/Γ1

OA
contains a closed geodesic whose length is the same as the one

associated to γ. The proposition follows. □

– 1004 –



Systoles of Arithmetic Hyperbolic 2- and 3-Manifolds

5. Manifolds with the same systole

Theorem 5.1. — Let M be a hyperbolic 2-manifold (resp. 3-manifold)
whose fundamental group is principal arithmetic. Then there exist infinitely
many pairwise non-commensurable arithmetic hyperbolic 2-manifolds (resp.
3-manifolds) M1, M2, M3, . . . such that

(1) all of the Mi have the same systole as M , and
(2) Vol(Mn) ⩽ c · n2 · Vol(Mn−1) for some constant c depending only

on M .

Proof. — Let k, B be the invariant trace field and invariant quaternion al-
gebra of π1(M), and let O be the maximal order of B such that M = Hd/Γ1

O.
Here d = 2 if M is a hyperbolic 2-manifold, and d = 3 if M is a hyperbolic
3-manifold. Let L/k be the quadratic field extension corresponding to the
systole of M .

Let p0 ∈ Pk \ Ramf (B) and for each i ⩾ 1 let pi ∈ Pk \ {Ramf (B) ∪
{p0, . . . , pi−1}} be a prime of k which does not split in the extension L/k
and which lies above a rational prime distinct from the rational primes lying
beneath p0, . . . , pi−1 (and chosen so that pi has minimal norm).

For each i ⩾ 1 let Bi be the quaternion algebra over k for which
Ram(Bi) = Ram(B) ∪ {p0, pi}. Let Oi be a maximal order of Bi and define
Mi = Hd/Γ1

Oi
. Proposition 4.4 implies that Γ1

Oi
is torsion free, hence each

Mi is a manifold. Additionally, our choice of the prime pi above ensures, by
Proposition 4.1, that the Mi are pairwise non-commensurable.

Notice that for all i we have that Ram(B) ⊂ Ram(Bi). It therefore follows
from Proposition 4.5 that all of the Mi have systole at least as big as that of
M . To see that the systole of Mi is in fact equal to the systole of M , let γ ∈
Γ1

O be the hyperbolic or loxodromic element giving rise to the systole of M .
Then L is isomorphic to k(φ−1(γ)), where φ is the map φ : B1 → Isom(Hd)
such that φ(O1) = Γ1

O. A field extension L of k embeds into Bi if and only if
no prime ideal of Ram(Bi) splits in L/k. It thus follows from the definition
of Bi that L embeds into Bi, and from Theorem 3.2 that Γ1

Oi
contains a

hyperbolic or loxodromic element with the same characteristic polynomial
as γ. Because the length of a geodesic is determined by the characteristic
polynomial of the associated hyperbolic or loxodromic element, it must be
that

Sys
(
Hd/Γ1

O
)
⩾ Sys

(
Hd/Γ1

Oi

)
.

As we’ve already shown the reverse inequality, this proves that Sys(Mi) =
Sys(M) for all i.
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The formula for the volume of Mi = Hd/Γ1
Oi

shows that
Vol(Mi) = Vol(M)(N(p0) − 1)(N(pi) − 1). (5.1)

Proving property (2) of the theorem therefore reduces to the problem of
finding upper bounds for a prime of least norm of k which does not split in
L/k. To obtain such an upper bound we will make use of a modification [28,
Theorem 2-C] of the bound on the least prime ideal in the Chebotarev density
theorem in [13]:

Theorem 5.2 (Wang). — Let L/k be a finite Galois extension of number
fields of degree n, S a finite set of primes of k and [θ] a conjugacy class in
Gal(L/k). Then there is a prime ideal p of k such that

(1) p is unramified in L and is of inertial degree 1 over Q;
(2) p /∈ S;
(3)

(
L/k
p

)
= [θ], and

(4) N(p) ⩽ ∆C
L (n log(NS))2,

where C is an absolute, effectively computable constant and NS =
∏

q∈S N(q).

Let A = 1
(Vol(M)(N(p0)−1) . We claim that A ⩽ 1. Indeed, we clearly we

have N(p0) ⩾ 2, so our claim will follow from the inequality Vol(M) ⩾ 1.
Every closed hyperbolic 2-manifold has area at least 4π, hence the inequality
Vol(M) ⩾ 1 follows from the fact that there are only two arithmetic hyper-
bolic 3-manifolds with volume less than one, neither of which has a principal
arithmetic fundamental group [2]. This proves that A ⩽ 1. We now have
N(pi) = 1 + A Vol(Mi) ⩽ 1 + Vol(Mi). Applying Theorem 5.2 in the case
that n = 2, that [θ] represents the nontrivial element of Gal(L/k), and that
S = {p0, . . . , pi−1} we obtain:

N(pi) ⩽ 4∆C
L log(N(p0 · · · pi−1))2

⩽ 4∆C
L log

i−1∏
j=0

1 + Vol(Mj)

2

= 4∆C
L

i−1∑
j=0

log (1 + Vol(Mj))

2

⩽ 4∆C
L i

i−1∑
j=0

log(1 + Vol(Mj))2

⩽ 4∆C
L i2 log(1 + Vol(Mi−1))2

⩽ 4∆C
L i2 Vol(Mi−1).
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Here we’ve used the Cauchy–Schwarz inequality (in the third to last in-
equality), as well as the inequality log(1+x) ⩽

√
x (which is valid for x ⩾ 0).

Property (2) of the theorem follows from combining this bound for N(pi)
with equation (5.1). □

6. An upper bound on the area of an arithmetic manifold with
systole bounded below

Our proof of Theorems 6.2 and 6.3 will make crucial use of a very minor
modification of Proposition 3.1 of [15]. Although the proof is largely the
same as the one appearing in [15], we include it here for the convenience of
the reader.

Proposition 6.1 ([15, Proposition 3.1]). — Let k be a number field of
degree n that is totally real (respectively has a unique complex prime). Let
B be a quaternion algebra over k which is unramified at precisely one real
prime of k (respectively is ramified at all real primes of k). If there exists a
principal arithmetic hyperbolic 2-manifold (respectively principal arithmetic
hyperbolic 3-manifold) arising from B with systole less than x then there
exists a quadratic field extension L/k which embeds into B and satisfies
N(∆L/k) ⩽ e2(n+x).

Proof. — The length of the closed geodesic associated to γ is the log-
arithm of the Mahler measure of the minimal polynomial of γ [17, Lem-
ma 12.3.3] or twice this quantity (depending on whether γ is hyperbolic or
loxodromic), which is equal to the height of γ relative to Q(λ) (here λ is the
unique eigenvalue of the lift to SL2(R) or SL2(C) of γ with |λ| > 1), hence
the fact that [Q(γ) : Q] ∈ {n, 2n} (this follows from [3, Lemma 2.3] in the
case of hyperbolic 3-manifolds and from [16, Proposition 4.13] in the case
of hyperbolic 2-manifolds) implies that the absolute logarithmic Weil height
h(γ) of γ satisfies x ⩾ 2nh(γ). The proposition now follows from Silverman’s
lower bound for the absolute logarithmic Weil height of an element in terms
of the relative discriminant of the field extension it generates (see [26]). □

Theorem 6.2. — For a given x ∈ R there exists a principal arithmetic
hyperbolic 2-manifold with systole at least x and area at most

4ce11x

for some positive, effectively computable constant c.

Proof. — We may assume, without loss of generality, that x ⩾ 1. We will
construct a quaternion algebra B over Q which is unramified at the infinite
prime of Q and which has the property that no quadratic field extension
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L/Q with ∆L/Q ⩽ e2+2x embeds into B. If O is a maximal order of B then
the above proposition implies that H2/Γ1

O has systole at least x.

Note that if L is a quadratic field of discriminant d then a prime p not
dividing d splits in L/Q if and only if the Legendre symbol

(
d
p

)
= 1. By

Linnik’s theorem there exists such a prime p with p < c1dc2 where c1 and
c2 are constants that can of course be assumed to be greater than one.
Because we wish to construct a quaternion algebra B in which no quadratic
field with discriminant less than e2+2x embeds, we will define B to be the
quaternion algebra in which every prime p < c1(e2+2x)c2 ramifies. As B must
be unramified at the infinite prime of Q, there must be an even number of
primes ramifying in B. Bertrand’s postulate implies that there is always a
prime in the interval [x, 2x] for all x > 1. It follows that if there are an odd
number of primes less than c1(e2+2x)c2 then we may find an additional prime
less than 2c1(e2+2x)c2 .

If O is a maximal order of B then the area of the hyperbolic 2-orbifold
H2/Γ1

O is
π

3
∏

p∈Ram(B)

(p − 1) ⩽ π

3
∏

p<2c1(e2+2x)c2

p < 4ce11x

where c is an effectively computable constant. We note that the final inequal-
ity here follows from Erdős’ inequality

∏
p⩽x p < 4x (see [7]) and Xylouris’

proof [29] that we may take c2 < 5.5.

To conclude our proof we need to show that H2/Γ1
O is a closed hy-

perbolic 2-manifold. Proposition 4.3 implies that it suffices to show that
Ram(B) contains primes which split in the quadratic extensions Q(

√
−1)/Q

and Q(
√

−3)/Q. The smallest prime which splits in both of these exten-
sions is 13. Since B was defined to be the quaternion algebra in which every
prime less than c1(e2+2x)c2 ramifies, that c1, c2 > 1 and x ⩾ 1 shows that
13 ∈ Ram(B). □

In the following theorem we adapt the proof of Theorem 6.2 to the setting
of hyperbolic 3-manifolds.

Theorem 6.3. — For a given x ∈ R there exists a principal arithmetic
hyperbolic 3-manifold with systole at least x and volume at most

4ce2x

for some positive, effectively computable constant c.

Proof. — We may assume, without loss of generality, that x ⩾ 1. Let k
be an imaginary quadratic field. Given a quadratic extension L/k we will
denote by L̂ the Galois closure of L over Q. Note that k being imaginary
quadratic implies that either L = L̂ or else L̂ is a Galois extension of Q
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of degree 8 with Galois group isomorphic to the dihedral group D4 (see [4,
Section 2.2]). We will construct a quaternion algebra B over k which has
the property that no quadratic field extension L/k with Nk/Q(∆

L̂/k
) ⩽

(e2+2x)2 embeds into B. This will imply, by the relative discriminant for-
mula ∆

L̂/k
= ∆[L̂:L]

L/k NL/k(∆
L̂/L

), that no quadratic field extension L/k with
Nk/Q(∆L/k) ⩽ e2+2x embeds into B. If O is a maximal order of B then
Proposition 6.1 will imply that H3/Γ1

O has systole at least x.

Let L be a quadratic field extension of k. The work of Pollack [20] (in
the case that L/Q is Galois) or Ge, Milinovich and Pollack [10, Example 1]
(in the case that L/Q is a D4-quartic field) imply that there exists a prime
p splitting completely in L̂/Q with p < c0∆1/2

L̂/Q
for some constant c0 > 1.

Because we wish to construct a quaternion algebra in which no quadratic
field extension L/k with Nk/Q(∆

L̂/k
) ⩽ (e2+2x)2 embeds, we recall that a

prime p splits completely in L/Q if and only if it splits completely in L̂/Q
and define the algebra B by

Ram(B) = {p ⊂ Ok : Nk/Q(p) ⩽ c0∆2
k/Qe2+2x}.

To see that B has the desired property, let L be a quadratic extension of
k which embeds into B and suppose that Nk/Q(∆

L̂/k
) ⩽ (e2+2x)2. By what

we’ve said above, there exists a prime p which splits completely in L̂/Q such
that p < c0∆1/2

L̂/Q
. Let p be a prime of k lying above p. Then p splits com-

pletely in L̂/k, and hence in L/k, and satisfies, by the relative discriminant
formula,

Nk/Q(p) = p < c0∆1/2
L̂/Q

= c0∆[L̂:k]/2
k/Q Nk/Q(∆

L̂/k
)1/2 ⩽ c0∆2

k/Qe2+2x.

Therefore we have shown the existence of a prime p of k which splits in L/k
yet ramifies in B. This violates Proposition 3.1, hence B has the desired
property.

Let C = |∆k/Q|
3
2 ζk(2)

4π2 . If O is a maximal order of B then the volume of
H3/Γ1

O is

Vol(H3/Γ1
O) = C

∏
p∈Ram(B)

(N(p) − 1)

⩽ C
∏

N(p)⩽c0∆2
k/Qe2+2x

N(p)

⩽ C
∏

p⩽c0∆2
k/Qe2+2x

p2
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⩽ C

 ∏
p⩽c0∆2

k/Qe2+2x

p


2

< C42c0∆2
k/Qe2+2x

where the last inequality follows from Erdős’ inequality
∏

p⩽x p < 4x (see [7]).

It remains only to show that we may choose B in such a way that H3/Γ1
O

is a hyperbolic 3-manifold; that is, that Γ1
O is torsion-free. Let k be the

imaginary quadratic field Q(
√

−2). By Propsoition 4.3 it suffices to show
that Ram(B) contains primes which split in both Q(

√
−1,

√
−2)/Q(

√
−2)

and Q(
√

−2,
√

−3)/Q(
√

−2). An easy calculation in SAGE shows that the
prime 97 splits completely in Q(

√
−1,

√
−2)/Q and Q(

√
−2,

√
−3)/Q.

Let p be a prime of Q(
√

−2) lying above 97. Then p splits in both
Q(

√
−1,

√
−2)/Q(

√
−2) and Q(

√
−2,

√
−3)/Q(

√
−2) and has norm N(p) =

97. Since |∆Q(
√

−2)/Q| = 8 and x ⩾ 1, the definition of B implies that
p ∈ Ram(B). This shows that H3/Γ1

O is a hyperbolic 3-manifold.

Finally, we compute (again, using SAGE) that C42c0∆2
k/Qe2+2x

⩽ 4c0103e2x .
Letting c = 103c0, the theorem follows. □

6.1. Can the volume bounds in Theorems 6.2 and 6.3 be improved
upon?

While it seems likely that the volume bounds we obtained in Theorems 6.2
and 6.3 are far from the truth, improving them seems to be quite difficult
using the methods of this paper and variants thereof. Consider, for example,
Theorem 6.2. In light of Proposition 6.1 we had to construct a quaternion
algebra B over Q in which no quadratic field with discriminant less than
e2+2x embeds. The approach we adopted was to construct such an algebra
by ensuring that for every quadratic field with discriminant less than e2+2x

there was a prime p ∈ Ram(B) which split in the quadratic field. The area
of a principal arithmetic hyperbolic 2-manifold arising from such an algebra
is essentially ∏

p⩽c(e11x)

(p − 1)

for some positive constant c, which led to the theorem’s large area bound.

It would be natural to argue that part of the inefficiency in the aforemen-
tioned approach was to choose a separate prime splitting in each quadratic
field of discriminant less than e2+2x. For example, while the prime 5 is the
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smallest prime splitting in Q(
√

−1)/Q and the prime 7 is the smallest prime
splitting in Q(

√
−3)/Q, the prime 13 splits in both extensions. It there-

fore would have been better to have Ram(B) contain 13 (a contribution of
12 = 13 − 1 to the area of the corresponding hyperbolic 2-manifold) rather
than the primes 5 and 7 (which together contribute 24 = (5−1)(7−1) to the
area). Taking this line of reasoning even further, perhaps it would be best
to find a single prime p which splits in every quadratic field of discriminant
less than e2+2x and define B by declaring Ram(B) = {2, p}. Such a prime
p can be found using effective versions of the Chebotarev density theorem.
In [14] it is shown that if K/Q is a Galois extension of number fields and ∆
is the absolute value of the discriminant of K then assuming the General-
ized Riemann Hypothesis there exists a prime p which splits completely in
K/Q and satisfies p < c log2(2∆) for some positive constant c. Unfortunately
such an approach still yields a volume bound of the form c

cx
2

1 , as in our case
we would need to define K as the compositum of all quadratic fields with
discriminant less than e2+2x. The issue is that the discriminant of such a
compositum is astronomical. Schmal [25] has shown that if a1, . . . , ak are
square-free integers then the discriminant of Q(√a1, . . . ,

√
am) is

∆ = (2r rad(a1 · · · am))2m−1

where r ∈ {0, 2, 3} and rad(n) denotes the radical of n. In our case m is
a constant multiple of e2+2x, hence log(2∆) (as well as the area of our hy-
perbolic 2-manifold) will contain a term with order of magnitude roughly
2e2+2x . This is an improvement on the bound from Theorem 6.2, but only a
minor one and is conditional on the Generalized Riemann Hypothesis.

Ultimately it seems as though the reason that the bounds in Theorems 6.2
and 6.3 are as big as they are is the e2(n+x) appearing in Proposition 6.1.
That this term is exponential in x is a consequence of Silverman’s lower
bound for the height of an algebraic integer in terms of the relative dis-
criminant of the field extension it generates (see [26]). While one might
naively hope that Silverman’s bound could be improved upon enough to re-
sult in substantially better volume bounds, the discussion of Pierce, Turnage-
Butterbaugh and Wood in Section 8 of [19] make it clear that in fact, Sil-
verman’s bound is close to the truth and likely cannot be improved upon
(apart from constants).

In light of the above discussion, improving the bounds in Theorems 6.2
and 6.3 seems like an interesting, though difficult, problem.
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7. A program for determining surfaces and 3-manifolds of
minimal volume with systole bounded below

Recall that the coarea of a principal arithmetic Fuchsian group arising
from a quaternion algebra B over the field Q of rational numbers is given by
the formula

π

3
∏

p∈Ram(B)

(p − 1).

In this section we will determine, for certain small values of x > 0, the
minimal coarea of a principal arithmetic Fuchsian group defined over Q
whose associated hyperbolic 2-manifold has systole greater than x. In order
to accomplish this we wrote a program in SAGE [24] that takes as input
a lower bound x on the systole length, and returns the ramification set of
a quaternion algebra over Q giving rise to a principal arithmetic Fuchsian
group of smallest coarea amongst those whose associated surface has systole
at least x. (We note that such a quaternion algebra will not, in general, be
unique.)

The general outline of the program is as follows.

(1) For a given systole bound x, we compile a list of all square-free
integers d such that the regulator Regd of Q(

√
d) is less than x. This

is done by employing the elementary estimate (see for instance [12,
p. 2])

Regd ⩾ log
(

1
2(

√
d − 4 +

√
d)

)
.

If B is a quaternion algebra over Q into which Q(
√

d) embeds, then
every principal arithmetic group arising from B will contain a ge-
odesic whose length is the regulator of Q(

√
d), hence we must de-

termine the “smallest” quaternion algebra over Q which does not
admit an embedding of Q(

√
d) for any of the d computed above.

(2) Find a quaternion algebra B′ over Q, unramified at the infinite
prime of Q, into which none of the real quadratic fields found in
the previous step embed. This is done by using the fact that Q(

√
d)

embeds into a quaternion algebra over Q if and only if no prime
ramifying in the quaternion algebra splits in Q(

√
d), along with

the criterion for a prime to split in a quadratic field. In practice
we were able to find a quaternion algebra B′ by considering all
subsets of the first 25 prime numbers with cardinality 2, 4, or 6 as
the potential ramification sets of B′, and then checking to see if such
a quaternion algebra admitted an embedding of any of the Q(

√
d).

If Γ is a principal arithmetic group arising from B′, then the systole

– 1012 –



Systoles of Arithmetic Hyperbolic 2- and 3-Manifolds

of H2/Γ is greater than x. Fix one such Γ, and let A be the coarea of
Γ. The coarea formula shows that A does not depend on the choice
of maximal order used to construct Γ.

(3) Let B be a quaternion algebra over Q, unramified at the infinite
prime of Q, into which none of the Q(

√
d) embed and whose prin-

cipal arithmetic subgroups have minimal coarea amongst those of
all quaternion algebras with the aforementioned property. In this
step we determine an upper bound for the cardinality of Ram(B)
by making use of the coarea formula inequalityπ

3
∏

p∈Ram(B)

(p − 1)

 < A,

where A is as in (2).
(4) Check all even cardinality sets of primes S = {p1, . . . , p2k} which

satisfy
π

3
∏
p∈S

(p − 1) < A (7.1)

and check to see if the quaternion algebra whose ramification set is
equal to S admits embeddings of any of the quadratic fields Q(

√
d).

The set S for which the left hand side of (7.1) is minimal is our
desired ramification set.

The results of our computations are listed in Table 7.1. We note that
rather than listing the optimal surface areas, which are of the form

π

3
∏

p∈Ram(B)

(p − 1)

and hence irrational, we have instead listed the optimal area factors∏
p∈Ram(B)

(p − 1),

which are integral.

Our approach for 3-manifolds was essentially the same as our approach
for surfaces, with a few notable differences:

(1) In the case of surfaces arising from quaternion algebras over Q,
closed geodesics are associated with quadratic fields Q(

√
d). Such a

quadratic field embeds into a quaternion algebra B over Q if and
only if no rational prime which ramifies in B splits in Q(

√
d)/Q.

Moreover, whether a prime p splits in the extension Q(
√

d)/Q is eas-
ily checked; one simply needs to compute the value of the Legendre
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Table 7.1.

Lower Bound for Systole Length x Ram(B) Optimal Area Factor
0.5 {2,11} 10
1 {2,31} 30

1.25 {3,31} 60
1.5 {2,3,7,11} 120
1.75 {3,5,7,11} 480

2 {3,5,7,11} 480
2.25 {2,3,13,41} 960
2.5 {2,3,7,17} 2240
2.75 {2,3,5,7,11,13} 5760

3 {2,7,29,37} 6048
3.25 { 2,3,5,7,11,67} 31680
3.5 {2,3,5,11,17,47} 58880
3.75 {2,3,5,19,23,27} 114048

4 {2,3,19,23,31,37} 855360
4.25 {2,3,7,37,61,73} 1866240
4.5 {2,3,7,37,61,73} 1866240
4.75 {2,7,11,23,109,173} 24520320

5 {2,3,5,7,11,13,53,173} 51517440

symbol
(

d
p

)
. For hyperbolic 3-manifolds arising from quaternion al-

gebras over Q(i), by contrast, one must check whether a prime ideal
in Q(i) splits in a quadratic extension of Q(i) (which is a field of de-
gree 4 over Q). In practice we have found that checking this property
takes significantly longer than computing a Legendre symbol.

(2) In the case of surfaces, we were able to determine exactly which
quadratic fields Q(

√
d) give rise to a closed geodesic with length

less than x. In the case of 3-manifolds, we instead have to work
with a bound ∆F/Q ⩽ 16e2(x+2) on the discriminant ∆F/Q of a
quadratic field extension F of Q(i) that may give rise to a closed
geodesic with length less than x. In light of this, there are many
more degree 4 fields to consider in the 3-manifold case than there
were quadratic fields to consider in the surface case, For example,
for a systole bound of x = 2.7, in the surface case we had to find
quaternion algebras over Q into which 18 quadratic fields did not
embed. The number of quadratic extensions of F of Q(i) that need
be considered in the 3-manifold case (for the same systole bound of
x = 2.7) is 1604.

(3) Because the computations for 3-manifolds were so much more inten-
sive than were the ones for surfaces, the 3-manifold examples listed
in Table 7.2 are no longer optimal (in the sense of having minimal
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Table 7.2.

Lower Bound for Systole Length x Ram(B) Volume
1.0 {2,5,9,13} 117.24
1.1 {2,5,5,9,13,13} 5627.69
1.2 {2,5,5,9,13,13} 5627.69
1.3 {2,5,5,9,13,29} 13131.28
1.4 {2,5,5,9,13,29} 13131.28
1.5 {2,5,5,13,17,61} 56276.93
1.6 {2,5,5,17, 29,53} 78787.69
1.7 {2,5,5,29, 41, 73} 393938.4
1.8 {2,9,13,17,29,53} 682826.70
1.9 {2,9,13,17,29,53} 682826.70
2.0 {2,5,5,9,17,41,41,49} 48022976.94
2.1 {2,5,5,9,17,41,41,49} 48022976.94
2.2 {2,5,9, 17,37, 41,41,49} 4.3221 × 108

2.3 {2,5,13,37,37,41,41,49} 1.4587 × 109

2.4 {2,5,13,37,37,41,41,49} 1.4587 × 109

2.5 {5, 17,17,29,37,41,41,49} 1.6943 × 1010

2.6 {2,5,5,9,13,17,29,41,49,53} 2.0977 × 1010

2.7 {2,5,5,9,13,17,29,41,49,53} 2.0977 × 1010

2.8 {2,5,5,9,13,17,29,53,61,61} 3.9331 × 1010

2.9 {2,5,5,9,13,17,29,53,61,61} 3.9331 × 1010

3.0 {2,5,5,9,17,49,73,89,89,97} 1.6066 × 1012

volume) but simply represent examples of arithmetic hyperbolic 3-
manifolds arising from quaternion algebras over Q(i) which have
systole at least x.

In Table 7.2 we list, for a systole bound x, a quaternion algebra B over
Q(i) which has the property that for any maximal order O of B, the hyper-
bolic 3-manifold H3/Γ1

O has systole at least x. We characterize B by means
of its ramification set Ram(B). More explicitly, we list the absolute norms
of the prime ideals in Ram(B). Although in general there may be multiple
prime ideals in a number field having the same absolute norm, we have found
that the compactness of this presentation more than makes up for its slight
ambiguity. In the final column we give the volume of the manifold H3/Γ1

O.
(Note that this volume does not depend on the maximal order O.)
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