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ABSTRACT. — We develop a set of tools for the asymptotic analysis of minimizers
of the anisotropic Ginzburg—Landau energy functional among the admissible com-
petitors with Dirichlet boundary datum of negative degree —D. As a byproduct of
our analysis, we prove that the energy of a minimizer is K In(1/¢)+o0(In(1/¢)), where
K depends only on D and the material constants that enter into the expression for
the energy.

RESUME. — Nous proposons plusieurs outils pour ’analyse des minimiseurs de
la fonctionnelle de Ginzburg-Landau anisotrope avec donnée de Dirichlet de degré
négatif —D. Comme une application de notre analyse, nous montrons que ’énergie
des minimiseurs est K In(1/¢) + o(In(1/€)), ou la constante K dépend uniquement
de D et des constantes physiques qui apparaissent dans ’expression de I’énergie.
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Dmitry Golovaty, Petru Mironescu and Peter Sternberg

1. Introduction

Minimizing the Ginzburg-Landau energy in a 2D domain subject to Diri-
chlet boundary conditions has been well understood since the seminal con-
tribution of Bethuel, Brezis, and Hélein [2]. In particular, there is no dis-
tinction between the analysis of minimizers for boundary datum of positive
and negative degree as the two cases are related by conjugation. However,
somewhat surprisingly, when the Dirichlet integral is broken into the sum
of the squares of the divergence and curl with arbitrary positive weights,
the distinction arises. Such a decomposition of the gradient is not merely an
academic exercise as it arises in modeling of nematic liquid crystals, in par-
ticular within the context of the Oseen—Frank model for uniaxial nematics,
see [22].

The case of positive degree, considered by Colbert-Kelly and Phillips
in [5], is reducible to the standard treatment, following the ideas of [2]. This
reduction relies on existence of degree one singularities with bounded energy
that are purely divergence or purely curl, and there do not exist analogous
vector fields of negative degree. Other interesting cases include extreme sit-
uations of high anisotropy when the ratio of the elastic constants is vanish-
ingly small. For example, Golovaty, Sternberg, and Venkatraman [9] show
that limiting configurations may exhibit line singularities accommodating
high deformation cost associated with divergence through the emergence of
jumps in the tangential component. In a related work, Kowalczyk, Lamy,
and Smyrnelis [12] construct entire solutions of the Euler-Lagrange equa-
tions having negative degree and possessing equivariant symmetry.

In this paper, we develop some tools that we believe should be helpful
in completing the asymptotic analysis of the minimization problem for the
anisotropic Ginzburg—Landau functional, subject to boundary datum of neg-
ative degree. We begin by providing the precise statement of the problem
and establishing some necessary notation.

1.1. The problem

We let Q € R? ~ C be a smooth bounded domain that we assume to be
simply connected. For technical reasons, we occasionally also assume that
is strictly star-shaped. For K1, K3 > 0, w C Q and u : w — C, we consider
the energies

Ey(u) = Ey(u,w) := %/(divu)2 + %/(curl u)?

w w
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and
E.(u) = E:(u,w) := Eg(u) + 412 /(1 — |ul )

where € > 0. With no loss of generality, we assume that K; + K3 = 2. Noting
that

K K. K K
%(div u)? + 73(0111“1 u)? = 73(div ) + %(curl w)?,

we may also assume in the analysis below that K; > K3, so that we can
write

Ki=1+46 Ky=1-6, with0<d < 1. (1.1)
For u : w — C, we denote by
Golw) = Go(u,w) = 5 [ [Vul?
and ’
Gulu) = Gielu) = Golw) + 115 [ (1= 1uP)”

the standard Dirichlet and Ginzburg-Landau energies, respectively. When
6 = 0, the functional Ey reduces to Go while the functional E. reduces to
G (after integration by parts and modulo a fixed boundary term; see the
proof of Lemma 2.1). In what follows, we denote by lower case letters the
energy densities, e.g.,

K K
eo(u) := 71(divu)2 + 73(curlu)2,
and
2 1 2)2
ge(u) == 7|Vu| + —(1 — |ul ) ,
for Ey and G, respectively.

Given g : 9Q — S! a smooth map of degree —D < 0, we let u. denote
a minimizer of E. in the class H)(Q;C) := {u € H'(®;C); tru = g}. We
are interested in the asymptotic properties of u. as ¢ — 0, and our main
purpose is to extend to E. some of the analysis achieved for G. in [2].

1.2. The main results

Although our results are far from being as complete as those in [2], we feel
that they may have some interest and give impetus for subsequent research.
Most of the techniques that we use have roots in [2] and subsequent works.
In particular, several proofs are in the spirit of Struwe [20, 21] or Sandier
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and Serfaty [19, Chapter 5] (see also Han and Shafrir [10], Jerrard [11], and
Sandier [18]). Part of the analysis consists of establishing a priori estimates.
Such estimates are also obtained for critical points of E, either assuming
an energy bound or assuming that €Q is strictly star-shaped.

A significant part of our analysis is valid for every K; and K3. For ex-
ample, we prove that minimizers u. of E. satisfy, for small €, the bounds
lue] < Cy, |Vue| < Cy/e (Lemma 4.7). In the case of the standard Ginzburg—
Landau equation, this follows from a maximum principle that does not seem
to be available in our case. This is derived wia various Pohozaev identities
(see, e.g., Lemma 4.1) and elliptic estimates (see, e.g., Lemma 2.4).

We establish an n-ellipticity result (Lemma 3.1) similar to the one for
the standard Ginzburg-Landau equation, asserting, roughly speaking, that
if the energy of a minimizer u. is small when compared to In(1/¢), then w,
has no vortices. We also prove that critical points of E. satisfying a loga-
rithmic energy bound (and, in particular, minimizers) display a controlled
bad discs structure (Lemma 5.1). These bad discs are far away from the
boundary (Corollary 7.2). We also prove the existence of bounded entire
local minimizers of negative degree (Corollary 8.1).

Sharper results are established under the assumption that K; and K3 are
“close”, i.e., for sufficiently small |§|. For example, we prove that, when || is
small, the local minimizers in Corollary 8.1 have degree —1 (Corollary 8.5).
Moreover, when |0| and ¢ are small, we prove that the bad discs structure as-
sociated with a minimizer of E. with respect to a boundary datum of degree
—D < 0 consists of exactly D bad discs, each of degree —1 (Theorem 9.1).

When |d] and € are small and 0 < a < 1, in Section 10 we prove that
the bad discs are at distance > €® from each other and from the boundary
(Theorem 10.1). We complement these results in Section 12, where we are
also able to show that the energy density concentrates on bad discs as e — 0
(Theorem 12.4).

Another series of results concerns the energy of minimizers of E. with
boundary datum of degree —D. For arbitrary §, we introduce the concept of
giant bad discs, that allows us to obtain the asymptotic expansion of this en-
ergy up to an o(ln(1/e)) term (Theorem 13.2). When |d] is sufficiently small,
we prove that the leading term in the expansion of the energy is DCj1n(1/¢).
It is well-known that, for the standard Ginzburg-Landau functional investi-
gated in [2] and which corresponds to § = 0, we have Cy = 7, and the above
term is the leading term for both positive D (as in our work) and negative
D. When § # 0 and D is negative, it was proved in [5] that the leading order
is D(1 — |§])w In(1/e). We prove that, when ¢ # 0 is small, the cost of neg-
ative degrees is different from the one of positive degrees. More specifically,
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we prove that, when |d] is small, we have Cs5 > (1 — |d|)7 (Lemma 11.1 and
Theorem 13.1).

2. Preliminaries

We will repeatedly use the following observations.

LEMMA 2.1. — Let w be a bounded Lipschitz domain and u = v + 1w €
HY(w;C). Then

Bo(uww) = [ (0P + ) + 5 [ (0 + )

+ (K, —K3)/way+K3/(way—Uyww)

“ (2.1)
K K
= 5 [ (@ )+ 3 [ (o + ()
K3 ou
+ (K3 _KS)/“;UIwy—‘_?/awUAE’
and % %
Bo(uw) = [ (0P + [02) + 5 [ (0 + )
+ (K, Kg)/vywarKl/(vﬁwy VyWy)
“ (2.2)
K K
o[ )+ 5 [ (P + )
1 8u
(K, Kg)/vyww—l— 5 /&Uu/\g
Moreover,
1-6 Ou
(1-96)Go(u,w) — — /Owu A 5 < Eo(u,w)
< (1+6)Go(u,w) + 112 / un 28 (2.3
2 or|
Proof. — Identities (2.1) and (2.2) are straightforward consequences of
1 ou
/w(vzwy — VyWy) = 5/ w A 5 (2.4)

The first and the second inequality in (2.3) follow from the second identity
n (2.1) and (2.2), respectively, once we observe that

(K1 —Kg)/vmwy 5/ vx )
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and

(1 = Ka) [ ogwe <5 [ (1 + [P, O

Next, recalling that degg = —D < 0, we prove the following lemma.

LEMMA 2.2. — For small e, we have the §-independent bound
1
min{E.(u); u € H;(Q;C)} <7DIn - +C(g). (2.5)
Proof. — Using the standard construction of competitors for the Ginz-

burg-Landau energy, it suffices to prove the result when 2 is the unit disc,
D =1, and ¢(z) = z. Consider, for 0 < ¢ < 1, the competitor

u(z){z/|z|, if |2 > ¢

z/e, if|z] <e.
Then

1 1
EE(U)Zﬂ'lIl*—I—E/ r(l—r2)2dr. O
e 2/

The following is straightforward.
LEMMA 2.3. — A critical point u. = ve +1we of B¢ in H;(Q; C) satisfies
51(7)57?05) = _Kl(vs,x + ws,y)a: - KS(”e,y - we,r)y

= e 20 (1 — |ucl?),

Lo(ve, we) 1= —K1(Ve,z + Wey)y + K3(ve,y — We z)s
= 572105(1 — |u5|2).

(2.6)

Here and in what follows, we use a subscript notation for partial or di-

rectional derivatives: w, = g—’;’, Uy 1= %, ete.

We next note that the second order constant coefficients linear system
L := (L1, L) is elliptic, in the sense that it satisfies the strong Legendre—
Hadamard ellipticity condition (see, e.g., [7, Chapter I, (1.9)]). To justify
this observation, we note that £ arises from the energy functional Eq(u).
Writing (only in this paragraph)

u=(u',u?), p'=(p},ph) =V, i=12,
the energy density eg(u) may be identified with the following function of
(', p):

K K.
eo(p*,p?) = 71(19% +p2)° + 73(19? — )’
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and thus, for every & = (£1,&) and A = (A1, \?), we have

0%e o 2 2
AN = Ky (G0 + 60%)° + K3 (602 — &)
1<i g p<e OPalDs

2.7
> K [(&Al 62 4 (602 - 52*)2} 27

= K3|£‘2|A‘2a
which shows that, indeed, L is elliptic.

An alternative route to ellipticity consists of identifying v with the 1-form
¢ = vdx 4+ wdy, noting that

K K
Bo(u) = 5 [ oP + 52 [ jack,

d¢ = f,
d*¢ = f*.

This observation allows us to apply to £ the regularity theory for elliptic
systems as in [6] or [1]. However, since we will rely on estimates in vari-

able domains and with variable operators, we present here the statements
instrumental for our purposes, with elements of proofs.

and then using the ellipticity of the Hodge system {

We first quantify the uniform ellipticity of the operator £, by introducing
the assumption

0<6< 8 <1, (2.8)

where 67 is a fixed constant.

We fix a smooth bounded domain {2 and a boundary datum g € C*°
(09; C). A ball B = B,.(z) is admissible if either B C Q, or the center of B
is on 0f). We set

B, := B, /s(x). (2.9)

Consider a solution u of

{Eu:f in BNQ 210)

u=g¢g on BNIN

(the last condition being empty if B C Q). Note that, for small r, if the
ball B is centered at some x € 02, then B N ) is a Lipchitz open set and
BN oQ is a Lipschitz portion of 9(B N Q). Therefore, the second condition
in (2.10) makes sense provided, say, u € H'(B N Q). In what follows, we
always make the implicit assumption that r is sufficiently small so that these
considerations apply. Note that this smallness assumption does not depend
on € or 4.
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LEMMA 2.4. — Assume (2.8). Let 0 < a < 1 and set ¢ = q(a) := 52 €
(1,2). Letp > 2. Let B = B,.(z) be an admissible ball and consider a solution
ue HY(BNQ) of (2.10).

(1) Interior estimates: If B C €, then (for some absolute constants Cy. s,

and Cp 5, )
lu(y) —u(z
IOl < oy (190 + W lanien)s o € By (211
o lu(y) —u(z)|
Ty e < Casy (||VU||L2(B)+7“||f||Lz(B))’ Vy,z € B, (212)

rIVu(y)] < Cps, (IV8l gy +72 2P U o) Yy € Bae (213)

(2) Boundary estimates: There exists some finite ro > 0 such that, if
r <o and x € 90, then (for some constants Cy 5, o and Cp s, 0)

aluly) ()
ly — 2|
< Ca,51,9<HVUHL2(BmQ) + Ta”f”LQ(BmQ) + r|g|Lip(BﬂaQ))»
Vy,z € By, (2.14)
oluly) —u(z)|
T W < Ca,51,9(||vu||L2(BﬁQ) + 7”||f||L2(BmQ) + 7’|9|Lip(Bﬂ<99))’

Vy,z € By, (2.15)

rIVul)] < oo (9l gy + 721 oy + lolusnon)

+ T2lag/8T|Lip(Bﬁaﬂ)>a Vye B.. (2.16)

Note the scaling (in the radius r) of the estimates, which comes from the
fact that we work in two dimensions and that £ is a homogeneous second
order system.

Idea of proof of Lemma 2.4. — After scaling, (1) is a special case of
the interior estimates for elliptic systems [6], [7, Chapter 3, Theorem 2.2],
combined with the embedding HZ. < C2_., 0 < a < 1. Note that here
the scaling argument relies on the homogeneity of £. Again after scaling and
(for small r) flattening of the boundary, item (2) follows from the model case
BN Q= {(z,y) € B1(0); y > 0}. Some care is needed since the flattening
depends on x and r, and one has to make sure that one can choose constants

independent of z, r, and d; in the method of freezing of the coefficients.
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This is indeed possible for sufficiently small r (see, e.g., the detailed proofs
in [4, Cap. III] or [8, proof of Theorem 9.13]). O

Iterating the proof of Lemma 2.4 for our specific system (2.6) and taking
r = €, we obtain the following result, that we state here without proof.

LEMMA 2.5. — Assume (2.8). Fiz g€ C*>°(08;SY). Let u = u., 0 <e<1,
be critical points of E. in H;(Q) satisfying the a priori bound

lu(z)| < M <o0, Ve, Vzel (2.17)

Then there exist finite constants Cy depending on M, §1, Q, and g such
that

|DFu(z)] < Cre™, VzeQ, VkeNl (2.18)

Moreover, with finite constants C~'k depending on M and 61 (but not on
Q or g), we have

’Dku(x)‘ <Cre ¥ VazeQst dist(z,00) >¢, VkeN.  (219)

Next, we note an important consequence of the ellipticity of £. The sys-
tem (2.6) is of the form

Lu = F(u), with F(u) = e 2u(1 — |u|)% (2.20)

Noting that F' is analytic, we have the following result, essentially estab-
lished by Morrey [14] (see also Petrowsky [15]).

LEMMA 2.6. — Let U C R? be an open set. If u € H}

L (U) is a weak
solution of (2.20), then u is analytic.

Proof. — Let us note that, by standard regularity theory [6], the 2D-
embedding H} < LP |V p < oo, and the fact that our F has polynomial
growth, we have u € C°°. We next note that the Legendre-Hadamard ellip-
ticity condition checked in (2.7) implies the ellipticity in the sense of Douglis
and Nirenberg [6, Section 1]. This is a general fact, but we illustrate it in
our special case. For a second order 2D-variational system with energy den-
sity eo(p!,p?), the ellipticity in the sense of [6] requires that the following
determinant

8260
D) :=det | Y ———£.&p (2.21)
1<ap<2 OPaOPy

«
1<4,j<2

does not vanish when & = (&;,&) € R?\ {0}.
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Considering the left-hand side of (2.7) as a quadratic form in A with
&-depending coefficients, the determinant in (2.21) is nothing but the deter-
minant of this quadratic form. Thus, by (2.7), D(§) > 0,V £ # 0, as claimed.
(Of course, one could check (2.21) directly by noting that D(¢) = K1 K3|¢[2.)

Finally, the main result in Morrey [14] asserts that smooth solutions of
analytic elliptic systems are analytic, implying thus the conclusion of the
lemma. ]

3. n-ellipticity

Throughout this section, we assume (2.8). Let {2 and the boundary datum
g € C=(99;S") be fixed. Let uc be a minimizer of E. in H}(; C). We will
establish conditional a priori estimates on u., with constants depending on
01, but not on ¢ satisfying (2.8). These constants will possibly depend on §2
or g and the estimates will be valid for € < ¢g, with €y possibly depending
on € and g.

The main result of this section is the following.

LEMMA 3.1. — Let 0 < a < 1 and A > 0 be fizred. Then there exist
absolute constants n > 0 and M < oo (depending only on 61, a, ) and a
constant g > 0 depending on g and § such that:

[0 < e <o, Bea(w) admissible, E.(ue, Bea(z) N Q) < nllnel]

= [||u5(x)| =1 <A [Vue(z)| < M/s] (3.1)
Moreover, we may choose M independent of 0 < A < 1.

We next state some intermediate results (to be proved later) that will
be needed in the proof of Lemma 3.1. The first result is well-known in the
Ginzburg-Landau literature.

LEMMA 3.2.

(1) Let p > 0 be fized. Then there exists an absolute finite positive
constant v (depending only on p) such that:

B (z)CcQ,0<e<r f:C(x)
—Cr [ P [ -l
Cr(2) €

Cr(z
1
. l/ I 3h € Hy(B,(x))
C,(z)

<pk .
a s.t. Go(h, Bo(z)) < 1

(3.2)
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(2) Let i > 0 be fized. Then there exists a finite positive absolute con-
stant v (depending only on 1) and a constant ro depending on p, €,
and g, such that:

red, 0<e<r<ry,feHY(IB.(2)NN);C),

T 2
f =g on By(x) N, / |fT\2+7/ (1—1712)% < v
e” Je, . (z)n

Cyr(z)NQ
Jhe HY (B, (z) NQ
. / It #(Br(z) N Q)
Cr(x)NQ

s.t. Ge(h, Br(z)NQ) < p
The proof of Lemma 3.2 also leads to Lemmata 3.3 and 3.4, that we note,
without proof, for further use.

Suk

]. (3.3)

LEMMA 3.3. — Let B = B,(x). Fix some s > 0. Then there exists a
finite constant t > 0 (depending only on s) and a finite constant vy > 0
depending on s, 2, and g such that

r <ri, B admissible, v € H'(9(BNQ);C),

1
v:gonBﬂ(?Q,r/ |vr|2+*/ (1*|U|2)2<t
2BNQ

BN r
/ VAU
OBNQ

LEMMA 3.4. — Let B = B,(z). Fiz some t > 0. Then there exists a
finite constant s > 0 (depending only on t) and a finite constant vy > 0
depending on t, 0, and g such that

r <11, B admissible, v € H'(O(B N Q);C),

<s. (3.5)

/ vAvUr
A(BNQ)

Note that, in Lemma 3.3 we prove existence of ¢, given s, while the
opposite is shown in Lemma 3.4, where ¢ is given and existence of s follows.

The final auxiliary result used in the proof of Lemma 3.1 relies on Lem-
ma 2.4.

LEMMA 3.5. — Let B = B,(z). Let w = u. be a minimizer of E. in
H)(;C). Let 0 < s < 1. Then there exists some finite constant t > 0
(depending only on s) and a finite constant r1 > 0 depending on s, 2, and
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g such that
0 < 4e < r < ry, B admissible, E.(u,BNQ) < s,

1
T/ |uT|2—|—7/ (1—|u|2)2<s
dBNQ " JoBnQ
= |1 —|u(2)|| <t, Vz € By (3.6)
=0

|
Moreover, we may choose t = t(s) such that limg_,ot(s)

(Recall that B, := B, /s(x).)

We now return to the proof of Lemma 3.1. In what follows, C} is a generic
constant independent of € or the center of the ball.

Proof of Lemma 8.1. — We use Lemmata 2.1 and 3.2-3.5. Fix some
constant oy such that 0 < o < ay < 1. We distinguish the cases Beei (z) C
Q, respectively Beoi (2) ¢ Q. In what follows, ¢ is sufficiently small and not
fixed, while n and s > 0 are constants that we will select at the end of the
proof.

Case 1: Beay (x) C Q. — Clearly, we have E.(u., Q) < Ci|Ine| and thus,
by Lemma 2.1 applied with w = 2, we have

Go(ue, Q) < CsIne. (3.7)

Fix oy < f < v < 1. By (3.7) and the mean value theorem, there exists
some e? < r; < e such that

T 2
7"1/ |U5,'r|2 + *1/ (1 — |U€|2) < Cg. (38)
Cry (z) Cry (z)

By Lemmata 2.1 and 3.4, this implies, for sufficiently small €,

Gelure, By, (1) < 1 Bete, Br, (1)) + C
— 01

1
< £, (u67 Bea (1‘)) +Cy (39)
1—96;

< Csn|lne|.

Note the important fact that, while Cy,Cy, C5, Cy depend on g, Cs and the
constant Cg below are universal constants, depending only on 41, «, g, 3, 7.
By (3.9) and the mean value theorem, there exists some &7 < ro < &” such

t hat
/
C

By (3.10), and Lemmata 3.3 and 3.2, for sufficiently small  (depending
on s) we have (with h the competitor given by Lemma 3.2)

E.(uc, B, (2)) < E-(h, B, (2)) < Cys. (3.11)

T 2
|ue - % + %/ (1 —|ucl?)” < Cen. (3.10)
(x) €% JCry ()

T2
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The first conclusion in (3.1) follows from (3.10), (3.11) (with sufficiently
small s), and Lemma 3.5.

The second part of (3.1) follows from the first part of (3.1) and esti-
mate (2.13) in Lemma 2.4 (1) (applied with r = ¢).

Case 2: Beai(x) ¢ Q. — The idea is similar, but this time we rely on
estimate (2.16) in Lemma 3.2(2). Let a@ < a2 < ay. Let y be the nearest
point projection of x on 9f2. Clearly, for small £, the admissible ball B.a: (y) is
contained in B.o(x) and contains B, (z). We proceed as in the proof of (3.11)
and find that F.(u., Beo2(y) N Q) < C7s, which is the analogue of (3.11)
adapted to Case 2. We conclude as above. O

We now proceed to the proofs of the auxiliary results.

Proof of Lemma 8.2(2). — Set D := B;(0). By scaling, we have to prove
the following, for a sufficiently small v, and with ¢t :=¢/r < 1

1
{0<t§1,f:§1*>(c,/ |ff\2+t3/ (1|f|2)2<u}
St St

=>H/SlfAfT

We first note that

<p& Jhe H}(D;(C) s.t. G¢(h,D) < 4. (3.12)

|f|2:(|f|2*1)+1 <la-uprela
1 23 2 (3.13)

Combining (3.13) with Cauchy—Schwarz, we find that

2
/Slf/\fT <(212/(1—|f +37r)/ o < (v)2 + 37w,

whence the first part of (3.12) if (v/2 + 3m)v < p?.

Concerning the second part of (3.12), we first note that, for small v
independent of ¢ < 1, under the assumption of (3.12) we have

1/2 < |f] < 3/2. (3.14)

A cheap way to establish this fact consists of noting that, if a sequence
satisfies

/|fJT|2 / 1—|fJ|) — 0 asj — oo,

then |f;| — 1 uniformly as j — oco. Alternatively, one may use the inequality

X2 (2 2
FE =@ <=l [ 1P vo-m<p<otn
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and check that (3.14) holds, e.g., when v < 71/2/64.

Consider v such that (3.14) holds for every f satisfying the assumption
of (3.12). Writing, locally, f = pe'¥, we have

1 [ e fnes
[ oot <2m,

provided v < /2. Therefore, for small v, f/|f| has zero degree and ¢ is
globally defined.

and thus

We now define our competitor
h( “9) = F(re“g) zL(mm), 0<r<1, 6eR,
where
F(re?) =1 —r)+rp(e?) = (1—r)+r[f](e?),
L(re?) :== (1 —r)a+rp(e?), witha:= ][1/1.

Clearly, thanks to (3.14), we have

2 2
(1= 7)) < (1= [#(eD)]) (3.15)
d 20
VR = (1 () + | 2L ’
d 20 2
(1 — ()] ) n fc(lz ) : (3.16)
2
26
VL) = (a—w(e)* + |20
and thus, using the definition of a and Poincaré’s inequality,
/ vir <z [ | (3.17)
D =7 Jai | dO ’
For small v (depending on p), the second part of (3.12) follows from the
estimates (3.15)—(3.17). O

Proof of Lemma 3.2(2). — The first part of (3.3) is proved exactly as
the first part of (3.2).
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We will reduce the second part of (3.3) to the situation considered in
item (1). Let rg be sufficiently small (depending on ) and Cy be a sufficiently
large universal constant such that, for z € 902 and 0 < r < rg, there exists
a bi-Lipschitz homeomorphism ® = @, ,. : B,(z) N Q — B,(0) such that
[ D®|| 0o < Co, [|[DPY|oo < Co, and @(B,.(2)NIN) = {z+1y € C,.(0); y < 0}.
After composing with ® ! and using scale invariance, the second part of (3.3)
amounts to proving (3.18) below. Set S} := {z +w € D; y > 0}, and define
similarly S*. Then, for a sufficiently small v; (depending only on ) and a
sufficiently small r; (depending on p and on a fixed given constant M), we
have

0<t<1,fe H(S,C),|f|=1 and |f;|<Mr;onS,

1 2
[eP e [ a=1) <
st = Jst

—> Jh € Hj(D;C) s.t. G¢(h,D) < p. (3.18)

(In our case, the constant M itself depends only on Cj and on the Lipschitz
constant of g.)

In order to prove the existence of 11 and r; (and thus to complete the
proof of the lemma), we note that, if v is as in item (1), then (3.18) holds
provided vy + m(Mr1)? < v. It then suffices to let v; < v/2 and r; <

V2w M. O

Proof of Lemma 8.5. — We consider only the case where B C ). As
explained in the proof of Lemma 3.2(2), the other case is similar.

By estimate (2.3) in Lemma 2.1 and Lemma 3.4, there exists some finite
constant Cy > 0 independent of s < 1 such that, if the assumptions of (3.6)
hold for such s, then

1 1
G.(B) = 7/ Vul+ = [ (1- ) <Cs < O (3.19)
2 /B 4e? [
We next note that, for some appropriate constant Cy, we have
2\ |4/3 2)2
lw(1 - w]?)]| gcg((1—|w| ) +1), VweC. (3.20)

Let B’ be a ball of size 2¢ contained in B. Applying (3.20) with z = u(z),
integrating over B’, and using (3.19), we find that

le=2u (=P[5 ) < 025—8/3/ ((1=[ul?)’+1) < Cy==2/2. (3.21)
B/
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Combining estimate (2.11) (applied, in B’, with «=1/2 and thus ¢=4/3),
(3.19), and (3.21), we find that

1/2 [u(y) —u(2)]

3
ly — 21/

<Cy, Vyze(B),, (3.22)

and thus, in particular,
lu(y) —u(z)| < C5, Vy,z€ (B, (3.23)

where C is independent of s < 1.

Combining now (3.23) with (3.19), we find that
lu(y)| < Cs, Yye (B)., (3.24)

again with C independent of s < 1.

We next note that, for small w, (3.20) can be improved as follows:

| < Cs = |w(1 = [w]?) [ < (Ce)*(1 = [w]?)*. (3.25)

Arguing as above and using the first inequality in (3.19), (3.25) (instead
of (3.20)), (3.24), and (2.12) (instead of (2.11)), we find that

lu(y) —u(2)| < Crv/s, Yy, z € (B)., (3.26)

with C7 independent of 0 < s < 1.

Finally, (3.26) and (3.19) imply (3.6), with t(s) — 0 as s — 0. O

4. Pohozaev type identities and a priori estimates

In this section, we derive the Pohozaev identity corresponding to the
operator £ in (2.6). As for the Dirichlet integral, the identity is obtained by
multiplying (2.6) with (z — 2°)u, + (y — y°)u,. For simplicity, we perform
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our calculations when 2° = y° = 0, but in subsequent results we may take
other values of 20 and y". Remarkably, the Pohozaev identity implies a
priori estimates merely under the §-independent assumption that €2 is star-
shaped. The idea of using the Pohozaev identity is natural in this context.
For the standard Ginzburg-Landau equation, it was successfully used in [2]
and subsequently [20] and [19]. For our specific system and in a disc, it
appears in Kowalczyk, Lamy, and Smyrnelis [12, Section 5].

LEMMA 4.1 (General Pohozaev identity). — Let w be a Lipschitz bounded
domain. Let X = (x,y) denote the “generic” point in R%. Let v, respec-
tively T, denote the unit outward normal, respectively the unit directly ori-
ented tangent vector to Ow.

Set
Vi=av, +yvy, Wi=aw, +yw,, Z=V,W)~zu,+yu,.

Let uw € C3(w; C) be a critical point of E.. Then
1 2\ 2 1 2\ 2
5 [0 = g [ ey
—2K1/ (divu)(Z-l/)—QKg/ (curlu)(Z - 1)
Ow Ow

—|—K1/(9 (divu)Q(X-u)—i—Kg/8 (curlu)®(X -v). (4.1)

w
Proof. — We mimic the proof of the Pohozaev identity. We rewrite (2.6)
as

{—Kl(divu)x + Ks(curlu), = e 20 (1 — [v[?) (4.2)

—Ki(divu)y, — Ks(curlu), = e 2w(1 — |uf?).

We let B; denote a boundary term that we will make explicit at the end
of the proof.

Multiplying the first equation in (4.2) by V, and the second one by W,
integrating once by parts and summing up the results, we find that

- B +K1/(divu)(din)—|—K3/(curlu)(curlZ)

1 2
= DBy + @/w(l —ul*)”. (4.3)

We next note the 2D-identities
1
(divau)(div Z) = 5 div [(divu)®X], (4.4)

(curlu)(curl Z) = % div[(curlu)®X]. (4.5)
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Inserting (4.4)—(4.5) into (4.3) and integrating, we find that

1
—B1+ K1Bs+ K3sBy=—Bs + 22 / (1- |u|2)2.

We obtain the conclusion of the lemma by noting that

By :Kl/a (divu)(Z-y)+K3/ (curlu)(Z - 1),

Ow
1 2
By = — 1—|u?)"(X -
2= gz [ (=)o),
33:1/ (divu)?(X - v),
2 ow
B4:1/ (curlu)?(X - v). O
2 ow

We next rewrite the identity (4.1) in normal and tangential coordinates
on Ow.

We note the following identities, with (i,j) the canonical basis of R?:

divu = (Vo) i+ (Vw) - j = (vr7 +vv) - i+ (weT +wyv) -

=Ur T+ U - V.

(4.6)

We write v = (vg,vy) and 7 = (75, 7,). Using (4.6) and the identities
Vg = Ty, Vy = —Tg, curlu = div (w, —v),
we find that

curlu =uy - 7 — ur - V. (4.7

Similarly, we have

Z=(X -1ur + (X -v)u,, (4.8)
Z-v=(X -1)(ur -v)+ (X v)(u, - v), .
Z-t=(X -1)(ur-7)+ (X -v)(up - 7). (4.10)

Inserting (4.6)—(4.10) into (4.1) and rearranging the terms, we obtain the
following consequence of (4.1).
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LEMMA 4.2. — With the notation in Lemma 4.1, we have, for any
X0 e R?,

1 2\ 2 1 2\ 2 0

L[ a—mp = o [ - (- x0) )

e Jo 2e% J5.

+/ Ql(X—XO,uT~T,uT-I/)

Ow

_/ QQ(X_XOauV'T)uV'V)
Ow

+/ Q3<X—XO,UT'T,’U,7—'l/,uV~T,ul,-l/>, (4.11)
Ow

where the Q;’s are quadratic forms with coefficients depending on X — XY,
explicitly given by
Q1 (X —X%¢,8)
= K1 (X = X°) - 0)(&)° + K ((X = X°) - v)(&)?
—2(K, — K3) (X = X°) - 1)&&, (4.12)

Q2(X*X07771,772)
= K3((X = X% - v)(m)® + K1 (X = X°) -v)(m2)?, (4.13)

Q3(X — X%, &1,&,m,m2)
= 2K3((X = X°) - 1)&m — 2K, (X — X°) - 7)&omp. (4.14)

Specializing to the case where w is a disc, respectively a half-disc, we
obtain the following consequences of our calculations.

LEMMA 4.3. — Assume (2.8). Let u € C3(B) be a critical point of E.
in a disc B of radius r. Then

1
S e a-or [
€ JB 8B
<o [ Q=W+ arar [k
2e% Jom OB

LEMMA 4.4. — Assume (2.8). Then there exist some finite positive con-
stants Cj = Cj(81), j = 1,2,3, such that, if u € C3(H) is a critical point of
E. in a half-disc H of radius r, then

1 Cor

e~ |u\2)2+clr/ P <20 [ - |u\2)2+03r/ s .
€ JH oH € JoH oH
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Proof of Lemma 4.3. — The conclusion follows from (4.11)—(4.14) (with
X0 the center of B), combined with the observation that, in the case of a
disc of radius r, we have Q3 = 0 and

Q1(X = X°,£1,&) = Kir(&1)* + Kar(&)?
Q2(X — X% mi,m2) = Kir(n2)® + Kzr(m)?

Proof of Lemma 4.4. — In what follows, C; denotes a generic positive
constant depending possibly on 4.

(1+6)r)ef,
(1 —6))rn)?. O

VoA

With no loss of generality, we may assume that r = 1 and

H={X=(z,y) eR* |X|<1,y>0}.

Let 0 < a < 1 be any fixed number, and set X° = (0, a). It is easy to see
that

(X -X% -v>C3>0, VXe€OH, (4.15)
(X = X°) -v| < Cy, V X € 0H, (4.16)
(X = X%) 7| < Cs, VX € 9H. (4.17)

Combining (4.11)—(4.14) and (4.15)—(4.17), we find that

1 212 2
7/H(1_|u|) +C'3(1—51)/8H|“V|

52
Sé/ (1—|U|2)2+/ Q2(X = X%, -7 u, - v)
H OH

c
< 4/ (1_|u|2)2+2(c4+05)/ . |2
OH OH

~9g2

+ 404/ (|uT Tl - T+ |ur vy 1/|)
OH

C
< 4/ (1f|u|2)2+2(04+05)/ |uT|2+4C4/ |y ||uy |
OH OH OH

< 4
2e2

C
< 4 / (17 |u|2)2+2(C4+C5)/ |uT|2
OH OH

=
1
456000 [ P [ jul,
oOH oOH

whence the conclusion of the lemma. O

By a straightforward modification of the proof of Lemma 4.4, we obtain
the following result in a fixed bounded domain €2, that we state without

proof.
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LEMMA 4.5. — Assume (2.8). Then there exist some finite positive con-
stants C; = Cj(61), j = 1,2,3, and ro = 19(61,92) such that, if u €
C3(B,(19) N Q) is a critical point of E. in B,(xo) N Q, with r < ro and
xg € 0N, then

1
S aeweear | il
€% JB(x0)NQ2 (B, (z0)NQ)
C
< —Zr (1- |u|2)2 + Cg’f‘/ lur . (4.18)
€% Jo(B,(m0)NQ) (B, (20)NQ)

When (Q is strictly star-shaped, the local estimate (4.18) upgrades to a
global estimate.

LEMMA 4.6. — Assume (2.8). Assume that Q is strictly star-shaped, i.e.,
that there exist some X° € Q and Cs > 0 such that

(X=X v>Cs VX €0Q. (4.19)

Let uw = ue be a critical point of E. in H; (Q¥). Then there exists a finite
positive constant C' = C(81,C3) such that
1 2
= [ (1—=uP) +/ lu, |* < C’/ g+ % (4.20)
e Ja Ele) o0

Proof. — 1t suffices to copy the proof of Lemma 4.4. There, the existence
of C5 follows from the geometry of H. In our case, the existence of C5 is an
assumption. O

Lemmata 4.3 and 4.5 yield the following a priori estimates for critical
points of E. satisfying a natural bound on the energy. In particular, thanks
to the energy estimate (2.5), these bounds apply to minimizers of E. in
H,(€; C). Note, however, that the estimates below do not imply (3.1), since
the constants we obtain below depend on the energy bound (which in turn
depends on the boundary datum g).

LEMMA 4.7. — Assume (2.8). Let u = wu, be critical points of E. in
H}(Q) satisfying the bound

E.(u) < K|lneg|. (4.21)
Then, with finite constants C; = C;(K,61), j = 1,2, we have, for smalle,

lu| < Ch, (4.22)
IVu| < Co/e. (4.23)

In particular, if w minimizes E. in H; (Q), then Cq, Cy may be chosen
to depend only on deg g and d1.
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Combining Lemma 4.7 with Lemma 2.5, we obtain the following

COROLLARY 4.8. — Assume (2.8). Fiz g € C*(0Q;S). Let u = u.,
0 < e <1, be critical points of E. in H;(Q) satisfying the energy bound
(4.21). Then (2.18) holds.

Proof of Lemma 4.7. — The proof is similar to the one of Lemma 3.5,
with the variation that, for clarity, we perform a blow-up.

In what follows, C}, j > 3, denotes a finite positive constant depend-
ing only on K and possibly 61, and D; a finite positive universal constant.
Let z € Q. With the notation in the proof of Lemma 3.1, we have either
By (z) CQ, or Beoq () ¢ Q. We consider only the first case, the other one
being similar. Pick some 4e < e? < r < e such that

r/ |Vul® + %/ (1—JuP)? < Cs. (4.24)
C,(z) € C

r(x

By (4.24) and Lemma 4.3, we have

1
€2

/B ( )(1 — [u]?)® < Cu. (4.25)

Assume, for simplicity, that = 0. Set @(y) := u(ey), y € B := By4(0).
Then

Lui=f:=u(l-[P?) inB,
so that, by standard elliptic estimates,
llos/2p.y < DillFlrs(ey + Dl ey (4.26)
where B, is as defined in (2.9). By (4.25), (4.26), (3.20), and the inequality
lw* < Ds(1—w?)®+1, YweC,
we find (going back to u) that
|u(z) —u(t)] < Cs, Yz, t€ Ba(x). (4.27)

Combining (4.27) with (4.25), we find that (4.22) holds in Ba.(z). Then,
using (4.22) in Bs.(x) and the estimate

IVUll e 5,y < Dallfllz2s.) + Dalltll o (.

(with B, = B3(0), B« = B1(0)) and going back to u, we find that (4.23)
holds in B.(x). O
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LEMMA 4.9. — Assume (2.8). Assume that Q is strictly star-shaped.
Consider critical points u = ue of E. in Hg1 (Q) satisfying the energy bound
(4.21). Then, for some finite constant C; = C1(K, 01,9, g) and small €, we
have

/ 11— [u?| x |Vul|* < . (4.28)
Q

Proof. — By the Gagliardo—Nirenberg inequality, (4.22), standard elliptic
estimates, and Lemma 4.6, we have the following (global in §2) estimates,
with constants depending only on K, §1, €2, g:

2
IVully <Callull o llull gz < Csllull gz < Calllgll sz + [ Lull,)

(4.29)
<Cs(1+=2|1—u?],) < &

We obtain (4.28) from (4.20), (4.29), and Cauchy—Schwarz. O

5. Bad discs structure

In this section, we provide some easy consequences of the a priori esti-
mates established in the previous sections. We first define the notion of bad
disc. A bad disc B = Be.(x.) is a disc of radius Ce, centered at x., such
that |uc(z:)] < 1/2 and |uc(x)] > 1/2 on (B N N). Note that in our sit-
uation we have u. € H, gl (©), and thus the latter condition is equivalent to
|ue(z)| = 1/2 on OB N . Here, the constant C' could possibly depend on a
sequence €4 — 0, but its size is controlled by the a priori estimates available
on u.

LEMMA 5.1. — Assume that (2.8) holds. We have:

(1) Suppose that Q is strictly star-shaped. Consider critical points u =
us of E. in Hgl(Q) satisfying the energy bound (4.21), where ¢ =
g — 0. Set A == {z € Q; |u(z)| < 1/2}. Then there exist finite
constants N = N (K, 81,9, ||g-|l,) and L = L(K, 61) such that, pos-
sibly along a subsequence (g, ),

A, can be covered with at most N bad discs Be.(x1), (5.1)
for some constant C' possibly depending on (g¢) such that
3<C<LL, (5.2)
and
forj#k, |zl— :vﬂ > 4Ce. (5.3)
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Moreover, there exists some finite number C' > C, possibly de-
pending on (g¢), such that, possibly along a further subsequence

(e, )5
A can be covered with at most N “enlarged” bad discs B (;vg) (5.4)
such that
forj#k,|ol —af|>case— 0. (5.5)

(2) The same conclusions hold if Q is arbitrary and u is a minimizer of
E. in H}(Q), where this time N =N (degg,61) and L=L(degg,1).

(3) For each e, consider: either (i) critical points of E. in a strictly
star-shaped domain Q, satisfying the energy bound (4.21) ; or (ii)
minimizers of E.. Then there exists a C = C(g) satisfying (5.1)-
(5.2).

Note that the price to pay in order to have (5.5) is the lack of control on
the constant C’.

Proof.

(1). — By (4.23) in Lemma 4.7, there exists some A > 0 such that, if
€ > 0 is small, we have

lx € Q/ (1- \u|2)2 <Al = [Ju| > 1/2 in B.(2)]. (5.6)
B (z)NQ

Combining this fact with the a priori estimate (4.20), we find that any
disjoint family of discs B = B, /3(z) such that |u(z)| < 1/2 has at most
N elements, where N = N(K,01,9,||g-||5). Therefore, the set A. can be
covered with at most N discs B = B.(z5), satisfying |u(z5)| < 1/2.

We next enlarge these discs in order to obtain bad discs. For this purpose,
let us note the following. Fix an integer M and consider, for each ¢, at most
M intervals If, ..., I}, each of length < 2e. Then, up to a sequence ¢, — 0,
there exists some 3 < C' < 3(M + 1) such that Ce ¢ |J, I;. (A similar
conclusion can be drawn if we start from a sequence €, — 0, possibly after
passing to a subsequence.) Indeed, the union of the Ij’s cannot contain all
the points ne, with n = 3,6,...,3(M +1), and thus, up to a subsequence, we
may take C' = 3n, for one of these n’s. Applying this observation to the sets
{lz—af|;2 € B5}, we find that there exists some 3 < C' < 3(N+1)(N +2)/2
such that the discs Bee(x5) cover A, and, in addition, Cc.(z§) does not

K2

intersect any of the B.(x5). Therefore, we have Cce(z5) N Ae = 0. We find

that each Bee(25) is a bad disc.
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Finally, the existence of enlarged bad discs satisfying the additional prop-
erties (5.3) or (5.5) is then obtained as in [2, Chapter IV]. (This may require
passing to a further subsequence.)

(2). — The proof is essentially the same, thanks to the upper bound (2.5).
The only difference arises from the argument leading to the existence of
N = N(é1,degg), since we are not in position to rely on the assump-
tion (4.19). Let 0 < 8 < a < 1 be fixed. Let 0 < A < 1/2 and let
7 be as in Lemma 3.1 (corresponding to this A). If ¢ is sufficiently small
and z € Ac, then E.(uc, B.a/5(x)) > n|lne|. Therefore, there exists some
N; = Nj(degg,dy) such that A. can be covered with at most N; ad-
missible balls B.a(z5). By a mean value argument, there exist a constant
Co = Co(deg g, a, B) and radii r = 7% such that e* < r§ < & and

T 2
r lur|* + 7/ 1—|ul*)” < Co. (5.7)
/z?(Br(mj)ﬁQ) e? a(Br(z5)N0) ( )

Combining (5.7) with (4.18), we find that, for some constant D =
D(deg g, 61), we have, for small ¢,

1

- (1-|u)* <D, Vi (5.8)

€7 JB.a(25)nQ

Using (5.8) and arguing as in the proof of (1), we find that A. N Bea(25)

can be covered with at most No = Na(deg g, d1) discs B.(x). This yields a
covering of A, with at most N1 Ny discs, each of radius €.

(3). — By the argument used in the proof of (1), we may actually choose
some C(g) € [3,3(N + 1)(N + 2)/2]. O

6. The energy is bounded on “intermediate” balls away from the
bad discs

In this section, we derive an easy consequence of the results in Section 4
combined with the bad discs structure. We consider the setting of Section 3
and we assume (2.8). Let  and the boundary datum g € C*°(9Q;S') be
fixed. Let u = uc be a minimizer of E. in H,(Q;C). By Lemma 5.1(2), we
may find an integer N and a finite constant C, depending only on degg,
such that, for small ¢ (depending on  and g), (5.1) holds.

An inspection of the proofs in Section 3 shows that the smallness of
the constant n plays a role mainly in the existence of a suitable radius r
such that, on O(B,(x) N Q), (i) |ue| is far away from 0 and (ii) u./|uc| has
degree 0. This is especially useful in Lemmata 3.2 and 3.3. If we know that the
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assumptions (i) and (ii) are valid for all “useful” radii r (i.e., for the radii
obtained via a mean value argument, as, e.g., in (3.8)), then Lemmata 3.2
and 3.3 hold without the smallness assumption on 1. These considerations
lead to the following result.

LEMMA 6.1. — Let 0 < a <1 < 8 < 1/ and e < 1/2. Let S, denote
the union of the bad discs in (5.1) and suppose that B = Bgr(x) is a ball
such that

P <R<e™ and dist(z,S:) > R. (6.1)
Then, for sufficiently small € and some finite constant C; = Cy(degg, 1,
a, B), we have

E.(u,Brs(x)NN) < Cy and G.(u,Brs(z)NQ) <. (6.2)

Sketch of proof. — In what follows, C; = C;(degg,d1,, ) is a finite
constant, and ¢ is sufficiently small. By Lemma 2.2, the assumption e'/# <
R < €%, and a mean value argument, there exists some R® < r < R/2 such
that

r/ 4+ (1— [uf?)> < Co. (6.3)
9B, (z)N €% JoB, (z)nQ

Let C be the constant in (5.1). Since dist(B,(x),S:)) = R/2 > Ce, we
find that |u| > 1/2 in B,(x) N Q, and thus, in particular, u/|u| has degree
zero on 9(B,(z) N Q). By the above, we are now in position to repeat the
proof of (3.3) in Lemma 3.2 and obtain the estimates

/ uUNUr
Cr(z)NQ

Combining (6.4) and (2.3), we find that
E.(u,B-(z) N Q) < Cs. (6.5)

<C; and G.(u,B.(z)NQ) < Cy. (6.4)

Finally, (6.2) follows from the second inequality in (6.4) and (6.5). O

In Section 13, we will encounter an avatar of the above considerations;
see Lemma 13.4 there.

7. Blow-up near the boundary

In this section, we prove that the bad discs described in the previous
section are far away from the boundary at the ¢ scale. This fact is an obvious
consequence of the following result.
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LEMMA 7.1. — Let u = u. be critical points of E. in H, () satisfying
the energy bound (4.21). Let C be a fized constant. Consider, for each e,
a point y. € Q such that dist(ye, Q) < Ce and let, for small ¢, z. be the
nearest point projection of y. on 0. Then

ue(y:) — g(ze) — 0 as e — 0. (7.1)

COROLLARY 7.2. — Under the assumptions of Lemma 5.1, the centers
xl of the bad discs satisfy dist(xl, 0Q) > ¢ as e — 0.

Proof of Lemma 7.1. — Tt suffices to obtain (7.1) up to a subsequence.
This is obtained wia a blow-up analysis. Consider the rescaled maps

ve(2) ;= uc(ez+2.), VzeU. = ~2+9Q),
extended with the same formula to U..

Note that 0 € 9U.. Up to a subsequence, we have g(z.) — ¢ for some
constant g € S', and the unit outer normal to U, at the origin converges
to some & € S'. We work with such a subsequence. Consider the half-plane
H:={X eR? X -£<0}.

We next note that, by Corollary 4.8, v. has bounded derivatives, at any
order. Moreover, the tangential derivative of v on OU; is (uniformly) of the
order of €. By the above, possibly up to a further subsequence, we have
v. — v pointwise in H and uniformly on bounded sets, where the map v is
smooth in H, satisfies v = § on 0H, and is a solution of

Lo =v(l-|v[*) inH. (7.2)
(To be specific, uniform convergence on bounded sets means that

max{|ve(z) —v(z)jz € KNU.} — 0 ase—0,
V K C H compact.) (7.3)

We note that the conclusion of the lemma amounts to v = §. In order
to obtain this conclusion, we first establish an additional property of v. By
Lemma 4.5, the energy bound (4.21) and a mean value argument, there
exist a finite constant C' (possibly depending on 61, K, 2, and ¢) and some
r=r. € (e'/2,e"/3) such that

r/ lue,|* < C. (7.4)
B (2:)NOQ
Estimate (7.4) is equivalent to
/ o[ < CZ. (7.5)
B,.,.(0)nNAU. r
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Using (7.5), Corollary 4.8, and the fact that ¢/r — 0 as e — 0, we find
that v satisfies

veC™®(H)

Lv= g(l —1|v|2) in H (7.6)
v=ges on OH

v, =0 on OH.

We now complete the proof of the lemma.

Claim. The only solution of (7.6) is v = g. — In order to prove the
claim, we extend v to R? with the value § on H_ := R?\ H, and still denote
the extension by v. We note that v € H _(R?) and that Lv = v(1 — |[v|?) in
H and also in H_. The key observation is that we actually have

Lv=v(1—|v]?) in the weak sense in R?. (7.7)

Indeed, since v = g =constant on JH and v, = 0 on OH, we find that
Vv = 0 on H. Therefore, if ¢ € C°(R?*R?) and we write § = (g%, 3%),

© = (o', ¢?), then (using the fact that £ is formally self-adjoint)

/v-t[,gp:/v-£g0:T+/£v~g0:T+/g0~v(1—|v\2),
H H H H

/ v~t£<p:/ v-Lo=-T+ Lyv-p=-T
H_

= —T+/ <p-v(1—|v|2),
H

/v~t£g0:/ v~£g0:/ @ v(l—|v?),
R2 R2 R2

where T is the boundary term

Tim [ [-Kagh(el+6) - K (e - 02)
oOH
— K13%vy (3 + ¢3) + Kag"va (0 — %25)},

whence (7.7).

We complete the proof of the claim, and thus of the lemma, by noting that
the definition of v on H_ combined with Lemma 2.6 implies that v=9g. O
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8. Blow-up of enlarged bad discs

The results in this section are valid under the assumption (2.8). We con-
sider maps u = ug; € Hgl(Q) satisfying the assumptions of Lemma 5.1, i.e.:
either (i) critical points of E. in Hgl(Q) in a strictly star-shaped domain €,
satisfying the a priori bound (4.21); or (ii) minimizers of E. in H}(Q). In
particular, the conclusions of Lemma 5.1 hold.

Consider an enlarged bad disc as in Lemma 5.1. Consider the rescaled
maps ve as in the proof of Lemma 7.1, with z. replaced with the center of
the bad disc. By Lemma 2.5, Corollary 7.2 and the a priori estimates (4.22),
(4.23), and (2.19) (all valid, for small €, as a consequence of the assumptions
considered above), the following hold, with constants independent of small
g, 0 satisfying (2.8), the boundary datum g, and with R, — oo as e — 0:

v, is defined in Bg_(0), (8.1)
lve(0)] < 1/2, (8.2)
|D*v.(2)| < C)  in Bg.(0), ¥k, (8.3)
Lv: =v.(1—|v:|*) in Bg_(0). (8.4)

Moreover, there exists finite constants Dy, Ds (possibly depending on ¢
if u. is merely a critical point of E.) such that

/ (1 - |v€|2>2 < Dy, (8.5)
Br.(0)
lve(z)] =2 1/2 if Dy < |z| < R.. (8.6)

In addition, if u. is a minimizer of F.,
v is a minimizer of Fy in Br_(0) with

8.7
respect to its own boundary condition. (87)

It follows that, possibly up to a subsequence, (v.) converges in C{2,(R?)
to a smooth map v : R? — C such that

lv(0)] < 1/2, (8.8)
|D*v| < Cy, Vk, (8.9)
Lv=v(1l—|v]?), (8.10)

/ (1—1v]?)* < o0, (8.11)
RQ

and, if u. is a minimizer of F.,

v is an entire local minimizer of F; (in the sense of De Giorgi). (8.12)
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For further use, let us note that any map v satisfying (8.9) and (8.11)
satisfies lim|; o [v(2)|] = 1, and thus v has a “degree at co”, in the sense
that, for large R (depending on v), the integer degv := deg(v/|v|, Cr(0)) is
well-defined and independent of R.

In what follows, we derive some easy consequences of the analysis devel-
oped up to now.

COROLLARY 8.1. — For every 0, there exists a bounded entire local min-
imizer of Ey satisfying (8.11) and of negative degree.

Proof. — Consider any domain 2 and any boundary datum of negative
degree. The enlarged bad discs in Lemma 5.1 satisfy

Z deg(us/|us|v CC’s(xi)) = deg(g,09)

(since u. does not vanish in Q\ | ; Bere(x1)). Therefore, at least one of them
has negative degree on Ccfs(x§ ). Blowing-up this bad disc and possibly after
passing to a subsequence, we obtain a v as in the above statement. O

Remark 8.2. — With more work, it is possible to remove the assump-
tion (8.11) and establish the following analogue of the main result in San-
dier [17]. Let v be a bounded entire local minimizer of E;. Then [p.(1 —
[v]?)? < co. However, it is unclear how to remove the boundedness assump-
tion on v.

We next note a first “small §” result.

LEMMA 8.3. — We fiz a boundary datum g € C>°(0€;S'). Let u. be a
minimizer of E. in H(€;C). Let 0 < A < 2r. There exist finite constants
0o, C1, C2 depending only on X, such that, if 6 < §y and € < £¢(d,\), and
ve 18 as above, then:

/ (1= o) = A, (8.13)

Beg, (0)

lve(z)] =2 1/2 if Ca < |z| < Re, (8.14)
deg(ve/|ve|, Cc, (0)) = £1. (8.15)

COROLLARY 8.4. — If § < §p and us. minimizes E. in Hgl(Q;(C), then
we may replace, in the definition of the enlarged bad discs, the condition
lue (21)| < 1/2 with u.(22) = 0.

Proof. — This follows by noting that, by (8.14) and (8.15), v has to vanish
in 302 (O) 0

Combining Lemma 8.3 with the proof of Corollary 8.1, we obtain the
following
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COROLLARY 8.5. — Ifd < &g, then there exists an entire local minimizer
satisfying (8.11) and of degree —1.

Proof of Lemma 8.3. — TFor a fixed d, consider any v° arising as a
Cre (R?) limit of v. (possibly up to a subsequence e, — 0). The conclu-
sion of the lemma follows provided any such v° has, for small § and with
respect to appropriate constants C; and Cy, the following properties:

/ (1= °12)7 > A, (8.16)
Bc, (0)

|V (z)| >2/3 if |z| > Cs, (8.17)
deg(v°/[v°], Cc, (0)) = 1. (8.18)

In turn, (8.16)—(8.18) hold if any v arising as a C° (R?) limit of v° (pos-
sibly up to a subsequence) satisfies

/ (1= o) > A, (8.19)
Bc, (0)

lv(x)] = 3/4 if |x| = Cy, (8.20)
deg(v/|v],Cc,(0)) = 1. (8.21)

In order to prove (8.19)—(8.21), we note that (8.8) and (8.12) applied to
v°® yield, by letting 6 — 0, that

lw(0)] < 1/2 (8.22)

and v is an entire local minimizer of Gy. (Here, we use the fact that, when
6 = 0, the minimization of E; is equivalent to the minimization of Gy; see
the proof of Lemma 2.1.) Such minimizers are either constants of modulus 1
(which cannot happen in our case, by (8.22)) or, up to a rotation and trans-
lation, of the form v(re*?) = f(r)e™? [13]. Here, f > 0 is (strictly) increasing
and uniquely determined by the equation —Av = v(1 — |v|?) and the condi-
tion f(r) — 1 as r — oco. Moreover, for such v we have, by a straightforward
application of Pohozaev’s identity,

/RZ (1—Jv?)? =27 (8.23)

(see also Brezis, Merle, and Riviére [3] for a more general result). If, for
0 <t <1, we let r; be the unique solution of f(r;) = t, then, by (8.23) and
the monotonicity of f, (8.19) holds for large C;, while (using (8.22)) (8.20)
and (821) hold with C2 =T3/4 + T1/2- O
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9. Small § analysis. Bad discs structure for minimizers

Throughout this section, we consider minimizers u=wu, of E, in H, gl (©;C),
with boundary datum of degree —D < 0. The main result of this section is
the following.

THEOREM 9.1. — There exists some 0 < do < 1, possibly depending
on D, but not on Q0 or g, such that, if 0 < § < d2 and ¢ is small, then u has
exactly D enlarged bad discs, all of degree —1.

The proof of Theorem 9.1, which is somewhat similar to [19, Proof of
Theorem 5.4], is slightly easier in the case where  is strictly star-shaped.
We start with this case, and later we present the minor modifications to be
made in order to treat the general case. A first key ingredient is the following
straightforward variant of Lemma 4.3 combined with Lemma 4.6.

LEMMA 9.2. — Let 0 < § < 62 < 1. If u is a critical point of E. in
H; (Q), then there exists some finite constant C depending only on 02 such
that, for every x € Q and r > 0,

S e [

2
€% JB,.(z)nQ Cyr(2)NQ

,
< —2/ (1- |u|2)2+(1+52)7°/ |y |2
2e% Jo, (x)no C,y (2)NQ

+C’r/ |Vul>. (9.1)
B, (z)No2

If, moreover, Q2 is strictly star-shaped, then there exists some finite con-
stant C, depending on 02, Q and g, such that, for every x € Q and r > 0,

1
- (17 |u\2)2+(1752)'r/ |, |2
€% JB.(2)n0 C, (2)NQ
T 2 ~
< @/ (1 =lu?)”+(1 +5z)r/ lur |2+ Cr, (9.2)
Cr(z)NQ Cr(z)NQ

and therefore

1 1 2
7|Vu|2+f 1f|u|2 }
/C,.(z)ﬂQ {2 4e? ( )

1 1 Cr

Z - | 1 — |ul? o . (9.3
r 2(1+52)52 /BT(:&)OQ( |u| ) 2(14—(52) ( )
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A second ingredient is reminiscent of the expanding balls technique in [19,
Chapter 4]. Although we could adapt to our context the more general ar-
guments in [19], we rely on a very simple result, sufficient for our purposes.
Since the proof does not “see” the space dimension, we state the result in R™
(and use it in R?).

LEMMA 9.3. — Letn > 2, Ry > 0, and X C R". Set U := {x €
R™; dist(z, X) < Ro}. Consider an integer N, a radius 0 < R < 31"V Ry,
and N (not necessarily disjoint) closed balls of radius R, B; = Bpg(z;),
1< 7 <N, such that x; € X,V j. For each x € X and 0 < r < Ry, set

J(z,r) = {j; B; C By(x)}.

Let \1,...,An = 0. Suppose that a non-negative Borel function h defined
on U\ U; B; has the following property:

[Sr(z) N B; =0, V]

1
= = > N VzeX, VO<r<Re (94)
Sr(l) " jeJ(z,r)
Then
h > ( ) Aj. (9.5)
Jog "= (i) 2
Proof of Lemma 9.3. — With no loss of genemhty7 we may assume that

Ry = 1. The proof is by induction on N. When N = 1, we note that

/ h}/ / / y)do(y)dr > <1n1)/\1,
U\Br(z1) Bi(x1)\Br(z1) Sy (1) R

whence the conclusion.

Assume next that (9.5) holds for (N — 1) balls and consider N balls as
in the statement of the lemma. Set m := § min;; |z; — ;.

Case 1: We have m < R. — Equivalently, we have B; N B; # () for some
1 # j. With no loss~0f generality, we may assume that By_; N By # 0.
Consider the balls B; := BgR(IEj) 1 <j<N-1 Then U¢;enBj C

U1<]<N 1 B and 3R < ~1). Associate with these balls the numbers

)\1 = A, .. )\N 9 = /\N Q,AN 1 := An_1 + An. Then clearly the radius
3R, the (N — 1) balls Bj, and the (N — 1) numbers )\J satisfy the adapted
version of (9.4). By the induction assumption, we find that

whence the desired conclusion in Case 1.
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Case 2: We have R < m < 3!V, — Consider the balls Bpy(7;), 1 <
j < N. Then (by definition of m) two of these balls have a common point.
By the conclusion of Case 1, we have

/U\UJ_Bm(;cj)h>( 3N-1 )Z J (9.6)

On the other hand, we have (using (9.4))
= y)do(y)dr > (In — Aj. (9.7)
T o A AL (R

We complete Case 2 by combining (9.6) and (9.7).

Case 3: We have m > 3'=N. — Then the balls B3i-~ (z;) are mutually
disjoint and therefore (using (9.4))

31N

h > / h= / / y) do(y)dr
‘/U\U B; Z By~ (2;)\Br(z;) Z Sr(z5)
1
2(111 3N_13) DN 0
J

Proof of Theorem 9.1 when § is strictly star-shaped. — Let A < 27 be a
number to be fixed later (sufficiently close to 27). Let § < dg = dp(A), with
Jo as at the end of Section 8. By Lemma 8.3, if we prove that there are at
most D enlarged bad discs, then there are ezactly D enlarged bad discs, and
their respective degrees are all —1.

Let C; be as in Lemma 8.3. (Note that C; depends only on A.) Let
i, 1 < j < N(e) < N, be the centers of the enlarged bad discs (as in
Lemma 5.1(2)). For a sufficiently small €, the enlarged bad discs are con-
tained in Q (Corollary 7.2) and, by Lemma 8.3 and the convergence results
derived at the beginning of Section 8, we have (after rescaling back the func-
tions v.)

1
lim inf 1nf—2/ (1- |u5\2)2 > A\ (9.8)
e—0 J € BCIE 12

Consider some smooth S'-valued extension G of g to R?\ Q. (Recall that,
for simplicity, we have assumed (2 simply connected, and therefore such an
extension does exist.) We still denote u = u. the extension of u with the
value G outside Q.
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Consider a small number a > 0, to be fixed later. Set

X =0, U:={zeR?% dist(z,Q) <1}, (9.9)
R:=Cie, Bj:=DBg(al), 1<j<N(e), (9.10)
1
4V|2+——@—hﬁf7 (9.11)
M= = AN = e —a (9.12)
Let a be sufficiently small such that A\; > 0 and
2(1
Ry = (t;*”“ <l (9.13)

By (9.8) and (9.3), when z € , 0 < r < Ry, and B, (x) contains at least
one enlarged bad disc Bj,, we have

1 A 530
h> - — > Aj. 9.14

JE€J (1) jGJ(a: )

Using (9.14) and Lemma 9.3 (with Ry given by (9.13)), we find that, for
sufficiently small €, we have

h > #—a N(E)lnﬁ7 (9.15)
U 2(1 + 02) Cie

and therefore (using the definition of h and the fact that G is smooth and
S'-valued), the Ginzburg-Landau energy of u satisfies

A
G:(u, Q) > [2(1_'_52)

Here, C(a,¢) is bounded as ¢ — 0.

—4N@mi—cwa. (9.16)

On the other hand, Lemma 2.2 combined with Lemma 2.1 yields, with a
constant C3 depending on ds, €2, and g, the following bound for the standard
Ginzburg-Landau energy:

G:(u,Q) <

5 Dln7+C3, Vo<e<l. (9.17)
— 02

We finally choose A, a, and J such that
T

A
(D—i—l)[M o

(This is possible, provided A is sufficiently close to 27 and d2 and a are
sufficiently small.)

- a] >D (9.18)
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By (9.16), (9.17), and (9.18), for small ¢ we have N(¢) < D + 1, i.e.,
N() < D. O

Proof of Theorem 9.1 in the general case. — Let ro be as in Lemma 4.5.
Let zp € 0N). Using the upper bound (9.17), (4.18), and a mean value ar-
gument, we find that (with C; as in (4.18), Cy = C4(D,d2), and € < gg =
£0(D)) there exists some r/2 < r < 1o such that

1
C’lr/ |u,,|2 < Cyrln =,
B, (z0)NoQ €

Covering 0 with a finite number (independent of & < &) of balls B,.(z)
as above, we find that

1
/ lu,|> < Csln —. (9.19)
oQ €
Combining (9.19) with (9.1), we obtain, for small e, the following versions
of (9.2) and (9.3):
1 2
S e e [ P

2
€% JB,.(z)nQ Cy(z)NQ

~ 1
S Tz / (1- |“‘2)2+(1+52)7”/ lu-|? +Crin— (9.20)
2¢% Je, (@)ne Cy (2)NQ €

and
1 1 2
ZIVul? 4+ = (1 — |ul? }
/;'r(x)ﬁsl|:2| | 452( uf’)
1 1 2 5’rln(1/e)
> - 1—|ul?)”" — ———=2  (9.21
SR Jy o) e 02
Set
1
Ry = UF02)0 (9.22)
C'ln(1/e)

For small €, we have Ry < 1. Repeating the argument in the star-shaped
case and using (9.21), we see that, with Ry as in (9.22), (9.14) still holds.
Therefore, we are in position to derive the analogue of (9.16), which in our
case (using (9.22)) is

C(1,Q) > {M - a} N(e) h% ~Cla,e) — Ca,e) nn é 9.23)

with C'(a,€) and 5((1,5) bounded as ¢ — 0. Finally, we choose X, a, and d,
as in (9.18) and complete the proof via (9.17), (9.18), and (9.23). O
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10. Small ¢ analysis. Insight on the locations of the bad discs

Throughout this section, we consider minimizers u=1w. of E. in H,(€; C),
with boundary datum of degree —D < 0. We let 62 be as in Theorem 9.1. The
main result of this section is the following theorem that will subsequently be
sharpened in several directions in Sections 12 and 13.

THEOREM 10.1. — Let 0 < a < 1. There exists some 0 < d3 < 0g,
possibly depending on D and «, but not on Q or g, such that, if 0 < d < J3
and € is small, then the centers x1, j = 1,..., D, of the enlarged bad discs
satisfy

1 .

= —minlad — 2F| > & 10.1

m 1;1;2£|x8 zk| > e, (10.1)
dist(z2,0Q) > e*, V. (10.2)

The proof of (10.1) relies on the following generalization of Lemma 9.3.

LEMMA 10.2. — We use the same notation as in Lemma 9.3. Let ® :
R: — Ry be a superadditive function. Let N = 2 and A1,..., Ay = 0.
Consider the numbers

b=>b(A,...,A\N) = H;ln[(l)()\z + )\]) —o(\) — ‘b()\j)] >0,
i#j

1
m:= — m1n|x1 — ZL'Jl7 p = max(R, m)
2 i#j

Suppose that a non-negative Borel function h on U\ Uj Bj has the fol-
lowing property:

[Sr(z) N B; =0, V]
1
= h>=-0f Y X |, VzeX, VO<r<R (10.3)
Sr(x) " \jer@n)

Then

R
h > (A bl 10.4
/U\U_Bj ( 3N 1R)Z A N=1p’ (10.4)

Note that one recovers Lemma 9.3 by taking ® = Id.

Proof of Lemma 10.2. — We may assume that Ry = 1. The proof is by
induction on N. We mainly rely on Lemma 9.3, using the fact that, thanks
to the superadditivity of ®, the assumption (9.4) is satisfied with \; replaced
with ®();). The case N = 1 is a special case of Lemma 9.3 if we take by
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convention b = 0 when N = 1. Assuming that the result holds for (N — 1)
balls, we argue as in the proof of Lemma 9.3.

Case 1: We have m < R (and thus p = R). — Consider the enlarged
balls B; as in Case 1 in the proof of Lemma 9.3. Using the conclusion of
Lemma 9.3 (with \; replaced with ®();)), we find that

Case 2: We have R < m < 3!V, — Arguing as in Case 2 in the proof
of Lemma 9.3 and using the conclusion of Case 1 above, we find that

/U\UBh>( 3N1 )Zcb )+ bIn (mf)Z@
1 1
(ln3N IR)Z(I) +bln N1,

Case 8: We have m > 31N, — The conclusion follows from Lemma 9.3
noting that in this case we have bln 5x— < 0. |

We may now proceed with the proof of (10.1). As for Theorem 9.1, the
argument is slightly easier when 2 is strictly star-shaped, and we start with
this case.

Proof of (10.1) when 2 is strictly star-shaped. — Thanks to the assump-
tion § < do, for small e the function u has exactly D enlarged bad discs, each
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of degree —1 (Theorem 9.1). We extend u to R? as in the proof of Theo-
rem 9.1. Let X, U, R, and B; be as in (9.9)—(9.10) (with N(¢) = D). Let

1
w = ﬁ hi=3IVel? i U\|JB, (10.5)
J
A== Api=1, (10.6)
d(t) :=nt?, VtecR. (10.7)

By Theorem 9.1, we have

deg(w, Cr(x)) = —#J(x,r) ifx e X, 0<r <1,
and C,(z)NB; =0, Vj (10.8)

For x and r as above, we have, by the Cauchy—Schwarz inequality and (10.8),

2
2m~/ IS (/ |wT|> > @ritd(z,r)? (109)
Cr(x) Cr(x)
and thus (10.3) holds with \; and ® as above.

We use the notation in Lemma 10.2. By Lemma 10.2, using the fact that
w is smooth and fixed outside €2 and that, by the construction of the enlarged
bad discs, we have p = m for small €, we find that
1 9 1 1
= |Vw|* > 7#DIn— + 2rln — — C, (10.10)
2 Q\Uj B; € m

where C is a finite constant independent of small e.

On the other hand, one easily checks the following;:

1 1 1
lu| > 5= §|Vu|2 > §|Vw|2 — 2|1 — |ul?||Vul?. (10.11)
Combining (10.10) and (10.11) with the upper bound (4.28) and the fact
that |u| > 1/2 outside the bad discs, we find that

1 1 1~
G:(u, Q) > 7/ |Vu|> > 7DIn = + 27In — — C, (10.12)
Q\Uj B €

2 m

where C is a finite constant independent of small . On the other hand, if
J < 03, with d3 < d2 to be fixed later, (9.17) (with d3 instead of d3) holds,
and thus, using (10.12), we find that

(= Z 4 . .
In — < 5 (1 5 1) ln8 5 (10.13)
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From (10.13), we find that, for small €, (10.1) holds provided

D/ 1
= _1 . 0
2(1—53 ><a

When (2 is a general domain, we do not have (4.28) at our disposal any-
more. We sketch below the adapted argument.

Sketch of proof of (10.1) in the general case. — The inequality (10.10)
still holds in the general case. However, the strategy for obtaining an ana-
logue of (10.12) from (10.10) is different. Consider some number 0 < a < 1
to be fixed later. Define the (enlarged) bad discs as in Section 5, but with
1/2 replaced with a. One can see that Lemma 5.1 still holds, possibly with
some N depending on a. Also, the analysis in Section 8 holds, for § < dy,
with §p possibly depending on a. So does Theorem 9.1. At this stage, using
Theorem 9.1 and Corollary 8.4 we conclude that, for small § and two differ-
ent a’s, the corresponding enlarged bad discs coincide, up to a multiplicative
constant factor of their radii. Therefore, the estimate (10.1) does not depend
on the specific value of a we choose.

We next explain how to choose a. We have the following substitute
of (10.11):
lu| > a = |Vu|? > a*|Vw|*. (10.14)

From (10.10) (with the enlarged bad discs corresponding to a) and
(10.14), we find that

1 1
Ge(u,Q) = ma’Dln -+ 27a® In — —Cla). (10.15)

In order to obtain (10.1) from (10.15) and (9.17), it then suffices to choose
a and d3 such that

D 1 9
— | — = < a. a
242 <1 5 ¢ ) “

Remark 10.3. — For a different approach to the case of general (i.e., not

necessarily strictly star-shaped) domains ), see also Lemma 12.2 and its
applications in Section 12.

The basic ingredient of the proof of (10.2) is the following simple result.

LEMMA 10.4. — Let 0 < X\ < 27. Let g € C1(0€);S). Then there exists
some o = ro(A,Q,g) such that the following holds. Let 0 < r < rg and
xg € ). Consider a Lipschitz map w : d(B,(29) N Q) — S such that w = g
on Br(29) NIQ and degw = —1. Then

f/ lw[? > \. (10.16)
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Similarly if degw =d € Z and 0 < \ < 2d°7.

Proof. — For small ry and with finite constants Cj, 50, all depending
only on 2, and for r, xy as above, the following hold:

Cr(x()) BRY’

consists of a single arc of endpoints a = a(r,zg), b = b(r,xq), (10.17)

HN(Cr(xg)) < 1 + Cor?, (10.18)
dist(a,b) < Cor (10.19)
(in the last line, dist is the geodesic distance on 9).

Using: (i) (10.17)—(10.19); (ii) the degree condition on wj; (iii) the fact
that g is Lipschitz; (iv) the Cauchy—Schwarz inequality, we find successively,
possibly after considering a smaller r¢:

/ lwr| > 2m,
A(By (20)NR)

/ |wr| > 27 —/ lw,| = 27 — C(9)Cor,
Cr(z0)NQ B, (20)NoQ

(o) [ el > (o Clo)Cor)

Chr(zo)NQ

and the last line implies (10.16) (since A < 2m), provided ¢ is sufficiently
small. g

In the proof of (10.2), we will use Lemma 10.4 in conjunction with the
following lower bound, which is a simple consequence of the Cauchy—Schwarz
inequality:

0<r <7y, 2 €R? w: B, (x)\ By, (z) — S,
w Lipschitz, deg(w,Cy,(x)) =d € Z

1
= f/ IVw|? > nd?In 2. (10.20)
2 JB,,(@)\B,, (=) 1

Proof of (10.2). — Let 0 < a3 < a be a constant to be fixed later. We
take d3 such that, when 0 < § < 43, (10.1) holds for a; instead of a. Let
e be sufficiently small. Let B; = Bg,-(22), 1 < j < D, be the enlarged
bad discs. Assume, with no loss of generality, that the enlarged bad disc
closest to 9 is By. If dist(zl,00Q) > &%, then we are done. Otherwise, by
choosing appropriate values of d3, a1, and of A in Lemma 10.4, we will obtain
a contradiction for small e. For this purpose, we first use (10.20) and obtain
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the following inequalities

1 o
7/ Vw2 >rln e, Vj>2 (10.21)
2 JB.oy (+2)\B; Cie
1 9 e
= [Vw|* > 7ln —. (10.22)
2 /B @\B Cie

We next use Lemma 10.4 and obtain, for small € and with z( the nearest
point projection of x! on 9, the bound

1

/ g1 /2
2 JB.a1 5(20)\Baca (z0)

e

[Vw|* > Aln (10.23)

We next note that, for small ¢, the integration domains in (10.21)—(10.23)
are mutually disjoint. Combining this observation with (10.21)—(10.23) and
using the fact that w is smooth and fixed outside 2, we obtain the lower

bound
1 1
f/ [Vwl? > [r(1 —a1)D+ (A —7m)(@—a1)]In— —C, (10.24)
2 Q\UJ B; e

where C is a finite numerical constant (depending on C and on the extension
of u outside ).

On the other hand, we know from the proof of (10.1) in a general domain
that, possibly after modifying the construction of the enlarged bad discs as
explained there, we have, for a given 0 < a < 1 and sufficiently small ¢,

1
G-(u, Q) > a’= |Vwl|?. (10.25)
2 o\, B;

The estimates (10.24) and (10.25) contradict, for small e, the upper
bound (9.17) (with 03 instead of d2), provided we have

0
D. 10.2
s (10.26)

a*[r(1—a1)D+ (A =7)(a—a1)] >
We finally note that (10.26) holds for any constant A > 7, provided we
let a1 and d3 sufficiently small and a sufficiently close to 1. O

Remark 10.5. — For the standard Ginzburg—Landau energy and in a
strictly star-shaped domain €, the method of proof of (10.1)—(10.2) allows
us to recover a “repelling effect” initially established in [2]: for small €, the
mutual distances between the bad discs and the distances from the bad discs
to 0N is above some positive constant.
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Indeed, combining (10.10) with the upper bound (2.5) and the inequal-
ities (10.11) and (4.28) (for the latter one, we rely on the fact that Q is
strictly star-shaped), we see that

liminf min|z? — 2%| > C > 0 (10.27)
e=0  j#k

for some constant C' depending on €2 and g.

It remains to prove that the bad discs cannot get close to the bound-
ary. Argue by contradiction and assume, e.g., that, possibly up to a subse-
quence, m := dist(z}, Q) — 0. With C as above, we may repeat the proof

of (10.21)—(10.23), with €** replaced with C/4, and find (vie Lemma 10.4
and (10.20)) that

%/ v Vel caDhli(-mm Lt —c (10.28)
U, (Bes(s2)\ By (+2)) e m

Once A > 7 is fixed, the inequality (10.28) contradicts, for small m, the
upper bound (2.5).

11. Toy minimization problems on an annulus

There exists a natural construction of competitors for the minimization
problem IninH;(Q;Sl) E. when degg = —D < 0. More specifically, set, for
0< Ry < Ry < 00,

AR, R, = Br,(0) \ Bg,(0).

Consider the class

v € H' (AR, r,;S'); lvg| < C on Cg, (0) and
HRy Ry, C = (4, ) (11.1)
Cr,(0), deg(v,Cr,(0)) = deg(v, Cr,(0)) = —1
and the minimization problem
IRI,RQ,C = min{Eo(U); NS %Rth,C}' (11.2)

The class g, r,,c is non-empty if C' > 1, since for such C' it contains
the map

o

Up - AR1,R2 — 817 UO(Z) = |Z|7 Vze ARl,RZ'

From now on, we assume that C > 1.
It is straightforward that there exists a minimizer ug, r, ¢ in (11.2).

In the special case where 6 = 0, (11.2) is equivalent to the minimization
of the standard Dirichlet integral Go(v), and the above ug is a minimizer.
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We conjecture that even when § > 0, a minimizer likewise could be a 0-
homogeneous map (thus a function depending only on 6 and independent of
r = |z|, R1, Re, and C), but we are not aware of a proof of this fact.

Starting from a minimizer w := ug g, ¢ in (11.2), where 0 < € < Rz and
R; is sufficiently small (depending on Q) and fixed, we construct a competitor
u in H}(;S") as follows. Consider D disjoint closed balls B, (x;), j =
1,...,D, contained in . Let v be the restriction of w to C.(0). We first
define u in each Bg,(z;) by setting

w(x — x;), if e <R

ST 11.3
(r/e)v(ee?), ifr <e. (11.3)

u(z) = u(re’ + zj) = {

We next extend u to € by considering, in Q\ U, Br,(7;), an St-valued
map, still denoted u, agreeing with the above map on each Cg,(z;) and
taking the value g on 99. It is straightforwards that this is possible such
that, in addition,

[Vu| < C1(C,Q,g) inQ\ UBRQ(:UJ-). (11.4)

J

Fixing the value of C' and using u as a competitor, we obtain the upper
bound

Mg 1= min{EE(u); u € H;(Q;(C)} < DI p, o+ C2(82, g). (11.5)

A remarkable result of Bethuel, Brezis, and Hélein [2] asserts that, when
6 = 0 and Q is strictly star-shaped, this construction provides the correct
asymptotics of m. up to a bounded error, that is,

1
me = DI g, c + O(1) :ﬂDlng—i—O(l) as e — 0. (11.6)

Among other ingredients of the proof of (11.6) in [2], there is the exact
formula for I. g, c. Although we are not aware of such a formula when
0 # 0, we will establish, in the next two sections, analogues of (11.6) valid
for small 6.

In the current section, we investigate some basic properties of Ir, r,.c,
that we collect in the following simple result.

LEMMA 11.1. — Let C,C" > 1. Let 0 < Ry < Ry < Ry < Ry < 0.
Then the following properties hold, with the constants C; depending only on
the variables indicated below.

(1—5)7Tln@—(1—5)7T§IR1R20gﬂ'lnﬁ. (11.7)
Ry o Ry
Iir, tr,,c = IR, ,R,,c, VT > 0. (11.8)
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If R3/Rs > 2, then
R
IRl,R4,C < IRl,RQ,C + IR3,R4,C + Cl(C’, 5) In sz + CQ(C, 5) (119)

IRI’R%C+01(C,5)1nt+02(c,(5). (11.10)
IRI7R27C+03(C,6)1nt+04(0,5). (1111)

If t
If t

2, then IR, tr,,c <
<

VoWV

C
2, then IRl,tRQ,C

’

There exists a constant (1 —6)r < Cs <«

I
such that lim Lic =C5, VR >0, VC>1. (11.12)

t— 00 In
If § > 0, then Cs < . (11.13)
If 6 >0, then Cs > (1 — ). (11.14)

Proof of (11.7). — For the left-hand side, we use (2.4) combined with the
fact that ug is a minimizer of Gy in the class gz, g, c. For the right-hand
side, we consider, as in the proof of Lemma 2.2, the competitor uyg. O

Proof of (11.8). — This identity follows from the fact that Ey is invariant
under homotheties, and so is the condition |vg| < C. O

Proof of (11.9). — Let ug, respectively us, be a minimizer in %z, r,.c,
respectively in #r, g, c. Let v, respectively vs, be the trace of us on Cr, (0),
respectively of ug on Cg,(0).

Since we have |(vj)g| < C, j = 2,3, and degvy = degvs = —1, we may
write v; (Rje'?) = exp(e(—6 + 1;(0))), with
|(j)e —1] < C and || < (1+C)r. (11.15)

We next “interpolate” between vy and wvs by setting

u((1 = o)Ry + o R3)e'”) i= exp(u(—0 + (1 — 0)1ha(0) + o43(0))),
VOo<o <.

Clearly, u agrees with ve on Cg,(0) and with vz on Cr,(0). On the other
hand, one has (from (11.15))
21+ CO)m
Rs — Ry

ur| <

and |ug| < C. (11.16)

Considering the competitor

ug, in AR, R,
u, in ARQ,Rg

uz, in Ag, Ry,

- 1411 —



Dmitry Golovaty, Petru Mironescu and Peter Sternberg

which belongs to the class %, gr,.c, and using, in Ag, g,, (2.3) and(11.16
we obtain that (11.9) holds with C1(C,d) := (1 + 6)mC? and Co(C,9) :
6(14 C)2n% +2m(1 +9).

Proof of (11.10). — This is a special case of (11.9), with R3 := tRy and
Ry = Rs. 0

=

)

O

Proof of (11.11). — We essentially repeat the proof of (11.9). Fix 1 <
T < 2. Given a minimizer uy in g, R, c and letting v (respectively v2) be
the restriction of uy to Cg, (0) (respectively of uq to Cg,(0)), we interpolate,
in B4g,(0)\ Bg, (0) (respectively in B;r,(0)\ Bgr,(0)), between 6 + e~
and v; (respectively vy and 6 — e~*?) in order to construct a competitor in
AR tRo,C" - O

Proof of (11.12). — By (11.8), it suffices to investigate the case where
R1 =1. Set

I
Cs := lim inf —251 (11.17)

t—00 nt

We will prove that (11.12) holds for this Cs. To start with, we note that,
by (11.7), we have (1 — &)7 < Cs < 7.

We next prove that

I I
lim sup %1 < lim inf =251, (11.18)

t—oo 1IN t—oo Int

Let ¢ > 0 and let M > 1 to be fixed later in function of €. Let to > M
be such that

I 401 €
—= < () —. 11.19
lnto <Cs 2 ( )
For t > 2tg, let
Int
k= >1, 11.2
Ln(?to)J (11.20)
so that
(2t0)* <t < (2t)* 1. (11.21)

By applying repeatedly (11.8)—(11.10), we obtain, by a straightforward
induction on k, that

Lipa <Elgoq+ (B—1)[Ci(1,0)In2+ Ca(1, )]
+ C1(1,0) In(4) + Co(1,5).  (11.22)
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To illustrate the proof of (11.22), we detail, for example, the case where
k = 2. Then, using successively (11.9), (11.21), (11.9), (11.8), we find that

Il,t,l
t

< Il,2t3,1 + 01(1,5) In ﬁ + 02(1,5)
0

Iy 921 + C1(1,0)In(4to) 4 Ca(1,0)
Dto,1 + Loy 2021 + C1(1,6) In2 + Ca(1,6) + C1(1, ) In(4t) + Ca(1,6)
= Il,to,l + Il,to,l + Cl(l, 5) In2 + Cg(l, 5) + Cl(]., 6) 1n(4t0) + CQ(]., 6),

<
<

and the last line coincides with the right-hand side of (11.22) with k& = 2.

Dividing (11.22) by kln(2tg), letting k& — oo, and taking (11.20) into
account, we find that

. Il,t,l < Il,to,l hlto 01(1,5)1n2+02(1,5) (1123)
t—oo Nt Inty In(2tg) In(2tp)

We next note that, when M > 1 is sufficiently large (depending on ¢),
to = M, and (11.19) holds, the right-hand side of (11.23) is < Cs + «.
Therefore, (11.18) holds.

To complete the proof of (11.12), we note the straightforward inequality
Itc < I 1. Combining this with (11.11), we find that, when ¢t > 2, we
have

I t2e1 — C3(C,6) In2 — Cy(C,6) < Lipo < T (11.24)

We obtain (11.18) for an arbitrary constant C' > 1 via (11.17), (11.18),
and (11.24). O

Proof of (11.13). — We consider a C! map f : S! — S, of degree —1,
and the competitor u(re’?) := f(e¥), ¥ r > 0. Clearly, for some C
depending on f, we have u € 4 ; ¢. On the other hand, if we write f(e*?) =
exp(1(—0 +1(0))), with ¥ of class C* and 2m-periodic, we have

(divu)(re?) = %(w’(e) 1) cos((0) — 26),
(curlu)(re’?) = %(1//(9) — 1) sin(y(8) — 26),
and thus
Eo(u; Ai )

=), (11.25)
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where

I ()

7T Kycos?(y(0) — 20) + Kssin?(1(0) — 20) , 2
= 5 3 ('(0) —1)°do.  (11.26)

From (11.25)—(11.26) and (11.12), we find that

Cs <inf{7(4); ¥ € CH([0,27)iR),  9(0) =w(2m)}

, ) (11.27)
—min{s(4); € H'(0,2eR), 9(0) = p(2m)}.

By the direct method in the calculus of variations, the min in the second
line of (11.27) is achieved, and any minimizer satisfies

Fy(1(0),0)(w'(0) = 1)* = 2[F((0), 0)(¥'(0) - 1)] , = 0,
where F(y,0) := % cos? (1 — 20) + % sin?(y) — 26).  (11.28)

Let us note that

Fy(¢,0) = =26 sin(yp — 26) cos(yp — 26). (11.29)

Using (11.29), we find that, when 1 = 0, the left-hand side of the first
line of (11.28) equals —66 sin(26) cos(26), and thus, when § # 0, ¢ = 0 is
not a minimizer of .#. Combining this with the fact that, when ¢ = 0,
we have Fy(u) = wlnt (see the proof of (11.7)) and with (11.27), we obtain
that Cs < m when 6 > 0. O

Proof of (11.14). — Let Ry :=1, Ry :=t > 1. Any competitor v in (11.2)
is of the form

v =exp(—1(0+ 1)), with ¢ € H'(A;,).
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For v as above, we find, with € := A, ;, using the fact that Jacv =0 in
Q (since v is S'-valued):

/[(divv)2 + (curlv)? /|vu|2+2/Jacv—/ Vo2,
Lok = [ 1v@+wr = [ o+ [ 1vur-2 [ v
/|vo\2 /|w|2—27r1nt+/|w|2

Ey(v) = T Q[(dlvv) + (curlv)?] 46 Q(dlvv)

1 —
:(1—5)7r1nt+—5/ V4|2
2 Ja

+5/Q[i cos() — 26) + (22;((?9:%) .wr.

Assume, by contradiction, that Cs = (1 — §)w. Then there exist t; — oo
and ¢; € Hl(Al’tj) such that, with ; := A; ¢, we have

[ wsies [ [hemtes-ome (266 20) -]
= o(Int;)

nt;j)as j — oo. (11.30)
By (11.30) we obtain (using Cauchy—Schwarz on the third line) that

/[1/1]9} /|V¢J|2 o(Int;) as j — oo, (11.31)

[ s ety s

/Qj lcoS(%' —20) (iiig::ﬁi%) -V = o(Int;) as j — oo,
/Q [1 cos(t; — 29)]2 = o(Int;) as j — oo, (11.32)

T
J

Combining (11.31) and (11.32) with a mean value argument, we find that
there exist radii 1 < r; < t; such that
1

— {(1/13',9)2 [cos(1; — 20) ] } — 0 as j — oo.
Cr, (0)
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Therefore, if we set
gj (e“g) =P (rjele), Vi, Ve,

we have

/Sl{(gj,a)2 +[cos(gj — 20)]°} — 0 as j — co. (11.33)

After subtracting a suitable multiple of 27 from g, we may assume that
0 < g;(e*%7) < 27 for some 6;, and then (11.33) implies that, possibly up to
a subsequence, there exists some constant C' such that g; — C uniformly.
We obtain from (11.33) that

/ fcos(C' — 20)]2 = 0,
S1
which is impossible. This contradiction completes the proof of (11.14). O

While the above considerations will suffice to yield the correct asymp-
totics of the minimal energy m. when D = 1, for higher degrees we rely
on the study of a “cousin” of %, r, c. More specifically, when C' > 1, we
consider the class

UEHl(AR17R2;Sl); / lvg |2 <27erC’2,
Cr;(0)

KR, RaysC = (11.34)
j =1,2,deg(v, C, (0)) = deg(v, Cr,(0)) = —1
and the minimization problem
Try o = min{ Bo(v); v € Hn, e }- (11.35)

The following result is a straightforward version of (part of) Lemma 11.1,
and its proof is omitted.

LEMMA 11.2. — Let C > 1. Let 0 < Ri € Ry €< R3 < Ry < .
Then the following properties hold, with constants C; depending only on the
variables indicated below.

%Rl,Rz,C C %3173270, and therefore IRl,Rz,C < IR1,R2,C- (1136)

TtRl,tRz,C:TRl,RQ,C7 Vit>0. (11.37)
If R3/R2 2 2, then IRl,R4,C

~ ~ R
< IRl,Rg,C + IRg,R4,C + 01(07 (5) In 7R3 + 02(07 (5) (1138)
2

I
With Cs as in (11.12), lim G — Cs, YRy >0, VO > 1. (11.39)

—00 Int
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12. Small § analysis. More on the location of bad discs.
Asymptotic expansion of the energy

We derive here a number of consequences of the results established in
Sections 9-11; in particular, we improve the conclusion of (10.1) in Theo-
rem 10.1.

In what follows, we consider some integer D > 1. Given a domain 2 and
a boundary condition g : 09 — S! of degree —D, we let

Me =me 0,y = min{E.(u); u € H;(Q;C)}. (12.1)

Let d3 = d2(D) be as is defined in Theorem 9.1, and let 0 < § < d2. By
Theorem 9.1, for small £, a map u = u. achieving m. has exactly D enlarged

bad discs of centers x! P

gy ey dlg -

We start with an easy result.

THEOREM 12.1. — Let D = 1. Let 0 < 02(1). Then, for any C > 1, we
have

me=1I.10c+0(1) ase — 0. (12.2)
In particular, we have

1 1
Me :C(;lng—i—o(ln 5) as € — 0. (12.3)

In the above, O(1) stands for a quantity such that |O(1)| < C(6,, g) < oo
as e — 0.

We continue with a significant improvement of (10.1).

THEOREM 12.2. — Let D > 2. Let 0 < ag < 1. Assume that 63 =
03(D) < min(d2(D),2/(D +2)) is such that: if 0 < § < 03, there exists some
0 < ag=ap(6,Q,9) <1 with the property that, when ¢ is small (smallness
depending on §), the centers zd, j = 1,...,D, of the enlarged bad discs
satisfy

1 .
m := irjriglxg —x§| > e, (12.4)

Then, for every 0 < a < 1 and for § < d3 as above, we have, for small &
(smallness depending on a and §),

m > e (12.5)

In particular, there exists some 03 > 0 such that (12.5) holds for each
0 < a < 1 provided ¢ is sufficiently small (smallness depending on a and 0).
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The heart of the matter consists of establishing the first part of Theo-
rem 12.2; the second part of Theorem 12.2 follows from the first part com-
bined with (10.1).

Note that, while in Theorem 10.1 d3 depends on both D and «, the
conclusion of the second part of Theorem 12.2 is that 3 can be chosen to
depend only on D.

An easy consequence of Theorem 12.2 is the following.

THEOREM 12.3. — Let D > 2. Let § < 63(D), with d3(D) as in Theo-
rem 12.2. Then

1 1
Me —D051n+0(1n> as e — 0. (12.6)
€ €

Our next result complements Theorems 12.1 and 12.3.

THEOREM 12.4. — Let D > 1. If D = 1, let 6 < 6(1). If D > 2
let § < 65(D). Let u- achieve m.. If, up to a subsequence, xi — aj €
j=1,...,D, then

ee(ue)

In(1/e)

J
)

o) Z ba, *-weakly in M (S2). (12.7)
J

(Recall that e.(u) = Bt (divu)?+ L3 (curl u)?+ 225 (1—|ul?)? is the energy
density.)

A basic tool used in the proofs of the above results is the following sub-
stitute of (10.14).

LEMMA 12.5. — Let 1/2 < a < 1 and C = C(a) < oo be such that, for
the corresponding enlarged bad discs, we have |u| > a inw = Q\|J; Bee(xl).
Let w := u/|u| in w. Then

1
Eo(U,W) 2 EO(w7w) - 01(57Qag)§ / (1 - ‘U|2)2 - 02(670“5979)' (128)
Q

Proof of Lemma 12.5. — If z = (z1,22) € R? ~ C, we set z+ =
(722721)

Let p := |u| so that u = pw in w and

(divu)? = (pdivw + Vp-w)? = p*(divw)* + V(p* — 1) - ((divw)w) (12.9)

(curlu)® = (pewrlw — Vp- wl)2
> p?(cwrlw)? — V(p? — 1) - ((curlw)wh).  (12.10)

— 1418 —



Anisotropic Ginzburg-Landau model

We integrate (12.9) over w, using an integration by parts for the last
term. We proceed similarly for (12.10). Combining the two results, we find
that

Ey(u,w) > Ey(w,w) — % / (1-p%)(divw)?

w

_ %/ﬂ(l — p?)(curlw)? + % /{M(p2 - (divw)w-v

_ % /(% (p* — 1) (curl wyw™ - v — % /w(p2 = 1) (divw)®

_ % /w(p2 —1)(curl w)® — % /w(p2 —w- V(divw)

+ %/w(p? — 1w’ - V(curlw), (12.11)

Using: (i) Corollary 4.8 ; (ii) the fact that |u| > 1/2 in @; (iii) the fact
that p = 1 on 0f, we find that the sum of the third and fourth term on the
right-hand side in (12.11) is > —Cj3, where C5 = C3(0, a,deg g). Using, for
the other integrals in (12.11), the fact that |u| > 1/2 in w, we find that

Fo(u, w) >E0(w,w)—c3—c4/ 11— uf?| % (IVaf? + | D))

w (12.12)

>E0(w,w)—03—c4/ 11— [uf] x (|Vul? + D),
Q

where (' is a universal constant.

It remains to dominate the last integral in (12.12). Using: (i) Cauchy—
Schwarz; (ii) formula (4.29) (except for the final inequality in (4.29), which
requires that € is strictly star-shaped), we find that

/ 11— ul? x (|Vul® + |D?ul) < Cs5(1+ 2|1 = [ul?[],), (12.13)
Q

where C5 = C5(6,, g). We obtain (12.8) from (12.12) and (12.13). O
Proof of Theorem 12.1.

Proof when Q is strictly star-shaped and C = 1. — Let ¢ be suffi-
ciently small and let Be,.(z}) be the enlarged bad disc corresponding to
u = u.. By choosing if needed a larger (but fixed) C}, we may assume
that,  C Be,/4(0) and thus Q C Be, j2(xl). Extend u to R? as explained
in the proof of Theorem 9.1 (after formula (9.8)). Assume, to simplify the
forthcoming formulas, that x! = 0. Using: (i) estimate (4.20); (ii) the com-
petitor w := u/Ju| in the minimization problem (11.2) in A¢,. ¢, /2 (Where
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C defining the class ¢, . c,/2,c is a sufficiently large fixed constant de-
pending on g via (4.23) and the extension G); (iii) the upper bound (4.20);
(iv) Lemma 12.5; (v) (11.8); (vi) (11.11), we find that

me 2 [&1/270 + O(l) 2 Is,l,l + 0(1) (1214)

On the other hand, by using (12.14) with (11.5), (11.8), and (11.10), we find
that
me < .[571’1 + O(].) (1215)

We complete the proof via (12.14) and (12.15).

Boundedness of the potential term in a general domain. — This follows
from a principle devised by Del Pino and Felmer [16]. Assume for simplicity
that 0 € Q. Let v.(z) := u.(2z), * € R? (where u. has been extended to R?
as above). Let Br(0) be a large fixed ball containing Q. By the first part of
the proof, we have

E(ue, Bar(0)) < I.1,1 + O(1), (12.16)
E.(ve, Br(0)) > I.11 + O(1). (12.17)

Subtracting the inequalities (12.16) and (12.17) and noting that

E.(uz, Ba(0)) — Ex(vz, Br(0)) = — /B )’

162
3 2
= 1— 2
1622 /Q( |us| ) s
we find that )
5 | (1= )’ < Co(6,2,9). (12.18)
Q

Proof in a general domain when C'=1. — We proceed as in the case of

a strictly star-shaped domain, using (12.18) instead of (4.20).

Proof in a general domain for arbitrary C. — The inequality m. <
I. 1,0 + O(1) is straightforward. On the other hand, we have (arguing as in
the first step and using (11.11))

me 2 1120 +0(1) = I.1.0 + O(1). U

Proof of Theorem 12.2 when ) is strictly-starshaped. — We argue by
contradiction. Then there exists some « > 0 such that, passing to a subse-
quence £; — 0 and relabeling the enlarged bad discs if necessary, we have

. ln}acs—;vE
lim e — el _ (12.19)
e—0 Ine
In|z? —
lim i 28— 22 <a, Vitj. (12.20)
e—=0 ne
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Note that, by assumption, we have
O0<a<ap<l. (12.21)
Possibly after passing to further subsequences, there exist a partition
consisting of non-empty sets,
{1,...,D}=g1|_|...|_| 9,

(with, possibly, £ = 1), with each %, non-empty, and a number 0 < 8 < «
such that

1L,2e€ %, (12.22)
o o . 1n|x§ ,xg‘
[i,7 €%, i # j] = &11_% e T (12.23)
_ ) ) 1n’x2 —xg‘
[i €%, j €Y, k#n] = limsup ——= < 5. (12.24)
£—0 Ine

Consider now constants f < a1 < as < a < az < ag < 1 to be fixed
later (in order to obtain a contradiction). We extend u to R? as explained
earlier in this section. By (2.3), the upper bound in Lemma 2.2, and a mean
value argument, there exists a finite constant C’ depending on D and on
all the above constants such that: for small ¢, there exist radii e* < Ry <
€M < €Y < Ry < £ satisfying

R; Vu?<C’', j=1,2, V1<i<D. (12.25)
CRJ‘ (:E'é)
Note that (by definition of o and choice of Ry),
for small e, B, (2%) N Bg, (21) = 0 if i # j. (12.26)

For simplicity, assume, only in this paragraph, that ¢ = 0. From (12.25)
and the fact that |u| > 1/2 on Cg;(0), j = 1,2, we find that, in the annulus

Acyery, w = u/|u| is a competitor in the class ¢ c r,,c (Where C is
the constant in the definition of the enlarged bad discs and the constant C
depends on C’ and on the constant Cs in (4.23)).

By the above, we find that
EO (w, BR1 (@;) \ BCle($é>) 2 fCla,Rl,C - 03, v i, (12.27)

with C3 a finite constant depending only on the extension of u. (Same for
the constants C4,C5, Cg below.)

Set Dy, := #%, so that
Di>2, Y Dy=D, » (D)?=D+2 (12.28)
k k
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Choose, for each 1 < k < ¢, an index i € ¥;.. Note that
for small e, Bp, (2%) N Bg,(z4) =0 if k # j. (12.29)

We are therefore in position to apply Lemma 9.3 with:
X:=Q, U:={zeR?dist(z Q)\ 1},
R .= RQ, Bk: = BRz (Z‘Zkf), k‘ < f,
1
h = §|vw|27
)\k = (l)k)Z7 1 g k g /.

(The fact that the assumption (9.4) is satisfied follows from (12.29) and
(10.9).) Using Lemma 9.3, we find that

Go (w Q\ LICJBRZ (xgk)> > (D)’In R% —Cy. (12.30)

k

Combining (12.30) with: (i) Lemma 2.1 applied in Q \ U, Brg, (z*); (ii)
the upper bounds (12.25) and (4.22); (iii) the fact that |u| > 1/2 on the
complement of the enlarged bad discs, we find that

Ey <w O\ B, (;Qv)) > (Dg)*(1—d5)In Riz — Cs. (12.31)
k

k
Collecting (12.26), (12.27), and (12.31), we find that

~ 1
Eo(w,Q) > DIc,erc+ Y (Dr)*(1—d3)In T Cs. (12.32)
& 2

Using: (i) (12.32); (ii) Lemma 11.2; (iii) Lemma 12.5; (iv) the fact that
is strictly star-shaped (and thus (4.20) holds); (v) the inequalities satisfied
by Ry and Ro; (vi) the last inequality in (12.28), we find that

Eo(u, Q) > DCs1n ! + [(D+2)(1 — d3)a; — DCsauy] ln1 + 0<1n 1>
5 5 5

ase — 0. (12.33)

Since we have C5 < 7 (see Lemma 11.1), and, by assumption, d3 <
2/(D + 2), we find that

(D + 2)(1 — 53)0&1 - DC§O[4 >0

provided a; and a4 are sufficiently close to a..  (12.34)
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We obtain the desired contradiction wvie (12.33), (12.34), and the upper
bound (11.6). O

Proof of Theorem 12.3 when () is strictly star-shaped. — Let 0 < a3 <
a < 1. In what follows, constants are finite and independent of small ¢.
Consider, for small ¢, a radius €* < R < €* and a finite constant C’
satisfying

R |Vul> <C’, Y1 <i<D. (12.35)
Cr(zl)

Arguing as for (12.27), we have
Eo(w, Br(zl) \ Be,e(2)) = Ioyerc — Cs. (12.36)
From (12.36), (11.39), and the fact that R > ¢, we find that

Ey(w,Q) = (1 — a)DCs lné +0<ln i) (12.37)

The parameter « being arbitrary in (0,1), we obtain from (12.37) that

Ey(w,Q) > DCs ln1 + 0<ln 1). (12.38)
€ €

Since € is strictly star-shaped, (12.38), the upper bound (4.20), and
Lemma 12.8 imply that

1 1
Eo(u,Q) = DCsln - + 0<ln E). (12.39)
On the other hand, (11.5) and (11.39) yield
1 1
E.(u,Q) < DCsln - + 0<ln > (12.40)
€ €
The conclusion then follows from (12.39) and (12.40). O
Proof of Theorem 12.2 in a general domain. — Arguing as in the proof

of (12.18) and using the upper bound (12.40) (valid in any domain) and the
lower bound (12.39) (valid in a ball, by the preceding proof), we find that

6lz/ﬂu )’ = o(ln i) (12.41)

We next repeat the proof of Theorem 12.2 in a strictly star-shaped do-
main. The only difference arises in the justification of (12.33): when  is
strictly star-shaped, we use the upper bound (4.20), while, for a general 2,
we rely on (12.41). O
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Proof of Theorem 12.8 in a general domain. — As for the preceding
proof, we repeat the proof in the strictly star-shaped case, except when it
comes to justify (12.39), for which we rely on (12.41) instead of (4.20). O

The proof of Theorem 12.4 relies on the following straightforward variant
of Lemma 12.5, whose proof is left to the reader.

LEMMA 12.6. — Let 1/2 < a <1 and C = C(a) < oo be such that, for
the corresponding enlarged bad discs, we have |u| > a inw = Q\J; Bee(x).
Let Ce < R <m. Then

Bo(u, Ba(zt) \ Bo(z2)) > Eo(w, Ba(a!) \ Be: (x}))
- G605 [ (1)’

702(57 0’7979) 703(57979)/ |VU’| (1242)
Cr(zl)

Proof of Theorem 12.4. — Let 0 < a3 < a < 1 and let R be as in the
proof of Theorem 12.3. By (11.39), (12.35), (12.36), and (12.42), we find that

, , 1 1
E.(u, Beo (21) \ Bee(2l)) > (1 — a)Cs1n - + o(ln 5> . (12.43)
Therefore, for any fixed r > 0 and for any J C {1,..., D}, we have

B\ u, | Br(2l) \ Bee(al) | = #JCs lné + 0<1n i) (12.44)
jeJ

Combining (12.44) with the upper bound (12.40), we find that, for any
fixed r > 0,

E. u,Q\UBT(aj) o<1ni). (12.45)

From (12.44) and (12.45), we obtain that there exist numbers b; > Cs,
Y j, such that, possibly up to a subsequence,

ee(ue)

In(1/¢)

— ) "b;da, #-weakly in .#(Q). (12.46)
J

The fact that b; < Cs, and thus (12.7) holds for the full sequence, is a
consequence of (12.46) and (12.40). O
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13. Arbitrary 0 analysis. Asymptotic expansion of the energy

Throughout this section, we consider minimizers u=1w. of E. in H, (€; C),
with boundary datum of degree —D < 0. A first main goal is to generalize
the formula (12.6) to any ¢ (without any smallness assumption on J). We
will also obtain variants of Theorems 12.2 and 12.4, under weaker assump-
tion on ¢. However, the results below are not necessarily, strictly speaking,
generalizations of the results in the previous section: while they hold either
for any ¢ or under ezplicit smallness conditions on J, the picture we get is
“blurred”, in the sense that it involves, instead of enlarged bad discs (as up to
now), giant bad discs (that we define below), whose radii can be much bigger
than €. (Recall that, in the previous section, we assume that § < d2 = d2(D),
and the existence of J is established via a proof by contradiction. Therefore,
the smallness conditions on ¢ in the previous section are not explicit.)

In order to state the main results of this section, we introduce new nota-
tion and several definitions.

Fix §. Consider the enlarged bad discs constructed in Lemma 5.1. Possibly
after passing to a subsequence, we may assume that the number M of bad
discs is independent of €, and that all the limits

i e
ln‘xe 1‘5’ s o
— Ly, 17&]5

exist. Note that we have 0 < L;; < 1, V i # j. There exists a partition
consisting of non-empty sets,
_ 0 0
{1,...,D}y=9'U...UY9Y,
(with, possibly £y = 1) such that
[i,j €9, i#j] < Ly =1, (13.1)
i€, je€D), k#n] < L <l (13.2)

im
e—0 Ine

If 40 consists of a single index i, the corresponding giant bad disc is

simply the enlarged bad disc Be.(2%). Otherwise, we choose (arbitrarily)
i€ 4. We set

Ri = Ri(e) :=2max{|al —2l|; je%), j+#i}

and define the giant bad disc associated with ¥ as Bg, (z%). Note that,
while there is some ambiguity in this definition (since it depends on the
choice of 4), the giant bad discs have two common features: (i) for small ,
if j € 90, then Bee(2d) C Bg,(zl); (ii) for small &, two giant bad discs
corresponding to two different 42 are disjoint.

— 1425 —



Dmitry Golovaty, Petru Mironescu and Peter Sternberg

We extend u to R? \ Q as explained in the previous sections and define
the degree D,g of the giant bad disc associated with %,S through the formula

DY := deg(u/|ul, Cr, (z1)).

It is straightforward the definition does not depend on the choice of the
extension of u.

To give a flavor of the results in this section and how they do compare
with the results in the previous sections, we start with a special case of more
general assertions below.

THEOREM 13.1. — Assume that 6 < 2/(D + 2). Let 0 < a < 1. Then,
for small e (smallness depending on «), we have

DY) = -1, Yk, and thusly=D, (13.3)

1 1
Me DC’51n+0(ln> ase — 0, (13.4)
€ €

If xi, :cg are the centers of two different giant bad discs,

then |zt — 22| > e*, (13.5)

If, up to a subsequence, the centers of the giant bad discs satisfy
xé — aj €Q, j=1,...,D,
(13.6)

e:(u . —
then 1n€((1/68)) —Cs Xj:éaj s-weakly in A (Q).

This is to be compared respectively with Theorems 9.1, 12.3, 12.2,
and 12.4.

We next introduce a quantity that will play the role of DCj in the general
case (i.e., without any size assumption on J). To start with, let d € Z be
an integer. Associate with d the classes jff‘é’ Ry.c and H [11%1, R,.c DY replac-
ing, in the definition of %, g, ¢ and %‘731732,0 (see (11.1) and (11.34)),
the condition deg(v,Cg,(0)) = deg(v,Cr,(0)) = —1, with the condition
deg(v, Cg,(0)) = deg(v,Cg,(0)) = d. (In order to have non-empty classes,
one has to suppose that C > |d|.) Consider the corresponding minima
I%I,RQ’C and FIV%I’R%C. The analysis in Section 11 (which corresponds to
the special case d = —1) can be readily extended to the case of an arbi-
trary degree condition and yields full analogues of the results in Section 11.
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We quote e.g., without proof, straightforward generalizations of some of the
results there.

(1 - 8)mln B _ |d|(1 = 8)7 < Ig, myc < d*mln @, (13.7)
Ry o Ry

There exists some d*(1 — §)7 < CF < d*r such that

I,
HtC _od W R, >0, VO > d. (13.8)

t—o00 Int

Consider now the quantity

M
K(6,-D):=inf{ > Cys M>1, d;eZ, Y dj=-Dp.  (13.9)

j=1 J

We will see later that it suffices to consider, in (13.9), only M and de-
grees d; satisfying a priori bounds depending only on § and D, and thus,

in (13.9), inf is actually a min. We will also see that, under the assumption
60 <2/(D +2), we have K(§,—D) = DCs.

A main result in this section is the following.

THEOREM 13.2. — We have

1 1
me = K(§,—D)In R + o(ln 6) as e — 0. (13.10)

We now proceed to the proofs and establish, on the way, some auxiliary
results of independent interest. Since the techniques and arguments used in
this section are essentially variants of the ones presented in Sections 9, 10,
and 12, the proofs will be rather sketchy.

We start with a straightforward result.

LEMMA 13.3. — The infimum in (13.9) is achieved, and every minimal
configuration (d;)i<j<m such that d; # 0, Y j, satisfies M < C1(6, D),
|d;| < C2(0, D).

Proof. — This follows from the lower bound d?(1 — &§)m < C§ (see
(13.8)). O

LEMMA 13.4. — For small €, a giant bad disc has a non-zero degree.

Sketch of proof. — Proof by contradiction. Suppose that, possibly after a
subsequence and relabeling the giant bad discs, we have DY = 0 and z} € 4.
Let 0 < o < 1 be such that, for sufficiently small ¢,

i €9, j €9, k#n] = |zl —al| > (13.11)
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Let a < 8 < 1. Using (13.11) and the assumption D} = 0, we are in
position to repeat the arguments leading to (6.2) in the proof of Lemma 6.1,
and find that

E.(u,B.s(zl)) <Cp and G.(B.s(zl)) <Oy, (13.12)

for some finite constant C; = Ci(a, 8, deg g). For small €, estimate (13.12),
the fact that |u(zl)| < 1/2, and the n-ellipticity Lemma 3.1 yield a contra-
diction. 0

Proof of Theorem 15.2. — An argument similar to the one leading to
(11.5) yields the upper bound

1
me < K(0,—D)ln - +C(2,9). (13.13)
The heart of the proof consists of establishing the lower bound
1 1
me = K(0,—D)ln - + 0<ln 6) as ¢ — 0. (13.14)

Construction of nested groups of bad discs. — Define L;; := 1. Possibly
after passing to a further subsequence in &, we may assume that there exist
numbers 0 < o, < -+ < a3 < ap = 1 (with possibly p = 0) such that

{Ll]’l <z,]<M}:{a07,ap} (1315)

For 0 < ¢ < p, we define the equivalence relation

iqu <~ LijZqu.

This equivalence relation defines a partition
_ @i qa.
{L....D}=9'u...uY;

for ¢ = 0, we recover the partition defined at the beginning at this section,
and the corresponding equivalence classes define the giant bad discs. Note
that these equivalence classes are nested, in the sense that, if ¢ ~, j (and
thus ¢ and j are in the same equivalence class at the ¢ level), then i ~,. j,
YV r > ¢ (and thus ¢ and j are in the same equivalence class at any higher
level).

Proof of (13.14) when Q is strictly star-shaped. — If «,, > 0, define
apy1 = 0; otherwise we do not define a1 1. We extend u to R? as in the
previous sections. For 0 < ¢ < p— 1 (if oy, = 0), respectively 0 < ¢ < p (if
a, > 0), let

g1 < By < B <y <y < g
be (arbitrary, but fixed at this stage) constants. Consider a radius R such
that
€ <R<e or i <R<eb (13.16)
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Then, for small ¢ (smallness depending only on the above constants, not
on R),

If i £y j, then Bg(zl) N Br(zl) = 0. (13.17)

Consider now, for each ¢ and k, some i = i(k,q) such that i € 4!. We
define the “degree of the class 4" as

D! := deg(u/|ul, Cr(zl));

the definition does not depend on the choice of i or of R satisfying (13.16),
and is independent of the extension of u to R? \ . When ¢ = 0, we recover
the definition of the degree of a giant bad disc. Moreover, by (13.17) we have

Y Dl=-D, Vq (13.18)
k

We next choose, using a mean value argument, radii
£ < pl < el < P < RI < &P (13.19)
such that
pq/ ‘ |Vul|? < C(D) and
Cpa (22479)

(13.20)
Rq/ |Vul? < C(D), Vgq, Vk.
Cra (zi(q,k))

Let w := u/|ul, well-defined outside the enlarged bad discs. By (13.17),
if p? < R < R? and ¢ is small, then deg(w, Cr(zi®*))) = D}. Combining
this fact with (13.19), (13.20), and (13.8), we obtain

Ey (w, Bra (wé(q’k)> \ B (mi(q’k)>>

q 1 1
> (v, — 87)C5* In -+ o(ln 6) ase — 0. (13.21)

Summing (13.21) over ¢ and k, and using (13.17), (13.18), and (13.9),
and the fact that u is fixed and smooth in R? \ ©, we obtain

a 1 1
Eo(w, Q) 22(7{; — ﬁ(’z/) ZC’?"‘ In B + o(ln 6)
q k

>K(5,—D) Z(m’z - B;’) lné + 0<1n i) as e — 0.
q

(13.22)
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Letting, in (13.22), 7, — a4 and 3 — @441, and using the fact that
>_q(ag —ag1) =1, we find that

Ey(w,Q) > K(6,—-D) lné + 0<ln i) as e — 0. (13.23)

We obtain (13.14) from (13.23), (4.20), and Lemma 12.5.

Proof of (13.14) in a general domain. — As in the proof of Theorem 12.2,
we rely on the previous step to derive first (12.41), then (13.14) in a general
domain. 0

An inspection of the proof of (13.22) leads to the following
COROLLARY 13.5. — With the above motation, we have

S CF=K(6.-D), Ve (13.24)
k

Sketch of proof of Theorem 13.1. — By (13.24), we have
S ok = K(5.-D). (13.25)
k

On the other hand, if 6 < 2/(D + 2), then, by the first part of (13.8),
when d # 0 we have

Ce>d*(1—0)m > dr. (13.26)

D +2
Using (13.26), we find that

Dy #0,Vk, Y Dy=-D| = either Dy = —1, VL,
k

or Y (Dg)?>D+2 and Y CP*>mD. (13.27)
k k
Since, on the other hand, we have (using (11.12))
K(8,—D) < DCs < 7D, (13.28)

we find, from (13.25)—(13.28) and Lemma 13.4, that each giant bad disc is
of degree —1 (i.e., (13.3) holds) and that, moreover,

K(5,—D) = DCj. (13.29)

Combining (13.29) with (13.10), we obtain (13.4) when 6 < 2/(D + 2).

When 6 = 2/(D+2), we argue similarly (using (11.13) instead of (11.12)),
and find that (13.3) and (13.4) still hold in this case.
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On the other hand, by construction, the giant bad discs satisfy the as-

sumption (12.4). (With the notation in the proof of Theorem 13.2, the role
of ap in (12.4) can be played by any constant 8 with a1 < 8 < 1.) We are
in position to repeat the proof of Theorem 12.2 and obtain, for the centers
of giant bad discs and & small, the validity of (13.5), which is the analogue
of (12.5). Combining this with (13.29), we are in position to repeat the proof

of Theorem 12.4, and obtain the validity of (13.6). O
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