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Tropical Möbius strips and ruled surfaces (∗)

Thomas Blomme (1) and Victoria Schleis (2)

ABSTRACT. — We consider the enumeration of tropical curves in Möbius strips
for two different lattice structures and relate them to the enumeration of curves in
two rational ruled surfaces over a complex elliptic curve. Using this correspondence,
we prove regularity results such as the piecewise quasi-polynomiality of relative in-
variants and the quasi-modularity of their generating series.

RÉSUMÉ. — On étudie dans ce papier l’énumération des courbes tropicales dans
un ruban de Möbius pour deux structures affines entières distinctes. Cette dernière
est reliée à l’énumération des courbes complexes dans certaines surfaces réglées sur
une courbe elliptique. En utilisant cette correspondance, on montre des propriétés
de quasi-polynomialité de quasi-modularité des séries génératrices des invariants ob-
tenus.

1. Introduction

1.1. Setting

1.1.1. Ruled surfaces

Ruled surfaces are a wide family of algebraic surfaces. They are defined
as CP 1-bundles over a base curve which possess some section. One way to
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obtain such a surface is to consider the projective completion P(L ⊕ O) of
a line bundle L over the base curve, where O denotes the trivial line bundle.
If the base curve is of genus 0, these are the only ruled surfaces, known as
Hirzebruch surfaces. As complex surfaces, they only depend on (the absolute
value of) the degree of L. If the base curve is of genus 1, there are two
additional ruled surfaces which are not obtained as a projective completion.
See [31] and Section 4.1 for more details. The classification for base curves
of higher genus is more complicated.

The enumerative (and relative) invariants of ruled surfaces over an el-
liptic curve obtained as the projective completion of a line bundle have al-
ready been studied using tropical methods in [7]. We refer to [19] for a short
introduction to tropical geometry and to [24] for general tropical enumera-
tive problems. Informally, the tropical world is a combinatorial counterpart
to the complex one. Tropicalization is a process to get tropical objects out
of (families of) complex objects. Correspondence statements relate enumer-
ation and invariants in both worlds. For more details, see Section 4.1. In [7]
tropical curves on cylinders are studied, and tropical cylinders are obtained
as the quotient of R2 by the Z-action generated by

ψl,δ,α : (x, y) 7−→ (x+ l, y + δx+ α),
for some choice of l, α ∈ R and δ ∈ Z. Thus, they have a natural lattice
structure with monodromy around the cylinder and R-bundles over R/lZ.
Tropical curves in the cylinder are graphs on the cylinder such that edges
have integer slope and satisfy a balancing condition. This is a tropical coun-
terpart to the construction of line bundles over an abelian variety (here an
elliptic curve) as done in [29]. Now, we consider other free Z-actions on R2.
Their quotient space is not a cylinder anymore, but a Möbius strip. There
are two lattice structures on a Möbius strip obtainable this way, see Section 2
for a more detailed construction.

• The first Möbius strip TM0 is obtained as quotient of R2 by
φ0 : (x, y) 7−→ (x+ l,−y).

It is a tropicalization of a (family of) 2-torsion line bundle over an
elliptic curve. The difference to the tropicalization presented in [7]
is that the divisor sitting at infinity is some multisection of size 2
rather than the two natural sections of the projective completion
of the 2-torsion line bundle. We denote its complex counterpart
by CM0, which may be taken as the quotient of C∗ × P1 by the
action generated by (z, [u : v]) 7→ (λz, [v : u]) for some λ ∈ C∗ not
of module 1. It is a ruled surface over the elliptic curve C∗/⟨λ⟩. It
has two disjoint sections given by [1 : 1] and [1 : −1]. Its pull-back
to C∗/⟨λ2⟩ is actually the trivial bundle.
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• The second Möbius strip TM1 is obtained as the quotient of R2 by

φ1 : (x, y) 7−→ (x+ l, x− y).

It is a tropicalization of the ruled surface P(E ), where E is a non-
split plane bundle over an elliptic curve that fits the following short
exact sequence:

0 −→ O −→ E −→ O(p) −→ 0,

see [31] for more details on this ruled surface, which we denote
by CM1. It may be concretely obtained as the quotient of C∗ ×P1 by
the action generated by (z, [u : v]) 7→ (λz, [zv : u]) for some choice
of λ ∈ C∗ not of module 1. It is a P1-bundle over the elliptic curve
C∗/⟨λ⟩.

Perhaps surprisingly, these two Möbius strips are not both tropicalizations of
the two additional ruled surfaces not obtained as the projective completion
of a line bundle. This is due to the fact that CM0 is actually a projective
completion, leaving only CM1 to not be one. It is unclear how to tackle the
remaining ruled surface by tropical techniques.

1.1.2. Enumerative problems

Our goal is to study the enumerative invariants of CM0 and CM1 relative
to the boundary divisor using tropical methods. Consider the surface CMδ

(for δ = 0 or 1), a homology class β ∈ H2(CMδ,Z), (later determined by
two half-integers (a, b)), and a positive number g. We wish to compute the
number of curves of genus g in homology class β passing through −K ·β+g−1
points in general position, where K is the canonical class. The choice of (a, b)
ensures that −K · β = 2b. A more modern way of defining these numbers
is to consider log-Gromov–Witten invariants, obtained by integrating some
cohomology classes over a virtual fundamental class on the moduli space of
log-stable maps. This technology was introduced in [1, 21, 30]. See Section 4.1
for more details on these invariants.

Each surface CMδ is endowed with the choice of a divisor D which is a
2-section, and numerically equivalent to the canonical class. The intersection
number D ·β is equal to 2b. Thus, we can choose two partitions µ and ν such
that ∥µ∥ + ∥ν∥ = 2b. If µ is a partition, we set ∥µ∥ =

∑
iµi and |µ| =

∑
µi.

We then count curves of genus g of class β that have µi tangencies of order i
at fixed points on D, νi additional non-fixed tangencies of order i, and pass
through |ν| + g− 1 points. The number of such curves can also be expressed
in the setting of log-GW invariants, and is denoted by N δ

g,aE+bF (µ, ν) and
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called relative invariant. If µ = ∅ and ν = 12b, we recover the non-relative
invariant.

Similar invariants have already been considered for toric surfaces, in par-
ticular Hirzebruch surfaces, see [3]. It is possible to study the count of curves
of fixed genus in a fixed homology class passing through a suitable number of
points using tropical methods and Mikhalkin’s correspondence theorem [38].
The latter has been a groundbreaking result and lead to many generaliza-
tions and different proofs since, see [40, 41, 42, 43, 46]. Moreover, in the
toric setting, the correspondence theorem allows the computation of invari-
ants relative to the toric boundary, which are obtained by counting curves
which have a prescribed tangency profile with the boundary divisors.

The use of log-geometry techniques by T. Nishinou and B. Siebert [41]
lead to the introduction of log-GW invariants [1, 21, 30]. This setting allows
to consider invariants that generalize usual GW invariants, and that can be
defined for reducible surfaces. It can be shown that these invariants are con-
stant in families, as done by T. Mandel and H. Ruddat in [37, Appendix A]
(also done in [2]). In some situations, the invariants of a reducible surface
can be expressed in terms of the invariants for the components, leading to
degeneration formulas and a correspondence between tropical curves and
enumerative invariants. See for instance [34] for a proof of J. Li degeneration
formula [36] in the log-GW setting.

The correspondence theorem translates the algebraic enumerative prob-
lem into a combinatorial problem, which still needs to be solved. Several tools
have been developed to tackle these tropical enumerative problems, including
lattice path algorithms [38], recursive formulas [6, 23, 25], and floor diagrams
algorithms [7, 11, 17]. These techniques can then be used to prove regularity
results on the corresponding invariants. For instance, quasi-modularity of
generating series [7, 12], piecewise polynomiality of relative invariants [3], or
the polynomiality of coefficients of certain refined invariants [18].

1.2. Results

In this paper, we apply tropical correspondence techniques to compute
enumerative and relative invariants of the ruled surfaces CM0 and CM1
by studying tropical curves on tropical Möbius strips. Due to the non-
orientability of Möbius strips, several new features appear when studying
tropical curves. We then give a floor diagram algorithm enabling concrete
computations and use the latter to prove several regularity statements.
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1.2.1. Correspondence statement

Using the decomposition formula from [2], we give a correspondence
statement in Theorem 4.3 that relates the log-GW invariants of the con-
sidered ruled surfaces to the tropical count, i.e. we show N δ

g,aE+bF (µ, ν) =
Nδ

g,aE+bF (µ, ν), where the left-hand side denotes the log-GW invariant, and
the right-hand side the tropical enumerative invariant. The proof proceeds by
constructing a family of surfaces with a central fiber to which we can apply
the decomposition formula. The proof follows the same steps and can be seen
as a particular case of [20] for Hirzebruch surfaces (but without ψ-classes),
and [14] (but without λ-classes). We refer to these references for more details
on log-GW invariants and other applications of the decomposition formula.

More precisely, the correspondence theorem assigns to each tropical curve
a multiplicity. The latter is constructed as follows. We consider tropical
curves of fixed genus and degree. We refer to Section 2.2 for definitions
concerning tropical curves. We fix a configuration of points P, matching the
complex enumerative problem. Consider a solution h : Γ → TMδ to the
tropical problem. We show that the connected components of Γ − h−1(P),
i.e. the complement of point conditions, are of one of the following two types:

(i) it contains a unique end and no cycles,
(ii) it contains a unique disorienting cycle (realizing an odd homology

class in the Möbius strip) and no end.

In the case of tropical curves in R2 [38] or cylinders [7], only components
of the first type can appear: cycles in the complement of marked points are
orienting and yield a 1-parameter family of solutions. As the Möbius strip
is not orientable, components of the second kind arise due to disorienting
cycles, which cannot be deformed. The multiplicity is given by

mΓ = 2k
∏
V

mV ,

where the product is over the trivalent vertices of the curve and mV is the
usual vertex multiplicity, i.e. the absolute value of the determinant of two
out of the three outgoing slopes. The exponent k is the number of connected
components of type (ii).

1.2.2. Refined invariants

The tropical multiplicity contains the product
∏
mV . It was suggested

in [5] to replace the vertex multiplicity mV by its quantum analog [mV ] =
qmV /2−q−mV /2

q1/2−q−1/2 , which is a Laurent polynomial in the variable q. In the toric
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setting, it was proven that this multiplicity leads to a tropical invariant,
called refined invariant in [33]. This refinement was conjectured in [27] to
coincide with a refinement of the Euler characteristic by the Hirzebruch
genus of some relative Hilbert scheme. Since, these tropical refined invariants
have instead been proven to be related to Gromov–Witten invariants with
λ-classes insertions, see [14], and to a refined count of real curves in the
genus 0 case, see [39].

Tropical refined invariants have been generalized both in the toric set-
ting by varying the type of conditions [26, 44], and out of the toric surface
setting in various situations [7, 8, 9, 10]. In the toric surface setting, refined
invariants have been proven to satisfy some regularity assumptions: for fixed
genus, the coefficients of fixed codegree (seen as a function in the degree)
are ultimately polynomial functions, see [18]. Moreover, the authors of [18]
conjecture that the generating series of these polynomials depends on the
surface in an universal way. This can be interpreted as a dual Göttsche con-
jecture [35]. Expanding the number of cases where it is possible to study
the refined invariants helps understanding this conjecture outside of the
toric setting. Adapting the proof of the correspondence from [14] would
yield a generalization of [14, Theorem 1] and relate the refined invariants
to the generating series of log-GW invariants with a λ-class insertion. See
Remark 4.4. To avoid these technicalities, we prove in Theorem 3.9 the exis-
tence of tropical refined invariants in the Möbius strip case by studying the
tropical walls.

1.2.3. Floor diagram algorithm

To compute and study the tropical enumerative invariants, one needs
a concrete way of solving the tropical enumerative problem. In the toric
setting for h-transverse polygons, such an algorithm is provided by floor di-
agrams, introduced in [17]. The idea is to stretch the point constraints in the
vertical direction, so that curves become floor-decomposed. The enumera-
tion of solutions thus become an enumeration of 1-dimensional graphs called
diagrams, with some multiplicity. The techniques were later developed for
different settings [7, 15]. Floor decomposition can also be interpreted on the
algebraic side using Li’s degeneration formula [36] by using degeneration of
a surface to the normal bundle of some curve. See for instance [15] for such
an application.

In Section 5, we provide a floor diagram algorithm suited for tropical
curves on a Möbius strip. To some extent, it is similar to floor diagrams
on a cylinder presented in [7], as the boundary of the Möbius strip is also
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an elliptic curve. The difference lies in the fact that the Möbius strip only
has one boundary component. The floor diagrams are thus infinite only on
one side, the other side acquires ground floors, i.e. floors with a disorienting
cycle, and joints, i.e. edges passing through the center of the Möbius strip.
See Section 5 for details.

1.2.4. Quasi-modularity of generating series

We now get to the two main results of the paper, which are about the
regularity of the generating series of the enumerative invariants. The first
one concerns the generating series

F δ
g,b(µ, ν)(y) =

∑
a∈ 1

2N
2δa ≡ 2b mod 2

Nδ
g,aE+bF (µ, ν)y2a.

Theorem (Theorem 6.8). — The generating series F δ
g,b(µ, ν) are quasi-

modular forms for some finite index subgroup of SL2(Z).

The difference to the corresponding statement in [7] is that here, it is
quasi-modular only for a finite index subgroup of SL2(Z). This is due to the
shape of the diagrams, whose multiplicity can not be expressed polynomially
in terms of the Eisenstein series G2(y) =

∑∞
a=1 σ1(a)ya and its derivatives.

1.2.5. Piecewise (quasi-)polynomiality of relative invariants.

The second main result deals with the relative invariants. Regularity of
relative invariants was previously studied for double Hurwitz numbers [28]
(a 1-dimensional analog of our problem), Hirzebruch surfaces [3], and line
bundles over an elliptic curve [7]. The regularity concerns the relative in-
variants where we fix the lengths |µ|, |ν| of the partitions µ and ν, and we
consider their entries as variables. In [3, 7, 28], it is shown that the relative
invariants are piecewise polynomials in the entries of the partitions, using
the existence of floor decomposition for the tropical enumerative problems.

Using the floor diagrams introduced in Section 5, we obtain piecewise
quasi-polynomiality of the invariants. We fix the information of g, a, as well
as the lengths of the partitions |µ| and |ν|. Then, we consider the invariant
Nδ

g,aE+bF (µ, ν) (with 2b = ∥µ∥ + ∥ν∥) as a function in the entries of the
partition. we have the following.

Theorem (Theorem 6.1). — As a function in the entries of µ and ν,
Nδ

g,aE+bF (µ, ν) is piecewise quasi-polynomial.
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The latter means that there is some polyhedral subdivision such that
on each cell, the function is given by the restriction of a quasi-polynomial.
A quasi-polynomial on ZN is a function f such that there exists a finite
index sublattice Λ and f is polynomial on each equivalence z + Λ of ZN/Λ.

We only get quasi-polynomiality due to the congruence conditions that
appear in the description of the floor diagrams. It is possible to give an
explicit description of the lattice Λ, and the quotient by Λ is in fact a group
whose elements are 2-torsion. Using this explicit description, we are able to
prove piecewise polynomiality in several cases: if there is a unique point of
maximal tangency contact (Corollary 6.5), or if the genus g is at most 2
(Corollary 6.6). If the genus is 3, we show that the invariant is not piecewise
polynomial (Example 6.3 and Figure 6.1).

It would be interesting to study more relative invariants to see if piecewise
quasi-polynmiality is a general feature.

Structure

The paper is organized as follows. We start by defining tropical Möbius
strips and the tropical curves they contain. We then consider the above men-
tioned enumerative problem and prove the existence of tropical invariants.
The tropical invariants are then related to log-GW invariants defined in Sec-
tion 4.1 via an application of the degeneration formula. Section 5 is devoted
to the construction of the floor diagram algorithm. Floor diagrams are then
used to prove the regularity statements for the corresponding invariants.

Acknowledgments
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2. Tropical curves on Möbius strips

2.1. Tropical structures on Möbius strips

Topologically, a Möbius strip is obtained from [0; l] × R by gluing to-
gether the two boundary components, reversing the orientation. The quo-
tient obtained this way is a non-orientable surface. To endow it with a lat-
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tice structure, we regard it as a quotient of R2 by the Z-action generated by
a fixed-point free orientation-reversing diffeomorphism.

Proposition 2.1. — There are two Möbius strips (up to the choice of
a positive real number l) obtained as the quotient of R2 by a Z-action:

• the Möbius strip TM0, obtained as the quotient of R2 by the
action of

φ0 : (x, y) 7−→ (x+ l,−y), and
• the Möbius strip TM1, obtained as the quotient of R2 by the

action of
φ1 : (x, y) 7−→ (x+ l,−y + x).

Proof. — To induce a lattice structure on the quotient using the natu-
ral lattice structure of R2, we consider lattice preserving diffeomorphisms
φ : R2 7→ R2, i.e. whose derivative lies in GL2(Z).Up to a change of coor-
dinates, this forces φ to be affine. As we additionally require it to be fixed
point free, it is of the form

φl,±,δ,α : (x, y) 7−→ (x+ l,±y + δx+ α)
for some l > 0, δ ∈ Z, choice of sign and α ∈ R. The choice of +y induces
orientation preserving diffeomorphisms and leads to the case of cylinders
considered in [7]. We are left with the choice of −y, giving the possible
lattice structures on Möbius strips.

The conjugation by an invertible affine map preserving the vertical direc-
tion gives (

1 0
a 1

)(
1 0
δ −1

)(
1 0

−a 1

)
=
(

1 0
δ + 2a −1

)
.

Thus, for non-orientable diffeomorphisms, only the value of δ mod 2 matters.
Up to a change of coordinates given by the translation y = ỹ + α/2, α can
then be assumed to be 0. Thus, we have two families of tropical Möbius
strips that only differ by a scaling factor inside each family. □

Concretely, both Möbius strips are obtained by gluing the two boundary
components of [0; l] × R via (0, y) ∼ (l,−y). The strip [0; l] × R is a fun-
damental domain for the action of φδ on R2. However, the monodromy of
the lattice structure under the quotient differs: it is

( 1 0
0 −1

)
for TM0 and( 1 0

1 −1
)

for TM1. For instance, a curve with horizontal slope crossing the
right boundary comes back from the left boundary with slope 0 for TM0 but
with slope 1 for TM1, compare Figures 2.1 and 2.2.

The projection onto the first coordinate makes both Möbius strips fiber
over the tropical elliptic curve TE = R/lZ. Adding the points at top and
bottom infinity, i.e. considering the action extended to R× [−∞; +∞], they
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can thus be seen as TP 1-bundles over a tropical elliptic curve, just as the
cylinders from [7]. It is natural to expect that they arise as the tropicalization
of CP 1-bundles over an elliptic curve. We refer to Section 4.1 for this matter.

Both strips have two to one covers by tropical cylinders: TM0 is covered
by TC0 = R2/⟨φ2

0⟩, which is the total space of the trivial line bundle over
TẼ = R/2lZ; and TM1 is covered by TC1, the total space of the unique
2-torsion tropical line bundle over TẼ.

2.2. Parametrized tropical curves

2.2.1. Abstract tropical curves

An abstract tropical curve is a metric graph with unbounded edges called
ends that have infinite length and are only adjacent to a unique vertex. The
number of edges adjacent to a vertex of Γ is called its valence. The edges
that are not ends are required to have finite length and are called bounded
edges. We denote the set of vertices by V (Γ), the set of edges by E(Γ) and
the set of all bounded edges by Eb(Γ). The genus of an abstract tropical
curve is defined by g = 1 − χ(Γ), where χ is the Euler characteristic. If Γ is
connected, we say the tropical curve is irreducible, and its genus is equal to
its first Betti number.

The tropical curves considered in the paper do not have vertex genus.
Such a generalization would be needed if we were to consider descendant
invariants, as in [20].

2.2.2. Parametrized tropical curves

In the following, we write TMδ for one of the two tropical Möbius strips
TM0 or TM1, and TCδ for the associated two to one cover.

Definition 2.2. — A parametrized tropical curve inside TMδ (resp.
TCδ, R2) is a map h : Γ → TMδ where Γ is an abstract tropical curve,
h is affine with integer slope on the edges of Γ such that at each vertex, the
tropical curve is balanced, i.e. the sum of the outgoing slopes of h is 0.

Here, slope is the derivative h′
e of h along the edge e, and integer means

that h′
e is in Z2 for any affine chart of the Möbius strip. The weight of an

edge is the integral length of its slope.
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The lattice structure on the tropical Möbius strip defined above induces
a monodromy. This induced symmetry preserves the direction of some vec-
tors in R2, determined by the eigenspaces of the matrices in Proposition 2.1.
For both TMδ, the vertical direction

(0
1
)

is preserved. For TM0, the other
eigenspace is the span of

(1
0
)
, and for TM1 it is the span of

(2
1
)
. Thus, consid-

ering the vertical direction for curves is well-defined, and by the horizontal
direction, we mean the other eigenspace.

>
>

<
<

(a)

>
>

<
<

(b)
>
>

<
<

2

(c)

>
>

>
>

• > • > •

(a′)

>
>

>
>

• > • > •

(b′)

>
>

>
>

• > • > •

2

(c′)

Figure 2.1. Six different examples of tropical curves inside the Möbius
strip TM0. In the first row we take the fundamental domain to be
[0; l] × R, and in the second row [0; 2l] × R⩾0.

Example 2.3. — In Figure 2.1, we draw tropical curves in the Möbius
strip TM0. We have two natural choices of fundamental domain. First, we
can choose the fundamental domain to be [0; l] × R, depicted in (a), (b)
and (c): the two sides of the strip are identified by a reflection along the
horizontal axis and a translation, and slopes change accordingly.

Alternatively, we can choose [0; 2l] × R⩾0 as a fundamental domain. It
is obtained from the first fundamental domain by cutting along the dots in
the first row of Figure 2.1, and gluing it back along the right vertical side.
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We obtain a domain resembling the cylinders from [7] but infinite only in
one direction. This is depicted in (a′), (b′) and (c′). We call the bottom finite
side of the Möbius strip its soul.

Example 2.4. — We proceed similarly for TM1. Taking [0; l] × R as a
fundamental domain, the gluing is the same as for TM0, but the monodromy
of the lattice structure is different. We give examples in the first row of
Figure 2.2. Choosing the fundamental domain {0 ⩽ x ⩽ 2l, 2y ⩾ x}, or
{0 ⩽ x ⩽ 2l, y ⩾ max(0, x − l)}, we give examples in the second row of
Figure 2.2.

>
>

<
<

(a)

>
>

<
<

(b)

>
>

<
<

2

2

(c)

>
>

>
>

•
>

•
>

•

(a′)

>
>

>
>

• > •
>

•

(b′)

>
>

>
>

• > •
>

•

3

(c′)

Figure 2.2. Six different examples of tropical curves inside the Möbius
strip TM1.
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2.2.3. Degree of a tropical curve

The degree of a parametrized tropical curve is defined as the class inside
the tropical homology group H1,1(TMδ,Z) realized by the tropical cycle.
See [32] for a definition of the tropical homology groups. In our case, this
homology group is isomorphic to Z2. Moreover, this group has a well-defined
intersection form which is unimodular by tropical Poincaré duality. It is thus
possible to recover the degree of a tropical curve by intersecting it with cycles
that form a basis of H1,1(TMδ,Z). We now provide such a basis.

Both homology groups contain the special class F of fibers of the projec-
tion to the elliptic curve (depicted in red in Figure 2.3 as well as Figures 2.1
and 2.2), which consist in vertical lines (with vertical framing for readers used
to tropical homology). To complete F into a basis and describe H1,1(TMδ,Z)
fully, we need to consider the cases of TM0 and TM1 separately.

• For TM0, the Möbius strip contains the tropical elliptic curve C
that goes around the strip once (in horizontal direction, dotted on
Figure 2.1 first row), contained in the soul of the Möbius strip. This
curve satisfies C2 = 0 and C ·F = 1 and thus C completes F into a
basis of H1,1(TM0,Z). We set E = 2C, which satisfies E2 = 0 and
E · F = 2. In fact, E is the class of circle going horizontally twice
around the Möbius strip. Thus, elements of H1,1(TM0,Z) can be
written as

aE + bF, a ∈ 1
2Z, b ∈ Z.

• For TM1, we have the class C0 of a curve as depicted in Fig-
ure 2.2(a). It satisfies C2

0 = 1 and C0 · F = 1, so that they span
an unimodular lattice, and C0 thus completes F into a basis. In
this case, we set E = 2C0 − F , which satisfies again E2 = 0 and
E · F = 2. In fact, E is the class of the boundary TM1 in tropical
homology. As we have C0 = E+F

2 , elements in H1,1(TM1,Z) can be
written as

aE + bF, a, b ∈ 1
2Z, a+ b ∈ Z.

The description can be unified in the following way: the lattice is the set
of aE + bF with a, b ∈ 1

2Z such that

2b ≡ 2δamod 2.

In both cases, a curve in the class aE+bF has 2b ends (counted with weights)
since its intersection with E is equal to 2b, and its intersection with F is equal
to 2a.
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Example 2.5. — We consider the curves in Figure 2.1 on TM0. We com-
pute their degree by intersecting with E and F , obtaining respectively:

(a) 1
2E + F (a′) 1

2E + F

(b) 1
2E + F (b′) 2E + F

(c) E + 2F (c′) 3
2E + 2F.

Notice that when considering the second fundamental domain, fibers have
two ends going to top infinity, both meeting the top cycle, as depicted in
Figure 2.3.

>
>

>
>

• > • > •

2

Figure 2.3. A curve in the class 3
2E+ 2F in TM0, along with a (red)

fiber of the projection to E = R/lZ.

Example 2.6. — The classes of the curves in TM1 depicted in Figure 2.2
are as follows:

(a) C0 = 1
2E + 1

2F (a′) C0

(b) E + C0 = 3
2E + 1

2F (b′) C0

(c) E + 2F + C0 = 3
2E + 5

2F (c′) 2E + 2F.

Definition 2.7. — A parametrized tropical curve in the class aE + bF
is said to have tangency profile µ ⊢ 2b (i.e. µ is a partition of 2b) if it has
µi ends of weight i for each i.

Example 2.8. — The curves in Figures 2.1(c) and 2.1(c′) have tangency
profile µ = 2112, and the curve in Figure 2.2(c′) has tangency profile
µ = 3111.
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2.2.4. Cutting procedure

As in case of cylinders [7] and abelian surfaces [9], we can construct
a parametrized tropical curve ĥ : Γ̂ → R2 on R2 from a parametrized tropical
curve h : Γ → TMδ. To do so, we remove a finite set of points Q from Γ such
that h restricted to the complement of P can be lifted to R2, the universal
cover of the Möbius strip. Such a set is called admissible. We then extend
edges cut in the process to get ends. We refer to the corresponding sections
of [7, 9] for more details.

Remark 2.9. — In the toric setting as well as in the cylinder case, we
have a Menelaus relation between the positions of the ends of a tropical
curve. In the toric case [39, Proposition 39], the relation comes from the
balancing condition. More precisely, let Γ be a tropical curve in R2. Then,
each end e has an associated moment, defined as the determinant of the
outgoing slope of e and any point p ∈ e. The Menelaus theorem asserts that
the sum of moments is 0. For cylinders [7], it follows by applying the toric
tropical Menelaus relation to the tropical curve in R2 obtained by cutting
as above. Since these relations come from the existence of an area form, there
is a priori no Menelaus relation in the Möbius strip case.

Using the cutting procedure, we can still use the information of the
Menelaus relation between the positions of ends in vertical direction in R2 to
infer information on the positions of ends in vertical direction on the Möbius
strip. We call the relations arising from this procedure the induced Menelaus
relations on the Möbius strip. For curves in tropical Möbius strips, we
define the moment of an end to be the coordinate of its projection onto
the elliptic curve.

2.3. Dimension of the moduli space of curves

We compute the dimension of the deformation space of tropical curves in
a Möbius strip TMδ. We will only consider parametrized curves h : Γ → TMδ

for which h is an immersion.
Definition 2.10. — A parametrized tropical curve h : Γ → TMδ is

simple if Γ is trivalent and h is an immersion.

In particular, a simple tropical curve has no contracted edge (edge with
slope 0) nor flat vertex, which is a vertex all of whose adjacent edges have
the same slope.

As previously done for cylinders, [7], we can characterize curves wit-
hout ends.
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Proposition 2.11. — Let h : Γ → TMδ be a parametrized tropical curve
for which h is an immersion, and that has no end. Then Γ has genus 1, a
unique (bounded) edge of slope

(
w
0
)

if on TM0, or slope
(2w

w

)
if on TM1.

Proof. — Let TCδ → TMδ be the two-to-one cover of the Möbius strip
by a tropical cylinder TCδ. Up to taking a two-to-one cover of Γ, we can lift
the tropical curve h : Γ → TMδ to a tropical curve h̃ : Γ̃ → TCδ. The lift h̃
is an immersion and Γ̃ still has no end. These have been characterized in [7]:

• for TC0, they are of the form t 7→ (w · t, c) ∈ TC0, where c ∈ R and
n ∈ N. It is a curve that goes around the cylinder direction k times
with slope

(
w
0
)
.

• For TC1, they are of the form t 7→ (2w · t, w · t).

Both maps are periodic, and can be made compact by quotienting by a
sublattice of the periods. □

In particular, we get two types of genus 1 curves without ends: fixed
curves meeting the soul of the Möbius strip an odd number of times, and
curves that have a 1-dimensional deformation space. The latter are obtained
as image of curves without ends in the cover by TCδ.

For what follows, let Mg,n(TMδ, (a, b), µ) be the moduli space of genus
g parametrized tropical curves in the class aE + bF with tangency profile
µ ⊢ 2b and n marked points in TMδ. It is a polyhedral complex whose faces
correspond to combinatorial types of maps, i.e. shapes of graphs Γ with a
choice of slope of h on them. Each curve can be parametrized by the choice
of edge lengths and the image of a vertex inside TMδ.

Proposition 2.12. — The dimension of the subspace of Mg,n(TMδ,
(a, b), µ) parametrizing simple tropical curves is |µ| + g− 1 + n, where |µ| =∑
µi is the length of the partition µ ̸= ∅.

Proof. — The proof is similar to the computation of the dimension in [7].
Let h : Γ → TMδ be a simple tropical curve. Using the cutting procedure
described in Section 2.2.4 with an admissible set Q, we get a parametrized
tropical curve ĥ : Γ̂ → R2 with new marked points coming from Q on
the non-vertical ends that get identified through the quotient map. A small
deformation of Γ is equivalent to a small deformation of Γ̂ where marked
ends keep their identification under the quotient.

Let e and e′ being two ends identified through the quotient map, µe and
µe′ be their moments. Let λe ∈ Z be the class in π1(TMδ) realized by the
following loop: push down to TMδ a path in Γ̂ between the two new marked
points on the ends. The condition for ends to keep be identified throughout
the deformation of Γ̂ can be written as µe + (−1)λeµe′ = 0.
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We have such a condition for each pair of ends. As there is at least one
vertical end, the above impose |Q| linearly independent relations. By the
computation of the dimension in the planar case from [38], Γ̂ varies in a
space of dimension (|µ| + 2|Q|) + (g − |Q|) − 1 + n. Substracting |Q| yields
the expected dimension. □

3. Tropical invariance and refined enumeration

3.1. Enumerative problem and geometry of the solutions

3.1.1. Enumerative problems.

The moduli space of curves on TMδ has the evaluation map
ev : Mg,n(TMδ, (a, b), µ) −→ TMn

δ × TE|µ|,

evaluating the position of marked points and ends. For a suitable choice of
|µ| and n, the dimension of the codomain of ev agrees with the dimension of
the subspace of Mg,n(TMδ, (a, b), µ) that parametrizes simple combinatorial
types. Hence, we can pose the following enumerative problems:

How many genus g curves in the class aE+bF pass through
2b+ g − 1 points in generic position?

Choosing partitions µ and ν such that ∥µ+ ν∥ =
∑
i(µi + νi) = 2b, we can

ask a relative version:

How many genus g curves in the class aE+bF with tangency
profile µ + ν pass through |ν| + g − 1 points and have µi

ends of weight i of fixed position?

In each case, the problem amounts to finding the preimages of a general
point in the codomain of the evaluation map.

Proposition 3.1. — For a generic choice of constraints satisfying the
conditions above, there is a finite number of preimages of ev in Mg,n(TM,
(a, b), µ), all of which are simple.

Proof. — Let h : Γ → TMδ be a tropical curve. Up to a reparametrization
by merging parallel edges, we can assume that h is an immersion. This
operation replaces Γ by a graph that is either of smaller genus, has fewer
ends, or at least one non-trivalent vertex. This does not change the dimension
of the image under the evaluation map. Thus, the evaluation map is not
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surjective for these combinatorial types. hence, a generic choice of constraints
is out of their image, and only simple combinatorial types provide solutions.

For simple combinatorial types, as the codomain has the same dimension,
the set of preimages is discrete. Indeed, if the derivative of ev is not injective,
it is not surjective either, and a general choice of constraints would not be
in the image.

The other combinatorial types where h is an immersion vary in a space
of strictly smaller dimension, thus cannot contribute any solution, hence the
result. □

3.1.2. Position of the marked points on the solution

In the case of R2 [38], as well as the case of cylinders [7], we can charac-
terize the position of marked points on a tropical curve solving the problem.
Given a parametrized curve meeting the constraints above, the complement
of marked points on it is without cycle and each connected component con-
tains a unique end. This is due to the fact that both cycles and paths relating
two distinct ends can deform in a dimension one space, which is prohibited
by finiteness of the number of solutions. Thus, the complement of marked
points is a forest of trees, each rooted at an end, whose leaves are marked
points.

In the case of Möbius strips, the description differs due to the non-
orientability of the surface, as disorienting cycles cannot be deformed without
moving at least one of the adjacent edges.

Proposition 3.2. — Let h : Γ → TMδ be a simple tropical curve of
genus g in the class aE + bF passing through a generic configuration of
2b + g − 1 points P. Then, each component of the complement of marked
points h(Γ) \ P satisfies either of the following conditions:

(i) it contains a unique end and no cycle, or
(ii) it contains a unique disorienting cycle and no end.

Proof. — We obtain a space ΓP by disconnecting the curve at each mar-
ked point, replacing the edge it lies on by two closed half-edges. The con-
nected components of ΓP correspond exactly to the connected components of
Γ \ h−1(P). As there are 2b+ g− 1 points in P, and the Euler characteristic
of Γ is 1 − g − 2b, we have

χ(ΓP) = χ(Γ) + 2b+ g − 1 = 1 − g − 2b+ 2b+ g − 1 = 0.
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Let Γi be a connected component of ΓP . The Euler characteristic of Γi is
1 − gi − xi, where gi is the first Betti number of the component, and xi the
number of ends that it contains.

If we have gi = xi = 0, the component is a tree with a point of P at each
of its outgoing edges since it contains no end. Here, the two leaves incident
to the same marked point can belong to the same component. As the genus
is 0, we can lift the component to R2. Then, we have the tropical Menelaus
condition from Remark 2.9 between the position of ends, yielding a relation
between the position of the marked points. Notice that if the two half-edges
coming from the same edge appear as leafs of the component, their contri-
butions to the relation cancel. First, assume the relation is nonempty. Then,
this corresponds to a non-generic choice of the constraints, contradicting
genericity.

Now, assume the relation is empty. Then, all boundary points come in
pairs, i.e., for a leaf corresponding to a marked point, the other leaf associated
to the same marked point is also adjacent to the component. Therefore, the
component corresponds to a curve without ends. It is thus a genus 1 curve
that varies in a 1-dimensional space containing a unique point condition.
This closes the proof if Γ is connected.

Thus, we can assume that we always have 1−gi −xi ⩽ 0. As the sum is 0,
each summand is 0 and we have two possibilities: either gi = 0 and xi = 1;
or gi = 1 and xi = 0.

The first case corresponds to components without cycles and with an uni-
que end. For the second case, as it is always possible to deform an orienting
cycle, the unique cycle has to be disorienting. This concludes the proof of
Proposition 3.2. □

Remark 3.3. — Proposition 3.2 essentially states that disorienting cycles
behave like ends as they can be deformed to comply with the deformation
of an adjacent edge.

Example 3.4. — In Figure 3.1, we can see two tropical curves with a
unique disorienting cycle. Contrarily to orienting cycles, we see that it is
not possible to deform the cycle while fixing the adjacent edges, but it is
possible to deform the cycle while varying only one of the adjacent edges:
the right vertical edge for (a) (over TM0) and the only vertical edge for (b)
(over TM1).
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>
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>
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(a)

>
>

>
>

• > •

>

•

(b)

Figure 3.1. A disorienting cycle with a deformation moving only one
adjacent edge. (a) is on TM0 and (b) is on TM1.

3.2. Multiplicities

In tropical enumerative geometry, we usually count parametrized tropical
curves with multiplicity. The case of curves on tropical Möbius strips is no
different. Let h : Γ → TMδ be a parametrized tropical curve of genus g,
tangency profile µ + ν (where µ and ν are partitions) with n = |ν| + g − 1
generic fixed marked points P, where the ends indexed by µ are fixed. By
genericity, h is a simple tropical curve. For an edge or end e, let ue be its
slope, and ue = weûe, where ûe is the primitive lattice vector in direction ue.
Using Proposition 3.2, we choose an orientation of the edges of Γ such the
edges and ends inside a component of h(Γ) \ P point toward the disorienting
cycle or the free end in the component. For the edges of disorienting cycles,
we choose an arbitrary orientation of the cycle.

Each Möbius strip is endowed with a lattice structure as given in Propo-
sition 2.1. Thus, given a vertex V of Γ, we obtain a rank 2 lattice NV at
the point h(V ) ∈ TM . Moreover, given a bounded edge e in Γ, the lattice
structure can be trivialized on the interior of the edge, so that we can define
a rank 2 lattice Ne containing the slope ue. Moreover, for each flag V ∈ e
of Γ, we have a map NV → Ne identifying both lattices. We now have the
following lattice map

Θ :
⊕

V ∈V (Γ)

NV −→
⊕

e∈Eb(Γ)

Ne/⟨ûe⟩ ⊕
n⊕
1
NVi

⊕
⊕

µ

Ne/⟨ûe⟩

(ϕV ) 7−→
((
ϕh(e) − ϕt(e)

)
, (ϕVi

),
(
ϕh(e)

))
,
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where h(e) (resp. t(e) if e is bounded) is the head (resp. tail) of an edge e,
and Vi is the vertex corresponding to the ith marked point. The domain is
indexed by the vertices of the tropical curve (including the marked points),
and the codomain is indexed by the bounded edges of the curve along with
the marked points and ends whose position is evaluated. The curve is simple,
hence trivalent. Counting the number of pairs (V ∈ e) in two ways and
computing the Euler characteristic, we have two equations:

3|V (Γ)| = 2|Eb(Γ)| + n+ |µ| + |ν| and |V (Γ)| − |Eb(Γ)| = 1 − g.

Thus, Γ has |V (Γ)| = |µ| + |ν| + 2g − 2 + n vertices, and |Eb(Γ)| = 3g −
3 + |µ| + |ν| + n bounded edges. As n = |ν| + g − 1, both ranks are equal to
2|µ| + 4|ν| + 6g− 6. Thus, we can speak about the lattice index of the image
of Θ. Taking bases of the lattices, we can see Θ as an integer matrix whose
lattice index is equal to |det Θ|.

Definition 3.5. — We define the multiplicity of a tropical curve to be

mC
Γ = |det Θ|

∏
e∈Eb(Γ)

we.

The following proposition gives a concrete expression for the multiplicity.

Proposition 3.6. — Let h : Γ → TMδ be a simple tropical curve of
genus g in the class aE + bF of tangency profile µ+ ν ⊢ 2b passing through
a generic configuration of |ν| + g − 1 points P with the position of the ends
indexed by µ fixed. Let k be the number of disorienting cycles in the comple-
ment of the marked points. Then, the multiplicity of Γ is given by:

mC
Γ = 2k

Iµ

∏
V

mV ,

where mV is the usual vertex multiplicity, defined as mV = |det(aV , bV )| if
aV and bV are two out of the three outgoing slopes, and Iµ =

∏
i i

µi .

Proof. — The proof consists in computing the determinant of the lattice
map Θ. To write the matrix of Θ, we choose a basis of each NV . For each e,
choosing an identification with Z2, the linear form det(ûe,−) provides a
coordinate (i.e. a bijection to Z) of the quotient lattice Ne/⟨ûe⟩. The matrix
of Θ is constructed as follows:

• for fixed ends, we have a 1 × 2 block comprised of det(ûe,−) evalu-
ating the position of the unique adjacent vertex in the quotient.

• For bounded edges, we have two of these blocks, one for each adja-
cent vertex. Substituting the primitive slope ûe by the actual slope
ue = weûe divides the determinant by we. This cancels with the we

in the definition of mC
Γ. Thus, we can assume that the slopes are the
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true slopes ue, getting a map Θ′ with mC
Γ = 1

Iµ |det Θ′| where we
divide by the product of weights of marked ends since they do not
appear in the original product.

• Evaluating at each of the |ν| + g − 1 marked points, contributes
( 1 0

0 1 ). Applying Laplace expansion for the determinant with respect
to these deletes one of the det(ue,−) in each row corresponding to
an adjacent bounded edge. We are left with the matrix of the lattice
map Θ for the tropical curve where each point has been removed,
and the bounded edge containing it is replaced by a pair of ends
whose positions we evaluate.

Thus, we may assume that there are no marked points. The rest of the com-
putation is done recursively in two steps. The first step is needed to prove
that the multiplicity in the sense of Nishinou–Siebert as in [41] coincides
with the one defined by Mikhalkin in [38]. We briefly recall it for sake of
completeness. The second step is specific to our case, dealing with disorient-
ing cycles. Notice that the matrix of Θ splits into blocks for the different
connected components of Γ, of which there might be several after the last
step above.

We prune the branches of the complement of marked points. If V is a
vertex adjacent to two fixed ends with slopes u1 and u2, the column of V
only has the following blocks:

det(u1,−)
det(u2,−)
det(ue,−)

The first two rows correspond to the evaluation of the position of the adjacent
ends, and the last row to the position of the remaining adjacent edge e. This
row does not appear if e is an end. As the first two rows are the only non-zero
elements, we expand mV = det(u1, u2) · |det ΘΓ\V | where ΘΓ\V is the lattice
of the curve h|Γ\V , where e disappears if it was unbounded or becomes an
end whose position is evaluated.

If there are no cycles in the complement of the marked points, the previous
step is enough to fully compute the determinant. Else, by Proposition 3.2
Γ has a unique disorienting cycle, all of whose adjacent edges are ends whose
position is evaluated. Let V1, . . . , Vp be the vertices on the cycle, u1, . . . , up

be the slopes of the edges of the cycle, and v1, . . . , vp the slope of the adjacent
ends, such that Vi is adjacent to the edges of slopes ui, vi and ui+1, indices
taken modulo p. We have ui +vi = ui+1. The matrix has the following form:

– 318 –



Tropical Möbius strips and ruled surfaces

det(u1,−) det(u1,−)
− det(u2,−) det(u2,−)

− det(u3,−)
. . .
. . . det(up−1,−)

− det(up,−) det(up,−)
det(v1,−)

det(v2,−)
. . .
. . . det(vp−1,−)

det(vp,−)

The columns correspond to the vertices V1, . . . , Vp, the top rows to the edges
of the disorienting cycle, and the bottom rows to the evaluation of the fixed
ends. As the cycle is disorienting, it is not possible to trivialize the lattice
along the cycle. This is responsible for the two positive entries in the last
column, leading to a non-zero determinant. For the copy of Z2 corresponding
to Vi, we can take a basis of the form (vi, v

′
i) such that the block det(vi,−)

becomes (0 1). We then expand with respect to the bottom rows:

det(u1, v1) det(u1, vp)
− det(u2, v1) det(u2, v2)

− det(u3, v2)
. . .
. . . det(up−1, vp−1)

− det(up, vp−1) det(up, vp)

For each column, as mVi = det(ui, vi) = det(ui+1, vi), we can factor the
vertex multiplicity mVi . Finally, we are left with computing the following
determinant: ∣∣∣∣∣∣∣∣∣∣∣∣

1 1
−1 1

−1
. . .
. . . 1

−1 1

∣∣∣∣∣∣∣∣∣∣∣∣
= 2. □

Remark 3.7. — Note that the multiplicity of the curve depends on the
position of the marked points and not just on its combinatorial type. This is
similar to the multiplicity of a tropical curve in a linear system on an abelian
surface introduced in [10].

We can thus consider the count
Nδ

g,aE+bF (P) =
∑
Γ⊃P

mC
Γ,
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of tropical curves of genus g in the class aE + bF in the Möbius strip TMδ

passing through P. Alternatively, we can consider the relative counts
Nδ

g,aE+bF (µ, ν)(P).

We can define refined multiplicities (see [5]) for curves on TMδ:

Definition 3.8. — Let h : Γ → TMδ be a parametrized tropical curve
of genus g in the class aE + bF , tangency profile µ + ν ⊢ 2b meeting the
constraints. We set

mq
Γ = 1

Iµ
q

2k
∏
V

[mV ]q,

where k is the number of disorienting cycles in the complement of the marked
points, [a]q = qa/2−q−a/2

q1/2−q−1/2 denotes the q-analog, and Iµ
q =

∏
[i]µi

q .

We then consider the refined counts
BGδ

g,aE+bF (P) =
∑
Γ⊃P

mq
Γ,

along with the relative refined count BGδ
g,aE+bF (µ, ν)(P).

3.3. Invariance statement

The invariance for the classical count is a consequence of the correspon-
dence statement. As refined multiplicities specialize on classical multiplicities
when q goes to 1, it is also a consequence of the invariance statement for the
refined counts we show below.

Theorem 3.9. — The counts BGδ
g,aE+bF (P) and BGδ

g,aE+bF (µ, ν)(P)
do not depend on the choice of the constraints as long as they are generic.

Proof. — We proceed as in the proofs of the invariant counts provided
in [7, 9, 10, 33] and reduce to the planar case in [33]. Let (Pt)t∈[0;1] be a
generic path between two generic choices of constraints P0 and P1 in TMδ.
We assume that the constraints move one at a time: either a unique point
or the position of a fixed end moves. Let h : Γ → TMδ be a simple solution.
By Proposition 3.2, when removing all marked points and fixed ends from Γ
except the moving constraint, we are in one of the following situations:

• we have a unique orienting cycle,
• we have a path linking two unfixed ends,
• we have a component with two disorienting cycles,
• we have a component with a disorienting cycle and an unfixed end.
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When slightly moving the constraint, the solutions slightly deform ac-
cordingly. As long as no edge length goes to 0, both combinatorial type and
multiplicity of the curves remain the same, hence we have local invariance.
It remains to check what happens when an edge length goes to 0, i.e. Pt

becomes non-generic for some value of t. We call this crossing a wall.

Assume Pt∗ is non-generic. Hence, there is a solution with at least a
quadrivalent vertex, obtained by deformation of a simple solution. Moreover,
for every t ∈ ]t∗ − ε; t∗ + ε[ with t ̸= t∗, Pt is generic again and the solutions
are simple. Let h : Γ → TMδ be a simple solution near the wall. To reduce to
the planar setting, we use the cutting procedure from Remark 2.9. As there
is a minimal length for non-contractible cycles, we can choose an admissible
set Q ⊂ Γ such that none of the cut edges has a length that vanishes under
deformation. Thus, we are left with deformation of tropical curves inside R2.
The choice of Q ensures that for t ∈ ]t∗ − ε; t∗ + ε[, Q deforms and keeps
being admissible through the deformation. According to [33], the following
can occur during the deformation:

• a rectangular shaped cycle with a marked point gets contracted to
a pair of quadrivalent vertices linked by a pair of parallel edges,

• a quadrivalent vertex appears,
• a marked point merges with a vertex.

The first two cases are treated as in [33]. In the first case there is one
curve on each side of the wall with the same multiplicity, as the marked
point just jumps from one side of the cycle to the other. This is depicted in
Figure 3.2(a). For quadrivalent vertices, there are three adjacent combina-
torial types, and the invariance is already proved in [7, 33], and depicted in
Figures 3.2(b) and (b′).

We are left with the case where a marked point meets a vertex during the
deformation. In the classical case, there are only two adjacent combinatorial
types that provide solutions since the complement of marked points is a forest
(a set of rooted trees). Here, due to the different description of solutions given
in Proposition 3.2, we have more cases, just as in [10].

Let V be the vertex and P the marked point that meet through the
deformation. Let a, b and c be the three edges adjacent to V and A ,B and
C be the connected components of Γ −

(
h−1(P\{P}) ∪ {V }

)
. Some of these

components may coincide if V lies on a cycle.

By Proposition 3.2, A ∪ B ∪ C ∪ {V } contains exactly two free ends,
two disorienting cycles or one of each, and the marked point P separates the
two (or lies on the orienting cycle in case the two disorienting cycles have
non-disjoint support).
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× × ×

(a) (b) (b′)

Figure 3.2. In (a), a cycle gets contracted by moving the marked
point. Deforming further, the cycle opens again and the marked point
has changed side. In (b) and (b′), the movement of the red line forces
the solution to pass through a quadrivalent vertex. If the red line
passes into the upper right quadrant, we have two tropical solutions
depicted in (b) in black and blue. If not, we have one tropical solution
depicted in (b′).

V
•b

B

c

C

a

A

•

(a)

×××
××

(b)

××

+

(c)

Figure 3.3. In (a) the three components cut by the removal of ver-
tex V . In (b), the wall where only two out of the three adjacent com-
binatorial types are allowed. The marked point moves from one edge
to the other, deforming the curve. In (c), the wall where all three adja-
cent combinatorial types are allowed. When the marked point crosses
the wall, the black tropical curve becomes the pair of curves given in
blue and green. The black curve has an additional disorienting cycle
which gets cut on the other side of the wall.
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(i) Assume that all three components are distinct. By the discussion
above, exactly one component is bounded, say A , while the other
components contain either a free end or a disorienting cycle. Then
P must lie on either b or c. Thus, degeneration leads to two different
combinatorial types with the same multiplicity, depending on which
side of the line spanned by a the point P lies. This corresponds to
Figure 3.3(b).

(ii) Now, assume that B = C . Then, B has at least one cycle γ passing
through b and c. If γ is orienting, P needs to lie on b or c and we
conclude as in (i). If γ is disorienting, there are three combinatorial
types. The first corresponds to P ∈ a, and the other to P ∈ b or c. If
P lies on either b or c, the disorientng cycle γ is now cut by a marked
point. Since B = C , both combinatorial types this contributes lie
on the other side of the wall, and the invariance of multiplicities
follows by

2k−1
∏

mV + 2k−1
∏

mV = 2k
∏

mV .

This case is depicted on Figure 3.3(c).
(iii) Finally, assume A = B = C . For each pair of edges in a, b, c there

exists a cycle γij passing through both. We have γab = γac + γbc in
H1(Γ,Z/2Z). Taking the image in H1(TMδ,Z/2Z), we see that at
least one cycle is orienting. By Proposition 3.2, at most one cycle is
orienting, thus exactly one, say γbc is orienting. Hence, P needs to
lie on γbc, i.e. in b or c, leading to two adjacent combinatorial types,
and we conclude as in (i). □

Remark 3.10. — It would be interesting to see if the factor 2k appearing
in the complex multiplicity can also be refined.

4. Correspondence statements

4.1. Complex setting

In the following, we develop the complex setting starting with the defini-
tion of the two ruled surfaces CM0 and CM1 by mimicking the construction
of the tropical Möbius strip. We then identify these surfaces in the classifi-
cation provided by [31, Theorems 2.12 & 2.15].
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4.1.1. The surface CM0.

Consider the trivial plane bundle τ over C∗ and the swapping endomor-
phism

Φ0 : (z, u0, u1) 7−→ (λz, u1, u0) ∈ C∗ × C2.

The quotient of τ by Φ0 descends to a plane bundle E0 over CE = C∗/⟨λ⟩.
Its projectivization P(E0) is the ruled surface CM0. It can be equivalently
constructed as the quotient of C∗ × CP 1 by the action

φ0(z, [u0 : u1]) = (λz, [u1 : u0]).
The dense torus (C∗)2 ⊂ C∗ × CP 1 is stable under the action which re-
stricts to

ϕ0 : (z, w) 7−→
(
λz,

1
w

)
,

providing the complex counterpart to the tropical picture. The ruled surface
CM0 is thus a compactification of the quotient of (C∗)2 by the action of ϕ0.

Taking the quotient by Φ2
0 instead (resp. φ2

0, ϕ
2
0), we obtain a plane (resp.

CP 1, C∗) bundle over the elliptic curve CẼ = C∗/⟨λ2⟩. Projectivization
yields a ruled surface CC0 which is a two-to-one cover of CM0. The surface
CC0 is the total space of the trivial CP 1-bundle, and the complex analogue
of the tropical cylinder TC0 [7].

To finish, we need to identify CM0 in the classification of ruled surfaces
over an elliptic curve. The plane bundle E0 splits into a sum of two line
bundles. Indeed, we can consider the sections s± : z ∈ C∗ 7→ (1,±1) ∈ C2

of the trivial bundle. Both are non-vanishing. Hence, each defines a line
bundle inside the trivial plane bundle and both are stable under the action
of Φ0. Thus, both sections induce line bundles over CE, yielding two non-
intersecting sections of CM0. Thus, the plane bundle E0 is split, and CM0 is
the projective completion of a line bundle over CE.

By a change of coordinates w′ = w−1
w+1 , CM0 can also be written as the

quotient of C∗ × CP 1 by the action of
φ′

0 : (z, w′) 7−→ (λz,−w′),
which is the projective completion of a 2-torsion line bundle over CE.

4.1.2. The surface CM1.

We now construct the surface CM1 in an analogous way, considering the
trivial plane bundle over C∗ with the twisted swapping action

Φ1 : (z, u0, u1) 7−→ (λz, zu1, u0) ∈ C∗ × C2.
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The quotient by the action yields a plane bundle E1 over CE. Its projec-
tivization P(E1) is the ruled surface CM1. Projectivizing first, we also obtain
CM1 as the quotient of C∗ × CP 1 by the action

φ1(z, [u0 : u1]) = (λz, [zu1 : u0]).
The action on the dense torus is given by

ϕ1 : (z, w) 7−→
(
λz,

z

w

)
,

which is again the complex counterpart to the tropical picture. We have
ϕ2

1(z, w) = (λ2z, λw), and the quotient CC1 = C∗ ×CP 1/⟨ϕ2
1⟩ is the complex

counterpart to the tropical cylinder TC1. It is the total space of a 2-torsion
line bundle over CẼ = C∗/⟨λ2⟩.

The surface CM1 is a ruled surface if it has a section. Sections of CM1 →
CE are sections of CC1 → CẼ invariant under the action induced by φ1.
As the latter is the projective completion of a 2-torsion line bundle, these
are the two sections provided by the 0 and ∞ section. Unfortunately, none
of them is invariant under the action induced by φ1: they are exchanged by
the action and form a multisection of CM1 → CE. To find sections, we have
to investigate further.

Take the meromorphic function θ : C∗ → C given by θ(z) =
∑∞

−∞ λn2
zn.

It is the θ-function (see [29]) on CẼ = C∗/⟨λ2⟩, and it satisfies

θ(λ2z) = 1
λz
θ(z) and θ

(
1
z

)
= θ(z).

It is the only meromorphic function satisfying the first equation up to multi-
plication by a scalar. Using both equations, we can see that θ(−λ) = −θ(−λ),
thus θ(−λ) = 0. Moreover, −λ is the only zero of θ modulo multiplication
by λ2. Any quotient f(z) = θ(αz)

θ(αλz) gives a section of CC1 since it satisfies

f
(
λ2z
)

= λ · λαz
λ · αz

θ(αz)
θ(λαz) = λf(z).

Moreover,

ϕ1

(
z, µ

θ(αz)
θ(λαz)

)
=
(
λz,

z

µ

θ(αλz)
θ(αz)

)
=
(
λz,

z

µλαz

θ(α · λz)
θ(λα · λz)

)
.

Thus, if µ2λα = 1, it gives a section of CM1 → CE and CM1 is a ruled
surface over CE.

Sections of CM1 pull back to sections of CC1. These sections always
intersect since we excluded the 0 and ∞-sections. Thus, we cannot find
disjoint sections of CM1, which prevents E1 from being split. As the line
bundle Λ2E1 on CE is of odd degree, the classification given by [31] ensures
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that CM1 is the unique non-split ruled surface of degree 1, given as P(E )
where E is a non-split vector bundle of rank 2 over an elliptic curve fitting
in a short exact sequence

0 −→ O −→ E −→ O(p) −→ 0.

4.1.3. Curves and divisors.

As ruled surfaces, the Picard group of the CMδ are

Pic(CMδ) = Z ⊕ π∗ Pic(CE).

A basis of the second homology group is provided by the class of a section
and the class of a fiber F . We prefer to replace the class of a section by the
class of the boundary divisor E, which is a 2-section. As E · F = 2, they do
not form a basis of the H2(CMδ,Z). Computing the intersection number of
a section with E and F , we see that H2(CMδ,Z) has the same description
as the tropical homology group, i.e.

H2(CMδ,Z) =
{
aE + bF

∣∣∣∣ a, b ∈ 1
2Z, 2b ≡ 2aδmod 2

}
.

Definition 4.1. — Let CΓg be a genus g Riemann surface. We say that
a curve φ : CΓg → CMδ is of bidegree (a, b) on a Möbius strip CMδ if
φ∗([CΓg]) = aE + bF ∈ H2(CMδ,Z).

Note that the boundary divisor is not anticanonical: due to the non-
orientability of the Möbius strip, the meromorphic 2-form dz

z ∧ dw
w on (C∗)2

does not induce a 2-form on the quotient CMδ. However, it is possible to
construct such a 2-form using θ-functions, proving the boundary divisor is
numerically equivalent to the canonical class.

In the case of CM0 (CM1 is treated similarly), we have the meromorphic
2-form ΩCC0 = dz

z ∧ dw
w on C∗/⟨λ2⟩×CP 1, which satisfies φ∗

0ΩCC0 = −ΩCC0 .
Now, let λ1/2 be a square root of λ and θ(z) =

∑
(λ1/2)n2

zn be the associ-
ated θ-function on CE, which satisfies θ(λz) = 1

λ1/2z
θ(z).Thus, the function

f(z) = θ(z)
θ(−z) satisfies f(λz) = −f(z), and f(λ2z) = f(z) and descends to

a meromorphic function on CẼ. Thus, the 2-form f(z)ΩCC0 is φ0-invariant
and descends to a meromorphic 2-form on CM0. It has poles along the bound-
ary divisor and along a fiber, and zeros along one of the fibers. The poles
and zeros along the fibers correspond to poles and zeros of f .
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4.2. Log-invariants

In this section, we briefly define the log-GW invariants of the surfaces
CMδ as the complex counterpart to the tropical problem, following [20], and
refer to [20, 30] for more details.

We consider one of the surfaces CMδ and fix the following discrete data
βa,µ,ν :

• positive integers g, n and a half-integer a,
• two partitions µ and ν. We set 2b = ∥µ∥ + ∥ν∥ and assume that

2b ≡ 2aδmod 2.

Log-stable maps and Log-GW invariants were introduced in [1, 21, 30].
There is a moduli stack of log-stable maps with logarithmic structure

Mlog
g,n+|µ|+|ν|(CMδ, βa,µ,ν),

parametrizing log-stable maps from a source of genus g with n + |µ| + |ν|
marked points to CMδ. The partitions µ and ν impose the intersection profile
with the boundary divisor of CMδ.

For each of the n marked points, the moduli stack is equipped with an
evaluation map

evi : Mlog
g,n+|µ|+|ν|(CMδ, βa,µ,ν) −→ CMδ.

It maps a log-stable map to the image of the ith marked point. Moreover,
for each of the marked points mapped to the boundary divisor, we have an
additional evaluation map with values in the corresponding divisor:

êvi : Mlog
g,n+|µ|+|ν|(CMδ, βa,µ,ν) −→ CẼ.

By the work of Gross–Siebert [30] as well as Abramovich–Chen [1, 21], the
moduli stack Mlog

g,n+|µ|+|ν|(CMδ, βa,µ,ν) is a proper Deligne–Mumford stack
equipped with a virtual fundamental class [M]log in degree g−1+|µ|+|ν|+n.
We define the log-GW invariants by intersecting the virtual fundamental
class with classes provided by the evaluation morphisms. For the dimension
counts to agree, we take n = |ν| + g − 1.

Definition 4.2. — The stationary log-GW invariant is defined by

N δ
g,aE+bF (µ, ν) =

∫
[M]log

n∏
1

ev∗
i (pt)

|µ|∏
1

êvi
∗(pt),

where pt is the cohomology class Poincaré dual to a point.
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4.3. Correspondence

We now relate the log-GW invariants to the tropical counts. It is possible
to construct a log-smooth family of the ruled surfaces CMδ by varying the
base elliptic curve, with a central fiber that is an union of toric surfaces.
Log-GW invariants are constant in families, and the decomposition formula
by Abramovich–Chen–Gross–Siebert [2] relates the log-GW invariants of the
central fiber to tropical invariants.

Theorem 4.3. — The tropical invariant and the log-GW invariant
agree:

N δ
g,aE+bF (µ, ν) = Nδ

g,aE+bF (µ, ν).

Proof. — To apply the Abramovich–Chen–Gross–Siebert decomposition
formula [2], one needs a family of surfaces. We construct this family using the
construction of the surfaces CMδ presented in Section 4.1 and the tropical
curves solving the tropical enumerative problem described in Section 2.

Step 1: Constructing a subdivision. — Consider one of the tropical Mö-
bius strips TMδ, along with a generic configuration P of |ν|+g−1 points and
|µ| points on the boundary divisor. We can assume that they have rational
coordinates. As the configuration is generic, there is a finite number of trop-
ical curves in the class aE + bF of tangency profile µ+ ν and matching the
point and tangency constraints. We then consider a polyhedral subdivision
Ξ of TMδ such that each tropical curve factors through the 1-skeleton of
the subdivision. We can always take such a subdivision by taking the com-
mon refinement of subdivisions corresponding to each tropical curve. Up to
scaling, we can assume that the coordinates of the vertices of the subdivi-
sion along with the length l of the tropical elliptic curve TE are integers.
Moreover, Ξ projects onto a subdivision Σ of TE.

We unfold the polyhedral subdivision Ξ of TMδ to get a polyhedral sub-
division Ξ̃ of its universal cover R2 by taking the preimage. We do the same
for Σ to get a polyhedral subdivision Σ̃ of R. By construction, Σ̃ is stable
by translation by l and Ξ̃ is stable under the action of φδ, which lifts the
translation by l in R.

Step 2: Constructing the family. — We consider the cone over the poly-
hedral subdivisions Σ̃×{1} ⊂ R2 and Ξ̃×{1} ⊂ R3. This yields two (infinite)
fans endowed with a map to R⩾0 provided by the projection on the last co-
ordinate. Using the construction of toric varieties for these (infinite) fans,
we get two complex manifolds CẼ and CM̃ with a map CM̃ → CẼ , and
a map to C. The threefold CM̃ is a partial compactification of (C∗)3 while
CẼ is a partial compactification of (C∗)2.
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The translation action on Σ̃ lifts to the fan by (x, τ) 7→ (x + τ l, τ). It
induces a map on the complex surface CẼ that extends the map of the
dense torus

(z, t) 7−→
(
λtlz, t

)
.

Similarly, the action of φδ lifts to the fan by (x, y, τ) 7→ (x + τ l, δz − w, τ),
and there is an extension to the threefold CM̃ that extends the map of (C∗)3

to itself

(z, w, t) 7−→
(
λtlz,

zδ

w
, t

)
.

We can then consider the quotient by the above actions to get manifolds CE
and CM , along with a map CM → CE and maps to C.

The fiber CMt for t ̸= 0 is the ruled surface CMδ over the base elliptic
curve CEt = C∗/⟨λtl⟩. The central fiber of the family of elliptic curves CE0 is
a chain of copies of CP 1 meeting along their toric divisors, i.e. their respective
0 and ∞. The central fiber CM0 is an union of toric surfaces glued along their
toric divisors. This construction is just a periodic version of the construction
of a family of toric surfaces as done in [41].

Step 3: Applying the decomposition formula. — The tropical points in P
and the points on the boundary divisor give rise to sections of the family.
The log-GW invariants being constant in families, we can compute the log-
GW invariant for the central fiber CM0. Using [2, Theorem 5.4], we can
intersect the point constraints with the virtual fundamental class [M]log to
get a virtual fundamental class [MP ]log of degree 0 parametrizing curves
passing through the point configuration P. The log-GW invariant becomes
the degree of this 0-cycle.

As the degeneration breaks the complex surface CMt in many pieces, the
curves also split in pieces living in the various components, glued along their
respective intersections. It can then be expected that the moduli space of
maps also breaks into components indexed by tropical curves, which actually
encompass the combinatorics of the gluing of curves between the different
components. The result of [2] actually tells us that this splitting is true at
the virtual level: the virtual fundamental class [MP ]log splits as a sum over
the tropical curves solving the tropical enumerative problem:

[MP ]log =
∑

h:Γ→TMδ

[Mh,P ]log,

where [Mh,P ]log is a virtual fundamental class corresponding to the stable
log-maps to the central fiber CM0 whose combinatorial type is encoded
by h : Γ → TMδ. In other words, the dual graph to the source curve is Γ,
and the component corresponding to a vertex V is mapped to the irreducible
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component of CM0 corresponding to h(V ). The log-GW invariant thus splits
as a sum

N δ
g,aE+bF (µ, ν) =

∑
h:Γ→TMδ

∫
[Mh,P ]log

1.

Step 4: Gluing formula. — As in [20], we are left with the computation of
the summands, i.e. the multiplicity

∫
[Mh,P ] 1 of each tropical curve. To do so,

we use the gluing formula from [14, Proposition 13], inspired from the proof
of [34, Theorems 1.5 & 1.6], which applies in our setting since it requires a log-
smooth family degenerating to an union of toric surfaces meeting along their
toric divisors. More precisely, if V is such a vertex, we have a corresponding
moduli stack MV parametrizing the genus 0 curves in the toric surface
CMh(V ) (the irreducible component of the central fiber associated to h(V ))
that have tangency profile with the toric boundary prescribed by the slopes
of h on the edges adjacent to V in Γ. It is endowed with a virtual fundamental
class [MV ]log and evaluation morphisms. We have a cutting morphism

Mh,P −→
∏
V

MV ,

that associates to each log-stable map the restriction to the component as-
sociated to the vertex V . Moreover, it is mapped to the diagonal ∆ by the
evaluation morphism

ev :
∏

MV −→
∏

e

D2
e ,

where De is the divisor associated to the edge of the subdivision to which
the edge e of Γ is mapped. The image is called the set of pre-log curves.
According to [14], this map from Mh,P to its image is a covering map of
degree

∏
e we where the product is over the bounded edges of Γ. One thus

needs to count the pre-log curves. Genus 0 curves to a toric surface with
three punctures are parametrized by (C∗)2. We thus have the map∏

V

(C∗)2 −→ (C∗)|Eb| × (C∗)2n × (C∗)|µ|,

which is exactly Θ⊗C∗. As in [37, Proposition 4.10], the set of pre-log curves
matching the point constraints is a ker Θ ⊗ C∗-torsor, which has thus size
the lattice index |det Θ| computed in Section 2.2. In the end, we get the
expected tropical multiplicity. □

Remark 4.4. — The proof follows the same steps as the proofs in [14, 20].
The difference to [20] is that we do not have ψ-constraints, which enables us
to get the lattice index in the end. The difference with [14] is that we do not
consider λ-classes insertions. In particular, the above proof is a particular
case of the proof of [14], to which we refer.
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In [14], the decomposition formula is used to compute the log-GW invari-
ants with the insertion of a λ-class, relating them to refined invariants [5].
This can also be applied in our setting to prove an analogous result: with
n = 2b+ g0 − 1, substituting q = eiu, one has(

(−i)
(
q1/2 − q−1/2

))2b+2g0−2
BGδ

g0,aE+bF

=
∑
g⩾g0

u2g−2+2b

∫
[Mg,n(CMδ,aE+bF )]log

λg−g0

n∏
1

ev∗
i (pt).

5. Floor diagram algorithm

5.1. Floor diagrams

We start with the formal definition and some examples of abstract floor
diagrams. In the next subsection, we describe their relationship to floor-
decomposed tropical curves.

Definition 5.1. — A floor diagram in TMδ is an oriented graph with
infinite outgoing edges and the additional following data:

(i) Vertices are separated into three disjoint sets: ground floors, étages(1)

and joints. Floors encompass ground floors and étages.
(ii) An edge e, also called elevator, has an integer weight we ∈ N.
(iii) An étage F has a degree aF ∈ N.
(iv) A ground floor G has a degree aG ∈ 1

2N.

The additional data has to satisfy the following conditions:

(A) Ground floors have no incoming edges. Moreover, if G is a ground
floor, we have the balancing condition:∑

e∋G
we ≡ δ2aG mod 2 =

{
0 for TM0

2aG for TM1.

(B) Étages have zero divergence: the sum of weights of incoming edges
is equal to the sum of weights of outgoing edges.

(C) Joints have exactly two outgoing edges of the same weight and no
incoming edge.

(1) The english language apparently lacks a word for floors which are not ground floors.
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Definition 5.2. — Given a floor diagram D, we define the following:

• The genus of D is its genus as a graph plus its number of floors.
• The diagram D is said to be in the class aE + bF if the sum of the

weights of infinite outgoing edges is 2b, and the sum of degrees of
the floors (both ground floors and étages) is equal to a.

• A diagram in the class aE + bF is of tangency profile µ ⊢ 2b if it
has µi ends of weight i for each i.

Example 5.3. — In Figure 5.1, we give several examples of floor diagrams
in TM0 and TM1. In all pictures in this section, we draw elevators in black,
ground floors in blue, étages in red and joints in orange. Unlabeled edges
have weight one. Note that the main difference for floor diagrams for TM0
and TM1 is the treatment of ground floors. The floor diagrams in Figure 5.1
are of the following genus, class and tangency profiles:

Genus Class Tangency Genus Class Tangency
(a) 3 3

2E + F 12 (a′) 2 E + F 12

(b) 4 3
2E + 2F 1221 (b′) 4 2E + 2F 3111

(c) 4 7
2E + 2F 1221 (c′) 4 7

2E + 3
2F 2111

1
2 1

(a)

1
2

1
2

(b)

1
2

2 12
2

(c)

1

(a′)

1
2

1
2

1
3

(b′)

1
2

2 12 2

(c′)

Figure 5.1. Some examples of floor diagrams in TM0 and TM1. In
the top row, we give examples in TM0 and in the bottom row, we give
some in TM1.
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The degrees of the ground floors are allowed to be half-integers analo-
gous to the coefficients of aE + bF in H1,1(TMδ,Z). Further, note that in
classical floor diagrams, the marked point f the associated tropical curves
sometimes incorporated in the diagram leading to another different kind of
vertex, making them linearly ordered (see floor diagrams of [4] instead of [17]
for instance). Here, since edges of tropical curves do not necessarily carry a
marked point, we prefer to use the notion of marking which we now define.

Definition 5.4. — Let D be a floor diagram of genus g and tangency
profile µ. A marking m of a floor diagram D is an increasing map
m : [[1; |µ| + g − 1]] → D (i.e. m(i) ≺ m(j) ⇒ i < j, where ≺ is the or-
der relation in the cycle-free oriented graph D), such that:

(a) no marking is mapped to a ground floor or a joint, and a unique
marking is mapped to each étage.

(b) At most one marking is mapped to an elevator.
(c) Each component of the complement of markings on elevators is of

one of the following types:
(i) It contains a unique ground floor and no cycles or free ends.
(ii) It contains a unique free end, and no cycles or ground floors.
(iii) It has a unique cycle containing an odd number of joints and

no free ends or ground floors.

1
2

1
2

(b)

1
2

2 12

2

(c)

1
2

1
2

1
3

(b)′

1
2

2 1

(c)

Figure 5.2. Markings on the floor diagrams (b), (c) and (b)′ from
Figure 5.1. (b), (c) and (c) are floor diagrams on TM0 and (b)′ is on
TM1.
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Example 5.5. — We give some examples for markings on floor diagrams
in Figure 5.2.

5.2. Floor diagrams from tropical curves

We now define a floor diagram for any tropical curve, and show that for
a stretched choice of constraints, the point conditions induce a marking of
the diagram satisfying the condition from Definition 5.4, analogous to the
cylinder case, [7]. Let l denote the length of the underlying elliptic curve E .

Proposition 5.6. — Let h : Γ → TMδ be a parametrized tropical curve
in the class aE+bF . Then the slope of its edges can only take a finite number
of values, and the lengths of the non-vertical edges are bounded by a constant
that only depends on a, b and l.

Proof. — The proof is identical to the proof from [7], to which we refer
the reader. □

We now construct a floor diagram from a tropical curve. Let h : Γ → TMδ

be a tropical curve in the class aE+bF with tangency profile µ and genus g.
We match the definitions of floor diagrams by calling an edge with vertical
slope an elevator, and a connected component of the complement of elevators
a floor. Floors containing a disorienting cycle correspond to ground floors,
while all other floors are étages. We can now form a floor diagram where
vertices are the floors of the curve, two vertices are linked by an edge if both
floors are linked by an elevator, joints are inserted in the middle of elevators
that meet the soul of the Möbius strip, the weight of an elevator is its weight
as an edge of Γ, and the degree of a floor is equal to half its intersection
number with a fiber.

Moreover, assuming the curve passes through a collection of points P,
indexed by [[1; |µ| + g − 1]], we have a map [[1; |µ| + g − 1]] → D that maps a
marked point to the part of D that contains it.

Example 5.7. — In Figure 5.3 we show how to construct floor diagrams
from tropical curves on both Möbius strips for the tropical curves (c)′ from
Figure 2.1 and Figure 2.2 respectively. The resulting floor diagrams are the
diagrams (b) and (b′) in Figure 5.1. We note that the class, genus and
tangency profile of the tropical curves computed in Examples 2.5 and 2.6
coincide with the ones of the corresponding floor diagrams computed in
Example 5.3.

Definition 5.8. — A point configuration P is stretched if the difference
between the y coordinates of the points is far bigger than l, and they are far
away from the soul of the Möbius strip.
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When the point configuration is stretched, the marked floor diagrams
arising as solutions of the enumerative problem satisfy the conditions in
Definitions 5.1 and 5.4.

Proposition 5.9. — Let P be a stretched point configuration and h :
Γ → TMδ a tropical curve passing through P. Then, the induced marked
diagram (D,m) satisfies the following:

(i) the floor degrees satisfy
∑

F aF = a, and the sum of weights of the
ends is equal to 2b,

(ii) each floor satisfies the divergence assumptions in Definition 5.1(A)
and (B),

(iii) each étage contains exactly one marked point, and no ground floor
contains a marked point,

(iv) each elevator contains at most one marked point,
(v) an étage consists of a unique cycle with adjacent elevators, and a

ground floor consists of a unique disorienting cycle with adjacent
elevators,

(vi) each connected component of the complement of marked elevators is
of one of the following types:

• it contains a unique ground floor and no cycles or free ends;
• it contains a unique free end and no cycles or ground floors;
• tt has a unique cycle containing an odd number of joints and

no free ends or ground floors.

In particular, D is a floor diagram and P induces a marking m of D.

Proof.

(i) This follows from the definition of the degree of the floors and class
of the curve.

(ii) The statement for étages follows using the balancing condition in
Definition 5.1(B). For ground floors, we pass to the two-to-one cover
of the Möbius strip, which is TE × R for TM0 and the total space
of the 2-torsion line bundle on TẼ for TM1. As the ground floor
contains a disorienting cycle, the preimage of a neighbourhood of
the ground floor by the two-to-one cover is connected. Each elevator
adjacent to the ground floor yields a pair of elevators in the cover,
whose coordinates on TẼ = R/2lZ differ by l and which are in
opposite direction. Let xe ∈ R/2lZ denote the coordinate of an
adjacent elevator e. Using the tropical Menelaus relation for the
cylinder TẼ × R proven in [7], we get that∑

e

wexe − we(xe + l) ≡ l · δ · 2aG mod 2l.
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Figure 5.3. The transformation of (marked) tropical curves into
(marked) floor diagrams. In blue, we mark disorienting cycles, which
correspond to ground floors, in red we mark étages. In black, we mark
elevators and in orange we mark joints. On the left, we give an exam-
ple for TM0: curve (c′) in Figure 2.1, whereas on the right, we show
it on TM1, for curve (c′) in Figure 2.2.

This yields the desired relation for the divergence of grounds floors.
(iii) An étage has to contain at least one marked point, otherwise it is

possible to translate it vertically, resulting in a 1-parameter family
of solutions. It cannot contain more than one point, as the point
conditions are stretched whereas slope and length of non-vertical
edges are bounded. Further, as a disorienting cycle intersects the
soul of the Möbius strip and the points are chosen very far from it,
a ground floor cannot contain a marked point.

(iv) As the point configuration is generic, no points have the same projec-
tion onto E, and an elevator cannot contain more than one marked
point.

(v) Any cycle contained in an étage is orienting. If an étage contained
two cycles, one of them would be without marked points, contradict-
ing that Γ\h−1(P) contains no orienting cycle (see Proposition 3.2).
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If a ground floor contained two cycles, it would again contain an
orienting cycle. By the balancing condition, a disconnecting edge in
the étage would have vertical slope, hence there are no disconnecting
edges, leading to the statement.

(vi) The last statement is the direct translation of Proposition 3.2, fol-
lowing from the observation that disorienting cycles lie either in a
ground floor, or can use elevators, as long as they intersect the soul
of the Möbius strip an odd number of times in total. □

5.3. Floor diagram multiplicities

Now, we recover the marked tropical curves that are solutions of the enu-
merative problem from the floor diagrams. Definition 5.10 below gives the
(refined) multiplicity of a floor diagram so that it matches the sum of (re-
fined) multiplicities of the tropical curves it encodes (see Proposition 5.12).
We set

σ̃1(a) =
∑
k|a

k odd

a

k
. (5.1)

Definition 5.10. — Let (D,m) be a marked floor diagram. If F is an
étage and G is a ground floor, we set

m(F) = avalF−1
F σ1(aF )

∏
e∋F

we,

mq(F) =
∑
k|af

kvalF−1
∏
e∋F

[weaF

k

]
m(G) = 2 · (2aG)valG−1σ̃1(2aG)

∏
e∋G

we,

mq(G) = 2
∑

k|2aG
k odd

kvalG−1
∏
e∋G

[
we · 2aG

k

]
(5.2)

Further, we write N(D) for the number of cycles in the complement of
marked elevators, and AutD for the group of automorphisms of the diagram.
We define the (refined) multiplicity of a marked floor diagram to be

m(D,m) = 2N(D)

|AutD|
∏
F
m(F)

∏
G
m(G)

∏
Eum

we,

mq(D,m) = 2N(D)

|AutD|
∏
F
mq(F)

∏
G
mq(G)

∏
Eum

we.
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Remark 5.11. — The multiplicity of a tropical curve is a product over
its vertices. In the classical floor diagrams [16, 17] as well as their refined
version [5], the weight of the edges is enough to determine the multiplicity,
which is a product over the edges of the diagram. Here, as in [7], we have
to further account for the floors. In the classical case, it is possible to factor
out the weight of the edges from the floors, but not in the refined case.

Proposition 5.12. — The (refined) multiplicity of a marked floor di-
agram corresponds to the (refined) count of tropical curves that it encodes,
counted with (refined) multiplicity.

Proof. — We recover tropical curves from floor diagrams proceeding as
follows. First, we determine the shape of the floors.

• Given an étage F of degree aF , the situation is handled as for floors
on cylinders [7]. An étage consists of a unique cycle realizing an even
homology class 2kF ∈ H1(TMδ) ≃ Z in the Möbius strip. The hor-
izontal coordinate vF of the slope of the edges in the cycle is well-
defined. In particular, an elevator of weight we that meets the cycle
does so at a vertex with multiplicity wevF . Moreover, intersecting
with a fiber yields 2kF intersection points each of multiplicity vF .
As the intersection index is by definition 2aF , we have aF = kFvF ,
hence kF |aF .

Given kF |aF , we can unfold the étage so that the cycles goes
around the Möbius strip only twice. This induces a floor if and only
if the position of the adjacent elevators satisfy the Menelaus rela-
tion [7] in R/2lkFZ: if xe is the position of the elevator e, we require∑

e∋F
±wexe ≡ δvF l ∈ R/2lkFZ.

• Given a ground floor G of degree aG , there also is a unique cycle that
needs to be disorienting, i.e. it realizes an odd homology class in the
Möbius strip. Let kG ∈ H1(TMδ) ≃ Z be this odd homology class.
The horizontal coordinate vG of the slope of the edges in the cycle
is also well-defined. Intersecting with a fiber yields kG intersection
points each of multiplicity vG . By the definition of the degree, we
obtain kGvG = 2aG . Therefore, kG is an odd divisor of 2aG .

Thus, we can unfold the ground floor by the cover of degree kG ,
so that it goes around the Möbius strip only once. Hence, we can
assume that kG = 1 up to choosing a lift of the elevators by this
cover. Then, we can take the preimage by the two-to-one cover of
the Möbius strip by the cylinder. Each adjacent elevator gets two
lifts with opposite directions whose horizontal position differs by l.
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The Menelaus condition on the cylinder is∑
e∋G

we(xe − (xe − l)) = δl ∈ R/2lZ.

This relation is automatically satisfied by the balancing condition,
so that we have a unique curve up to translation. If require the curve
to be invariant by the deck transformation of the cover, it is fully
unique. In the end, we can draw a unique curve for each choice of
lift of the elevators.

Now, we recover the positions of the elevators for each floor and fixed kF
as the lattice index of the following map. For each elevator e, let e+ and e−
be its extremities, which are floors, joints or points on the boundary of the
strip. If e− is a joint, we set ke− = 1 and if e+ is a boundary point, we set
ke+ = 1. We consider the space of positions of the elevators in the unfolded
version ∏

e

R/2lke+Z × R/2lke−Z.

An element (xe+ , xe−)e can only correspond to a tropical curve if the follow-
ing are satisfied:

• for each edge e, xe+ ≡ xe− in R/2lZ, so both extremities can linked
by an elevator.

• For each joint, xe+ and xe− differ by l ∈ R/2lZ.
• For each étage and two adjacent elevators e and e′, (xe+ , xe−)e and

(xe′
+
, xe′

−
)e′ satisfy the unfolded Menelaus relation in R/2lkFZ.

• Marked points and fixed ends fix the position of elevators.

Finally, we have the map of real tori

Φ :
∏

e

R/2lke+Z × R/2lke−Z

−→
∏

e

R/2lZ ×
∏
F

R/2lkFZ ×
∏
J

R/2lZ ×
∏

e marked
R/2lZ.

(xe+ , xe−)

7−→
((
xe+ − xe−

)
,
(∑

±wexe±

)
,
(
xe(J )− − xe′(J )−

)
,
(
xe(i)+

))
This is a group homomorphism between real tori of the same dimension. We
now the number of preimages of an element ((0), (δvF l), (l), (xi)) by com-
puting the lattice index of the map between the first homology groups of the
tori. The lattice index of Φ∗ can be computed similarly as the computation
from the multiplicity in Proposition 3.6. We prune the diagram using Lalace
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expansion formula for determinants. In the end, we get

2N(D)
∏
F
kvalF−1

F

∏
e unmarked

we,

where N(D) denotes the number of cycles in the complement of marked
points in D. To conclude, we multiply the lattice index of Φ∗ by the mul-
tiplicity of a curve encoded by the diagram, and make the sum over the
possible divisors kF |aF and kG |2aG , yielding the result. □

Example 5.13. — We conclude by applying the floor diagram algorithm
in the genus one case. In genus one, every diagram has a unique floor, either
a ground floor or an étage.

In the case of a unique ground floor, every elevator is adjacent to it. The
contribution is (2a)2bσ̃1(2a) respectively.

In the case of a unique étage, every elevator is still adjacent to the étage,
but might be passing through a joint. By balancing, there are as many
elevators directly adjacent to the étage as elevators passing through a joint
before going to the étage. Thus, b needs to be even. We count the number of
markings by considering the lift under the 2-to-1 cover of the half-line to get
a floor diagram in a cylinder, also with a unique floor. The (even) number
of ends 2b coincides with the number of marked points. There are 22b−1 lifts
of the points in the cylinder up to the deck transformation. In the lift there
are precisely 2 markings, depending on where the free end lie, as given in [7].
The multiplicity is thus 22b−1 · 2 · a2bσ1(a).

Summing over all contributions, we get

Nδ
1,aE+bF = (2a)2b

(
σ̃1(2a) + [a, b ∈ Z]σ1(a)

)
,

where [a, b ∈ Z] is 1 if a and b are integers, and 0 else.

6. Regularity of invariants

6.1. Quasi-polynomiality of relative invariants

In this section we study the regularity of the relative invariants, fixing
the number of intersection points but varying their tangency orders. This
was previously done in [3] for the relative invariants of Hirzebruch surfaces
and in [7] for the case of line bundles over an elliptic curve. Other results on
polynomiality have recently been obtained in [22].
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6.1.1. General statement

We study the function

Φδ
a : (µ1, . . . , µn, ν1, . . . , νm) 7−→ Nδ

g,aE+bF (µ1, . . . , µn, ν1, . . . , νm),

defined for δ = 0, 1, and a ∈ 1
2N. To get a non-zero result, we must have∑

µj +
∑
νj = 2b. Hence, b is chosen accordingly. In particular,∑

µj +
∑

νj ≡ 2δamod 2.

Therefore, we consider the function Φδ
a to be defined only on tuples of in-

tegers satisfying the above conditions. The study of regularity relies on the
existence of floor diagrams, counting each with a polynomial contribution.
Different to [3, 7], diagrams with ground floors and joints often only have
quasi-polynomial (but not polynomial) contributions.

Theorem 6.1. — There exist piecewise quasi-polynomial functions P δ
a

in n+m variables such that Φδ
a(µ, ν) = P δ

a (µ, ν).

Proof. — The proof relies on [45, Theorem 1]. We proceed as in [3]. The
relative invariant can be written as a sum over the floor diagrams. As the
curves are of fixed genus and have a fixed number of ends, up to the weighting
of the elevators, there is a finite number of floor diagrams.

Let D be a marked floor diagram. We label the ends of D by the co-
ordinates (µ, ν). As in [3], we account for the symmetry in the partition ν
by averaging over its automorphism group. Our goal is to find the possible
weightings of the internal edges of D. To incorporate the parity conditions
on the edges adjacent to ground floors, we modify D to get a graph GD

by adding a vertex ve adjacent to each end e and an unbounded edge eG
adjacent to each ground floor G.

Let E be the set of edges of GD and V its set of vertices. The graph
GD inherits an orientation from D. Now, a weighting of D is a vector in NE

satisfying the balancing condition at each floor and the equality of weights
of edges adjacent to the same joint. Let εG be 2δaG modulo 2. Assume that
the balancing condition for ground floors is satisfied on G. We obtain a
compatible weight weG for the new edge eG by solving

2weG + εG =
∑

e∋G in D

we.

Let A be the adjacency matrix of the oriented graph GD. The coefficient of
A for eG ∋ G is 2 by balancing. Let d ∈ ZV be the integer vector whose
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coordinates are given by

dv =


0 if v is an étage,
εG if v is a ground floor,
µi or νi if v = ve for some end e.

The multiplicity of a floor diagram is a monomial in the coordinates of the
weight vector w. Thus, we count the weight vectors w ⩾ 0 satisfying Aw = d
with corresponding multiplicity.

If there are no ground floors and every cycle passes through an even num-
ber of joints, we can lift the floor diagram to a floor diagram on the cylinder.
This corresponds to lifting the tropical curves encoded by the diagram to
tropical curves in the two-to-one cylinder cover of the Möbius strip. On the
cylinder, the sum of top weights is equal to the sum of bottom weights,
thus we can find a weighting only if this balancing condition is satisfied, and
polynomiality is due to [7].

If there is at least one ground floor or a cycle passing through an odd
number of joints, the map is surjective over Q, i.e. the image of A is of
full-dimension.

By [45], the function is a piecewise quasi-polynomial on the chamber com-
plex of the matrix A. On each chamber, the function is polynomial on vectors
with fixed residue modulo all non-zero principal minors of A. Lemma 6.4
gives a more complete description of the minors. □

Remark 6.2. — The statement in [45] concerns the count without poly-
nomial multiplicity. The extended statement can be obtained by induction
on the degree by considering the graph where some of the edges have been
doubled. For details, see the proof of [3, Theorem 4.2].

Example 6.3. — In the following, we give some examples of floor diagrams
with a non-polynomial contribution. Their graphs are depicted in Figure 6.1:

(a) here, for given µ1 and µ2, complete the diagram by choosing the
weights of the remaining edges. The choice of the interior edge
w completely determines the weight of the edges adjacent to the
ground floors. However, we have a parity condition on these weights:
even (resp. odd) if the diagram encodes curves in TM0 (resp. TM1).
Thus, w needs to have the same (resp. opposite) parity as µ1. Recall
that the parity of µ1 + µ2 is fixed.

(b) For the second diagram, we have a similar parity obstruction: since
a joint is adjacent to the first étage, we need to have w ≡ µ1 mod 2.

(c) For the last diagram, we can uniquely solve for the weights of the
edges.

– 342 –



Tropical Möbius strips and ruled surfaces

1
2

1
2

1 1
µ1

w

µ2

(a)

1
2

1 1
µ1

w

µ2

(b)

1 1
µ1

w

µ2

(c)

Figure 6.1. Floor diagrams with a non-polynomial contribution.

6.1.2. Description of the minors of the adjacency matrix.

Given a marked floor diagram D and an adjacency matrix A of GD, let
A∆ be a principal minor of A corresponding to a subset ∆ ⊂ E of edges
and let G∆ be the subgraph of GD containing all the vertices and the edges
of ∆. The quotient ZV /⟨A∆⟩ is computed by the following lemma.

Lemma 6.4. — In the above notation,

(i) if the determinant of the minor is non-zero, then G∆ is a disjoint
union of connected subgraphs which are either trees containing a
unique eG, or which contain a unique cycle and no edge eG.

(ii) The group ZV /⟨A∆⟩ is a sum over the connected components of the
subgraph G∆, where the group associated to a component is Z/2Z
if the component is a tree containing some eG, or a cycle passing
through an odd number of joints, and 0 else (i.e. a cycle passing
through an even number of joints).

Proof. — Choosing a principal minor amounts to choosing a subset ∆ ⊂
E of size |V |. If the principal minor is non-zero, ∆ has a bijection ot V that
assigns each vertex one to of its adjacent edges in ∆. The expansion of the
determinant is now a signed weighted sum over these bijections. As the num-
ber of vertices and edges in G∆ is the same, G∆ has Euler characteristic 0,
and the same holds true for each of its connected components. Thus, for each
connected component there are two possibilities: either it is a tree rooted at
some edge corresponding to a ground floor or it contains a unique cycle.

This proves (i). To show (ii), note that the minor A∆ splits as a block-
diagonal matrix corresponding to its connected components. We claim that
the determinant of the block corresponding to a connected component is
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either 1 or 2, so that the quotient is a sum of copies of Z/2Z. We can compute
each determinant by pruning the branches of the components, which amounts
to Laplace expansion with respect to the row corresponding to the vertex we
prune. The coefficient of the vertex being ±1, we end up with one of these
two cases:

• for a component without cycle and rooted at an end eG , the deter-
minant is 2 since the coefficient of the latter in A is 2.

• If the component has a unique cycle, pruning the branches, we are
left with the cycle. When expanding the determinant, we have ex-
actly two terms according to the choice of vertex-edge assignment.
The value of this determinant is 0 if the cycle passes through an
even number of joints and 2 if this number is odd. □

6.1.3. Piecewise polynomiality in some situations.

We now use this fact to prove polynomiality in several special cases. First,
we consider curves that have a unique tangency point with maximal order on
the boundary. Afterwards, we show the analogue for curves of small genus.

Corollary 6.5. — The relative invariants having a unique intersection
point with the boundary are piecewise polynomial.

Proof. — There is a unique variable µ = 2b ∈ N. By Theorem 6.1, for
each floor diagram, the contribution is piecewise quasi-polynomial, and the
quasi-polynomiality is determined by the residue of the divergence vector d
modulo the principal minors of the adjacency matrix A. To conclude, we only
need to show that these residues are constant. Let us consider a principal
minor A∆ corresponding to a subgraph G∆. According to Lemma 6.4, the
cokernel is a sum of copies of Z/2Z corresponding to the components with
either a cycle with an odd number of joints, or an end eG at a ground floor.
Thus, only the residue mod 2 of the divergence vector d matter. All of its
coordinates are constant except µ, which is either 0 or εG . As µ = 2b ≡ 2δa
mod 2, its residue mod 2 is fixed. The function is thus a true polynomial. □

Corollary 6.6. — The relative invariants of genus 1 and 2 are piece-
wise polynomials.

Proof. — We proceed similarly to prove that all the residues are fixed.
Assume the diagram is of genus 1. It has at most one floor. As it needs to
have at least one, the floor is unique.

Assume the unique floor is an étage. Every end is adjacent to it, possibly
through some joint. Note that this diagram only contributes if the balancing
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condition at the étage is satisfied, which imposes a condition on the ends.
Then the matrix is unimodular, which, by [3], implies that the contribution
is polynomial.

If the unique floor is a ground floor, every end is (directly) adjacent to it.
There is a unique minor and the quotient is Z/2Z. However, as we have∑
µi = 2b ≡ 2δa mod 2, the residue is constant, implying polynomiality.

In case of genus 2, the possibilities for the floor diagrams are given in
Figure 6.2:

(a) if the diagram has a unique floor, it needs to be an étage with a
joint whose both extremities are adjacent to it. Further, every end
is adjacent to the étage, after potentially passing through some joint.
As there is a cycle passing through an odd number of joints (i.e. 1),
the determinant is 2. The residue is given by the sum of the entries,
which is fixed by a since 2b ≡ 2δamod 2. Thus, we get polynomiality.

(b) Assume the diagram has two floors, both of which are étages. The
matrix is unimodular, again imlying polynomiality.

(c) Assume the diagram has a ground floor and an étage. The ground
floor is linked to the étage by a unique edge. Thus, we have ex-
actly one principal minor with determinant 2, and the residue is
given by the sum of the entries. Thus, it is also fixed and we get
polynomiality. □

1

(a)

1 1

(b)

1
2 1

(c)

Figure 6.2. All floor diagrams of genus 2 and tangency profile 12a.
An arbitrary degree 2a can be reached by attaching ends via joints
as indicated by the dotted part of the pictures. Floor diagrams (a)
and (b) contribute for both TM0 and TM1, the diagram in (c) con-
tributes with the dashed end for TM0 and without the dashed end
for TM1.

– 345 –



Thomas Blomme and Victoria Schleis

6.2. Quasi-modularity

Quasi-modularity statements for the generating series of invariants of
degree 0 line bundle over an elliptic curve have been proven in [7]. Quasi-
modularity is a desirable property since it implies a strong control over the
coefficients, bounding their growth polynomially. We consider the generating
series of Nδ

g,aE+bF (µ, ν) in a. For TM0, given b and partitions µ + ν ⊢ 2b,
we set

F 0
g,b(µ, ν)(y) =

∑
a∈ 1

2N

N0
g,aE+bF (µ, ν)y2a,

where g ⩾ 1 and b ∈ N. We consider exponents 2a of the variable y since a
is a half-integer. Similarly, for TM1, as b can be an integer or a half-integer,
we have two generating series: we set

F 1
g,b(µ, ν)(y) =

∑
a∈N

N1
g,aE+bF (µ, ν)y2a if b ∈ N,

F 1
g,b(µ, ν)(y) =

∞∑
a∈ 1

2 +N

N1
g,aE+bF (µ, ν)y2a if b /∈ N.

In other words, we consider the generating series of relative invariants, fix-
ing the intersection profile with the boundary and varying the intersection
number (aE + bF ) · F = 2a, which is the exponent of the series variable.

Before proving the regularity result on the above generating series, we
introduce the following auxiliary functions:

• G2(y) =
∑∞

n=1 σ1(n)yn, the usual Eisenstein series up to an affine
transformation,

• H(y) =
∑∞

n=1 σ̃1(n)yn, the generating series of σ̃1(n) =
∑

k|n
k odd

n
k ,

• H0(y) =
∑∞

n=1 σ̃1(2n)y2n, H1(y) =
∑∞

n=0 σ̃1(2n+ 1)y2n+1, the odd
and even parts of H(y).

Lemma 6.7. — The functions H, H0 and H1 are quasi-modular forms
for some finite index subgroup of SL2(Z).

Proof. — We start with the function H. We have:

H(y) =
∞∑

n=1

∑
k|n

k odd

n

k

yn =
∞∑

n=1

∑
k|n

n

k

yn −
∞∑

n=1

 ∑
k|n

k even

n

k

yn

(∗)= G2(y) −
∞∑

n′=1

∑
k′|n′

2n′

2k′

y2n′
= G2(y) −G2(y2).
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To see (∗), note that for even k and n we can write k = 2k′, n = 2n′, and
k|n if and only if k′|n′. Then, H0 and H1 are just the even and odd parts
of H:

H0(y) = 1
2(H(y) +H(−y)) H1(y) = 1

2(H(y) −H(−y))

= 1
2(G2(y) +G2(−y)) −G2(y2), = 1

2(G2(y) −G2(−y)).

Using [11, Lemma 2.1], they are quasi-modular forms for finite index sub-
groups of SL2(Z). □

Theorem 6.8. — The generating series F 0
g,b(µ, ν) and F 1

g,b(µ, ν) are
quasi-modular forms for some finite index subgroup of SL2(Z).

Proof. — In the Section 6.1 on polynomiality, we consider the floor dia-
grams and forget the elevators weights. Here, we instead forget the degrees of
the floors. Given b and partitions µ and ν such that µ+ν ⊢ 2b, there are only
a finite number of genus g floor diagrams up to the degree of the floors. Then,
for a given a ∈ 1

2N, we find the diagrams contributing to Nδ
g,aE+bF (µ, ν) by

constructing partitions of a satisfying such that for each étage F , aF ∈ N,
for a ground floor G, aG ∈ 1

2N and δ · 2aG ≡
∑

e∋G we mod 2, and such that∑
aG +

∑
aF = a.

Let D be a marked floor diagram without floor degrees, and for a ground
floor let εG ≡

∑
e∋G we. Given a family (aF , aG) of degrees for the floors,

let D(aF , aG) be the corresponding diagram. By Definition 5.10, its multi-
plicity is

m
(
D(aF , aG)

)
= W

∏
F
avalF−1

F σ1(aF )
∏
G

(2aG)valG−1σ̃1(2aG),

where W accounts for the contribution of the elevators weights and the 2k

term. The sum over all values of a factors as follows:

∑
a

 ∑
ΣaF +ΣaG=a

m
(
D(aF , aG)

)y2a

= W
∏
F

( ∞∑
aF =1

avalF−1
F σ1(aF )y2aF

)

×
∏
G

 ∞∑
aG∈ 1

2N
δ2aG≡εG mod 2

(2aG)valG−1σ̃1(2aG)y2aG

.
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The series in the product over the étages are quasi-modular forms, since they
are equal to (DkG2)(y2) for a derivation of order k. The product over the
ground floors depends on δ.

In TM0, there is no parity condition on the sum, thus we recover some
derivative of the generating function H(y) and obtain quasi-modularity. In
TM1, depending of the value of εG , we sum over the odd or even values,
yielding HεG (y) in any case. This also results in the quasi-modularity of the
series. □

Remark 6.9. — For TM0, µ = ∅ and ν = 12b, we recover the non-relative
invariants of the degree 0 cylinder, for which quasi-modularity has already
been proven in [7, 13].
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