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Modulated logarithmic Sobolev inequalities and
generation of chaos (∗)

Matthew Rosenzweig (1) and Sylvia Serfaty (2)

ABSTRACT. — We consider mean-field limits for overdamped Langevin dynamics
of N particles with possibly singular interactions. It has been shown that a modulated
free energy method can be used to prove the mean-field convergence or propagation
of chaos for a certain class of interactions, including Riesz kernels. We show here that
generation of chaos, i.e. exponential in time convergence to a tensorized (or iid) state
starting from a nontensorized one, can be deduced from the modulated free energy
method provided a uniform-in-N “modulated logarithmic Sobolev inequality” holds.
Proving such an inequality is a question of independent interest, which is generally
difficult. As an illustration, we show that uniform modulated logarithmic Sobolev
inequalities can be proven for a class of situations in one dimension.

RÉSUMÉ. — On considère la limite de champ moyen pour la dynamique de Lan-
gevin suramortie de N particules en interaction (possiblement) singulière. Il a été
montré qu’on peut utiliser une méthode d’énergie libre modulée pour traiter une
certaine classe d’interactions qui inclut les potentiels de Riesz. Nous montrons ici
que l’on peut déduire de la méthode d’énergie libre modulée la génération du chaos,
c.à.d. la convergence exponentielle en temps vers un état tensorisé partant d’une
situation initiale non tensorisée, à condition qu’une « inégalité de Sobolev logarith-
mique modulée » uniforme en N soit vraie. Prouver une telle inégalité est une ques-
tion indépendante qui est en général difficile. Comme illustration, nous montrons
que des inégalités de Sobolev logarithmiques modulées peuvent être prouvées pour
une classe de problèmes unidimensionnels.
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1. Introduction

Consider a canonical Gibbs measure for N particles with energy HN (XN ),
with XN := (x1, . . . , xN ), xi ∈ Rd, of the form

dPN,β(XN ) = 1
ZN,β

e−βHN (XN )dx1 . . . xN . (1.1)

It is well know that if PN,β satisfies a Poincaré (or spectral gap) or loga-
rithmic Sobolev inequality (LSI), with a constant independent of N , then
the joint law of the particles under the overdamped Langevin (Glauber)
dynamics

dxt
i = −∇iHN (XN ) +

√
2
β

dW t
i i ∈ {1, . . . , N}, (1.2)

where the W t
i are independent standard Brownian motions, converges ex-

ponentially fast in time to the steady state PN,β . See, for instance, [5, 53].
A Poincaré inequality or LSI is satisfied as soon as HN satisfies a uniform
strict convexity condition of the form Hess HN ⩾ cIdN×dN with c > 0, with
the Poincaré/LSI constant only depending on c [4]. Proving uniform LSIs
meaningfully beyond this uniformly convex case is in general hard and the
object of current efforts. We refer to [6, 7] for some instances of progress.
For a taste of the extensive literature on LSIs, we refer to [1].

In this note, we are interested in the particular case of pair interaction
energies of the form

HN (XN ) = 1
2N

∑
1⩽i ̸=j⩽N

g(xi, xj) +
N∑

i=1
V (xi), (1.3)

where again XN = (x1, . . . , xN ) ∈ (Rd)N ; g : (Rd)2 → [−∞, ∞] is some
symmetric interaction potential belonging to a class to be specified later
and is similar to that considered in [11, 12, 19, 31], which includes repulsive
Coulomb and Riesz interactions of the form

g(x, y) =


− log |x − y|, s = 0
1
s

|x − y|−s, s < d,
(1.4)

as well as moderately attractive ones; and V is some confinement potential.
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In that case, the overdamped Langevin dynamics is of the form
dxt

i =

− 1
N

∑
1⩽j⩽N :j ̸=i

∇1g(xt
i, xt

j) − ∇V (xt
i)

 dt +
√

2
β

dW t
i

xt
i|t=0 = x0

i

i ∈ {1, . . . , N}, (1.5)

with x0
i ∈ Rd the pairwise distinct initial positions. Here, ∇1 denotes the

gradient with respect to the first argument of g. The mean-field limit, or
equivalently propagation of chaos, for such evolutions has been proved for
g sufficiently regular by many classical methods [30], for g possibly sin-
gular (with V = 0) by the relative entropy method in [31], and for g
even more singular and Coulomb/Riesz-like by the modulated free energy
method [11, 12, 19] using the modulated energy of [21, 51]. We will recall
these methods below but suffice it to say that propagation of chaos means
that if the initial data is distributed according to the probability distribu-
tion f0

N (XN ) = µ0(x1) . . . µ0(xN ) on (Rd)N (i.e., the particles are iid with
common law µ0), then the solution f t

N of the N -particle Liouville/forward
Kolmogorov equation associated to the dynamics (1.5) is such that

f t
N,k ⇀ (µt)⊗k as N → ∞, (1.6)

where f t
N,k denotes the k-point marginal of f t

N and µt is a solution to the
mean-field evolution(1)∂tµ

t − div((∇g ∗ µt + ∇V )µt) = 1
β

∆µt

µt|t=0 = µ0.

(1.7)

The convergence (1.6) is for fixed k, as N → ∞. There has been recent
progress on understanding the optimal rate of this convergence in the context
of the relative entropy method [33]. The modulated free energy method yields
convergence in relative entropy, which in turn implies convergence of all the
fixed marginals. Here, the (normalized) relative entropy is defined by

HN (fN |gN ) := 1
N

∫
(Rd)N

log
(

fN

gN

)
dfN . (1.8)

There has also been progress on showing bounds for the relative entropy
which vanish as N → ∞ and hold uniformly in time, hence proving uniform-
in-time propagation of chaos in [19, 25, 26, 34, 46]. Informally, the distance
between the laws f t

N , (µt)⊗N does not grow arbitrarily large as time becomes
large.

(1) In (1.7) and the remainder of the paper, we abuse the convolution notation by defin-
ing g ∗ µ(x) :=

∫
Rd g(x, y)dµ(y) =

∫
Rd g(y, x)dµ(y), since g is assumed to be symmetric.
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The notion of generation of chaos, a term coined recently by Lukkari-
nen [37], consists in a similar convergence as time gets large, even when
the initial data f0

N is not tensorized, i.e. does not exhibit chaos or inde-
pendence. Interpreted in an entropic sense (see [28] for a discussion of var-
ious notions of chaos), we have generation of chaos if HN (f t

N |(µt)⊗N ) =
ot(1)+oN (1) as N → ∞ and t → ∞, where ot(1) depends on N only through
HN (f0

N |(µ0)⊗N ) and is uniform in N assuming HN (f0
N |(µ0)⊗N ) = O(1), and

oN (1) is uniform in t. This is what we wish to demonstrate here holds, under
a uniform-in-N modulated LSI condition, that we will define below.

1.1. Modulated energies and modulated Gibbs measures

Before going further, let us review the notion of modulated energy. This
object was first introduced as a next-order electric energy in [41, 49, 50] and
used in the dynamics context as a modulated energy in [21, 51] and following
works (in the spirit of [9]). Given a probability density µ on Rd, we define
the modulated energy of the configuration XN as

FN (XN , µ)

:= 1
2

∫
(Rd)2\△

g(x, y) d
(

1
N

N∑
i=1

δxi
− µ

)
(x) d

(
1
N

N∑
i=1

δxi
− µ

)
(y), (1.9)

where △ denotes the diagonal in (Rd)2. This is the total interaction of the
system of N discrete charges at xi against a negative (neutralizing) back-
ground charge µ, with the self-interaction of the points, which is infinite if
g(x, x) = ∞,(2) removed. As shown in the aforementioned prior works, FN is
not necessarily positive; however, under appropriate assumptions on g, it acts
in effect as a squared distance between the empirical measure 1

N

∑N
i=1 δxi

and µ. Given the density µ, we can also define the modulated Gibbs measure

QN,β(µ) := 1
KN,β(µ)e−βNFN (XN ,µ)dµ(x1) . . . dµ(xN ), (1.10)

where
KN,β(µ) :=

∫
(Rd)N

e−βNFN (XN ,µ)dµ(x1) . . . dµ(xN ) (1.11)

is the associated partition function. An example of use of such a modulated
Gibbs measure is provided in [2] in the study of (1.1) for the energy (1.3) in
the case where g is the Coulomb interaction.

(2) If g(x, x) is finite, then the renormalization is unnecessary. See Section 1.5 for
elaboration.
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Following for instance [2, 3], we may introduce in the context of (1.3) the
thermal equilibrium measure µβ , which is defined as the minimizer among
probability densities of the mean-field free energy

Eβ(µ) := 1
2

∫
(Rd)2

g(x, y)dµ(x)dµ(y)

+
∫
Rd

V (x)dµ(x) + 1
β

∫
Rd

log µ(x)dµ(x). (1.12)

If V grows sufficiently fast at infinity, then Eβ has a unique minimizer, which
is characterized by the existence of a constant cβ ∈ R such that

g ∗ µβ + V + 1
β

log µβ = cβ in Rd. (1.13)

In the Coulomb case, [3] studied how µβ converges to the usual equilibrium
measure as β → ∞.

The thermal equilibrium measure allows, as seen in [2], for a nice split-
ting of the energy and thus of the Gibbs measure, as follows. For any XN ,
using (1.9), (1.13), and direct computations, we have

HN (XN ) = NEβ(µβ) + NFN (XN , µβ) − 1
β

N∑
i=1

log µβ(xi). (1.14)

Inserting this identity into (1.1), we find that

dPV
N,β(XN ) = e−βNEβ(µβ)

ZV
N,β

e−βNFN (XN ,µβ)dµβ(x1) . . . dµβ(xN ). (1.15)

In other words, comparing with (1.10), we have found that

PV
N,β = QN,β(µβ) (1.16)

and
ZV

N,β = KN,β(µβ)e−βNEβ(µβ). (1.17)
Thus, the Gibbs measure is itself a modulated Gibbs measure, relative to
the thermal equilibrium measure.

Conversely, given a probability measure µ, it is easy to see the modulated
Gibbs measure QN,β(µ) as a Gibbs measure through a change of the confining
potential. Following (1.13), let

Vµ,β := −g ∗ µ − 1
β

log µ. (1.18)

Then retracing the steps of the splitting formula above, one has

QN,β(µ) = PVµ,β

N,β . (1.19)
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With the rewriting (1.16), a crucial condition, appearing in all that fol-
lows, is

|log KN,β(µ)| = o(N) (1.20)

with a o(N) uniform in β ∈ [ 1
2 β0, 2β0], for some fixed β0, which corresponds

for instance to the “large deviations estimates” in [31]. We will call it a small-
ness of the free energy. This condition (and even a stronger quantitative one)
can be proven in the Riesz cases (1.4) and for bounded continuous interac-
tions. We give a short proof of this fact in the appendix. In the attractive
log case, it is proven in [12] and later streamlined in [18].

In several cases of interest, including in particular (1.4) (cf. [39, 51]), FN is
positive up to a small additive constant and controls a form of distance (e.g.,
a squared Sobolev norm). In such cases one may easily obtain a concentration
estimate around µ as follows.(3) By definition (1.10) of QN,β(µ), we may
rewrite the exponential moments of the modulated energy FN as

logEQN,β(µ)

[
e

β
2 NFN (XN ,µ)

]
= log

KN,β/2(µ)
KN,β(µ) . (1.21)

If (1.20) holds, we obtain the exponential moment control∣∣∣logEQN,β(µ)

[
e

β
2 NFN (XN ,µ)

]∣∣∣ ⩽ o(N). (1.22)

Thus, using the almost positivity of FN and the fact that it controls a squared
distance between the empirical measure and reference density, this provides
a concentration estimate around µ and implies a law of large numbers in the
form

EQN,β(µ)

∥∥∥∥∥ 1
N

N∑
i=1

δxi − µ

∥∥∥∥∥
2 → 0, (1.23)

where ∥ · ∥ is a suitable norm. By standard arguments, this convergence also
implies propagation of chaos for the statistical equilibrium QN,β(µ) (see for
instance [16, 49]):

Q(k)
N,β(µ) −⇀ µ⊗k as N → ∞, (1.24)

where Q(k)
N,β(µ) denotes the k-point marginal of QN,β(µ) and k is fixed.

(3) If this is true for −FN instead of FN , the same reasoning below applies, using 2β

and β instead of β/2 and β in (1.21).
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1.2. Modulated free energy

We may now define the modulated free energy, as introduced in [10, 11,
12]. Given a reference probability density µ on Rd as above and a probability
density fN on (Rd)N , the modulated free energy is defined by

EN (fN , µ) := 1
β

HN (fN |µ⊗N ) + EfN
[FN (XN , µ)] , (1.25)

where HN is the relative entropy as in (1.8) and EfN
denotes the expectation

with respect to the measure fN , viewing the XN as a random variable. Let
us remark here that using the explicit form of (1.10), the modulated free
energy can be rewritten as

EN (fN , µ) = 1
β

(
HN (fN |QN,β(µ)) − log KN,β(µ)

N

)
. (1.26)

In other words, up to a constant related to the smallness of free energy
condition (1.20), the modulated free energy is another relative entropy. Note
that this provides an easy proof of the fact that EN (fN , µ) is essentially
positive if the smallness of free energy condition (1.20) holds. Moreover,
controlling the relative entropy from fN to QN,β proves closeness of the
particle density to QN,β(µ) and is, in reality, more precise than the mean-
field limit and propagation of chaos provided by the control of HN (fN |µ⊗N ).
As t → ∞, the solution µt to (1.7) converges to the thermal equilibrium
measure µβ , and QN,β(µβ) is, as already noticed in (1.19), equal to PN,β ,
so we retrieve the fact, provided by usual LSI, that there is convergence
in large time to PN,β , the invariant measure for the dynamics (1.5). See
Section 1.6 below for a further discussion on the advantages of QN,β(µ) over
PN,β . Finally, if one wishes to retrieve closeness of fN to µ⊗N , one may
either use a control of the negative part of the modulated energy by the
relative entropy, as ensured by condition (ii) below, or use the concentration
inequality via its consequence (1.24).

1.3. Evolution of modulated energy, Fisher information, and uni-
form LSI

The crucial computation of [10, 11, 12] (performed on the torus, but the
whole-space with confining potential case is similar) is that when differenti-
ating in time EN (f t

N , µt), for f t
N solving the forward Kolmogorov equation

and µt solving the mean-field evolution equation (1.7), a cancellation occurs,
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leading to

d
dt

EN (f t
N , µt)

⩽ −1
2

∫
(Rd)N

∫
(Rd)2\△

(ut(x) − ut(y)) · ∇1g(x, y) d
(

1
N

N∑
i=1

δxi
− µt

)⊗2

(x, y) df t
N

− 1
β2N

∫
(Rd)N

N∑
i=1

∣∣∣∣∣∣∇i log
(

f t
N

(µt)⊗N

)
+ β

N

∑
j ̸=i

∇1g(xi, xj)−β∇g ∗ µt(xi)

∣∣∣∣∣∣
2

df t
N ,

(1.27)
where

ut := 1
β

∇ log µt + ∇V + ∇g ∗ µt (1.28)

is the velocity field associated to the mean-field dynamics (1.7).

At first pass, the second term on the right-hand side of (1.27), which
is nonpositive, may be discarded, and, assuming g is translation-invariant,
the first term in the right-hand side can be controlled, for instance in Riesz
cases (1.4) via the second author’s inequality from [51] and its refinements
and generalizations [39, 47], by the modulated energy itself, allowing to close
a Grönwall loop. When V = 0, this is what is done in [11] and revisited
in [18, 19]. More precisely, the following type of inequality is used: for any
sufficiently regular vector field v and any pairwise distinct XN ∈ (Rd)N ,

∣∣∣∣∣∣
∫

(Rd)2\△
(v(x) − v(y)) · ∇1g(x, y) d

(
1
N

N∑
i=1

δxi
− µ

)⊗2

(x, y)

∣∣∣∣∣∣
⩽ C∥v∥∗ (FN (XN , µ) + oN (1)) , (1.29)

where ∥v∥∗ is some homogeneous Sobolev norm of v and oN (1) depends
only on (and is increasing with respect to) the L∞ norm of µ and vanishes
as N → ∞. This inequality was first proven in full generality in [51] for all
Coulomb/super-Coulombic Riesz potentials, following a previous work for
the d = 2 Coulomb case [35]. A sharp additive error oN (1) = O(∥µ∥

s
d
L∞N

s
d −1)

with ∥v∥∗ = ∥∇v∥L∞ was proven in [47], following earlier Coulomb re-
sults [35, 44, 52]. The estimate (1.29) was generalized to Riesz-like kernels
in [39]. For g satisfying |(x − y) · ∇1g(x, y)| ⩽ C, one may extract from [31],
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as was done in [12], the averaged inequality∣∣∣∣∣∣
∫

(Rd)N

∫
(Rd)2\△

(v(x) − v(y)) · ∇1g(x, y)d
(

1
N

N∑
i=1

δxi − µ

)⊗2

(x, y) dfN

∣∣∣∣∣∣
⩽ ∥∇v∥L∞

(
C1HN (fN |µ⊗N ) + C2

N

)
. (1.30)

Let us now examine the nonpositive term in the right-hand side of (1.27).
We rewrite it as

− 1
β2N

∫
(Rd)N

N∑
i=1

∣∣∣∣∣∣∇ log
(

f t
N

(µt)⊗N

)
+ β

N

∑
j ̸=i

∇1g(xi, xj) − ∇g ∗ µt(xi)

∣∣∣∣∣∣
2

df t
N

= − 1
β2N

∫
(Rd)N

∣∣∣∣∇ log f t
N

QN,β(µt)

∣∣∣∣2 df t
N

= − 1
β2N

∫
(Rd)N

∣∣∣∣∣∇
√

f t
N

QN,β(µt)

∣∣∣∣∣
2

dQN,β(µt). (1.31)

Indeed, one may check that by definition (1.10) of QN,β(µ),

∇i logQN,β(µ) = −βN∇iFN (XN , µ) + ∇ log µ(xi), (1.32)

and in view of the definition (1.9) of FN (XN , µ),

∇iFN (XN , µ) = 1
N2

∑
1⩽j⩽N :j ̸=i

∇1g(xi, xj) − 1
N

∇(g ∗ µ)(xi). (1.33)

For any fN and any reference probability density µ, we call the quantity

1
N

∫
(Rd)N

∣∣∣∣∣∇
√

fN

QN,β(µ)

∣∣∣∣∣
2

dQN,β(µ) (1.34)

the modulated Fisher information, which is nothing but the normalized rela-
tive Fisher information IN (fN |QN,β(µ)), and the relation (1.27) transforms
into

d
dt

EN (f t
N , µt) ⩽ − 1

β2N

∫
(Rd)N

∣∣∣∣∣∇
√

f t
N

QN,β(µt)

∣∣∣∣∣
2

dQN,β(µt)

− 1
2

∫
(Rd)N

∫
(Rd)2\△

(ut(x) − ut(y)) · ∇1g(x, y)d
(

1
N

N∑
i=1

δxi
− µt

)⊗2

(x, y) df t
N .

(1.35)
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The goal is then to exploit a functional inequality relating the modulated
Fisher information to the modulated free energy to take advantage of the
negative term in (1.35).

Definition 1.1. — We say that a family of probability measures
{PN }N⩾1 satisfies a uniform logarithmic Sobolev inequality (LSI) if there
exists a constant CLS > 0, such that for any N ⩾ 1 and f ∈ C1((Rd)N ), we
have ∫

(Rd)N

f2 log f2∫
f2dPN

dPN ⩽ CLS

∫
(Rd)N

|∇f |2dPN . (1.36)

Given data (g, V, β), we say that a uniform µ-modulated LSI (µ-LSI) holds if
the family of probability measures {QN,β(µ)}N⩾1 of the form (1.10) satisfies
a uniform LSI.

Our main observation is that if QN,β(µ) satisfies a uniform LSI, then
applying (1.36) to f =

√
fN

QN,β(µ) , with fN a probability density on (Rd)N ,
we find∫

(Rd)N

∣∣∣∣∣∇
√

fN

QN,β(µ)

∣∣∣∣∣
2

dQN,β(µ)

⩾
1

CLS

∫
(Rd)N

log
( fN

QN,β(µ)∫
(Rd)N

fN

QN,β(µ) dQN,β(µ)

)
dfN . (1.37)

Using that fN is a probability density, we recognize on the right-hand side
NHN (fN |QN,β(µ)). In light of (1.26), we then have

1
N

∫
(Rd)N

∣∣∣∣∣∇
√

fN

QN,β(µ)

∣∣∣∣∣
2

dQN,β(µ)

⩾
1

CLS

(
βEN (fN , µ) + 1

N
log KN,β(µ)

)
. (1.38)

In other words, a uniform LSI for QN,β(µ) implies that the modulated Fisher
information is bounded below by the modulated free energy and an additive
error that is oN (1) assuming smallness of free energy. If (1.38) holds for all
µt along the flow, then it can be inserted into (1.35) to obtain an exponential
decay of the modulated free energy, provided (1.29) or (1.30) holds.

In [26], in the context of conservative dynamics on the torus Td (see
remarks at the end of Section 1.4), a uniform LSI is used in the context of
the relative entropy method [31]. In that method, one differentiates in time
HN (f t

N |(µt)⊗N ) instead of (1.26), leading to a Fisher information relative
to the reference measure (µt)⊗N instead of QN,β(µt). Proving the needed
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uniform LSI holds is straightforward, as it follows from upper and lower
bounds on µt (a consequence of maximum principle and only possible on
compact domains) and the Holley–Stroock perturbation lemma. See also [34]
for a similar idea applied to the hierarchal relative entropy method of [33].

1.4. Main result

To present the main result of this note, we list some assumptions that we
make on the potential g : (Rd)2 → [−∞, ∞]. We will explain below specific
cases in which these assumptions hold.

(i) g ∈ C2((Rd)2 \ △) is symmetric and for some s < d, satisfies

|g(x, y)| ⩽ C

{
1 + |log |x − y|| , s = 0
1 + |x − y|−s, s > 0

(1.39)

for some constant C > 0.
(ii) There exists a constant Cβ ∈ [0, 1

β ) such that for any fN ∈Pac((Rd)N )
and µ ∈ P(Rd) ∩ L∞(Rd), with

∫
Rd log(1 + |x|)dµ(x) < ∞ if s = 0,

EfN
[FN (XN , µ)] ⩾ −CβHN (fN |µ⊗N ) − oN (1), (1.40)

where oN (1) only depends (in an increasing fashion) on µ through
∥µ∥L∞ .

(iii) There exist constants CRE , CME ⩾ 0, such that∣∣∣∣∣∣
∫

(Rd)N

∫
(Rd)2\△

(v(x) − v(y)) · ∇1g(x, y) d
(

1
N

N∑
i=1

δxi − µ

)⊗2

(x, y)dfN

∣∣∣∣∣∣
⩽ ∥v∥∗

(
CREHN (fN |µ⊗N ) + CMEEfN

[FN (XN , µ)] + oN (1)
)

(1.41)

for all pairwise distinct configurations XN ∈ (Rd)N , densities fN ∈
Pac((Rd)N ) and µ ∈ P(Rd) ∩ L∞(Rd), and continuous vector fields
v with finite homogeneous Sobolev norm ∥ · ∥∗ of some order.

Remark 1.2. — Assumption (i) is to ensure that all energy expressions
are well-defined and that all differential identities can be justified. Assump-
tion (ii) ensures that the modulated energy does overwhelm the relative
entropy, which is not a priori forbidden, since we make no sign assumptions
on g. Since Cβ < 1

β , it ensures that the modulated free energy is nonnegative
up to oN (1) error. In fact, it shows that the modulated free energy controls
the relative entropy.
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Let us introduce the quantity

Et
N := EN (f t

N , µt) + ot
N (1) (1.42)

as a substitute for the modulated free energy. The additive error ot
N (1) is a

constant multiple of the maximum of the additive errors in assumptions (ii),
(iii) and ensures that Et

N ⩾ 0, which allows to perform a Grönwall argument
on this quantity. It depends only on µt through the L∞ norm, hence the t
superscript, and is increasing in this dependence. Also, it is easier to write
the statements with Et

N , as these additive constants appear as the errors
oN (1) in (1.29).

Theorem 1.3. — Let β > 0. Assume that equation (1.7) admits a solu-
tion µ ∈ C([0, ∞), P(Rd)∩L∞(Rd)), such that ∥µt∥L∞ is bounded uniformly
in t and ∇ut ∈ L∞ locally uniformly in t. If s = 0, further assume that∫
Rd log(1 + |x|)dµt < ∞ for every t ⩾ 0. If QN,β(µt) satisfies a uniform LSI

with constant CLS > 0 for every t ⩾ 0, then, for every t ⩾ 0,

Et
N ⩽ e

− 4t
βCLS

+
∫ t

0
C∥uτ ∥∗

2 dτ E0
N

+ e
− 4t

βCLS
+
∫ t

0
C∥uτ ∥∗

2 dτ

×
∫ t

0
e

4τ
βCLS

−
∫ τ

0
C∥uτ′

∥∗
2 dτ ′

[
ȯτ

N + 4
βCLS

(
oτ

N (1) − log KN,β(µτ )
βN

)]
dτ,

(1.43)
where KN,β(µτ ) is as in (1.11), oτ

N (1) is as above, and ȯτ
N (1) denotes the

derivative of oτ
N (1) with respect to time.

We see here that provided
∫∞

0 ∥uτ ∥∗dτ < ∞, the first term on the right-
hand side converges exponentially fast to 0 as t → ∞, while the second term
is oN (1) uniformly bounded in t, assuming log KN,β(µτ ) = o(N) uniformly in
τ and that

∫∞
0 |ȯτ

N (1)|dτ < ∞, by the fundamental theorem of calculus and
our assumption that ∥µt∥L∞ is uniformly bounded. Since EN differs from
EN only by additive constants which are oN (1), and the modulated free
energy EN controls the relative entropy HN , as explained in Remark 1.2,
it follows that the estimate (1.43) implies entropic generation of chaos and
also gives a uniform-in-time propagation of chaos if the initial data is such
that E0

N = oN (1). In the next subsection, we give cases of interest to which
Theorem 1.3 applies.

Generation of chaos for potentials g with ∇g in L∞, which does not
allow for singular potentials, was shown in [34], with a rate of convergence
in N that is sharp for relative entropy, under smallness assumptions on
β. In [26], a generation of chaos result was shown for conservative dynamics
(replace ∇ with M∇ for an antisymmetric matrix M) with g having a log-type
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singularity. Both [26, 34] are restricted to the torus Td. A weaker generation
of chaos result in 2-Wasserstein distance was shown in [25] for the Riesz case
on R with uniformly convex confinement via coupling methods. We mention
that convergence in relative entropy implies convergence in W2 by a theorem
of Otto–Villani [40].

Remark 1.4. — The long-time analysis of equation (1.7) that allows to
show in the Riesz case that

∫∞
0 ∥∇uτ ∥L∞dτ < ∞ and KN,β(µτ ) = o(N)

uniformly in τ is the subject of forthcoming work with J. Huang [29]. In
fact, this work shows that solutions converge as t → ∞ to the thermal
equilibrium µβ in a strong sense at a quantifiable rate and even covers the
case of Rd without confinement, which has been an outstanding problem.

Remark 1.5. — One could also consider the periodic setting Td, as in [11,
12, 19, 26]. But the case of Rd is mathematically more interesting.

In the case where d = 1 and g(x) = − log |x| or |x|−s for s ∈ (0, 1), V is
a C2 uniformly convex potential (e.g., V (x) = |x|2), and µ is a probability
density which is not too far from the thermal equilibrium µβ , we are able to
verify a uniform µ-modulated LSI. The general d-dimensional Riesz case is
challenging: it is at least as difficult as the uniform LSI for PV

N,β , which is a
well-known open problem.

1.5. Applications

We can give a more precise form of the estimate (1.43) in the repulsive
singular Riesz case (1.4) so that (−∆) d−s

2 g = cd,sδ0. One has that

FN (xN , µ) ⩾ −


log(N∥µ∥L∞)

2Nd 1s=0 + C∥µ∥
s
d
L∞N

s
d −1, s ⩾ d − 2

C log(N∥µ∥L∞)
N

1s=0 + C∥µ∥
s
d
L∞N− 2(d−s)

2(d−s)+s(d+2) ,

s < d − 2.

(1.44)

Here, C > 0 is an absolute constant. The additive errors for the sub-Coulomb
case s < d − 2 are expected to be suboptimal, while they are sharp in the
Coulomb/super-Coulomb case s ⩾ d − 2.(4) For details, we refer to [46] in
the case s < d − 2 and [19, 47] in the case s ⩾ d − 2. In particular, (1.44)

(4) The L∞ condition here (and by implication, the L∞ condition in Theorem 1.3)
can be relaxed quite a bit (e.g., see [42, 43]) at the cost of increasing the additive errors;
but we will not concern ourselves with such generality.
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shows that

EN (fN , µ) ⩾ 1
β

HN (fN |µ⊗N )

−


log(N∥µ∥L∞)

2Nd 1s=0 + C∥µ∥
s
d
L∞N

s
d −1, s ⩾ d − 2

C log(N∥µ∥L∞)
N

1s=0 + C∥µ∥
s
d
L∞N− 2(d−s)

2(d−s)+s(d+2) ,

s < d − 2.

(1.45)

We take

Et
N := EN (f t

N , µt)

+


log(N∥µt∥L∞)

2Nd 1s=0 + C∥µt∥
s
d
L∞N

s
d −1, s ⩾ d − 2

C log(N∥µt∥L∞)
N

1s=0 + C∥µt∥
s
d
L∞N− 2(d−s)

2(d−s)+s(d+2) ,

s < d − 2

(1.46)

The estimate (1.41) holds with CRE = 0,

∥v∥∗ =
{∥∇v∥L∞ , s ⩾ d − 2

∥∇v∥L∞ + ∥(−∆)
d−s

4 v∥
L

2d
d−2−s

, s < d − 2,
(1.47)

and

ot
N (1) =



log(N∥µt∥L∞)
2Nd 1s=0 + C∥µt∥

s
d
L∞N

s
d −1, s⩾d−2

∥(−∆) s+1−d
2 µt∥L∞N

−
s+1+ (2(d−s)

d+2(
s+ (2(d−s)

d+2

)
(1+s) +∥µt∥

2+s
d+2
L∞ N

−
(2(d−s)

d+2(
s+ (2(d−s)

d+2

)
(1+s)

,

s<d−2.

(1.48)

In the attractive log case on the torus Td, it is shown in [18] (building on [12])
that there exists βd > 0 such that for any 0 ⩽ β < βd, there are constants
εβ ∈ (0, 1) and Cβ > 0 such that

βEfN
[FN (XN , µ)] ⩽ εβHN (fN |µ⊗N ) + Cβ

N
. (1.49)

Therefore, assumption (ii) is satisfied. It is shown in [18] that the optimal
value βd ⩽ min(2d, 2πd/2

Γ(d/2) ), where Γ denotes the usual Gamma function, as
the inequality (1.49) is false for β > 2πd/2

Γ(d/2) .
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For potentials g : (Rd)2 → R that are continuous along the diagonal, one
can skip the renormalization and simply define

FN (XN , µ) =
∫

(Rd)2
g(x, y) d

(
1
N

N∑
i=1

δxi − µ

)
(x) d

(
1
N

N∑
i=1

δxi − µ

)
(y).

(1.50)

If g is repulsive in the sense that g(x, y) is the integral kernel of a positive
semidefinite operator on the space of finite Borel measures, as in the case
of the equations used for neural networks parameters evolution [17, 38, 48],
then FN (XN , µ) ⩾ 0.

Continuing to assume that g is continuous at the origin, but dropping the
repulsive assumption, we may use the Donsker–Varadhan lemma to estimate

EfN
[FN (XN , µ)] ⩽ 1

η

(
HN (fN |µ⊗N )+ 1

N
logEµ⊗N

[
eNηFN (XN ,µ)

])
(1.51)

for any η > 0. If g ∈ L∞, then one may use [31, Theorem 4] (see also [36,
Section 5] for a simpler proof) with

ϕ(x, z) :=
(

g(x, z) −
∫
Rd

g(x, y)dµ(y) −
∫
Rd

g(y, z)dµ(y)

+
∫

(Rd)2
g(y, y′)dµ(y)dµ(y′)

)
. (1.52)

The conclusion is that if
√

C0η∥ϕ∥L∞ < 1, where C0 is a universal constant,
then

logEµ⊗N

[
eNηFN (XN ,µ)

]
⩽ log

(
2

1 − C0η2∥ϕ∥2
L∞

)
. (1.53)

Replacing FN by −FN and repeating the preceding reasoning, we then find
that

|EfN
[FN (XN , µ)]| ⩽ 1

η
HN (fN |µ⊗N ) + 1

ηN
log
(

2
1 − C0η2∥ϕ∥2

L∞

)
. (1.54)

If 1
β > 1√

C0∥ϕ∥L∞
, then we may choose 1

η ∈
( 1√

C0∥ϕ∥L∞
, 1

β

)
, implying that

assumption (ii) holds.
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1.6. Advantages of modulated LSI over LSI

Let us explain the advantage of a uniform modulated LSI over merely
a uniform LSI for PN,β . For simplicity, let us assume that g is translation-
invariant. Ignoring regularity questions,

d
dt

HN

(
f t

N |PN,β

)
= − 1

β
IN (f t

N |PN,β), (1.55)

where we recall that IN is the normalized relative Fisher information. If
there is a uniform LSI constant CLS for PN,β , then by Grönwall’s lemma,

HN

(
f t

N |PN,β

)
⩽ e

− t
CLS β HN

(
f0

N |PN,β

)
. (1.56)

By subadditivity of relative entropy and Pinsker’s inequality, for any fixed
1 ⩽ k ⩽ N , ∥∥∥f t

N,k − P(k)
N,β

∥∥∥2

T V
⩽ 2ke

− t
CLS β HN

(
f0

N |PN,β

)
. (1.57)

If µt is a solution of the mean-field evolution (1.7), then

d
dt

[
Eβ(µt) − Eβ(µβ)

]
= −

∫
Rd

∣∣∣∣ 1β ∇ log µt + ∇g ∗ µt + ∇V

∣∣∣∣2 dµt, (1.58)

where Eβ is the mean-field free energy as defined in (1.12). One may check
by direct computation that

lim
N→∞

1
β

HN (µ⊗N |PN,β) = Eβ(µ) − Eβ(µβ) (1.59)

and

lim
N→∞

1
β

IN (µ⊗N |PN,β) = β

∫
Rd

∣∣∣∣ 1β log µ + ∇V + ∇g ∗ µ

∣∣∣∣2 dµ, (1.60)

which together with the uniform LSI for PN,β imply the infinite-volume LSI

β [Eβ(µ) − Eβ(µβ)] = lim
N→∞

HN (µ⊗N |PN,β)

⩽ lim
N→∞

CLSIN (µ⊗N |PN,β)

= CLSβ2
∫
Rd

∣∣∣∣ 1β log µ + ∇V + ∇g ∗ µ

∣∣∣∣2 dµ. (1.61)

Inserting this inequality into the right-hand side of (1.58) and applying Grön-
wall again, [

Eβ(µt) − Eβ(µβ)
]
⩽ e

− t
CLS β

[
Eβ(µ0) − Eβ(µβ)

]
. (1.62)

– 122 –



Modulated LSI and generation of chaos

Using (1.13) and direct computation, one may also check that

Eβ(µ) − Eβ(µβ) = 1
β

∫
Rd

log
(

µ

µβ

)
dµ + 1

2

∫
(Rd)2

g(x − y) d(µ − µβ)⊗2(x, y).

(1.63)

Assuming, say, that the Fourier transform ĝ ⩾ 0, we may discard the poten-
tial energy term and then apply Pinsker’s inequality again to obtain∥∥µt − µβ

∥∥2
T V

⩽ 2βe
− t

CLS β
[
Eβ(µ0) − Eβ(µβ)

]
. (1.64)

Considering just the case k = 1 to simplify the analysis, we have by triangle
inequality that∥∥f t

N,1 − µt
∥∥

T V

⩽
∥∥∥f t

N,1 − P(1)
N,β

∥∥∥
T V

+
∥∥∥P(1)

N,β − µβ

∥∥∥
T V

+
∥∥µt − µβ

∥∥
T V

⩽
√

2e
− t

CLS β HN (f0
N |PN,β)

+
√

2βe
− t

CLS β (Eβ(µ0) − Eβ(µβ)) +
∥∥∥P(1)

N,β − µβ

∥∥∥
T V

. (1.65)

Supposing that(5) ∥∥∥P(1)
N,β − µβ

∥∥∥
T V

= oN (1), (1.66)

the right-hand side of (1.65) tends to zero as t → ∞ and N → ∞. But this
estimate does not imply propagation of chaos, even locally in time, as the
second term does not vanish as N → ∞. To address this unsatisfactory fea-
ture, one would also need a local-in-time estimate with which to interpolate,
say, of the form ∥∥f t

N,1 − µt
∥∥

T V
⩽ eCtoN (1), (1.67)

where oN (1) vanishes as N → ∞ assuming some form of chaos for the initial
data.

The above described argument is rather inefficient. We had to pass from
relative entropy to a genuine metric, total variation distance, to implement
this triangle inequality argument. In doing so, one loses the optimality of the
rate in N [33]. Moreover, by trying to balance t and N , the rate of conver-
gence further deteriorates. In contrast, a uniform modulated LSI addresses
propagation/generation of chaos in one swoop, because it is dynamic: it not
only depends on N but also allows for dependence on t through the flowing
of µ according to (1.7).

(5) Such a bound is known (with a sharp estimate for oN (1)), for instance, in the
high-temperature case where g has bounded gradient [32].
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We mention that this classical triangle inequality/interpolation idea was
used in [20] for energies with regular interactions, except with total varia-
tion distance replaced by 2-Wasserstein distance, which works just as well
since LSI implies a Talagrand inequality [40]. Though, only a statement of
uniform-in-time propagation of chaos (with suboptimal rate), as opposed to
generation of chaos, is presented in [20].

1.7. Organization of the paper

Let us conclude the introduction with some remarks on the organization
of the body of the paper. In Section 2, we give the details of the proof of
the main result, Theorem 1.3. Then in Section 3, we turn to proving that
a uniform modulated LSI holds in the log/Riesz case for a certain class of
densities µ in dimension d = 1.
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The first author also thanks Daniel Lacker and Yair Shenfeld for discussion.
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2. Proof of the main theorem

Applying the uniform LSI for QN,β(µt) to the first term in the right-hand
side of (1.35) via (1.38), we find, abbreviating Kt

N := KN,β(µt),

d
dt

EN (f t
N , µt)

⩽ −1
2

∫
(Rd)N

∫
(Rd)2\△

(uτ (x) − uτ (y)) · ∇1g(x, y) d
(

1
N

N∑
i=1

δxi −µt

)⊗2

(x, y) df t
N

− 4
βCLS

(
EN (f t

N , µt) + log Kt
N

βN

)
. (2.1)
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Under the assumption (iii), we have

∫
(Rd)N

∣∣∣∣∣∣
∫

(Rd)2\△
(uτ (x) − uτ (y)) · ∇1g(x, y) d

(
1
N

N∑
i=1

δxi
− µt

)⊗2

(x, y)

∣∣∣∣∣∣ df t
N

⩽ ∥ut∥∗

(
CREHN (f t

N |(µt)⊗N ) + CMEEft
N

[
FN (XN , µt)

]
+ ot

N (1)
)

. (2.2)

If CRE

CME
⩽ 1

β , then since HN (f t
N |(µt)⊗N ) ⩾ 0, we may assume without loss

of generality that CRE

CME
= 1

β . If CRE

CME
> 1

β , then using assumption (ii),

CMEEft
N

[
FN (Xt

N , µt)
]

⩽ CME

(
Eft

N

[
FN (XN , µt)

]
+ CβHN (f t

N |(µt)⊗N ) + ot
N (1)

)
⩽ C ′

ME

(
Eft

N

[
FN (XN , µt)

]
+ CβHN (f t

N |(µt)⊗N ) + ot
N (1)

)
(2.3)

for any C ′
ME ⩾ CME . So, choosing C ′

ME sufficiently large so that CRE

C′
ME

+
Cβ ⩽ 1

β (remember that Cβ < 1
β by assumption), we see that in all cases,

∫
(Rd)N

∣∣∣∣∣
∫

(Rd)2\△
(uτ (x) − uτ (y)) · ∇1g(x, y) d

(
1
N

N∑
i=1

δxi
− µt

)⊗2

(x, y)

∣∣∣∣∣df t
N

⩽ C∥ut∥∗

(
1
β

HN (f t
N |(µt)⊗N ) + Eft

N

[
FN (XN , µt)

]
+ ot

N (1)
)

, (2.4)

for some constant C > 0. To establish a Grönwall relation, we use the quan-
tity (1.42). We see from combining (2.1) and (2.2) that

d
dt

Et
N ⩽ − 4

βCLS

(
EN (f t

N , µt) + log Kt
N

βN

)
+ C

2 ∥ut∥∗Et
N +ȯt

N (1)

=
(

− 4
βCLS

+ C∥ut∥∗

2

)
Et

N + 4
βCLS

(
ot

N (1) − log Kt
N

βN

)
. (2.5)

Recall that ȯt
N (1) denotes the time derivative. Multiplying both sides by

e

∫ t

0
( 4

βCLS
− C∥uτ′

∥∗
2 )dτ ′

, we obtain

d
dt

[
e

∫ t

0
( 4

βCLS
− C∥uτ′

∥∗
2 )dτ ′

Et
N

]
⩽ e

∫ t

0
( 4

βCLS
− C∥uτ′

∥∗
2 )dτ ′

[
ȯt

N (1) + 4
βCLS

(
ot

N (1) − log Kt
N

βN

)]
. (2.6)
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Now using the fundamental theorem of calculus followed by a little rearrange-
ment,

Et
N ⩽ e

− 4t
βCLS

+
∫ t

0
C∥uτ ∥∗

2 dτ E0
N

+ e
− 4t

βCLS
+
∫ t

0
C∥uτ ∥∗

2 dτ

×
∫ t

0
e

4τ
βCLS

−
∫ τ

0
C∥uτ′

∥∗
2 dτ ′

[
ȯτ

N (1)+ 4
βCLS

(
oτ

N (1)− log Kτ
N

βN

)]
dτ. (2.7)

This gives the estimate (1.43) and therefore completes the proof of Theo-
rem 1.3.

3. Uniform LSI for d = 1 Riesz case

We show in this section that a uniform modulated LSI holds in the d = 1
repulsive Riesz case (1.4) for uniformly convex confinement V . Using the
notation from the introduction,

HN (XN ) :=
N∑

i=1
V (xi) + 1

N

∑
1⩽i<j⩽N

g(xj − xi). (3.1)

Remark 3.1. — In fact, the proof will show that a modulated LSI holds
for any interaction potential g which is convex or for any C2 interaction
potential with ∥g∥Ċ2 sufficiently small depending on the convexity of V . We
leave the details as an exercise for the reader. We expect that one could
generalize further by following the proof of Zegarlinski’s theorem [54], as
used to show uniform LSIs in [27], or the two-scale approach of [24], but will
not pursue this.

Remark 3.2. — As explained in [45], the approach of [6] implies the LSI
up to the critical inverse temperature for the Gibbs measure of the mean-
field classical XY/O(2)/planar rotator/Kuramoto model, whose energy is far
from convex. It is straightforward to adapt the reasoning of Section 3.2 to
obtain a modulated LSI for µ close enough to µβ = 1.
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3.1. Uniform LSI for PV
N,β

Following Chafaï–Lehec [15],(6) we present the LSI for the Gibbs measure
PV

N,β in the d = 1 Riesz case with uniformly convex confinement V . This is
a warm-up for proving the modulated LSI in the next subsection.

Proposition 3.3. — Let V : R → R be κ-convex for some κ > 0. For
β > 0, the probability measure PV

N,β has LSI constant 2
βκ .

Proof. — As V is fixed, we omit the superscript in PV
N,β in what follows.

By exchangeability, it suffices to restrict to the Weyl chamber (7) ∆N :=
{XN ∈ RN : x1 ⩽ · · · ⩽ xN }. More precisely, define

g̃(x) :=
{g(x), x > 0

∞, x ⩽ 0

and H̃N (XN ) :=
N∑

i=1
V (xi) + 1

N

∑
1⩽i<j⩽N

g̃(xj − xi), (3.2)

and dP̃N,β = e−βH̃N

Z̃N,β
dXN . Since∫
RN

e−βHN dXN = N !
∫

∆N

e−βHN dXN , (3.3)

it follows that if φ is invariant under permutation of coordinates, then∫
RN

φ2 log
(

φ2∫
φ2dP̃N,β

)
dP̃N,β =

∫
RN

φ2 log
(

φ2∫
φ2dP̃N,β

)
dP̃N,β . (3.4)

So, P̃N,β has LSI constant CLS if and only if PN,β has LSI constant CLS .
Going forward, we drop the˜superscript in g̃, H̃N , P̃N,β .

Assuming that V is κ-convex, for some κ > 0, we claim that HN is
κ-convex. Indeed, let XN , YN ∈ ∆N and ρ ∈ (0, 1). We want to show that

HN (ρXN + (1 − ρ)YN )

⩽ ρHN (XN ) + (1 − ρ)HN (YN ) − κρ(1 − ρ)
2 |YN − XN |2. (3.5)

(6) Strictly speaking, [15] considers the d = 1 log case; but the argument works with
trivial modification in the general Riesz case. Furthermore, Chafaï–Lehec present more
than one proof; but we choose to highlight the one based on Caffarelli’s contraction
theorem.

(7) This ability to order is, of course, a special feature of the one-dimensional setting.
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If xi = xj or yi = yj for some 1 ⩽ i < j ⩽ N , then the right-hand side is
infinite and the inequality holds trivially; so, suppose otherwise. Since V is
κ-convex, we have for each i,

V (ρxi + (1 − ρ)yi) ⩽ ρV (xi) + (1 − ρ)V (yi) − κρ(1 − ρ)
2 |yi − xi|2. (3.6)

So, it only remains to show that for each pair i < j,

g ([ρxj + (1 − ρ)yj ] − [ρxi + (1 − ρ)yi])
= g (ρ(xj − xi) + (1 − ρ)(yj − yi))
⩽ ρg(xj − xi) + (1 − ρ)g(yj − yi). (3.7)

Fix a pair i < j. If xj −xi = yj −yi, then there is nothing further to show; so,
suppose otherwise. Without loss of generality, suppose yj −yi > xj −xi > 0.
Then by the fact that

∀ x > 0, g′′(x) =


1
x2 , s = 0

s(s + 1)
|x|s+2 , s ̸= 0,

(3.8)

and therefore g is convex on R+, we see that (3.7) holds.

We perform a qualitative regularization argument that reduces us to the
case when PN,β has full support RN and HN ∈ C2(RN ). Let GN be the
Gaussian measure with covariance (βκ)−1/2IN×N ,

dGN = (2π/βκ)− N
2 e− βκ|XN |2

2 dXN . (3.9)
Since

log
(

dPN,β

dGN

)
= −βHN − log(ZN,β) + N

2 log
(

2π

βκ

)
+ βκ|XN |2

2 , (3.10)

we see that HN is κ-convex if and only if log
(dPN,β

dGN

)
is concave. Let {Qt}t⩾0

be the Ornstein–Uhlenbeck semigroup with stationary measure GN : for any
test function f ,

∀ XN ∈RN , (Qtf)(XN ) :=
∫
RN

f
(

e−tXN +
√

1−e−2tYN

)
dGN (YN ). (3.11)

The measure GN is reversible for {Qt}t⩾0. Therefore, Qt#PN,β is abso-
lutely continuous with respect to GN , and its Radon–Nikodym derivative
dQt#PN,β

dGN
= Qt

(dPN,β

dGN

)
. Moreover, as consequence of the Prékopa–Leindler

inequality, Qt preserves log concavity. Hence, Ht
N := − 1

β log (Qt#PN,β) is
κ-convex and belongs to C∞(RN ). Finally, since limt→0(Qtf)(x) = f(x)
for any continuous f , it follows that Qt#PN,β −⇀ PN,β as t → 0. Thus, if
Qt#PN,β has LSI constant CLS for every t > 0, then so does PN,β .
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We proceed under the C2 and full support assumptions. According to Caf-
farelli’s contraction theorem [13, 14] (see also [22] for an alternative proof),
if HN is βκ-convex, then the Brenier map [8] T from GN to PN,β (i.e.,
T#GN = PN,β) is 1-Lipschitz. So, for any test function φ ⩾ 0,∫

RN

φ log(φ)dPN,β =
∫
RN

φ log(φ)d(T#GN )

=
∫
RN

(φ ◦ T ) log(φ ◦ T )dGN

⩽
2

βκ

∫
RN

|∇(φ ◦ T )|2dGN

⩽
2

βκ

∫
RN

|(∇φ) ◦ T |2|∇T |2dGN

⩽
2

βκ

∫
RN

|∇φ|2dPN,β . (3.12)

In the third line, we have used the well-known LSI for GN [23]; and in the
final line we have used that ∥∇T∥L∞ ⩽ 1 together with another application
of T#GN = PN,β . This completes the proof. □

3.2. Uniform LSI for QN,β(µ)

Given a density µ, recall from (1.19) and (1.18) that

QN,β(µ) = PVµ,β

N,β , where Vµ,β := −g ∗ µ − 1
β

log µ. (3.13)

We recycle the notation HN , so that

HN (XN ) =
N∑

i=1
Vµ,β(xi) + 1

2N

∑
1⩽i ̸=j⩽N

g(xi − xj). (3.14)

The advantage of this notation is that assuming Vµ,β is κ-convex, for some
κ > 0, we may apply Proposition 3.3 with V replaced by Vµ,β to obtain a
uniform LSI for QN,β(µ).

Proposition 3.4. — Suppose that µ ∈ P(R) ∩ L∞(R) and if s = 0,
also suppose that

∫
log(1 + |x|)dµ < ∞.(8) For β > 0, suppose that Vµ,β is

κ-convex, for some κ > 0. Then the probability measure QN,β(µ) has LSI
constant 2

βκ .

(8) The L∞ and log moment assumptions are just to ensure that the convolution g ∗ µ

is well-defined.
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To give meaning to Proposition 3.4, we now specify conditions under
which Vµ,β is uniformly convex.

Lemma 3.5. — Let µ ∈ P(R) be such that log µ
µβ

∈ C2(R).(9) Suppose
V ∈ C2 and β > 0. Then Vµ,β is κ-convex with

κ := inf V ′′ −
(

1
β

∥log µ

µβ
∥Ċ2 + ∥g ∗ (µ − µβ)∥Ċ2

)
. (3.15)

Proof. — Recalling the definition of Vµ,β ,

Vµ,β = −g ∗ (µ − µβ + µβ) − 1
β

log
(

µ

µβ
µβ

)
= −g ∗ (µ − µβ) − 1

β
log µ

µβ
−
(

g ∗ µβ + 1
β

log µβ

)
= −g ∗ (µ − µβ) − 1

β
log µ

µβ
+ V − cβ , (3.16)

where to obtain the third line, we have applied (1.13) to the last term of the
second line. By triangle inequality,

V ′′
µ,β ⩾ V ′′ − ∥g ∗ (µ − µβ)∥Ċ2 − 1

β

∥∥∥∥log µ

µβ

∥∥∥∥
Ċ2

, (3.17)

from which the desired conclusion is immediate. □

Remark 3.6. — One can produce probability measures µ such that
log µ

µβ
∈ C2 by choosing h ∈ C2 and then setting µ := ehµβ∫

ehdµβ

, which is

tautologically a probability density. One can make the quantities ∥log µ
µβ

∥Ċ2 ,
∥g ∗ (µ − µβ)∥Ċ2 arbitrarily small by taking ∥eh − 1∥C2 arbitrarily small. In
particular, we see that there exist non-equilibrium densities µ such that Vµ,β

is uniformly convex.

As a corollary in this one-dimensional Riesz case with uniformly convex
confinement, suppose we start the dynamics (1.5) from an initial data µ0

that is close enough to µβ in the sense that (3.15) with µ = µ0 is strictly
positive. If this closeness persists throughout the dynamics (1.7) in the sense
that (3.15) with µ = µt is bounded from below by some κ0 > 0 uniformly in
t (this is a consequence of the aforementioned forthcoming work [29]), then
Theorem 1.3 applies, showing entropic generation of chaos.

(9) Since µβ ∈ C2, this assumption implies by the chain rule that µ ∈ C2.

– 130 –



Modulated LSI and generation of chaos

Appendix A. Proof of the smallness of free energy in Riesz and
regular cases

In this appendix, we prove the smallness of the free energy (1.20) in the
cases (1.4) and in the case of bounded continuous nonnegative interactions,
by showing

|log KN,β(µ)| ⩽ β o(N), (A.1)
for o(N) independent of β.

The upper bound is obtained straightforwardly in the Riesz cases from
inserting (1.44) into (1.11), then using that µ is a probability measure:

log KN,β(µ) ⩽ β


log(N∥µ∥L∞)

2d 1s=0+C∥µ∥
s
d
L∞N

s
d , d−2 ⩽ s < d

C log(N∥µ∥L∞)1s=0+C∥µ∥
s
d
L∞N1− 2(d−s)

2(d−s)+s(d+2) ,

s < d − 2.

(A.2)

In all cases, the preceding right-hand side is β o(N). When g is nonnegative
and continuous, one can insert the diagonal back into the definition of FN ,
which implies that

FN (XN , µ) ⩾ − 1
2N

g(0, 0), (A.3)

and the proof of the upper bound is concluded in the same way.

The lower bound follows from Jensen’s inequality. Indeed,
log KN,β(µ) ⩾ −βNEµ⊗N [FN (XN , µ)] . (A.4)

We then expand out the definition (1.9) of FN and use the symmetry of g
to find that

Eµ⊗N [FN (XN , µ)] =
∫

(Rd)N

(
1

2N2

∑
i̸=j

g(xi, xj) − 1
N

N∑
i=1

∫
Rd

g(xi, y)dµ(y)

+ 1
2

∫
(Rd)2

g(x, y)dµ⊗2(x, y)
)

dµ⊗N (XN )

= − 1
2N

∫
(Rd)2

g(x, y)dµ⊗2(x, y). (A.5)

Inserting the last line back into the right-hand side of (A.4) yields

log KN,β(µ) ⩾ β

2

∫
(Rd)2

g(x − y)dµ⊗2(x, y), (A.6)

which gives the desired lower bound in all cases (1.4) and all cases where g
is bounded.
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