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Uniqueness of semi-concave weak Solutions for
Hamilton—Jacobi Equations *)

VIcTOR Issa (M

ABSTRACT. — It is well known that when the nonlinearity is convex, the
Hamilton-Jacobi PDE admits a unique semi-convex weak solution, which is the
viscosity solution. In this paper, motivated by problems arising from spin glasses, we
show that if the Hamilton—Jacobi PDE with strictly convex nonlinearity and regular
enough initial condition admits a semi-concave weak solution, then this solution is
the viscosity solution.

RESUME. — Il est bien connu que, lorsque la non-linéarité est convexe, I’équation
d’Hamilton—Jacobi admet une unique solution faible semi-convexe et que cette so-
lution est la solution de viscosité. Dans cet article, motivé par des problemes liés
aux verres de spin, nous montrons que si I’équation d’Hamilton—Jacobi avec non-
linéarité strictement convexe et condition initiale réguliére admet une solution faible
semi-concave, alors celle-ci est la solution de viscosité.

1. Introduction

It is well known that the Hamilton—Jacobi equation with convex nonlin-
earity admits a unique semi-convex weak solution [2, 8], and that this unique
solution is equal to the viscosity solution. More recently, it was shown that
the Hamilton—-Jacobi equation with arbitrary nonlinearity and smooth initial
condition admits at most one convex weak solution [6] and that it is equal
to the viscosity solution. Let C'' denote the space of differentiable func-
tions R — R with Lipschitz gradient. In the present document, we prove
an analog of those results for semi-concave weak solutions.

THEOREM 1.1. — Let T* € [0,+00), H : R? — R be a C? strictly convex
function and let f : [0,T*] x R* — R be a Lipschitz function. Assume that
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ug = f(0,-) is CYL, the function f satisfies Oif — H(V.f) = 0 almost
everywhere and there exists a positive constant ¢ > 0 such that for all t €
[0, T*] the function x v c|x|*— f(t, ) is convex. Then f coincides on [0, T*]x
R? with the unique viscosity solution of

{&gu—H(VIu) =0 (1)
u(0,+) = up.

If a function is both semi-concave and semi-convex on RY, then it is
ChHt [4, Corollary 3.3.8]. In Theorem 1.1, since f is equal to the viscosity
solution, it is both semi-concave and semi-convex. As a consequence, f is
CH! and so f is a classical solution of (1.1).

Let P2(R;) be the set of Borel probability measures on R4 with finite
second moment. In [12], it was pointed out that the limit free energy of the
SK model is related to the viscosity solution of

Oip— [(0up)’di =0 on Ry x Py(Ry),
p(07') =1 on P2(R+)7

where 1) is the cascade transform of the uniform measure on {—1,1} [13,
Definition 3.2]. More precisely, let p be the viscosity solution of (1.2), the
Parisi formula [14, 15] at inverse temperature S for the SK model may be
written [12, Theorem 1.1]

(1.2)

2
lim Fy(8) = —p(52/2,80) + % +log 2. (1.3)

N —oc0
According to this observation, it may be possible to prove the Parisi formula
relying mainly on PDE tools. Devising such a proof was attempted in [13],
but the method only yielded the following tight bound,

2
lim Fy(B8) < —p(B?/2,60) + % + log 2. (1.4)

N—o00

One of the limitations that prevented a complete proof of the Parisi formula
in [13] was the lack of a selection principle applicable in the context of spin
glasses. We hope that the selection principle Theorem 1.1 may generalize to
the Hamilton—Jacobi equations that arise when studying the SK model, as
well as more general spin glass models with convex covariance structures.
The PDE point of view proposed in [12] can also yield results in the context
of non-convex spin glasses. For example, an analog of (1.4) has been proven
this way for the bipartite model [11]. For this type of models, the free energy
has yet to be rigorously identified. In Section 6, we give an example of a
non-convex nonlinearity for which Theorem 1.1 fails. Some new ideas are
needed, to further develop this method in the context of non-convex spin
glasses.
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Notation

For every x € R?, we denote by 2’ the i-th coordinate of z. Given R > 0,
we denote by B the ball of center 0 and radius R in R?, with respect to the
sup norm. Let g : Ry x R? — R be a differentiable function and ¢t € R, we
denote by g' the partial function g(t,-). The gradient of g with respect to
the space variable z is denoted by V,g. In particular, V,g : Ry x R? — R9,
The notation V is reserved for the gradient with respect to all the variables.
For example, here we have Vg = (9,9, V,.g). We denote by £¢ the Lebesgue
measure on RZ. If f is a Lipschitz function, we denote by Lip(f) the optimal
Lipschitz constant of f. The push forward of a measure v by a function f
is written f.v. When a measure v is absolutely continuous with respect to
another measure, vy we write 1 < 1. For € > 0 we denote by 7. a molifier,
for example 7 (z) = Z5n(%) where

C ) if |z <1,
77(15):{ QXp(m *1) if ||

0 otherwise,

and C is the constant such that [n(z)dz = 1.

2. Proof Sketch

In this section, we will outline the strategy we will use to prove Theo-
rem 1.1. The following seemingly weaker result actually implies Theorem 1.1.

THEOREM 2.1. — Let T* € [0,+00), H : R? = R be a C? strictly convex
function and let f : [0,T*] x R* — R be a Lipschitz function. Assume that
ug = f(0,-) is CYL, the function f satisfies O;f — H(V.f) = 0 almost
everywhere and there exists a positive constant ¢ > 0 such that for every
t € [0,T*] the function x ~ c|z|?> — f(t,z) is conver. Then, there exists
T € (0,T*] such that f = u on [0,T) x R? where u is the viscosity solution

of (1.1).

Note that the hypotheses on H and ug in Theorems 1.1 and 2.1 guarantee
the existence and uniqueness of a viscosity solution [2, Theorem 7.1]. Further-
more, the viscosity solution is Lipschitz and semi-convex [2, Theorems 8.2
& 8.3]. We will use those facts during the proofs of Theorems 1.1 and 2.1.
Let us start by proving that Theorem 1.1 is a consequence of Theorem 2.1.

Proof of Theorem 1.1 using Theorem 2.1. — Suppose Theorem 2.1 is
true, let u be the viscosity solution of (1.1) and define

To = sup{T € [0,T*), f =u on [0,T) x R%}.
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Suppose Ty < T*, by definition of Ty we have f = u on [0,7,) x R? and even
on [0, Tp] x R since both u and f are Lipschitz. Let uy = f(Tp,-) = u(Tp, - ),
since f(Tp, - ) is semi-concave and u(7yp, - ) is semi-convex, the function u; is
CHY. Hence, (t,x) — f(Tp + t, =) satisfies the hypothesis of Theorem 2.1,
so there exists T > 0 such that f(Ty + t,z) = u(Tp + t,z) on [0,T) x RY,
Thus, f = u on [0,Ty + T) x R? which contradicts the definition of Ty. In
conclusion, under Theorem 2.1 we must have Ty = T, which means that
f=u. O

Let us now sketch the proof of Theorem 2.1. We will proceed in two steps,
and use arguments involving characteristic curves. If g is a smooth solution
of (1.1), then differentiating (1.1) with respect to the i-th space coordinate
yields

010z,9 — VH(V2g) - Vi (0r,9) = 0. (2.1)

Hence, 0,,g solves a transport equation, with a vector field that depends
on g. In particular, we may learn new information on g by studying the
solutions of the associated characteristic ordinary differential equation ¢ =

_VH(vzg(t7 (b))
The first step of the proof of Theorem 2.1 will be to show that there

exists T' € (0,T*] such that f > u on [0,T) x R% This is done by studying
the behavior of f and u along the solutions of

¢ = —VH(V,u(t,¢)),
$(0) =z,

and showing that if ¢ is a solution of (2.2) then ¢ — (f — u)(t, ¢(t)) is non-
decreasing. The viscosity solution is C!'! on [0,Ty) for some Ty > 0, so the
existence of solutions to (2.2) in short time is not an issue for this step of
the proof.

(2.2)

For the second step of the argument, we will use the same idea. However,
this time we will show that f — u is non-increasing along the solutions of

»(0) = .

Here the existence of solutions to (2.3) is not clear since the right-hand side
is not fully Lipschitz. This kind of problem has already been investigated
in [1, 3, 10]. We will give a fully self-contained existence argument, relying
on ideas borrowed from [1, Theorem 6.2]. The precise construction is given
in Section 4 and uses some results from the theory of Young measures (see
Theorem 4.2). To construct a solution of (2.3), we will build solutions of
problems that approximate (2.3) and have smooth right-hand sides. Then,

(2.3)
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Uniqueness of weak solutions for Hamilton—Jacobi equations

using the semi-concavity of f, We will check that this sequence of solutions
converges to a solution of (2.3) in an appropriate sense.

Once the existence of solutions is obtained, we can show that f < u on
the set E of points of [0,7) x R? reached by the solutions of (2.3) built
previously. Finally, since we already know that f > u on [0,7T) x R?, we will
deduce that f = u on E, and using uniqueness of solutions in short time
for (2.2) we will deduce that £ = [0,T) x R? which will end the proof of
Theorem 2.1. This final part is treated in Section 5. Note, if ¢ is a semi-
concavity constant of f and H(p) = |p|?/2, then the right-hand side of (2.3)
satisfies,

(=Vaf(t,y) = (=Vaf(t,2)) - (y — 2) > —cly — 2| (2.4)

This means that the distance between two solutions of (2.3) started at x
and y is lower bounded by |z — y|exp(=%). So, the solutions of (2.3) tend
to repel each other.

3. Lower bound

There exists a short time Ty € (0, 7*] such that u is C** on [0, 7Tp) x R? [9,
Proposition 12.1]. In this section, we will use this smoothness result to prove
the existence of T € (0,7%] such that f > w on [0,T) x R Define a =
—VH(V,u) so that the space derivatives of u satisfy the following almost
everywhere on [0, Tp) x R9,

0¢(0g,u) + a- VOy,u=0. (3.1)

We are interested in the characteristic equation of this PDE, namely

o(t) = alt, o(t)). (3.2)
Let us now define T' = min(Tpy, 1/ Lip(VH (Vuy))), for every t < T and
v € R4 let W(t,z) = v — tVH(Vug(z)). For every t < T, the map W is
bi-Lipschitz and equal to idgs up to a Lipschitz perturbation with Lipschitz
constant smaller than 1. From this, we deduce the following lemma, which
will enable us to prove that f — u is a decreasing function of time along W.

LEMMA 3.1. — On [0,T), the push forward of L' by the function
(t,x) — (t,W(t,x)) is absolutely continuous with respect to LY and for
every t < T, the function W' is surjective.

Proof. — Define Wy (t,z) = (t, W(t,x)), let B C [0,T) x R? be a set of
measure 0. We have (Wy)~1(B) = {(t,z),(t, W(t,z)) € B}, define B* =
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{x,(t,z) € B} C R%. By Fubini’s theorem, we have
T
L W) B) = [ [ ae Wt dods
0o JRrd
T
= / LAWH=HBY))dt.
0

On the other hand, we have 0 = L+1(B) = fOT L£4(Bt)dt so L4B?) = 0
t-almost everywhere. In particular, if we show that the pushforward of £¢
by W is absolutely continuous with respect to £¢ and that W? is surjective,
then the lemma is proven.

Since ¢ < T, the function  — W'(z) — x is a contraction. Hence, it
suffices to show the following. For every Lipschitz function ¢ : R — R?
with Lipschitz constant L < 1 with respect to the sup norm, the function
h:x — x + g(x) is surjective and the pushforward of £? by h is absolutely
continuous with respect to £¢.

Let y € R?, the function x ~ y—g(7) has a unique fixed point z*, and by
construction h(z*) = vy, so h is surjective. Now, we wish to show that h,L£? <
L. Let | - | denote the £ norm on R%, denote by B(x,r) = z + (—r,r)?
the ball of center z and radius r in R? with respect to | - |s. First, note that
for every @,y € R? we have |[h(z) — h(y)|eo > |2 = yloo — |9(2) — 9(y)]c >
(1= L)|z — y|oo with 1 — L > 0. Since |h(z) — h(y)|co = (1 — L)|2 — y|oo we
have h=*(B(h(z),r)) C B(z, 127 ). In particular, for every ball B using the
surjectivity of h we have £LI(h~1(B)) < ﬁﬁd(B). Now let A C R? be
a set of measure 0. By definition of the outer Lebesgue measure, for every
0 > 0 there exists a sequence of balls (B,), such that, A C |JB, and
3 £4(B,) < 4. So we have

LURTHA) < Y- LU (B)

o0

(1-L)*
This is true for all § > 0, so L4(h~1(A)) = 0. Thus, h.L¢? < L. O
LEMMA 3.2. — For L%almost every x € RY, W (-, ) is the unique in-

tegral solution on [0,T) of (3.2) with initial condition ¢(0) = x.

Proof. — Since a is Lipschitz on [0,7) x R¢, the Picard-Lindelsf theorem
applies and (3.2) admits a unique maximal solution. Let

D = {(t,z) € [0,T) x R?, Vu is not differentiable at (t, )}, (3.3)
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by Rademacher’s theorem the set D is £9+1 negligible. According to Lem-
ma 3.1, this means that the set

{(t,z) €[0,T) x R? Vu is not differentiable at (¢, W*(z))}

is also £911 negligible. In particular, for £%-almost every x € R?, the function
t — Vu(t,W(t,z)) is differentiable £'-almost everywhere on [0, 7). Let t €
[0,T) such that Vu is differentiable at (¢, W (¢,z)), we have

%Vl.u(t, W(t,x))
= Vu(t, W(t,x)) + alt, W(t,x)) - Vu(Vau(t, W(t,z))) =0. (3.4)

Since t — Vu(t, W(t,z)) is a Lipschitz function, it is equal to the integral of
its derivative, so it is constant on [0, 7). It follows that, for every ¢ € [0,T),

W(t, x) zx—i—/o VH(Vuo(x))dea:—l—/o VH(V u(t,W(r,z)))dr. (3.5)

Thus, W(-,x) is the unique integral solution of (3.2) on [0,T). O

Let us now study the behavior of f and w along the solutions of (3.2).
By Rademacher’s theorem, f and u are differentiable almost everywhere.
According to Lemma 3.1, the push forward of L1 by (¢t,2) — (t, W(¢,x))
is absolutely continuous with respect to £3*!. Hence, for £%-almost every
x € R? the function t — (f —u)(t, W(t,2)) is differentiable £!-almost every-
where. Using the convexity of H the following holds £4+!-almost everywhere,

S0 =0 W)

= (OU(f ) ~ VH(Vsw) - (V0] = Vo6, W(t,2))
= (H(Vaf) — H(Vyu) + VH(V,u) - (Vou — Vi f)) (6, W(t,z))
= 0.

Since f, uw and W are Lipschitz functions, the mapping t — (f—u)(t, W (¢, x))
is equal to the integral of its derivative. So, we have (f —u)(t, W'(z)) > 0 for
every t < T and L£%almost every z € R?. By continuity of f, u and W this
last bound is actually true for every ¢t < T and for every x € R?. According
to Lemma 3.1, for every t < T the function W is surjective. In conclusion,
we have proven the following lemma.

LEMMA 3.3. — Let f and H be functions satisfying the hypothesis of
Theorem 2.1, and let u be the viscosity solution of (1.1). Let Ty > 0 be such
that u € CY1([0,Tp) x RY), and define T = min(Ty, 1/ Lip(VH (Vug)). Then,
for everyt < T and x € R, f(t,z) > u(t,z).
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4. Construction of the characteristics

As explained in Section 2, if we define b = —VH(V,.f) and if f is twice
differentiable, we have for all 7,

04(0a, f) + b+ Va(Ba, f) = 0. (4.1)

This means that, if they exist, the derivatives of f each satisfy a transport
equation with a vector field b that depends on f. The aim of this section is
to construct appropriate solutions of the associated characteristic equation,

o(t) = b(t, o(t))- (4.2)
Note that this equation can be studied even if f is not twice differentiable, as
there are only derivatives of order at most one that appear in the definition
of the vector field b and those always exist, at least almost everywhere, since
f is Lipschitz. We define f.(t,z) = (f* *n.)(z) and b. = —VH(Vf.), so
that b. is a smooth approximation of b. Furthermore, if ¢. is a maximal
solution of

¢:(0) = x.

Then, [¢c(t)] < 2 +t]|be]| oo (j0,7#] xr), SO the maximal solution of (4.3) does
not blow up in finite time, hence it is defined on [0, 7*). Define X, (¢, z) as the
value at t € [0,7*) of the solution of (4.3) started at x € R?. We will show
that the sequence (X¢). converges, in some sense, to a probability measure
on the set of solution of (4.2) as ¢ — 0. To do so, we will use the theory
of Young measures. We start by showing that the X!’s do not compress too
much the size of measurable sets.

{q'se(t) = be(t,6(1)), (4.3)

To proceed, we will use the fact that the divergence of the vector field b. is
bounded from below, this is a consequence of the fact that f is semi-concave
and the following computation. Start by noting that,

Vbt = —V2H(V, V2L

and according to the hypothesis of Theorem 2.1, there exists a positive con-
stant ¢y such that x — co|z|?> — f(t,2) is convex for all t+ > 0. So, for all
e > 0, V2f. < cp. The function H is convex, so V2H (V. f!(z)) is a posi-
tive semi-definite matrix for all z. Let M (x) denote the square root of this
matrix, we have

div b (z) = Tr(V.bi(z))
= Te(~=V2H(V, fi(x)) V3 fi(x))
= Te(M(2)(co — V2£1(2))M(x)*) — co Tr(V2H(V, f1()))
>0 — coAH (V, fi(x)).
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Thus setting ¢ = co||AH|| L (B(0,Lip(f))), We have
divbL(z) > —ec. (4.4)

In fact the results of this section hold as long as (4.4) holds, and asking for
f to be semi-concave is merely a way of imposing this condition.

Recall that given R € (0, 00|, Br denotes the ball of center 0 and radius
R in R? with respect to the sup norm and with the understanding that
By =R

LEMMA 4.1. — There exists a constant ¢ > 0 depending on H and f such
that, for every R € (0,00], € > 0, t € [0,T*) and non-negative continuous
function B : R* — R,

B(XL(z))dr < eCt/ B(x)dz. (4.5)

Br BRyt]b]oo

Furthermore, for every measurable set A C R, we have LI((X2)™(A)) <
et LAU(A) and (X.).LT < L2,

Proof. — A change of variable yields

BXedr = [ Ba)ded( VXX (@) e (40)

Br Xt(BRr)

We have X!(Bgr) C Brp|.., s0 it is enough to show that det(V, X! (z)) ™! <
et It follows from the definition of X, that

S VX! (@) = Vb (XL () Vo XL (). (4.7)

If A(t) is a matrix that is a differentiable function of a parameter ¢, then
det(A(t)) is a differentiable function of ¢ and

4 det(A®) = Tr(adj(A(t))

= A(t), (4.8)

dt
where adj(A(t)) is the adjugate of A(t) (transpose of the cofactor matrix), in
particular A(t)adj(A(t)) = det(A(t))I4. Applying this to the matrix A(t) =
V. X!(z) yields
%det(VmXﬁ(x)) = Tr(adj(Vo X{(2)) Vbl (XL (2) Vo XL (2))

= Tr (Vo X{(2) adj(Vo XZ(2)) Vi b (XX (2)))

= det(V, X (2)) + be(XI(2)).

- 885 —



Victor Issa

Hence, det(V,Xi(z)) = exp(f(;5 div b;(X;(x))ds) Furthermore, according

to (4.4) the divergence of bt is bounded from below by a constant. In con-
clusion,

det (Vo X (2))~" = exp (— /O div bj(Xj(x))ds) < et

Thus, the desired bound is proven. The second inequality, £¢((X!)71(A)) <
e“tL4(A) is obtained by taking continuous positive approximations of 14
in (4.5) and using dominated convergence. In particular, if £(A) = 0 then
LU(XH™H(A)) =0, s0 (X.).L4 < L2 O

We will now tackle the problem of showing that the sequence (X.) con-
verges up to extraction. Let E be a topological space, we denote by P(FE)
the set of Borel probability measures on E. We recall the following basic
result on the theory of Young measures [1, Theorem 6.5].

THEOREM 4.2. — Let K be a compact metric space and A C R% be a
measurable set. Let (np)n be a sequence of measurable maps A — P(K).
There exists an extraction (eg)g and a measurable map n: A — P(K) such
that the following holds. For every bounded function ¢ = ¢(xz,u) : AxK — R
that is continuous with respect to u and measurable with respect to x, we have

dn [ [ o@adn, e = [ [ e @)

Fix T € (0,7*), and define I' = C°([0,7],R%). By the Arzela-Ascoli
theorem, the closure K of {X.(-,z),x € B(0,R),e > 0} in T is a compact
set for the topology of uniform convergence. For every € > 0, consider

. {Rd — PKK) (4.10)

T 0x_(. 2)-

By Theorem 4.2, up to extraction, the sequence (7). converges to some
measurable map 7 : R? — P(K). More precisely, there exists a sequence
(ex )1 such that for every bounded function ¢ = ¢(x,v) : R? x ' — R that
is continuous in v and measurable in x, we have

tim [ oo X (aNde = [ [ owpanyde @)

k—oo JRrd

The remainder of this section is devoted to showing that for almost all z €
R?, the probability measure 7, is well-behaved and concentrated on the set
of integral solutions of (4.2) with initial condition z.

— 886 —



Uniqueness of weak solutions for Hamilton—Jacobi equations

LEMMA 4.3. — Let ¢ > 0 be the constant of Lemma 4.1. For every t €
[0,7], R € (0,00] and non-negative continuous bounded map (3 : R — R,
we have

/BR/ﬁ ) dne(7)de < e Bz)dz, (4.12)

Buvp

where Mg = R+ T|b|oo. Furthermore, if A C R? is a measurable set, then
/ / La(y(t))dn.(v)dz < e LI (A). (4.13)
Rd
Proof. — Cousider, ¢(x,v) = B(v(t)), then using Lemma 4.1 we have,

6o, X.(- ) de = [ BX(t2))de < ect/B B(z)de. (4.14)

Br Br R+t[b|oo

Letting ¢ — 0 along the subsequence (¢x); we obtain (4.12). Let A C R¢ be
a measurable set, still according to Lemma 4.1, we have

/ / 1a(y(t))dne pda = / 1a(X(x))dx < et LY(A). (4.15)
R4 R4
Again, letting ¢ — 0 along the subsequence (g1); we obtain (4.13). O

For x € R%, let T'2 denote the set of integral solutions of (4.2) with initial
condition x, that is

It ={yeTl,Vte[0,T],y(t) =z +/O b(r,v(7))dr}. (4.16)

LEMMA 4.4. — For L%almost every x € RY, we have n,(I' —T%) = 0.

Proof. — Fix t € [0,T] and let ¢ : R, x R? — R? be a bounded smooth
vector field. Define

6°(a,7) = |(t) —z / (r,y(r))dr

Let € > 0 and R > 0, using Fubini’s theorem and Lemma 4.1, we have

¢ (z, X (-, x))de </B X (t, x) —.’L‘—/OlC(T,XE(T,J)))dT

/BR/ |be = e|(r, Xo(7,2)) drda
//BR Xe(7,x))dadr
</o « /BM |be — c|(7, ) dwdr

t
g eCt/ |b; — chLl(BMR)dT'
0

(4.17)

dx

Br
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By dominated convergence, letting ¢ — 0 along the subsequence (ex)x
and using the definition of the map 7, we obtain

[ [oenamase [ -clupgar @19
Br
Taking ¢ = b, leads to
lim/ /d)bf (x,v)dns(y)dz = 0. (4.19)
e—0 Br JT

By Fatou’s lemma,

/ hmlnf/¢b x,7y)dn.(v)dz = 0. (4.20)

e—0

So, for £%-almost every x € Bp,
hmlnf/(,zbb x,7y)dnz () = 0. (4.21)

Letting R — oo along a countable set, we obtain that (4.21) is true for
L%almost every = € R%.

Let N C (0,7) xR9 be the complement of N = {(t,x), limy_, o b, (t,7) =
b(t,z)}. For every t € (0,T), define Ny = {x € R%, (t,z) € N}. The set
N is L%l negligible, so for L£'-almost every t € (0,7), £4(N;) = 0. For
every t € (0 T) such that, £L4(N;) = 0, according to Lemma 4.3 we have
Jza Jp 1n.(7(t)) dnz(y)da = 0. Therefore,

/ /Rd / Ly, (v(t)) dny () dazdt = 0. (4.22)

By Fubini’s theorem,

/]Rd// Ly, (7(t)) dtdng () dz = 0. (4.23)

So for £%-almost every z € R?,

T
%({7 er, / Ly, (y(8)) dt = o}) ~ 1. (4.24)

Now, let z € R? be such that (4.21) and (4.24) are satisfied, and let v € T’
be a point in the support of 7, such that fOT 1n,(7(t))dt = 0. Then, for
Ll-almost every t € (0,T), we have y(t) ¢ Ny, thus for £'-almost every

€(0,7),
Tim b, (£.5(8)) = b{t. (). (1.25)
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By dominated convergence it follows that

lim bgk ))dt = / b(t,~(t (4.26)
k—o0 Jo
And thus,
t t
klim "y(t) —x —/ be, (1,v(7))dr| = "y(t) —x —/ b(t,v(1))dr|. (4.27)

Let (exq))1 be a subsequence of (ex) along which the liminf in (4.21) is
reached. Combining (4.21) with (4.27), and taking the limit as | — oo, we

obtain
.

In conclusion, for £%-almost every x € R?,

Na <{7 el yt)=z+ /Ot b(T,'y(T))dT}) =1. (4.29)

Thus, for £%almost every z € RY,

nz<{’y el,Vte [0, TINQ,v(t) =z + /Ot b(T,fy(T))dT}) =1. (4.30)

Aty —z— / b(r, () dr

dng () = 0. (4.28)

Since, the functions in ' are continuous with respect to ¢t and [0, 7] N Q
is dense in [0, T, we have,

= {yerveennga® o+ [sramiar. @

Finally, we obtain n,(I' — %) = 0 for £%-almost every x € RY. O

5. Proof of the main result

The goal of this section is to use the Young measure n built in Section 4 to
complete the proof of Theorem 2.1. Recall that in Section 3 we have already
shown the existence of T € (0,7*) such that f > u on [0,7) x R Also
recall that v is C*! on [0,7) x R? and W* is a surjective function for ¢ < T
Here we will try to prove the converse inequality f < w using an argument
similar to the one used to prove Lemma 3.3 in which the vector field W will
be replaced by 7. This approach will only lead to a bound valid on the image
of (t,x) = (t,7(t)) for L%-almost every x € R? and 7,-almost every v € I'C.
But, using this bound, we will be able to show that 7, = dw (. ), except on
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a negligible set. Then, using the surjectivity of Wt for ¢ < T', we can finish
the proof of Theorem 2.1.

LEMMA 5.1. — For L%-almost every x € R%, and n,-almost every v €
I'%, we have

Vtel[0,T], f(t,y(t) = ult,v(t)) (5.1)
Proof. — Fix t € (0,T), let
D, = {x € R%, £ is not differentiable at (¢, z } c R¢
Ay ={(z,7) € RY x T, f is not differentiable at (t,~(t )} C R x T

By Rademacher’s theorem, for £1-almost every t € (0,7T), the set D, is
L%negligible. Hence, according to Lemma 4.3, for £!-almost every ¢ € (0,T),
the following holds,

/ /1At (x,v)dn. (v dw—/ /1Dt ))dn.(v)da = 0. (5.2)
R R

Integrating (5.2) with respect to ¢ € (0,T) and invoking Fubini’s theorem,
we obtain

/// 1a, (z,v)dn. (v da:—// /1Dt ))dtdnz(v)dz = 0.
R4 Rd

(5.3)

So, for L%almost every # € R? and n,-almost every v € T,
fOT 14, (z,7)dt = 0. In particular, for £L%-almost every z € R? and 7,-almost
every v € I'% the function ¢ ~ (f — u)(t,7(t)) is differentiable £!-almost
everywhere. Fix € R? and «y € T'® such that for £'-almost every ¢ € (0,7),
f is differentiable at (¢,7(t)). We have, for £!-almost every t € (0,T),

S0 w0
= (0f = O+~ (1) - (VF = Vu)(t,1(1)))
= H(Vf) = H(Vu) = VH(V[) - (H(Vf) = H(Vu))(t,~(t))
—(TvpH(Vu) = H(Vu))(t,7(1))
< 07
where T, H(q) = H(p)+VH(p)-(¢—p) is the tangent of H at p evaluated at
q. For this choice of = and =y, the function ¢ — (f —w)(t,y(t)) vanishes at zero

and is non-increasing. In addition, according to Lemma 3.3 the function ¢ —
(f —u)(t,~(t)) is non-negative. Therefore, for every t € (0,T), f(t,v(t)) =

u(t, ~(1))- 0
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LEMMA 5.2. — For L%-almost every x € RY, n,-almost every v € T,
and L'-almost every t € (0,T), the function f is differentiable at (t,7(t))
and we have

Vf(t,~(t) = Vu(t,y(t)). (5.4)

Proof. — Let x € R% and v € T such that the previous lemma holds.
The function ¢ — (f — u)(¢,7v(t)) is constant equal to zero, therefore it is
differentiable, and its derivative is equal to zero. In addition, inspecting the
proof of the previous lemma, we see that for £Ll-almost all t € (0,7), f and
u are differentiable at (¢,7(t)). For every ¢t € (0,T) such that f and u are
differentiable at (t,7(t)), we have

0= S0 —w)(tAW0) = ~(TegH(Va) - HY0)EA(0).  (55)
By strict convexity of H, we obtain V f(¢,v(t)) = Vu(t,v(¢)). O

Proof of Theorem 2.1. — Let x € R and v € T'2 be such that Lemma 5.2
holds. We have for every t € (0,7,

() = x_/o VH(Vf(r,v(7)))dr

= a:f/o VH(NVu(r,~v(1)))dr.

Therefore « is an integral solution of (3.2) with initial condition x, so by
Lemma 3.2 we have v = W(-,x). So, for £%almost every x € R%, 5, is
supported on {W (-, z)}, this means that 1, = dy (. »). Applying Lemma 5.1
we obtain, for £L2-almost every z € R? and every t € (0,T) that,

f(ta W(ta x)) = u(t7 W(ta x)) (56)

By continuity of W, f and wu, the identity in the above display is actually
true for every z € R?. Finally, according to Lemma 3.1, for every ¢ € [0,T)
the map W (t,-) is surjective, thus f = u on [0,7) x R%. O

6. A counter-example for non-convex nonlinearities

The aim of this section is to show that when the nonlinearity is not as-
sumed to be convex, Theorem 1.1 no longer holds. To do so, we will consider
the conservation law naturally associated with (1.1). In order to keep our
notation consistent with the literature on conservation laws, we choose to
write this equation with the + sign convention rather than the possibly more
natural choice of writing it with the — sign convention. We start by stating
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a corollary of Theorem 1.1. We say that a function ¢ : R — R is one-sided
Lipschitz when there exists ¢ > 0 such that, for all x > y :

o(x) — o(y) = —clz —y). (6.1)

One-sided Lipschitz functions are exactly the functions whose anti-deriv-
atives are semi-concave.

COROLLARY 6.1. — Let T* € [0,+00), H : R — R be a C? strictly
convex function and let v : [0,T*] Xx R — R be a bounded function. Assume
that the function vo = v(0,-) is Lipschitz, that v is differentiable almost
everywhere, satisfies Opv — 0, (H (v)) = 0 almost everywhere, and that there
exists a positive constant ¢ > 0 such that for all t € [0,T*] the function
v(t,) is one-sided Lipschitz with constant c. Then v coincides on [0, T*] xR
with the unique entropy solution of

o (H =Y
v(0,-) = vp.
Proof. — There is a formal correspondence between the solutions of (6.2)
and the solutions of the following Hamilton—Jacobi initial value problem,
Opu — H(Opu) = 0,
v = H () (6.3)
u(0, ) = up,

where H(p) = H(—p). The correspondence is given by v s — fioo (-, y)dy
and u — —0gzu. This correspondence sends the viscosity solution of (6.3) to
the entropy solution of (6.2) and vice versa [9, Theorem 16.1], [7, Section 2].
Hence, if v satisfies the hypothesis of the corollary, then the function w :
(t,z) — — f v(t, y) dy satisfies the hypotheses of Theorem 1.1 with respect
to the equation (6.3), where up(xz) = — f v(0,y)dy. In particular w is the
viscosity solution of (6.3) and so v is the entropy solution of (6.2). O

To construct a counter-example to Theorem 1.1 in the absence of con-
vexity, we will construct a Lipschitz initial condition vy : R — R, a C?
non-convex function H : R — R and v : [0,7%] x R — R a bounded and
one-sided Lipschitz almost everywhere solution of (6.2) such that v is not
the entropy solution of (6.2).

We define a non-convex even function H by

4;0 +5P°+gpt 5 if p<—3

H(p) = Qp if —3<p<

P+ - Rt i3 <p,

(6.4)

1
2

(SIS

and a Lipschitz initial condition
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0, .
=
m o Lp )
_9 .
| | | | |
-2 -1 0 1 2
p

—% 1f$<—%
T 1f—%<x<%
vo(w) = ¢ 3 if2<a<L (6.5)
—z+L+32 fL<z<L+1
1 ifL+1<z

The exact value of the parameter L is to be fixed later, for now we imagine
that L is large, for example L > 30 x H'(—%), so that the effect of the
asymmetry of vy is felt close to the origin by the solution only after a long
enough time.

PROPOSITION 6.2. — There exists L > %

[0,7*] x R — R such that the following holds.

and a bounded function v :

(1) v(0,-) is equal to the function vy defined by (6.5).

(2) v is differentiable almost everywhere and satisfies Oyv—0,(H (v)) =0
almost everywhere, where H is the function defined by (6.4).

(3) There exists ¢ > 0 such that for all t € [0,T*] the function v(t,-) is
one-sided Lipschitz with constant c.

(4) v is not the entropy solution of (6.2).

If g is a piecewise continuous function whose discontinuities lie along
a curve I' = {(z(¢),t)}, then the jump of g along T' is denoted [g], it is
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1, |
z o |
S

_1, |

Figure 6.2. Graph of the Lipschitz initial condition vy for L = 2

defined by
[g] =limg — lim g, (6.6)
Wi w_
where w_ = { < 2(t)} and wy = {z > z(¢)} for simplicity we write g

instead of lim,, g.

Proof of Proposition 6.2. — The characteristic curves (¢, X*(z)) of (6.2)
satisfy X'(z) = & 4+ tH'(vo(z)). Setting a = H'(—=3) = —H'(3) > 0, explic-
itly we have,

T+ ta 1fx<—%
x+tH' () if —3<e<—3
T+ tx if—%éxé%
X'z) = o+ tH (x) if i <o (6.7)
T —ta if%gng
r+tH' (34+L—z) fL<z<L+1
z+tH'(3) ifL+1<z

We have a = H’(—%) > 0, so the characteristic curves started at z < —% are
increasing functions of time and their graphical representation in the (z,t)
plane leans to the right. When « ranges from —2 to —1 the quantity H'(z)
goes from positive to negative. The characteristic curves started at those x’s
collide at a unique point denoted A. When x ranges from —% to %, H'(z)
goes from negative to positive and the distance between the characteristic
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started from those points increases. For the characteristic curves started from
3 1

z € [1,2], a similar observation than for those started from z € [—2, —1]
can be made, in particular they collide at a unique point denoted B. For
z € [2, L], the characteristic curves behave like in the region = € (—oo, —3],
but mirrored: they lean to the left. When x ranges from L to L 4 1, the

quantity 2 + L — x ranges from 2 from to %, therefore H'(2 + L — z) goes

from negative to positive, and we observe a ratification fan like in the [—%7 %]
range. Finally, for z > L + 1, since H'(3) > 0 the characteristic curves lean

to the right.

X

Figure 6.3. Graph of (z,t) — (x 4+ tH(vo(x)),t) when L = aty

This behavior is summarized in Figure 6.3 where the characteristic curves
are drawn along with three other curves started at the points A, B and
C'. Those curves define several regions in the (¢, z)-plane, two of which are
labeled ©; and 5 in Figure 6.3.

We can build a solution v of (6.2) using the characteristic lines and
Figure 6.3. Let (t,y) € Ry x R, if (¢,y) does not belong to Q7 we set
v(t,y) = vo(z) where y = X'(z) and s — X*(x) is the unique characteristic
curve that reaches (t,y) on Figure 6.3, otherwise we set v(t,y) = —3. As we
will see below (see (6.16)), the entropy solution is not constant equal to —3

in Ql.
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We start by checking that the solution v we have built satisfies the
Rankine-Hugoniot condition and that the curves along which the discon-
tinuities evolve look like the curves on Figure 6.3. The function v exhibits

discontinuities, they appear at time t = tg at = —zg and * = xg where
zo =3 — aj:% ~ 0.68 and tg = ai% ~ 0.36 (point A and B on Figure 6.3).

Those discontinuities continue to exist at times ¢ > ty along some curves
T'a={(t,za(t))} and T'p = {(t, 25(t))}. Furthermore, z4 and zp satisfy the
Rankine-Hugoniot condition, that is

dZA
[H()]a = g [v]a, (6.8)
)5 = 2 o] (69)

where [-]4 and [-]p respectively denote the jump of - along I'4 and T'sp.
Using the expression of v in terms of vy in each region,

dza  H(({) - H(=3)

2 =L >0, (6.10)
dt 5 — (=3)
H(3) - H(2&
dzp _ —(22 () <O0. (6.11)
dt 3 _ zB
2 1+t

In particular, z4 is a non-decreasing function of time, meaning I'4 is curved
to the right. Furthermore, let g(p) denote the slope between (—3, H(—32))
and (p, H(p)), we have 2y (t) = g(za(t)), in addition there exists m > 0 such
that for all p € [—x0,0] we have g(p) = m. In particular, 24 (t) > m > 0
so z4 goes to 0 at a speed greater than some m > 0. The curve I'p is the
symmetrical of the curve I'y with respect to the vertical axis, so similar
observations can be made for the function, zp in particular zp also goes to 0
at a speed greater than m > 0. In particular, this shows that as time elapses,
the two discontinuities move toward each other in the (¢, z)-space and the
speed at which they move toward each other is bounded from below by a
positive constant. Thus, the two discontinuities meet at some point C' at a
time, ¢; and by symmetry the point C' must lie on the vertical axis. Choosing
L = aty, the first characteristic started from = € [L, L+ 1] to hit the vertical
axis is X'(L) = L+ tH'(2) which hits the vertical axis at ¢ty = %(3) =t.
Hence, the influence of the asymmetry of the initial condition vy is felt by
the discontinuities only after the moment they meet at the point C. Before
time ¢; the discontinuities appearing at A and B behave as if the initial
condition was

W)= e if - (6.12)
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In particular, by symmetry, the point C' must lie on the vertical axis. After

time t; only one discontinuity remains and it evolves along the curve I'c =

{(2¢(t),t)}. The Rankine-Hugoniot condition imposes that after time ¢y,

the point C evolves along the curve I'c = {(2¢(t),t)} where z¢ satisfies
dZC

[H(Wle =~

After time ¢1, along I'c we have vy = 3 + L — x for some = € [L,L + 1]

so v4 € [3,3] hence z/(t) is non-negative and I'c leans to the right. As
the discontinuity deviates to the right, v, becomes closer to % and z¢(t)
becomes bigger. Thus, the speed at which the discontinuity moves away

from the vertical axis is an increasing function of time. Hence, at some time

t3 we have zc(t3) = z where z is the maximum of H on [1, 3].

[v]c. (6.13)

We highlight that before time t1, v is in fact equal to the entropy solution,
it is at some time after time ¢; that v will stop being the entropy solution.
Note that the jumps along I' 4, I'g and I'¢ of v are all non-negative, so the
space derivative of v is bounded below (but not above) at all times by a con-
stant that does not depend on time. In other words, there exists a constant
¢ such that v(t,-) is one-sided Lipschitz with constant ¢. Furthermore, for
every, (y,t) € R x Ry there exists © € R such that v(t,y) = vo(z) so v is a
bounded function and ||v]|pe < |[vol|lLe-

Let us now show that v is not an entropy solution. By contradiction,
suppose that v is an entropy solution of (6.2), the curve I'c must satisfy the
following additional condition [16, Proposition 2.3.7],

P < L0 [Bw) (614)
for every entropy-entropy flux pair (F, F’), that is pairs of function (E, F')
such that E is convex and I = H'E’. It is well known that it is necessary and
sufficient to check (6.14) only for pairs (E, F) where E = |t —k|, k € R for, v
to be an entropy solution [16, Proposition 2.3.7]. In particular, v is an entropy
solution if and only if (6.14) holds for all pairs (E, F) with £ = (x — k)4
and E = (z — k)_, k € R. Hence, if v is an entropy solution, we have for all
ke (’U,7’U+),
H(vy) ~ H(K) _ H(vy)~ H(v_) _ H(k) ~ H(v)
vy —k = vy —v_ = k—v_
The condition (6.15) is not satisfied by the solution v that we built. Indeed,
recall that 2 denotes the maximum of H on [, 3], the point (—3, H(—32))
is strictly above the line defined by the points, (0, H(0)) and (z, H(z)) this
means that,

(6.15)

(6.16)
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f)

—o(t,1

t

Figure 6.4. Graphical representation of the function 6 along the line
t— (t,1—1t) for t € [0,1].

But (6.16) contradicts the inequality on the left-hand side of (6.15) for k = 0
and time ¢ = t3. Hence, the solution v that we have built is not an entropy
solution. ]

Finally, we go back to the statistical physics motivations discussed in
the Introduction. To highlight the challenge posed by the counter-example
of Proposition 6.2, we define a two species spin model with a double-well
covariance function resembling Figure 6.1. Let 0 = (01,02) € {—1,1} x
{=1,1}V set

N N
1 1
Enlo) = 7= > Jhonion + Wi > J5oi0
=1 :

i,j=1
V6

N

g Jijki01i01j 02,021,
W4,k =1
where the J}j’s, Jizj’s and the J;ji;’s are independent and identically dis-

tributed standard Gaussian random variables. For every o,7 € {—1,1}V x
{~1,1}*", we have

E[Bx(0) By (r)] = NO(T5 5.

N ' N
where 0(z,y) = 2? +y? + 622y, The covariance function of the SK model is
the square function, which is the function appearing in (1.2). The same holds

(6.17)
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true for more general models, in the context of (6.17), the behavior of the
nonlinearity of the associated equation will be governed by the behavior of
the function 6. If we plot a slice of the function 6 along the line t — (1 —t,¢)
we see that the function 6 has a double-well structure. This is the same
pathological behavior than the one exhibited by (6.4).

This means, that the behaviors we have used to build a counter-example
to Theorem 1.1 in Proposition 6.2 cannot be easily ruled out for weak so-
lutions arising in the context of spin glasses. Nonetheless, it was recently
proven [5, Theorem 1.1], that even for non-convex models the limit free en-
ergy, if it exists, stays in the wavefront. This highlights that even thought
Theorem 1.1 is not true for non-convex H, the weak solution arising in the
study of non-convex spin glass models is in a sense well-behaved. The precise
PDE mechanism that leads to this property has yet to be uncovered.
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