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Holomorphic bundles framed along a real hypersurface
and the Riemann-Hilbert problem *)

ANDREI TELEMAN (1)

ABSTRACT. — Let X be a connected, compact complex manifold, S C X a sepa-
rating real hypersurface, so X decomposes as a union of compact complex manifolds
with boundary )?i with XT N X~ = S. Let M be the moduli space of S-framed
holomorphic bundles, i.e. of pairs (E,0) of fixed topological type consisting of a
holomorphic bundle E on X and a trivialization 6§ — belonging to a fixed Hoélder
regularity class C*t1 — of its restriction to S.

Our problem: compare, via the obvious restriction maps, the moduli space M
to the corresponding Donaldson’s moduli spaces M* of boundary framed formally
holomorphic bundles on X . The restrictions to X  of an S-framed holomorphic
bundle (E, ) are boundary framed formally holomorphic bundles (EE,6%) which
induce, via 8%, the same tangential Cauchy—Riemann operator on the trivial bundle
on S. Therefore one obtains a natural map from M into the fiber product M~ xc M+
over the space C of Cauchy—Riemann operators on the trivial bundle on S. Our main
result states: this map is a homeomorphism for k € (0, o] \N. Note that, by theorems
due to S. Donaldson and Z. Xi, the moduli spaces M can be further identified with
moduli spaces of boundary framed Hermitian Yang-Mills connections.

The proof of our isomorphism theorem is based on a gluing principle for formally
holomorphic bundles along a real hypersurface. The same gluing theorem can be used
to give a complex geometric interpretation of the space of solutions of a large class
of Riemann—Hilbert type problems.

We generalize these results in two directions: first, we will replace the decom-
position X = X UX * associated with a separating hypersurface by the manifold
with boundary 5(\5 obtained by cutting X along any (not necessarily separating) ori-
ented hypersurface S. Second, instead of vector bundles, we will consider principal
G bundles for an arbitrary complex Lie group G.

We give explicit examples of moduli spaces of (boundary) framed holomorphic
bundles and explicit formulae for the homeomorphisms provided by the general re-
sults.

(*) Recu le 27 novembre 2023, accepté le 15 mai 2024.
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RESUME. — Soient X une variété complexe compacte connexe et S C X une hy-
persurface réelle séparante; X se decompose donc comme la réunion de deux variétés
complexes compactes a bord )?i telles que )?+ NX =S. Soit M l'espace de mo-
dules des fibrés holomorphes sur X décorés sur S, c.-a-d. des couples (E, 0), de type
topologique fixé, o E est un fibré holomorphe sur X et 0 est une trivialisation ap-
partenant & une classe de régularité fixée C*1 (au sens de Holder) de sa restriction
sur S.

Notre probléme: comparer, via les applications de restriction évidentes, ’espace
de modules M avec les espaces de modules de Donaldson M= des fibrés formelle-
ment holomorphes sur les variétés & bord X i, décorés sur le bord. Les restrictions
(EE,6%) sur X* d'un fibré holomorphe (E,0) sur X décoré sur S sont des fibrés
formellement holomorphes décorés sur le bord, qui induisent via 8% le méme opé-
rateur de Cauchy—Riemann tangentiel sur le fibré trivial sur S. On obtient donc
une application naturelle de M dans le produit fibré M~ x¢ M7 des espaces M*
au-dessus de I'espace C des opérateurs de Cauchy—Riemann sur le fibré trivial sur S.

Notre premier résultat: cette application est un homéomorphisme pour k €
(0,00] \ N. Notons que, d’aprés des théorémes dis a S. Donaldson et Z. Xi, les
espaces MT g’identifient & des espaces de modules de connexions de Yang-Mills
hermitiennes décorées sur le bord.

La démonstration de notre théoréme d’isomorphisme s’appuie sur un principe de
recollement des fibrés formellement holomorphes le long d’une hypersurface réelle. Le
méme principe de recollement peut étre utilisé pour donner une interprétation géo-
métrique, au sens de la géométrie complexe, de l’espace des solutions d’un probléme
de type Riemann—Hilbert dans un sens tres général.

Nous généralisons ces résultats dans deux directions: premiérement, on va rem-
placer la decomposition X = X UX + associée & une hypersurface séparante par
la variété a bord )/(\s obtenue en découpant X le long d’une hypersurface orientée
arbitraire (pas nécessairement séparante). Deuxiémement, au lieu de se limiter aux
fibrés vectoriels, nous allons considerer des fibrés principaux de groupe structural G,
un groupe de Lie complexe arbitraire.

Nous donnons des exemples explicites d’espaces de modules de fibrés (formelle-
ment) holomorphes décorés sur une hypersurface réelle dans une variété fermée (ou
sur le bord d’une variété compacte a bord) ainsi que des formules explicites pour les
homéomorphismes fournis par les résultats généraux.

1. Introduction

A fundamental problem in the theory of holomorphic bundles on compact
complex manifolds is: understand, in the general (non-necessarily algebraic

or Kédherian) framework, the relation between convergence in the space of

singular Hermitian—Einstein connections (Donaldson, Tian) and convergence

of sheaves in the sense of complex geometric deformation theory. Working on
this problem in collaboration with Matei Toma, I noticed that Donaldson’s

article [6] (which deals with the correspondence between Hermitian—Einstein
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connections and holomorphic bundles on compact complex manifolds with
boundary) is relevant for our problem. Donaldson’s article comes with a
fundamental new idea: in the presence of a boundary, it’s natural to consider
infinite dimensional moduli spaces of boundary framed Hermitian Yang-Mills
connections, respectively holomorphic bundles.

A boundary framed Hermitian Yang-Mills connection on X is a triple
(E, A,0), where E is a Hermitian vector bundle on X, A a Hermitian Yang-
Mills connection on FE, and 6 a unitary trivialization of E,5. A boundary
framed formally holomorphic vector bundle on X is a triple (E,d,6), where
E is a differentiable vector bundle on X, § is a Dolbeault operator on E
satisfying the formal integrability condition 62 = 0 (see [32] and Section A.5.1
in this article), and 0 is a differentiable trivialization of E,.

Donaldson’s theorem [6, Theorem 1] yields an isomorphism between
moduli spaces of gauge theoretical, respectively complex geometric bound-
ary framed objects. An interesting application of this isomorphism theorem:
a new proof of a fundamental factorization theorem in loop group theory
(see [6, p. 100]).

The manifolds with boundary which appear naturally in our complex
geometry project are of the form X * where X* C X are the open sub-
manifolds obtained by cutting the given closed complex manifold X along a
separating real hypersurface S C X. In our original joint project we focus on
the case when S is the boundary of a neighborhood of the bubbling locus of
a weakly convergent sequence of Hermitian—Einstein connections. Relevant
for the present article: in the presence of a real hypersurface S of a closed
complex manifold X it’s natural to consider moduli spaces of S-framed holo-
morphic bundles on the whole closed manifold X, i.e. of holomorphic bundles
F on X endowed with a differentiable trivialization # on S. One should of
course fix the topological type of the pair (F,9).

Although infinite dimensional, such a moduli space can be constructed
explicitly and studied using techniques and methods from the classical de-
formation theory for analytic objects on compact complex spaces. A joint
article in preparation [34] is dedicated to these moduli spaces and their role
in our initial project.

The starting point of the present article is the natural problem: supposing
that S separates X, compare, via the obvious restriction maps, the moduli
space M of S-framed holomorphic bundles (of fixed topological type) on X,
with the corresponding Donaldson’s moduli spaces M* of boundary framed
holomorphic bundles on X i. The restrictions to X = of an S-framed holomor-
phic bundle (E, 6) of rank r are boundary framed formally holomorphic bun-
dles (E*,#*) which induce, via %, the same tangential Cauchy-Riemann
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operators on the trivial bundle of rank r on S. Therefore one obtains a nat-
ural comparison map from M into the fiber product M~ x¢ M™ over the
space C of Cauchy—Riemann operators on the trivial bundle of rank r on S.

At this point note that we will work in a more general framework: in the
definitions of our framed objects we will fix a regularity parameter x € [0, 0o]
and we will require C*-regularity (see Section A.1) for ¢ in the definition of a
boundary framed formally holomorphic vector bundle, and C*t!-regularity
for 0 in the definitions of a (formally) holomorphic S-framed (boundary
framed) vector bundle. The moduli spaces M, M?* and the comparison
map are defined in this more general framework.

The isomorphism Theorem 2.16 proved in this article states: the compar-
ison map M — M~ x¢ M™T is a homeomorphism for r € (0,+0o0) \ N. The
results also holds for k = oo if the considered moduli spaces are endowed with
suitable topologies, see Remark 2.18. The meaning of this isomorphism theo-
rem can be intuitively expressed as a general principle: in the moduli theory
for holomorphic bundles on closed complex manifolds, framing on a real hy-
persurface S is equivalent to cutting along S. Note that for dimc(X) = 1 the
compatibility condition on the induced Cauchy—Riemann operators becomes
void so, on Riemann surfaces, the principle “framing on S is equivalent to
cutting along S” becomes simply M = M~ x M.

The difficult part of the isomorphism theorem is the surjectivity, which
follows from the gluing principle given by the crucial Theorem 3.11: let U
be a (not necessarily compact) complex manifold, S C U a closed, sepa-

rating, smooth, real hypersurface, Ui be the corresponding manifolds with
boundary, E a C*®-bundle on U and 6% be formally integrable Dolbeault op-
erators on Ex+ with coefficients in C* inducing the same tangential Cauchy—
Riemann operators on S. There exists an automorphism f, of class C**! of
Ew+ which is the identity on S such that 6~ and f4 (67) glue together and
give an integrable Dolbeault operator (so a holomorphic structure) on E.
For k € (0, +00) \ N the proof makes use of Whitney’s extension theorem for
Lipschitz spaces, which allows us to prove that fi can be chosen to depend
continuously on (67,67). For k = oo we use the C* version of Whitney’s
extension theorem, which does not provide a continuous extension operator.

Our gluing principle has other consequences: let E* be C> complex vec-
tor bundles on Ui and 6% formally integrable Dolbeault operators with
coefficients in C* on E*, and let v : Eg — E& be a bundle isomorphism of
class C**1 (with & € (0, +0c] \ N) such that the tangential Cauchy—Riemann
operators 6§ induced by 6% on S agree via v. Theorem 2.1 shows, that, under
these assumptions, the topological bundle EV = E~ [, E* on U comes with
a canonical holomorphic structure which extends the holomorphic structures
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defined by 5§ on Eé[i. Therefore, although the gluing isomorphism v is only
of class C*T!, if the above compatibility condition is satisfied, one can glue
the formally holomorphic bundles E—, ET via v, and obtain a canonically
defined holomorphic bundle on U. In particular, on Riemann surfaces, one
can always (no compatibility condition needed) glue formally holomorphic
bundles E* on U* via a C**! bundle isomorphism v : Eg — E;', and obtain
a holomorphic vector bundle on U.

Consider the special case where U = PL = CU {oo}, S C C is a closed

curve, and E* are the trivial bundles on U~ (endowed with the standard
Dolbeault operator d). An isomorphism v as above is precisely the input
data of the Riemann-Hilbert problem as stated in [14, Kapitel X]. Using
this remark we show that a large class(*) of Riemann-Hilbert type problems,
including Hilbert’s original problem and matrix factorization problems (see
Problem 4 in Section 2.2.1), can be reduced to a complex geometric problem
for holomorphic vector bundles on P} (see Corollary 2.10).

Theorem 2.1 can be easily extended to possibly non-separating closed,
oriented real hypersurfaces S: one just replaces the disjoint union U ][] o’
by the manifold with boundary fjg obtained by cutting U along S (see Sec-
tion 2.1.2 and Figure 2.1). This generalization is Theorem 2.4; it applies for
instance when S is a non-separating circle on an elliptic curve. This leads us
to a general Riemann—Hilbert type problem associated to a closed Riemann
surface X and an arbitrary (non-necessarily connected, non-necessarily sepa-
rating) smooth oriented closed curve S C X (see Problem 5 in Section 2.2.2)
and to a complex geometric approach to solve it (Corollary 2.12). In Sec-
tion 2.2.3 we formulate and study a generalization of the Riemann—Hilbert
problem for n dimensional complex manifolds noting that, for n > 2, the
above compatibility condition is needed.

Similarly, the moduli space isomorphism M ~ M~ x¢ M™ can be gen-
eralized to the case of an oriented, not necessarily connected, not necessarily
separating, real hypersurface S C X. The boundary S of )A(s decomposes
as a disjoint union S~ U ST and comes with a canonical identification map
b: S~ — S*. Let E be a vector bundle on X and E its pull back to )?5. A
formally integrable Dolbeault operator d on E will be called descendable, if
the tangential Cauchy-Riemann operators on ST x C” induced via g+ by
0 agree via b. The first part of Theorem 2.16 identifies the moduli space of
S-framed holomorphic bundles (of a fixed topological type) on X with the
moduli space of descendable boundary framed formally holomorphic bundles

(1) Several authors state and study more general Riemann—Hilbert problems on IP’}C,
where S is replaced by a piecewise differentiable, non-necessarily closed, “contour” in C.
These generalizations are related to Hilbert’s 21-st problem [5].
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(of the corresponding topological type) on Xs. The intuitive interpretation
of this isomorphism is the same as in the separating case: framing on S is
equivalent to cutting along S.

If X is a Riemann surface, any boundary framed holomorphic bundle on
X s is descendable. Therefore, if X is a closed Riemann surface, the moduli
space of S-framed holomorphic bundles on X (of a fized topological type)
can be identified with the corresponding moduli space of boundary framed
formally holomorphic bundles on )?5.

Suppose now that the closed Riemann surface X has been endowed with
a Hermitian metric. By Donaldson’s isomorphism theorem [6, Theorem 1'],
the latter moduli space, in its turn, can be identified with the corresponding
moduli space of boundary framed Hermitian Yang-Mills connections on X 5.
Composing the two isomorphisms, one obtains an identification between the
considered moduli space of S-framed holomorphic bundles on X and the cor-
responding moduli space of boundary framed Hermitian Yang-Mills unitary
connections on )?S. Theorem 2.6 generalizes Theorems 2.1, 2.4 to princi-
pal G-bundles P endowed with (formally) integrable bundle almost complex
structures (see Section A.5.2), where G is an arbitrary complex Lie group.
In this general framework the role of the tangential Cauchy—Riemann oper-
ator dg is played by the almost complex structure Jg induced by a bundle
almost complex structure J on the pull back €p, C Tp, of the canonical
distribution Tg := Tg N JyTs of S.

The above results concerning Riemann—Hilbert problems and isomor-
phisms between moduli spaces of S-framed and boundary framed holomor-
phic bundles extend to the framework of principal G-bundles. Moreover,
in the definition of our moduli spaces, one can use as framings on S (or
as boundary framings) differentiable bundle isomorphisms 6 : & — Pg
(0 : & = P,yx), where ® is a fixed, not necessarily trivial, differentiable
G-bundle on S (on X)), see Section 4.2. In particular the isomorphism The-
orem 2.17 shows that the principle “framing on S is equivalent to cutting
along 5”7 generalizes to this framework. In Section 5 we give explicit exam-
ples of isomorphisms provided by this theorem on Riemann surfaces and,
in some cases, using classical theorems in complex analysis, we give explicit
formulae for their inverses.

Of special interest is the case when G is a complex reductive group,
because, for such groups, we also have an analogue of Donaldson’s isomor-
phism [6, Theorem 1']: one just replaces the moduli space of boundary framed
Hermitian Yang-Mills unitary connections by the moduli space of boundary
framed Hermitian Yang-Mills K-connections, where K is a fixed maximal
compact subgroup of G. Therefore, in this case one can further identify

— 586 —



Holomorphic bundles framed along a real hypersurface

the two moduli spaces intervening in Theorem 2.17 with a moduli space of
boundary framed Hermitian Yang-Mills K-connections. Explicit examples of
such identifications are given in Section 5.

Notation. — For a differentiable manifold (possible with boundary) M,
a finite dimensional normed space T, a C* vector bundle £ on M and a
locally trivial fiber bundle ® on M we will use the following notations:

e C"(M,T): the space of T-valued maps of class C* on M, see Sec-

tion A.1.

I'"(M, E): the space of sections of class C* in E, see Section A.l.

o I'"(M, ®): the space of sections of class C* in ® in the sense of [26,
p. 38].

e A4, the bundle of forms of degree d on M.

e N:%: the bundle of forms of bidegree (p, ¢) on a complex manifold M.

o AYM,E) =T>(M,N,; ® E), AP4(M,E) =T>(M, N} @ E).

° Ad(M, E), =T"(M, /\dU ® F), APY(M,E), =T"%(M, /\p(’]q ® E).
Acknowledgements
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2. Statement of results
2.1. Gluing holomorphic bundles along a real hypersurface
Let U be a differentiable manifold, and let S C U be a closed real smooth

hypersurface.
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2.1.1. Gluing holomorphic bundles along a separating real hyper-
surface

Let x € [0, +00]. We will use the notation C* for the usual k-th differ-
entiability class when x € NU {oc}, and the Holder class Cl*l:#~ 1% when
k & NU{oo} (see Section A.1). Suppose that S separates U, i.e. U\ S de-
composes as a disjoint union U\ S = U~ UU™T with Ui = U*US. Therefore
Ui are manifolds with boundary and 9" = 9U = S. Let E* be a €
complex vector bundle of rank r on Ui and let Eéﬁ be its restriction to S. Let
v: Eg — E& be a bundle isomorphism of class C**! and EV := E~ [[, E*
the topological bundle obtained by gluing E* along S via v.

Suppose now that U is a complex manifold and E* have been endowed
with Dolbeault operators

5*:F”H(UirEi)~e&ﬂ%Ui,N%i@§Ei)
with coefficients in C* which satisfy the formal integrability condition Fs+ =
0, where Fs« is the End(E*)-valued (0,2)-form on U™ associated with §2.

When « € [0,1), Fs+ is a distribution supported by U™ in the sense of [24,
Section I.1], see Section A.5.3 in the appendix.

From now on throughout this section we will suppose x € (0,+o00] \
N. This condition is required in several crucial arguments where we make
use of the standard elliptic regularity for Holder spaces, or of the Hoélder
version of the Newlander—Nirenberg theorem for principal bundles (see [33]
and Section A.5.2 in this article).

THEOREM 2.1. — Let 6% be a formally integrable Dolbeault operator with
coefficients in C* on E* and let b4 be the corresponding holomorphic struc-
ture on the underlying C*+1 bundle of the restrictions E[j][i to U*. Suppose

that the tangential Cauchy—Riemann operators 525 induced by 6% agree via v.
Then

(1) The topological bundle EV on U admits a unique holomorphic
reduction h extending h*.

(2) For any local h*-holomorphic section U BV EV, we have

K =+
ol, gt €T (VNT T, EY),

i.e. the restrictions a\‘mﬁi of o are of class C**1 up to the bound-
ary.

Therefore, although the gluing bundle isomorphism v is supposed to be
only of class C**1 and the required compatibility condition concerns only the
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tangential operators 5; we can glue together the two formally holmorphic
bundles (E*, %) along S via v and obtain a holomorphic bundle on U.

Remark 2.2. — For a Dolbeault operator § on a bundle E™ on a manifold
with boundary UJr, the formal integrability condition 62 = 0 does not imply
integrability (existence of local frames solving the d-equation) at non pseudo-
convex boundary points. In [32] we gave an example of a bundle ET on
a compact manifold U" with pseudo-concave boundary with the property
that a generic formally integrable Dolbeault operator on Et is integrable
at no boundary point. Theorem 2.1 shows that the compatibility condition
required in its hypothesis implies local integrability of both 6% at all points
of S, without any pseudo-convexity condition.

Theorem 2.1 gives:

COROLLARY 2.3. — Under the assumptions of Theorem 2.1, the Oy-
module £ defined by

_— (;;) e (WNU ,E)
x TOWnU", ET)

f+|WmS =vf"lwns,
fjE is b -holomorphic on WNU*

(2.1)
is locally free of rank r, and coincides with the apparently smaller sheaf

W (}:) eTH (wnU L E7) fTlwns = vf lwns
X Fk+1(WﬂU+, E™) f* is b*-holomorphic on WNU* [
(2.2)

2.1.2. Gluing holomorphic bundles along an oriented real hyper-
surface

Theorem 2.1, Corollary 2.3 can be extended to oriented, non-necessarily
separating, non-necessarily connected, real hypersurfaces. Let U be a com-
plex manifold and S C U be a closed, oriented real hypersurface. The normal
bundle ng = Ty|s/Ts of S in U comes with a distinguished orientation in-
duced by the complex orientation of U and the fixed orientation of S. Let
Ons be the zero section of ng. The quotient S = (ng \ Ops)/Rsg is a trivial
double cover of S, so it decomposes as a disjoint union S=5tus ~, where
S* are identified with S via the cover map S — S. Therefore we have an
obvious identification b : S~ = S*. The union

Us=(U\S)US
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S+

Figure 2.1. U and [75.

has a canonical structure of a complex manifold with boundary whose bound-
ary is

OUs=S=8"USt,
and comes with an obvious surjective smooth map pg : ﬁs — U extending

the biholomorphic identification Ug\ S = U\ S; it will be called the manifold
with boundary obtained by cutting U along S (see Figure 2.1).

In the special case considered above (when S separates U) we have Us =
=— 11+
U JJU .

Let E be a complex vector bundle of class C* on ﬁs. We will denote
by Eing the restriction of E to Us\ S = U\ S. Let v : Eg- — b*(Eg+)
be a bundle isomorphism of class C**!. Identifying Fg- Xvith Eg+ via v we

obtain a topological bundle E¥ on U whose pull back to Ug is tautologically
identified with F.

Taking into account that Theorem 2.1 has a local character with respect
to S, we obtain:

THEOREM 2.4. — Let E be a C*™ complex vector bundle on (75, 0 a
formally integrable Dolbeault operator with coefficients in C* on E, and b
the corresponding holomorphic structure on the underlying C*+1 bundle of
Epns. Let v : Eg- — b*(Eg+) be a bundle isomorphism of class C" 1.
Suppose that the tangential Cauchy—Riemann operators (%i induced by §
agree via v. Then

(1) The topological bundle EV on U admits a unique holomorphic
reduction h¥ extending §y.

(2) For any local H¥-holomorphic section U BV E?, we have

oc=o0 opg € F“+1(17Vm5, E),
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i.e. the pull back ¢ of o via pg is of class C**1 up to the boundary.

This can also be reformulated in terms of sheaves:

COROLLARY 2.5. — Under the assumptions of Theorem 2.4, the Oy-
module £ defined by

(f|(SmW)+) ° b|(WnS)* =vo <f|(WnS)*)7 }

W i— er’ W) B W) S
{f (Wwns, E) [ is 0-holomorphic on Wywng \ S

is locally free of rank r, and coincides with the apparently smaller sheaf

—~ (flwnsy+) o bliwnsy- =vo (fliwns)-)s
W'—>{f€1—w+l(WSﬂW,E) (Wns) (WnS) (Wns) .

f is 0-holomorphic on W\an \ S

Let now G be an arbitrary complex Lie group. In the presence of a prin-
cipal G-bundle P on Ug and a bundle isomorphism v : Pg— — b* (Pg+) of
class C*T1, one can define the topological bundle PV as in the vector bundle
case. Let Tp_, C Tp , be the pull-back of the canonical almost complex
distribution Tg := Ts N Jy(Ts) of S. Using the definitions and notations
explained in Section A.5.2 (see also [33]) we have:

THEOREM 2.6. — Letp: P — [75 be a principal G-bundle on [73 and J
a formally integrable bundle almost complex structure (bundle ACS) of class
C* on P. Let v : Pg- — b*(Ps+) be a bundle isomorphism of class C"1.
Suppose that the tangential almost complex structures Jg+ induced by J on
the distributions Tp . agree via v. Then

(1) The topological bundle P admits a unique holomorphic reduction
b extending the holomorphic structure by induced by J on Px\s.

(2) The pull-back T of any local h¥-holomorphic section 7 : V. — PY is
of class C*t! up to the boundary.

Note that v can be regarded as a section in a locally trivial fiber bundle
over S~. The C**! condition on v in Theorem 2.6 is meant in the sense
of [26, p. 38].

Remark 2.7. — If G is a closed complex subgroup of GL(r, C), any bundle
ACS on P will induce a Dolbeault operator on the associated rank r vector
bundle, and the compatibility condition “the bundle ACS Jg+ agree via v”
required in Theorem 2.6 can be replaced by a compatibility condition for
tangential Cauchy—Riemann operators as in Theorem 2.4. We preferred a
formulation which is general and intrinsic in terms of abstract complex Lie
groups G and principal G-bundles.
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In the special case when S separates U, we obtain as a special case the
following generalization of Theorem 2.1:

THEOREM 2.8. — Let P* be a C*® principal G-bundle on Ui and let PSjE
be its restriction to S. Let v : Py — P;f be a bundle isomorphism of class
CrtY. Let J* be a formally integrable bundle ACS of class C* on P* and
let b+ be the corresponding holomorphic structure on the underlying C*+!
bundle of the restrictions PI}—Li to U%. Suppose that the tangential almost
complex structures Jg.t induced by J* on 3P§ agree via v. Then

(1) The topological bundle PV on U admits a unique holomorphic
reduction b extending h*.

(2) For any local h¥-holomorphic section U v Pv, we have

K =t
7| gt €NV NTT, PF),

i.e. the restrictions T|Vmﬁj: of T are of class C"T1 up to the boundary.

Remark 2.9. — The compatibility conditions on the tangential Cauchy—
Riemann operators or tangential almost complex structures in Theorems 2.1,
2.4, 2.6, 2.8 are void when dim¢(U) = 1 (i.e. when U is a Riemann surface).

2.2. First applications: The Riemann—Hilbert problem

The first applications of Theorems 2.1, 2.4, 2.6 and their corollaries con-
cern generalizations of the classical Riemann—-Hilbert problem.

2.2.1. The Riemann—Hilbert problem on P}

We first illustrate Theorem 2.1 in a simple special case: let U = IE”}C =
CU{oo} and U™ (U™) be the connected component of P§\ S which contains
(does not contain) oo, where S C C is a compact, connected smooth curve.
Let v : S — GL(r,C) be a map of class C*1. Such a pair (S,v) is the input
data of a Riemann-Hilbert problem.

In the renowned book chapter [14, Kapitel X. Riemanns Probleme in der
Theorie der Funktionen einer komplexen Verdnderlichen], Hilbert states and
studies the following problem(?) :

(2) In Hilbert’s original problem, as stated in loc. cit, v is supposed to be of class C2
and S real analytic.
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PROBLEM 1 (Riemann-Hilbert). — Find the space of pairs (f~, f) of
continuous maps f* : Ui — C" which are holomorphic on U* and whose

restrictions to S satisfy the condition f; =vfg.

Hilbert also states and studies a meromorphic version of the problem:
f7 is still required to be holomorphic, but f~ is allowed to be meromorphic
with poles in U~.

Several authors have stated interesting versions of the Riemann—Hilbert
problem; for instance in [5, 28] one can find:

PROBLEM 2. — Find the space of solutions (f~, f1) of the Riemann—
Hilbert problem with f~ holomorphic on U~ and f™ meromorphic on Ut
with a single pole with prescribed singularity type (Laurent coefficients of
non-positive index) at 0o.

Other authors (see for instance [17]) are interested in matrix factorisation
problems of the form:

PROBLEM 3. — Find the space of pairs (Y=, Y1) of continuous maps

Y+ Ui — gl(r,C) which are holomorphic on U*, whose restrictions to S
satisfy the condition Y& = vYg and such that Yy (o) = I..

More generally, let p : G — GL(V) be a representation of G on a finitely
dimensional complex vector space V, m € Z, and v € V|[z] = 2320 vs2®
a V-valued polynomial. Put d := deg(y) € Z>_1 (we use the convention
deg(y) = —1 for v = 0). Let ¢ : P£ \ {0} — C be the standard coordinate
of P{ around oo; replacing formally z by (! in the expression of v, we
obtain a Laurent polynomial ¥ = S0_  F.¢% € V[¢™!] with 7, = v_,.
Regarding oo as an effective divisor on ]P’ql:, ~ can be interpreted as an element
of H(O(doo)(g41)s0 ® V) with empty zero locus on the effective divisor
(d+1)oo. Let v: S — G be a map of class C*T1. We ask:

PROBLEM 4. — Find the space of pairs (Y ~,Y ™) of continuous maps

Y= U —V, YT .U \{oo} —V
with Y~ holomorphic on U=, Y holomorphic on U\ {oc} such that Y =
p(v)Yg and
lim (27™Y " (2) —y(2)) = 0. (Cx)

Z— 00

The latter condition implies that oo is a non-essential singularity of Y7 ;

it is equivalent to the following condition on the Laurent series ), _, br( k
of Yy at oo:

bs = Vm—d+s for s <d—m. (cL)
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Therefore the analytic condition (Cy ) has a purely complex geometric in-
terpretation:

e Ford > 0 (i.e. v # 0) it requires that Y+ extends as a section of the
sheaf O(moo) @c V on U whose image in H%(O(moo) g41)00 ® V)
via the obvious morphism is 2™ ¢ ® 7.

e For d = —1 (i.e. ¥ = 0) it just requires that Y+ extends as a section
of the sheaf O(moo) ®c V on UT. This is the “homogenous case”,
the case when the solution space is naturally a vector space.

Hilbert’s original problem is obtained taking p to be the canonical repre-
sentation of GL(r,C) on C", m = 0, and v = 0. Problem 2 is obtained with
the same p taking m = d, and problem 3 corresponds to the representation
of GL(r,C) on gl(r,C) given by left multiplication, taking m = 0 and v =
the degree 0 polynomial I,.

Let P* = Ui x G be the trivial G-bundle endowed with the standard
(trivial) bundle ACS. A map v : S — G of class C**! can be regarded
as a bundle isomorphism Pg — Pg‘ of this class. By Theorem 2.8 and
Remark 2.9, for any such v we have a well defined holomorphic structure
hY on the bundle P¥ over ]P’(lc. The obtained holomorphic bundle, which will
still be denoted by PV to save on notations, comes with C*t!-trivializations
03 on Ui which are holomorphic on U*. By Corollary 2.3, the locally free
sheaf V¥ associated with the holomorphic vector bundle P¥ X,V is given by
the equivalent formulae

_— (;;) er(Wnu V)
x TO(WNnT", V)

B (jj;) e T WwnT V)
x T*wnT V)

s =p(v) s,
f¥ is holomorphic on WNU™*

fTls = p(v)f s, (2.3)
f* is holomorphic on WNU® [ .

Note also that the trivialization 8T induces isomorphisms
H°(O(doo) (at1)0e @ V) — H (V¥ (d00) (44 1)00);
s0 7 gives an element v¢ € H*(V(doo)(d441)s0)-
With these remarks we obtain:

COROLLARY 2.10. — Let S C C be a compact, connected smooth curve.

(1) The map v — (PY,0,,0F) gives a bijection between the group

rYYurYu

CrTY(S,G) and the set of isomorphism classes of triples (Q,0~,07)
consisting of a holomorphic principal G-bundle QQ on IP’}C and CrtH1.

trivializations 6 of Q on U™ which are holomorphic on U*.
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(2) If v = 0, the space of solutions of the general Riemann—Hilbert
Problem 4 can be naturally identified with H°(PL, V¥ (moo)).

(3) If v # 0, the space of solutions of the general Riemann—Hilbert
Problem 4 is non-empty if and only if the image of 2™~ % ® vy via
the connecting morphism

HO(VU(moo)(d_,_l)oo) = H° (P}C, VY (moo)/ V' ((m —d — l)oo))
— HY (P, V((m —d —1)0))
vanishes. If this is the case, this space has the natural structure of
an affine space with model space H° (IF’%:,V“((m —d— l)oo)), and

can be naturally identified with the pre-image of 2™ ¢ ® v via the
natural morphism

H°(P, V¥ (moo)) — HO(VY (moo) a41)c0)-

In particular, the space of solutions of the original Riemann—Hilbert
problem (of Problem 1) is naturally isomorphic to the space HY(P{,V?)
associated with the canonical representation of GL(r,C) on C". Hilbert’s re-
sults [14, Satze 27-30] follow easily from Corollary 2.10. Taking into account
formula (2.3) we also obtain the following general regularity result:

Remark 2.11. — Any solution of a Riemann—Hilbert problem with v of
class C**! is also of class C**! up to the boundary.

By Grothendieck’s classification theorem [12], the sheaf V¥ splits as a
direct sum of invertible sheaves, so we have V¥ ~ @;zl O(n;) with n; € Z
and Y75, n; = deg(V"). For the canonical representation of GL(r, C) on C”
we have deg(V¥) = — deg(det(v)). Therefore, once in possession of the com-
plex geometric objects (Q,v;) associated with the input data (p,v,7v), the
corresponding Riemann—Hilbert problem can be approached using elemen-
tary complex geometric methods. For instance, one can easily give examples
of such data for which the space of solutions is empty and, at least for small
r and standard representations, one can compute all possible dimensions of
the space of solutions for a given Grothendieck decomposition of V.

A difficulty remains: make the bijection provided by Corollary 2.10 effec-
tive, i.e., for given v, determine explicitly a Grothendieck direct sum decom-
position of V¥ and the “position” of v3 with respect to the summands.

2.2.2. The Riemann—Hilbert problem on Riemann surfaces

The formalism and the results of Section 2.1.2 allows us to formulate
and approach with complex geometric methods a very general Riemann—
Hilbert problem: Let X be a closed Riemann surface, S C X an arbitrary
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(non-necessarily connected, non-necessarily separating) closed, oriented real
1-dimensional submanifold, v : S~ — G a map of class C*T!, and p: G —
GL(V) a representation. Let also D, A be divisors on X \ 5, with A > 0,
and fix a section vy € H*(O(D)a ® V') which is nowhere vanishing® on A.

PROBLEM 5. — Find the space of meromorphic maps Y : )?g \ S-»V
which extend continuously around S, such that:

1) Yise ob=p0)¥ls,

(2) Via the obuvious identification Xs\S = X\ S, Y extends as a section
of O(D) ® V', and the image of this extension in H°(O(D)a ® V)
via the obvious morphism, is .

The “homogenous case” corresponds to the case A = 0 (the empty di-
visor). For D = A = 0 one just obtains the space of continuous maps
Y : Xg — V which satisfy the v-compatibility condition (1) and are holo-
morphic on X \ S.

Taking into account Theorem 2.4, Corollary 2.5 and Remark 2.9, we
obtain, as in Corollary 2.10, a map

v— (PY,6")

which gives a bijection between the group C*T1(S~, G) and the set of isomor-
phism classes of pairs (@, 6), where @ is a holomorphic principal G-bundle
on the Riemann surface X, and 6 is a trivialization of class C*t! of the
pull-back (p2)*(Q) of Q to X, which is holomorphic on Xg \ S. We define
the locally free sheaf V¥ as in the previous section, and note that, via the
trivialization 6V, v gives an element v € H°(VY(D)a). Using the explicit
formulae for the sheaf V¥ given by Corollary 2.5, we obtain the following
complex geometric interpretation of the space of solutions of the general
Riemann-Hilbert Problem 5:

COROLLARY 2.12. — The space of solutions of Problem 5 is non-empty
if and only if the image of v via the connecting morphism

H°(VY(D)a) = H°(X,VY(D)/V¥(D — A)) — HY(X, V(D — A))

vanishes. If this is the case, this space has the natural structure of an affine
space with model space H°(X,V'(D — A)), and can be identified with the
pre-image of V¥ via the natural morphism H°(X, V" (D)) — H°(V¥(D)a).

An interesting special case:

(O ~ has non-empty zero locus on A, one will obtain an equivalent problem associ-
ated with a smaller pair (D, A).
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FEzample 2.13. — Let X be a Riemann surface of genus 1, and S a non-
separating circle, as in Figure 2.1. We can assume that X = C*/{a), where
a € C* with |a| < 1, and S is the image in X of ¥ := 9D, where D C C
is a smooth compact disk such that 0 € D and aD C D. Therefore, we
can identify )A(S, the Riemann surface with boundary obtained by cutting
X along S, with the annulus Q := D \ aD whose boundary is a¥ U X. In
this case the unknown of the Riemann—Hilbert Problem 5 is a meromorphic
map Y : Q --» V on the open annulus Q := D \ aD extending continuously
around O and satisfying the compatibility condition:

Vzel Y(az) =p)Y(2).

Note that the holomorphic vector bundles on elliptic curves have been
classified [1], so Corollary 2.12 allows one (in principle) to solve any
Riemann-Hilbert problem of the considered type on an elliptic curve.

2.2.3. The Riemann—Hilbert problem in arbitrary dimension

Theorem 2.6 suggests a natural generalization of the Riemann—Hilbert
problem in arbitrary dimension (again for any complex Lie group G), and
also a general complex geometric method to approach it.

Let X be a connected, closed complex manifold and S C X a general
(non-necessarily connected, non necessarily separating) closed, oriented real
hypersurface. Let P be a differentiable principal G-bundle on the manifold
with boundary Xg obtained by cutting X along S (see Section 2.1.2), and
let J be a formally integrable bundle ACS on P (see Sections A.5.2, A.5.3).
Therefore, compared with previous generalizations, we start with an arbi-
trary, not necessarily trivial, formally holomorphic principal G-bundle (P, J)
on Xg.

Let v : Ps— — b*(Ps+) be a bundle isomorphism of class C**1. Suppose
that the following compatibility condition holds:

COMPATIBILITY CONDITION. — The tangential almost complex struc-
tures Jg+ induced by J on the distributions Tp , C Tp_, agree via v.

By Theorem 2.6 we obtain a holomorphic principal G-bundle P¥ on X

whose pull back p§ *(P?) to X s comes with a tautological bundle isomor-

phism P N pa*(PY) of class C*™! which is holomorphic on )A(S \ S. The
map
vi— (PY,6")
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defines a bijection between the set of bundle isomorphisms v : Pg- —
b*(Pg+) of class C*T! satisfying the above compatibility condition on S and
the set of isomorphism classes of pairs (@Q,0) consisting of a holomorphic
G-bundle @ on the closed complex manifold X, and a bundle isomorphism
0: P — pX*(Q) of class C**1 which is holomorphic on Xs\S.

Let p : G — GL(V) be a representation of G on V, and V the locally
free sheaf on X \ S corresponding to the associated bundle Px\g x, V. Let
Z C X\S a (possibly empty) compact complex subspace and let v € H(Vyz).

PROBLEM 6. — Find the space of continuous sections
Y eI(Xg, Pp x, V)
which are holomorphic on X \ S such that

(1) Y|s+ 0b=p(v)Y|s-,
(2) the image of Y in H°(Vz) via the obvious morphism is 7.

Denoting by V? the locally free sheaf on X associated with the holomor-
phic bundle P¥ x, V, we obtain an obvious identification V| x\ g = V. With
these notations and remarks we obtain:

COROLLARY 2.14. — Suppose the above compatibility condition holds.
The space of solutions of Problem 6 is non-empty if and only if the image of
v wvia the connecting morphism

H°(VY) = H(X,V/V' ®Iz) — HY(X, V' ®@1z)
vanishes. If this is the case, this space has the natural structure of an affine

space with model space H° (X, VY ®1yz), and can be identified with the pre-
image of y via the natural morphism H°(X, V“) — HY (Vg)

2.3. Gauge theoretical applications: Isomorphisms of moduli spaces

In this article by complex manifold with boundary we will always mean a
submanifold with boundary X of a complex manifold U. In other words, the
complex manifolds with boundary we consider have a collar neighborhood
in the sense of [15].

2.3.1. Isomorphisms of moduli spaces of framed vector bundles

_ For a C> vector bundle E on a compact complex manifold with boundary
X, we denote by Zf; the space of formally integrable Dolbeault operators with
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coefficients in C* on E and we define the moduli space

Myx(E) = Ig/ggya

where QaE)? is the gauge group
Gre = {f €eT"TNX,GL(E)) | fyx = idg, }-

Let now X be a connected, closed complex manifold, S C X an ori-
ented closed, smooth real hypersurface, and E a C* vector bundle on X. In
this case 7, will stand for the space of integrable Dolbeault operators with
coefficients in C* on E and we define the moduli space

Ms(B) =T /G§
where gg is the gauge group
GE ={f e " (X,GL(E)) | fs = idg, }-
We denote by E the pull-back of E to the manifold with boundary X s Ob-
tained by cutting X alongs S via the canonical map pfg{ : Xs = X (see

Section 2.1.2). In the special case when S separates X, Xg reduces to the

disjoint union X J]X T of the corresponding pieces, and E reduces to the
disjoint union E~[[E7T of the restrictions E* = E|+. The bundle E

comes with a canonical bundle isomorphism v : Eg- — b* (ES+) of class C*>
induced by the obvious isomorphisms Fgq+ — Eg which cover the identifica-
tions S* = .

DEFINITION 2.15. — A formally integrable Dolbeault operator 0 € I'5E4
will be called descendable, if the tangential Cauchy—Riemann operators dg+
on Eg+ agree via v (are v-compatible).

The pull-back 5 to E of any integrable Dolbeault operator § € Ip is
obviously descendable. Let Z% C Z% be the (obviously G¥. -invariant) sub-
E| E 0Xs .
space of descendable formally integrable Dolbeault operators on E, and let
Mg)? (E) be the corresponding closed subspace of Moz, (E). In the special
S
case when S separates X, we have I% =15 x1g., where E* = E)?:l:, and

a pair (67,6%) is descendable if and only if the equality g = J& holds in
the space, denoted C, of Cauchy—Riemann operators with coefficients in C*
on FEg.

THEOREM 2.16. — Suppose € (0,400) \ N. With the above notations
and assumptions, the pull-back map § — § induces a homeomorphism

Lo
Ms(B) — Mo (B).
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In the special case when S separates X, the restriction map 6 — (67,07)
induces a homeomorphism

Ms(E) — Mz (E7) xe M+ (E™).

2.3.2. Isomorphisms of moduli spaces of framed principal bundles

Let G be a complex Lie group. With the notations and under the as-
sumptions of Section 2.3.1 we replace:

e F by a C* principal G bundle P on X (X).
o 7 by the space Zf of (formally) integrable bundle ACS of class C*
on P.
° gg (gg)?) by respectively the gauge groups
Gg ={f eI (X, P x,G)| fs =id},
Gy ={f €T"HX, P x, Q)| fyx =id}.
e Ms(E) (Myx(E)) by respectively the moduli spaces
Ms(P) =T /GE, respectively M,z (P) = I}E/gé}.

We also replace E by its pull back Pto X s, and, if S separates X, we
replace the restrictions E+ by P+ = Pee.

In this principal bundle framework we also have a canonical bundle iso-
morphism v : Pg— — b*(Pg+) of class C*°. An element J € % will be called
descendable, if the induced tangential almost complex structures Jg+ on the
distributions Slgsi cT B (see Remark 3.7) agree via v. We denote by
I}i% C Z}’% the subspace of descendable formally integrable bundle ACS on

P and by MY (ﬁ) its quotient by the gauge group G- .
0Xs 8AXS

THEOREM 2.17. — k € (0,4+00) \ N. With the above notations and as-

~

sumptions, the pull-back map J — J induces a homeomorphism
f ~
Ms(P) — Ma)?s(P)'
In the special case when S separates X, the restriction map J — (Jp_, Jp+)
induces a homeomorphism
Mg(P) — Ma)?—(P_) X7 Ma§+(P+).

onto the fiber product of the moduli spaces Ma)—(i(Pi) over the space I of
almost complex structures of class C* on Tpg which are G-invariant, make

the bundle epimorphism Tp, — Tg C-linear, and the parametrization of the
G-orbits pseudo-holomorphic.

- 600 —



Holomorphic bundles framed along a real hypersurface

Remark 2.18. — Taking k = 400 in Theorems 2.16, 2.17 we still ob-
tain homeomorphisms provided any moduli space M intervening in these
theorems (but constructed with objects of class C*°) is endowed with the
initial topology associated with the family of maps (M — M"),.c(0,+00)\N;
here M" stands for the similar moduli space constructed using objects of
class C".

As pointed out in Remark 2.9, the required compatibility conditions
above S become void on Riemann surfaces, so the isomorphisms Theo-
rems 2.16, 2.17 give:

Remark 2.19. — Suppose dim(U) = 1. With the notations and under the
assumptions above we have homeomorphisms of moduli spaces:

Ms(B) — Mz (B), Ms(E) — Mye—(E7) x Mg+ (EY),
Ms(P) — Mg (P), Ms(P) — M,z (P7) x M+ (PT).

Remark 2.20. — In Section 4.2 we will identify the moduli spaces Mg(E),
Ms(P), Myx(E), Myx(P) intervening in Theorems 2.16, 2.17 with moduli
spaces of framed bundles defined (in an abstract way, see Definition 4.3) as

pairs consisting of a holomorphic bundle on X (X) and a framing of class
Cr*1 on S (respectively 0X).

In Section 5 we will consider explicit examples of (boundary) framed
moduli spaces and give explicit formulae for the homeomorphisms given by
Theorem 2.17 and their inverses in the special cases :

e X =Pl and S C C is a closed curve.
e X is an elliptic curve and S C X is a non-separating closed curve.

3. Gluing holomorphic bundles along a real hypersurface
3.1. The tangential Cauchy—Riemann operator

Let U be a differentiable manifold, S C U a closed real hypersurface and
ns C T[*J‘(‘CS be the annihilator of Ts (or, equivalently, of 7<) in the restriction

Tf}% of the complex cotangent bundle TF}C of U to S; ng can be identified
with the complexification of the conormal real line bundle n§ of S in U.

Suppose now that U is an n-dimensional complex manifold. The image
ng" of ng in Ay is a line subbundle of Al g, which can be identified with
the annihilator of the canonical distribution

Ts=TsN JU(Ts) cTs
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(or, equivalently, of the hyperplane ‘I%’l C TO‘ g) in /\U‘ g- Here Jy €
I'(U,End(Ty)) stands for the integrable almost complex Structure on U
induced by its complex manifold structure. The projection T, S — /\U| S

induces a line bundle isomorphism g : ng — ng’l.

Put N = N9%:E. The fiber . of this bundle over € S can be
identified with the space of alternate R—multlhnear forms % — C which

are anti-linear with respect to each argument. We have an 0bV10us bundle
epimorphism

0,
/\U\S — N\¢

induced by the inclusion Tg C Ty|s. We obtain a commutative diagram of
bundle morphisms on S with exact horizontal rows

ns
¢sl
0 0,1 Ms 0 1%
— s /\U|S ® /\U\S (3.1)
| | ]
00— 772'71 /\U|S s /\0571 0,

where, via the identification /\U‘S =0 @ "l e /\Uls) we have put
Mg = id,0,1- @A,

and [Mg] is induced by Mg.

Remark 3.1. — By the definition of Mg we have the identity:

Vaes, V(™) end! x 0[’]1@, a®t @ng () =a%t A%t (3.2)
Taking a®! = vg(a) with a € 7,,, we obtain

Vaes, V(a,b"") €n x Niys ¥s(a) @ Ns(0') = ths(a) A

This formula can be written as

(ws ® id/\(ﬁs) o (idys @) = A(ws ®id Aol}l‘s), (3.3)

where, on the right, A stands for the bundle morphism 775 '® /\ Uis /\U| S
induced by the wedge product.
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Similarly, for any ¢ > 1 we obtain a commutative diagram of bundles
on S

0,1 , A0, q—1 n N 0,q+1
0 ——=ng A /\Uq‘g /\U|S = 0@ /\Uq|s
| | sl &4)
q—1 "Ts 0,q
0—— 775 A /\U\s /\U|s N 0

with exact rows.

Let E be a complex vector bundle of class C*> on U. For v € [0, +00] put

TUU, N @ E)
= ker[rv(U N ® E) — T7(S, Al g ® BE) — T7(S, N’ © E)]
_ ker(I'"(U, E) — IT'V(S, E)) ifg=0 (3.5)
{BeTVU N} @E)| (Ns ®idg)Bs =0} if ¢ > 0. '

Remark 3.2. — The two restriction maps in the definition of I’Y(U /\0’
E) are surjective, so their composition I' (U, /\ 1o E) — (S, /\ J®E)
induces an isomorphism

(U/\ q®E/IW

g er —TEAS D)

Proof. — The surjectivity of TV(U, A\ @ E) — T7(S, /\U\S E) fol-
lows taking m = 0 in Corollary A.13(1)- ( ). The map I'7(S, /\U‘S ®FE) —
(s, /\Oéq ® F) is induced by an epimorphism of C* bundles on S, so is
surjective. O

Let Cf; (vespectively C'Y(/\ 'QF), C”(/\UIS E))) be the sheaves of locally

defined C-valued functions (sections of the bundles Npf ® E, /\U‘ s ®E) on
U, respectively S, of class C7 (see Section A.1). The assignment

op.

US" Vi Ty (VA @ EB)

defines a sheaf on U which will be denoted ZZ (A ® E); it is a Cjj-submodule
of C7( /\Oﬁq ® E) which coincides with C7( /\0{]‘1 ® E) on the complement of S.
Let z € X, p € C*(V,R) be a local defining function for S around z (i.e. we
have x € SNV = p~1(0) and dp is nowhere vanishing on SNV), and p, its
germ at x.
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Remark 3.3. — The stalk ZI(N @ E), of ZLNF @ E) at z € S is
given by:

TUNT © E)e = ker (CV (N @ )y — C7(Npfls ® E).)
+0pe NCT(NY' @ B,

Proof. — Diagram (3.4) shows that a form 3 € T7(V, \y¢ @ E) belongs
to Z4(V, Ny¥ ® E) if and only if its restriction to V' NS is a section of the

subbundle
0,1 0,g—1 0,
Mg A /\Vq‘s ® Es C /\Vq‘s ® Eg.
It suffices to note that the restriction of the sub-bundle dp A /\0"}1_1 C /\0"}
to SNV coincides with 7Yk ¢ A /\",qlsl. O

Note that, for v = oo, Remark 3.3 gives:
Z3( Ol}q ® E)z = pz C™( 0(7Jq ® E)s + Ipa /\COO(/\OI}q_l ® E)s.

This description does not extend to the case v < oco. For instance, for ¢ = 0,
an element of the stalk C7(FE), which vanishes on S is not necessarily divisible
by p, in this Cf; ,-module.

Remark 3.4. — Let k € [0,00], § a Dolbeault operator with coefficients
in C* on E and 0 < v < k. Then dZT (U, N @ E) C ZI(U, NP @ B).

Proof. — Let 8 € IgH(U,/\(’Jq ® FE);. With respect to a holomorphic
chart of U and a local trivialization of E around z, § is given by
o) = O + ap
for a germ o € C*(A} @gl(r,C)),. By Remark 3.3 we have 8 = 8° 4 dp, Av
where

B0 € ker(CH (N © B)y — CH (Nl © B)a), v € P (NS @ B,

Writing 8° = le\:q dz!' ® B, where all the germs f; € Cg;l vanish on S,
we have

17> dz' A (9B + afy).

[T|=q

Since B; vanishes on S, it follows that dj3; vanishes on T around z, so 087
vanishes on Tg around x. This proves that the terms dz! A 9F; belong to
TUNF T ®E),. The terms dz’ Aafy, §(dpAv) = —BpAdv obviously belong
to Ig( v q+1 ® E)., which completes the proof. O

Using Remarks 3.2, 3.4 it follows.
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COROLLARY 3.5. — Let § be a Dolbeault operator with coefficients in C*
on E. The associated operator T (U, N\p# @ E) — T(U, N\i# T @ E) induces
a first order differential operator T"1(S, N @ E) — (S, N& ™' @ E) with
coefficients in C*.

Taking ¢ = 0, we obtain a first order differential operator
g : DS B) — (S, N4 @ E),
with coefficients in C*, which is called the tangential Cauchy—Riemann op-
erator associated with J.

Remark 3.6. — For a form o € T'*(U, 0(’]1 ®End(F)) we have (0 +a)s =
dg + ag where ag is the image of o under

DU, N ® E) — T%(S, Njfis ® E) — T%(S, s @ E).

In a similar way one obtains a tangential Cauchy—Riemann operator
= 7 A0l
S+ TN OU ", E) — I(0U N+ ® B),

associated to any Dolbeault operator with coefficients in C* on a C*> vector

bundle F on a submanifold with boundary U cvu , where UT C U is
open. Note that the correspondence § — s+ Plays an important role in [6,
Section 3.5].

Remark 3.7. — The tangential Cauchy—Riemann operator has an ana-
logue in the framework of principal bundles (see Section A.5.2 in the appen-
dix): Let p: P = U (p™: PT — U+) be a principal G-bundle on a complex
manifold (with boundary) U (U+ C U), and let S C U be a closed, oriented

real hypersurface in U (respectively let S = o =T" \ U"). A bundle
ACS J of class C® on P defines an ACS Jg of the same class on the pull-
back distribution Tp, = pgj (Ts) C Tpy; Jg is G-invariant, makes the vector
bundle epimorphism Tp, — p5(Ts) C-linear, and the parametrization of the
G-orbits pseudo-holomorphic.

3.2. Gluing theorems

Let ¢« : G — Aut(G) be the group morphism which assigns to g € G
the interior automorphism ¢y, C1(P,G) the space of t-equivariant maps
P — G of class C*T!, and ARI(P, g"?),, the space of tensorial g':-valued
forms of type Ad, bidegree (p,q) and class C* on P. In Section A.5.2 we
associated with a bundle ACS J € J§ the maps
[ :CEUPG) — AYL(P,g"0) . = A%H(U, P x aq g*0) ~ A%H(U, Ad(P)).,

o AX(P gt ), — AVT(P,g"0). 1 (for k> 1).
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We identify g''® with g and 6%° with 6 in the standard way (see Sec-
tion A.5.2), so £; becomes a map A%'(U,Ad(P)), — A%*(U,Ad(P))x—1
For s € T'FY(U, Ad(P)) put 25(s) == [;(exp(s)).

LEMMA 3.8. — Let 0 <1 < k. Let s € T (U, Ad(P)) with jks =0, so

that the intrinsic differential D5s € T9(S, 77®(l+1 ® Ad(P)) is well defined
(see Section A.6). Let J be a bundle ACS of class C* on P. Then

(1) js ' (s ())fU(Zlfl 1).

(2) D5(s(5)) = (1. @¢s @ idaar))(D™s).

Proof.

(1). — The section s can be identified with an element, denoted by
the same symbol, of Cl+1( g). Using this interpretation of s, we obtain an

element o = exp(s) € Cl“(P G). Let 7 € I'°(W, P) be a local section of P,
and put

sy =sot € CTYW,g), 0, =001 =exp(s;) € CTHW, Q).
Using formula (A.18) explained in Section A.5.2, we have:

7 (@5(5)) = 7 (11(0)) = [(0) = 02(0)" + (Ad, -+ — id)(a7)
— 52(exp™(6)" + (Adep(—s.) — id)(a7). (3.6)

We may suppose that U is an open subset of C". Since j Ss = 0, it follows
by the composition Lemma A.31(2) that

jé’((Adexp(—sT) - id)(a?})) =0, (3'7)
and by Lemma A.33 that j& ! (s¥(exp*(0))*!) = 0.

(2). — Tt suffices to prove that for any local section 7 € T'™°(W, P) we

have
Ds(d(s7)) = (d5! @5 @ idaq(p)) (D5 s7).

Taking into account (3.6) and (3.7), it suffices to compute DY (s7 (exp*(6))%1).
We use formula (A.30) of Lemma A.33, taking V=F =g, f=s,:U — g,
and w := exp*(#), which is a holomorphic (1,0) form on g, because exp is a
holomorphic map. We have to specify the map wé intervening on the right
n (A.30). Regarded as a map C*(g, Hom(g, g)), w is given by

w(a)(v) = (leXp(a)*l)*((exp*,a(v))v
so, for z € U, we have

wf (I‘) (’U) = (lexp(f(z))*1 )*((exp*,f(m) (’U))

Since we assumed j4s = 0, we have f(z) = s,(z) = 0 for any z € S, so
wé(x) =id, for any z € S. O
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Let k € (0,00] \ N and k := [&].

LEMMA 3.9. — Let J be a bundle ACS of class C* on P. Let Il < k be a
non-negative integer, and let § € IT'*(U, ® Ad(P)) be such that

jS_ B =0 (required only if | > 1), ( d®l ® Mg ®idaq(p)s )(Dsﬂ) =0.
(1) There exists s € T<TYH(U, Ad(P)) such that, putting
B'::ﬂ—ﬁj()EF”(U ®Ad( ),
we have
jss =0, jgh' =0.
(2) Suppose that the considered pair (J,3) also satisfies:

(i) j§~ ' (es(8)) = 0.

(ii) j k 27U(5;) = 0 (required only if | < k — 2).
Then, for any such s, putting ﬁ Adexp(s (8"), we have:
(a) 58 =0.

(b) & (£s(B)) = 0.
(c) If 1 <k —1, we also have (1d®(l+1) ® Mg @idg,)(DSH) = 0.
(3) If kK # 00, s can be chosen to depend continuously on 3.
Proof.
(1). — Using the first horizontal exact sequence in (3.1), we see that the
hypothesis implies
DLB e (S, ng @ ng' ® Ad(P)),
so, since v is a line bundle isomorphism, there exists b € T'*~!(S, n®(l+1) ®
Ad(P)g) such that
D§B = (id! @1ps @ idg) (b). (3.8)
The key argument in the proof: by the extension Corollary A.13, there
exists s € ["T1(U, Ad(P)) such that
jks =0, DLls=b. (3.9)

It follows that 8’ == 8 — 0;(s ) belongs to I'*(U, ® Ad(P)). Moreover,
by Lemma 3.8 (1), we have j5 '(3(s)) = 0, so, since j5 '3 = 0, we obtain
15" =0 and
Dgp' = Dgf — Ds(3.4(s))-
Using (3.8), (3.9) and Lemma 3.8(2), we obtain DL3 — DL(d,(s)) = 0, so
Y

(2a). — It follows from j4 (') = 0 using the composition Lemma A.31(2).
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(2b). — By Lemma A.24(2) proved in Section A.5.2; we have:

%J(B) = %J(Adexp(s) (rB - 6J(8)) = Adexp(s) (%J (B)) + (Adexp(s) - ld) (fJ)
Since we assumed ;&1 (€;(3)) = 0, it follows again by Lemma A.31(2) that
7§ (Adexp(s) (B1(B))) = 0.

On the other hand, since j& 27!(f;) = 0 by hypothesis and jks = 0 by
(1), it follows by Lemma A.31(1)-(2) that

]g_l((Adexp(s) )(f.]))
Therefore jgfl(@;(g)) = 0 as claimed.
(2¢). — Suppose | < k — 1. Formula (3.3) shows that
(Vs ® idgz ops) © (ldns ®Ns @idpg) = A(Ys ® id/\ol}l‘S@)ES)

on ng ® /\U|S ® Eg. Therefore

(id%! @is @ idyg2 o ) (29 @ Mg @idg, ) (D5 B))
= (@A (Vs @idpr o)) (DS B) = Ds(8,6), (3.10)

where, for the last equality we used formula (A.35) of Lemma A.34 for ¢ =
1. Since | < k — 1 and we have j51(¢;(8)) = 0 by (2b), it follows that
j5(8;(B)) = 0, in particular DL(€;(3)) = 0.

But

t(B) =08+ > [5 A B]
with js(ﬂ) = 0, which implies ]2l+1([[3 A ,8]) = 0 by Lemma A.31(1). I
follows D" (&,ﬁ) = 0. Since the linear map 1d s Qs ® 1d/\] ®F 18 mJectlve
formula (3.10) shows that
(i7" @ Ns @idg, ) (Dg5) =0,

as claimed.

(3). — For k # oo, the extension Corollary A.13 provides a solution
s € TFTH(U, Ad(P)) of the equations (3.9) which depends continuously on b,
so on f3. O

PROPOSITION 3.10. — Let J be a bundle ACS of class C* on P such that
“2(j;) = 0. Let B € TE(U, Ny} @ Ad(P)) be such that jE(€;(8)) = 0.
Then

(1) There exists s € Z6 (U, Ad(P)) such that jE(B —0;(s)) =
(2) If k # o0, s can be chosen to depend continuously on (J, )
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Proof.

(1). — Suppose that k # co. Our assumption 8 € Zg(U, 0{,]1 ® F) means
that 3 satisfies the hypothesis of Lemma 3.9 for [ = 0. Applying successively
this Lemma to

50 = 67 /81 = 507 ceey ﬁk = Ek—la

we obtain sequences (8})o<icr in I'(U, 0[’]1 ® Ad(P)), and (s;)o<igk in
'**+1(U, Ad(P)) such that

jh(s1) =0, j%(B) =0 for0<I<E, (3.11)
and, putting o; := exp(s;), one has:

Bi=Ady,_,(B_;) forl<I<Ek, (3.12)
By =1s(01) + B for 0 <1 < k. (3.13)
Combining (3.12) and (3.13) we obtain:
B=1;(c0)+ B
By = Ad,-1(Ls(01) + B1)
B = Ad, -1 (15(02) + B2) (3.14)

B = Ad, 1 (L(ok) + Br)-
This implies:

B =15(00) + By
B = Ad,_+(is(o1) + 51)
Ad051(ﬁi) = AdoglAdnfl(Ij(UQ) + Bé) (3.15)

Adgo—lAdUl—l .. Adak—l (Bl/cfl) = AdaalAdafl . Adgk—l (i](gk) + 5]/6)

For 0 <1 <k put 5, :=0y...00. We obtain

g
Ad,1(85) = Ady1 (i5(02) + 85) (3.16)
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Therefore
k

B=1(00)+) Ady1 (L(o0) +Adyr (Bp)- (3.17)
1=1
But s5; = 0y8;—1 so, by Lemma A.24 (1), we have

[(s)) = L5(s1-1) —l—Adgl—_l1 (i](O’l)) for 1 <1<k,

S0
k
Li(se) = Lr(o0) + Y Ad 1 (I5(00)).
=1
Formula (3.17) becomes
B =1;(sk) + Adﬁ{fl (Br)- (3.18)

Making use of Proposition A.15, let Ad(P)g, ¢(P)o be neighborhoods of
the zero section (identity section) in the two bundles such that exp induces
a diffeomorphism Ad(P)g — ¢(P)o.

We can assume that s; takes values in ¢(P)g for 0 < I < k, so we can
write s; = exp(s') for a section s! € D**t1(U, Ad(P)o) C T'" (U, Ad(P)). Tt
suffices to put s := s* and to take into account that j& (Adsgl (B) =0

because j&(B;) = 0.

Suppose k = oo. In this case Lemma 3.9 yields infinite sequences (5})i>o,
(8i)iz0 in T (U, N @Ad(P)), T°°(U, Ad(P)) satisfying (3.11) and (3.13) for
[ >0 and (3.12) for I > 1. We define in the same way oy, s; € I'°(U, +(P)o),
st € (U, Ad(P)o).

For I > 1 put ) == s' — s~1. Denoting by log : «(P)y = Ad(P), the
inverse of the fiber bundle isomorphism exp |aq(p), : t(P)o = Ad(P)o, we
have

sf = log(sr) — s~ = log(orsi_1) — 51 = log(exp(sr) exp(s'1)) — o1,

Since the map y + log(exp(y)exp(s'™1)) — s!=1 vanishes at y = 0 and
jL(s1) = 0, it follows by Lemma A.31 that j4(s]) = 0. Recalling that jo(s) =
0 and using Corollary A.13(3), it follows that there exists s € I'*°(U, Ad(P))
such that for any k € N, j5*((so + 25:1 s)) —s) =0, ie.

JErl (s —s) = 0.

Using formula (3.6) for s and s together with the second formula in (A.33),
we see that this implies

7515 (exp(s")) = [5(exp(s))) = 0 (3.19)
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ie. jE(I;(sk) — [s(exp(s))) = 0. By (3.18) we infer
35(8 ~ Tulexpls)) — Ad, 1 (3)) =0,

so j&(B — 1;(exp(s)) = 0 because j&(3},) = 0.
(2). — For [ > 1 the form

Bi=PB1= Adexp(si 1) (B1-1) = Adexps, ) (Bi—1 — s (s1-1))
depends continuously on f§;_1, s;—1 and J. On the other hand, by Lem-
ma 3.9(3), s;—1 can be chosen to depend continuously on 5;_;. By induction

it follows that all s; (hence also s;, s') can be chosen to depend continuously
on the initial data (J, 3). O

Suppose that S separates U, and let U =U U T be the corresponding
decomposition of U as union of manifolds with boundary.

THEOREM 3.11. — Let G be a complex Lie group and p : P — U a
principal G-bundle on U. Let k € (0,+00] \ N and J* formally integrable
bundle ACS of class C* on PUi such that Jg' =Jg.

(1) There exists
(a) o4 € F"*l(U+, t(P)) with o4|s = e, the unit element of G.
(b) an integrable bundle ACS J of class C* on P,
such that J|p+ = JT -0y and J|p- = J~.

(2) For any open neighborhood V' of S in U, there exists a pair (o4, J)
as above such that, moreover, o is constantly e on UT\ V.

(3) If k # oo the pair (o4,J) can be chosen to depend continuously on
(J=,JT).

Proof.

(1). — Let Jy+ a (not necessarily integrable) extension of J* to a bundle
ACS of class C* on P. The existence of such an extension is obtained using

the affine structure with model space F”(Ui, /\01’71i ® Ad(P)) of the space
J, I’SU . and the extension principle given by Corollary A.14(1). Using the
affine space structure of the space Jg put 8 := J_ — J; and note that the
assumption J3 = Jg implies 8 € Z§(U, 0{]1 ® Ad(P)).
Case (i): kK > 1. — By formula (A.15) of Section A.5.2 we have
e (8)="Fs —fu,-

We have f; i|l7j: = f;+ = 0, because J* are assumed formally integrable.
Since f, are of class C*~!, this implies that j5=*(f;.) = 0 for any = € Ui, in
particular for any x € S. This proves that j& ' (€7, (8)) = 0 and j& '(f;,) =
0, in particular jgfz(fh) = (. Therefore Proposition 3.10 applies to the pair
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(J+,pB) and gives a section s € I'**1(U Ad(P)) with s|s = 0 such that,
putting o = exp(s), we have j&(3—1;, (¢)) = 0. On the other hand we have:

G- = Jy-0)=je(J- — Ty +Jp — Jy - 0) = jé(B — 1y, (0)),

where, for the last equality we have used formula (A.17) of Section A.5.2.
Therefore j&(J_ — J; - o) = 0. By Corollary A.14(2), there exists J € J5
which coincides with J_ ((hence with J~) on U and with J, -0 (hence with
Jt 'O’|U+) on U . Jis integrable, because f; coincides with f;- on U and,

by formula (A.16), with Ad,-1(f;+) on T". 1t suffices to put o4 = ol5+.

Case (ii): k € (0,1). — In this case the assumption “J* is a formally
integrable bundle ACS on Pg+7 means that f;+ vanishes as distribution
supported by Ui, see Section A.5.2. We apply Lemma 3.9(1) for I = 0
recalling that the conditions imposed on [ in the hypothesis of this lemma
reduce to 8 € Z&(U, Ny ® Ad(P)). We obtain as above s € T*+1(U, Ad(P))
with s|g = 0 such that j%(8 — [;, (¢)) = 0 with o = exp(s). We conclude as
in the Case (i), but making use of

e Remark A.27 to show that JT - 0’|5+ is formally integrable,
e Proposition A.29 to infer that J is integrable.

(2). — Let V' be an open neighborhoods of S in U such that Vicv.
By the smooth version of Urysohn’s lemma [27, Lemma 1.3.2], it follows that
there exists a C> function A : U — [0, 1] such that A[g» =1 and Ay = 0.
It suffices to replace in the proof of (1) s by As.

(3). — Using Proposition 3.10(2), Lemma 3.9(3) and the continuity
properties of the extension operators in Corollary A.14 it follows that the
objects Jy, s, J introduced in the proof of (1) can be chosen to depend
continuously on the input data (J—, J*). O

We can now prove Theorem 2.8 stated in the introduction:
Proof of Theorem 2.8.

(1). — Making use of Proposition A.18, let & € ., be an admissible
C®°-structure on PY and Pg the corresponding C°° bundle. The obvious
isomorphisms o* : P* — P%i become isomorphisms P+ — Péﬁi of class

C"*t1 between C* bundles on Ui, so the given formally integrable bundle
ACS J#* of class C* on P* induce via ot formally integrable bundle ACS
J'E of class C* on Péﬁi' The hypothesis “JSi agree via v” in Theorem 2.8

is equivalent to the condition J; = J5'.
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Theorem 3.11 applies and gives o4 € F"”"H(U—i_,Pé U+) with oy|s = e,
and an integrable bundle ACS J of class C* on P¢ which coincides with J'~
on PéU, and with J'T -0, = (64)71(J'") (see Section A.5.2) on Pl

By Theorem A.22, J defines a holomorphic structure § ; on the underlying
C**1 bundle of P¢; alocal section is holomorphic with respect to b if and
only if it is J-pseudo-holomorphic (see also [33, Corollary 1.4]).

The pair (idp-,5) defines an element f € Aut’(Pv),, so &' == f(&)
also belongs to ., by Lemma A.18. Therefore f becomes a C* bundle
isomorphism Pg — Pg,. The direct image h¥ := f(h ;) will be a holomorphic
structure on the underlying C*™! bundle of P, which coincides with by on
U* via oF, because f(J) coincides with J'* on U*.

We now prove the unicity property claimed in (1): Let i, " be holomor-
phic structures (see [33, Definition 1.3]) on the topological bundle P¥ which
extend h*. Let 7/ : V! — Pg,, 7" : V' — PY, be local sections which are
holomorphic with respect to §’, respectively h”. The restrictions

!y =+ + "o.oxsn + +
7VIAUE — PE L VINUE — PE,
are holomorphic sections of the holomorphic bundle (Pgi,bi). The corre-
sponding comparison map
Grir Vinv' —@G
is continuous on the whole V/ N V" and holomorphic on both V' NV NU=,
ie. on (V' NV"”)\ S. By the extension Theorem A.19 it follows that g/, is

holomorphic on the whole VNV so 7/, 7"/ are holomorphically compatible,
so they belong to the same holomorphic structure on Pv.

(2). — Any h?-holomorphic local section 7 : V' — P is a section of class

, =t
CHt1 of P9’ so, since &' € ., its restrictions to VN U will be of class
CcrtlL. O

Theorem 2.6 follows easily from Theorem 2.8 taking into account that:

(i) Any oriented smooth hypersurface S C U separates a sufficiently
small open neighborhood Uy D S of S in U.
(ii) The problem has a local character with respect to S.

Theorems 2.4, 2.1 follow from Theorems 2.6, respectively 2.8 taking G =
GL(r,C). Using Theorem 2.1 we can prove now Corollary 2.3.

Proof of Corollary 2.3. — By the extension Theorem A.19, the locally
free sheaf £V of locally defined holomorphic sections of (EV,hY) coincides
with the sheaf

open

U D> W {feT”W,E")|o|w\s is b — holomorphic},
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which (taking into account that hv extends h* and the definition of Ev)
coincides with the sheaf defined by formula (2.1). By Theorem 2.1(2), the

restrictions of any local h-holomorphic section f € T?(W, EV) to W N Ui are
of class C**! up to the boundary, so formulae (2.1), (2.2) define the same
sheaf, as claimed. O

Corollary 2.5 follows from Corollary 2.3 taking into account again that
any oriented smooth hypersurface S C U is locally (with respect to 5)
separating.

4. Isomorphism theorems. Interpretation in terms of framed
bundles

In this section we come back to the objects considered in Section 2.3.2:
let X be a closed complex manifold, S C X a closed, smooth, oriented real
hypersurface, P a principal G bundle on X and P its pull back to Xg.

4.1. The proofs of the isomorphism theorems

We begin with the following remark which will be used in the proof of
Theorem 2.17:

Remark 4.1. — Any gauge transformation f € Qa)?(ﬁ) descends to a

continuous gauge transformation ; on P which is of class C*T! on X \ S and
is identity on S.

Proof of Theorem 2.17. — The second claim of the theorem is a special
case of the first, so we will prove only the first.
Injectivity. — Let Jy, Jo € I and | € gf)? = I'"**1(X,(P)) be such

that :]\2 = fl -f, where jl is the pull back of J; to P. Tt follows that Jo =1 f
on X\ S.

Let G x G act on G from the left by
p((a,b),g) = agb™!
and note that «(P) := P x, G can be identified with the associated bundle
,u(P><XP) = (PXXP) X#G.

The pair (Jy, J2) defines an integrable bundle ACS of class C* on P xx P,
so a holomorphic structure by, s,y on the principal G x G-bundle P x x P.
The known
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PROPERTY 1. — Jy = J; f on X\ S.

is equivalent to:

PROPERTY 2. — §, regarded as a section in the bundle u(P xx P), is
holomorphic with respect to the holomorphic structure (induced by) B(gi,To)s
on X\ S.

By Remark 4.1, } is continuous on X, and by Corollary A.20 it follows
that § is in fact holomorphic with respect to (s, s,) on whole X. Using

Corollary A.23 we infer that ? is of class C"*1 on X, and the relation J = .J; f
extends to X.

Surjectivity. — Let J € I%i be a descendable formally integrable bundle

ACS on P. We have to prove the existence of a pair (J,s) € I} x gf)? such
that J-s = .J.
Let
SxRZSU—— X

be a tubular neighborhood of S which is compatible with the orientation
of its normal bundle associated with the complex orientation of U and the
fixed orientation of S. Put

U =u(S xRL), U =v(S x Ry).

The disjoint union U HU+ = (75 is a neighborhood of S = (‘3)?5 in )?S,
so the restriction of J to this neighborhood gives formally integrable bundle
ACS J* of class C* on P The assumption “J is descendable” is equivalent

to the condition Jg = J;.

By Theorem 3.11 there exists o € T*+1(T 1(Pg+)) which is constantly
e on SUr([1,400)) and an integrable bundle ACS Jj of class C* on Py which
coincides with J~ on Ex- and with J* - oy on Pg+.

We define oy € I‘"“(US, L(ﬁ)) using the constant section e on U  and
o4 on U". Since o is constantly e above Ug \ v(—1, 1)g, it extends to X

giving a global section s € F”"“‘I(X,L(ﬁ)) which is constantly e on S and
satisfying

J-s= J
for an integrable bundle ACS J of class C* on P which coincides with Jy
on Py.

The pull-back map J +> J is obviously continuous. Using Theorem 3.11
we also infer that, for x # 0o, o4 (so also o and s) can be chosen to depend
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continuously on (J~,JT), so, with this choice, J will depend continuously
on J. This proves the continuity of the inverse of the pull-back map. O

Remark 2.18 concerning the case k = oo follows from the following simple

LEMMA 4.2. — Let X, Y be sets and, for any i € I, let X;, Y; be topo-
logical spaces, and f; : X; = Y;, a; : X — X;, b; : Y = Y; be maps such that
the diagrams

X, Iy,
1
!

X ——Y
are commutative. Endow X (resp. Y ) with the coarsest topology which makes
all maps a; (respectively b;) continuous. Then

(1) If all f; are continuous, then f is continuous.
(2) If all f; are homeomorphisms and f is bijective, then f is a home-
omorphism.

Proof. — (1) follows from the universal property of the initial topology
on Y defined by the family of maps (b;)scr. For (2) put g :== f~1, g; == f;l
and note that for any i € I,

ficaiog=biofog=0b;=fiogiob,

so, since f; is injective, we have a; 0 ¢ = g; o b;. Therefore, since all g; are
continuous, it follows by (1) that g is continous. a

Theorem 2.16 is a special case of Theorem 2.17.

4.2. Interpretation in terms of framed bundles

The moduli spaces Ms(P), M,5(P) intervening in Theorem 2.17 have
“abstract” interpretations in terms of isomorphism classes of framed (for-
mally) holomorphic bundles:

DEFINITION 4.3. — Let X be a closed complex manifold, S C X a closed
real hypersurface and ® a fizred C*° G-bundle on S (a framing bundle).

An S-framed G-bundle of type (®,x+ 1) on X is a pair (P,0), where P
is a holomorphic G-bundle on X and 6 : ® — Pg is a bundle isomorphism
of class C*t! on S.

An isomorphism (P,0) — (P',0") of S-framed holomorphic bundles of
type (D, k+1) is a holomorphic isomorphism f : P — P’ such that fgof = 0'.
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Let ® be C*> G-bundle on the boundary 0X of a compact complex manifold
with boundary X.

A boundary framed formally holomorphic bundle of type (®, k+1) on X is
a triple (P, J,0), where P is a C°° G-bundle on X, J is a formally integrable
bundle ACS of class C* on P, and 0 : ® — P,% is a bundle isomorphism of
class C*t1 on 0X.

An isomorphism (P, J,0) — (P’,J',0") of boundary framed formally holo-
morphic bundles of type (®,k + 1) is a pseudo-holomorphic isomorphism
f:(P.J)— (P',J') of class C"** on X such that fyz 00 =10".

In the special case when G = GL(r,C) and ® = S x C", one recovers the
notions of an S-framed, respectively boundary framed bundle as used in [6,
Theorem 1] and explained in the introduction of this article.

Comparing the two definitions note that, whereas a holomorphic G-
bundle on a closed complex manifold has a canonical C*°-structure and any
holomorphic isomorphism of holomorphic bundles is C*°, this is no longer
true for formally holomorphic bundles and formally holomorphic isomor-
phisms on manifolds with boundary.

Let P be a C* G-bundle on X, ® a C** G-bundle on S which is isomorphic
to Ps, and 6y : & — Pg a fixed bundle isomorphism of class C*.

By Theorem A.22 (see also [33]), a bundle ACS J of class C* on P defines
a holomorphic reduction b of the underlying C**!-bundle of P. We obtain
a holomorphic bundle P; = (P, ;) and the identity isomorphism idp : P —
P, is an isomorphism of class C*t! between C*-bundles, so 6y : & — Pg
becomes a bundle isomorphism of class C**1 if Pg is endowed with the C*°
structure induced by the holomorphic structure of P;. The pair (Py,0y) is
an S-framed holomorphic bundle of type (®,x+ 1) on X.

Similarly, let P be a C* G-bundle on X, ® be a C* G-bundle on X
which is isomorphic to Py and 6y : & — P,% a fixed bundle isomorphism
of class C*.

PROPOSITION 4.4. — With the notations and definitions above

(1) Let P be a C*™ G-bundle on X. The assignment
J-GE —— the isomorphism class of (P, 0)

gives a bijection between the moduli space Mg(P) and the set
Mg (P, 0y) of isomorphism classes of S-framed holomorphic bun-
dles of type (D,k + 1) on X which are topologically isomorphic to
(P, bp).
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(2) Let P be a C* G-bundle on X. The assignment
J- gé} —> the isomorphism class of (P, J, 6p)

gives a bijection between the moduli space My (P) and the set
My (P, 0o) of isomorphism clcksses of boundary framed holomorphic
bundles of type (P, k + 1) on X which are topologically isomorphic
to (P, 90) .

Proof.

(1). — For the injectivity, let J, J' € Jf. An isomorphism f : (Py,60y) —
(Pjs,0p) in the sense of Definition 4.3 is an holomorphic isomorphism f :
Ps — Py such that fgobfy = 6y, i.e. such that fg = idp,. On the other hand,
using Corollary A.23 as in the proof of Theorem 2.17, we see that, since J,
J' are of class C®, f is of class C"*1. Therefore f € GE. On the other hand,
the holomorphy of f: P; — Py means J =J' - f,so J-GL =J"-GL.

For the surjectivity, let (P, ) be an S-framed holomorphic G-bundle of
type (®,x + 1) on X which is topologically isomorphic to (P,6). There-
fore there exists a topological bundle isomorphism ¢ : P — P such that
gs o 00 - 9

Recall that the differentiable and topological classifications of principal
bundles on differentiable manifolds coincide, so P, P are also isomorphic
as differentiable bundles. Let gg : P — P be a C* isomorphism which is
sufficiently close to g in the C%-topology such that (gy Lo g)s takes values
in the disk bundle ¢(Ps)o obtained by applying Proposition A.15 to the
bundle Ps. Since (go_1 0g)s = 90_31 ofo 90_1 is of class C**!, it follows
by this proposition that (g ' o g) can be written as exp(\) for a section
A € TRTH(S, Ad(P)).

By Corollary A.13 (for m = 0) there exists an extension p €
'*+1(X,Ad(P)) of A\. The bundle isomorphism f = goexp(u) : P — P
is of class C**! and extends gg = 90961. The pull back J := f~1(Jp) of the
canonical bundle ACS Jp of P is an integrable bundle ACS of class C* on
P and f gives and isomorphism (Pjy,80) — (P,0) of S-framed holomorphic
G-bundles of type (¢, + 1) on X.

(2). — The injectivity is clear. For the surjectivity let (Q,I,0) be a
boundary framed formally holomorphic bundle of type (®, x+1) on X which
is topologically isomorphic to (P,6y). Therefore there exists a topological
bundle isomorphism g : P — @ such that g, o 6y = 0; in other words
g is a continuous extension of 6 o 0 ! We use the same method as above
to replace g by an extension f : P — @ of 6 o 00_1 which is of class C*t1.
Putting J = f~1(I) we see that f is an isomorphism (P, J,0) — (Q,I,6)
of boundary framed formally holomorphic bundles of type (®, s + 1). O
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Remark 4.5. — In terms of abstract boundary framed formally holomor-
phic bundles, the descendibility condition if Definition 2.15 becomes Let P
be a C* bundle on S and P = Pg- U Pg+ its bull-back to GXS =3 =
S~ UST. A boundary framed formally holomorphic bundle (2,7, 0) of type
(<I>§, k+1) on X s is descendable if and only if the tangential almost com-
plex structures Jg+ induced by J on ® g+ via 6 agree via the obvious bundle
isomorphism ®g- — b*(Pg+).

Similarly, if S separates X, a pair ((Q—,1-,0-),(Q+,I+,0+)) of bound-
ary framed formally holomorphic bundles of type (®,x + 1) on X * corre-
sponds to a point in the fiber product M, = (P~)xzM %+ (P*) intervening
in Theorem 2.17, if and only if I induce the same tangential almost complex
structures on ® via 5 and the identifications 0.X *_ S.

5. Examples

Throughout this section we fix k € (0, +o0] \ N and a connected complex
Lie group G. Let X a Riemann surface, and Y C X a connected open subset
whose closure Y is a compact surface with smooth, non-empty boundary
oY =V \Y.

PROPOSITION 5.1. — For any C™® principal G-bundle P on'Y and bundle
ACS J of class C* on P, there exists a J-pseudo-holomorphic section 1y €
T(Y,P)wy1. In other words, for any such pair (P,J) there exists a pseudo-
holomorphic bundle isomorphism (Y x G, Jo) — (P, J) of class C**1, where
Jo is the standard bundle ACS on the trivial bundle Y x G.

Proof. — Since Y # (), Y has the homotopy type of a bouquet of circles.
Taking into account that G is connected, it follows that any topological
(differentiable) G bundle on Y is trivial, so we may suppose that P = Y xG.
Let N be a tubular neighborhood of Y in X and Y := Y UN. Therefore Y
is an open neighborhood of Y in X which is homotopically equivalent to Y.

The bundle ACS J is defined by a form a; € T*(Y, /\O{?1 ® g) (see
Section A.5.2). By the extension Corollary A.14 there exists an extension
a e (Y, /\031,1 ® g) of ay. The form & corresponds to a bundle ACS J of
class C* on Y x G which extends J. By the Newlander—Nirenberg Theo-
rem A.22, J defines a holomorphic structure on the underlying C**! bundle
of Y x G. This structure is trivial by Grauert’s classification theorem of holo-
morphic bundles on Stein manifolds [9], so it admits a global holomorphic
section 7. It suffices to put 79 = 7ol O
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Note that any topological G-bundle on 9Y is also trivial so, with the
notations of Section 4.2, it’s natural to take ® = 9Y x G as framing bundle
on Y. In other words, in this section, by a boundary framing of a G bundle
on Y we will always mean a trivialization, or, equivalently, a section of its
restriction to 9Y.

Consider now the special case when Y is a disk D C X. Isomorphism
classes of boundary framed topological G-bundles on D correspond bijec-
tively to homotopy classes x € [0D, G| of maps 6 : 9D — G. Since (G, e)
is Abelian, the obvious map m (G, e) — [0D,G] is injective, so [0D, G| has
a natural Abelian group structure. Endowing D with its boundary orien-
tation (induced by the complex orientation of D), this set can be further
identified with Hy(G,Z) via the map

(6] — deg(0) == H1(0)([0D]).

For a class h € H,(G,Z) we will denote by hz the corresponding isomor-

phism class of boundary framed topological G-bundles on D and by M?ﬁ(h)
the moduli space of boundary framed formally holomorphic G bundles of
class C* in this class. By Proposition 5.1 we obtain:

COROLLARY 5.2. — Let h € H1(G,Z). We have a natural identification
b 1y~ CiT(0D,G
M(’)B(h) ~ ~h ( )/HK+1(E, G)7
where CZH(E)T), G) is the space of C*t1 maps 0D — G of degree h, and
H"*(D,G) is the group of C5*! maps D — G which are holomorphic on D.

Remark 5.3. — Suppose that G is reductive, and let K C G be a maximal
compact subgroup of G. In this case the canonical map

k+1 N k+1 Y
GO K L GTODE) b

is an isomorphism. For the standard disk this is a well known factoriza-
tion theorem in loop group theory [29, Chapter 8], whereas the general case
follows using [6, Theorem 1'].

5.1. Holomorphic bundles framed along a circle in P}

Let now S C C be a smooth closed curve and Pt = U U T" be the
corresponding decomposition of ]P’(}: as union of closed disks, where

— =+
U nU" = S,0¢e U™, co € U". Note that the identifications S = oU
induce on S opposite orientations.
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Let (P,6) be a topological S-framed principal G-bundle on P{. Choose
sections 7% of the restrictions P* := P+ and let g : OU — G be the
comparison map defined by T; =T7gg.

The homotopy degree e(P) = deg(g) € H1(G,Z) is independent of the
pair (77, 71); it is a topological invariant of P; isomorphism classes of topo-
logical G-bundles over P} correspond bijectively to elements e € Hq(G,Z)
via this invariant. For a section 6 € T'(S, P) we define the maps fi : S — G
by 0 = 72 fi; these maps satisfy the identity f; = g~'f, and hf =
deg( f;t) € H,(G,Z) are topological invariants of the framed bundle (P, 9).

Remark 5.4. — Isomorphism classes of S-framed topological G-bundles
on PL correspond bijectively to pairs (e, h) € Hi(G,Z) x H1(G,Z) via the

map

(P,0) — (e(P); hy ).

For a pair (e,h) € HY(G,Z) x H'(G,Z) we denote by (e, h)py the cor-
responding isomorphism class of S-framed topological bundles on P{, and

1
by MH;C (e, h) the moduli space of S-framed holomorphic bundles of class C*
on ]P’(%: belonging to this isomorphism class. By Theorem 2.17 and Proposi-
tion 4.4 we obtain the decomposition:

M (e.h) = MT__(h) x MU (e — h). (5.1)

Consider now the case G = C* and identify H,(C*,Z) with Z in the
standard way. Mzé (e, h) is just the moduli space of pairs (L,0) consisting
of a holomorphic line bundle L of degree e on P} and a nowhere vanishing
section 0 of class C"T! and degree h (with respect to a trivialization on U )
of Ls.

Any holomorphic line bundle of degree e on P§ is isomorphic to [Op1 ().
We trivialize over P \ {00} (respectively P \ {0}) the line bundle |Op: ()]

using ¢ (respectively ¢}¢), where ¢; : C2 — C is the linear form defined
by ¢i(Zo,Z1) = Zi. Since Aut(|Opi(e)]) = C*id, we obtain an obvious
identification

M (e,h) =GR OU € (5.2)
This isomorphism combined with the decomposition (5.1) and Corollary 5.2
gives the homeomorphism

k+1l/a77 * TT 7
G OU € 2oty et (90, ) fHA (T, )

x CEHL U, CN)/H T, (5.3)
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given explicitly by

[f](C* — ([f] He+1(T,C*)? [(@1@61)76]0] H“+1(ﬁ+,(C*)>'

We are interested in an explicit formula for the inverse of this map. Note
that the map f — (p105 ")~ ¢f induces an isomorphism

CEHOU, C)/H (T, C) — e OU ) /H (T, ),
so it suffices to consider the case e = 0. We will see that the inverse of ¥ , can

be written down explicitly using the Cauchy transform and classical results
in holomorphic function theory. Recall first that the Cauchy transform
1

w0 o

u—s C%(u), C%(u)(z) = 9 Je T2

associated with the oriented closed curve S = OU  defines continuous oper-
ators N
Ccg RIS, C) — cFHI(TT, )
(see [25, Section 2.22] and [35, Theorem 1.10 p. 22, formula (3.3) p. 23])
satisfying the Plemelj—Privalov formula
CS(u)s — CF (u)ls = u (5.4)

(see [25, formula (17.3) p. 43]).

Let f=, ft € C*""(S,C*) be maps of degree h (respectively —h) with
respect to 0 (respectively oo). Therefore deg(f*) = h with respect to 0.

Let ¢ € C**1(S,C) be such that exp(y) = f¥/f~. By (5.4) we obtain
eC(@)s=CF(@)ls — F/f, s0

S S
eCZ(9) lsf~ = eC+(‘f’)|Sf+.
Noting that eC2(0) ¢ H”H(Ui, C*) and putting
fo= ec§(¢)|5ff — eCf(sO)|Sf+
we see that C* f is the pre-image of the pair ([f_]le(U’,C*)’ [f+]H~+1(ﬁfC*))
via Wq 5. Therefore W, }L is given by the explicit formula:

- [eci(log(ﬁ/ﬁ)b]ﬂi} (5.5)

\Il()i,}t([fi]]{rwrl(ﬁ_,(c*) ) [er] HN+1(U+7(C*)) ="

Remark 5.5. — Combining the isomorphism (5.3) with Remark 5.3, we
obtain an isomorphism

K 7T * K IT K Tt
Cthl(aU 7(C )/(C* i>Ch+1(a[] 751)/51 X Cejli(aU 751)/51.

This is a typical example of identification obtained by combining the
isomorphism Theorem 2.17 with Donaldson’s Theorem 1’.
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5.2. Holomorphic bundles framed along a circle in an elliptic curve

As in Example 2.13 of Section 2.2.2, let @ € C* with |a| < 1 and X =
C*/(a) be the associated elliptic curve; let D C C be a smooth compact disk
such that aD C D, Q := D\ aD, Q := D\ aD. Endow the curves ST := 9D,
S~ := aSt = d(aD) with their boundary orientations.

As noticed above, since we assumed G connected, any differentiable G
bundle on Q (99Q) is trivial. Taking as in the previous section ® = 9Q x G
as framing bundle, we see that the data of a topological boundary framing
of the trivial bundle Q x G is equivalent to the data of a pair (7+,77) of
continuous maps 7* : S* — G.

Remark 5.6. — The formula [(Q x G, 77, 77)] — deg(7y) —deg(7_) gives
a bijection between isomorphism classes of boundary framed topological G-
bundles on Q and Hy(G,Z).

For a class h € H1(G,Z) we denote by hg the corresponding isomorphism

class of boundary framed topological G-bundles on Q and by Mgﬁ(h) the
moduli space of boundary framed formally holomorphic G bundles of class
C" in this class.

Let H*(Q, G) be the group of C**! maps Q — G which are holomorphic
on Q and H? (Q,G) == {f € H*(Q,G)| deg(f) = m}. Using Proposition 5.1
again we obtain:

COROLLARY 5.7. — Let h € H{(G,Z) and n € Z. We have natural
identifications

M= ( TL 7,61 5570 ) e 0.
meZ
= (ChT(S*.G) x CEL(S7,G)) /Hg (R, G).

(5.6)

Suppose now that G is reductive, let K C G be a maximal compact
subgroup of G and let Mgﬁ(h) be the moduli space of boundary framed
flat K-connections of topological type hg and class C* modulo the gauge
group C*T1(Q, K). Using [6, Theorem 1’] it follows that the canonical map
Mgﬁ(h) — Mgﬁ(h) is a homeomorphism. The moduli space Maﬁﬁ(h) can be
easily described as follows:

Identify 2 with the quotient O/H, where ¢ : O — ) is a universal cover of
Q and H := Autg(9). Let hg € H be the generator of H which corresponds
to the generator of positive degree of the fundamental group of Q. For any
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a € Klet a: H— K be the group morphism which maps hy to a. Put
&% = ¢71(S*) and note that the space
A = {(a,tT,t7) |t € CET (6%, K)}
comes with a natural free K-action given by:
b-(a,t7, ) = (bab™ !, btT,bt7).
Let f : G" 58 beaH -equivariant lift of the diffeomorphism S* > z
az € S~ and note that, for ¥ € CiT1 (6%, K), the product (t~ o f)~ 't :
&+ — K is H-invariant, so it descends to a map [(t~ o f)~1tF] : ST — K
whose degree deg([(t~ o f)~!tT]) € H1(K,Z) = Hy(G,Z) is independent of
the choice of §. The subspace
A(h) = {(a,t, ) | € € CH(SF, K), deg([(t o)1) = A} C 2

is K-invariant. Let (a,tt,t”) € . The principal K-bundle P, == O x; K
comes with a canonical flat connection A, and the maps t* can be interpreted
as sections of class C**1 of P,|g+.

Remark 5.8. — The map
A(h)/K — Mis(h), K- (a,t7,67) — [Aq 7, 1]

is a homeomorphism.

This remark gives a simple description of the Donaldson moduli space
M gﬁ(h) of boundary framed flat K-connections on an annulus.

On the other hand, note that the G-bundle P¢ := 9 x; G comes also
with a flat connection, so with a canonical bundle ACS J,. Making use of
Proposition 5.1, let t € T'(€, PC),.+1 be a J,-pseudo-holomorphic section and
let 7+ : @ — G be the maps defined by the formulae t* = tr*. The pair
(r7,77) is independent of the choice of 7 up to the H**1(Q, G) action. In
conclusion, combining Corollary 5.7 with [6, Theorem 1] we obtain

Remark 5.9. — We have a natural homeomorphism

Ah)/K < [T crri(st, ) = Cfntlh(s_aG)> JH™H(Q,6)

mEeZ
given explicitly by K - (A,,tT,t7) — H*(Q,G) (T, 77).

Our next goal is to make explicit the isomorphism given by Theorem 2.17
and its inverse in the special case when X is the elliptic curve C*/{(a), S is
the image of S* in X and G = C*. Note that )?S can be identified with Q.
Isomorphism classes of S-framed C*-bundles over X correspond bijectively
to isomorphism classes of C*-bundles on X. This follows taking into account
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that the restriction map C(X,C*) — C(S,C*) is surjective, so the automor-
phism group of a topological C*-bundle P on X acts transitively on the space
of continuous sections of Ps. For e € Z let ep1 be the isomorphism class of

S-framed topological C*-bundles (P, s) with deg(P) = e, and let M2 (e) be
the corresponding moduli space.
Putting Pic®(X) := {[L] € Pic(X) | deg(L) = e}, we have:
Remark 5.10. — The natural map
MZ(e) — Pic?(X), [(P,s)] — [P x¢~ C]
is a principal bundle with structure group C**1(S,C*)/C*.

Taking into account Theorem 2.17, Proposition 4.4 and Corollary 5.7, we
obtain:

COROLLARY 5.11. — We have a natural homeomorphism

v, ME(e) = (H CrL(S*,C") x cgile<s,c*>>/H”+1<ﬂ,<c*>
mEZ
defined as follows: for an S-framed holomorphic C*-bundle (P,s) on X, let

(P,3) be the pull-back boundary framed formally holomorphic bundle on 2,

§F = 3|+ and let T be a pseudo-holomorphic section of P. Then W ([P, s]) =

(f+, f), where f*: 8% — C* are defined by the formulae 5% = 7f*.

Choosing 7 such that deg(f*) = n in the definition of p, we obtain a
homeomorphism

W ME(e) =5 (CF(S7,C7) x Gl (S™.C) /B @.CY), (5.7)

which is an analogue for elliptic curves of the homeomorphism (5.3) obtained
by applying Theorem 2.17 to IP’}C. We are interested in an explicit formula
for the inverse

Vo (ChHH(ST,CY) x CitH(s7,C7)) /HGTH(Q,C) — M5 (0)

corresponding to the special case e = 0. Let f* € C5H1(S*,C*) and let ¢ €
Cr1(ST,C) be such that for any z € ST, we have e¥(z) = f*(2)f (az)~t
With the notations introduced in the previous section, put

e () = 07 () - O (9)(0),
and define 1 : @ — C* by the formula:(%

W(z) =Y €5 (p)(ah2) + T () (a7
k=0 k=1

(4) The idea to define 1 in this way and formula (5.8) are due to Alexander Borichev [4].
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Noting that €5" ()(0) = 0 by the definition of €57 (¢), and C’f+(oo) =0
by [25, p. 23], it follows using Lemma 5.12 proved below that both series in
the definition of ¢ are normally convergent on 2. Moreover, writing

¥(z) = €5 ()(2) + 5 (9) ch ZC“ a~kz),

using the properties of the Cauchy transforms Ci mentioned in the previous
section, and noting that the two sums on the right extend holomorphically
to a neighborhood of €, it follows that v € H**1(Q, C).

For any z € Q we have
+ + +
¥(2) = Plaz) =€ (p)(2) = CF (9)(2) = 9(2) = CZ () (0),  (5.8)

where, for the last equality, we used the Plemelj—Privalov formula (5.4).
Putting \ := ¢ RN OIO) € C*, g* = e ¥|g= f*, this implies

VzeSt, g’(az) =gt (2). (5.9)
Let Py be the flat holomorphic C*-bundle over X = C*/{«) defined by

\ = CF x C*/{(a, ) = 2 x €/ R,
where 2 is the equivalence relation generated by the set of pairs
{((z*,Q), (az™, X)) |2+ € 8T, (e C}.

Formula (5.9) shows that (g%, g~) defines a section g € I'(S, Py)"*!, and
that

\IIO,n([P/\ag]) = [g+7g_]Hg+l(§7C*)'
On the other hand, the definition of g% gives (¢7,97) = e ¥ (f*, f7),
where e™% € HFT1(Q,C*), so
[f“r, fi]Hgi’l(ﬁ,C*) — [g+’ gf]HS#»l(ﬁy(c*).
Therefore
\Il(;,:z([f-’_a f_]Hngl(ﬁ,c*)) = [Py, g (5.10)
LEMMA 5.12. — Let r > 0 and u be a holomorphic function defined on
a neighborhood of the standard compact disk D, C C such that u(0) = 0.

(1) For any z € D, we have

u(2)] <77 sup Ju(Q)]|z].
CES,
(2) Let a € C* with |a| < 1. For any (2,k) € C x N such that o*z € D,
we have
u(a*2)] <77 af* sup [u(Q)]2]

T

- 626 —



Holomorphic bundles framed along a real hypersurface

Proof. — For (1) apply the Maximum Principle to the holomorphic ex-
tension of the function z — z71u(z) on D,.. (2) follows directly from (1). O

5.3. S-framed holomorphic SL(2,C)-bundles on P}

We come back to the decomposition Pt = U U U associated with a
closed curve S C C as considered in Section 5.1. We are interested in the
moduli space of S-framed SL(2, C)-bundles on P}. We will use the vector
bundle formalism, so in this section by SL(2, C)-bundle we mean a holomor-
phic vector bundle of rank 2 endowed with a trivialization of its determinant
line bundle. By Grothendieck’s classification theorem [12] the map

N3 n+— |On)| & |O(—n)|

is a bijection onto the set of isomorphism classes of SL(2, C)-bundles on P{.
In the above formula we used the notation |£| for the line bundle associated
with an invertible sheaf £. Denoting by C[Zy, Z1]q the space of homogeneous
polynomials of degree d in Zy, Z1, note that

Aut(|O(n)| ® [O(=n)|) = {{(‘5 L) |aeCr, PeClZy, Zi)on} ifn>0.

On the affine line C C PL we trivialize the line bundles |O(1)|, |O(—1)| using
respectively the linear form ¢y defined in Section 5.1 and the meromorphic
section & of the tautological line bundle |O(—1)| given by

P' 5 ¢ =[Zy, Z1) — <1, ?) € |0(=1)le.
0

The matrix of A = (¢ ©,) with respect to the basis (pf™, &™) is A =

0a"?t

(“ pls ) where p € Clz]<an, p(2) = P(1,z) is the dehomogenization of P

0a?!

with respect to Zy. We obtain:

PROPOSITION 5.13. — The moduli space Mg of S-framed SL(2,C)-
bundles on PL admits a natural stratification Mg = L, en MY, where

MY =" F1(S SL(2,C))/SL(2,C),
M =" (S,SL(2, (C))/{ (g a&)

For any n € N, M% is open in M% =

aeC* pe (C[Z]gzn} forn > 1.

M

m2>=n
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Therefore any stratum MY is an infinite dimensional homogeneous Ba-
nach manifold obtained by factorizing a Banach Lie group by a finite dimen-
sional affine algebraic subgroup. Theorem 2.17 gives a homeomorphism

Mg —= C*H U ,SL(2,C))/H" (U ,SL(2,C))
% CPHHOT T, SL(2,C))/H" (T, SL(2,C))

induced by the obvious restriction map. Combining this result with [6, The-
orem 1'] applied to the two factors on the right, we obtain:

COROLLARY 5.14. — The product

k+1l/a77 s T "
crti(oU ,SU(Z))/SU(Q) « CTHOT ’SU(2))/SU(2)

can be identified with the moduli space Mg = [[,cy M of S-framed holo-
morphic SL(2, C)-bundles on Pf.

Appendix
A.1. Lipschitz spaces, spaces of maps and sections of class C*

In this section we will introduce the spaces: Lip™(R",T), Lipg.(F,T),
Cc*(U,T), C(U,T), T*(U, E), T"(U, E).

Let T be a finite dimensional normed space, k¥ € N and f € C*(R™,T).
The order k remainder of f is the map R™ x R® — T defined by
1
Ri(e,y) = f(2) = > 70'f)(=—v)"
o<|iI<k

Using the integral formula for the order k — 1 Taylor remainder, we obtain

RbGe,) = B () — 3 30 0)e — )
X u|1 k
=k / (A=t 1y S[0'f(y+tw =) = 8 f ()] (@ —w)'dt, (A1)
0 =k

which gives the estimate

| RS (z,9)]| < cln, k)| :FP]HGZ (y+tz—y) =0 fWllllz—yl*. (A.2)
Il o
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Applied to the C*~17l map 97 f for |j| < k, formula (A.2) gives

HRSI}” (z,9)l|

<ce(n, k—[4])]] tin] 107 f(y+t(z—y)) — P f ()|l —y)*1T (A3)
i

Let now k € (0, 400)\N. We denote by Lip”(R"™, T') the order x Lipschitz
space in supremum norm, as defined in [18, p. 2], [31, p. 176]:

Lip"(R",T) = {f € CH/(R", T) | || f[luip~ < o0}, (A4)
where
SUPR~ ||<9]f|| M, for |j| <[], and
[ fl[Lipe = inf§ M € Ry |0 () — & f(y)l| < Mlw —y||*~ I oo (A5)
for |j| = [x], =, y € R"

Using formulae (A.2), (A.3) for k =[], it follows that
Remark A.1. — For any f € Lip®"(R™,T) and any j € N" with |j| < [k]
we have an estimate of the form:

1R )| < Myl — gl

This justifies the following definition (see [31, p. 176], [18, p. 22] for R-
valued functions, and [3, Definition B1] for maps with values in a Banach
space):

DEFINITION A.2. — Let k € (0,+00)\N and F C R"™ be a closed subset.
A T-valued Whitney jet of order k on F is a family f = (f(j))og‘j‘g[ﬂ] of
bounded continuous maps f9 : F — T such that, putting

K ; 1 .
Rz, y) = fO@) - Y ﬁf(]”’(y)(w -y,
o<t <In]— 1]

we have estimates of the form HRJ f(:U Yl < Mjllz —yl|*~Y on F x F.

Endowed with the norm

1F D @) < M, 1RV (2, 9)ll < Ml -y~ 'J'}

ipk = lnf M e R
[IFllLip { "\ for any (z,y) € F x F, j € N* with |j] < [«]

the space Lipgn (F,T) of T-valued Whitney jets of order x on F becomes
a Banach space. The role of the subscript g» in our notation is to avoid
confusion with the space Lip”(F,T) in the sense of (A.4) in the special case
when F' is an affine subspace of R (in which case F' can be identified with
a space R™ with m < n).
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We refer to [31, Theorem 4, p. 177], [18, Theorem, p. 23] [3, Theorem B.2]
for the following fundamental:

THEOREM A.3 (Whitney extension theorem for jets of order k). — Let
k € (0,400)\N and F C R" a closed set. There exists a continuous extension
operator
&y : Lipga (F,T) — Lip"(R",T)
such that, putting f = E.(f), we have & f|p = fU) for any j € N™ with
I < [k] and flgm\p € C(R™\ F,T).

For the C* property of f on R™\ F, see the comments of [31, p. 173,
179].

Let H C R™ be an open half-space bounded by an affine hyperplane
S C R™. We endow the space
Lip®(H,T) = {f € C°(H,T) | 3 f € Lip"(R",T) such that f|z = f}

with the quotient norm induced by the obvious linear isomorphism

Lip” Rn,T =~ L K(TT

For f € Lip"(H,T) and j € N" with |j| < [x] we put &7 f = 8j]7|ﬁ7
where f € Lip"(R™,T) is an extension of f to R™. Note that, by Whitney
extension Theorem A.3 and [18, Corollary 1 p. 42]), the space Lip"(H,T)
can also be identified with the space Lipfi. (H,T) of Whitney jets of order &
on H via the map

Lipg. (H,T) 3 f= (f(j))|j|<[,€] — O = fe Lip™(R",T).

Via this identification we have 87 f = fU). Similarly, for m € N, the Fréchet
space C™(H,T) can be identified with the Fréchet space of T-valued Whit-
ney jets of class C™ on H (see [8, Section 1.1] for the Fréchet structure on
the space of Whitney jets of class C™). By Whitney extension Theorem for
Lipschitz spaces, the original Whitney extension for C*-spaces ([8, 36]) and
Seeley’s extension theorem [30] for C*°-spaces, we have

PROPOSITION A.4. — For r € (0,+00) \ N there exists a continuous
extension operator Lip®(H,T) — Lip™(R™,T). For m € NU{oo} there exists
a continuous extension operator C™(H,T) — C™(R", T).

Put R? := R x Ry, where Ry = %[0, +00).

LEMMA A.5. — Let a € (0,1), My € Ry and let Fy : Rt — T be such
that F+|Rn71><{0} = F_|Rn71><{0} and

1Fx () = Fe()ll < Mellz —yl* V¥ (2,y) € (RL)?.
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Let F be the mutual extension of Fi to R™. Then
[F(2) = F(y)| <27 *max(M_, My)|lz —y[|* ¥ (2,y) € (R")*.
Proof. — Note first that

1
sup  ————|[F(2) — F(y)| < max(M-_, My).
ety 17—yl
TFY

It remains to estimate |F(z) — F(y)| in terms of ||z — y||* when z =
zy €R? and y =x_ € R™. Let g € [z_, 24| N (R"! x {0}). We have
1F(zy) = Flz )l < |1F(zy) = F(zo)|l + [[F(x0) — F(z )
< Myllas — zoll® + M._|lzg — 2_|°
< max(M_, My )([l24 — woll® + w0 — 2_[1%).

Using standard estimates between the norms || - ||, (1 < p < +o0) on R” we
obtain:
24 = 2ol + llwo — 2| = [[([[x+ — 2ol [lxo — 2 -[|*)[l2

<27l = @ol1* llwo — 2 [1*)]] 2
= 2'7(lz4 — zoll + llwo — a—[)* = 2" |lwy — 2% O

PROPOSITION A.6. — Let k € (0,00) \N. Let Fy € Lip"(R%,T) be such
that

8jf’j—thflx{o} = 6jF+|1Rnflx{o} for || < [x],
and let F be the mutual extension of Fyx to R™. Then F € Lip"(R"™), and
1P i < 217 max (| F- ips, [|F4 |Lip=).
Proof. — For j € N™ with |j| < [k] let FV be the mutual extension of
09 Fy to R™. We prove that

CLAIM. — For any j € N™ with |j| < [k] — 1, F7 is differentiable and
O;F7 = Fitei for1 <i< n.

The claim is clear on R™ \ (R"~! x {0}), so let y € R"~! x {0}. We know
that

. 1 . iy
Fllzs)— > wFIM @)@ —y)'|| < Myfas —y|* V!
li+U<R]

for x4+ € RY, where My = ||Fy||Lip=. Since x — || > 1, this implies
lim

i Tex =l

F(x) ZFﬁe )+ —y)'
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Therefore

ZFJJF@Z (x — )l

lim
2=y Hw—y\l

:07

which proves the claim.

Using the claim it follows by induction that F' is [k] times differentiable,
and &' F = FJ for 0 < |j| < [], in particular

sup |9/ | < max<supaﬂF I sup|afF+||> max(My, M_).

To complete the proof it suffices to apply Lemma A.5 to the maps 8’/ F.. for

4 = [~]. 0
PROPOSITION A.7. — Let k € (0,+00) \ N. There exists continuous op-
erators

. @ Lip"*(R™,T) — Lip"(R",T)
0<s<[.‘£]

with the following property: putting A == E.((As)ogs<(x]) we have
Va' e R"1 95A(2),0) = Ay(2) (A.6)
for 0 < s < [k]. Similarly, for any k € N there exists a continuous operator
P c® 1) — CHR,T)
0<s<k
such that (A.6) holds for 0< s<k. In both cases A is C*° on R™\ (R"~1x{0}).

Proof. — Let (Ag)ogs<[n] € ®O<s§[ﬁ] Lip"ﬂ”fs(IR"’1 T). For any j =

(j1s -y Gn) = (5", Gn) € N® with |j]| = || +jn < [K] let a) € CO(R™ 1 x {0}, T)
be given by

aD(z',0) = &7 A;, (2). (A7)
We prove first that

CrLAaM. — The system a = (a(j))ogmg[ﬁ] belongs to Lipg. (R"~1x{0},T)
and

(As)ocssin) — @ = (@9)ogji<(
defines a continuous operator

. @ Lip" *(R",T) — Lipg. (R x {0}, 7).
0<s< (K]
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Indeed, since 4;, € Lip" 7= (R"~1) by assumption, we have the estimates

sup [lal?]| < sup 169" 45,11 < M;, = || Az, ILipr-sn for || < [5]. (A-8)

Rr—1x {

Jn

On the other hand for any 2/, ¢’ € R"~! and j = (5, j,) with |j'| + jn <
[k] we have

a0 (y)

R, 00,0/ 0) = a0~ 3 Sy oy
[7+<K] ’
= aj/Ajn (xl) - Z 7 @J "+ g ]n (y')(x/ o y’)l/
3|+ 8] =gn
R[;J] Ajn U |(le7 y/). (A.9)

For the second equality we took into account that (z' — ¢’ ,0)! = 0 for all
| = (U',l,) with I,, > 0. Since A;, € Lip"/"(R"~!,T), Remark A.1 gives
estimates of the form

”R[ﬁ] dn— m( Il < M —y|=in =l (A.10)

which gives |||RI"((, ), (', 0))|l < M2 [(a’,0) — (y/,0)]*~17|. Therefore
laleipe < max{M3 |0 < 1] +5 < [+]},
which proves the claim.
For the first statement it suffices to put E, = £, o L., where
& : Lipf. (R ! x {0},T) — Lip"(R™,T)
is Whitney’s extension operator given by Theorem A.3.

For the second statement we prove that formula (A.7) for |j| < m defines
a continuous operator from Py <., Cm=$(R"1,T) to the Fréchet space

of Whitney jets of class C™ on R"~! x {0} (see [8, Section 1.1]), and we
use Whitney’s original extension theorem for C™ jets. Replacing [k] by m
n (A.8), (A.9), and using (A.3), we obtain for any compact K C R""!
estimates of the form:

sup [laW[| < sup |07 4y, || for any j = (§',jn) € N" with |j| < m
K x{0} K

{IIR%((%’,O) NI
sup

Qm,t,K(a) = su " =y |7

2y e K, 0< |z —y|| <t
lj| <m
<

< csup{”@j/As(x/) — 0" Ayl

! yGK =" —y'| <t,
< j'l=m—s|
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This shows that lim;—, ¢m,¢, i (@) = 0 and gives estimates for sup ¢, 1o} a9,
SUDy~( Gm,t,k in terms of supg||07 Agl[, |7/ < m —s. O
Using Whitney extension theorem for C* maps [36], we obtain in a similar
way:
PROPOSITION A.8. — For any (Ag)sen € C®(R" L T)N there exists
A€ C*(R™,T) such that
03A(2',0) = Ay(2') for 2’ € R™™ s €N. (A.11)
Remark A.9. — Proposition A.8 gives a map C*®°(R" ™1 T)N 3 (A,)sen
A € C>®(R",T) satisfying (A.6), but such a map can no longer be given by
a continuous operator [8].
COROLLARY A.10. — Let (a;)ien be a sequence of C*°(R™,T') such that
for any 1 € N3y and any s € N with s <1 —1 we have 0;,ai|gn—1x {0y = 0.

There exists a € C°(R™,T) such that for any m € N and any s € N with
s <m we have 05(a — Y% ar)|gn-1x {0y = 0.

Proof. — Apply Proposition A.8 to the sequence (A,)seny € C(R* L TN,
where

Ag(2) = Z@Zal(x’70) = Z 2 ay(z',0). O
1=0

10

Propositions A.6, A.7, A.8 can be generalized for sections in vector bun-
dles on manifolds as follows. Let U be an n-dimensional differentiable man-

ifold and E a C* K-vector bundle of rank r on U, where K € {R,C}. Let
Ay be the set of all charts (the maximal atlas) of U and Tg the set of local
trivializations of E. For 6 : Eyy — V xK" € Tg we put 8/ := pgrof : V — K".

DEFINITION A.11. — Let x € (0,+00) \ N. We define

(xflv)oh™! € Lip"(R",T)

for any V hwe Ay, x € C*(V,R)

(x0 o olyv)oh™! € Lip"(R™,K")

I“(U,E) = 0 e T%U,E) | for any V25 W € Ay, By 5 VK" € Tg,
x € C2(V,R)

Cr(U,T) = {f e c'(U,T)

Similarly, for a manifold with boundary U and a C> wvector bundle E
on U, the spaces C*(U,T), T*(U, E) are defined by the same formulae, but
using charts with values in open sets W C R and the Lipschitz spaces
Lip"(R%,T) defined above.

Note that C*(U,T), C*(U,T), T*(U, E), T*(U, E), are naturally Fréchet
spaces; they become Banach spaces (in the sense that their topology can be
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defined by a single norm) when U, respectively U is compact. Definition A.11
is in accordance with Palais’ formalism [26, Section 7] and with the definition
of the spaces A, for manifolds with boundary [10, Section 14.a]. In particular

Remark A.12. — A section 0 € TO(U,E) (0 € T'%U,E)) belongs to
I'*(U,E) (I'*(U,E)) if and only if for every € U (z € U) there exists
a compact n-dimensional submanifold with boundary W c U (W C U)
which is a neighborhood of # in U (in U) such that ol € T"(W, E).

Let S C U be a smooth, closed hypersurface and let ng C T5|S be the
conormal line bundle of S in U; this line bundle coincides with the annihilator
of Ts in the restriction T{}l ¢ of the contangent bundle T7; of U to S.

Let I, m € N with [ < m. Let o € T™(U, E). We'll say that order [ jet
of s along S vanishes, and we write j5o = 0, if the order [ jet jlo of o at
vanishes for any € S. If this is the case and [ < m, the intrinsic derivative
Do e T=1=1(S, g S Es) or order [ + 1 is defined, and D5 ™o =0
if and only if j5 o = O (Section A.6 for details).

COROLLARY A.13.

(1) Let k € [0,+00) and m € N with m < [k]. There exists a continuous
operator

Ef i T8, n52™ @ Eg) — (U, E)

such that, for any b € T5~™(S,n®™ ® Eg), putting o = E§,,.(b),
we have
j@ o =0 (ifm=>1), D¥o =b, (A.12)

and J|U\S S FOO(U\S E)

(2) Letm € N. For anyb € (S, n5®"®Eg) there exists o € I'°°(U, E)
such that (A.12) holds.

(3) Let (a1)ien be a sequence of T°°(U, E) such that ji *a; = 0 for any
1 > 1. There exists a € I°(U, E) such that j3"(a—>";"qa;) =0 for
any m € N.

Proof. — Let us first prove (1). Put Ef = Efoef,, FF = Fko fk
where

er, : Lip" "(R" 1, T) — P Lip™ *(R*',T),
0<s<[x] (A.13)
frockr @ Ty — @ R T
0<s<k
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are the obvious embeddings. Let (V; LY R™);er be a system of charts of U
and (Ey, % v, x K™);er a system of trivializations of E such that

(1) The family of open sets (V;)ier is locally finite and | J,c; Vi D S.
(2) V; is compact and h(V; N S) = R"~1 x {0} for any i € I.

Via the identifications provided by h; and 6;, the operators Ef,, F¥ give
operators
E§ ... :Ta™(Sn Vi,ng¥" @ Eg) — I'"(V,;, E)
satisfying (A.12). The point here is that the intrinsic derivative D%, on
sections whose m — 1 jet along S vanishes, is compatible with vector bundle
isomorphisms and diffeomorphic base changes. Let (¢; : S — [0,1]);er be a
smooth partition of unity on S which is subordinate to the cover (SNV;)er
and let, for any i € I, x; : U — [0,1] be a smooth function on U such that
sup(y;) C V; and x = 1 on a neighborhood of sup(y;) (which is compact) in
V;. It suffices to put
Eg;m(b) = ZXIEg,m,z(Qle)
il

For (2) and (3) we use Proposition A.8 respectively Corollary A.10 and
a similar argument. O

COROLLARY A.14. — Let E be a C* wector bundle on U, S C U a
separating closed real smooth hypersurface, and U\ S =U~UU™ a decom-

position of U\ S as union of disjoint open subsets such that Ui =U*US.
Put E* = E-+ and let € [0, +oc].

(1) There exists acontinuous extension operator I‘"(U—i EY)y—=T%(U,E).
(2) There exists a continuous operator
Es - {(0_,0+) e DU, B) x T5(U, E) | jW (04 —o_) = o} S TN(U, E)
with the property that, putting o = Es(o_,04), we have oz, =
Uﬂ:|ﬁi-
Proof. — (1) follows from Proposition A.4 using a partition of unity. (2)

follows from Proposition A.6 for £ € (0,400) \ N and from a similar gluing
principle for C™ maps if K = m € NU {o0}. O

A.2. The fiberwise exponential map

Let M be a differentiable manifold, G a Lie group and p: P — M a C*>
principal G-bundle on M. Let ¢ (Ad) be the interior (adjoint) action of G on

- 636 —



Holomorphic bundles framed along a real hypersurface

itself (on its Lie algebra g). Put «(P) :== P X, G, Ad(P) := P xaq g. Using
Palais’s formalism for spaces of sections in locally trivial fiber bundles [26,
p. 38|, we have:

PROPOSITION A.15. — Let v € [0, o0].

(1) The fiberwise exponential map exp : Ad(P) — «(P) maps TV (M,
Ad(P)) into TV (M, (P)).

(2) There exists an Euclidean structure h on Ad(P) such that exp maps
diffeomorphically the unit disk bundle Ad(P)y = {¢& € Ad(P) |
l€lln < 1} with respect to h onto an open neighborhood (P)g of the
identity section idp in (P). For any such h, the map exp induces
a bijection TV (M, Ad(P)g) — I'"(M, (P)o).

Proof.

(1). — The map exp : Ad(P) — ¢(P) is fiber bundle morphism between
locally trivial fiber bundles in the sense of [26, Section 10]. The claim fol-
lows from [26, Theorem 13.4] taking as base manifold closures M "c M of
relatively compact open submanifolds M’ € M with smooth boundary.

(2). — The map exp maps diffeomorphically the zero section 0pq(p) C
Ad(P) onto idp C «(P) and is fiberwise locally invertible at the points
of 0pq(p). By the relative Inverse Function Theorem [13, Exercice 14, Sec-
tion 1.§8] we obtain an open neighborhood U of 0aq(py in Ad(P) such that
exp(U) is open in ¢(P) and the induced map U — exp(U) is a diffeomor-
phism. It suffices to choose an Euclidian structure A on Ad(P) such that the
unit disk bundle with respect to h is contained in U.

For the second claim of (2), note that exp : Ad(P)y — ¢(P)o becomes
an isomorphism of C* fiber bundles in the sense of [26, Section 10], so the
claim follows again by [26, Theorem 13.4]. O

COROLLARY A.16. — Let S be a differentiable manifold and P*, C>®
principal G-bundles on S x R. Identify S with S x {0} and let v : Py — P&
be a bundle isomorphism of class CY. There exists a bundle isomorphism
extension U : P~ — PT of class C7 of v which is C* on S x R*.

Proof. — Let A* be a connection of class C*° on P*. Parallel transport
with respect to AT alongs paths of the form t +— (u,t), u € S, gives C*®

bundle isomorphisms f* : P¥ 5 PSi x R.

The bundles Pg, P;' on S are topologically isomorphic, so they are
also C*° isomorphic. Therefore we may suppose P~ = PT = P¢g xR = P
(regarded as bundle on S x R), where Pg is a C* principal G-bundle on S.
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The bundle isomorphism v can then be regarded as an element of
I'7(S, t(Ps)). Let «(Ps)o be an open neighborhood of id in ¢(Ps) as in Propo-
sition A.15. There exists a smooth section o € I'*°(S x R, ¢(P)) such that
o|s takes values in the disk bundle neighborhood ¢(Pg)ov of v. This follows
using the density of C* with respect to the strong C°-topology (see [16,
Section 2.1], [16, Theorem 2.6], [16, Exercice 3 p. 56]).

Therefore we have v = ¢~ !o|g, where ¢ € T'7(S,:(Ps)o), because v
is of class C7 and o|g of class C*°. Making use of Proposition A.15, let
1 € CV(S,Ad(Ps)o) be such that ¢ = exp(¢)). By Corollary A.13 there

exists an extension ¢ € I'7(S x R, Ad(P)) of ¢ which is C*> on S x R*. It
suffices to put ¥ = exp(—1)o. O

A.3. Gluing bundles along a hypersurface

Let U be a differentiable manifold, S C U a separating closed real smooth
hypersurface, and U \ S = U~ UU™ a decomposition of U \ S as union of
disjoint open subsets such that Ui =U*US. Let P* be a C* principal G
bundle on Ui, v €[0,00}, v: Py — P;' an isomorphism of class C7, and let
PY := P~ [], P* be the topological bundle obtained by gluing P* along S
via v. PV comes with obvious identifications P* — Pz+.

DEFINITION A.17. — A C* structure & on PY = P~ ][, Pt will be
called admissible if, denoting by P& the corresponding C* principal G-
bundle, the obvious identifications PT — Pg|Ui become bundle isomor-

phisms of class C7 on U,

Let Aut’(PV) ~ I'°(U, P x, G) be the gauge group of the topological
bundle P¥ and Aut’(P?), be the subgroup of Aut’(P?) whose elements are

the bundle automorphisms F € Aut®(P?) which induce automorphisms of
class C7 on P*.

PropPOSITION A.18. — The set ., of admissible C*° structures on PV
is non-empty. The group Aut’(P?), acts transitively on .7,. The stabilizer
of an element & € .7, coincide with the gauge group

Aut™(Pg) ~T°(U, P¢ x, Q)

of the C*° bundle Pg.
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Proof. — Let
SxRZ5 N U
be a C* tubular neighborhood of S in U such that v(S x Ry) = NN U

Let ¢: N =S, g+ : NN Ui — S be the projections induced by the obvious
projections S x R — S, S x Ry — S.

Put U* = U* U N, and let P* be a € bundle on U* which extends
P*. One obtains easily such an extension by choosing a connection A% of
class C* on P* and noting that parallel transport alongs paths of the form

Ry dt+— v(u,t), ues

gives C* bundle isomorphisms n* : ¢} (Psi) = P;{Emﬁi. Therefore it suffices
to put P* .= P+ I1,« q*(PZ).

By Corollary A.16 there exists an extension v : ﬁ;\, — ]3} of class C7
of v which is C* on N \ S. Put 9% := 0| y~y+. We obtain obvious bundle
isomorphisms

D + b p- pt o p- + _ pv
pP. e — P 11 PL — P [P =P

ot ) v
over U, where 155_ [T+ PJJr is naturally a C°° bundle, ISLT,_ 11 ﬁ‘5+ is
naturally a C” bundle, b is a bundle isomorphism of class C7 and a is a
topological bundle isomorphism. The C*> structure on P induced via a o b

is obviously admissible.

The other statements follow taking into account that Aut’(PV) acts tran-
sitively on the set of C*° structures on E". |

A.4. An extension theorem

The following extension result plays a fundamental role in this article.
Since I could not find it in standard complex analysis textbooks or articles,
I give below a detailed proof based on the regularity of the 0 operator.
My colleagues Alexandre Boritchev and Karl Oeljeklaus suggested different
proofs, which use Morera Theorem (for dim(U) = 1) combined with the
well known theorem on separately holomorphic functions (for dim(U) >
1). Another argument, suggested by Christine Laurent-Thiébaut, uses the
Hartogs—Bochner extension theorem.

THEOREM A.19. — Let U, F be complex manifolds and S C U a closed,
smooth real hypersurface. Let f : U — F be a continuous map whose restric-
tion fly\g is holomorphic. Then f is holomorphic.
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Proof. — 1t suffices to prove that statement when F' = C and U is open
in C", so suppose we are in this case. We will show that df = 0 in the
weak sense around any point z € S; the claim will follow by the regularity
property of the 0 operator.

Let Br C R?™ be the radius R ball with center Ogzn,
B = {z € Bg |42, >0}.
For t € (—R, R), € > 0 put:
Ej.% = {x € Bg | Tan zt},
E;E = {ac € E; ‘ |Ton| = 5},

= =+
Br. = {x € By ’ |zon| < s}.

Let r > 0 be sufficiently small such that B(x,r) C U and there exists
a diffeomorphism ¥ : B(z,r) — R?*" with ¥(z) = 0 and ¥(S N B(z,r)) =
R?"=1x {0}. Let ¢ € A»"~1(B(z,r)) be a type (n,n—1)-form with compact
support K C B(z,r), and let R > 0 be sufficiently large such that U(K) C
Bpg. Then

/B(w,r) 196 = /Il—l(BR) 199

= lim fO¢ + lim foo. (A.14
N0 Jw-1(By ) N0 Je-1(Bg..) (A1

Figure A.1. ¥~!(Bg).

We have used: the measure of $=1(Bg ) (with respect to any Riemann-
ian metric on U) tends to 0 as ¢ — 0. Applying Stokes Theorem to the
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form f¢ on the manifold with corners W*I(Eﬁ,g) (on which f is smooth),
we obtain

fc%:f/ 5fA¢+/ f¢>:/ 1o,
L*(Bﬁ,a) v-1(By ) av-1(Bp..) v-1(8B7..)

because df = 0 on \II*I(EE,E) C U\ S. Endowing BY, with the orientation
induced from R*"~! x {0} regarded as boundary of R*"~! x [0, +0c0), and
noting that ¢ vanishes on W~1(9Bg), we obtain (see Figure A.1):

lim fO¢ = £ lim fo==+ / fo,

N0 Jw-1(By L) NOJSw-1(BR) w1 (B)
so, by (A.14), we get fB(m ” fO¢ = 0. Therefore df = 0 around z in distri-
bution sense. O

COROLLARY A.20. — Let U, F be complex manifolds andp : § — U a
holomorphic locally trivial fiber bundle with standard fiber F'. Let S C U be a
closed, smooth real hypersurface, and f: U — § a continuous section which
is holomorphic on U\ S. Then § is holomorphic.

Proof. — This follows fromTheorem A.19 using local trivializations
around the points of S. ]

A.5. Dolbeault operators and bundle almost complex structures

We begin by recalling the well known formalism of Dolbeault operators
(semi-connections) on complex vector bundles.

A.5.1. Dolbeault operators on complex vector bundles

Let U be a complex manifold and E a differentiable complex vector bun-
dle of rank r on U. A Dolbeault operator (semi-connection) on E is a first
order differential operator

§: A°%U,E) — A®Y(U,E)

satisfying the Leibniz rule §(fo) = Ofc + fdo (see for instance [7, Sec-
tion 2.2.2], [21], [22], [33]). Such an operator has natural extensions
AY(U,E) — A%HY(U, E); the square §2 : A°(U,E) — A%2(U,E) is an
order 0 operator, so it corresponds to an endomorphism valued form Fjs €
A%2(U,End(E)). By the bundle version of the Nirenberg—Newlander theo-
rem (see Griffiths [11, Proposition p. 419] (see also [2, Theorem 5.1], [19,
Proposition 1.3.7], [7, Theorem 2.1.53]) the End(F)-valued (0,2)-form Fj is
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the obstruction to the integrability of §. More precisely Fs = 0 if and only if
around any point x € U there exists a local frame (64, ...,0,) with 66; = 0.
If this is the case, d defines a holomorphic structure hs on E characterized by
the condition: a local section s of F is hs-holomorphic if and only if do = 0.

Let now U™ C U be an open set whose closure U is a smooth sub-
manifold with boundary, i.e. vt =vutus , where S is an oriented real
hypersurface of U and oU " = S. Put B+ = Elg+, Es = Els.

A Dolbeault operator § : AO(U+,E+) — Ao’l(UJr,E*) on Et and its
associated form Fj € A0’2((7+,End(E)) are defined in the same way as for
bundles on manifolds without boundary, but, in general, the analogue of
the Newlander—Nirenberg Theorem does not hold at boundary points [32,
Proposition 1.5, Corollary 2.3]. For this reason a Dolbeault operator § on
E7 satisfying the condition Fs = 0 will be called formally integrable (not
integrable). Similarly, for a formally integrable Dolbeault operator § on E™
and an open set V C U+, a section o € T'(V, ET) will be called formally §-
holomorphic if dc = 0. This condition implies holomorphy at interior points,
but, in general, not at boundary points (not even at boundary points around
which a formally d-holomorphic frame exists).

In this article we make use of a refinement of the above Newlander—
Nirenberg for Dolbeault operators with coefficients in C* for x € (0, +00] \ N.
This result is a special case of the Newlander—Nirenberg theorem for bundle
ACS of class C* on principal bundles [33] which will be recalled briefly in
the next section.

A.5.2. Bundle almost complex structures on principal bundles

Let G be a complex Lie group, g its Lie algebra and 8 € Al(G,g) the
canonical left invariant g-valued 1-form on G [20, p. 41]. Let p: P — U be
a principal G-bundle of class C* on U. Let k € [0, +0].

DEFINITION A.21. — A bundle almost complex structure (bundle ACS)
of class C* on P is an almost complex structure J of class C* on P which
makes the G-action PxG — P and the map p : P — U pseudo-holomorphic.

Let J§ be the space of bundle ACS of class C* on P and let A% be the
space of sections a € I"(P,p;  (Ty'")* ® g'?) satisfying the conditions:

(Pa) « is invariant with respect to the G action ¢ — 'R, ® Ady on
10,1y
p* I(TUI ) ®gl’0'
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(Pb) a(aff)=a"" for any y € Pand a € g = gor C = g"* @ g*.

Here we used the notation a# for the vertical vector field associated with a.
For any J € Jf there exists a unique a; € A% such that Tgf, = ker(ay)
and the map

Jpod3J— aye A
is a bijection [33]. Via this bijection Jf gets the natural structure of an

affine space with model space AOA’(l1 (P, g'%),, the space of g':*-valued tensorial
forms of type Ad [20, Section I1.5], class C* and bidegree (0,1) on P. This
space can be further identified [20, p. 76] with the space A% (U, P x aqg°)x
of forms of class C* and bidegree (0,1) with values in the associated vector
bundle P x pq g*°. Identifying g'® with g in the standard way, we conclude
that J5 is naturally an affine space with model space A%} (U, P xaq 9)x =
A% (U, Ad(P)),.

Let J € Jp with k > 1. The map
D(P,TR5)? 3 (A, B) % —ay (A, B)

defines a g'°-valued tensorial form of type (0,2) and class C*~! on P hence
an element f; € AY(P,g"0),_1 = AY3 (P, g) 1 = A%2(U, Ad(P))._1.

The behavior of the map J — f; with respect to translations in the affine
space Jp is given by the formula

fro =17+ Es(b), (A.15)
where &7 : AYL(P,g"0), — AY2(P,g"0),_; is defined by

£ (b) :51b+%[b/\b]

(see [33, Proposition 2.9]). Here 0 stands for the Dolbeault operator on the
vector bundle P x aq gt? ~ Ad(P) associated with J.

Let W C U be an open subset, and 7 € I'(W, P) be a local section of
class C* of P. Putting

o =1%(a) € A% (W, g),.
and, denoting by f; € A%2(W, g),_1 the form associated with f; with respect

to 7, we have (see [33]):

T .7 1 T T
f7 = 0aj + 5[@1 Aaj].
This formula shows that §; can be also defined for x € [0,1) as an Ad(P)-

valued form of type (0,2) on U with distribution coefficients.

We refer to [33] for the following principal bundle version of the
Nirenberg—Newlander theorem:
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THEOREM A.22 (The Nirenberg—Newlander theorem for principal
bundles). — Let G be a complex Lie group and p : P — U a differen-
tiable principal G-bundle on U. Let J be a bundle ACS of class C* on P
with k € (0,4+00] \ N. The following conditions are equivalent:

(1) f;=0.

(2) J is integrable in the following sense: for any point x € U there
exists an open neighborhood W of x and a J-pseudo-holomorphic
section s € D" TH (W, P).

If this is the case, J defines a bundle holomorphic reduction §j of the un-
derlying C5t-bundle of P. For an open set W C U, a section s € ['*(W, P)
s holomorphic with respect to by if and only if it is J-pseudo-holomorphic;
if this is the case then s € T"T1 (W, P).

For x € (0, 1) the condition §; = 0 is meant in distribution sense. We also
refer to [33] for the following regularity result:

COROLLARY A.23. — Let U be a complex manifold, G a complex Lie
group, and P a principal bundle of class C*° on P. Let J be an integrable
bundle ACS of class C* on P with x € (0,400] \ N, and let G x F — F
be a holomorphic action of G on a complex manifold F. The sheaf of J-
holomorphic sections of the associated bundle P xXg F is contained in the
sheaf of sections of class C" 1.

Let ¢ : G — Aut(G) be the morphism which maps any g € G to the
interior automorphism ¢,. An equivariant map o € C*™(P,G) defines a
gauge transformation & : P — P of class C**! of P and the map

CrYP,G) 30— 5 € Gt

is an isomorphism onto the gauge group g,'g“ of P. The group C**1(P, Q)
acts on the space Jf from the right by the formula

=1 =
J.-o=0,0Joo,
and the corresponding action on A% is
Q-0 = ooy,

from which we infer the behavior of the integrability obstruction f; with
respect to the gauge symmetry of the space Jp:

fr.o = Ads-1(fs). (A.16)

We have the following formula (see [33, Proposition 2.10]) relating the affine
space structure of Jp5 to its gauge symmetry:

J-o=J+1,(0), (A.17)
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where the map
I :CFY(P,G) — AQI(Pg"0) = A% (U, P xaa @) = AN (U, Ad(P))..
is defined by
7(0) = o™ (6V)%".
Here 610 is the holomorphic (1,0)-form on G defined as the composition
0 ®ide : Tg — gC = gl’o @go’l — gl’o.

It is useful to have an explicit formula for [; with respect to a local trivial-
ization (or, equivalently, local section) of P. For a local section 7 € T'(W, P)
of class C* of P put

17(0) =7"(15(0)) € A% (W, g"?),..
We have (see [33, Lemma 2.8]):
(o) = o3(0"")"" + (Ad,-1 —id)(a]), (A.18)

where o, = 0 o7 € C*T1(W,G). Note the following useful formula for the
composition £; o [; associated with a bundle ACS J of class C'. For any
o € C*(P,G) we have [33, Corollary 2.11]:

troly(0) = (Ad,—1 —id)(fs). (A.19)

Let J, J' € J5 and o € C*T1(P,G). We have
O[J/,O-—O[J.o-:O[J/Og*—Oéjog*:(O[J/—OZJ)O&*.

Since oy — avy is a tensorial form of type Ad (hence it vanishes on vertical
tangent and is Ad-equivariant) we obtain the formula

Jo—J-oc=Ad,-1(J —J), (A.20)

which shows that the group C51(P, G) acts on J§ by affine transformations
and the induced linear action on the model vector space AX;(P,g"?), is

(B,0) — Ad,-1(B).
We will need:

LEMMA A.24. — Let J be a bundle ACS of class C' on P. Then

(1) For any og, 01 € C}(P,G) we have

IJ(Uon) :Adgo—l(iJ(Ul))—f—iJ(Uo). (A21)
(2) For any o € T%(U,(P)) and B € TH(U, N @ Ad(P)) we have:
£ (Ady(3 — 1(0)) = Ady (E5(8)) + (Ady — id)(5). (A.22)

Proof.
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(1). — By (A.17) and (A.20) we have

lj(o100) = J - (0100) —J = J - (0100) —J o9+ J 09— J
=(J-01) 00— J 00+ 1;(00) :Adgg1(J«01 —J) +1;(00)
= Ada_gl(iJ(Ul)) +15(00)-

(2). — Using (A.15), (A.16), and (A.20) we obtain:

Ad,(E;(B)) + (Ad, —id)(fs)
= Ado(E5(B) +fs) — 1 = Ado(fr48) — Fs
=fipyot —fr=E((J+B) -0 =J)
t((J+p)- ot =T 0 4T 07 =)
= &/(Ad,(B) + - 07" = ). (A.23)

On the other hand:
J- 0_—1 —J=J- 0__1 _ (J . 0—) . 0'_1 = —Adg(iJU).

We used (A.20) with J' = J-o and (A.17). Taking into account (A.23), this
completes the proof. |

A.5.3. The formal integrability condition on manifolds with
boundary

The definitions above generalize in an obvious way for a C° principal
G-bundle on a manifold with boundary. The regularity class of a bundle
ACS J* on a bundle on a manifold with boundary U is defined taking
into account the regularity class of the associated forms a7 in the sense of
Definition A.11.

Let now S C U be a separating, oriented smooth real hypersurface in
Uand U =0T UU" the corresponding decomposition of U as union of
manifolds with boundary. Let P be a principal G-bundle of class C*° on U and
let P*, Pg be the restrictions of P to Ui, S respectively. Let x € (0, +00]\N,
k := [k], J be a bundle ACS of class C* on P, and J* be the restriction of
J to P*.

Our problem: express the integrability condition on J in terms of its
restrictions J* to P*. By the Newlander-Nirenberg theorem for principal
bundles (Theorem A.22), the answer is obvious in the case k > 1:

Remark A.25. — Suppose k > 1. J is integrable if and only if the forms
fre € A%2(T", Ad(P)),_; vanish.
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The case k € (0,1) is more delicate. In this case one can considering the
restrictions J* of J* to the bundles P+ over the open sets U+ and the
corresponding distributions fj+ on U % but one cannot expect the vanishing
of these distributions to imply the integrability of J (i.e. the vanishing of
the distribution f; on U). The key observation here is:

Remark A.26. — Let J* be a continuous bundle ACS on P*. Then the
distribution f;, € D'(U*, 02 . ® Ad(P)) extends as a continuous linear
functional on the space I‘i(U , "Un > ® Ad(P)*) of compactly supported

sections of class C! in the indicated vector bundle. If J* is of class C!, this
extensi(ln coincides with the functional associated with the continuous form
fj+on U .

Proof. — Suppose first that J* is of class C*. In this case f;+ is a contin-

77 . . . =+ _
uous form on U™, and the associated linear functional on I'}(U ", %ﬁ ’®

Ad(P)*) acts by
(Foe,0) = /ﬁ+<fJ+ A ).

Let W Orén U and 7: W+ =WwWn UJF — Pt }Ef local section of class C? of
P*. The associated form a7, belongs to I'' (W ,/\O’W1+ ® g).

For any ¢ € TL(W ", ”Un 2 ® Ad(P)*) let o7 € TL(W ', nUn > ®g%)
be the g*-valued form associated with ¢ with respect to 7. Using Stokes
theorem,

<fJ+’<p> = <f5+750T> = /W <(5043+ + %[a‘l.}* A a?}Jr]) A (PT>
= [ dtarenen+ [ (@3 n8e7) + 5l naTi Ap))

— [ @i ndh [ (@0 8T + 5T AT A7), (A21)
ow ™ wt

The right hand expression in (A.24) has obviously sense and is continuous
with respect to ¢ (in the Cl-topology) even if J* is only of class C° and
7 is only of class C!, because under these weaker assumptions the form

a7, remains continuous. Moreover, for J* of class CY fixed, this expression

gives a well defined (independent of 7) linear functional on I'} (W+, %’7}:2 ®

Ad(P)*). Indeed, we claim that for any 7, 7" € Fl(W+, P1) we have
= 1
| dazeney+ [ (@5 28 + o ol Ag))
’ ’ ’ -_— ’ 1 ’ ’ ’
= [ teing+ [ (a3 nBe7) + 53 nazing)). (429)
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By (A.24), this equality is clear when J7T is of class C! and 7, 7/ are of class
C?. Fixing ¢ and writing

Jt = lim Jf (in the C%-topology),
n—oo
7= lim 7, 7 = lim ™ (in the C'-topology)
n—oo n oo

with JF, 7,, 7 of class C*°, we conclude that (A.25) also holds for J*
of class C and 7, 7/ of class C'. The same formula can be used to show
that the linear functionals associated with two sections 7 € I‘l(W+, Py,
7 € YW, P+) agree on
PH W AW A @ Ad(P)),

so we obtain a well defined linear functional on F%‘(U-F7 /\%’CL:Q ® Ad(P)*),
obviously extending the distribution f§ ;. |

For a bundle ACS J* of class C° on PT we will use the notation f;+ for the
linear functional provided by Remark A.26. Note that f;+ can be regarded
as an element of the space D’ (U+, /\O’ﬁa ® Ad(P)) of /\O§+ ® Ad(P)-valued
distributions supported by I (see [24, Section 1.1]). The map J* > fs+ is

functorial with respect to C'-isomorphisms of principal bundles on UJr, in
particular:

Remark A.27. — The equivariance formula (A.16) generalizes to a bundle

ACS J* of class C° on P and a gauge transformation o € Fl(U+, L(PT)).

DEFINITION A.28. — Let PT be a principal G-bundle on T". A bundie
ACS J* of class C* on P* will be called formally integrable, if f;+ = 0 in

the space of Ad(P)-valued continuous (0,2) forms on Al

More generally, a bundle ACS J+ of class C° on Pt will be called formally
integrable, if f;+ = 0 in the space of /\O’;+ ® Ad(P)-valued distributions

supported by o’
With Definition A.28 we have the following generalization of
Remark A.25:

PROPOSITION A.29. — Let J be a bundle ACS of class C° on P and J*
its restriction to P*.

(1) If J* are formally integrable, then §; = 0 in distribution sense.
(2) Suppose J € JE with € (0,+00] \ N. Then J is integrable iff and
only if J* are formally integrable.
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Proof.
(1). — Let 7 € T'Y(W, P) be a local section of P and
o € AW, A% @ Ad(P)").

Put W =Wn Ui, ¢1 = Plgz=. We have

(o) + Forr4)
= [ tpneny+ [ (@3 n86T)+ SllaT Aa3l A eT))
ow w

+ [+ [ (@3 n8D)+ 53 na3iAeD). (420)
ow w

[\

We obviously have ¢7 [saw = ¢7 |snw = ¢7|snw. Taking into account

that the oriented boundaries OW W " coincide with SNW endowed with
opposite orientations, it follows that [, (a] A ¢l) + [jm+{(a] A @) =0.
By (A.26),

(Fro)+ Gorro4) = /W(<a5 AOpT) + %([afz NaFlAT)) = (1. 9),

—+
so the vanishing of f;+ as distributions supported by U™ implies the vanish-
ing of the distribution f;.

(2). — If J* are formally integrable, then f; = 0 in distribution sense, so
J is integrable by Theorem A.22. Conversely, if .J is integrable, then around
any point « € U there exists a local section 7 : W — P of class C*T! which
is J-pseudo-holomorphic. Therefore a7 = 0. Put

—+
= Tlyagt :WNU™ — PE.
We have a}i = a}|W ﬂgi =0, so tile restriction of f;+ (regarded as distri-
bution supported by U~ ) to WNU"~ vanishes. Therefore §;+ = 0, so J= are
formally integrable. O

Remark A.30. — In the special case G = GL(r, C) we obtain the formal
integrability condition for Dolbeault operators on a vector bundle ET on

U": A Dolbeault operator 6+ of class C* on E* is formally integrable if the
continuous End(FE)-valued form Fs vanishes on U". A Dolbeauls operator
0% of class C on E is formally integrable if F5 = 0 in the space of /\0’62+ ®

End(E™)-valued distributions supported by U". With this definition, the
analogue for vector bundles of Proposition A.29 holds.

- 649 —



Andrei Teleman
A.6. Intrinsic higher order differentials

Let Kk € Nand | € Z with [ < k. Let M be a differentiable manifold,
F a finite dimensional real vector space, f € C¥(M,F), and x € M. The
condition

With respect to a local chart around x, all partial derivatives of order
<! of f at x vanish

is independent of the chosen chart. This follows from the composition for-
mula [23, Section I.6]. If this condition is satisfied, we we’ll say that the
order [ jet of f at z vanishes, and we shall write j.f = 0. For negative [
the condition j. f = 0 becomes superfluous (satisfied by any f € C*(M, F)).
Note that, for [ > 0 we have jl f = 0 iff and only if f(z) = 0 and j.-1df = 0.

LEMMA A.31. — Let Fy, Fs, F be finite dimensional real vector spaces,
keNandl, ly,ls €7Z, such that l < k, Iy +1lo+1< k. Let x € M.

(1) Let b : Fy x F; — F be a bilinear map and f; € C*(M, F;) with
glifi = 0. Then jLtl41p(f, f2) = 0. In particular, for l; = —1, we
have the implication

Jufa = 0= jLb(f1, f2) = 0.

(2) Let f € CK(M, Fy) with jL.f =0, Vi an open neighborhood of im(f)
in Fy and g € C*(V1, Fy) such that g(0) = 0. Then jl(go f) = 0.

(3) Let fl € Ck(M7 FZ) and ® € Ck(FIXF27F)' Ifjﬁ"l(m)(yl H(I)(ybo)) =
0 and jLfo =0, then jL®(f1, f2) = 0.

Proof. — We may suppose M = R", F; =R™ F =R",
(1). — The claim follows easily using the Leibniz rule.

(2). — The claim follows by induction using the formula d(g o f)(y) =
dg(f(y))df(y) and (1) taking Iy =1 and Iy = —1.

(3). — Induction with respect to I: For [ = 0, taking into account the
assumptions, we have ®(fi(z), fo(x)) = @(fi(x),0) = 0. Let I > 1 and
suppose that the statement is true for [ — 1. For v € M = R" we have:

d®(f1, f2)(u) = 019(f1(w), f2(u)) dfi(u) + D2 @(f1(u), f2(u)) dfa(w).
The assumption jj«l(m)(:th — ®(y1,0)) = 0 gives j}:(lz)(yl — 01®(y1,0)) = 0.
We also have ji=lfy = 0 (because jLf» = 0), so, the induction hypo-
thesis applied to (fi, fa,01®) gives j.101®(f1, f2)) = 0. Therefore
JL=1(01®(f1, f2) df1) = 0 by (1). On the other hand, the hypothesis j. fo = 0
implies j.~'dfs = 0, so again by (1) we obtain j.=1(9®(f1, f2)df2) =
0. Therefore j.=1(d®(f1, f2)) = 0, so, since ®(f1(z), f2(z)) = 0, we have
JL®(f1, f2) = 0 as claimed. O
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Suppose that f € C*(M, F) with jLf = 0 where 0 < [ < k. Using the
same composition formula cited above it follows that, for tangent vectors
Viy...,041 € T, M the element

L (f o B (ha(vn), . e (vren)

(where z € W M W’ ¢ R" is a chart around x) of F' depends only on
V1,...,041, not on h. Therefore, if j.f = 0, we obtain a well defined sym-
metric (I 4 1)-linear map

D f. Tl s F
which will be called the intrinsic differential of order (I+ 1) of f at .

Let now S C M be smooth hypersurface. If jL f = 0 for any = € S we’ll
say that the order [ jet of f along S vanishes, and we’ll write jgf =0.

Remark A.32. — Suppose that jlsf =0, where 0 <l < k,and let z € S.
Then DL f(vy,...,v41) = 0 if one of the tangent vectors v; belongs to
T.S.

Proof. — We may suppose M =R, S = R"~! x {0}. It suffices to prove
that 9% f(2’,0) for any 2’ € R"~! and any o € N" with |a| = [+ 1 for which
there exists ¢ € {1,...,n — 1} with a; > 0. Let & € N” with |a| =1+ 1 and
let i € {1,...,n — 1} with a; > 0. Denote by (eq,...,e,) be the canonical
basis of R"™. Putting 8 := o — e; we have 8 € N |8| =1 and

0% f(a',0) = ;(0° f)(2',0).

The right hand term vanishes because, since we assumed jly f =0 for any
y € S, we have 9% f(a' +te;,0) = 0 for any ¢ € R. O

Therefore, if j5f = 0 and = € S, then D! f(vy,...,v;41) depends only
on the images of v; in the normal line ng,; = Tary/Ts,s, so the family
(DIF1 ) zes defines a section

Dy f er(s.ns® " @ F),
which will be called the intrinsic differential of order (I + 1) of f along S.

Le now E be a real vector bundle of rank r and class C*° on M, and
let o € ' (M, E) be a section of class C'*! of E. Let x € M. For a local
trivialization § : Ey — W x R” put o/ = pgr 0 0 € CH(W,R"). The
condition

With respect to a local trivialization 6 around x we have j.(c%) =0

is independent of 6. If this condition is satisfied, we’ll say that the order [
jet of o at x vanishes, and we’ll write jlo = 0. If this is the case (and [ > 0),
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we obtain a well defined intrinsic differential Do @ T Il\ji — E of order
(I+1).

If jlo = 0 for any x € S, we’ll say that the order [ jet of o along S
vanishes, we’ll write j& f = 0, and (if [ > 0) we obtain a well defined intrinsic
order (I 4 1) differential

Do e TO(S, 02" @ E)

of o along S. If E is a complex vector bundle, we can regard DISHU as an

element of I'°(S, n?(lﬂ) ® Eg), where ng is the complexified conormal line
bundle of S.
LEMMA A.33. — Let U, V, F be finite dimensional complex vector spaces,

S C U a smooth real hypersurface, and f € C*(U,V) be such that j5f = 0,
where | < k.

Put Uc == U ®r C. For 0 < s <1+ 1 regard the order s differential d® f
of f on U as a map U — UE®* @V of class C"F1=* which takes values in
Lim(Uc,V) CU @ V.

Let w € AY°(V, F) be an F-valued (1,0) form of class C* on V regarded
as element in C*°(V,Homc(V, F)) and put

wl = wo f e k(U Home(V, F)).

The F-valued forms f*(w), f*(w)®! on U will be regarded as elements of
the spaces Ck=Y(U, Ut @ F), C*~1(U, U(éo’l ® F) respectively.

Then jg ' (df) = 0, j5 '(0f) = 0, j5 ' (f*(w)) = 0, jg ' (f*(w)*') =0
and the intrinsic order | differentials of df, 0f, f*(w) and f*(w)®! along S

are given by the following formulae:
D (df) = (id! @(id,, ®idy)) (D5 f)
eTUn§' @ (s @V)) cTUU NS @ (UseV)), (A27)
D4 (0f) = (id! @(vs @ idy)) (D5 £)
e U g @ (Y ®@V)) c IOU S @ (U @ V), (A.28)
(id2! @wl - (id,s ®idy)) (D5 f)
eS80 @ (s @ F)) TS, ng' ® (U@ F)),  (A.29)
Ds(f*(w)*) = (1! @wl - (Ys @idy)) (D5 f)
e (S, ¢ @ (ng' @ F)) c 1°(S,n$' @ (U @ F)),  (A.30)

Dy (f*(w))

where, on the right:

- 652 —



Holomorphic bundles framed along a real hypersurface

® 7g (ng’l) is regarded as a line subbundle of the trivial bundle with
fibre U (respectively U(éo’l) on S,
° wé- denotes the morphism

S x Hom(Uc, V) — S x Hom(Ug, F')

of trivial bundles on S defined by pointwise composition with w’,
and also the induced bundle morphisms on S:

s @V —ns@F, %' oV — o F.

Proof. — The recursive definition of the higher order differentials gives
for 0 <s <l

d*(df) = (idg: ®(idy; ®@idy))(d*F'f) € CO(U, Ug* @ (U @ V). (A.31)
This implies

&*(0f) = (idgE ©(p™! @idy)) (@' f) € COU UL @ (U™ @ V), (A.32)
where p*! : Ut — Uéo’l is the obvious projection, shows that the condition

j5f = 0 implies jgfl(df) =0, jlsfl(gf) = 0, and proves formulae (A.27),
(A.28).

The forms f*(w), f*(w)
ffw) =w! -df eC(U,UE & F),
Fr@) = af e U U @ F),

0.1 are given by

(A.33)

where w/- denotes the morphism
U x Hom(U¢,V) — U x Hom(Ug, F)

of trivial bundles on U defined by pointwise composition with w’. Since
j5 1 (df) = 0, j51(9f) = 0, we obtain j§ '(f*(w)) = 0, j5 (f*(w)>!) =0
and formulae (A.29), (A.30) follow from (A.33) using the Leibniz rule noting
that wg is induced by w’. O

LEMMA A.34.

(1) Let U, F be complex vector spaces, S C U a smooth real hyper-
surface, and 3 an F-valued (0,q) form with coefficients C'*1 on U,
regarded as element in C*1 (U, U @ F). Suppose that j5(3) = 0.
Then j51(8B8) = 0 (if 1 = 1) and the intrinsic order | differential of
0B along S is given by

D(9B) = (id% RN (s ® idU*Oﬂ@F))(DlsHﬁ)
eTUME ® (ng' AU @ F) CTO(U, (n§' © (U @ F)), (A.34)
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where, on the right, A\ denotes the bundle morphism

ng' @ (U@ F) — (g’ AU @ F < S x (U0 @ F)
on S induced by the wedge product A : Uéo’l ® (U@ F) —
U*O,q+1 ® F.

(2) More generally, let U be a complex manifold, E a complex vector
bundle on U, ¢ a (not necessarily integrable) Dolbeault operator with
coefficients in C' on E, and B € T*H1(U, /\Ol’]q ® E) with j5(8) = 0.
Then j5 *(68) =0 (if 1 > 1), and

D(86) = (id; © A (Ys @ idpge o)) (DS 5)
eTO(S,ng' @ (g’ ANyls) © Es)) CTO(S,m§' @ (N5 ® Es)). (A.35)
Proof.

(1). — Regard 3 as an element B e cHYu, UEO’q ® F). The explicit
formula in coordinates for the operator d on (0, q) forms gives:

d (Z MZI) = 0frAdz' = A (Z(dﬁ’)o’l ® d/)
I I

I

_ /\(po,l ® idUC*O’q®F) (Z dﬂ] ® dzI> — /\(pO*l ® idUEo,q®F)(dB),
I

and (A.34) follows from (A.27) applied to /3.

(2). — For (A.35) we use the formula of the operator 6 with respect to
a local trivialization 7 : Eyy — W x C" of E. Identifying I'*(W, E) with
C'*1(W,C") via 7, we have

5(B)=8B+a" AB

with o7 € TY{W, Ny ® End(E)). Since we assumed j5(8) = 0 we have
D(a™ A B) =0, so (A.35) follows from (A.34). O
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