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Geometric embedding for regularity structures (∗)

Yvain Bruned (1) and Foivos Katsetsiadis (2)

ABSTRACT. — In this paper, we show how one can view certain models in regu-
larity structures as some form of geometric rough paths. This is performed by iden-
tifying the deformed Butcher–Connes–Kreimer Hopf algebra with a quotient of the
shuffle Hopf algebra which is the structure underlying the definition of a geometric
rough path. This provides an extension of the isomorphism between the Butcher–
Connes–Kreimer Hopf algebra and the shuffle Hopf algebra. This new algebraic result
relies strongly on the deformation formalism and the post-Lie structures introduced
recently in the context of regularity structures.

RÉSUMÉ. — Dans cet article, on montre comment l’on peut voir certains modèles
dans les structures de régularité sous la forme de chemins rugueux géométriques.
On réalise cette construction en identifiant l’algèbre de Hopf de Butcher–Connes–
Kreimer déformée avec le quotient d’une algèbre de shuffle qui est une structure
présente dans la définition d’un chemin rugueux géométrique. Cela procure une ex-
tension de l’isomorphisme entre l’algèbre de Hopf de Butcher–Connes–Kreimer et
celle de l’algèbre de shuffle. Ce résultat algébrique nouveau repose fortement sur
le formalisme de déformation et la structure post-Lie introduite récemment dans le
contexte des structures de régularité.

1. Introduction

In this work we attempt to construct a correspondence between models
in regularity structures [29] and geometric rough paths from classical rough
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path theory [26, 34]. Results of this kind have already been obtained in
the case of branched rough paths which are another type of rough paths
defined on trees (see [27]) instead of words. An approach given in [3] con-
structs a bijection between the two spaces BRPγ of branched rough paths
and ARPγ of anisotropic rough paths. The main idea is to use an algebraic
result from [18, 22] that directly relates the underlying Hopf algebras. In-
spired by this approach, we endeavour to show that certain Hopf algebras
appearing in the context of regularity structures also relate to Hopf alge-
bras with simpler presentation such as quotients of the tensor Hopf algebra
(T (B), ⊗, ∆�) that appears in the context of geometric rough paths. Try-
ing to find other combinatorial structures than decorated trees introduced
in [10, 29] for SPDEs has been developed in the recent multi-index formalism
in [32, 38]. The main difference with our approach, is that in their context
one can hope at the best for a post-Lie morphism between decorated trees
and multi-indices. Whereas, we obtain in this work an isomorphism. This
duality between trees and words for coding expansions has been considered
in numerical analysis (see [36, 37]). We also expect this work to have an im-
pact in the context of low regularity integrators in [15] for dispersive PDEs
where similar decorated trees are used.

Our approach further relies on an indispensable algebraic tool, which is
the notion of a post-Lie algebra. In [14], it has been shown that certain Hopf
algebras appearing in the context of regularity structures can be built di-
rectly from certain pre-Lie algebraic structures -a special case of post-Lie
algebras- that are simpler to describe. This is accomplished via means of
a recursive construction of the product by Guin and Oudom, first appear-
ing in [28, 39]. This fact can reveal important information about the Hopf
algebras involved. Given a pre-Lie algebra (E,↷) the Guin–Oudom proce-
dure constructs a product on the symmetric space over the underlying vector
space E. It also endows the space with the shuffle coproduct ∆� thus turn-
ing it into a Hopf algebra, which is isomorphic to the universal enveloping
algebra of the commutator Lie algebra ELie associated to E.

It was already known that the graded dual of the Butcher–Connes–
Kreimer Hopf algebra HBCK [16, 19, 20], which is the Grossman–Larson–
Hopf algebra HGL [25], can be generated in this manner by the free pre-Lie
algebra over a set of generators which can be described as the linear span of
trees endowed with the grafting product. In the work of [14] it is proven that
the graded dual of a deformed version of the Butcher–Connes–Kreimer Hopf
algebra is also generated in this manner by a deformed version of the graft-
ing product. This deformed version of the grafting product is then shown
to be isomorphic to the original grafting product in the category of pre-Lie
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algebras via an isomorphism Θ. This is illustrated below via the following
diagram:

↷ Guin–Oudom //

Θ
��

⋆

Φ
��

∆BCKDual
oo

↷̂ Guin–Oudom // ⋆̃ ∆DBCKDual
oo

(1.1)

where ↷̂ is the deformed grafting obtained from ↷ by Θ. The coproducts
∆BCK and ∆DBCK are respectly the Butcher–Connes–Kreimer and the de-
formed Butcher–Connes–Kreimer coproducts. The products ⋆ and ⋆̃ are the
Grossman–Larson and deformed Grossman–Larson products. The isomor-
phism Φ between these two products is obtained by applying the Guin–
Oudom functor to Θ (see Theorem 3.19). Furthermore, the work of [12]
completes this programme, in the sense that post-Lie algebras that gener-
ate the graded duals of the Hopf algebras H2 used for the recentering in
singular SPDEs (see [10, 14, 29]). Again, for each Hopf algebra one has an
original and deformed version and these are correspondingly proven to be
generated by a post-Lie product or a deformed version thereof. This could
be summarise in the following diagram:

↷̂Lie Guin–Oudom // ⋆2 ∆2.
Dual

oo (1.2)

We have added the notation Lie to stress the fact that one starts with a Lie
algebra and therefore the previous deformed gafting product ↷̂ is extended
to new objects. The Guin–Oudom procedure used is the one for post-Lie
algebras developed in [21]. The map ∆2 is the coproduct for H2.

The map Ψ allows to say that the deformed Butcher–Connes–Kreimer
Hopf algebra is isomorphic to the tensor Hopf algebra (see Theorem 3.21).
Indeed, the basis B given by the Chapoton–Foissy isomorphism ΨCF is trans-
ported via Φ in the sense that one has:

ΨCF : τ1 ⋆ · · · ⋆ τr 7−→ τ1 ⊗ · · · ⊗ τr, τi ∈ B.

Then, the new isomorphism ΨΦ is given by

ΨΦ : Φ(τ1) ⋆̃ . . . ⋆̃ Φ(τr) 7−→ Φ(τ1) ⊗ · · · ⊗ Φ(τr)

where Φ(τ1) ⊗· · ·⊗ Φ(τn) ∈ T (Φ(B)) and B is the linear span of B. This gives
a clear description of the basis that can be used in the context of the deformed
Butcher–Connes–Kreimer Hopf algebra. We also know that elements of B
are linear combinations of planted trees that are primitives elements for the
Butcher–Connes–Kreimer coproduct of the form Ia(τ). Here, in the notation
τ is a linear combination of decorated trees and Ia correspond of the grafting
of these trees onto a new root via an edge decorated by a.
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This result does cover the Hopf algebras used in [15] but not the one at
play in the context of regularity structures. Indeed, not only are planted trees
used for describing solutions of singular SPDEs but so are classical monomi-
als Xi. In the expansion, these objects are associated to some operators that
do not commute, motivating the introduction of a natural Lie bracket. The
grafting product has to be compatible with this underlying Lie bracket and
that is encapsulated in the form of a post-Lie product recently introduced
for SPDEs in [12]. Therefore, the Lie- algebraic structure has to be taken
into account when one extends the isomorphism introduced by Chapoton
and Foissy. In our main result (see Theorem 4.12) the alphabet A is given
by the Xi and the Φ(Ia(τ)) ∈ Φ(B). We denote by W the words on this
alphabet. The space W̃ is given as the quotient of W by the Hopf ideal J
generated by the elements{

Xi ⊗ Φ(Ia(τ)) − Φ(Ia(τ)) ⊗ Xi− ↑i Φ(Ia(τ)) − Φ(Ia−ei
(τ))

}
where Ia(τ) ∈ B and ↑i corresponds to changing a node decoration by adding
ei to it. The ei are the canonical basis of Nd+1. Then, there exists a Hopf
algebra isomorphism ΨΦ between decorated trees and W̃ . The map ΨΦ is
given as an extension of ΨΦ by

ΨΦ :
n∏

i=1
Iai

(τi)Xk −→ ΨΦ

(
n∏

i=1
Iai

(τi)
)

d⊗
j=0

kj⊗
i=1

Xj .

where k = (k0, . . . , kd) ∈ Nd+1, Xk =
∏d

j=0 X
kj

j and
∏n

i=1 Iai(τi)Xk cor-
responds to a certain order as two planted trees commute but not Xi and
a planted tree which is encoded in the Lie bracket. The product

∏n
i=1 is

commutative.

Let us comment on the main algebraic result of this paper. We know from
the Milnor–Moore theorem that a Hopf algebra is the universal enveloping
algebra of its primitive elements, which is defined as a quotient of a tensor
algebra. The difference is that the space W appearing here is much smaller
than that of the primitive elements. It is the image by an isomorphism of a
basis of primitive elements for the Butcher–Connes–Kreimer Hopf algebra.
The other elements are the Xi. The quotient is equipped with a Lie bracket
between the Xi and the planted trees which is way smaller than the one taken
for the Milnor–Moore theorem. The main thing to check is to see that this
Lie bracket preserves the basis of Chapoton and Foissy which is the subject
of Proposition 4.11. The construction features a very general mechanism that
can be reproduced in other contexts:

• Deformation with the help of an isomorphism that transports the
structure.
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• Post-Lie structures: one adds new elements Xi that do not commute
with the previous space. They introduce a natural Lie algebra. This
new Lie algebra is used in the quotient of W .

We obtain a better understanding of the recentering Hopf algebra that can
potentially provide new results in the theory of regularity structures and the
analysis of (S)PDEs.

Outline of the paper

The paper will be structured as follows: in Section 2 we give an outline of
the results in [3], where the authors construct a correspondence between geo-
metric rough paths and branched rough paths. This is accomplished using a
result of Chapoton and Foissy that shows that the Grossman–Larson–Hopf
algebra is in fact isomorphic to the tensor Hopf algebra. As rough paths may
be seen as parametrized families of characters of these Hopf algebras one can
use composition with the Hopf algebra isomorphism to directly transverse
across structures see Theorem 2.9. In this section, we also present the gener-
alised version of the classical Butcher–Connes–Kreimer Hopf algebra HBCK
that can accomodate decorations on the edges and nodes of the forests. We
also present the generalized version of the Grossman–Larson–Hopf algebra
HGL which again comes with decorations on the edges and nodes and is dual
to HBCK. We also present the Chapoton–Foissy isomorphism in this context
(see Theorem 2.8) that we will use in the sequel.

In Section 3, we present the grafting and deformed grafting pre-Lie prod-
ucts and explain how they generate the Grossman–Larson product (see The-
orem 3.16) and a deformed version thereof (see Theorem 3.17), via a con-
truction given by Guin and Oudom. We then present the isomorphism Θ
appearing in [14] between the grafting and deformed grafting pre-Lie alge-
bras. We use this to prove that this deformed structure is isomorphic as
a Hopf Algebra to the original Grossman–Larson–Hopf algebra. Hence, by
virtue of the result of Chapoton and Foissy, it is also isomorphic to the tensor
Hopf algebra (see Theorem 3.21).

In Section 4 we present the post-Lie algebraic formalism and the gen-
eralisation of the Guin–Oudom construction in that context. We recall the
results in [12] and make essential use of them to prove our main result. The
post-Lie algebraic formalism allows for a precise encoding of the action of
the deformed grafting product alongside its interaction with the ↑i operators.
Uploading this data onto the universal enveloping algebra via the construc-
tion in [21] allows for a finer analysis of the H2 Hopf algebra and the relation
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it bears to the simpler deformed Grossman–Larson–Hopf algebra. This in-
formation, together with the isomorphism ΨΦ ultimately leads to the main
result Theorem 4.12 which is an isomorphism between the H2 Hopf algebra
and an appropriate quotient of the shuffle Hopf algebra.

Finally in Section 5, we explore some applications in the context of regu-
larity structures. We show how, using this isomorphism one may move from
one encoding to another. This is done by composing the elements of the
structure group with the isomorphism and obtaining a new structure group
acting on the relevant quotient of the tensor Hopf algebra. This is similar in
spirit to the approach in [3]. The main algebraic result of the section is The-
orem 5.1 which identifies T+ the vector space used for the structure group as
isomorphic to a Hopf subalgebra of the quotient of the shuffle Hopf algebra
described before. Then, we propose an attempt to rewrite Theorem 2.9 int
the context of regularity structures (see Theorem 5.2).

2. From non-geometric to geometric rough paths

In this section, we present the state of the art in the context of moving
from geometric to branched rough paths. We formulate the results using the
notion of anisotropic and branched γ rough paths, with the correspond-
ing spaces denoted by ARPγ and BRPγ . We shall give the definitions
of the relevant Hopf algebras and then proceed to outline the results in
[3, 30, 40]. Our approach in the next sections is a generalization of the
approach presented in [3].

Before moving further, we introduce some notations. We shall denote by
T V

E the set of all rooted trees with nodes decorated by V and edges decorated
by E and by F V

E the set of forests which consists of monomials over T V
E .

We then denote by T V
E the formal linear span of T V

E . We also denote by FV
E

the forest algebra, which consists of all polynomials over T V
E . It is the free

commutative algebra over the vector space T V
E .

Furthermore, we denote by P V
E the set of planted trees and by PV

E their
linear span. A planted tree is of the form Ia(τ) where τ ∈ T V

E and Ia(τ)
denotes the grafting of the tree τ onto a new root with no decoration via an
edge decorated by a ∈ E. We also use Nτ , Eτ and Lτ for the set of nodes,
edges and leaves of a tree τ ∈ T V

E . We may equip these structures with
different products and at these times we will essentially use the notation to
refer to the underlying vector spaces.

We will use Vec for the category of vector spaces and Alg and CAlg for
the category of algebras and commutative algebras respectively. We shall use
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S : Vec → CAlg for the symmetric algebra functor taking a vector space V
to the free commutative algebra over V . Similarly, we use T : Vec → Alg
for the tensor algebra functor taking a vector space V to the free associative
algebra over V .

We also define an admissible cut of a tree to be any selection of edges
that are pairwise incomparable with respect to the partial ordering induced
by the tree. If h ∈ FV

E then we use Adm(h) to denote the set of admissible
cuts of h.

Definition 2.1. — We define the Butcher–Connes–Kreimer coproduct
∆BCK on the symmetric algebra S(PV

E ) by setting, for h ∈ PV
E :

∆BCK(h) :=
∑

C∈Adm(h)

P̃ C(h) ⊗ RC(h). (2.1)

Here, we have used P̃ C(h) to denote the pruned forest that is formed by
collecting all the edges at or above the cut, including the ones upon which
the cut was performed, so that the edges that were attached to the same node
in h are part of the same tree. The term RC(h) corresponds to the “trunk”,
that is the subforest formed by the edges not lying above the ones upon which
the cut was performed. In the case of decorated trees with no decorations
on the edges, we consider the classical Butcher–Connes–Kreimer coproduct
given by:

∆̂BCK(h) :=
∑

C∈Adm(h)

P C(h) ⊗ RC(h) (2.2)

where this time, we do not keep the edges in the cut C with P C(h).

The Butcher–Connes–Kreimer Hopf algebra HBCK is the graded bial-
gebra with underlying algebraic structure given by the natural symmetric
product on S(PV

E ) and coalgebra structure given by ∆BCK. The grading is
defined to be the number of edges. As a graded connected bialgebra, it is
also a Hopf algebra. We denote the usual Butcher–Connes–Kreimer Hopf
algebra by ĤBCK given by S(T V ) equipped with the forest product and co-
product ∆̂BCK. The space T V is the linear span of decorated trees with only
decorations on the nodes. For this Hopf algebra, the grading is the number
of nodes.

Remark 2.2. — The coproduct ∆̂BCK is used for branched rough paths.
In the context of SPDEs with several equations, one has to keep track of
the various operators needed for a given iterated integral. This is perfomed
by decorations on the edges. Let us mention, that a variant of the Butcher–
Connes–Kreimer coproduct has been used in the context of Volterra-type
rough paths in [13] where the edges cut are also kept for keeping track the
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fact that they were attached to the same node. This is crucial for proving a
generalized Chen’s relation involving a convolution-type product.

Remark 2.3. — We shall frequently use Sweedler’s notation and will write
∆BCK(h) =

∑
(h) h(1) ⊗ h(2) to denote the sum ranging over the expansion

of the coproduct ∆BCK. We will also frequently use Sweedler’s notation for
the other coproducts that will be introduced.

One can provide a recursive formula for the Butcher–Connes–Kreimer
coproduct ∆BCK:

∆BCK1 = 1 ⊗ 1
∆BCKIa

(
Xkτ

)
=
(
id ⊗Ia

(
Xk·

))
∆BCKτ + Ia

(
Xkτ

)
⊗ 1,

(2.3)

and it extends multiplicatively to the product of S(PV
E ). Here, τ belongs

to S(PV
E ). The notation Xkτ with k ∈ V means that we identify the roots

of the planted trees in τ into a single root decorated by k. The map Ia(Xk·)
is an operator from S(PV

E ) into S(PV
E ) that grafts the decorated tree Xkτ

onto a new root via an edge decorated by a. From this coproduct, one has an
associative product denoted as the Grossman–Larson product ⋆ defined as:

σ ⋆ τ := (σ ⊗ τ)∆BCK

where we use the following identification by viewing τ ∈ S(PV
E ) as a linear

functional in S(PV
E ) such that : ⟨τ, τ⟩ = S(τ) if τ = τ and zero elsewhere. The

coefficient S(τ) corresponds to the internal symmetry factor of the forest τ .
It is given by

∏
i|Aut(τi)| where the τi are the trees of τ and |Aut(τi)| is the

number of automorphisms preserving τi. We define a second coproduct on
S(PV

E ) as
∆τ = τ ⊗ 1 + 1 ⊗ τ

for every τ ∈ PV
E and then extends multiplicatively for the symmetric prod-

uct of S(PV
E ).

For the rest of the section, we set V = {0, . . . , d}. We denote by T the
set of decorated trees whose nodes are decorated by V and edges are not
decorated. The set TN consists of decorated trees of T with at most N
nodes. We also set F to be forests formed of decorated trees in T and FN

forests with at most N nodes. We denote by G the set of characters from the
Butcher–Connes–Kreimer Hopf algebra Ĥ into R. The projection of G onto
ĤN = ⟨FN ⟩ is denoted by GN . The characters are linear algebra morphisms
forming a group with respect to the convolution product ⋆0

X ⋆0 Y := (X ⊗ Y )∆̂BCK. (2.4)

The unit for the convolution product is the co-unit 1∗ which is non-zero only
on the empty tree.
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Definition 2.4. — Let γ ∈ ]0, 1[, we define a branched γ-rough path as
a map X : [0, 1]2 → G such that Xtt = 1∗ and such that Chen’s relation is
satisfied:

Xsu ⋆0 Xut = Xst, s, u, t ∈ [0, 1], (2.5)
and the analytical condition

sup
0⩽s,t⩽1

⟨Xst, τ⟩
|t − s|(1−γ)|τ |0+γ|τ | < ∞, (2.6)

where |τ |0 counts the number of times the decoration 0 appears in τ . In the
sequel, we will consider the greatest N ∈ N such that γN ⩽ 1. The branched
γ-rough paths are taking values in GN . We denote this space by BRPγ .

We also introduce the shuffle Hopf algebra. Given an alphabet A, we
consider the linear span of the words on this alphabet denoted by T (A).
We set ε as the empty word. The product on T (A) is the shuffle product
defined by

ε� v = v� ε = v, (au� bv) = a(u� bv) + b(au� v) (2.7)

for all u, v ∈ T (A) and a, b ∈ A. We first define the deshuffle coproduct ∆�
dual to the shuffle product defined for every a ∈ A as

∆�a = a ⊗ ε + ε ⊗ a (2.8)

and then extends multiplicatively for the tensor product ⊗. The coproduct
∆ : T (A) → T (A) ⊗ T (A) is the deconcatenation of words:

∆(a1 . . . an) = a1 . . . an ⊗ ε + ε ⊗ a1 . . . an +
n−1∑
k=1

a1 . . . ak ⊗ ak+1 . . . an.

Equipped with the shuffle product and the deconcatanation coproduct, T (A)
is a Hopf algebra. The grading of T (A) is given by the length of words
ℓ(a1, . . . , an) = n. We denote by GA the group of characters associated to
T (A) and by ∗ the convolution product.

Definition 2.5. — An anisotropic γ-rough path, with γ = (γa, a ∈ A),
0 < γa < 1, is a map X : [0, 1]2 → GA such that Xtt = ε∗ where ε∗ is the
counit. It satisfies

Xsu ∗ Xut = Xst, |⟨Xst, v⟩| ≲ |t − s|γ̂ω(v) (2.9)

for all (s, u, t) ∈ [0, 1]3 and words v. Here, γ̂ = mina∈A γa and for a word
v = a1 . . . ak of length k we define

ω(v) = γa1 + · · · + γak

γ̂
= 1

γ̂

∑
a∈A

na(v)γa (2.10)
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where na(v) is the number of times the letter a appears in v. The space of
anisotropic γ-rough paths is denoted by ARPγ . When the γa are all equal
to a fixed γ, one recovers the classical geometric rough paths.

As for the branched rough paths, we perform a truncation and con-
sider paths taking values in GTN ,N . Elements of GTN ,N are characters over
TN (TN ) which are words v = τ1 . . . τn built on the alphabet TN such that∑n

i=1 |τi| ⩽ N .

The first approach to moving from trees into words is given by the Hairer–
Kelly map ΨHK in the context of geometric rough paths in [30]. This map
first introduced in [30] is given in [9, Definition 4, Section 6] as the unique
Hopf algebra morphism from H to the shuffle Hopf algebra (T (T ),�, ∆)
obeying:

ΨHK = (ΨHK ⊗ P1)∆̂BCK

where P1 := id −1∗ is the augmentation projector. The following theorem
given in [40] established a correspondence between anisotropic rough paths
and branched rough paths:

Theorem 2.6. — Let X be a branched γ-rough path. There exists an
anisotropic geometric rough path X indexed by words on the alphabet TN ,
N = ⌊1/γ⌋, with exponents (γτ , τ ∈ TN ), and such that ⟨X, τ⟩ =
⟨X, ΨHK(τ)⟩.

Remark 2.7. — The previous theorem relies on the Lyons–Victoir ex-
tension theorem given in [35] which is not canonical. The authors in [40]
identified a transitive free action of the additive group Cγ on BRPγ . The
abelian group Cγ is given by

Cγ :=
{

(gτ )τ∈TN
: gτ

0 = 0, gτ ∈ Cγτ ([0, 1]), ∀ τ ∈ T , |τ | ⩽ N
}

.

Explicit expressions for g have been given in [5] for the BPHZ renormalisation
at the level of rough paths introduced in [8]. Parametrisation in the context
of regularity structures has been considered in [1].

Lastly, the approach most relevant to this work, given in [3], constructs
a bijection between the two spaces BRPγ and ARPγ . The main idea is
to use an algebraic result from [18, 22]. We denote by ĤGL the Grossmann
Larson–Hopf algebras (resp. HGL) defined on S(T ) (resp. S(PV

E )) equipped
with the product ⋆0 (resp. ⋆) and the coproduct ∆. We recall this result of
Chapoton and Foissy [18, 22]:

Theorem 2.8. — There exists a subspace B̂ = ⟨τ1, τ2, . . . ⟩ of T (resp.
B and PV

E ) such that ĤGL (resp. HGL) is isomorphic as a Hopf algebra to
the tensor Hopf algebra (T (B̂), ⊗, ∆�) (resp. (T (B), ⊗, ∆�)) which consists
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of the linear span of the set of words from the alphabet B̂ (resp. B), endowed
with the tensor product and the shuffle coproduct.

We provide an outline here of the construction. First, one proves the
existence of a set

B = {τ1, τ2, . . . } (2.11)
that consists of a basis of primitive elements of the Hopf algebra HBCK
belonging to PV

E such that every τ ∈ HGL has a unique representation of
the form:

τ =
∑

R

λRτr1 ⋆ · · · ⋆ τrn (2.12)

where the sum is performed over finitely many multi-indices R = (r1, . . . , rn).
Then, one can exhibit an isomorphism ΨCF between the two Hopf algebras
HGL and T (B) where B is the linear span of B as follows:

ΨCF : τ1 ⋆ · · · ⋆ τr 7−→ τ1 ⊗ · · · ⊗ τr

where τ1 ⊗ · · · ⊗ τr ∈ T (B). This will be the isomorphism that we will use in
the next section. We will obtain an isomorphism of the deformed Grossman–
Larson–Hopf algebra HDGL with the tensor Hopf algebra (T (B), ⊗, ∆�).

In the context of rough paths, one uses the isomorphism Ψ̂CF between
the two spaces H∗

N and TN (B̂N ) based on the basis B̂N (see [3, Lemma 4.2]):

Ψ̂CF : τ1 ⋆0 · · · ⋆0 τr 7−→ τ1 ⊗ · · · ⊗ τr

where τ1 ⊗ · · · ⊗ τn ∈ TN (B̂N ). Here B̂N are elements of B̂ with at most N
nodes. One has from [3]:

Theorem 2.9. — Let X ∈ BRPγ , then X̂ := Ψ̂CF(X) ∈ ARPγ .

In [5], the action of the renormalisation on this construction has been
described. The family of renomalisation maps considered are BPHZ renor-
malisation map M (inspired from the BPHZ renormalisation of Feynman
diagrams [4, 31, 41] which was used in the context of regularity struc-
tures [10, 17]) whose adjoints M∗ are morphisms for the product ⋆0:

M∗(τ ⋆0 σ) = M∗τ ⋆0 M∗σ.

Then, one is able to define a renormalisation map M̂∗ on TN (B̂N ) that
commutes with the isomorphism Ψ̂CF (see [5, Theorem 4.7]):

M̂∗X̂ = M̂∗Ψ̂CF(X) = Ψ̂CF(M∗X).

BPHZ renormalisation maps in the context of rough paths have been first
considered in [8] with some examples provided in [7].
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3. An isomorphism for the deformed Grossman–Larson–Hopf
algebra

In this section, we introduced pre-Lie and multi-pre-Lie algebras with the
main example being the grafting product for decorated trees and its deforma-
tions given in [6, 14]. Then, we apply the Guin–Oudom procedure [28, 39] to
the grafting product for deriving the Grossman–Larson–Hopf algebra HGL,
the graded dual of the Butcher–Connes–Kreimer–Hopf algebra HBCK. Using
the functor given by Guin–Oudom, we are able to lift the isomorphism Θ
introduced in [14] (see (3.9)) at the level of the grafting products to an
isomorphism Φ for the deformed Grossman–Larson–Hopf algebras (see The-
orem 3.19). This allows us to state our main result which is Theorem 3.21
that translates the Chapoton–Foissy isomorphism in the context of the de-
formed Grossman–Larson–Hopf algebra. One just applies the isomorphism
Φ to the basis previously obtained in Theorem 2.8.

We begin this section by giving the definition of a pre-Lie algebra.

Definition 3.1. — A pre-Lie algebra is an algebra (P,↷) over a field k
of characteristic 0, whose product satisfies the following relation for every
x, y, z ∈ P

x ↷ (y ↷ z) − (x ↷ y) ↷ z = y ↷ (x ↷ z) − (y ↷ x) ↷ z.

Remark 3.2. — Note that every associative algebra is a pre-Lie algebra as
in this case the associator vanishes and the left- and right-hand sides above
are both equal to zero.

A pre-Lie algebra gives rise to a Lie algebra:

Proposition 3.3. — If (E,↷) is a pre-Lie algebra, then the commuta-
tor [x, y] = x ↷ y − y ↷ x is a Lie bracket.

Remark 3.4. — Here is an equivalent definition: an algebra (E,↷) over
a field k of characteristic 0, whose commutator is a Lie bracket and left
multiplication by ↷ gives a representation of the commutator Lie algebra.

Remark 3.5. — Not every Lie algebra comes from an associative algebra
(with the commutator as its Lie bracket). For example, free Lie algebras
do not arise from any associative algebra. They do, however, arise from
free pre-Lie algebras, see [18]. It is interesting to study the implications
of a Lie algebra L arising from a pre-Lie structure. An explicit recursive
procedure, given by Guin and Oudom (see Theorem 3.15), for constructing
an associative product on the symmetric space over L is one implication. The
free cocommutative coalgebra endowed with this associative product turns
out to be a Hopf algebra that is isomorphic to the universal enveloping
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algebra of L. This can be seen as exploiting the pre-Lie structure to obtain
extra information about the universal envelope of L.

We also give the definition of a multi-pre-Lie algebra first introduced
in [6]. Although a seemingly richer structure, all the information can be
condensed into a single pre-Lie algebra. It is nonetheless a useful notion
when describing certain families of products.

Definition 3.6. — A multi-pre-Lie algebra indexed by a set E is a vec-
tor space P over a field k of characteristic 0, endowed with a family (↷α)α∈E

of bilinear products such that for every x, y, z ∈ P
x ↷a

(
y ↷b z

)
− (x ↷a y) ↷b z = y ↷b (x ↷a z) −

(
y ↷b x

)
↷a z.

As it is shown below (see [23]), one can summarise all the data of a multi-
pre-Lie algebra into a single pre-Lie algebra.

Lemma 3.7. — If P is a multi-pre-Lie algebra over a field k of charac-
teristic 0 and indexed by a set E, then P ⊗ kE is a pre-Lie algebra when
endowed with the product

(x ⊗ a) ↷ (y ⊗ b) = (x ↷a y) ⊗ b

for any a, b ∈ E and for any x, y, z ∈ P.
Example 3.8. — A family of pre-Lie products on T V

E is given by grafting
by means of decorated edges, namely:

σ ↷a τ :=
∑

v∈Nτ

σ ↷a
v τ, (3.1)

where σ and τ are two decorated rooted trees and where σ ↷a
v τ is obtained

by grafting the tree σ on the tree τ at node v by means of a new edge
decorated by a ∈ E.

Another example is a deformed version of the above family of grafting
products.

Example 3.9. — We consider Nd+1 here, endowed with componentwise
addition. A grading is given by

|n|s := s0n0 + · · · + sdnd

where s := (s0, . . . , sd) ∈ Nd+1
>0 is fixed. We suppose that V = S × Nd+1 and

E = S′ × Nd+1 where S and S′ are two finite sets. Then Nd+1 acts freely
on both E and V in a graded way. We denote by + the addition in Nd+1

as well as both actions of Nd+1 on E and V . A family of deformed grafting
products on T V

E is defined as follows:

σ↷̂a
τ :=

∑
v∈Nτ

∑
ℓ∈Nd+1

(
nv

ℓ

)
σ ↷a−ℓ

v

(
↑−ℓ

v τ
)
. (3.2)
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Here nv ∈ Nd+1 denotes the second component of the decoration at the
node v. The generic term is self-explanatory if there exists a (unique) pair
(b, α) ∈ E × V such that a = ℓ + b and nv = ℓ + α. It vanishes by convention
if this condition is not satisfied. The operators ↑ω

v act by adding ω to the
decoration nv. We define the grading of a tree in T V

E by the sum of the
gradings of its edges given by | · |grad:

|τ |grad :=
∑

e∈Eτ

∣∣e(e)
∣∣
s
, (3.3)

where e(e) is the decoration of the edge e. Then, ↷̂a is a deformation of ↷a

in the sense that:
σ↷̂a

τ = σ ↷a τ + lower grading terms.

We now proceed to give the definitions of pre-Lie products that will be
of interest to us. We first define the grafting product, a pre-Lie product on
planted trees with edge and node decorations that gives rise to the free multi-
pre-Lie algebra equipped with a family of pre-Lie products over a prescribed
set of generators. We will then define a deformed version of this grafting
product that is of greater interest to us, which turns out to be isomorphic
to the original grafting product.

Definition 3.10 (Grafting product). — The grafting product on the
space PV

E is defined as follows for planted trees and is then extended by
linearity:

Ia(σ) ↷ Ib(τ) = Ib(σ ↷a τ) (3.4)
for any a, b ∈ E and any τ, σ ∈ T V

E .

Definition 3.11 (Deformed grafting product). — The deformed graft-
ing product on the space PV

E is defined as follows for planted trees and is
then extended by linearity:

Ia(σ) ↷̂ Ib(τ) = Ib(σ↷̂a
τ) (3.5)

for any a, b ∈ E and any τ, σ ∈ T V
E .

Remark 3.12. — The grafting products is clearly pre-Lie products under
the identification of the space PV

E with T V
E ⊗ kE by identifying an element

Ia(τ) with τ⊗a. For the deformed grafting, one needs more work to show that
it is a pre-Lie product. The first option is to prove it via direct computations
as in [6, Remark 4.20]. The second option is to use the pre-Lie isomorphism
given in [14, Theorem 2.7] whose explicit expression is recalled in (3.9).

We will now introduce a deformed version of the original Butcher–
Connes–Kreimer coproduct, which we call the deformed Butcher–Connes–
Kreimer (DBCK) coproduct and denote by ∆DBCK.
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Definition 3.13. — We suppose that the set V of node decorations co-
incides with Nd+1. Then, the deformed Butcher–Connes–Kreimer coproduct
is defined by the maps ∆DBCK : S(PV

E ) → S(PV
E ) ⊗ S(PV

E ) and ∆DBCK :
T V

E → S(PV
E ) ⊗ T V

E defined recursively by:

∆DBCKIa(τ) = (id ⊗Ia)∆DBCKτ + Ia(τ) ⊗ 1,

∆DBCKXk = 1 ⊗ Xk,

∆DBCKIa(τ) = (id ⊗Ia)∆DBCKτ +
∑

ℓ∈Nd+1

1
ℓ!Ia+ℓ(τ) ⊗ Xℓ.

(3.6)

The map ∆DBCK is extended using the product of S(T V
E ). We use the tree

product for extending the map ∆DCK. Here the tree product is the merging
root product. It means that given two decorated trees, their tree product is
equal to a new decorated tree obtained by identifying the roots of the two trees
and adding decorations from the previous roots to the new root. The infinite
sum over ℓ makes sense via a bigrading introduced in [10, Section 2.3].

Definition 3.14. — The Deformed Butcher–Connes–Kreimer (DBCK)
Hopf algebra HDBCK is the graded bialgebra on FV

E = S(PV
E ) equipped with

the forest product (i.e. the product of the symmetric algebra) and the ∆DBCK
coproduct. As a graded, connected bialgebra, it is also a Hopf algebra.

For a Hopf algebra, we shall denote the space of primitive elements of
H by Prim(H). Note that Prim(H) is a linear subspace of H. Equipping
Prim(H) with the commutator Lie bracket [h1, h2] = h1h2 − h2h1 it is also
a Lie algebra. It is well-known that the primitive elements of a Hopf Al-
gebra carry the structure of a Lie algebra. When H is a cocommutative
graded connected Hopf algebra with finite-dimensional graded components,
the Milnor–Moore theorem tells us that H ∼= U(Prim(H)), i.e. that H is
isomorphic as a Hopf algebra to the universal enveloping algebra over it’s
primitives. When H is cofree-cocommutative and right-sided, the primitive
elements of H admit a finer structure, that of a pre-Lie algebra. An explicit
description of any Hopf algebra obeying these conditions via means of its
underlying pre-Lie algebra is given by the Guin–Oudom procedure [28, 39],
which gives a recursive construction of the algebra’s associative product on
the symmetric algebra S(Prim(H)) over the primitives:

Theorem 3.15 (Guin–Oudom). — Let (P, ▷) be a pre-Lie algebra and
let S(P) denote the symmetric space over the underlying vector space. For
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every u, v, w ∈ S(P), x, y ∈ P we start by extending the product ▷ on S(P)
as follows:

1 ▷ w = w, u ▷ 1 = 1⋆(u),

w ▷ uv =
∑
(w)

(
w(1) ▷ u

)(
w(2) ▷ v

)
,

xv ▷ y = x ▷ (v ▷ y) − (x ▷ v) ▷ y,

(3.7)

where 1⋆ stands for the counit, the summation over (w) is shorthand for
summing over the terms of the expansion for the shuffle coproduct ∆� and
where ▷ is extended to P ⊗ S(P) in the following way:

x ▷ x1 . . . xk =
k∑

i=1
x1 . . . (x ▷ xi) . . . xk,

with xi ∈ P. We now define the associative product ⋆ as follows:

w ⋆ v =
∑
(w)

(
(w(1) ▷ v)w(2)

)
. (3.8)

Then, the associative product ⋆ on S(P) is such that the Hopf algebra
(S(P), ⋆, ∆�) is isomorphic to the universal enveloping algebra U(P) of the
Lie algebra associated to P, equipped with its standard Hopf-algebraic struc-
ture. Furthermore, the induced mapping from the category PreLie to the
category Hopf of Hopf algebras is a functor. A morphism ϕ in PreLie is
mapped to S(ϕ) where S is the symmetric space functor.

Given a pre-Lie algebra P the Guin–Oudom procedure describes a way
to impose a Hopf algebra structure on S(P) by using the pre-Lie product
to obtain an associative product on S(P). This turns out to be isomorphic
to U(P). In fact, one obtains a functor from the category PreLie to the cat-
egory Hopf of Hopf algebras, see the proof of [28, Proposition 3.1]. Further-
more, Loday and Ronco, in [33] prove that this mapping is an equivalence of
categories from PreLie to a certain category CHA of cofree-cocommutative
right-sided combinatorial Hopf Algebras. For example, under this correspon-
dence, the free pre-Lie algebra on one generator gives rise to the Grossman–
Larson–Hopf algebra.

Theorem 3.16. — The grafting pre-Lie algebra with product ↷ and edge
decorations from the set E is the free pre-Lie algebra over E. Furthermore the
product obtained by the Guin–Oudom construction above is the Grossman–
Larson product and therefore HGL = (S(PV

E ), ⋆, ∆�) is isomorphic to the
universal enveloping algebra U(h), where h is the Lie algebra induced by the
grafting product ↷.

We also have analogous results for the deformed grafting product:
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Theorem 3.17. — The Hopf algebra HDGL = (S(PV
E ), ⋆̃, ∆�), where ⋆̃

is obtained from ↷̂ via the Guin–Oudom construction given above, is iso-
morphic to the universal enveloping algebra U(g), where g is the commutator
Lie algebra induced by ↷̂.

We shall denote by HDGL the deformed Grossman–Larson–Hopf algebra.
This is due to the following theorem [14, Theorem 3.4]:

Theorem 3.18. — The product ⋆̃ is dual to the deformed Butcher–
Connes–Kreimer coproduct ∆DBCK.

In [14, Theorem 2.7], the authors prove that there exists an isomorphism
Θ between the pre-Lie algebra EGL associated with the Grossman–Larson–
Hopf algebra and the pre-Lie algebra EDGL associated with the deformed
Grossman–Larson–Hopf algebra. One can describe recursively the isomor-
phism Θ by

Θ
(
Ia

(
Xk
))

= Ia

(
Xk
)

Θ
(

Ia

(
Xk

n∏
i=1

Iai(τi)
))

=
n∏

i=1
Θ
(
Iai(τi)

)
↷̂ Ia

(
Xk
)
.

(3.9)

Using the isomorphism Θ, together with Theorem 3.15, we can now prove:
Theorem 3.19. — The deformed Grossman–Larson–Hopf algebra HDGL

is isomorphic as a Hopf algebra to the original Grossman–Larson–Hopf al-
gebra HGL.

Proof. — Let Θ denote the isomorphism between the pre-Lie Algebras
associated to HGL and HDGL. We let G : PreLie → Hopf denote the
Guin–Oudom functor. Then, Φ := G(Θ) is an isomorphism between HGL
and HDGL in the category of Hopf algebras. □

Then, our previously defined isomorphism Φ : HGL → HDGL induces
a linear isomorphism of the space of primitive elements for HBCK, seen as
a subspace of HGL, onto its image. This allows us to prove the following
theorem:

Proposition 3.20. — Let σ ∈ HDGL. Then, there exists a subspace
B̃ = ⟨σ1, σ2, . . . ⟩ ⊆ HDGL such that

σ =
∑

R

λRσr1 ⋆̃ · · · ⋆̃σrn

with a unique such decomposition.
Proof. — We pick the unique τ such that σ = Φ(τ). We know that

τ =
∑

R

λRτr1 ⋆ · · · ⋆ τrn
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for some Butcher–Connes–Kreimer primitive elements τri
belonging to B.

Hence,
σ = Φ(τ) =

∑
R

λRΦ(τr1) ⋆̃ · · · ⋆̃ Φ(τrn
).

We then pick σri
= Φ(τri

). This completes the proof by considering
B̃ = Φ(B). □

From the previous proposition, given the basis B, the basis one can use
for ⋆̃ is Φ(B) = {Φ(τ1), Φ(τ2), . . . }. Then, one can exhibit an isomorphism
ΨΦ between the two spaces S(PV

E ) and T (Φ(B)) based on the basis of Φ(B):

ΨΦ : Φ(τ1) ⋆̃ · · · ⋆̃ Φ(τr) 7−→ Φ(τ1) ⊗ · · · ⊗ Φ(τr) (3.10)

where Φ(τ1) ⊗ · · · ⊗ Φ(τn) ∈ T (Φ(B)). As a corollary, by composition of
isomorphisms, we obtain:

Theorem 3.21. — There exists a subspace B = ⟨τ1, τ2, . . . ⟩ of PV
E such

that HDGL is isomorphic as a Hopf algebra to the tensor Hopf algebra
(T (B), ⊗, ∆�) endowed with the tensor product and the shuffle coproduct.

4. Extension of the Chapoton–Foissy isomorphism

In this section, we prove our main result, Theorem 4.12, which asserts
that the H2 Hopf algebra, used in the context of regularity structures for
recentering the ensuing Taylor-type expansions around different points, is
actually isomorphic to a simple quotient of the tensor Hopf algebra. This
quotient comes from the Lie bracket between planted trees and extra ele-
ments Xi which are parts of H2 but were absent in the previous section.
The main difficulty is to check that the basis given by Theorem 3.21 is sta-
ble under this quotient. This is proved in Proposition 4.11 and relies on
properties of the two derivations ↑i and Di. They commute with the isomor-
phism ΨΦ, as shown in Proposition 4.8 and leave invariant the primitives of
the Butcher–Connes–Kreimer–Hopf algebra, see Corollary 4.10. The formu-
lation of the main result and its proof rely strongly on the post-Lie algebras
introduced in [12] for describing H2. Finally, we give a non-trivial extension
of the Chapoton–Foissy isomorphism. This is a consequence of having bet-
ter understood the two main algebraic components at play in the context
of regularity structures currently used, which are the deformation and the
post-Lie structure.

We shall begin by introducing the concept of a post-Lie algebra, which
generalizes that of a pre-Lie algebra. We also describe the recursive construc-
tion of an associative product on the universal envelope of a post-Lie algebra
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that directly generalizes the construction of Guin and Oudom. It was first
introduced in [21].

Definition 4.1. — A post-Lie algebra is a Lie algebra (g, [·, ·]) equipped
with a bilinear product ▷ satisfying the following identities:

x ▷ [y, z] = [x ▷ y, z] + [y, x ▷ z]
[x, y] ▷ z = a▷(x, y, z) − a▷(y, x, z)

(4.1)

with x, y, x ∈ g and the commutator a▷(x, y, z) is given by:

a▷(x, y, z) = x ▷ (y ▷ z) − (x ▷ y) ▷ z.

When (g, [·, ·]) is the abelian Lie algebra, we obtain the notion of a pre-Lie
algebra. One can define a new Lie bracket [[·, ·]] given by:

[[x, y]] = [x, y] + x ▷ y − y ▷ x. (4.2)

The post-Lie product ▷ can be extended to a product on the universal en-
veloping algebra U(g) by first defining it on g ⊗ U(g):

x ▷ 1 = 0, x ▷ y1 . . . yn =
n∑

i=1
y1 . . . (x ▷ yi) . . . yn.

and then extending it to U(g) ⊗ U(g) by defining:

1 ▷ A = A, xA ▷ y = x ▷ (A ▷ y) − (x ▷ A) ▷ y,

A ▷ BC =
∑
(A)

(
A(1) ▷ B

)(
A(2) ▷ C

)
.

where A, B, C ∈ U(g) and x, y ∈ g. Here, (A) correspond to the deshuf-
fle coproduct. One defines an associative product ∗ on U(g), the universal
enveloping algebra of g:

A ∗ B =
∑
(A)

A(1)
(

A(2) ▷ B
)

. (4.3)

Then, a result that generalizes that of Guin and Oudom, allows us to exploit
the underlying post-Lie structure on g in order to gain additional insight on
the structure of U(g). This is formalised in the following theorem:

Theorem 4.2. — The Hopf algebra (U(g), ∗, ∆�) is isomorphic to the
enveloping algebra U(g) where g is the Lie algebra equipped with the Lie
bracket [[·, ·]].

This result has been used in [12], in the context of regularity structures,
in order to show that the ⋆2 product, dual to the ∆2 coproduct appearing
in [14] and introduced in [10, 29], comes directly from a post-Lie product by
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applying the above procedure. Below, we briefly recall this. We define the
following spaces:

V =
〈{

Ia(τ), a ∈ Nd+1, τ ∈ T V
E

}
∪ {Xi}i=0,...,d

〉
R,

Ṽ =
〈
Ia(τ), a ∈ Nd+1, τ ∈ T V

E

〉
R.

We denote by ↑k
v the operator acting on decorated trees by adding k to the

decoration of the node v. We then define, for a tree τ ∈ T V
E the operator ↑i

as follows:
↑i τ =

∑
v∈Nτ

↑ei
v τ.

This operator acts as a derivation on the multi-pre-Lie algebra of grafting
products in the sense that:

↑i (σ ↷a τ) =
(
↑i σ

)
↷a τ + σ ↷a

(
↑i τ

)
. (4.4)

The derivation property (4.4) is not preserved under the deformation. One
has the following identity similar to [12, Proposition 4.4].

↑i (σ↷̂a
τ) =

(
↑i σ

)
↷̂a

τ + σ ↷̂a (↑i τ
)

− σ ↷̂a−eiτ, (4.5)

for all decorated trees σ, τ and a ∈ Nd+1, i ∈ {0, . . . , d}. Looking at the above
formula, one observes that the pair of operators τ 7→ σ↷̂a

τ and τ 7→↑i τ does
not satisfy the commutativity relation satisfied by the operators τ 7→ σ ↷a τ
and τ 7→↑i τ . The non-commutative relation (4.5) motivates the introduction
of a Lie bracket together with a product that is a derivation for that bracket,
that encode these relations in the form of a post-Lie algebra. We begin by
introducing a product ▷̂ on V:

Xi ▷̂ Ia(τ) = Ia

(
↑i τ

)
,

Ia(τ) ▷̂ Xi = Xi ▷̂ Xj = 0,

Ia(σ) ▷̂ Ib(τ) = Ia(σ) ↷̂ Ib(σ).
(4.6)

In the sequel, we will use the notation ↑i Ia(τ) for Ia(↑i τ). We now proceed
to define the appropriate Lie bracket, motivated by (4.5):

Definition 4.3. — We define the Lie bracket on V as [x, y]0 = 0 for
x, y ∈ Ṽ, [x, y]0 = 0 for x, y ∈ ⟨Xi⟩R and as

[Ia(τ), Xi]0 = Ia−ei
(τ). (4.7)

With these definitions at hand, we have the following theorem (see [12,
Theorem 4.4]):

Theorem 4.4. — The triple (V, [·, ·]0, ▷̂) is a post-Lie algebra.
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The bracket induced by the post-Lie algebra encodes all the (non-)commu-
tativity relations between operators acting on decorated trees. However, most
of these actually commute with one another, forming a pre-Lie algebra that
lives inside the Lie algebra Ṽ . The extra post-Lie structure allows one to,
roughly speaking, split the bracket into a commutative and non-commutative
part. Hence the non-commutativity relations are actually encoded more suc-
cinctly by the Lie bracket [·, ·]0.

We denoted by U(V0) the enveloping algebra with the Lie bracket [·, ·]0
and by U(V) the enveloping algebra with the Lie bracket [[·, ·]]. We also
set ∗ to be the product obtained by the generalization of the Guin–Oudom
procedure given in (4.3). As a mere application of Theorem 4.2, one gets

Theorem 4.5. — The Hopf algebra U(V) is isomorphic to the Hopf al-
gebra (U(V0), ∗, ∆�).

Then, the main result of [12] is:

Theorem 4.6. — The Hopf algebra (U(V0), ∗, ∆�) is isomorphic to the
Hopf algebra H2 = (T V

E , ⋆2, ∆�) as presented in [14].

Remark 4.7. — An explicit formula for the ⋆2 product for

σ = Xk
∏
i∈I

Iai(σi) and τ ∈ T V
E ,

is given by

Ib(σ ⋆2 τ) := ↑̃k
Nτ

(∏
i∈I

Iai(σi) ↷̂ Ib(τ)
)

, ↑̃k
Nτ

=
∑

k=
∑

v∈Nτ
kv

↑kv
v .

We shall now decompose trees of the form Xk
∏

i Iai(τi) with decoration
k at the root. So far, we have been successful in doing this for trees with
no root decoration. For these terms, we will need to utilize the underlying
post-Lie structure and the fact that Xi does not commute with any term of
the form Ia(τ). Instead one has:

Xi ⋆2 Ia(τ) − Ia(τ) ⋆2 Xi =↑ei Ia(τ) − Ia−ei(τ)
where ⋆2 is the product constructed from the post-Lie product. The restric-
tion of this product on the space spanned by planted trees coincides with ⋆̃.
What we obtain will then be an isomorphism with a space of words quo-
tiented by the following relation:

Xi ⊗ Ia(τ) − Ia(τ) ⊗ Xi =↑ei Ia(τ) − Ia−ei(τ)
where now the trees with a single node are treated as letters. Let us explain
how this works for a decorated tree of the form Xk

∏n
i=1 Iai

(τi) when one
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wants to decompose the following terms:

Xk
n∏

i=1
Iai

(τi) ⋆2 τ.

We begin by making the following remarks that shall prove useful in what
follows:

• By choosing a different ordering in the Poincare–Birkhoff–Witt the-
orem, we clearly see that the set of elements of the form

n∏
i=1

Iai
(τi)Xk,

where F = Ia1(τ1) . . . Ian
(τn) ranges over all forests of planted trees

and m ∈ Nd+1 is a basis for U(V0).
• The operator τ 7→

∏n
i=1 Iai(τi)Xk ⋆2 τ is equal to the operator

τ 7→
∏n

i=1 Iai
(τi) ⋆2 Xk ⋆2 τ .

We introduce a second derivation Di defined by

Diτ =
∑

e∈Eτ

Di
eτ

where Di
e adds −ei to the decoration of the edge e if possible. Otherwise, it

is equal to zero.

Proposition 4.8. — For every τ ∈ PV
E , one has:

↑i Φ(τ) = Φ
(
↑i τ

)
− Φ

(
Diτ

)
.

Proof. — We first consider a decorated tree τ of the form

τ = τ1 ↷b Ia(τ2)

then one has

↑i Φ(τ) = ↑i
(

Φ(τ1) ↷̂b Φ(Ia(τ2))
)

=
(
↑i Φ(τ1)

)
↷̂b Φ(Ia(τ2)) + Φ(τ1) ↷̂b(↑i Φ(Ia(τ2))

)
− Φ(τ1) ↷̂b−ei Φ(Ia(τ2)),

where we have used (4.5). Then, one can apply an induction hypothesis on
Ib(τ1) and Ia(τ2) and one gets

↑i Φ(Ib(τ1)) = Φ
(
Ib(↑i τ1)

)
− Φ

(
Ib(Diτ1)

)
↑i Φ(Ia(τ2)) = Φ

(
Ia(↑i τ2)

)
− Φ

(
Ia(Diτ2)

)
.
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Then, one observes that
Φ
(
Ia(Diτ)

)
= Φ

(
τ1 ↷b−ei Ia(τ2)

)
+ Φ

(
Diτ1 ↷b Ia(τ2)

)
+ Φ

(
τ1 ↷b Ia(Diτ2)

)
Φ
(
Ia(↑i τ)

)
= Φ

(
↑i τ1 ↷b Ia(τ2)

)
+ Φ

(
τ1 ↷b Ia(↑i τ2)

)
.

We conclude by using again the morphism property of Φ that gives us for
example:

Φ
(
↑i τ1 ↷b Ia(τ2)

)
= Φ

(
↑i Ib(τ1)

)
↷̂ Φ(Ia(τ2))

and the fact that τ is generated by the family (↷̂b)b. □

Proposition 4.9. — One has the following commutation identities:
∆BCK ↑i =

(
↑i ⊗ 1

)
∆BCK +

(
1 ⊗ ↑i

)
∆BCK,

∆BCKDi =
(
Di ⊗ 1

)
∆BCK +

(
1 ⊗ Di

)
∆BCK,

with the convention that Di1 =↑i 1 = 0.

Proof. — This is just a consequence of the fact that ↑i and Di are deriva-
tions for ↷a and therefore for the Grossman–Larson product ⋆. By going to
the dual, one gets the desired identities. □

Corollary 4.10. — The set of primitives elements for HBCK is stable
under the action of the derivations ↑ei as well as the derivations Di.

Proof. — Let τ a primitive elements, one has
∆BCK ↑i τ =

(
↑i ⊗ 1

)
∆BCKτ +

(
1 ⊗ ↑i

)
∆BCKτ

where we have used Proposition 4.9. Then, from the primitiveness of τ

∆BCKτ = τ ⊗ 1 + 1 ⊗ τ

which allows us to get using the fact that ↑i 1 = 0:
∆BCK ↑i τ =↑i τ ⊗ 1 + 1 ⊗ ↑i τ

The proof works as the same for Di. □

Proposition 4.11. — If σ = Ψ(τ) for some primitive element τ with
respect to the ∆BCK coproduct, then ↑ei σ and Diσ are also in the image of
Prim(HBCK).

Proof. — This is a consequence of Proposition 4.8 and Corollary 4.10. □

We can now state and prove our main result:

Theorem 4.12. — We equip T V
E with two products: ⋆̃ is the product dual

to the deformed Butcher–Connes–Kreimer coproduct and ⋆2 is the product
of H2. We let W be the linear space of the words from the alphabet A whose
letters are the Xi and Φ(Ia(τ)) where Ia(τ) is a primitive element for ∆BCK
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and belongs to B given in (2.11). We define W̃ as the quotient of W by the
Hopf ideal J generated by the elements{

Xi ⊗ Φ(Ia(τ)) − Φ(Ia(τ)) ⊗ Xi− ↑i Φ(Ia(τ)) − Φ(Ia−ei
(τ))

}
where Ia(τ) ∈ B. Then, there exists a Hopf algebra isomorphism ΨΦ (exten-
sion of ΨΦ defined in (3.10)) between T V

E equipped with ⋆2 and the deshuffle
coproduct and W̃ equipped with the concatenation coproduct and the deshuffle
coproduct. The map ΨΦ is given by

ΨΦ :
n∏

i=1
Iai

(τi)Xk 7−→ ΨΦ

(
n∏

i=1
Iai

(τi)
)

d⊗
j=0

kj⊗
i=1

Xj .

Proof. — We first apply the isomorphism described in Proposition 3.20
on σ =

∏n
i=1 Iai(τi) by writing

n∏
i=1

Iai
(τi) =

∑
R

λR σr1 ⋆2 · · · ⋆2 σrn

with σri
∈ A. Here, we have used the fact that ⋆2 and ⋆̃ coincide on planted

decorated trees. We then map
∏n

i=1 Iai
(τi)Xk as follows:

n∏
i=1

Iai(τi)Xk 7−→
∑

R

λRσr1 ⊗ · · · ⊗ σrn ⊗ X⊗k0
0 ⊗ · · · ⊗ X⊗kd

d .

By virtue of Proposition 4.11, this clearly gives an isomorphism onto the
Hopf algebra W̃ . Indeed, given a letter Φ(Ia(τ)), one has that ↑i Φ(Ia(τ))
and Φ(Ia−ei(τ)) are linear combination of letters of W . □

5. Applications in regularity structures

In this section we restrict ourselves to the setting that is more specific to
the theory of regularity structures, specifically the structures first appearing
in the works [10, 29]. For an introduction to the theory see [2, 11, 24]. This
involves considering a Hopf subalgebra of the H2 Hopf algebra, that consists
of trees with branches of positive degree. We shall use the theorem proved
in the previous section to embed this into the tensor Hopf algebra. This
allows for an encoding of the iterated integrals appearing when solving the
equations, in the form of words. We begin by defining the space:

T+ :=
{

Xk
n∏

i=1
Iai(τi)

∣∣∣∣∣α(Iai(τi)) > 0, τ ∈ T V
E

}
.

We also define T+ to be the linear span of T+. Here, α is a degree map
computing a number associated to a decorated tree. This corresponds of
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some kind of regularity of the stochastic integral associated to the decorated
tree. It takes into account the decoration on the edges that could both encode
distributional noises or convolution with kernel that provides a smoothing
effect via Schauder estimates. We refrain to give a precise definition that
could be found in many works [10, 29].

For each subcritical singular SPDE one constructs a Hopf subalgebra T +
R

of T+ by attaching a generating rule R to the nonlinearity F of the equa-
tion. The rule induces a recursive procedure that generates the entire Hopf
subalgebra T +

R . This procedure may be thought of as formal Picard itera-
tion. The resulting Hopf subalgebra is then used to describe the regularity
structure for the given equation. In the next theorem, we denote by · the
product on T+.

Theorem 5.1. — The Hopf algebra (T+, ⋆2, ∆�), which is the graded
dual of (T+, ·, ∆2), is isomorphic to a Hopf subalgebra of T (A)/J .

Proof. — By Theorem 4.12, we have an isomorphism Φ : H2 → T (A)/J .
By simply restricting Φ to T+ we obtain a Hopf algebra ismorphism of T+
onto its image. □

Let explain how this algebraic result allows to interpret regularity struc-
tures as some kind of geometric rough paths. Solutions u of local subcritical
singular stochastic partial equations (SPDEs) are locally described by

u(y) − u(x) =
∑

τ∈TR

uτ (x)(Πxτ)(y), (Πxτ)(y) ≲ |y − x|α(τ),

where x, y ∈ Rd+1, TR are the decorated planted trees generated by the
rule R, (Πxτ)(y) are stochastic iterated integrals recentered around the
point x such that one has a behaviour close to x according to the degree
of the given decorated tree. The uτ (x) are some kind of derivatives. Then,
the theory of regularity structures provides a reexpansion map Γxy that al-
lows us to move the recentering:

Πy = ΠxΓxy.

The collection of these two maps (Πx, Γxy) is what is referred to as a model
[29, Definition 3.1]. One important algebraic construction is to represent
Γxy via a character γxy : T+ → R multiplicative for the tree product. This
description is given via a co-action ∆ : T → T+ ⊗ T

Γxy = (γxy ⊗ id)∆, |γxy(τ)| ≲ |y − x|α(τ). (5.1)
The character γxy can be viewed as an extension of branched rough paths to
the multidimentional case as x, y ∈ Rd+1. Moreover, it satisfies some Chen’s
relation:

γyz ⋆2 γxy = γxz.
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We denote the space of such maps by TMα called α-Tree-indexed Models.
Maps γxy defined as character on Ψ(T+) are α-Geometric Models denoted
by GMα. They satisfy the following properties:

γyz ⊗ γxy = γxz, |γxy(Ψ(τ))| ≲ |y − x|α(τ). (5.2)
We could have used the terminology of anisotropic rough paths but the
characters are defined on a quotient of a tensor Hopf algebra and not the
tensor Hopf algebra itself. One can rephrase our main algebraic result as:

Theorem 5.2. — Let X ∈ TMα, then X̂ := Ψ(X) ∈ GMα.

Proof. — The analytical bounds are easily satisfied by realising that:
⟨Ψ(X)xy, Ψ(τ)⟩ = ⟨Xxy, τ⟩.

The algebraic identities are such as Chen’s relation are preserved by the
map Ψ. □

Remark 5.3. — As in [5], one can investigate the action of the renormal-
isation on this construction by looking at maps M that are morphisms for
the product ⋆2 which are BPHZ renormalisation maps. One of the main issue
is that T+ may not be stable under M due to the constraint imposed on the
degree being positive. Extended decorations on trees have been introduced
in [10] in order to guarantee that M is degree preserving. This property im-
plies that T+ is invaraint under M . One can easily check that M commutes
with Φ and then it is possible to find a map M̃ defined on T (A)/J such that
it will commute with Ψ:

M̃Ψ = ΨM.

This will be an equivalent of [5, Theorem 4.7].
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