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Non-semisimple quantum invariants and abelian
classical shadows *)

RENAUD DETCHERRY (I

ABSTRACT. — Using the Ufslg non-semisimple invariants of 3-manifolds at odd
roots of unity, we construct maps on the Kauffman bracket skein module at ¢ a
root of unity of order twice an odd number, having any possible abelian non-central
character as classical shadow.

RESUME. — En utilisant les invariants non semisimples Ufslg des 3-variétés aux
racines impaires de 'unité, nous construisons des applications sur le module d’éche-
veau de Kauffman en ¢ une racine de I'unité d’ordre deux fois un entier impair, et
qui admettent pour ombre classique n’importe quel caractére abélien.

1. Introduction

For ¢ a root of unity of order 2N where N > 3 is odd, and M a com-
pact oriented 3-manifold, let S (M) be the Kauffman bracket skein module
evaluated at A = (. Let also X (M) = Hom(m1 (M), SL2(C))//SL2(C) be the
SLa(C)-character variety of M. Skein modules of 3-manifolds at roots of unity
are deeply connected to X (M), as discovered by Bonahon and Wong [1].
Inspired by [1], we define:
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DEFINITION 1.1. — For x € X(M), we will say that a surjective map
f:5:(M) — C has classical shadow x if for all link L and knot K, we have

FLUTN(K)) = —x(K)f(L),

where T is the N*' Chebychev polynomial, which is the unique polynomial
in Z[2] satisfying Ty (X + X71) = XN 4+ XN,

The purpose of this note is to show the following:

THEOREM 1.2. — For any 3-manifold M and any abelian non-central
central x € X (M) there exists a surjective map f : S¢(M) — C with classical
shadow .

While Theorem 1.2 may be deduced from the results in the recent pre-
print [8] about the Azumuya locus of skein algebras, we will construct the
map f in an alternative way. Indeed, we will show that such maps can be
recovered from a version of Costantino—Geer—Patureau-Mirand’s non semi-
simple quantum invariants [2].

Building maps on S¢(M) realizing each possible classical shadow was a
key ingredient in previous work of the author and Kalfagianni and Sikora [4],
to give formulas for the dimension of skein modules of 3-manifolds over Q(A).
For central representations, such maps could be built from the (semisimple)
Reshetikhin—Turaev invariants of 3-manifolds, hence the present paper can
be seen as the analogous construction in the non-semisimple case.

The paper is organized as follows: Sections 2 and 3 discuss the category of
weight modules over the unrolled quantum group of sl at odd roots of unity,
and Section 4 recalls the construction of [2] of non-semisimple 3-manifolds
invariants. Much of the material in those sections is directly inspired from [2,
3], who treated the case of even roots of unity. We don’t claim any originality
in those sections. Finally, Section 5 is the heart of the paper and proves
Theorem 1.2.

2. Modules over UqH sly

Let N be an odd integer and let g = e’~ . Note that q is a primitive Nt
root of unity, and that ¢ = —e¥ isa primitive 2N** root of unity.

For z € C we will also write ¢* for eu%, and set:
- ¢ —q-

(= —q7, [o)= .

q—q!
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We note that [z] = 0 if and only if 2 € &Z.

We recall that the unrolled quantum group Uf slo is the algebra generated
by E, F, K, H with relations:

KE =¢’EK, KF = ¢ °FK,

K—-K!
[H,E| =2F, [H,F]=-2F, [H, K] =0, [E,F]= ——.
qa—4q
It has an Hopf algebra structure, with coproduct
AE)=E®1+K®E, A(F)=F®1+K '®F,
AK)=K® K, AH)=H®1+12H,

and counit ¢ :

and antipode:

S(E)=—-EK™', S(F)=-KF, S(K)=K ' S(H)=—-H.

A weight module V for Uf sly will be a finite dimensional U;{ slo-module
which is spanned by eigenvectors of H, and on which K acts as ¢”. An
eigenvector of H with eigenvalue A will be called a weight vector of weight A.

Let C be the monoidal category of Uf slo-weight modules. For & € C/Z,
let Cz be the full subcategory of weight modules spanned by weight vectors
with weights 5 such that 8 = o (mod Z).

Since A(H) = H® 1+ 1® H, we have C3 ® C5; C Cogars for any @,
o/ € C/L.

Also, since S(H) = —H, the dual of an object in Cz belongs to C—;.
Therefore is C a C/Z-graded monoidal category.

A braiding ¢y, between two objects V, W € C can be defined (see [5]) by
the formula ¢y, = 7o R, where T(v@w) =w@vand R: VW - VoW
is the map defined by the formula:

[eS) —1\7
yypela—a)
2 o}
where ¢(T®H)/2 acts as multiplication by q’\’\//2 on v ® w when v,w are

weight vectors of weights A, \'.

Note that despite the infinite sum, this yields a well defined linear map
on V®W. Indeed, the actions of E and F' on any weight module is nilpotent,
since E (resp. F') sends a weight vector of weight \ to a weight vector of
weight A + 2 (resp. A — 2).
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Moreover, a twist 6y is defined (see [5]) on any object of V' by the formula:
g1 = gN-1 If (q — qil)nqn(n—l)/QS(Fn)q—H2/2En (2 2)
' = ’ '

where again ¢~ */

2 acts on a weight vector v of weight A\ as multiplication
by ¢~ /2.

Finally, the category C is pivotal, for the following evaluations and co-

evaluations morphisms: if {v;} is a basis of V' € C and {v]} is the dual basis
of V*, we set

coevy : C—VeV" where coevy(l) = Zvi ® v;

evy : VeV —C, where evy (f ®v) = f(v)

and coevy = (Idy- ® 0y) o cyy= o coevy, €vy = evy ocy,y= o (y & Idy~).
Plugging in Equation (2.1) and (2.2), one gets

cowvy (1) = 3 KNt 0 )
evv(ve f) = f(K'™ ).
The quantum trace of a morphism f € End(V) is then by definition
gtr(f) = &y o (Idy- ® f) o coevy (1) = Tr(K'Nf).

and the quantum dimension of an object V € C is gtr(Idy ).

We will need to define some specific UqH sla-modules:

DEFINITION 2.1. — We define modules V, Sy, Py, € C by:

(1) For a € C, the module V,, € Cz has basis {vg, ..., vny—1} and module

structure:
Hvj = (a+ N —1—2j)v,, Fvj =wvjq,
Fon_1 =0, Evj = []HO& 7‘7']1)1'—17

EUO =0.

(2) Forn € {0,...,N — 1}, the module S,, € Cy has basis {eg, ..., e,}
and module structure:

He; = (n—2j)ej, Fej =eji1, Fe, =0, Eej = [jl[n+1—jlej—1, Eey = 0.
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(3) Forn €{0,...,N—2}, the module P,, € Cy has basis {xo,...,Tn_1,

Yo, - -+, YN—1} and module structure:
Hzj = (2N —2—n—2j)z;, Frj=xj41,
Fan_1 =0, Bxj = —[jl[j + 1+ n]zj_1,
FExg=0

Hy; = (n - 2j)y;, Fy; = yjs1,
Fyn-1 =0,

Eyo =xN-2-n, Eynt1 =2aN-1,

Ey; = [jlln+1—jlyj— for j #0,n+1.

(4) For k € Z, the module €' is a one dimensional module spanned by v
such that Ev = Fv = 0, and Hv = 1§ v (and thus Kv = (—1)lv).
Note that €' € Cm.

Let us introduce the notation
.. 1 N
C=(C\-Z|U—Z.
(c1i2) o3
The classification of U;I slo-weight modules is given as follows:

THEOREM 2.2 ([3]). — The simple or projective indecomposable modules
of C are the modules V,, for a € C, the modules S, @€' forn € {0,... N —2}
and | € 7, and the modules P, ® &' forn € {0,...N — 2} and | € Z.

Moreover, e is an invertible module, S, and V, are simple modules, V,
and P, are projective modules.

Sketch of proof. — Our conventions differ slightly from the ones used
in [3], by the fact that we used ¢ = e’ instead of q= ¢*¥ and the grading
group is C/Z instead of C/2Z. However, from the fact that [a] = 0 if and only
if v € %Z, one can readily check that all the modules S,, and the modules
V,, for o € C are generated by any of their weight vectors and hence are
simple. Then one can check that the family

{Va,aeCyu{S,®e ,nef0,....N-1},l € Z}

provides a simple object of any possible highest weight, thus contains all
simple objects in C. Similarly, one can adapt the arguments in [3] to check
that the only missing projective indecomposable modules are the P, ®e!. 0O

We will also need the following lemma about tensor products of such
modules:
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LEMMA 2.3. — Let I be the set of modules which are direct sums of
modules in the family

{Va,aeClu{P,®e,0<i<N-2/€Z}.
Then I is an ideal for the tensor product operation.

Proof. — From Theorem 2.2, I corresponds exactly to the set of projec-
tive modules in C. Then this follows from the fact that C is a pivotal category
and [7, Lemma 17], which states that projective objects in a pivotal category
form an ideal. |

The following definition will be useful:

DEFINITION 2.4. — For V € C the character xy of V is the following
element of Z[C] :

wi(X) = 3 (dim V(1) X",
teC

where V (t) is the subspace of weight vectors of weight t.

Note that from the fact that A(H) = H® 1+ 1® H, it follows from the
character is multiplicative: xyew = xvxw for any V,W € C.

LEMMA 2.5. — We have, for any a, 8 € C such that o + 8 ¢ iZ,

Vo ® Vs = @ Vot p+k-
ke Hy

Moreover, for any a € C, we have

N

Voo VaxVaW=Ve

2
n=

-3
Py,
0
Proof. — Notice that
XN _ X—N
X) =X ———-
XVQ( ) ( X _ X71 )

and

XN _ X—N
_ N—1—n n+1—N
X(Pn)(X)_(X +X )( X—X_l )
It follows that the characters of projective indecomposable modules in C

are linearly independent, and that a projective module is determined by its
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character. Hence the tensor product decompositions follow from the corre-
sponding easy to check identities on the characters:

XV XVg = Z XVotptk

k€ Hy
N-3
2
XVaXV_o = Xip = XVp + Z X Py, - U
n=0

Finally, we will need the description of the endomorphism spaces of inde-
composable modules. When W is simple, End(W) is just spanned by idy .
So, let us also describe End(FP,), for n € {0,..., N —2}.

LEMMA 2.6. — For n € {0,...,N — 2}, let h,, be the non-zero endo-
morphism of P, defined by h,(y;) = tN—1—n+i for i € {0,...,n} and h,
vanishes on all other weight vectors of P,. Then h,, is nilpotent of order 2,
and moreover, we have

End(P,) = Cldp, & Ch,,.

Proof. — It is clear that h, is nilpotent of order 2, and the fact that
hn, € End(P,) can be directly checked from the formulas of Definition 2.1
for the module structure on P,. Thus we need only to check that End(P,)
is spanned by Idp, and h,,.

To see that, first we claim P, is generated by yq. Indeed, if yg belongs to a
submodule V of P,, applying F repeatedly we get that V' contains all weight
vectors ;. Moreover, V also contains zy_2_, = Eyg. Applying E repeatedly
we get that V contains z( (since [i][n+14i #0fori e {1,...,N—2—n}),
and then applying F' repeatedly we get that V' contains all weight vectors x;.

Now, an endomorphism f of P, must map the weight vectors yg to a
weight vector of the same weight, so one must have f(yo) = A\yo + prn_1-n
for some constants A\, u € C. Since yg generates P,, this implies that f =
Adp, + phy,. O

LEMMA 2.7. — For V,W two distinct elements of the family {Vy, Py, Py,
..., Py_2}, we have Hom(V, W) = 0.

Proof. — The claim is clear when V' = V| since Vj is simple and not
isomorphic to any of Py, Pi,...,Py_o. Let us assume V = P, with 0 <
n < N — 2. Note that P, is generated by yg, which is a dominant weight
vector of weight n, meaning that (FFE)%y, = 0. The vector yo must be
mapped to a dominant weight vector of the same weight. However, in P,,, the
only dominant weight vectors are gy of weight m, xn_1_,, of weight m and
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xo of weight 2N — 2 —m (the last two actually being highest weight vectors).
None of these weights are actual to n for n # m, so we get End(P,, P,,) =0
for n # m. Similarly, the only dominant weight vector of Vj is wy,
of weight N — 1, which is always distinct from the weight of yo in P,.
So End(P,, V) = 0. O

3. Invariants of framed trivalent graphs

The category C being a ribbon category, we get from the Reshetikhin—
Turaev functor an invariant of framed oriented links with components colored
by objects of C, see [10, Theorem 2.5].

We will need to express the invariant of some open Hopf links, where the
open Hopf link colored by V, W is the following framed oriented tangle:

V

>

N

W

For W a projective module and V' € C, let ®y.;»» be the element of
End(W) corresponding to the Hopf link colored by V, W opened at the edge
colored by W. If W is simple, let also (®y. ) € C be defined by @y =
(@v,w)idw .

LEMMA 3.1. — We have for each o, 3 € C :

af
@SI’VQ = (qa + qia)IdVa, (I)VQ7W1 = %Id‘/[ﬂ
where d(B) = {%\%}' and for each n € {0,... N — 2} :

I 1\ 2
Dg,p, = (" +q " dp, + (q—q ") hn
for some scalar A\, € C.
Proof. — The proof of those formulas is an adaptation of [3, Lemma 6.6].
The map @y, can be computed as the partial quantum trace of cy,w ocw,v
relative to V (recall that the quantum trace of f is the trace of K= f).

When W is simple, one must have @y, i = Aldw so it is sufficient to compute
@y on a highest weight vector w of W. However, since Ew = 0, one has
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that cy,w o cw,v acts on any vector w ® v where v € V' as g"T®H Tt follows
that A = xv (¢**1=%), where X is the highest weight of W, and xy(X) is the
character of V, defined in Definition 2.4.

For V =5, and W =V, since a+ N — 1 is the highest weight of V,, and
Xs; (X) =X + X~ one gets ®g, v, = (¢* + ¢~ *)Idy,.

For V =V, and W = Vj, since 3+ N — 1 is the highest weight of V3 and
v, (X) = X“(%), one gets

af {Nﬂ}

q~P
vy =0 gy v = gy

Idy,,

Finally, we compute ®g, p,. Recall that S; has basis ey, e1, for the action
given in Definition 2.1. Let f = cg,.p, o cp,.s,. Since ®g, p, is the partial
quantum trace of f relative to Si, if for v € P; we have f(v ® eg) = v1 ®
eo+vo®er and f(v@er) = v3®eg+va @er, then ®g, p (v) = qui +¢ 'vs.

Moreover, the coefficient of Idp, (resp. hy,) in @g, p, is the same as the
coefficient of yo (resp. zx—_1-n) in Pg, p,(yo). Let us compute ®g, p, (yo).
We have

f(yo ® eg) = cs,,p, ©Cp,,s, (Yo @ €o)
=cs,,p, (qn/zeo @yo+q " 2(g— ¢ e ® xN_g_n)
=("w+a g—g )an1n)®e+... Qe

and

flyo®e1) =cs,,p, 0cp, 5 (Yo ®e1) =cs, . p, <q7n/261 & yo)

=q¢ "y ®er+...Rxeg.
Therefore, we have ®g, p,(y0) = (¢" T +¢ " Hyo+(¢—¢ )?*xn_1-n, which
concludes the proof of Lemma 3.1. ]

We can formally extend the invariant of framed oriented tangles colored
by elements of C to an invariant of framed oriented tangles colored by for-
mal linear combination of elements in C. The invariant is then obtained by
extending multilinearly. We define the sequence of Chebychev polynomials
T (z) € Z|z) by To(z) = 2,T1(2) = 2, Tny1(2) = 2T (2) — Tri—1(2). We recall
that T, (2) satisfies the identity T, (X +X 1) = X"+ X ", as can be shown
by an easy induction.

LEMMA 3.2. — We have for each a. € C :
(I)TN(Sl),Va _ (e4i7ra 4 e—4i7roc)IdV

a
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and for each i € {0,...N — 2} :
Pry(s1),p, = 2Idp,.
Proof. — Let us first remark that for any V' € C, the map
Q(z) € Clz] — @¢s,),v € End(V)
is a morphism of algebras.

Therefore, the first claim follows by Lemma 3.1 and the fact that T (X +
X1 = XN 4 X—N_for any invertible element X in a ring.

For the second claim, first note that if A\, ¢ are elements in some ring such
that 2 = 0, then for any polynomial R € Z[X] we have that R(A +t) =
R(X) 4+ R'(M)t.

Applying this to 1y (s,),p,, and using Lemma 3.1, we have that:

Ory(s1).p = Tn(Ps,.p,)
= TN(qi+1 + q—z’—l)IdPL_ +T1/V(qi+1 + q_i_l)(q _ q_l)th
— 2ldp,.
Here we have used that Ty (¢'t! + ¢~ 1) = ¢NO+D 4 ¢~ NG+D = 2 and
that T (¢ +¢~"71) = 0. The second equality comes from the identity
TW(X + X71) = N(%), which can be deduced from the identity
Tn(X + X1 = XY + X~V by differentiating. O

For V eC, and f € End(V @ V), let

tr(f) = (evy @ Idy) o (Idy~ @ f) o (coevy ®Idy) € End(V)
tr(f) = (Idy @ evy) o (f @ Idy+) o (Idy ®@ évy ) € End(V).

DEFINITION 3.3 ([6]). — A simple object V € C is ambidextrous if
VfeEnd(VeV), tu(f) =tr(f).
LEMMA 3.4. — Vj is an ambidextrous object in C.

Proof. — By [6, Lemma 1], an object V in a ribbon category is am-
bidextrous if cy,y commutes with any element of End(V ® V). However, by
Lemma 2.5, Lemma 2.6 and Lemma 2.7,

N-3
=
End(Vp @ Vo) ~ End (Vo) & @ End(P2,)
n=0
is a commutative ring. 0
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Given an ambdextrous object J, [6] construct a ambidextrous pair in the
following way. An ambidextrous pair (A, d) will consist of A a set of simple
objects V such that ®; # 0, and d : A — C is defined by the formula:
(Pv,g)

)
(@)
where dy is any non zero complex number.

Remark 3.5. — From Lemmas 3.1 and 3.4, we see that A = {V,,a € C}
and

d(V) = do

d(V,) = d(a) = {E\f‘a}}

is an ambidextrous pair.

The significance of ambidextrous pairs comes from the following theorem:

THEOREM 3.6 ([6]). — Let (A,d) be an ambidextrous pair. The following
defines an invariant of framed oriented C-colored links which have at least
one component colored by an element in A :

F(L) = d(RTc(Le))
where e is an component of T colored by X € A, L, is the tangle obtained

from opening the link L at e, and RT¢ is the Reshetikhin—Turaev functor
associated to the ribbon category C.

4. Invariants of 3-manifolds

To define an invariant of 3-manifolds, we need extra assumptions on the
ribbon category C. In [2, Definition 4.2], the authors introduce the concept
of relative modular categories, which, as we will explain further down, allow
the construction of an invariant of triples (M,w, L) where M is a 3-manifold,
w is a cohomology class on M and L is a C-colored framed oriented link, that
satisfy some conditions.

We refer to [2] for the definition of relative modular categories. Our claim
is that the category C satisfy the hypothesis of [2, Definition 4.2]:

THEOREM 4.1. — The ribbon category C is C/Z-modular relative to X =
%Z/Z with modified trace d and periodicity group 7Z realized by the modules
ok = e with k € Z.

Proof. — We have to verify the axioms of [2, Definition 4.2]. Axiom (1)
simply says that C is C/Z-graded. We have seen that ¢ € Cj and since
tensoring a module by ¥ shifts all weights by kN, the o, k € Z give a free
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realization of Z in Cgz. To check axiom (3), notice that since £ and F vanish
on o, one has for any @ € C/Z and any V' € C5 that

cov oy =g O = ¢NTdy g,
since weight vectors in V have weights congruent to & mod Z, and ¢V de-
pends only on & mod Z. Finally, o has quantum dimension 1. Axiom (4) is
clear since X = iZ/ Z is symmetrical and C/Z is not covered by a finite num-
ber of its translates. Axiom (5) has been verified in Remark 3.5. Axiom (6)
is a consequence of Theorem 2.2: since V, ® 0 = V4N, for @ € (C/Z\)N(, the
simple objects of Cz are the Z-orbits of Vi, Vai1,. .., Varn—1. Axiom (7)
follows from a similar computation to that of [2, End of Section 2.2], which

gives the formula A_ = ¢3/2Gy, where
e VN if N=1 mod 4
Gy = q 2" =
—~ —iV/N if N =3 mod 4.
Finally, axiom (8) follows from the second equation of Lemma 3.1. g

We will now explain how the machinery of [2] constructs a 3-manifold
invariant from our category C. For M a 3-manifold and T a framed trivalent
graph in M, let us a call a cohomology class w € HY(M \ L,C/Z) generic if
w¢ HY(M\ L, 1Z/Z). We will call a triple (M, w, L) where M is an oriented
compact closed 3-manifold, w € HY(M \ L,C/Z) and L is a framed oriented
C-colored link, a compatible triple, if w is generic and c. € C,y(,,) for any
component L, of L, where p. is an oriented meridian of the component L,
and ¢, is the color of L,.

A surgery presentation Lj; of M is then computable if for any component
Lys; of Ly, one has that w(p;) ¢ %Z/Z, where p; is a meridian of Ly ;.
The results of [2] show that a computable surgery presentation exists for any
compatible triple.

It follows from the general construction in [2] that we can define an
invariant of C-links as follows:

THEOREM 4.2 ([2, Theorem 4.7]). — Let (M,w, L) be a compatible triple.
Let Ly = Lya U ... U Ly, be a computable surgery presentation for
(M, L,w), and set
Fyn (U?:l (LMJ" Qw(mi)) U L)

AT AT :
where (p, q) is the signature of the linking matriz of Ly, and for o € (C\%Z,
the Kirby color Q. is

IN(M,w,L) =

N—
Q. = Z d(o + 1) Vo

[

1=
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Then Zn(M,L,w) does not depend on the computable surgery presenta-
tion Ly or on the choice of lifts of w(m;) to C, and thus defines an invariant
of the triple (M,w, L).

Remark 4.3. — Our definition of compatible triples is more restrictive
than that of [2], as they allow some triples with integral cohomology class,
for which they can still define the invariant. We will consider only 3-manifolds
equiped with generic cohomology classes in the remainder of this note, hence
we will stick to our more restrictive condition.

5. Maps on the skein module S; (1)

We recall that we set ¢ = —¢'/2 = —eQJivﬂ, which is a primitive 2N*" root
of unity.
PROPOSITION 5.1. — Let M be a compact oriented 3-manifold. Let w €

HY(M,C/Z) generic. For L a colored framed link with all components colored
by S1, we set

fo(L) = (—1)#*LZn(M,w, L)

where #L is the number of components of L. Then the map f, induces a
map S¢(M) — C.

In the above, since Sy € Cy, the triple (M, L,w) is compatible for any link
L, where the cohomology class w € H (M, C/7Z) is intepreted as a cohomology
class in HY(M \ L,C/Z) by restriction.

Proof. — We need to see that f, satisfies the Kauffman relation at the
2N root of unity ¢. Note that S; has quantum dimension ¢ 4+ ¢!, so
Zn(M,w, L) is multiplied by ¢ +¢~! when adding a trivial component to L.
Let us now compute the braiding on S; ® S;. Since E? and F? act as zero

on S7, Formula 2.1 reduces to

from which we get

cs,.5, (€0 ® eg) = ¢/%eq @ e,

cs,.5(e1@e1) =q%e; @ey,

CS,,5, (eo®e1) =g¢q -1/ 26, ® €0,

csy,5 (61 ®eg) =g~/ eo®e1+( 1/2_(]_3/2)@1 ® eg.
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and therefore

Cors, (€0 @ e0) =g ey @ eo,
5 g (e1@er) = ¢ ey @en,
Cs) g, (0 ®er) = (q 1/2 3/2>€0®61—|—q 2e) @ e,
cgll s, (e1®eg) = ey @ e
Therefore we get that
q"%cs, 5 —q Pegl s, = (g —a7)lds e,
Recall that ¢ = —¢'/2. We conclude that f,, satisfies the skein relations:
VS
\ /
—(2+¢7?)

In the above, the signs match because the number of components in the
left hand sides differ by plus or minus one with the number of components
in the right hand sides.

Next, we note that since S is self dual, f, (L) does not depend on the
orientations on the components of L. If the two strands on the left hand side
of the first skein relation belong to different components, then we get also:

K e

From this equation and the previous one, we can deduce that:

=) 2

So the first Kauffman bracket skein relation holds if the two strands on the
left hand side belong to different components. If they belong to the same
component, then the first Kauffman relation also holds, as we have:
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= (i@ 5L<[U\\/\

where we get the last equality as 35" = ¢=3/2Ids, = —(3Idsg,. O
PROPOSITION 5.2. — The map f,, has classical shadow the abelian rep-
resentation

€4i7rw('y) 0
Pw i €M1 (M) — 0 674i7rw('y) .

Proof. — We need to show that for L a framed link in M and K a framed

knot we have
fu(LUTN(K)) = —Trp,(K) fu(L).

Notice that since f,, induces a map S¢(M) — C, it follows from [9, Theo-
rem 2] that f,(LUTn(K)) depends only on the homotopy class of K in M.
Therefore, we can assume that K is a trivial knot in S3, possibly linked with
the surgery link Lj; for M and the link L. Furthermore, if K is not linked
with Ljs then we can assume K is a trivial knot in S® \ (Lps U K). In the
latter case, the proposition follows as the quantum dimension of Tx(S) is
Tn(g+q ') =¢V+¢ V=2

Otherwise, the disk bounded by K will link some strands of Lj; and L,
and at least one strand colored by a projective color V. However, projective
objects in C form an ideal for the tensor product operation by [7, Lemma 17],
since this category is pivotal. Moreover, the total sum of colors of strand
circled by K is exactly w(K) mod Z, since S; € C;j and the color on a
component Ly ; of the surgery link has color ,,,) € Cy(u,), Where p; is
the meridian of Ljy ;.

Thus, up to operating fusions in the disk bounded by K, we only need to
consider the case where K circles one strand colored by a projective object
in C, (k). However, from Lemma 3.2 and the fact the N th Chebychev is an
odd polynomial, we get that

fw(L U TN(K)) — (64i7rw(K) + ef4i7rw(K))fw (L),
which concludes the proof. O

The remainder of this section is devoted to the proof of the following
proposition:

PROPOSITION 5.3. — The map f,, : S¢(M) — C is surjective for any
generic cohomology class w.

We will need a few preparatory lemmas.
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LEMMA 5.4. — For any o € C\ 1Z, there exists a polynomial Qo (2) €
C[z] such that

P, (s1).00 = ldv,,-

Proof. — Since Q, = Zi\[:gl d(o+1)Vayi, by Lemma 3.1, this reduces to

finding a polynomial @, (z) in C[z] such that Q,(¢* + ¢%) = @ and
Vie{l,...,N—1}, Qa(¢®T"+¢ ") =0.

Note that the complex numbers ¢ + ¢=*~% = 2 cos(4n(a + i) /N) are all
distinct for ¢ =0,...,N — 1 when o ¢ iZ.

Hence there exists such a polynomial by standard Lagrange interpolation.

O

LEMMA 5.5. — For any a, 8 € C\ iZ there exists polynomials Ry g+,

R, 5, € Clz] such that

+2
Dr, i (s VacVs = (CVavs)

Proof. — If a+ 3 ¢ 1Z, then by Lemma 2.5,

Vo ® Vg~ @ Vot s+k-
ke Hn

Furthermore, all the modules in this decomposition are simple.

It is therefore enough to show that there is a polynomial R, 5.4 € Clz]
such that ®p_ . (s,),v, = Oy, for all v € a + 8 + H,. Note that 6y, is
proportional to Idy, since V, is simple and that ®g, v, = (¢7 + ¢~ 7)Idy,
by Lemma 3.1. We also claim that the (¢” + ¢~7) = 2cos(4my/N) are all

distinct for v € a4+ 8 + Hpy, which would imply that this case follows from
Lemma 3.1 and Lagrange interpolation.

Indeed for k,1 € Hy,
cos(dr(a+ + k)/N) = cos(dm(a+ S +1)/N)
<= k=1 mod % or (a+pB+k)=—(a+8+1) mod %
Note that the second condition would imply that a + g € %Z, which we
excluded, and the first condition implies that k£ = [, since N is odd.

Now if a4+ € iZ, let us write a+ 5 = % for some k € Z. By Lemma 2.5,

N —
2

1
Va® Vs~ P Prn @ 6",

n=0
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where we use the convention Py_; = Vy. Note that c.x g, o cg, o+
(—1)*Idg, g.r. Hence, it suffices to find R4 € C[z] such that for any
ne{0,...,(N —1)/2},

(I)Ra,ﬂ,+(31),P2n®E" = 0P2n®s’° .

Note that ®g, p ger = (—1)F(¢" T +¢ " ldp, ger + (1) (¢ — ¢ ) (i @
Id.x) by Lemma 3.1. Assume that O0p o = ppldp ger + vp(hn ® Idr)
for some constants u,,v, € C, what we want is then to find a polynomial
R, 5.+ € Clz] such that for any n € {0,...,(N —3)/2} :

Ra,,@,+((_1)k(q2n+1 + q72n71)) = Un

and

Un

(/l,ﬂ,+((_1)k(q2n+1 +q72n71)) _ m

and

Ras (1) (@Y +¢7N)) = pv-r.

This is possible by Hermite interpolation, since the (—1)F(g?"*! + ¢=27~1)
are all distinct for n € {0,...,(N —1)/2}. O

Proof of Proposition 5.3. — Let Lj; be a computable surgery presenta-
tion for (M,w), and consider a diagram of Lj;. Up to isotopy, we can assume
that there are crossings between each pair of components of Lj;.

We need to show that there is a framed link L in M such that Fyx(Las
U L) # 0, where Ly, is colored by Kirby colors as in Theorem 4.2 and L
is colored by S;. Equivalently, one can search for such a link colored by
polynomials in S.

We start by adding to Lj; a link L’ consisting of one meridian of each
component of Lj;, where the meridian of the component L; is colored by
Q. if L; is colored by €1,,.

By Lemma 5.4, this reduces to showing that there is a link L” such that
Fn (LY, UL") # 0, such that L, is the link Ly, except components are now
colored by modules V,, instead of the Kirby colors Q, and L” is colored by
polynomials in S.

Note that Lys can be turned into a chain Hopf link (with some framing
on components) by a sequence of crossing changes. By Lemma 5.5, we can
realize those crossing changes by adding trivial circles around the crossings
colored by some R, g +(S1). We take L” to be the corresponding colored
link.
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Now we have that F(Ly UL UL") is equal to the invariant of a chain

Hopf link (possibly with non-zero framing) colored by modules V,, with « €

C\

%Z. However, the invariant of such an Hopf link is non zero by the second

equation of Lemma 3.1. O

Proof of Theorem 1.2. — Theorem 1.2 is now a direct consequence of

Proposition 5.2 and 5.3. |
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