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Essential loops in completions of Hamiltonian groups )

VINCENT HUMILIERE (V)
ALEXANDRE JANNAUD () AND REMI LECLERCQ ()

ABSTRACT. — We initiate the study of the fundamental group of natural comple-
tions of the group of Hamiltonian diffeomorphisms, namely its CO-closure Ham (M, w)
in the set of all homeomorphisms, and its completion with respect to the spectral

norm I%I\H(M,w), We prove that in some situations, namely complex projective
spaces and rational Hirzebruch surfaces, certain Hamiltonian loops that were known
to be non-trivial in 71 (Ham (M, w)) remain non-trivial in 7y (IiiI\H(M, w)). This yields
in particular cases, including CP? and the monotone S? x S2, the injectivity of the
map 71 (Ham(M,w)) — 71 (@(M,w)) induced by the inclusion. The same results
hold for the Hofer completion of Ham (M, w). Moreover, whenever the spectral norm
is known to be C°-continuous, they also hold for Ham (M, w).

Our method relies on computations of the valuation of Seidel elements and hence
of the spectral norm on 71 (Ham(M,w)). Some of these computations were known
before, but we also present new ones which might be of independent interest. For
example, we show that the spectral pseudo-norm is degenerate when (M, w) is any
non-monotone S? x S2. At the contrary, it is a genuine norm when M is the 1-point
blow-up of CP?; it is unbounded for small sizes of the blow-up and become bounded
starting at the monotone one.
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Vincent Humiliere, Alexandre Jannaud and Rémi Leclercq

RESUME. — Nous initions ’étude du groupe fondamental de certaines complé-
tions naturelles du groupe des difféomorphismes hamiltoniens. Plus précisément,
nous considérons son adhérence Ham(M,w) dans le groupe des homéomorphismes

pour la topologie C° et sa complétion pour la norme spectrale @(M,w). Nous
montrons que dans certaines situations, comme les espaces projectifs complexes ou
les surfaces de Hirzebruch rationnelles, certains lacets hamiltoniens connus pour étre
non-triviaux dans m1 (Ham(M, w)) le restent dans 71 (%(M, w)). Dans des cas par-
ticuliers, incluant CP?2 et le produit S2? x S? monotone, ceci implique l'injectivité de
lapplication m (Ham(M,w)) — m1 (%(M,w)) induite par 'inclusion. Les mémes
résultats s’appliquent & la complétion de Ham(M,w) pour la norme de Hofer. De
plus, ils restent valables pour Ham(M, w) dans toute situation ou la norme spectrale
est CO-continue.

Notre méthode repose sur le calcul des valuations des éléments de Seidel, et donc
de la pseudo-norme spectrale sur 71 (Ham(M,w)). Certains de ces calculs étaient
déja connus, mais nous en présentons aussi de nouveaux, qui nous semblent inté-
ressants en eux-mémes. Par exemple, nous montrons que la pseudo-norme spectrale
sur 71 (Ham(M,w)) est dégénérée lorsque M est n’importe quel produit S? x S?2

non-monotone. A l'inverse, c’est une norme lorsque M est ’éclaté en un point de
CP?; celle-ci est de plus non-bornée pour les éclatements de petite taille et devient
bornée a partir de I’éclatement correspondant au cas monotone.

1. Introduction

Let (M,w) be a closed symplectic manifold. We denote by Ham(M,w)
its group of Hamiltonian diffeomorphisms. This group admits various com-
pletions that have been studied in the litterature. In particular, we may
first consider its closure Ham(M,w) with respect to the C°-topology in the
set of all homeomorphisms of M. The elements of Ham(M,w) are called
Hamiltonian homeomorphisms. Their behavior is quite well understood on
surfaces, in particular thanks to Le Calvez’s foliation techniques established
in [16], see e.g. Le Calvez’s work on the subject starting from [17, 18]. In
higher dimension, partial results were obtained very recently by Buhovsky,
Seyfaddini, and the first author, see e.g. [5, 6]. We may also consider the
completion of Ham(M,w) with respect to the so-called spectral norm, which
we will denote by ﬁa?n(M ,w). Its study was initiated in [13], and was more
recently further developped in [31]. It has applications to Hamilton—Jacobi
equations [13], Symplectic Homogenization theory [32], and to conformally
symplectic dynamics [4].

In this note, we are interested in the natural maps
¢ : Ham(M,w) — Ham(M,w), j:Ham(M,w) — ﬁa}l(M,w)
starting at the level of fundamental groups, on some symplectic manifolds

of arbitrary dimension. Indeed, while the homotopy type of Ham(M,w) has
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been extensively studied, see below for some references which are used here,
absolutely nothing is known about I;;n(M ,w) nor Ham(M,w) beyond the
case of surfaces where the map ¢ is known to be a homotopy equivalence.
Before getting to the heart of the matter, let us point out that the analogous
map Symp(M,w) — Symp(M,w), between the groups of symplectic diffeo-
morphisms and homeomorphisms, was studied at the 7 level by the second
author [14, 15].

1.1. Main results

The upshot of this work is a method which detects non-trivial elements
in the image of j,, i.e. non-trivial elements in 71 (Ham(M, w)) which survive
in the fundamental group after taking its completion with respect to the
spectral norm . When v is known to be C% continuous, this also yields
essential loops of Hamiltonian homeomorphims.

For our method to work, all symplectic manifolds will be required to
be rational, meaning that their group of periods (w,m(M)) is generated
by a unique positive element, which will be denoted by 2. In other words,
(w, me(M)) = QZ.

The first application of our method concerns Hamiltonian circle actions
and relies on deep work by McDuff and Tolman [21]. Recall that a fixed
point component of a circle action is semifree if it admits a neighborhood in
which the stabilizer of every point is either trivial or the whole circle.

THEOREM 1.1. — Consider a non-trivial Hamiltonian circle action A
on a compact, rational symplectic manifold (M,w). Assume that its ex-
tremal fized point components are semifree. Then j.([A]) is non-trivial in

1 (Ham(M, w)).

As a direct consequence, we deduce the injectivity of j, in two different
specific situations.

COROLLARY 1.2. — The map js : 1 (Ham(M, w)) — 71 (Ham(M, w)) is
injective when (M,w) is the monotone product S* x S? and for CP? endowed
with the Fubini—Study symplectic form.

This consequence is straightforward since, in these two cases, all non-
trivial elements of 7 (Ham(M,w)) may be represented by a Hamiltonian
circle action satisfying the conditions of Theorem 1.1. Whenever the group
m1(Ham(M, w)) has an element which does not admit such a representative,
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our method needs some extra work to produce an essential loop in the com-
pletion. Notice in particular that semifreeness is not preserved under taking
non-trivial powers. Therefore, we cannot directly extract information from
Theorem 1.1 about elements of the form h*¥ with |k| # 1, even when h can
be represented by a circle action with semifree extremal components.

FEzample 1.3. — The fundamental group of the Hamiltonian diffeomor-
phism group of S? x S? endowed with a non-monotone product symplectic
form is generated by two order-2 elements and the class of a loop A of infinite

order. All three are ensured to survive in Wl(@l(M, w)) by Theorem 1.1,
however our method does not detect the even powers of A so that, as far as we
know, j.([A]) might as well be of order 2 (see computations in Section 4.3).

However, we also have results in these more interesting situations, namely
for complex projective spaces of any dimension and for all rational 1-point
blow-ups of CP2. First, recall that Seidel [28] proved that the group
71 (Ham(CP", wpg)) admits a non-trivial element h,, of order n + 1.

COROLLARY 1.4. — For any n > 1, the element j.(hy) has order n+ 1
in the group m (Ham(CP™, wpg)).

Second, recall that F* = (CPQ#@Q,UJL), the symplectic 1-point blow-
ups, admit a standard symplectic form w;L parameterized by a positive real
number p. The fundamental group of their respective Hamiltonian diffeo-
morphism groups was computed by Abreu and McDuff [1]: it is generated
by a unique Hamiltonian circle action of infinite order.

THEOREM 1.5. — The map j. is injective on all rational 1-point blow-
ups of CP2. In other words, whenever u € Q, the map j, : m (Ham(F*)) —

T (@n(ﬂw)) is injective.

Remark 1.6. — The above results also hold if one replaces the spectral
distance v with Hofer’s distance (which we denote here by ¢). Indeed, the
Hofer continuity of spectral invariants yields v < ¢ and thus a natural map

/\5 —_—
Ham (M,w) — HamW(M, w)

between the respective completions, and hence a factorization of j,

—0

71 (Ham(M, w)) — m (Ham (M, w)) — (I%I\H’Y(M,w)> .

Therefore, any class in 7y (Ham(M,w)) which is non-trivial in the group

—_— /\6
T (Hamv(M, w)) is also non-trivial in m (Ham (M, w)).
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1.2. Essential loops of Hamiltonian homeomorphisms in CP".

Remark that when the spectral norm is C° continuous, j, factorizes as
m (Ham(M,w)) = m (Ham(M,w)) — m (I%r\n(M, w)) (1.1)

which ensures that elements with non-trivial image via j, also have non-
trivial image via i,.

This is in particular the case in the complex projective space CP™, by a
result of Shelukhin [29]. Thus, from Corollaries 1.2 and 1.4, we deduce the
following.

COROLLARY 1.7. — For any n > 1, the element v..(hy) has order n+ 1
in the group w1 (Ham(CP",wps)). For n =2, the map

L o m (Ham(CP?, wps)) — m1 (Ham(CP?, wys))

18 injective.

Note that the above corollary can also be obtained by non-symplectic
methods, as was pointed out to us by Randal-Williams. Indeed, Sasao shows
in [26] that the action of U(n+ 1) on CP™ induces an isomorphism between
Z/(n 4+ 1)Z and the fundamental group of the group of degree-1 continuous
maps from CP" to itself. This immediately implies that the class h,,, which
is induced by the aforementioned action, is non-trivial in Ham(CP",wpg)
and in its closure Ham(CP", wrs).

Remark 1.8. — Conjecturally, the spectral norm « is C° continuous for
a large class of symplectic manifolds. If this holds in the settings of Theo-
rems 1.1 and 1.5, both statements admit analogs for the group of Hamiltonian
homeomorphisms. This follows from the above argument.

1.3. The method

Our method is based on the following proposition of independent interest.
In order to state it, we need to briefly recall a few well-established notions
(necessary preliminaries are given in Section 2). The quantum homology of
(M,w) is denoted by QH(M,w). We let v : QH(M,w) — QZ U {—oc0} be
the quantum valuation map, and S : m(Ham(M,w)) — QH(M,w)* be
the Seidel morphism. Let I' : 7 (Ham(M, w)) — QZ be the map defined by
(k) =v(S(h)) +v(S(h™1)).
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PROPOSITION 1.9. — Assume that (M,w) is a rational symplectic man-

ifold, then there exists a map T : m, (}Ta;l(M,w)) — R so that the following
diagram commutes:

m (Ham(M,w)) — m (}Té?n(M,w))
|
R I

Based on this proposition, the proof of Theorem 1.1, Corollary 1.4, and
Theorem 1.5 boils down to computing I' in order to show that it is non-zero
on elements of m (Ham(M,w)). The diagram above then ensures that their

image via j. in m (Ham(M,w)) cannot be trivial.

Remark 1.10. — McDuff already used the map I to estimate the length
of loops of Hamiltonian diffeomorphisms of 1-point blow-ups of CP?, see [19,
Lemma 5.1].

An important ingredient in the proof of Proposition 1.9 is the action of
the Seidel homomorphism on spectral invariants. Indeed, it is not hard to see
that, when (M, w) is rational, I' coincides with the restriction of the spectral
pseudo-norm 7 : ﬁf;r/n(M, w) = R to m (Ham(M,w)), see Section 2.4 for
details. Proposition 1.9 is proved in Section 3.

1.4. Computation of the spectral pseudo-norm

As mentioned above, the proof of our main results boils down to com-
puting the valuation of the Seidel elements associated to the elements of the
fundamental group of Hamiltonian diffeomorphism groups. These computa-
tions are based on work by Entov and Polterovich [7] in the case of complex
projective spaces, and on works by McDuff [19], by Ostrover [24], and by An-
jos and the third author [3, 2] in the case of the Hirzebruch surfaces (5% x 2
and the 1-point blow-ups of CP?).

Since the resulting function I' coincides with the restriction of the spectral
pseudo-norm ¥ to 71 (Ham(M,w)) when the manifold is rational, we get
explicit computations of the latter. We collect below some phenomena of
independent interest concerning 7.
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PROPOSITION 1.11. — Let 5 : mi(Ham(M,w)) — R denote the restric-
tion of the spectral pseudo-norm.

(F1) Let (M,w) = (S? x S%,w,) with w, the product symplectic form
with area p on the first factor and 1 on the second. When p € Q
and p # 1, 7 is degenerate: 77 1({0}) = {h?! | p € Z} where h is
the generator of infinite order of m (Ham(M,w)).

(F2) Let (M,w) be any symplectic 1-point blow-up (CPQ#@Q,ML) of
CP? or the n-dimensional complex projective space (CP™, wrs), en-
dowed with the standard Fubini-Study symplectic form. When u €
Q, 7 is non-degenerate.

We now focus on 1-point blow-ups (CPz#@Q,w;) of CP2. The symplectic
w;L has area 1 > 0 on the exceptional divisor, and 1 on the fiber.() Under
these conventions, the only monotone such symplectic manifold is the one
given by p = %

(F3) The spectral norm % is not bounded on “small” rational 1-point
blow-ups of CP?, for which u < % and i € Q.

(F4) On the monotone I-point blow-up, that is when p = %, we have
¥(k) = 2 for all non-trivial k € m (Ham(CP2#@2, Whion))-

(F5) The image of the spectral norm is bounded on “big” rational 1-point
blow-ups of CP?, for which > % and i € Q.

(F6) Let h' be the generator of Wl(Ham(CPz#@2,wL)) and p € Z, then
the function p — T(W'P), whose restriction to Q is p — F(h'P), is
continuous and piecewise linear on R.

Remark 1.12. — Concerning (F1) above, it was proved in [2] that Sei-
del’s morphism is injective for all Hirzebruch surfaces. The computations of
Section 4.3 show that v(S) is also injective. However, v(S) does not factor

through m (}Tazl(M,w)) a priori and I' is not injective.

The fact (F2) for 1-point blow-ups of CP? was proved in [19], by showing
that I" is positive. In the second part of Section 4.3, we compute the specific
values of I' on the fundamental group of the Hamiltonian diffeomorphism
group. These computations yield the facts (F2) to (F6).

(1 Recall that CPQ#@2 is the total space of the only non-trivial Hamiltonian fibra-
tion over CP! with fiber CP!.
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2. Preliminaries

This section is a quick recollection of the required constructions: quantum
homology, Floer homology, the Seidel morphism, and spectral invariants. We
restrict ourselves to the case of strongly semi-positive symplectic manifolds,
which includes all of our examples.

We would like to emphasize the fact that, even though all these con-
structions depend on the choice of an almost complex structure .J, the iso-
morphism class of the resulting quantum and Floer homologies do not. Ul-
timately, the spectral distance v (and hence the map I', based on the Seidel
morphism), which is our main tool, do not depend on the choice of J. In view
of this, and to keep this presentation easily readable, we mostly removed al-
most complex stuctures from the discussion below.

2.1. Quantum homology

Let k be a field (which will be chosen to be Q in general, except for the
case of CP™ in Section 4.2 for which k = C). The (small) quantum homol-
ogy of a strongly semi-positive symplectic manifold (M,w) is the Z-graded
algebra defined as QH, (M; A) = H,(M;K) @k A where A = A"™V[g, ¢~ !] has
coefficients in the ring of generalized Laurent series in the degree-0 variable ¢:

Auniv _ {Z ot

KER

1, €K s.t. VeeR, #{m>c|r,€7é0}<oo}

and ¢ is a variable of degree 2. The grading of an element of the form a® g%t
with a € H;(M;K) is simply given by deg(a ® ¢¥t*) =1 + 2d.

The quantum intersection product on QH, (M;A) is a deformation of the
usual intersection product on H,(M;K) by counts of certain Gromov—Witten
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invariants. More precisely, for a € Hi(M;k) and b € H;(M; k),
axb= Z (axb)p ®q @ B=wB)
BEHS (M;Z)
where the sum runs over all spherical homology classes B, i.e. classes B in

the image H5 (M;Z) of the Hurewicz map m2(M) — Ho(M;7Z).

The class (a * b)p € H,(M;K) has degree k + 1 — dim(M) + 2¢1(B) and
is defined by requiring its usual intersection product with any class ¢ €
H.(M;K) to be given by the Gromov—Witten invariant

(axb)p-c= GW%{B(a,b,C) ek

which counts the number of spheres in M, in the class B, which meet cycles
representing a, b and c. The specific definition of GWJ]\; 5 is not necessary in
this note. Only the following facts will be of interest:

(i) As expected, deg(a * b) = deg(a) + deg(b) — dim(M).
(ii) The quantum intersection product turns the ring QH, (M; A) into a
Z-graded commutative unital algebra.
(iii) The unit of this algebra is the fundamental class [M] of the sym-
plectic manifold, seen as an element in QH,,, (M;A).

Quantum valuation

The quantum homology algebra comes with a natural valuation
v:QH,(M;A) — RU{—o00}
defined by

v (Z ay ® qd“t"“> = max{k | a, # 0}.

KER
Notice that any non-zero class has finite valuation because of the finiteness
condition required in the definition of A™. By convention, the zero class
has valuation —oo.

The monotone case

Morally speaking, the variables ¢ and t respectively remember the first
Chern number and the symplectic area of classes of spheres in 7o (M).

In the (positively) monotone case, namely when

JA>0 suchthat wlr,n =X cilron
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the morphisms w and ¢; are linearly dependent on 7o (M ). Hence there is
no need to carry around two variables: in this case, A is usually replaced by
k[[s] where s is of degree 2N, i.e. twice the minimal Chern number N of M
which is the positive generator of (c1,m2(M)) = NZ.

An element of the form a® s/ thus corresponds to a® ¢V ¢/ in the above
description, with 2 the positive generator of (w,m(M)), which satisfies by
monotonicity 2 = AN. The definition of the valuation has to be adapted
consequently to (3,7 a; ® s7) = Q- max{j|a; # 0}.

This is for example the setting of [7] whose results are used below.

2.2. Floer homology

In order to prove Arnold’s conjecture, Floer developed at the end of the
80’s [8, 9, 10, 11] an infinite dimensional Morse-Bott-type homology for
the symplectic action functional. As Gromov—-Witten invariants, this con-
struction is another striking consequence of Gromov’s celebrated work on
pseudo-holomorphic curves [12]. (And as Gromov-Witten invariants, it has
had numerous applications.)

The upshot of Floer’s construction, as far as this note is concerned, is
that with a generic pair (H,J) formed of a time-periodic, non-degenerate
Hamiltonian function H and a w-compatible almost complex structure J,
one can define a Z-graded complex (CF.(M : H),0(g,)) whose homology
HF,.(M,w) = H.(CF(M:H), (g, )) satisfies the following properties.

(i) There exist canonical continuation isomorphisms between Floer ho-
mologies built from different admissible pairs of Floer data (H,J)
and (H',J").

(ii) The pair-of-pants product x turns Floer homology into a graded
algebra, with unit [M] € HF5, (M, w), the fundamental class of M
seen as a Floer homology class.

(iii) There exist isomorphisms PSS : QH, (M; A) — HF, (M, w) of graded
commutative unital algebras.

(iv) Floer complexes are filtered: any given a € R defines a subcomplex
(CFZ(M :H),0,)- Its homology does not depend on the choice
of J and is denoted by HFy (M : H).
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2.3. The Seidel morphism

The Seidel morphism was described in [28] in two quite different but
equivalent ways. On one hand, it can be seen as a morphism

S :m (Ham(M,w)) — QH,(M;A)*, h+—— S(h)

where QH, (M; A)* denotes the multiplicative group of invertible elements of
QH, (M;A). The quantum class S(h) is called the Seidel element associated
to h. It is defined by counting pseudo-holomorphic sections of a Hamiltonian
fibration over S? with fibre M obtained from a loop (¢).ej0,1] € h via the
clutching construction.

On the other hand, it can be seen as a representation
S :m (Ham(M,w)) — Aut(HF.(M,w)), h+— Sp.

The relation between these two viewpoints is straightforward: the automor-
phism of Floer homology S}, is nothing but the pair-of-pants multiplication
by S(h) seen as a Floer homology class via the PSS morphism, i.e.

VbeHF, (M,w), Sh(b)=PSS(S(h))*b.

2.4. The spectral norm

The spectral norm is a norm defined on the universal cover of Hamilton-
ian diffeomorphism groups. It is based on the theory of spectral invariants,
introduced by Viterbo [30] via generating functions, and adapted to the
Floer-theoretic setting by Schwarz [27] for symplectically aspherical mani-
folds and Oh [22] for more general symplectic manifolds. Since then, they
have been defined in a wide range of situations (and also had numerous deep
consequences).

Spectral invariants

Let a € QH, (M;A) be a non-zero quantum homology class. For any non-
degenerate Hamiltonian function H on M, the spectral invariant associated
to a with respect to H is the real number

c(a:H) = inf{o € R | PSS(a) belongs to the image of t*}

where (* : HF*(M :H) — HF,(M,w) is the map induced by the inclusion.
These numbers enjoy a list of standard properties. First, they are “spectral”
in the sense that c(a: H) belongs to the set of critical values of the action
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functional associated to H; this property which explains their name will not
be needed here. They are also Hofer continuous, namely

1 1
/ min(H; — K;)dt < c¢la:H) —c(a:K) < / max(H; — K;) dt
0 M 0o M

for any two Hamiltonians H(t,x) = Hy(x), K(t,x2) = K¢(x). In particular,
¢(a: H) continuously depends on H and the map c(a: - ) extends continuously
to all (possibly degenerate) Hamiltonians.

Recall that a smooth path of Hamiltonian diffeomorphisms (ht)te[OJ]
with h® = id is generated by a unique mean normalized Hamiltonian H, i.e.
satisfying | o Hew™ = 0 for all . Thus we may define spectral invariants of
the isotopy (h!) by setting c(a: (h')) = c(a: H). These invariants applied
to isotopies have the nice feature that they are invariant by homotopy with
fixed end points. Therefore, we obtain a well-defined map on the universal
cover of Ham(M, w):

c(a: ) : Ham(M,w) — R.

These maps satisfy the so-called triangle inequality:
claxb:hk) < cla:k) + c(b:h)
for any classes a, b € QH,(M,A) such that a x b # 0, and any 71, k €
Ham(M,w).

We will mainly use the spectral invariants associated to the fundamental
class. Therefore, it will be convenient to introduce the notation c; (H) =

c([M]: H) and ¢4 (h) = ¢([M]:h). Note that the triangle inequality for cy
takes the form

e (E) < i (B) + e4 (B). (2.1)

Relation between ¢, S, and v

In the language of spectral invariants, the quantum valuation defined in
Section 2.1 behaves as the spectral invariant computed with respect to the

zero Hamiltonian / the identity in Ham. By this, we mean that for any
non-zero quantum homology class a € QH, (M;A)

c(a:id) = v(a). (2.2)

Moreover, because Seidel’s representation provides automorphisms of fil-
tered Floer complexes, the action of any h € m (Ham(M,w)) on the uni-

versal cover }/I;,r/n(M ,w) (or in other words the difference between lifts of
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¢ € Ham(M,w) to the universal cover) yields, in terms of spectral invari-

ants:
VaeQH,(M;A), c(a:kh)=c(S(h)*a:k) (2.3)

for all k € ITI?n/n(M, w). In the specific situation where k = id and a = [M],
we get _

ct(h) = c([M]:h) = ¢(S(h) * [M]:id) = v(S(h)) (2.4)
respectively by definition of ¢4, by (2.3), and finally by (2.2) and the fact
that [M] is the unit of the quantum homology algebra. This equality has
been successfully used before, see e.g. [7, Proposition 4.1], [24, Section 6.3],
and [20, Property (2.4) of spectral numbers].

The spectral pseudo-norm

The spectral pseudo-norm is defined as a group pseudo-norm
v ﬁgr/n(M ,w)— R
by B N B
F(h) = cq(h) + e (h™Y) = e (H) + ey (H)

with H generating (¢%):cjo,1) € h and H the Hamiltonian function defined
by Hi(x) = —H;_(z). Standard computations show that H generates the
isotopy qb}ift((b}])*l € h~!. The triangle inequality for ¥ as well as its non-
negativity follow from (2.1) and the fact that 7(id) = 0.

Notice that (2.4) yields for any h € 7 (Ham(M,w))

T(h) = ey () + es (h™1) = (S() +v (S() =T(h)  (25)

where I, defined by the last equality, is the central object of Proposition 1.9
from the introduction. Notice that this implies that

Y(h) € (w,m2(M)), VY hem(Ham(M,w)).

The pseudo-norm 7 induces a genuine (non-degenerate) norm v on the
group Ham(M,w), called the spectral norm, by the formula (see [23])

@) = inf {7(B) | 7 € Ham(M,w), 7(h) = 6} .
The y-completion

The completion of Ham(M,w) with respect to the spectral norm is de-

noted by %(M ,w). Recall that by definition it is the quotient of the set of
~-Cauchy sequences of elements in Ham(M,w) by the equivalence relation

(¢n) ~ (V) if and only if  Y(¢pp,¥n)

n— oo

— 0.
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3. Proof of Proposition 1.9

To be able to prove Proposition 1.9, we first need to study the metric
topologies induced by & and ~y. In this purpose, we prove a few preliminary
lemmas and then prove Proposition 1.9 at the end of the section. Throughout
the section, we assume that (M,w) is a rational symplectic manifold and we
let © denote the unique positive generator of (w, ma(M)).

To circumvent the unpleasant fact that the pseudo-metric ¥ may be de-
generate, we introduce
G = {h € m (Ham(M,w)) : 3(h) =0} .

We note that this is a normal subgroup of 71 (Ham(M,w)) and define H =

IjI_:;El(M, w)/G the associated cover of Ham(M,w). The pseudo-metric 4 de-
scends to a non-degenerate metric on H, still denoted by 7. Indeed, for any
k € Ham(M,w), h € G, by triangle inequality

F(kh) =7 (h) < F(k) < F(kh) +F(h™")
which yields 7 (kh) = (k), since F(h) = F(h~!) = 0.

Denoting by 7 the canonical projection H — Ham(M, w), we still have
+(¢) = inf {a(ﬁ) heH, n(h) = ¢>} . (3.1)

LEMMA 3.1. — With respect to the spectral metrics ¥ and -y, the projec-
tion m : H — Ham(M,w) is a local isometry.

By local isometry, we mean that for all i~1~€ ‘H, there exist open neigh-
borhoods U and V, respectively of h and m(h), such that 7 restricts to a
bijective isometry 7 : U — V.

Proof. — Let (E, {Z; in H, such that i(&ﬁ, {/;) < % In order to show that

is a local isometry, we first prove that v(w (@), w(v)) = 5(&, 12) By (3.1), the
left hand side is smaller or equal than the right hand side. Let us prove the
other inequality.

Let p := n(¢"1¢) = 7(xp) ! o w(¢) so that by definition v(p) = v(7(¢),
7(¥)). Let £ € (0, %) By (3.1), there exists h € w1 (Ham (M, w))/G such that

¥(p) 2 F(W o) —e. (3.2)
The triangle inequality then yields
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Since v(p) < A(¢, %) < &, we deduce F(h) < 22 +& < Q. Now, 7(h) € QZs0,
thus ¥(h) = 0 and h is the trivial element in m (Ham(M,w))/G. Using (3.2)

again, we obtain y(p) > 5(1;_15) — ¢. Since this holds for arbitrarily small e,
this concludes the proof that v(p) = (¢, ).

Hence 7 preserves the distances on open balls of radius £ 3 so that, for
all ¢ and ¢ = 71'((;5), (B (d), g)) C B(¢, g) and it only remains to prove the
opposite inclusion. Let ¢ € B(¢, g), by definition y(¢~1v) < % By (3.1),
¢~ admits a lift b € H with J(b) < L. We set ) := b; then, (¢, ¥b) < g
and W(w) 1. This shows that ¥ admlts a preimage by 7 in B(qb, 3) and
concludes the proof that 7 restricts to a bijective isometry 7 : B(gb, 3) —

B(¢, 9). O

By definition of v, the map = is 1-Lipschitz, hence it extends to a contin-

uous map T : H — @(M ,w) between the spectral completions of H and
Ham(M,w).

LEMMA 3.2. — The map 7 is a local isometry, and it is surjective.
As a consequence, it descends to a homeomorphism between H/ker(w) and

Ham(M, w).

Proof. — As a continuous extension of m, the map 7 also preserves dis-
tances. Let 6 > 0 be such that 7 restricts to a bijective isometry between
the balls of radius 6 > 0 centered at the identity. We need to check that

#(B($,0)) = B(,6), for any ¢ € Ham(M,w) and any lift ¢ € .

Let ¢ € B(¢,6). Choose a Cauchy sequence () which represents ¢=11.
We may assume without loss of generality that vy(x,) < ¢ for all n > 0.
Let b, be the unique preimage of y, under 7 in the d-ball centered at the
identity. Since 7 is an isometry, (b,,) is a Cauchy sequence whose class b € H
satisfies (b) = (gb L)) < 6. Thus the element ¢ = b(b of B(d), 0) lifts .

This proves 7(B (¢, 0)) C B(¢,9). Since the opposite inclusion is obvious, 7
is a local isometry.

The above argument proves that the image of 7 contains a J-neigh-
borhood of Ham(M, w) which shows that 7 is surjective. As a consequence,

7 descends to a continuous bijection H/ ker(7) — I?;n(M, w). Being a local
homeomorphism, 7 is open, hence the induced map is a homeomorphism. [

We now explicit the relation between m and 7.
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LEMMA 3.3. — The group homomorphisms m and T satisfy ker(7w) =
ker(m), and we have a pull-back diagram of coverings

H—T 7

{ Jﬁ (3.3)

Ham (M, w) BN ﬁa?n(M,w)

Proof. — The inclusion ker(mw) C ker(7) is obvious. On the other hand, let
h € ker(w) C # and (hn) be a y-Cauchy sequence in H which represents h.
By assumption, 7(h) = id, which means v(w(h,)) — 0. By (3.1), there
exist elements y, € ker(r) such that J(h,y,!) — 0. Since (h,) is a 7-
Cauchy sequence, so is (y,). Now ker(w) being discrete for the F-topology
by Lemma 3.1, this implies that there exists some element y € ker(w) such
that y,, = y for n large enough. From 5(h,y,') — 0, we deduce h,, — ¥,
hence h = y. This shows that h € ker(w), hence concludes the proof that
ker(m) = ker (7).

Recall the classical fact that if H is a discrete normal subgroup of a Haus-
dorff topological group G, then the quotient map G — G/H is a covering
map [25, Corollary 3.7]. Since ker(7) = ker(w) is discrete, this applies in our
case and shows that 7 : H — I%r\n(M, w) = H/ker(7) is a covering map. [J

It only remains to show how Proposition 1.9 follows from Lemma 3.3.

Proof of Proposition 1.9. — The respective actions of 71 (Ham(M,w))
and (ﬁaI\n(M, w)) on the fibers of the covering maps 7w and 7 over id are
intertwined by Diagram (3.3). In particular, denoting by 1 € H and 1 € H
the identity elements, we have j(a-1) = j,(a)-1 for any a € m (Ham(M, w)).

The action of m (Ham(M,w)) on ker(w) is induced by the group law on
m1(Ham(M, w)), thus we may write (o - 1) = ¥(«). By (2.5), we deduce

I(a)=F(a-1), Vaem (Ham(M,w)).
We analogously define

F(a)=4(a-1), Vaem (I—Ta;l(M,w)) .
Then, we have for any « € m;(Ham(M,w))

T oji(a) =7(js(a) - 1) =7((a-1)) =F(a- 1) =T(a),

where the third equality above follows from the obvious fact that 3 is an
isometry for 4. This proves the proposition. a
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4. Computations
4.1. Proof of Theorem 1.1

Proof. — This is a simple remark based on the following deep result from
McDuff and Tolman which is part of [21, Theorem 1.10].

THEOREM (McDuff-Tolman). — Let A be a Hamiltonian circle action
on a compact symplectic manifold (M,w), generated by the moment map
K : M — R. Assume K to be normalized and let K.« = max,; K. Assume
that the fized point component Fuax = K’l(Kmax) is semifree. Then there
are classes ap € H.(M) and an integer mmax so that

S(A) = [Frnax] @ g7 mext max 43 " g @ g~ mmex 1 (Blmax—w(B) (4 )

where the sum runs over all spherical classes B € H5 (M;Z) with w(B) > 0.

Recall that semifreeness means that the group acts semifreely: the stabi-
lizer of each point is trivial or the whole circle in a neighbourhood of F.x.
The integer mmax will not be used below. Let us simply mention that it is
determined by the degree of S(A) and that it corresponds to the sum of the
weights at a point x € Fiax. Note that McDuff and Tolman were also able to
specify the structure of the lower order terms, under additional assumptions
on w-compatible almost complex structures.

For our purpose, it is enough to notice that, since [Finax] and the ap’s
are honest classes in H, (M), the valuation of S(A) is Kpax. Moreover, A1
is generated by —K whose maximal fixed point component is nothing but
(—K) }(maxy (—K)) = K 1(miny K) = Fpin. Requiring both extremal
fixed point components to be semifree and applying McDuff-Tolman’s The-
orem to K and — K, yield

T(A) = v(S(A) + v (S(A™Y) = Kinax — Kunin

where Kpin = miny K. Since K is not constant, T'(A) > 0. Under the
additional assumption that (M,w) is rational, Proposition 1.9 ensures that
t«(A) is not trivial in 71 (Ham (M, w)). O

4.2. Proof of Corollary 1.4

Proof. — Recall from [28] that there is an element h, of order n + 1
in the group m (Ham(CP™, wpg)) which has non-trivial image by the Seidel
homomorphism. We claim that T' is positive on all classes with non-trivial
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associated Seidel element. Since (CP", wpg) is monotone, it is rational and
Proposition 1.9 ensures that t.(hy,) is of order n + 1 in Ham(CP", wpg).

We now proceed and show that
V h € m (Ham(CP",wrs)), h ¢ ker(S) = I'(h) = (4.2)

where Q = wps([CP!]) > 0 is the generator of (wgs, 72(CP™)). This obviously
implies our claim, hence concluding the proof.

We recall that the quantum homology algebra of CP™ is isomorphic to
the algebra k[A]/{A"t! = s71} with k = K[[s], see our comment on the
monotone case at the end of Section 2.1. Here, A is the hyperplane class of
degree 2n — 2 and s is of degree 2N = 2(n + 1). Notice that for any m € Z,
A™ has degree 2n — 2m.

Moreover, recall from [7, Proposition 4.2], that all Seidel elements are

monomials of the form A™s. Since they belong to QH,,, (CP™; A), 8 = e

for degree reasons. Notice that when m is a multiple of n+1, we get A™s” =
[CP"] as expected (see [7, Proposition 4.3]).

We now assume that m is not a multiple of n 4+ 1. We need to compute
v(A™sP) + v(A""s7P) so that we may assume that m > 0. Then

m=q-(n+1)+r and —-m=—(¢g+1)-(n+1)+n+1-71)

with ¢ = | 7], and 7 and n + 1 — r are integers in (0,n + 1). Hence,
AMgrIT = (A”H)q CATsRET = ([(CP”]sfl)q CATsRET = ATgniTi

whose valuation is €2 - (nﬂ+1 —q)=Q- (n%r1 — L%J) since A" € H,(CP™; Q).

Similarly, by replacing ¢ by —(¢+1) and r by n+1—r, we get that A= s7+1

has valuation Q- ([ 75 ] +1 — ;75), so that

v (Amsﬁ) +v (Afmsfﬁ) =Q.
Hence, I'(h) = €2 whenever h has a non-trivial associated Seidel element
which proves (4.2) and ends the proof of Corollary 1.4. O

4.3. About Example 1.3 and the proof of Theorem 1.5

In this section, we compute the Seidel elements associated to all elements
of the fundamental group of the group of Hamiltonian diffeomorphisms of all
Hirzebruch surfaces. This completes partial computations from [2, 19, 24].

Recall that in [3], Anjos and the third author computed Seidel elements
of many 4-dimensional toric manifolds starting from the fundamental afore-
mentioned result from McDuff and Tolman. In [2], these computations were
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used to prove that Seidel’s morphism detects all the generators of the fun-
damental group of the Hamiltonian diffeomorphism group of all Hirzebruch

surfaces, namely all symplectic products of S? x S$? and 1-point blow-ups
of CP2.

We now show that, when we consider I' rather than the Seidel elements
themselves, the situation is more subtle:

e [ vanishes on certain essential loops of Hamiltonian diffeomorphisms
of all products of spheres except the monotone one, this will justify
Example 1.3 and Fact (F1) of Proposition 1.11 from the introduc-
tion;

e I is positive on all essential loops of Hamiltonian diffeomorphisms
of the 1-point blow-ups of CP2, this will prove Theorem 1.5 and
justify Fact (F2) of Proposition 1.11.

The computations done in the latter case will also clarify Facts (F3) to (F6)
of Proposition 1.11.

Remark 4.1. — Note that all the quantities S, v, I', ¥ depend on the
symplectic forms, themselves being parameterized by a real number u in
both cases. However, we omit y in the notation for brevity throughout this
section.

4.3.1. Even Hirzebruch surfaces

Recall that F%, is identified to M = 52 x 52 endowed with the symplectic
form w,, with area 1 on the first factor and p on the second.

We denote by u = [S? x {pt}] ® ¢ and v = [{pt} x S?| @ ¢ the degree 4
quantum homology classes induced by each component of the product M =
5% x $2. The quantum homology algebra of (M,w,,) is

QH, (M, w,) = A" [u,v]/ (v =t~ 0> =t7H) .

The fundamental group of the group of Hamiltonian diffeomorphisms of
%, was computed in [1].

e When p = 1, the manifold (M,w;) is monotone hence rational,
and the fundamental group of Ham(M,w;) is generated by two el-
ements of order 2, each generated by one factor of the product.
These generators are Hamiltonian circle actions which satisfy the
assumption of Theorem 1.1 so that they induce non-trivial elements
in Ham(M,wq). Since they are of order 2, there is nothing more to
prove.
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o When p > 1 and rational, (M,w,,) is rational and m (Ham(M,w,,))
is generated by the same order-2 circle actions, together with a third
Hamiltonian circle action of infinite order A (denoted A2, in [2]). The
Seidel element of the latter and of its inverse are given by

1
1 tate
S(A) =(u+v)®t2¢ and S(A)' = (u-v)@ljﬁ
with € = &. Hence, for any positive integer ¢,
(¢ (19
SAZ: ( )ukvikt 5—¢ f'
(A) kZ:O N

Notice that, depending on the parity of k and ¢ and up to some power of t,
uFv*=F is [M], u, v, or uv, so that no products of powers of u and v vanish.
Moreover, for all k£ and £,

N S L B L= I (RN

Since p1 > 1, we get that v(S(A)Y) = —|£] + (3 — e)L.
The computation of v(S(A)~*) is similar. Only notice additionally that

i = 1+t r #2078 4 50 that, since 1 — p < 0, v((=4=)") = 0.

Hence, we get v(S(A)™%) = —| 4] + (3 + €)¢ which yields

0
F(AZ)—€—2\‘£J: O?ﬁ?seven,
2 1if ¢ is odd.

Hence, we see that I" detects only odd powers of A, it follows that ¢, ([A]) # 0
(but it could be of order 2). O

4.3.2. Odd Hirzebruch surfaces

We follow the conventions from [2, Section 3.2]: Ff, ; is identified with
CP?#CP? endowed with the symplectic form w/, such that:

e the exceptional divisor B of self-intersection —1 has area p > 0,

e the fiber F' has area 1,
e the projective line B + F has area p + 1.
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As a vector space, its quantum homology is generated by: ug = [pt] ® ¢2,
u=F®gq, u3 = B®gq, and 1. It is also convenient to denote by u; =
(B+ F)® q = u+ us. These classes satisfy the following relations(®) :
wus=t1, W=ust ", ul=ugthttl. (4.3)
As an algebra, the quantum homology is given as the quotient
QH, (ngH) ~ AV[y]/ <u4t2“ + udth — t_1> )

Last (but not least!), recall from [1] that the fundamental group of the group
of Hamiltonian diffeomorphisms of F, 41 Is generated by a single class of
infinite order. This class is induced by a circle action A whose associated

Seidel element is S(A) = u=1t~¢ where ¢ = % Hence we get, for all
integers p,
L(A?) = v(S(AP)) + v(S(A7P)) = v(u™?) + v(uP).
The following proposition collects the results of the computations of I'(AP)
for all p (greater than some pg) for all possible values of the parameter u > 0.
PROPOSITION 4.2.
(1) For0<p< 3,

Vp>T1, mez—z(vglJ—Q-u+(V;1J+o. (4.4)

(2) For p > %, the value of T(AP) depends on the rest { of the Euclidean
division of p by 4, and on the sign of u— 1. Namely, for allp > 12,
['(AP) is given by the following table:

(ls<n<t|i<p (4.5)
0 2 2
1 2 pt1
2| —2u+3 1
3 2 pw+1

This proposition shows that, for any ;> 0, I'(AP) # 0 for p big enough(®)
which yields that ¢, ([A]) is of infinite order in 7 (Ham(F%, _ ,)) for any posi-
tive, rational number u. Notice that Theorem 1.5 and the facts (F2) to (F6)
from Proposition 1.11 follow from this proposition.

(2) The last one does not appear as such in [2] as it was not needed to get the expression
of the quantum homology algebra. It is necessary here and can easily be computed with
the methods used there. See also [21, Remark 5.6] and [24, Section 3.3] in which it is
explicitly computed under different conventions though.

(3) Computing the first few terms shows that this fact actually holds for all integers
p. The formulas we present below, however, do not hold for small integers p.
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The graph below illustrates Proposition 4.2.

n p=3(n—1)+k, The values of J([AP]) as functions
/ k=1,2,3 of the symplectic form w:L.
4 p =2 mod 4 1
3 / ~p=1mod? B
2 |
[\ =101 T
p=17,89 ]
! 1 Z
Figure 4.1.

Remark 4.3. — It is interesting to compare Proposition 4.2 (1) with the
results of Ostrover [24]. Indeed, he establishes that for 4 > 1, the quantum
homology QHy (I, ;) is a field, while it splits into field summands for p < %

Moreover, he proves that the restriction of I' to any field summand is
bounded. Our result shows that I' is however not bounded on the whole
quantum homology in the case u < %

It remains to prove Proposition 4.2 which follows from intermediate com-
putations whose results are collected below, depending on the value of p.

4 4
L<u [t (5] +1) — 5=
These formulas are proved by induction.
Proof of Proposition 4.2.

Case 1: We assume p > % — We wish to show that for p big enough,
v(u™P) and v(uP) are of the form specified in the table above, depending on
the sign of p — 1. The values of v(u~P) will be extracted from the proof of
the following lemma.

LEMMA 4.4. — For all integers q > 3, there are polynomials P{ in t, so
that

u M = g P (t) +uy P{(t) + u P (t) + 1P (t).
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These polynomials are of the form

Pi(t) = ad t?arHath) ] o ¢,
Pi(t) = ¥ tZa—Drtlat) o o,
Pi(t) = ad ¢ttt ] o ¢,
P{(t) = ad t*1T1 4 1. o.t.

. q o
where all coefficients o are positive.

Proof. — Tts proof consists of tedious but straigthforward computations.
First, notice that the relations (4.3), give u=! = ugt*™! and the following
multiplication table

(4.6)

a Huo‘ Uy ‘u‘ 1
a*xu - ‘

1 ut“—i—l‘l‘uot““‘l

Next, compute explicitly u =49 for ¢ = 3 as base case for a proof by induction
on ¢:

w12 = Bug tOT 4 Bug 94T P (03 4 gt
which is of the form specified in Lemma 4.4 since u > % (otherwise P§ would
have valuation 4p + 4).

Finally, assume u %7 has the form given in the lemma and compute the
4 next powers of u. Up to lower order terms, we get (to ease the reading we
denote P(t) simply by F;):
U74q71 = U()Pgtp’+1 =+ 'LL1P0 + UPltM + 1(P1 =+ Pg)
w1972 = (P + Po)t' ! ug Psth T 4 uPot" + 1(Py + Pith)
U_4q_3 = Uo(P0+ Pltﬂ)tﬂ‘f‘l + ul(Pl + Pg)tu+l
+uPst? T L 1(Py + Pst)th (4.7)

This yields for u~4(@+1);

PIY(t) = PY(t) - 242 + PY(t) - 17+ + Lot

PitY(t) = PY(t) -t + Pi(t) - 2T + Lot

PITH () = (PE(t) + PL(E)) - 27 + Lot

PITH() = P(t) - 22+ 4 (PL(t) + PL(t)) - t*T1 + lo.t.
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whose respective leading order terms are

P0‘1+1 :(ad +ad) $2(a+Dpt(g+1)+1

PITL (ol 4 o) ¢larD=Dut((a+D)+D)

PITL (0 4 af) tlarD=Dut((a+D)+D)

pg“ cad $2(g+D)p+(g+1)
since all the coefficients af are positive and since p > % so that (P{(t) +
P2(t)) - t**1 only consists of lower order terms of P, O

This proves Lemma 4.4. The formula giving v(u~?) now follows from
the lemma together with the valuation of intermediate powers of u~! which
easily follow from the computations (4.7). Indeed, depending on the sign of
w—1, we get:

lap<t | 1<p
p=4q 2qu+ (¢ +1)
p=4q+1 (2¢+Dp+(g+1) (4.8)

p=4q+2 2qp + (g +2) (2¢+ 1+ (g+1)
p=4¢+3 | 2¢+1)pu+(¢+2) | 2(¢+1)u+(¢+1)

We now turn to the valuation of positive powers of u. Symmetrically to

the negative powers, v(uP) will be extracted from the proof of the following
lemma.

LEMMA 4.5. — For all integers q > 2, there are polynomials Q¥ in t, so
that
ut = up Qf(1) + u Q3(1) + uz Q3(1) + 1Q4(1).
These polynomials are of the form

Qi(t) = —pdt2ar=(a=D 4 1o.t.

Qi(t) = —pd ¢~ Garbr=(a=1) 4 ] o4,

Qi(t) = pdt~Catn=(a=1) 4 | o ¢,
1(t) = Bit 29+ lo.t.

where all coefficients B are positive.

Proof. — Notice that we changed the basis of the cohomology, this yields
easier computations and a slight notational discrepancy. The relevant mul-
tiplication table now is

a H Uug ‘ U ‘ u3 ‘1
axu H 1¢—#—1t ‘ ugt™H ‘ ug — uzt—* ‘ U

(4.9)
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We initialize the induction with u*? for ¢ = 2:

u® = —ug (27T 47O — Ot

tug (BT T L (R O

1

which is seen to be of the form specified by Lemma 4.5, again, because u > 5.

We now assume u*? has the expression given above and compute the 4
next powers of u. To ease the reading we denote Q{(t) simply by Q; and we
introduce the notation @23 for Q2 — Q3. We get, up to lower order terms:

T = upQs + uQs + uzQa st + 1Qot H !
ytat? = uoQa,st™ " + uQot H1

+uz (Qat ™ — Qa,3t™ %) +1Qst ™ (4.10)
T =g (Qut ™ — Qazt ) + uQst !

+uz (Qot 7 — Qut T 4+ Qo 3t ) + 1Qq st

This yields for u*(9tY (again, up to lower order terms):

§) = Q5 -t - Q1) 7 4 (Q5(1) — Q5(1)) -t
57N = (Q5() — Q5(t)) -t~
§70) = —Qf(1) -t Qf(r) e
+ QY1) 7 — (Q5(1) — Q4(1)) - ™™
§) = Q) - 7 —(Q5(1) — Q5(t)) - ¢!

whose respective leading order terms are

It (B8 + pY) 2 ar e ((a+D)—1)
g+1 - (ﬂg + ﬁg) t—@le+1)+D)p—((¢+1)-1)
g+1 . (ﬁg + ﬁg +5Z) t—Qla+D)+D)p—((g+1)-1)

1 — _
Z+ :5Zt 2(g+1)p—(g+1)

since all the coefficients 3] are positive and since p > % O

This proves Lemma 4.5. The expression of v(uP) then follows from it,
together with the valuation of intermediate powers of u which easily follow
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from the computations (4.10). Namely, we get

Lot | 1<
p=4q —2qpu— (¢ —1)
p=4¢+1| —(2¢+p—(¢—1) | —2qu—q (4.11)
p=4¢+2| 20+ p—(¢-1) | -2g+p—q
p=4q+3 —(2¢+Dpu—q

Together with the expression of v(u™P) given by Table (4.8), this con-
cludes the proof of Proposition 4.2 in the case p > %

Case 2: We assume 0 < p < % — The sketch of the proof in this case
is similar, the main lemmas only need a few adjustments.

For negative powers of u, the situation is perfectly similar to the previous
cases, except that the results depend on the remainder of p mod 3 rather
than 4.

LEMMA 4.6. — For all integers q > 3, there are polynomials P{ in t, so
that

u P = g PY(t) 4+ uy P(t) +u PY(t) + 1P (t).
These polynomials are of the form

PI(t) = ¢ttt 1] o ¢,

—1)(g—2
Pi(t) = ezDla=2) )2(q ) yarDuta 1 o,

PY(t) = (g — 1)t @tDrta ] ot
Pi(t) = qt\atDr+a 1] ot
Proof. — We use the multiplication table (4.6) to compute
w0 = g ¢ oy RT3 2 RS 31 A3
which is indeed of the expected form.
The expressions of the following 3 powers v 3972, 43473 and ¢ 3(¢+1)—1
are given from u=3971 by equation (4.7). From this we conclude that
Pg‘H cplatDntat2) 4o g,

—1(g—2 .
Pt <(q )2(q ) 4 (q— 1)> tlatButatl) 4 o,

Péﬁl cqtlat3etlat) oo,

PITLL (g4 1) tlatDrtarh) 4o,
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since p <
(g=1)(g—2)
2

%. Notice that this yields the expected expression of qu+1 since
is the sum of all integers between 1 and g — 2. ]

This concludes the proof of the Lemma 4.6, from which we immediately
get that v(u=3971) = (¢+ 1)p + (¢ + 1). The other necessary valuations can
be extracted from (4.7):

v (@) = (g +2)p+ (g +1)

and v (u=73) = (¢ +3)u + (g +1). (4.12)

For positive powers of u, the situation is somehow easier since we can
directly compute the valuation of each power of u. The relevant lemma is
the following.

LEMMA 4.7. — For all integers p > 5, there are polynomials Q¥ in t, so
that

uP = uo QG(1) + uQ5(t) + us Q5(t) + 1Q(1).

These polynomials are of the form

0() (— )”Ht (p— 2)"+lot
Q1) = (-1 g Lo,
Q4(t) = (—1)P =P~V 4 1ot
Q1) = (-1 = ¢ Lo

Proof. — Using the multiplication table (4.9), we compute
w® = ugt T ot T gt — 13t
and we compute vt from u?
Pt = g Q5 () + u QY (t) +us (Q5(1) — Q5(1)) t™H +1Qh(t) t ' + Lo.t.

Notice that QF 1 is of the expected form because p < % O

This proves the lemma and, together with (4.12), ends the proof of Propo-

sition 4.2 in the last remaining case, for 0 < p < 1 |
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