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Hamilton—Jacobi equations with monotone
nonlinearities on convex cones )
Hone-BiN CHEN (U AND J1aMING X1A (2
ABSTRACT. — We study the Cauchy problem of a Hamilton—Jacobi equation with

the spatial variable in a closed convex cone. A monotonicity assumption on the non-
linearity allows us to prescribe no condition on the boundary of the cone. We show
the well-posedness of the equation in the viscosity sense and prove several proper-
ties of the solution: monotonicity, Lipschitzness, and representations by variational
formulas.

RESUME. — Nous étudions le probléme de Cauchy pour une équation de Hamilton—
Jacobi ou la variable spatiale appartient & un cone convexe fermé. Une hypothése
de monotonicité sur la non-linéarité nous permet de nous affranchir de prescrire une
condition au bord du coéne. Nous établissons le caractére bien-posé de 1’équation au
sens des solutions de viscosité et démontrons quelques propriétés : monotonicité,
bornes Lipschitz et représentation des solutions par des formules variationnelles.

1. Introduction

In [3, 4, 5,17, 15, 16], the limit free energy of mean-field disordered models
has been shown to be described by the viscosity solution to a Hamilton—
Jacobi equation of the following form:

of—H(Vf)=0, onRy xC

f(0,-) =1, onC
where we set Ry = [0,00) throughout and C is a finite-dimensional closed
convex cone. Moreover, in these settings, the restriction of the nonlinearity

(1.1)
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H to C, and the initial condition ¢ are monotone along the direction given
by the dual cone C* of C. In this work, we interpret the well-posedness as
the comparison principle together with the existence of solutions.

Other than invalidating the Dirichlet boundary condition, the settings of
these models do not suggest a suitable boundary condition on 9C. To ensure
the well-posedness of the Cauchy problem in the sense of viscosity solutions,
the first attempt was to impose the Neumann boundary condition as done
in [17, 15, 16]. When the geometry of OC is complicated, for example, in
the case where C is the set of positive semi-definite matrices, the Neumann
boundary condition makes it hard to verify the comparison principle and the
existence of solutions at the same time.

Hence, in [3, 4], another attempt was to introduce a modification H that
coincides with H on C but is monotone on the entire space and to require
the solution to satisfy the equation in the viscosity sense also on JC. This
approach turns out to be successful. However, the modification H seems
artificial, and it was not shown whether the solution depends on the way to

construct the modification.

In this paper, we show that there is no need to impose any boundary
condition on dC, due to the monotonicity of the nonlinearity and the initial
condition. The solutions are required to satisfy the equation in the viscosity
sense only on the interior of R x C. Moreover, only the values of H on C
matter, and thus the solution does not depend on how H is modified outside
C. Aside from the well-posedness, we also prove several useful properties
of the solution that were needed in the aforementioned works and will be
needed in future works. In particular, the results here for finite-dimensional
equations will be used in the study of the equation in infinite dimensions [5].

The main idea behind the irrelevance of the boundary is from [10, 19]:
one can use dist(-,dC), the distance function to the boundary, to push the
contact points of test functions away from the boundary. In our setting,
this function admits a representation (2.2) better reflecting the geometry of
cones.

1.1. Definitions and the main result

Let H be a finite-dimensional Hilbert space with inner product (-, -)
and associated norm | - |. For a subset A C H, we denote its interior by int A

or A.
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1.1.1. Cones

Throughout, we assume that

(A) C is a nonempty closed convex cone in H, which is pointed (i.e.
C N (—C) = {0}) and has nonempty interior (i.e. C # ().

Here, C is said to be a convex cone if Az + Nz’ € C for all A\, > 0 and
z,x’ € C. Note that being pointed means that C does not contain any nonzero
subspace. By restricting to a subspace of H, C can always be made nonempty.

The dual cone of C is defined by C* = {z € H : (z,y) > 0,V y €
C}. Since C is a nonempty closed convex cone, it is easy to see that C*
is also a nonempty closed convex cone. Moreover, it is well-known (cf. [2,
Corollary 6.33]) that (C*)* = C.

Since a cone can induce an order, we define the following notion of mono-
tonicity. For D C H and g : D — (—o0, 0], g is said to be C*-increasing
if g(x) > g(y) for all x,y € D satisfying x — y € C*. Notice that if g is a
differentiable function on C and g is C*-increasing, then Vg(z) € C for every
2 € C. Indeed, g(z+ey) = g(z) for every y € C* and e > 0 sufficiently small.
Sending ¢ — 0, we have (y, Vg(z)) > 0 and thus Vg(z) € (C*)* =C.

1.1.2. Viscosity solutions

Recall that we have set Ry = [0,00). For a subset D C H and a function
F:H — R, we consider the following Hamilton—Jacobi equation, as a slight
generalization of (1.1):

Of —F(Vf)=0, onRy xD.

We denote this equation by HJ(D,F) and the associated Cauchy problem
with initial condition f(0,-) = v by HJ(D,F;v). Classical references to
viscosity solutions include [7, 9, 11, 13].

DEFINITION 1.1 (Viscosity solutions). —

(1) An upper semi-continuous function f : Ry x D — R is a viscosity
subsolution of HJ(D, F) if for every (t,x) € (0,00) x D and every
smooth ¢ : (0,00) x D — R such that f — ¢ has a local maximum at
(t,z), we have

(010 —F(V9)) (t,2) <O.
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(2) A lower semi-continuous function f : Ry x D — R is a viscosity
supersolution of HJ(D,F) if for every (t,z) € (0,00) x D and every
smooth ¢ : (0,00) x D — R such that f — ¢ has a local minimum at
(t,z), we have

(010 —F(V9)) (t,2) > 0.

(3) A continuous function f : Ry x D — R is a viscosity solution
of HI(D,F) if f is both a viscosity subsolution and supersolution.

Here, f — ¢ is said to have a local extremum at (¢, ) if f — ¢ achieves an
extremum at (¢, ) over an open neighborhood of (¢,z) (in R x ) intersected
with (0, 00) x D.

We often drop the qualifier “viscosity”, and simply write that f is a
subsolution, supersolution, or solution. We also write that f solves HJ(D, F)
if f is a solution. Throughout, the restriction of a function g to a set & is
denoted by glg. For D' D D, a function f : Ry x D' — R is said to be a
subsolution, supersolution, or solution of HJ(D, F) if f|r, xp is so.

The goal of this work is to show that the solution f : Ry xC — R
of (1.1) should be understood to be the solution of HJ(C, H). In other words,
the values on JC are not relevant.

1.1.3. Classes of functions

For a metric space X, we define T'oont (X), T'rip(&X), and Cioerip (X) to be
the class of functions g : X — R that are continuous, Lipschitz, and locally
Lipschitz, respectively. For D C H, we denote by I'”"(D) the class of C*-
increasing functions. We also set FS(D) = T7(D) N Tg(D) where O is a
placeholder for subscripts.

We define
M={f: Ry xC—R|ft,-)el 7 (C),VteR:},

and

E{f:R_,_XCHR‘f(O,~)EFLip(C); sup |f(t’x)f(0’x)<oo}.

t>0,z€C t

We define the following subclass
S1ip = {f e £ swp 17ty < oo}7
teR

where we denote by |- |rip the Lipschitz coefficient of a function. Note that
functions in 9M, £ or L1;p are not required to be continuous.
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We are mainly interested in HJ(C,H), for H : H — R satisfying H|c€
FlfCLip(C). Throughout, for x € H and r > 0, we set B(z,r) = {y € H :
ly — [ <7}

THEOREM 1.2. — Let H : H — R satisfy H|c€e Flchip(C), Then the
following holds:

(1) (Comparison principle) If u,v : Ry x C — R are respectively a
subsolution and a supersolution of HJ(C,H) in MN Ly, (or in MNL

if Hlce Fﬁp(C)), then supg, yc(u —v) = supyoyxc(u — v).

(2) (Existence of solutions) For every ¢ € FSP(C), there is a viscosity

solution f : Ry x C — R of HJ((?,H;(/)) unique in M N Lrip (or in
MmN L ifHlce I‘ﬁp(C)). In addition, f satisfies the following:
(a) (Lipschitzness) The solution f is Lipschitz and satisfies
sup || f(t,-)l[Lip = 19l|Lip,
teR,
sup [|f(-,@)[[Lip < sup  [H|.
QZGC CmB(O)HwHLip)
(b) (Monotonicity in time) If H|¢> 0, then f(t,z) < f(t',x) for
allt >t>0andz €C.

(¢) (Solving modified equations) For every F € FﬁcLip(H) sat-

isfying ¥ leap vl = HlenBo, iy, [ i the solution of
HI(C,F;v¢) unique in Lr;p (or in £ if F € Fﬁp('H)).

(d) (Variational representations) Under an additional assumption
that C has the Fenchel-Moreau property, f can be represented
by the Hopf-Laz formula (6.2) if H|¢ is convex and bounded

below; and by the Hopf formula (6.14) if 1 is convez.

Given another norm on H comparable to |- |, Propositions 5.1 and 5.2
show that the Lipschitz coefficients of f with respect to this norm are also
bounded, which is a generalization of (2a). In (2c), the definition of the
Fenchel-Moreau property is given in Definition 6.1, which states that a ver-
sion of the Fenchel-Moreau biconjugation identity holds for functions defined
on C.

Since one does not need to pay attention to whether a test function
touches the solution on the boundary or not, the analysis of HJ(C,F) is
easier, in particular, in using the trick of doubling variables. Hence, the
property (2c) can be very useful in deriving further properties if needed in
the future. In fact, many of the parts of the theorem are derived first for
HJ(C,F) and then transferred to HJ(C, H).

This theorem assembles results from various parts of the paper.

-5 -



Hong-Bin Chen and Jiaming Xia

Proof. — Part (1) follows from Corollary 3.3 with assumption (ii) (or

assumption (i) if H|ce Fﬂp(C)).

Let us verify Part (2). Applying Lemma 2.4, we can find F € Fﬁp(’H)

equal to H on B(0,||¢||Lip). Proposition 3.4 yields a solution f € £ of
HJ((f, F; ). Proposition 2.1 implies that f solves HJ(C,F; ). Corollary 5.3
implies that f satisfies (2a), and thus f € £p,. Then, by Proposition 4.1, f
belongs to M. These along with Lemma 2.6 imply that f solves HJ(CO, H; ).
The uniqueness in the main statement of Part (2) is ensured by Part (1).
Hence, the main statement of Part (2), and (2a) have been verified.

If H|¢> 0, we have F > 0 by Lemma 2.4. From Proposition 4.2, we can
deduce (2b). For (2¢), Lemma 2.6 and Proposition 2.1 imply that f solves
HJ(C,F;), and Corollary 3.2 with assumption (ii) (or assumption (i) if F €

Fﬁp(’H)) ensures the uniqueness. Lastly, (2d) follows from Propositions 6.2
and 6.3. 0

We present a concrete setting, to which Theorem 1.2 is applicable.

Ezample 1.3. — Let D € N and let H be the linear space of D x D
real symmetric matrices. We equip ‘H with the Frobenius inner product, i.e.,
(a,b) = ZkD,}g':1 agrbrrr for a,b € H. Let C be the cone of positive semi-
definite matrices in H. Consider H(a) = |a|? for all a € H, whose gradient
at a is 2a. Hence, on C, the gradient of H belongs to C and thus H|¢ is
C*-increasing.

1.2. Organization of the paper

We collect preliminary results in Section 2 including a simplification of
the boundary condition on dC given that the nonlinearity is monotone, and
modifications of the nonlinearity. These results allow us to equivalently study
HJ(C,F) for F, a modification of H, that possesses good properties on the
entirety of H, instead of HJ (C,H) as concerned in Theorem 1.2. Addition-
ally, since no special treatment is needed for points on 9C, the argument to
analyze HJ(C,F) via the trick of doubling the constants is simpler. Hence-
forth, we will focus on HJ(C, F), and transfer its properties to HJ(C, H) using
results from Section 2, as done in the proof of Theorem 1.2.

For HJ(C,F), we show its well-posedness in Section 3; the monotonicity
of the solution in Section 4; the Lipschitzness of the solution in Section 5;
and variational formulae for the solution in Section 6.
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1.2.1. Additional notation and convention

Throughout, for a,b € R, we write aVb = max{a, b}. For (¢, z) varying in
a subset of R x ‘H, we refer to t as the temporal variable and z as the spatial
variable. The derivative in the temporal variable and the derivative in the
spatial variable are denoted by 0; and V, respectively. We often abbreviate
the word “respectively” as “resp.” The symbol F is always reserved for a map
from H to R that satisfies good properties on H, and H is for a map from H
to R that enjoys good properties only when restricted to C.

Acknowledgement

The authors thank Jean-Christophe Mourrat for pointing out important
references [10, 19] and for helpful comments. The authors thank Tomas
Dominguez for finding a mistake in the application of Perron’s method. The
authors thank the anonymous referee for comments that helped them greatly
improve the manuscript.

2. Preliminary results

We first show in Proposition 2.1 that if a nonlinearity F is C*-increasing,
then a solution of HJ(C,F) is a solution of HJ(C,F). Note that a solution
of HJ(C,F) is obviously a solution of HJ(C,F). Hence, given a monotone
nonlinearity, the values on the boundary are not relevant for the study of
HJ(C,F). Hence, to see if f solves HJ(C,F), we only need to consider (¢, x) €
(0, 00) x C at which f — @ achieves a local extremum for some smooth ¢. The
condition that z € C allows us to better control V(t, z) using properties of
f, which is very useful in other sections.

Next, we record results on modifications of nonlinearities. Note that in
Theorem 1.2, the nonlinearity H is only assumed to have good properties on
C. For our analysis in later sections, it is useful to modify H into F possessing
these properties on H. Lemma 2.4 is the main one to be used. Although not
to be used here, Lemma 2.5 gives a good modification if H grows to infinity,
which is useful in many applications. Lastly, Lemma 2.6 gives conditions
under which the solution of the modified equation is the same solution of
the original one and vice versa, which is needed to show Theorem 1.2(2c)
(see its proof in Section 1.1).
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2.1. Simplifying boundary

PROPOSITION 2.1. — Let F € T4, (H). If f : Ry x C — R is a contin-

uous subsolution (resp., supersolution) of HJ(CD,F), then f is a subsolution
(resp., supersolution) of HI(C,F).

As aforementioned, the distance function dist(-,dC) from [10, 19] has a
nice representation in our setting:
de(x) = inf (y,z), x€C. (2.1)
yec, |yl=1
We will directly work with this expression. In an early version, we guessed
but did not know how to prove

de(x) = dist(x,0C), x €C. (2.2)

In the review process, the referee provided a proof. We briefly present it
here.

Proof of (2.2). — Fix any x € C. Let yo be the minimizer in (2.1) and
let z be the projection of = to {2’ € H : (2/,y0) = 0}. Due to |yo| = 1,
we can verify x — z = (yo, ) yo. Now, for every y € C* with |y| = 1, we
have (y,z) = (y,x) — (yo, ) (y,y0) = 0, where we used the minimality of
yo and (y,yo) < 1. Hence, z € C. Due to (z,yo) = 0 and yo € C*, we can
verify z € 9C. Since |z — z| = (yo, z), we get dist(x,0C) < de¢(x). We turn to
the other direction. Choose zg € 9C to satisfy |x — 2| = dist(z, dC). There
must be some y € C* with |y| = 1 such that (y, zo) = 0 (because otherwise
one can show zp € C). Now, (y,z) = (y,x — 20) < |& — 2|, which implies
de(z) < dist(z, 9C). O

Before stating properties of d¢, we need some definition. For a function
g : D — R defined on a subset D C H, the superdifferential of g at x € D,
denoted by Dt g(z), is defined to be the set of all p € H satisfying
9(y) —g(z) < {p,y —x) + o(y — )
as y — x within D.

LEMMA 2.2. — The following holds for d = d¢ defined in (2.1):

(1) forx eC, d(x) =0 if and only if x € OC;

(2) d is concave and Lipschitz;

(3) Dtd(z) c C* N B(0,1) for every x € C;

4) if v — g(x) — ﬁ achieves a local mazimum at zo € C for some
smooth function g, then —(d(z0))?Vg(zo) € DV d(xo).

— 8 —
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Proof. —

(1). — Let x ¢ OC. Then, there is € > 0 such that x — ey € C for all
y € C* satisfying |y| = 1. Since C = (C*)*, we have that, for all y € C*
satisfying |y| = 1,
(y,2) —e=(y,x —ey) 20,
implying that d(z) > 0.

For the other direction, assume d(x) > € for some ¢ > 0. Then, for any
y € C* satisfying |y| = 1 and any y’ € B(0, 1), we have (y,z) > € and then

(y,x —ey') = (y,x) —e > 0.
This implies that  — ey’ € C for all y/ € B(0,1), and thus z ¢ 9C.

(2). — As an infimum over linear functions, d is concave. Since H is
finite-dimensional, the infimum in d is achieved. Let z1, 22 € C. Then, there
is y1 € C* with |y1| = 1 such that

d(z1) = (y1, 1) < d(z2) + (Y1, 21 — T2) < d(22) + |71 — 22|
implying that d is Lipschitz with coefficient 1.

(3). — We first notice that d(z) is C-increasing (meaning that d(z) <
d(z') if ' —z € C). Fix any x € C. Since d is concave, we know that DT d(x)
is nonempty. Let p € D" d(z) be arbitrary. For any z € C and ¢ > 0 small
enough, we have z 4 ez € C and

(p,ez) = d(x + ez) — d(x) — o(e|z]) = —o(e|z]).
Therefore, sending € — 0, we obtain (p,z) > 0 for all z € C, which implies
that p € C* by duality and thus Dd(z) C C*.

Then, we show that D¥d(x) C B(0,1). Recall that we have shown in (2)
that d is Lipschitz with coefficient 1, which implies that

(p, —€z) + o(—e€|z]) = d(z —ez) — d(z) = —e€lz|,

for all z € B(0,1), p € D*d(z) and € > 0 small. Sending ¢ — 0, we have
{p, z) < |z|. Therefore D*d(z) C B(0,1).

(4). — Due to 2o € C, we have zy + z € C for sufficiently small z. By
maximality at xg, we have
(o) — o > glwo +2) — 5—
z9) — —— =2 g(wg +2) — —.
gi%o d(xo) gi%o d(xo + 2)

Rearranging terms, we get

—(g(wo + 2) — g(w0)) d(z0)d(x0 + 2) = d(wo + 2) — d(0)-

-9 -



Hong-Bin Chen and Jiaming Xia

Using the smoothness of g and the Lipschitzness of d, the left-hand side is
2
—(Vg(®o), 2) (d(w0))” + o(|2])-
Comparing this with the definition of DT d(zg), we can see that
2
—(d(z0)) " Vg(z0) € D d(z)
as desired. |

Proof of Proposition 2.1. — We only prove the proposition for f assumed
to be a subsolution. The case for supersolutions is similar.

Let ¢ : (0,00) x C be a smooth function and assume that f — ¢ has a local
maximum at (¢,z) € (0,00) x C. If x € C, there is nothing to prove. Hence,
we assume z € 0C. For r € (0,t), we set A(r) =[t—r,t+7r] x (CNB(z,r)).

We can further assume that the maximum is strict, namely,
f(t71‘) - ¢(t7x) < flt,z) —o(t,z), V(tx)e A(TO) \ {(L Q)} (2'3)
for some sufficiently small 7.
Step 1. — Let d = d¢ be given in (2.1). For each € > 0, we set

U (t,x) = f(t,z) — ¢(t,z) — V(t,z) € Ry xC. (2.4)

_c
d(x)’
We want to show that ¥, has a local maximum at (s, y.) € (0,00) x C. Since

U, is upper semi-continuous with values in RU{—oc}, there is (s., y.) € A(ro)
such that

\I/e(-seaye) = sup V.. (25)
A(ro)

Due to the presence of ﬁ, we must have . € C. Setting
O = (t—ro,t+19) x (CNint B(z,rg)),

we want to show that (s, ye) € O for sufficiently small €. For every r € (0, r9),
the continuity of f —¢ and (2.3) allow us to find (¢, 2,) € A(r)N((0,00) xC)
such that

f(s,9) = o(s,y) < ftr, ) — Ot ),V (s,y) € A(ro) \ A(r).
Hence, for each r € (0,rg), there is €. > 0 such that
U (s,y) < Ue(tr,xr), V(s,y) € Alro) \ A(r), Ve <e,,
which implies that
(se,Ye) € A(r) C O, Ve<e,. (2.6)

~10 —
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Moreover, first taking any subsequential limit of € — 0, and then sending
r — 0, we deduce from (2.6) that

lim(se, ye) = (¢, 2). (2.7)

Step 2. — For each € > 0, let { : R x H — R be a smooth function
compactly supported on O, satisfying

0<¢ <1, Ce(sevye) =1, (28)
supp ¢ C (0,00) x C, (2.9)
where supp (. is the compact support of (.. Then, for each §,0 > 0, we define
€ 2M
O(t,z,s,y) = f(t,z) — ¢(s,y) — O 0—2\(t7m) — (5,9)]* + 0¢c(s,y),

Y (t,z,8,9) € O x O,
where M = sup, . .5 |f(t,z)|]. We show that for 6 sufficiently small, there
is (to, xo, S0,Y0) € O x O depending on 6, d, € such that

(I)(t07x0a50ay0) :maxé(t,x,s,y). (210)
Ox0O
Let wy denote the modulus of continuity for f on O. Using the definition of

M, and considering two cases depending on |(¢,z) — (s,y)| < € or otherwise,
we can get

€

i) + 0Cc(8,9),

Y (t,x,s,y) € O xO.
Using this, (2.5), (2.8), and the definition of ®, we get

q)(t,.’lt, Svy) < wf(e) + f(S’y) - (b(S,y)

@(t7x7 S7y)
< ) ®(seser s ye) +wp(0) =0, if (,2,5,y) € O x (O \ supp (o),
D(Se, Yes S, Ye) +wy(0), if (t,2,5,y) € O x supp (..

Let ((tn, Tn, Sn,Yn))nen be a sequence maximizing ®. Henceforth, let 6
be sufficiently small so that wy(#) < 6. Then, the above display implies that,
for sufficiently large n,

(Snayn) € supp Ce. (2.11)

Note that if | (¢, Zn) — (Sn, yYn)| > 6, then we can verify using the definition
of M that

—-2M + 5<e($na yn)

€
(I)tnyznasnvyn gftnaxn 7¢ SnyYn) — S
( ) < Fltnson) = Olsnsn) = 5o
<o

(Sn, Yn» Sny Yn)-

— 11 -
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Hence, by replacing (¢, z,) by (sn,yn) if necessary, we may assume that,
for sufficiently large n,

|(tn7xn) - (Smyn)| < 6.

This along with (2.11) allow us to pass to the limit in n to deduce the
existence of a maximizer in (2.10), which satisfies

|(to, z0) — (S0, %0)| < 0. (2.12)
Since supp (. C O is compact, for sufficiently small 6, we can ensure by (2.12)
that (o, o, S0,y0) € O x O. Using (2.9), (2.11) (taking n — oo therein)
and (2.12), we have that (to,x0) € (0,00) x C and (so,yo) € (0,00) x C for

sufficiently small 6.

Step 3. — Since the function (¢, z) — P (¢, z, sq, yo) achieves its maximum
over O at (tp,zo) € (0,00) x C, the assumption that f is a subsolution to
HJ(C,F) implies that

4M 4M

On the other hand, since the function (s,y) — ®(tg,xo,s,y) achieves its
maximum at an interior point (sg,yo), we can compute

4M
Oy d(s0,Y0) — gT(tO = 80) = 00¢Ce(50,90) = 0,

~ (ln)* (V0. 30) = i (20 = )~ 69C.{s0,10) ) € D),

where the second relation follows from Lemma 2.2(4). By Lemma 2.2(3), we
obtain from the second relation that

497]\24(330 —%0) = Vé(s0,%0) — 0V{c(50,%0) — P

for some p € C*. Using this, (2.13) and the assumption that F is C*-
increasing, we obtain

0:9(50,Y0) — 00:Ce(80,y0) — F (Vo (s0,y0) — 0V Cc(s0,%0)) < 0. (2.14)

Step 4. — Recall that (s, yo) depends on 6, §, € and (. only depends on e.
We claim that

e _ 2.1
EE)I(l) 51_13’%) QI_I)I(I)(SanO) (ta &)7 ( 5)

along some subsequence. Assuming this, and passing (2.14) to the limits in
the same order as in (2.15), we arrive at

which completes our proof that f is a subsolution on (0,00) x C.
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It remains to show (2.15). Due to (2.12), we have
lim (to, zo) = lim (so,y0) = (s1,91) € supp (e
0—0 0—0

for some (s1,y1) depending on 4, e. Using (2.10), we have ®(to, zo, 50,0) >
SUp(; zyeo ®(t, 7, t, ¥) and thus

d(yo)
= f(h.%‘) - ¢(tvm) -

f(to, o) — #(s0,90) — + 6¢c (505 Y0)

d(z)

Let (s2,y2) € supp (. be a subsequential limit of (s1,y1) as d — 0. So, (s2,¥y2)
only depends on e. Hence, sending § — 0 and then § — 0, we obtain from
the above display that

f(s2,92) — d(s2,y2) —

+ ¢ (t,x), VY (t,z)€O.

_c .
d(y2) d(x)’
Hence, (s2,y2) maximizes ¥, introduced in (2.4) over O. By the same argu-
ment used to derive (2.7), we have that lim._,o(s2,y2) = (£, x). |

> f(t,z) — o(t, z) — Y (t,z) € O.

2.2. Modifications of the nonlinearity

Recall that C is assumed to satisfy (A) throughout. We need the following
result for the construction of modifications of the nonlinearity and proofs
involving the trick of doubling variables.

LEMMA 2.3. — Under (A), int(CNC*) # 0.

Proof. — Tt is easy to see that in finite dimensions, a nonempty closed
convex cone is pointed if and only if its dual cone has a nonempty interior
(equivalently, full-dimensional). Indeed, if the cone is not pointed, then it
contains a line through the origin which must be orthogonal to its dual
cone, implying that its dual cone is not full-dimensional. The converse is
straightforward. An immediate consequence of this is that, under (A), C*
must be pointed and has a nonempty interior.

By [2, Proposition 6.26] (stated for the polar cone which differs from the
dual cone by a minus sign), we have (C N C*)* = C* + (C*)* = C* + C.
Hence, to show int(C N C*) # 0, it suffices to show that C* + C is pointed.
Suppose otherwise. Then, there are a,b € C and z*,y* € C* such that
a+ z* = —(b+ y*). Rearranging and multiplying both sides by a + b, we

get 0 < |a+0b]2=—{a+bz*+y*) <0.So, we must have a = —b, and, in
a similar way, * = —y*. Since C and C* are pointed, we get a = b = z* =
y* = 0, which shows that C + C* is pointed. a
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We are ready to construct modifications.

LEMMA 2.4 (Construction of modifications). — Let H : H — R be a
function.

(1) If H[ce Fﬁp(C), then there is F € I‘{;p(’H) satisfying Flc= H|c
and |[Fllip = [[H ellLip-

(2) If H|ce Flchip(C), then, for every R > 0, there is F € Fﬁp(’}-[)
satisfying F|capo,r)= Hlenn(o,r)-

Moreover, in both cases, the construction F satisfies the following:

e if H|c is convex, then F is convex;
e if H|¢> 0, then F > 0.

Proof. —

(1). — We define F(z) = inf{H(y) |y € CN(z+C*)} for z € H. Clearly,
F is C*-increasing as CN (¢’ +C*) C CN(x+C*) if ' —x € C*. Since H|¢ is
C*-increasing, we can easily check that F|¢= H|c. Now, we show that F is
Lipschitz. Fix any x1, 22 € H. Let p be the projection of 1 — x5 to C. Then

(x1 —z2—p,c—p) <0, VeceCl. (2.16)
By setting ¢ = sp € C for s > 0 and varying s, we get
(x1 —x9 —p,p) =0. (2.17)

By this, (2.16) implies that o —x1 +p € C*. Thus, for any yo € CN(z2+C*),
we have ya +p € CN (z1 +C*). Using F|c= H|¢ and that F is C*-increasing,
we get that

H(ys +p) = F(y2 +p) > F(z1). (2.18)

Also, due to the assumption that H|¢ is Lipschitz, setting L = ||H|¢||Lip, We
have that

[H(y2 +p) — H(y2)| < LIpl-
Combining the two displays above gives us
F(z1) —H(y2) < Llpl, Vy2€CN(22+C7). (2.19)
Note that, by (2.17), we have |r1 — 3 — p|* = |21 — 22|*> — |p|? and thus
w1 — 2| > [pl. (2.20)

Using this and taking the supremum over yo € C N (xo + C*) in (2.19), we
achieve that

F(z1) — F(a2) < L|xy — 23],

~ 14 —
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proving the Lipschitzness of F, which also implies ||F||r;, = L. This completes
the proof of (1).

Let us verify additional claims. By the construction of F, it clearly satisfies
that and if H > 0, then F > 0. We now assume that H|¢ is convex. Fix any
x,y € H,and let 2’ € CN(x+C*),y’ € CN(y+C*). Then, for any A € [0,1],
we have Az’ + (1 = N)y' € CN(Az + (1 — Ny + C*). Due to the convexity of
HLCa

FOx+ (1= Xy) <HM + (1= Ny) < AH(Z) + (1 — NH(®Y).
Optimizing over z’,y’, we can deduce that F is convex.

(2). — Fix any v € int(C N C*) which is allowed by Lemma 2.3. Then,
there is § > 0 such that v + B(0,6) C C*. Hence, for each z € C, we
have (v —dy,z) > 0 for all y € B(0,1) implying that (v,x) > d|x| by
choosing y = ﬁ On the other hand, the Cauchy—Schwarz inequality gives
(v, ) < |v||z|. Therefore, there is a constant C' > 0 such that

Cz| < (v,2) < Clz|, VzecC. (2.21)

For [ > 0, we set
Ay ={z e C: (v,z) <1}

For every R > 0, we choose r sufficiently large to ensure that A(2r) D
CnN B(0,R) and

(2C%* + 1)R < 2Cr. (2.22)
We also set L = [|[H[ 4¢2r)||Lip- We define
= {H(:I:) V (H(0) + 2LC((v,x) — 1)), x € A(2r),
H(0) + 2LC({v,x) — 1) zeC\ A(2r),
For x € C satisfying (v, z) = 2r, by (2.21), we have that
H(0) + 2LC({v,z) —r) = H(0) + LC (v, z) > H(0) + L|z| > H(x).
Hence, H is continuous at points on {z € C : (v,z) = 2r}. Using this, v € C,

and H|ce Flchip (C), we can verify that H|ce I‘fi‘p ©).

Using (2.22), we have
2LC(Clz| —r) < =L|z|, Yz € B(0,R),
which along with (2.21) implies that, for z € C N B(0, R),
H(0) +2LC({v,z) — r) < H(0) + 2LC(C|z| — r)
(0) — Llz|
().

/

NN

H
H
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Hence, recalling that C N B(0, R) C A(2r), we obtain that }NILCQB(O)R):
Hlcnp(o,r)-

We set F(z) = inf{H(y) |y € C N (z 4+ C*)}. Then, F satisfies the desired
conditions, as a result of the first part applied to F.

Then, we verify additional conditions. By construction, it is clear that if

H|c> 0, then H > 0; and if H|¢ is convex, then H is convex. Thus, by the
arguments in the first part, we know that if H|¢> 0, then F > 0; and if H|¢

is convex, then F is convex. O

LEMMA 2.5 (Modiﬁcation for a growing nonlinearity). — If H: H - R

satisfies H|ce PIOCLIP(C) and
liminf H(z) = oo, (2.23)
zeC
then, there is F € FIOCLIP(’H) satisfying F|ec=H|c.

Proof. — We define
F(z) =inf{H(y)|lyeCN(x+C")}, VazewH.

We first prove the following claim: for every R > 0, there is r > 0 such
that, for all x € B(0,R), there is y € C N (x + C*) N B(0,r) satisfying
F(r) = H(y). Fix any v € int(C N C*) which is allowed by Lemma 2.3.
Then, there is § > 0 such that u + B(0,0R) C C*. Setting v = d~lu, we
have v — x € C* for all x € B(0, R). By the definition of F, we have that
F(z) < H(v) for all x € B(0, R). By the assumption (2.23), there is r > 0
such that infe\ g,y H > H(v). Hence, the infimum in F(x) must be achieved
at some y € C N B(0, ), proving the claim.

By the same argument in the proof of Lemma 2.4(1), F is C*-increasing
and satisfies F|¢= H|¢. Now, we show that F is locally Lipschitz. Fix any
R > 0 and let » > 0 be given by the claim proved above. Let x1,22 €
CN B(0, R) and p be the projection of 1 — x2 to C. Proceed as in the proof
of Lemma 2.4(1), we arrive at (see (2.18))

H(y2 +p) = F(y2 +p) > F(21)

where, allowed by the above claim, we can choose yo € C N (z2 + C*) to
satisfy |y2| < r and F(x2) = H(yz). Using (2.20), we have yo, y2 +p €
CNB(0,2R+7). Setting L to be Lipschitz coefficient of H|¢np(0,2r+r)- This
along with the above display, the fact that F(x2) = H(y2), and (2.20), implies
that

F(z1) < H(y2) + Llp| < F(22) + Llz1 — 22].
Therefore, F is Lipschitz on B(0, R), completing the proof. O
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LEMMA 2.6 (Invariance of solutions under modification). — LetF : H —
R,H:H—Rand f: Ry xC — R. Assume one of the following:

(1) F\_C: Htc, and f e M.
(2) Flenso,n= Hleno,r) for some R > 0, and f € 9 satisfies
supier, [|f(t)llLip < R.

Then, f is a subsolution (resp., supersolution) of HJ(C°7F) if and only if f
is a subsolution (resp., supersolution) of HJ(C,H).
Proof. — Let us verify the equivalence for subsolutions. The argument

for supersolutions is the same. Suppose that f — ¢ achieves a local maximum
at (t,x) € (0,00) x C for a smooth function ¢. It suffices to show that

F(Vo(t,z)) = H(Vo(t, x)). (2.24)

Let us verify (2.24) under the first assumption. For any y € C* and € > 0

small enough, we have
otz +ey) — o(t,x) 2 f(t,x +ey) — f(t,x) 20,
where in the last inequality we used f(t,-) € T"(C) due to f € M. Sending
€ to 0, we obtain that
(Vo(t,x),y) 20, YyecC,

implying that Vé(t, z) € (C*)* = C. Hence, (2.24) follows from the condition
that FLc: HLc.

Under the second assumption, we also have V¢(t,z) € C. Now, since
1, )lLip < R, we have that, for every z € H and sufficiently small § > 0,
o(t,x —dz) — d(t,x) = f(t,x — 02) — f(t,z) = —RO|z|,

which implies (Vo(t,z),2) < R|z| for every z € H and thus Vé(t,z) €
B(0, R). Hence, (2.24) follows from F|cnpo,r)= Hlenp(o,R)- O

3. Well-posedness

Recall that, in this work, we interpret the well-posedness as the compar-
ison principle together with the existence of solutions.

We first prove the comparison principle in Proposition 3.1 for HJ (C, ),
which immediately yields the comparison principle, Corollary 3.2, for
HJ(C,F). Then, we use results from Section 2 to obtain the comparison prin-
ciple, Corollary 3.3, for HJ (C ,H). Finally, using Perron’s method in Proposi-
tion 3.4, we show the existence of solutions of HJ((?, F; ) for Lipschitz ¢, F.
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We emphasize that Proposition 3.4 alone is not enough to prove the ex-
istence of solutions in Theorem 1.2(2). With results in this section and Sec-
tion 2, we are only able to show the well-posedness of HJ(C, F) (and HJ(C, F))
for F € Fﬁp(’}—[), as commented in Remark 3.5. For Theorem 1.2(2), we need
more properties on the solution to be proved in ensuing sections (see the
proof of Theorem 1.2(2) in Section 1.1).

3.1. Comparison principles

PRrOPOSITION 3.1 (Comparison principle). — Assume one of the follow-
ing:
(i) FeTy,

(11) Fe FﬁcLip

(H), and u,v € £;
(H), and u,v € Lrip;

If u,v are a subsolution and a supersolution of HJ(CD,F), respectively, then
SUPR, xc (U — ) = sup(yxc(u —v).

Proof. — We treat both cases simultaneously. Setting Cy = sup {o}xc(“_
v), we can assume that Cj is finite, otherwise there is nothing to show. We
argue by contradiction and assume that supg, ,c(u —v) > supgyc(u —v).
Then, we can find T' > 0 sufficiently large so that

sup (u—wv)> sup (u—v). (3.1)
[0,T)xC {0}xcC
Step 1. — We fix some constants and introduce auxiliary functions. Due
to u,v € £ in both cases, we can fix a constant L > 1 to satisfy
L > v(0,-)lLip,

lu(t,z) —u(0,2)| V |v(t,z) —v(0,z)| < Lt, V(t,x) € Ry xC.

If necessary, we make L larger to ensure

L> sup [[o(t,)|Lip, in case (ii). (3.2)
N
We set
V= ¥ Lip, %n case (1), (3.3)
IFB0,20+2)llLip, in case (ii),

Let 0 : R — R be a smooth function satisfying
10’ (r)| <1, and rv0<O(r)<(r+1)v0, VreR, (3.4)
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where 0’ is the derivative of §. For R > 0 to be chosen, we define
1
X(t,z) =0 ((1+ z|?)* +Vt—R> ., V(t,z) Ry x C.

It is immediate that

sup  [Vx(t,z)] <1, (3.5)
(t,z)eERy xC

x(t,x) 2|z - R, V(t,z) eRy xC.
For ¢ € (0,2V) to be determined, we set

¢ (0,1) (3.8)

and define

1 1
Gt x) = x(t,z) + 5t + T3 T g Y (t,t',2) €[0,T)* x C.

Let d = d¢ in (2.1). For each o > 1, we introduce
@ 2 g 2
=_—|z— — v c-.

In view of (3.1), we fix ¢ > 0 sufficiently small and R, T sufficiently large so
that

sup  (u(t,z) —v(t,z) — Gt t2) — Gz, z))
(t,z)€[0,T)xC

> itellc)(u(o,x) —v(0,2) — ¢1(0,0,z) — Ca(x, x)), (3.9)

Note that (a(z, ) does not dependent on «. We introduce
U, (t,t x, 2 y)
= u(t,x) = o(t’ ') = St =P+ |o = a[%) = (¥, 2) = Gala,y),
Y (t, 2,2’ y) €10,T)% x C3.

By the semi-continuity of u and v, we have that ¥, is upper semicontinuous.
Throughout, we fix any yo € C.

Step 2. — We show the existence of a maximizer of ¥, and derive esti-
mates on this maximizer. By the definition of L and Cj, we can see that, for
all t,t/ € [0,T) and z,2" € C,

u(t,z) —v(t',2") < 2LT +u(0,z) — v(0,z) + L|z — 2’|
<2LT + Co+ Lz — 2’|, (3.10)
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which along with o > 1 and (3.7) implies that
U, (t,t,z,2,y) <2LT + Cy + L|x — 2|

1
— Sle =@ = (fal = B) = = = —elyl.

Hence, ¥, is bounded from above uniformly in > 1 and decays as
||, |2’|, |y| = oo or t,# — T, which implies that ¥, achieves its supre-
mum at some (to,th, Lo, Th,Ya). Setting C1 = ¥, (0,0, yo, Yo, Yo) which is
independent of a, we have Cy < ¥, (ta,t,, Ta, Th, Yo) Which along with the

asy Yoy

above display implies that there is a constant C'y > 0 such that
|Tal, 1201, Yol < C2, Va>1. (3.11)
Since we also have
C1 < Vo l(tasty, Ta, T, Ya)
< 2LT 4 Cy + 2LC; — %(\ta —tol* + Jza — 2l ),
we can see that, as a — o0,
lta —tL], |2a — 2| = O(a™ 7). (3.12)

In case (ii), we can obtain a better bound on |z, — z,,|. Using

0> \I/a(ta;tlayxa;xaaya) - ‘I’a(ta,t&,%,mfwya)

= V(th ) = v(th, wa) + 5 |va — b,
and the property of L in (3.2), we get
alre — x| < 2L, in case (ii). (3.13)
Using ¥, (ta,th, Ta, T4, Ya) = C1 and (3.10), we have
)
2LT + Co + L|zg — 7l | — —— > C4,
d(ya)
which along with (3.11) implies that there is a constant C5 > 0 such that
d(ya) > Cs, Va>1. (3.14)

Hence, y, € C for all a.. Since y — Wy (ta, ., To,2h,, y) has a local maximum
at Yo, by Lemma 2.2(4), we have that

1 y
()7 (2l — 20+ 2, ) € Ddty).
Using (3.14) and Lemma 2.2(3), we have that
|Za — Ya| = O(a™) as a — oo, (3.15)
a(ya — o) +p € C*  for some p satisfying |p| = e. (3.16)
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Step 3. — We want to fix an appropriate value of «. In view of (3.11),
(3.12), and (3.15), passing to a subsequence if necessary, we may assume
ta,t,, = to and x4, 2., Yo — xo for some (tg,z9) € [0,T] x C as a — 0.
Then, we show ¢, € (0,7). Since (3.10), (3.11), and the definition of C;
imply that

Cl < \Ija(tomt/ou‘ravxfwya) < 2LT+ CO + 2LC’2 - ﬁ?
T la

we must have that ¢, is bounded away from T uniformly in o, which implies
to < T. Since

u(ta,xa) - ’U(t;, xix) - Cl(tavtixvxa) - CZ(xonya)

> U (ta,th, Tay Tl Ya) = sup U, (t,t,z,z,x)
(t,x)€[0,T)xC

= sup (U(t,l’) - U(t,:L’) - Cl(t,tvx) - 42(5571'));
(t,x)€[0,T)xC

sending o — 0o, we get

u(to, zo) — v(to, zo) — Ci(to, to, o) — C2(o, xo)

= sup (U(t7l‘) - ’U(t,.’L‘) - Cl(t7tax) - <2({B7$))
(t,z)€[0,T)xC

This along with (3.9) implies that ¢y > 0. In conclusion, we have tq € (0,7,
and thus ¢,t,, € (0,T) for sufficiently large «. In addition, due to (3.12),

(3.15), and (3.14), we can see that x,,z,, € C for sufficiently large o.. Hence-
forth, we fix any such «.

Step 4. — We conclude the proof. Since the function
(t’ .’L‘) = \Ila(t’ t/cw ‘T7 SL’;, ya)

achieves its maximum at (fo,2s) € (0,T) x C, by the assumption that u is
a subsolution, we have

ate —tL) + 6+ (T —ta) 2 + X (tas Ta)
—F(a(ze — 2)) + Vx(ta, Ta) — a(ya — o)) <0 (3.17)
On the other hand, since the function
', 2") = Uolta,t a7, Ya)

achieves its minimum at (¢,,2) € (0,T) x C, by the assumption that v is a
supersolution, we have

oty —t1) — (T —t/)"? =F (e — 21)) = 0. (3.18)

(o3
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Taking the difference of (3.17) and (3.18) and using the positivity of
(T —ty)~2 and (T —t.,)~2, we have
0 <F(a(za — 24) + VX(ta, Ta) — a(Ya — Ta))
F(o(za = 3)) = Ox(ta: 7o)
Since F is assumed to be C*-increasing, by (3.16),
§ <F(afze — ) + VX(ta,za) + p) — F (a(xa — 2))) — OiX(tas Ta)

for some p satisfying |p| = ¢ < 1. In case (ii), by (3.5) and (3.13), the
arguments inside F have norms bounded by 2L + 2. In case (i), we will
simply use the Lipschitzness of F. Using the definition of V' in (3.3), (3.6),
and (3.8), we obtain that, in both cases,

we obtain that

d S V|Vx(ta,za)| + Ve—0ix(ta, xa) < g,

reaching a contradiction. Therefore, the desired result must hold. |

COROLLARY 3.2. — Assume one of the following:

(i) FeTy,

( ) Fe FﬁCLlp

(H), and u,v € £;
(H), and u,v € Lrip;

If u,v are a subsolution and a supersolution of HI(C,F), respectively, then
SUPg , xc(t — v) = supggyxc(u —v).
Proof. — Under the assumption on w,v, by Definition 1.1 of viscosity

solutions, we have that u, v are respectively a subsolution and a supersolution
of HJ(C,F). This corollary immediately follows from Proposition 3.1 (|

COROLLARY 3.3. — Let H: H — R be a function. Assume one of the
following:

(i) H|ce FLIP(C), and u,v € MN L;

(ii) H|ce FIOCLlp (€), and u,v € MN Lrip;

If u,v are a subsolution and a supersolution of HJ(é,H), respectively, then
SUPR, welu—v) = SUP{O}XC(U —v).

Proof. — For the second case (due to w,v € Ly;,), we fix some R >
supser, [lu(t;)llLip V [[v(t,-)[|Lip. We treat both cases simultaneously. Ap-
plying Lemma 2.4, we can find F € PI{ti (H) equal to H on C in the first case,
and on CN B(0, R) in the second case. By Lemma 2.6, u,v are respectively a

subsolution and a supersolution of HJ (C ,F) in both cases. Then, the desired
result follows from Proposition 3.1. O
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3.2. Existence of solutions

PROPOSITION 3.4 (Existence of solutions). — For any ¢ € I'Lip(C) and
F € TLip(H), there is a viscosity solution f : Ry x C — R of HJ(C,F; )
in L.

As commented at the beginning of this section, up to this stage, we can

only prove the well-posedness of HJ(C, F) and HJ(C, F) for F € Fﬁp(’}—[) (see
the remark below), not the desired one of HJ(C,H) for H|ce I‘lchip(C) in

Theorem 1.2. We need more properties of the solution to be proved later.

Remark 3.5. — Let F € I‘ﬁp("H).

o (Well-posedness of HJ(CD, F)) Proposition 3.1 yields the comparison

principle for HJ (é,F), and Proposition 3.4 gives the existence of
solutions of HJ (C ,F) for Lipschitz .

o (Well-posedness of HJ(C,F)) Corollary 3.2 gives the comparison

principle. For Lipschitz 1, Proposition 3.4 yields a solution of

HJ(CO,F; 1), which, by Proposition 2.1, also solves HJ(C, F; ).

Proof of Proposition 3.4. — We plan to produce a subsolution and a
supersolution and apply Perron’s method.

Fixing a positive constant K satisfying K > supp gy, ||, we define
u,u: Ry xC — R by
u(t,r) = —Kt + (),
a(t,x) = Kt +¢(z),
for (t,x) € R4 xC. Using the choice of K, we can verify that w is a subsolution

and @ is a supersolution of HJ (C, F) (it is important here that the equation
is over C instead of C), both with initial condition 1. Setting

f(t,x) = sup {u(t, x) ‘ u < u < U, and u is a subsolution of HJ(QF)} ,
\V/ (t,l‘) (S R+ X C,
we can easily verify that f(0,-) = and f € £.

We have the comparison principle for solutions of HJ (C ,F) in £ supplied
by Proposition 3.1 with assumption (i) therein. To apply Perron’s method
with this comparison principle, we need to make sure that the following holds
for any function g € £:

e both the upper semi-continuous envelope and the lower semi-cont-
inuous envelope of g belong to £;
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e a “local bump” modification g of g still lies in £.

For the first requirement, we recall that the upper semi-continuous en-
velop of ¢ is defined by

g(t,r) =1lim  sup  g(s,y), V(t,x)€ Ry xC,
™0 (sy)eRy xC
I(s,9)—(t,z)|<r
and the lower semi-continuous envelop g is defined with sup in the above
replaced by inf. Since g € £, it is clear that g is continuous at points on
{0} x C, which implies that g(0,-) = g(0,-) = g(0,-) is Lipschitz. Setting

L = sup,; M, we have, for every (¢,z) € (0,00) x C,
< lim sup (9(0,y) + Ls) = g(0,x) + Lt

NO - (s,)ERy xC
[(s,9)—(t,z)|<r
where we used the continuity of ¢(0,-) in the last inequality. This verifies
that g € £. Similarly, we have g € £.

For the second requirement, the local pump modification needed in Per-
ron’s method is of the following form:

. g(t,z)Vou(t,x), (t,x)€ [to—r,to+7]x B(zo,7),
g(t7 CE) - .
g(t,x), otherwise,

where (tg,z0) € (0,00) x C; 7 > 0 is sufficiently small so that [ty — 7,
to+ 7] x B(xg,r) C (0,00) X C; and v is smooth on [to — 7, to + 7] X B(xo, 7).
Note that g(0,-) = ¢(0,-). Using tg — r > 0, the boundedness of v over
[to — r,to + 7] X B(zg,7), and g € £, we can verify g € £.

Then, we conclude by Perron’s method ([8, Theorem 4.1] with a slight
but obvious variation to adapt to the setting of a Cauchy problem) that f
is a viscosity solution of HJ(C, F; ). We have also shown that f € £. O

4. Monotonicity

We show the monotonicity of the solution in both the spatial variable
(Proposition 4.1) and the temporal variable (Proposition 4.2).

PROPOSITION 4.1 (Spatial monotonicity). — If f € Lruip solves
HI(C,F; ) for some 1 € Fﬁp(C) and some F € FﬁcLip(H), then f € M.
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Proof. — Let ¢ : H — R be the extension of ¢ given in Lemma 2.4(1).
Since 1) is Lipschitz, the classical result gives that there exists a Lipschitz so-
lution f of HJ(H, F;4)). Straightforwardly fLR+ «c solves HJ(C°, F), so Propo-
sition 3.1(ii) gives f|r, xc= f. Fix any to € Ry and zg,yo € C satisfying
To—yo € C*. Set z = 29 —yo and g(t,x) = f(t,r+2) for all (t,x) € Ry x H.
Then, g solves HJ(H,F). We set g = g|r, xc and it is clear that g € Ly
and ¢ solves HJ(C,F). Since ¥ € I'”"(H) due to Lemma 2.4(1), we have
g(0,2) = f(0,z) for all x € C. Hence, Proposition 3.1(ii) yields ¢ > f.
Evaluation at (tg,yo) gives f(to,xo) = f(to,yo0), which implies f € M. O

PROPOSITION 4.2 (Temporal monotonicity). — If f € £ solves
HI(C,F;v) for some ¢ € T'Lip(C) and some function F : H — R satisfy-
ing F >0, then f(t,z) < f(t',x) for allt’ >t >0 and x € C.

Proof. — We argue by contradiction and suppose that

sup f(t,x)— f(t',x) > 0.
0<t<t!
zeC

Due to f € £, ¢ € T'Lip(C), and f(0,-) = 1), the constant given by

K = |1 v(sm)lﬂh@—wm@”>
P t>0,zeC t

is finite. Let 6 : R — R satisfy (3.4). For T' > 0, R > 2 to be chosen, we set

X(x)zﬂ((1+|w|2)% ~R), VzeC,

1 1
t,t',x) = — ) V(1 T)* x C.
(1) = X(@) + s + s ¥ (6F,2) € 0,7 x C
Choosing T, R sufficiently large, we can ensure that
sup f(t,l‘) - f(t/,l‘) - C(tvtlvx) > Oa (41)
tt'cA
zeC

where A = {(t,t') : 0 < t < t' < T}. Note that, due to R > 2, we have
x(0) =0.

For each o > 1, we set
Vo (t,t,a,2") = f(t,z) = f(t',2") = ale —2')? = (1, @),
Y (t,t',z,2") € AxC2
Note that ¥4(0,0,0,0) = — 2.

We show the existence of a maximizer of ¥, for each o« > 1. Let
((tayns toyns Tayns Ty ) Jnen be a maximizing sequence. Using Ve (ta,n; e s
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Tan, Ty ) = ¥al(0,0,0,0) — 1, the definition of K, and the fact that x(z) >
|z| — R, we get that

2KT + Kl|zan — Tyl = |[Tam —

/ |2
o,n

1 1 2
= (|zam| = R) —

- > -2 1
T—ton T—t,,~ T

Hence, there are constants 7" < T and C; > 0 such that (ta,n,t} s Tan,
2! ) € [0,T")? x (B(0,C1))? for all a,n. Passing to the limit, we get a

a,n

maximizer (tq,t,,Tq, ) of ¥, which satisfies

ta, th, €10,T"] and |z4], |2, | < Cy, Va>1. (4.2)

Using Wy (ta,th, Ta, 2h) = ¥4(0,0,0,0) and the definition of K, we have

[e3%

2
OKT + Kl|xo — 2| — a|zg —|* > —
which along with (4.2) implies that
Tq — 2| < Coa™2, Va>1, (4.3)

for some constant Cy > 0.

Due to (4.2) and (4.3), up to subsequence, we have that (tu, ), Ta, )
converges to some (too, th , Too, Too) € A X C? as a — o0. Since

Vo (tas tar Ta, Ta) < f(ta, Ta) = f(te, 75) — C(ta; ty, Ta)
and
Vo (tasth, Ta, 7)) 2 Vo, 2,2) = f(t,x) — f(t',2) — C(t, 1, 2),
v (t,t,z) € A.
Sending « to infinity and using (4.1), we obtain that
ftoos Tos) = f(toe: Too) = ((too, the, Too) > 0.

Since ¢ > 0 and (teo,t,,) € A, we must have t._ > to. Henceforth, we fix
some large a such that ¢/, > t,. In particular ({4, t,) is in the interior of A
and t/, > 0.

Defining ¢ by U, (ta,t, za, ') = ¢(t',2") — f(¢',2"), we conclude that
f — ¢ achieves a local minimum at (¢,,z)) € (0,00) x C. Since f solves
HIJ(C,F), this implies that

Or(ta, vo) = F (Vo(tn, vq)) = 0.
We can compute that 0;¢(t,,2)) = —(T —t.,)72 < =T72. Due to F > 0,
the above display implies that —7~2 > 0, reaching a contradiction. (|
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5. Lipschitzness of solutions

We show that the solution of HJ(C, F) is Lipschitz and obtain bounds on
its Lipschitzness coefficient (Proposition 5.1 for the spatial Lipschitzness and
Proposition 5.2 for the temporal Lipschitzness). In this section, we work with
a Banach norm on H comparable to the original Hilbert norm. This allows
us to get results on not only the Lipschitzness measured in the Hilbert norm
(Corollary 5.3), but also the Lipschitzness measured in [P norms (Corol-
lary 5.4). Recall that we are mainly interested in HJ(C, H) in the statement
of Theorem 1.2 where H possesses good properties only on C. However, in
this section, for convenience, we work with nonlinearities F possessing good
properties on H. Using results from Section 2, we can later deduce the Lip-
schitzness of solutions of HJ(C, H) as done in the proof of Theorem 1.2 (2a)
in Section 1.1.

A norm || - || on H is said to be comparable (to |-|) if there is C' > 0 such
that

C Vel < |2l < Cllal, V€.

If || || is differentiable at € H, we denote its differential at x by V|z||.
For the Lipschitzness in the spatial variable with respect to || - ||, we need to
impose the following condition:

|| -] is differentiable at every x € H \ {0}, and sup |V|z||| < co. (5.1)
xeH\{0}

For any g : C — R, define

l9(y) — 9(¥)|
lgllipy -y = sup =r— "=
y,y' €C ||y -y ”
y£y'
For consistency with other parts of the paper, we write ||g||Lip = ||9[lLip| |-
We denote by || - ||« the norm dual to || - || with respect to the inner prod-
uct, which is given by
el = sup  (y,x), Vel (5.2)
yeM, [lyli<1

5.1. Lipschitzness in the spatial variable

PROPOSITION 5.1 (Spatial Lipschitzness). — Let || - | be comparable and
satisfy (5.1). If f € £ solves HI(C,F;4) for some 1 € T'Lip(C) and F €
DiocLip(H), then supyep, | f(t ) llLipy - | = [|1¥lLipy - 11-
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We comment that, if the norm is |-|, there is a simpler proof than
the one below. We can use Lemma 2.4(1) to find an extension ¢ of
to H with [|¢¥|lLip = ||¥|lLip- Let f solve HI(H,F;1). It is classical that
SUPser, I£(t, )lLip = l|1¥]lLip- Since both f and f solves HJ(é,F;’(/J)7 the
comparison principle (Proposition 3.1(ii)) implies f|r, xc= f. Then, for
any z € H, we consider translations g= = f(-, + 2) £ [|[¢[|Lip|2| and the
restrictions g% of g* to Ry x C which solve HJ(C,F). Proposition 3.1 ii)
yields g~ < f < g%, from which we can deduce the announced result.

If the norm is more general, we do not know the existence of an exten-
sion of 1 that preserves the Lipschitz coefficient. Hence, we need a more
convoluted argument.

Proof. — Since ) is Lipschitz (with respect to |- |) and || - || is comparable,
we have [|1)[|Lip). | < 00. Set L = [[¢]|Lip| . |- We argue by contradiction and
assume that there is (¢, z,2") € (0,00) x C x C such that

ftz)— f(ta') > Lz — 2|
Since f(0,-) = 1, we have

sSup f(t,f[]) - f(t7l‘/) - L”.’E - (,C/H >0
teR 4
z,x'€C

> sup f(0,2) — f(0,2") — L]z —2'|. (5.3)

z,x’€C
Due to f € £ and f(0,-) = v, there is a constant K > 0 such that
sup |f(t,x) — ()| < Kt, ViteR,. (5.4)
zeC

Choosing T > 0 sufficiently large, we can modify (5.3) into

2
sup f(t,xz) — f(t,2') — Lljz — 2| — =——
te[0,T) T—t
z,x’€C
2
>0> sup f(0.2) = f(0.2) = Lljz —a'| - . (5.5)
z,x’'eC T
We set
C= sup [V]z|]< o0,
zeH\{0}
F —F(y
vy’ €B(0,LO+1) ly — /|
y#y'
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Let # : R — R, satisfy (3.4). For §,R > 0 to be chosen, we set, for
(t,t',z,2") € RE x C?,
1 1

tt)= b
GO =7t 7=

x(t,z) =6 ((1 +lz)? + Vi — R)
Gtz 2') = x(t,x) + x(t,2).
Building on (5.5), we choose § € (0,1) sufficiently small and R > 2 suffi-
ciently large so that

sup f(t,x) — f(t,2") — L|lz — a'|| = 6t — Cu(t,t) — Calt, t, 2, 2")
t€[0,T)
z,x’€C

>0> sSup f(ovx) - f(va/) - LHLC - {I?/H - Cl(oao) - CQ(an’xvxl)' (57)

z,x’eC

Before proceeding, we record the following useful results: for all ¢, ¢/, x, 2’,

Gt z,2') > |z| + |2'| — 2R, (5.8)
|Vx(t,z)| <1, (5.9)
Ox(t,z) = V|Vx(t, z)|. (5.10)

For each a > 1, we define, for (t,t',z,2") € [0,7)? x C?,
\I/a(t7t/7xax/) = f(t,.’lf) - f(tlvx/) - L”l’ - J’JH —dt
—alt =t = Gtt) - Gt z,a).
We show the existence of a maximizer of ¥, for each o« > 1. Let

((tayns toyns Tayns Ton))ney be a maximizing sequence. Note that, due to
R > 2,(5(0,0,0,0) = 0. Hence, it is clear from the definition that

0,(0,0,0,0) = 277!, Va>1.
Also, by (5.4) and the definition of L, we have
flt,x) — f(t',2") — Ll|lz — 2’| < 2KT, ¥ (t,t',z,2') €[0,T)*xC% (5.11)

Using these together with (5.8) and

\Pa(ta7n,t;,n,ma7n,x’0"n) > ¥,(0,0,0,0) —
for sufficiently large n, we get

2KT = Ci(tans to,n) = (Tan| + |26, — 2R) > —2T71 —
Hence, there are constants 7" € (0,7") and C; > 0 such that
tams to.n €[0,T], |Zanls |26, < C1
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for sufficiently large n and every a. Hence, we can conclude the existence of
a maximizer of ¥, denoted by (t,,t.,, T, z,), which also satisfies

las t,a € [O,T’], |-Ta|a |x/a| < .

Using Wy (ta,th, Ta,2h) = ¥4 (0,0,0,0) = =271 and (5.11), we get
2KT — alty —t,|* > —2771,
which implies that limg,_,o [to — 7| = 0. Hence, up to a subsequence, we
have that (ta,t,, Ta,x.) converges to some (foo,too, Toos Thy) a8 @ — 0O.
Since
Vo (ta, t/wxaa x:)z) < flta; Ta) — f(ti,wxix) — L||lza — x:x”
- 5t0¢ - Cl(tomt/a) - CQ(tOuti)u $aax;)’

and

\Ija(towt:wxow‘r/a) > \Ifa(t7t,.’l,',$/) = f(t,(L') - f(t,{L‘/) - LH‘T; - ‘rI” - 5t
- Cl(tat) - CQ(t,t,(I}7$l)

for every (t,z,2') € [0,T) x C x C, by sending o — oo, we get that

ftoo, Too) — f(tomxgo) —L||re — x:)o”
- 5too - Cl(thMtOO) - <2<too;tooaxooa mloo)

is greater than or equal to the left-hand side in (5.7). Therefore, by (5.7), we
must have ¢, > 0. Also, the above is strictly negative if 2., = z/_, while the
left-hand side in (5.7) is strictly positive. Hence, we must have o, # Zoo. In
conclusion, for sufficiently large «, we have t,, t,, > 0 and z,, # .

Fix any such «. Using that (t,x) — U,(¢,t,,z,2) and (¥',2') —
U, (ta,t', xq, ") achieve local maximums at (tn,zs) and (t,,z), respec-
tively, and using that f solves HJ(C,F), we have

1
0+ 2&(75(,*75;) + m + atx(ta,ma) —-F (LVH.TQ*.T;H +VX(to”J}Q)) < 07
/ 1 / / / / /
S . - - - > 0.
20{(ta ta) (T_t/a)g atx(touma) F(LVHJ;& ma“ vx(tomxoz)) 20
By assumption on the differential of |- || and (5.9), the norms (in |-|) of

terms inside F in the above are bounded by LC + 1. Taking the difference
of the above relations, and using (5.6) and (5.10), we obtain § < 0, which is
absurd. Therefore, the desired result must hold. O
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5.2. Lipschitzness in the temporal variable

Recall the notation for the norm dual to || - || in (5.2). For the supremum
on the right-hand side of (5.12) to be taken over a subset of C, we need to
restrict f — ¢ to achieve a local extremum only in the interior for a smooth
test function ¢. Hence, the following proposition is stated for HJ (C ,F). Since
a solution of HJ(C,F) is obviously a solution of HJ(C,F) (see Definition 1.1),
the following result holds for solutions of HJ(C,F).

PROPOSITION 5.2 (Temporal Lipschitzness). — Let || - || be comparable.
If f € MN L solves HI(C,F;v) for some ¢ € T'Lip(C) and some locally
bounded ¥ : H — R, and supycp , [|f (- )llLip) - | = [¥lLip) - |)» then
sup [[f(+,2)|lLip < sup  [F(v)] (5.12)
zeC veC
loll«<ll¥llLipy -y

Proof. — We set L to be the right-hand side of (5.12). We argue by
contradiction and assume that there is (¢,t',2) € Ry x Ry x C such that

ftz)—f{t',z)—Lit—t'|>0. (5.13)

By the assumption on f, we have that

| L)~ 50.2)
K= (;;5 ||f<t,~>|mp> v (s —

t>0, xeC

is finite, where we used the comparability of || - || to ensure the finiteness of
the first term on the right.

Choosing T > 0 sufficiently large and § > 0 sufficiently small, we can
obtain from (5.13) that

1)
sup f(t, ) — f(t',2) = LIt —t'| = Qu(t,t)) — —— —dJz| > 0
t,t'€[0,T) d(z)

zeC

where d = d¢ defined in (2.1) and
1 1

/_7 - / 2
Glt,t) = + s Y (Bt) € [0,T)7,

Let 6 : R — R, satisfy (3.4). For R > 0 to be chosen, we set
G =0(1+ 22} —R), wec

Fix any yo € ¢ , and set
2 4]

Co= =+ —— + |vol-
0 T d(yo) |y0|
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We choose R > 0 sufficiently large so that

C2(y0) =0 (5.14)
and
sup f(t,x) — f(t' @) = LIt —t'| = Gu(t, V') = Go(x) — = — dlz| > 0.
t,t'€[0,T) d(z)
zeC
(5.15)
Also, note that
Co(z) 2 |z|— R, VzeCl. (5.16)

For each a > 1, we define, for (z,y) € C2,

1)
z,y) = alr —y|? + —— + 0yl
Gz, y) = alz —y| ) Yl

and, for (t,t',z,2',y) € [0,T)? x C?,
U, (t,t,z,2,y)
= f(t,z) = f(t',a’) = Lt = t'| = alz = 2']* = G(t,1) = Ca(2) = Ga(a, ).
We show the existence of a maximizer of ¥, for each o« > 1. Let

((tayns toyns Tans Tiy s Yan) Jpee1 De @ maximizing sequence. Using (5.14), we
have

\Ija(oaovy()ay()?y()) = 7007 YV a > 1.
Also, by the definitions of K, we have
flt,z) — f(t',2") <2KT + K|z — 2’|, ¥V (t,t',2,2') € [0,T)? x C?. (5.17)

Using these together with o > 1, (5.16), and ¥, (tan, ; ns Lans x’a,n, Yan) =
U,(0,0,y0,Y0,v0) — 1 for sufficiently large n, we get

2KT + K|xa,n - ‘Ti)z,n| - |xa,n — Ly, n|2 Cu(t amns o, n)
= ([zan| = R) = 0lyan| =2 —Co — 1.
Hence, there are constants 77 € (0,T) and Cy > 0 such that
tan, tan € [0, T/] |Zanl, |x;,n|’ [Ya,n| < C1

for sufficiently large n and every a. So, we can conclude the existence of a
maximizer of ¥, denoted by (ta,t,, Ta, X, Ya), which also satisfies

ta, t, €10,T"], [Zal, [20,], [yal < Ch. (5.18)

Using Vo (tasth, T, Ths Ya) = Valtasth: Ta, Ta, Ya), We get
f(ta,!Ea) a"TOt - xix|2 2 _f(t/ouma);
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which along with the definition of K implies that
2o — 2/ | < Ka™', Ya>1. (5.19)

Using Uy (tasth, Ta, b, Ya) = Yo (0,0, 0, Y0, Yo) = —Co and (5.17), we have
5

2KT + Klzg — 2| — —— > —Cp
which implies that, for some constant Cy > 0,
d(ye) > Ca, Ya>1 (5.20)

Therefore, y, € Cforall > 1.In particular, y, # 0.

Since y — Uy (ta, th, Ta, xh,y) has a local maximum at y,, we can verify
using Lemma 2.2 (4) that

(d(ya))? (26—1a<ya —wa) + é) € D d(ya).

Hence, due to (5.20) and Lemma 2.2(3), there is a constant C5 > 0 such
that

[Ta — Yol < Csa™!, Va>1 (5.21)

Using (5.18), (5.19), and (5.21), we have that (ta,t),, Za, 5, Yo ) CONVErges
along some subsequence to some (too,tf)o, Toos Loos xoo) as o — 00. Since

\I’Ot(taat:xvl‘aax:wya) < f(tayxa) - f(t/aa‘r/a) - L|ta - t:x|
1)
- Cl(taatiy) - §2(xa) - SN 5‘ya|a
' d(Ya)
and
\Ila(toéat/omxom‘r:x?ya) > \Pa(t,t/,x,x,x)

= f(t2) — f(tm) — Lt — ] — Gt t)) — Gala) — =2

d(z)

for every (t,t',z) € [0,T)? x C, by sending o — oo and using (5.15), we get
that

f(toovxoo) - f(t{x),xoo) - L|too - tgo‘

- <l(t007tf>o) — ((T0) —

dcd

0

Hence, we must have to, # t. because otherwise, the left-hand side of the
above display will be nonpositive. In view of this, (5.19), (5.20) and (5.21),

we can fix some large o > 0 so that t, # t,, and x4, 2.,y € C.
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If to > t/, which implies that t, > 0, since f solves HJ (C,F) and since

(t,z) = U (t,t,,x, 2, y) achieves a local maximum at (t,, o), we can get

O1(ta, xa) = F (Vo(ta, a)) <0, (5.22)

where ¢ is given by U, (¢, t),,x,2),ya) = f(t,z) — ¢(t,x). Then, we show
that

Vo(ta,ra) €C, Vo (ta;za)llx < ¥lLip|- - (5.23)

Since f — ¢ achieves a local maximum at (tn,zs) and z, € (f, we have that

P(ta, ) = ¢(ta, ¥a) = f(ta ) — f(ta, Ta),

for all z € B(zq,r) for some sufficiently small » > 0. Since f € 9 implies
that f(ta,-) is C*-increasing, replacing « by z,+e€y for y € C* and sufficiently
small €, and sending ¢ — 0, we obtain (y, Vé(ta,xq)) = 0 for all y € C*,
which implies the first part of (5.23) by duality. By the assumption on f, the
right-hand side of the above display is greater or equal to —||9||Lip) .| llz —
Zol||. Varying x € B(zq,r) and using the comparability of |- to see the
second half of (5.23) (where the comparability is needed because B(zq, 1) is
a ball with respect to |-|).

Now, let us conclude. Due to t, > 0, we can compute that
Orp(tayxa) =L+ (T —to) 2> L+ T2

Form this, (5.22), (5.23), and the definition of L, we can deduce T2 < 0,
reaching a contradiction.

If ¢/, > t, which implies that ¢/, > 0, since (t',2') — U, (ta,t' Ta, 7', Ya)

achieves a local maximum at (¢/, z/,) and since f is a supersolution, we have

Aty ) — F (Volth, 4)) >0, (521)

for ¢ given by Uo(ta,t', e, 2 ys) = O(t', ') — f(t’a,x’). Now, since f —
¢ achieves a local minimum at (t,,z)) and z/, € C, we can derive that
Vo(t,,, zl,) satisfies the same relations as in (5.23). Since 0 ¢(t),, x),) = —L—
(T —t.,)72 < —L — T2 this along with (5.24) and the definition of L yields
—T~2 >0, reaching a contradiction again. O

5.3. Corollaries

An immediate corollary is the application of Propositions 5.1 and 5.2 to
the original Hilbert norm |- |:
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COROLLARY 5.3 (Lipschitzness in the Hilbert norm). — If f € MM N £
solves HI(C,F;) for some ¢ € Tpnip(C) and F € Tigerip(H), then
super, /(¢ )llLip = [¥lLip and supgee 1 (+5 @) lip < SuPens(o, ¢, -

Note that if f solves HJ(C, F; 1) then obviously f solves HJ(C, F;1) and
thus Proposition 5.2 is applicable here.

Another corollary concerns the setting where H is a product space and
I is an P norm:

(P1) Let H = x¥_,H, where each H; is a Hilbert space with inner product

-, )4, and the induced norm |- |y,. Let ay,as,...,a; > 0 satisfy
Hi i

Zle a; = 1. We set (x,2'),, = Zle ai (Ti, T})y,, for z,a" € H. We

define

k ’
lzllp = <Zai|zz’|§+q,> ;
i=1
for p € [1,00), and [|z[|oc = sup;_1 o j|%il3, for all z € H. As
p

usual, we set p* = 5

It is clear that || -

p+ is dual to || - [|.

COROLLARY 5.4 (Lipschitzness in [P norms). — Under (P1), if f € MN
£ solves HJ(C,F; ) for some 1) € I'nip(C) and F € Digerip(H), then

sup || £t )lwipy -1, = 1P lLipy -1,
t€R+

and

sup [| £ (-, 2)||Lip < sup |F(v)]
zeC veC, [vllp <N llvip) - 1p

for all p € [1, ).

Proof. — In view of Proposition 5.2, it suffices to show the uniform Lip-
schitzness in the spatial variable.

Since || - ||, is comparable with |- | for all p € [1,00], and || -||, is differ-
entiable on H \ {0} with bounded differential for all p € (1, 00), the desired
result for p € (1,00) follows from Proposition 5.1. For p € {1,000}, we can
use the continuity of || - ||, as p — 1 and p — oo to conclude. Indeed, setting
a = min; a;, we have,

1
a? [ floo < llp < M1+ lloos

which implies that, for any Lipschitz g,

_1
l9llip) - foo < lgllnipy -1, < @™ ?llgllLip) - o
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Sending p — oo, we obtain that lim, . [|gllLip. |, = 9llLip|- |, from
which we can deduce the desired result for p = oo. Now, we turn to the
case p = 1. Since [g(z) — g(2")| < |lgllLipy-y, 2z — 2'[lp, sending p — 1,

we have liminf, 1 ||gllLip .y, = [lgllLip)-|,- On the other hand, due to
-Ili < |- llp, we have [|gllLip).q, = H9||Lip\|~||p- Therefore, we must have
limy, 1 |glLipy -1, = llgllLip|| - |1,» from which the result for p = 1 follows. O

6. Variational representations of solutions

We show that the solution of HJ (é,H;w) can be represented by the
Hopf-Lax formula (6.2) if H is convex (Proposition 6.2), or by the Hopf
formula (6.14) if ¢ is convex (Proposition 6.3). Let us introduce the neces-
sary notations and definitions. For D D C and ¢ : D — (—o00, 0], we define
the monotone convex conjugate (over C) of g by

g (y) = ilellgﬂ%ym —g(x)}, VyeH. (6.1)

Here, the qualifier “montone” is added because, as a result of the supremum
taken over C, the function g* : H — (—o0, 0] is C*-increasing. We denote
the biconjugate of g by g** = (g*)*.

DEFINITION 6.1. — A nonempty closed convex cone C is said to pos-
sess the Fenchel-Moreau property if the following holds: for every g : C —
(—00, 00] not identically equal to co, we have that g** = g on C if and only
if g is convex, lower semicontinuous and C*-increasing.

The authors coined this term in [6, Definition 2.7]. Examples of cones
with the Fenchel-Moreau property include R‘i (see [18, Theorem 12.4]),
the set of positive semi-definite matrices in Example 1.3 (see [4, Propo-
sition B.1]), finite-dimensional cones from mean-field spin glasses (see [5,
Proposition 5.1]), and more generally cones from a class called perfect cones
(the first two examples belong to this class; see [6, Corollary 2.3]).

6.1. Hopf-Lax Formula

A classical reference to the Hopf-Lax formula is [12].
ProprosITION 6.2 (Hopf-Lax formula). — Suppose that C has the
Fenchel-Moreau property. If ¢ € F{i‘p(C) and H : H — R satisfies that

H|ce FgCLip(C) and that H|¢ is conver and bounded below, then f given by

f(t, ) = sup {w(x +y) —tH* (%)} , V(t,x) e Ry xC. (6.2)

yeC
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is a Lipschitz viscosity solution of HJ(CQ, H;v) in M N Lrip.

Proof. — To make sense of (6.2) at ¢t = 0, we rewrite the right-hand side
of (6.2) as

f(t,z) =supinf {¢Y(x +y) — (z,y) +tH(2)}, V(t,z) e Ry xC.
yec z€C

Then, we can see that, when ¢t = 0, the supremum in this display must
be achieved at y = 0, implying f(0,z) = t(x) for all z € C. Since ¢ is
C*-increasing, it is straightforward that f € 9. Once we show that f is
Lipschitz, it is immediate that f € L. It remains to show that f is a
Lipschitz solution of HJ (C ,H). We proceed in steps.

Step 1: Semigroup property. — We show that for all ¢t > s > 0,

F(t,z) :sup{f(s,x+y)—(t—s)H* (tfs)} VzeC.  (6.3)

yeC

The convexity of H* implies that

tf
H* yt+z <§H*<y>+ “H* : , Vy,zeC,
t t S t t—s

which along with (6.2) yields that

> oy fotoeye o (2) e ()}

y,2€C S t—s

)]

To show the converse inequality, we claim that for any fixed (¢t,z) €
(0,00) x C, there is y € C satisfying

« (Y
f(t.2) = vl +y) —H (4). (6.4)
Assuming this, we set z = =2y which satisfies 2. = =2 = ¥ By this,

(6.2), and (6.4), we have

f(s,x—i—z)—(t—s)H*( : )

t—s

> (x4 24y —2) - sH* (y_z>(ts)H*< z )

s t—s
= vl +y) —tH (§) = f(t.2),

which yields the desired inequality.
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It remains to verify the existence of y in (6.4). Fix any A > 0 and set
T =Anr Y- in (6.1) for H* to see that

Tyl
H*(y) > Alyl— sup [H|, VyeC.
CNB(0,\)
Since H is locally Lipschitz, the supremum on the right is finite. Hence, we
can deduce that

lim inf - W) _ (6.5)
ver oy
yel

We set L = ||¢||Lip- Then, the above implies the existence of R > 0 such
that H*(¥) > (L + 1) Wl for all y satisfying *4 vl > R. These imply that

bla+y) —tH (2) <v@) + Lyl — (L+Dly| = () - Iy,

for all y satisfying |y| > tR. Therefore, the supremum in (6.2) can be taken
over a bounded set. Also note that the function y — ¥ (x+y) —tH*(¥) is up-
per semi-continuous and locally bounded from above due to H*(z) > —H(0).
Since H is finite-dimensional, the maximizer must exist, which ensures the
existence of y in (6.4) and thus completes the proof of (6.3).

Step 2: Lipschitzness. — We first show the following claim: for every
(t,x) € (0,00) x C, there is y € C such that

ft,x) — f(t,2') <Yz +y) — Y@@ +vy), V' ecC. (6.6)

Fix any (t,z) € (0,00) x C. Arguing as before, we can find y € C such
that (6.4) holds. The Hopf-Lax formula (6.2) gives the lower bound

f(t,2) > (@ +y) - 1 (4),
which along with (6.4) yields (6.6).

Now, for any (¢,z,2") € (0,00) x C x C, we apply (6.6) to both z and z’
to see that there exist y,y’ € C such that

V(@ +y') = +y) < fltz) = ft,2") <@z +y) — 9’ +y),

which immediately implies that

sup [ f (¢, ) lleip < [19]Lip- (6.7)
t>0

Then, we show that

sup [| (-, 2)l[Lip < [H*(0)] v~ sup — [H]. (6.8)
wee CNB(O.II¥Lip)

Let us fix any z € C and t > s > 0. Then, (6.3) yields
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where H*(0) is finite by the assumption that H|¢ is bounded below. Next,
using (6.7), we can obtain from (6.3) that

Flt2) < fGs $)+SUP{||¢||L1pZ/| oo ().

t—s

Changing the variable ;% to z, and using [|¢||Lip|2| = <z, Hzl)i\%lpz» we can

bound the supremum on the right-hand side of the above display by

(t = s)sup {[|¢[lLip|2| = H"(2)} < (t =) sup sup {(z,p) —H"(2)}
zeC peCNB(0,||Y||Lip) 2€C

=(t—s) sup H,
CNB(0,[l1¢lLip)

where the last equality follows from the Fenchel-Moreau property of C. The
above three displays together yield (6.8).

Step 3: Supersolution. — Suppose that f — ¢ achieves a local minimum
at (t,2) € (0,00) x C for some smooth function ¢. Then,

Flt = 5,2+ 5y) = 6(t — 5,2+ sy) > f(t,) — o(t, )

for every y € C and sufficiently small s > 0. On the other hand, (6.3) implies
that

ft,z) = f(t —s,x + sy) — sH*(y).
Combining the above two displays, we obtain that
(t,x) — Pp(t — s,z + sy) + sH*(y) > 0.
Sending s — 0, we have that
0ro(t, x) — (y, Vo(t, z)) + H* (y) > 0.

Taking infimum over y € C and using the Fenchel-Moreau property of C, we
obtain

(Orp —H(V9)) (t,2) 2 0,
which implies that f is a supersolution of HJ(C, H).

Step 4: Subsolution. — Suppose that f — ¢ achieves a local maximum at
(t,x) € (0,00) x C. Then, for every y € C* and € > 0 small enough, we have

otz +ey) — o(t, x) = f(t,x +ey) — f(t,2) 20,

since f(t,-) is C*-increasing due to f € 9. By taking € to 0, the display
above implies that

(Vo(t, z),y) = 0.
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Therefore, we must have V¢(t,z) € C. Using again the maximality at (¢, z)
and the smoothness of ¢, we have

fE,2") = f(ty) < Od(t, 2) (' — 1) + (Vo(t,2),2" — )
+O(Jt' =t + |2’ — z]?)
for (¢, a’) sufficiently close to (¢,z). Setting
O, a") = Bed(t,2)(t' — ) + (Vo(t,2),2" — 2) + C(It' —t]* + |2’ — ),
V (', 2') € (0,00) x C,
for some sufficiently large constant C' > 0, we have that f — ¢ achieves a
local maximum at (¢, ). Also,
Vo(t',2') = Veé(t,z) +20(x —x) €C, V (¥,2') € (0,00) x (x+C).
(6.9)
We want to show that
(Orp —H(V9)) (t,x) < 0. (6.10)

Since the first-order derivatives of ¢ and ¢ coincide at (t,x), we argue by
contradiction and assume that there is § > 0 such that

(0:0 —H(V9)) (t',2") > 6 >0,

for (t,2') € (0,00) x (x + C) sufficiently close to (t,z), where we used (6.9),
the continuity of V¢, and the continuity of H|c (we need to modify ¢ into
é to ensure (6.9) because H is only assumed to be continuous on C). The
definition of H* (in (6.1)) implies that

Od(t',2') = (¢, Vo(t',2')) + H"(q) > (6.11)
for all such (¢',2') and all ¢ € H.

To proceed, we show that there is R > 1 such that for every s > 0
sufficiently small there is x4 € C such that

flt,z)=f(t—s,x+xs) — sH” (%) ) (6.12)
lzs| < Rs. (6.13)

In view of (6.7) and (6.8), we set L = || f||Lip < 00. By (6.5), we can choose
R > 1 to satisfy H*(z) > 2L|z| for every z € C satisfying |z| > R. Then, for

every y € C satisfying % > R, we have

ft—s,x+y)—sH" (%)
< f(t,x) + Ls+ Lly| — 2LJy| < f(t,z) + Ls(1 — R).
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Hence, the supremum in (6.3) (with s therein replaced by ¢ —s) can be taken
over {y € C: |y| < Rs}. Since H is finite-dimensional, we can thus conclude
the existence of x5 € C satisfying (6.12) and (6.13).

Returning to the proof, we can compute that, for sufficiently small s > 0,
ot ) — §(t — 5,7 + )
/ —(i) (t+ (r— s,z + (1 —r)zs)dr

= [ (05— (2 VB (s (1)

0

Using (6.11) with ¢ replaced by =, and (6.12), we obtain from the above
that

Pt ) — p(t — s, 2+ x5) > s6 — sH* (E) >80+ f(t,z) — f(t — s,z + ).
s
Rearranging terms, we arrive at that, for all s > 0 sufficiently small,
ft=s,2+2,) = ¢t —s,2+ ) > s0+ f(t,2) = §(t, 2),

contradicting the local maximality of f —¢ at (¢, z). Hence, (6.10) must hold,
implying that f is a subsolution. O

2. Hopf Formula

Classical references to the Hopf formula include [1, 14].

PrOPOSITION 6.3 (Hopf formula). — Suppose that C has the Fenchel-
Moreau property. If ¥ € FLIP(C) is convez, and H : H — R satisfies that H|¢
is continuous, then f given by

F(t.) = sup inf {2,z —y) +0(u) + HE)}, Y (1a) €Ry xC, (6.14)

is a Lipschitz viscosity solution of HJ(CO, H; ) in M N Lrip.
Proof. — Recall the definition of ¢* in (6.1). It is easy to see that

¢ (z) < g(z), YazeC. (6.15)

We can rewrite (6.14) as
fltz) = igg{@, T)y — ¥ (2) + tH(2)} (6.16)
= (¢* — tH)*(z). (6.17)
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Step 1: Initial condition and monotonicity. — Using (6.17), we have
f(0,-) = ¢**. Then, the Fenchel-Moreau property of C ensures )** = 1.
Since the supremum in the definition of f is taken over z € C, it is clear that
fem.

Step 2: Semigroup property. — We want to show, for all s > 0,

flt+s,)=(f"(t-)—sH)". (6.18)
In view of the Hopf formula (6.17), this is equivalent to
(0" — (t+ 5)H)" = (6" — FH)™ — 5H)" (6.19)

Since the conjugate is order-reversing (which means that g7 > ¢5 if g1 < g2),
(6.15) implies

((p* — tH)™ — sH)" > (¢* — (t+ s)H)" . (6.20)

To see the other direction, we use (6.15) to get
s
t+s
Notice that the left-hand side is convex, lower semicontinuous, and C*-

increasing. Taking the biconjugate in the above display and applying the
Fenchel-Moreau property of C, we have

S *
sV it
Then, we rearrange terms and use (6.15) to see

(67 = (¢4 )H)"" = (" —tH)™* < 2 (" — tH)™ = ") < —sH,

and thus

t *k *
’(/J*‘f‘m(w*_(t'i‘s)H) <¢ — tH.

(¥ = (t+s)H)™ < (" — tH)*".

(6" — (t+ $)H)™ < (4" — tH)"™ — sH,

Taking the conjugate on both sides, using its order-reversing property, and
invoking the Fenchel-Moreau property of C, we get

(6" — (L + H)" > (4" — tH)™ - sH)",
which together with (6.20) verifies (6.19).

Step 3: Lipschitzness. — Since v is Lipschitz, we have ¢*(z) = oo outside
the compact set B = {z € C : |z|y < ||[¢||Lip}- This together with (6.16)
implies that for each x € C, there is z € B such that

[t x) = (z,2)5 — " (2) + tH(2). (6.21)
Using this and (6.16), we get that

ftx) = f(t2') < (22 = ')y < [Plluiple — 2'[n, Va2’ €C.
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By symmetry, we conclude that f(¢,-) is Lipschitz, and the Lipschitz coeffi-
cient is uniform in ¢. To show the Lipschitzness in t, we fix any = € C. Then,
we have, for some z € B,

f(t,x) = (2,2} — 47 (2) + tH(z) < f(t', 2) + (¢ — t)H(2)
< f(t )+t sup  [H(z)[ | .
|zl#<I1¥llLip
Again by symmetry, the Lipschitzness of f(-,x) is obtained, and its coeffi-

cient is independent of x. In particular, we get f € Ly,p.

Step 4: Subsolution. — Let ¢ : (0,00) x C — R be smooth. Suppose that
f — ¢ achieves a local maximum at (¢,2) € (0,00) x C. Arguing as above,
there is z € C such that (6.21) holds. By this and (6.16), we have, for s € [0, t]
and small h € C,

f(t,x) < f(t—s,x 4+ h) —(z,h);, + sH(2).
The local maximality of f — ¢ at (¢,z) gives
ft=s,24+h)— @t —s,z+h) < f(t,z) — ot x).

for small s € [0,#] and small h € H. Then, we combine the above two
inequalities to get
for sufficiently small s > 0 and h € H. We can set s = 0, substitute ey for
h for any y € H and sufficiently small ¢ > 0, and then send ¢ — 0 to see
(y,Vo(t,x) — z),, > 0 for all y € H, which implies V(t,2) = 2. Then, we
set h = 0 in (6.22) and take s — 0 to obtain d;¢(t,x) < H(z). Hence, we get
Oop(t,x) — H(V(t,z)) < 0 and thus f is a viscosity subsolution.

Step 5: Supersolution. — Let (t,z) € (0,00) x C be a local minimum
point for f — ¢. Due to (6.16), f is convex in both variables. Since C is also
convex, we have, for all (¢',2') € (0,00) x C and all A € (0,1],

P ) = f(t3) 2 5 (F (64 A — 1), 4 A — ) — (t,)).

The local minimality of f — ¢ at (¢, ) implies
fE+AE 1),z + A" —2) = f(t,2)
2o (t+ At —1), 2+ Aa" —2)) - o(t, z).
Using the above two displays and sending A — 0, we obtain
f@A,2") = flt,x) > r(t' —t)+ (a, 2" —x),,, V(' ,2")eRyxC, (6.23)

where, for convenience, we set r = 9;¢(t,x) and a = Vo(t,x). Setting t' = ¢
in (6.23) and using f € M and x € C, we can verify a € C.
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Fix some s € (0,t), we set
n(a') = f(t,x) —rs+(a,2’ —x),,, Va'eC.
Setting ¢’ = ¢ — s in (6.23), we have
f(t—s,2") =), V' ec.
Applying the order-reversing property of the conjugate twice, we obtain
("t = 5,) — sH)* > (" — sH)".
By the semigroup property (6.18), we have
F(t,) > (" — sH)"
By a € C and the definitions of the conjugate in (6.1), the above yields
F(t.2) > {a,2)y, — (@) + sH(a).

On the other hand, using the definition of 7, we can compute

n(a) = = f(t,z) + 75+ (@, )y .

The above two displays along with the definition of r and a yield
(Orp — H(Vo(t,z))) (t,z) > 0, which verifies that f is a supersolution. [
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