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Rigid currents in birational geometry (∗)

Vladimir Lazić (1) and Zhixin Xie (2)

ABSTRACT. — A rigid current on a compact complex manifold is a closed positive
current whose cohomology class contains only one closed positive current. Rigid
currents occur in complex dynamics, algebraic and differential geometry. The goals
of the present paper are: (a) to give a systematic treatment of rigid currents, (b) to
demonstrate how they appear within the Minimal Model Program, and (c) to give
many new examples of rigid currents.

RÉSUMÉ. — Un courant rigide sur une variété complexe compacte est un courant
positif fermé dont la classe de cohomologie ne contient qu’un seul courant positif
fermé. Les courants rigides apparaissent dans la dynamique complexe, la géométrie
algébrique et la géométrie différentielle. Les objectifs de cet article sont les suivants :
(a) donner une méthode systématique pour étudier les courants rigides, (b) montrer
comment ils apparaissent dans le Programme du Modèle Minimal, et (c) donner de
nombreux exemples de courants rigides.

1. Introduction

Rigid cohomology classes on a compact complex manifold X are those
which contain precisely one closed positive currents; such currents are then
called rigid currents. Rigid currents have occurred in different contexts in
complex dynamics, algebraic geometry and differential geometry: we review
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some of these in Section 3. Only recently have they been given a name in [22],
where they were investigated in the context of hyperkähler manifolds.

There are several goals of the present paper. The first is to give a system-
atic treatment of rigid currents, especially with respect to surjective mor-
phisms. We also analyse in detail their relationship with currents with mini-
mal singularities. The second goal is to demonstrate how they appear within
the Minimal Model Program (MMP). And the third is to give many new
examples of rigid currents.

To give some context, let (X,∆) be a projective log canonical pair of
dimension n, and assume that we know the existence of good minimal models
in dimension n− 1. The question that motivates us is the following: assume
that we know that κι(X,KX + ∆) ⩾ 0;(1) how can we conclude that (X,∆)
has a good minimal model? When κι(X,KX + ∆) > 0, then we now know
that (X,∆) has a good minimal model by [17, Theorem 1.3], hence the main
remaining case is when κι(X,KX + ∆) = 0. In that case, if a good minimal
model of (X,∆) exists, then KX + ∆ defines a rigid current by Lemma 3.9,
after pulling back to a resolution of X. Thus, a posteriori we know the
rigidity of KX + ∆. A priori, if one knew the rigidity of KX + ∆, there is
some evidence that this fact would be an important ingredient in a proof
that (X,∆) has a good minimal model.

This defines the setup of our paper: if we are given a projective log canon-
ical pair (X,∆) such that κι(X,KX + ∆) = 0, we would like to show that
KX +∆ defines a rigid current after pulling back to a resolution of X. We are
not yet able to prove that in this generality. However, we will show in this
paper that each component of the corresponding effective divisor defines
a rigid current on a sufficiently high resolution of X.

The following are the main results of the paper. The first deals with pairs
with klt singularities.

Theorem 1.1. — Assume the existence of good models for projective log
canonical pairs in dimension n− 1.

Let (X,∆) be a projective klt pair of dimension n such that κι(X,KX +
∆) = 0, and let D ⩾ 0 be the unique R-divisor such that KX + ∆ ∼R D.
Let f : Y → X be a log resolution of (X,∆ +D). Then for each desingular-
isation π : Z → X which factors through f , each component of π∗D defines
a rigid current.

When the pairs are log canonical, we can prove a similar result, albeit
under somewhat stronger assumptions.

(1) Here, κι denotes the invariant Iitaka dimension, see Section 2.
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Theorem 1.2. — Assume the Nonvanishing conjecture in dimension n
and the existence of good models for projective log canonical pairs in dimen-
sion n− 1.

Let (X,∆) be a projective log canonical pair of dimension n such that
κι(X,KX + ∆) = 0, and let D ⩾ 0 be the unique R-divisor such that KX +
∆ ∼R D. Let f : Y → X be a log resolution of (X,∆ + D). Then for each
desingularisation π : Z → X which factors through f , each component of
π∗D defines a rigid current.

In particular, in the notation of the theorems, for each component Γ
of π∗D, we have that Γ is the only effective divisor numerically equivalent
to Γ. This is a very special property of these components: indeed, as Exam-
ple 3.8 shows, there exist a smooth projective variety Z and a smooth prime
divisor P on Z such that κ(Z,P ) = 0, but there exists another effective
divisor P ′ numerically equivalent to P . However, note that the rigidity of
currents of integration, as proved in Theorems 1.1 and 1.2, is a much stronger
property than saying that the corresponding class contains only one current
of integration of an effective R-divisor, see Remark 5.3.

Acknowledgments

We thank Tien-Cuong Dinh for explaining Proposition 5.2 and for many
useful comments, to Matei Toma for pointing out Example 3.7, and to Hsueh-
Yung Lin and Thomas Peternell for valuable conversations on the topic of
this paper. We thank the referee for useful comments and suggestions

2. Preliminaries

Throughout the paper we work over C, and all manifolds are connected.
We write D ⩾ 0 for an effective R-divisor D on a normal variety X. A
birational contraction is a birational map whose inverse does not contract any
divisors. If f : X → Y is a surjective morphism of compact complex manifolds
or of normal varieties, and if D is an R-divisor on X, then D is f -exceptional
if codimY f(SuppD) ⩾ 2. We use the convention that dc = 1

2πi (∂ − ∂), so
that ddc = i

π∂∂.

2.1. Pairs

The standard reference for the definitions and basic results on the singu-
larities of pairs and the Minimal Model Program is [15]. A pair (X,∆) in

– 439 –



Vladimir Lazić and Zhixin Xie

this paper always has a boundary ∆ which is an effective R-divisor. Many
results on the existence of minimal models for log canonical pairs are now
known, see [18].

2.2. Minimal and good models

Let (X,∆) be a log canonical pair and let Y be a normal variety. A bi-
rational contraction f : X 99K Y is a minimal model of (X,∆) if KY + f∗∆
is R-Cartier and nef, and if there exists a resolution of indeterminacies
(p, q) : W → X×Y of the map f such that p∗(KX +∆) ∼R q

∗(KY +f∗∆)+E,
where E ⩾ 0 is a q-exceptional R-divisor which contains the whole q-
exceptional locus in its support. If KY + f∗∆ is additionally semiample,
them f is a good minimal model, or simply a good model, of (X,∆).

2.3. Invariant Iitaka dimension

We use the invariant Iitaka dimension of a pseudoeffective R-Cartier
R-divisor D on a normal projective variety X, denoted by κι(X,D). It shares
many of the good properties with the Iitaka dimension for Q-divisors [13,
Section 2.5] that will be used in this paper without explicit mention. In
particular, the invariant Iitaka dimension of a Q-divisor is the same as its
usual Iitaka dimension by [13, Proposition 2.5.9]. If the divisor D has rational
coefficients or if D ⩾ 0, its Iitaka dimension is denoted by κ(X,D).

We need two properties which will be used without explicit mention,
see [17, Section 2]. First, if D is an R-Cartier R-divisor on a normal projective
variety X, if f : Y → X is a birational morphism from a normal projective
variety Y , and if E is an effective f -exceptional divisor on Y , then

κι(X,D) = κι(Y, f∗D + E).
Second, if D1 and D2 are effective R-Cartier R-divisors on a normal projec-
tive variety X such that SuppD1 = SuppD2, then κι(X,D1) = κι(X,D2).

2.4. Positive currents

If X is a complex manifold, we denote its Bott–Chern (1, 1)-cohomology
space by H1,1

BC(X,C), and we denote by H1,1
BC(X,R) the space of its real

points. If additionally X is compact and Kähler, then H1,1
BC(X,C) is isomor-

phic to the Dolbeault cohomology group H1,1(X,C).
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If T is a closed (1, 1)-current on a complex manifold X, we denote by
{T} its class in H1,1

BC(X,C); if T is real, then {T} ∈ H1,1
BC(X,R). If T is a

representative of a class α ∈ H1,1
BC(X,C), we write T ∈ α; if T ′ ∈ α is another

representative, we also write T ≡ T ′.

A (1, 1)-current T on X is positive, and we write T ⩾ 0, if T (φ) is
a positive measure for every smooth (n− 1, n− 1)-form of type

φ = (iα1 ∧ α1) ∧ · · · ∧ (iαn−1 ∧ αn−1),
where αi are (1, 0)-forms and n = dimX. A positive (1, 1)-current is always
real. If T and T ′ are two (1, 1)-currents on X, we write T ⩾ T ′ if T −T ′ ⩾ 0.
A cohomology class α ∈ H1,1(X,R) is pseudoeffective if it contains a closed
positive current.

If D is an irreducible analytic subset of pure codimension 1 in X, then
we denote by [D] (or simply also by D if there is no danger of confusion) the
current of integration on the regular part of D, which is a positive closed
(1, 1)-current. If we have an R-divisor D = δ1D1 + · · · + δrDr on X, then
we call the corresponding current [D] := δ1[D1] + · · · + δr[Dr] the current of
integration on D.

If f : Y → X is a surjective holomorphic map between compact complex
manifolds and if T is a closed positive (1, 1)-current on X, then one can easily
define its pullback f∗T to Y such that {f∗T} = f∗{T}, see [3, Section 2.2.3].
If D is an R-divisor on X, then f∗[D] = [f∗D]; this follows from the Lelong–
Poincaré equation. If G is an R-divisor on Y , then f∗[G] = [f∗G], see for
instance [1, Proposition 4.2.78]. This will be relevant in Remark 4.3.

2.5. Plurisubharmonic functions

We refer to [6] for the definition and general properties of plurisubhar-
monic or psh functions on a complex manifold X. Here we only collect several
properties that we use often in this paper.

For psh functions u and v on a complex manifold X, the functions u+ v
and max{u, v} are also psh. The pullback of a psh function by a holomorphic
map is again psh. A closed (1, 1)-current T on X is positive if and only if it
can be written locally as T = ddcφ for a psh function φ.

Psh functions are locally bounded from above on X; if additionally X is
compact, then any psh function on X is constant. A more suitable notion on
compact complex manifolds is that of quasi-plurisubharmonic or quasi-psh
functions. A function φ : X → [−∞,+∞) on a complex manifold X is quasi-
psh if it is locally equal to the sum of a psh function and of a smooth function;
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equivalently, φ is quasi-psh if it is integrable and upper semicontinuous, and
there exists a smooth (1, 1)-form θ on X such that θ+ddcφ ⩾ 0 in the sense
of currents: then we say that φ is θ-psh.

If θ is a smooth closed real (1, 1)-form on X and if T is a closed positive
(1, 1)-current in {θ}, then there exists a locally integrable function φ such
that T = θ+ ddcφ. In other words, φ is θ-psh. If X is additionally compact,
then φ is unique up to an additive constant.

2.6. Lelong numbers

We refer to [6] for the definition and general properties of Lelong numbers
of psh functions on a complex manifold X. Here we recall several properties
that we use often in this paper.

For psh functions u and v on X and for each point x ∈ X we have
ν(u+ v, x) = ν(u, x) + ν(v, x).

If T is a closed positive (1, 1)-current, then locally around a point x ∈ X we
can write T = ddcφ for a psh function φ, and we define the Lelong number
of T at x as ν(T, x) := ν(φ, x); this does not depend on the choice of φ. If
Y is an analytic subset of X and if x ∈ X, then a result of Thie states that
ν(Y, x) is equal to the multiplicity of Y at x. For a closed positive (1, 1)-
current T and for any analytic subset Y of X we may define the generic
Lelong number of T along Y as

ν(T, Y ) := inf
x∈Y

ν(T, x),

which is equal to ν(T, x) for a very general point x ∈ Y by a theorem of [23].

If T is a closed positive (1, 1)-current on X, then by [23] there exist at
most countably many codimension 1 analytic subsets Dk such that T has
the Siu decomposition

T =
∑

ν(T,Dk)Dk +R,

where R is a closed positive (1, 1)-current such that ν(R,Γ) = 0 for each
codimension 1 analytic subset of X. In this paper we call

∑
ν(T,Dk)Dk the

divisorial part and R the residual part of (the Siu decomposition of) T .

2.7. Nakayama–Zariski functions and Boucksom–Zariski functions

Let X be a Q-factorial projective variety and let Γ be a prime divisor
on X. Nakayama [21] defined σΓ-functions on the pseudoeffective cone on X.
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Namely, if D be a big R-divisor on X, set

σΓ(D) := inf{multΓ ∆ | 0 ⩽ ∆ ∼R D};

and if D is a pseudoeffective R-divisor on X, we pick an ample R-divisor A
on X and define

σΓ(D) := lim
ε↓0

σΓ(D + εA);

this does not depend on the choice of A and is compatible with the definition
above for big divisors. Moreover, σΓ(D) only depends on the numerical class
of D, hence σΓ is well-defined on the pseudoeffective cone of X. Nakayama
originally defined these functions when X is smooth, but the definition works
well in the Q-factorial setting, see for instance [19, Lemma 2.12].

If X is a compact complex manifold and if Γ is an analytic prime divisor
on X, Boucksom [3] defined ν( · ,Γ)-functions on the cone of pseudoeffective
classes in H1,1

BC(X,R), and he showed that they coincide with Nakayama’s σΓ-
functions when one considers algebraic classes. To avoid possible confusion
with Lelong numbers, we will denote these Boucksom’s functions also by σΓ.
Here we sketch the construction whenX is a compact Kähler manifold, which
suffices for the purposes of this paper. Let α be a pseudoeffective class in
H1,1(X,R). After fixing a reference Kähler form ω, and if Tmin,ε is a current
with minimal singularities in the class α+ ε{ω} for a positive real number ε
(see Section 5), set

σΓ(α) := inf
x∈Γ

sup
ε>0

ν(Tmin,ε, x);

this does not depend on the choice of ω and one has σΓ(α) = ν(Tmin,Γ) when
α is a big class and Tmin ∈ α is a current with minimal singularities. Even
though the notation is slightly different, it is easy to see that this definition
is equivalent to that from [3].

The following easy lemma will be crucial in this paper, see [3, Proposi-
tion 3.6(i)] and (5.1) below.

Lemma 2.1. — Let X be a compact complex manifold and let Γ be an
analytic prime divisor on X. If α is a pseudoeffective class in H1,1

BC(X,R),
then σΓ(α) ⩽ ν(T,Γ) for every closed positive current T ∈ α.

The following well-known lemma relates σΓ-functions and the MMP; for
the most general version, see for instance [19, Lemma 2.14].

Lemma 2.2. — Let (X,∆) be a projective Q-factorial log canonical pair
and let Γ be a prime divisor such that σΓ(KX + ∆) = 0. If φ : (X,∆) 99K
(Y,∆Y ) is a minimal model of (X,∆), then Γ is not contracted by φ.
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3. Rigid currents

Let X be a compact complex manifold. A class α ∈ H1,1
BC(X,R) is rigid

if it contains exactly one closed positive (1, 1)-current; thus, α is necessarily
pseudoeffective. A closed positive (1, 1)-current T on X is rigid if its class
{T} ∈ H1,1

BC(X,R) is rigid. Another way of expressing this is as follows:
following [22], for a pseudoeffective class α ∈ H1,1

BC(X,R) we denote
Cα := {T ∈ α | T ⩾ 0}.

The α is rigid if Cα contains exactly one element. This notation will be
particularly useful in Section 4.

Remark 3.1. — LetX be a compact complex manifold and let T be a rigid
(1, 1)-current on X. If T ′ is a closed positive (1, 1)-current on X such that
T ′ ⩽ T , then T ′ is also rigid. Indeed, if S ∈ {T ′} were another closed positive
(1, 1)-current, then S + (T − T ′) would be a closed positive (1, 1)-current in
{T} different than T .

Rigid currents have appeared in different contexts in the literature, but
it seems they were first defined explicitly in the recent paper [22]. We review
next some of the examples of rigid currents in different contexts.

Example 3.2. — Let X be a compact complex manifold. Then the class
{0} ∈ H1,1

BC(X,R) is rigid: this is the first and basic, but fundamental example
of rigidity of currents. Indeed, if T ∈ C{0}, then there exists a distribution φ
on X such that T = ddcφ. As T ⩾ 0, we may identify φ with a psh function
on X. By compactness, φ must be constant, hence T = 0, as desired.

Example 3.3. — Let π : Y → X be a birational morphism between com-
plex projective manifolds and let E be an effective π-exceptional R-divisor
on Y . Then E is rigid. We will show a more general result in Corollary 4.4
below.

Example 3.4. — One of the earliest examples of rigid currents occurred
in complex dynamics [5]. We refer to [22] for details, here we only recall
the following special case of an important result from [9]: consider an au-
tomorphism f : X → X of a compact Kähler manifold, and let d1(f) be
the spectral radius of f∗ : H1,1(X,R) → H1,1(X,R). Then we know that
d1(f) ⩾ 1 in general. If, however, d1(f) > 1, then it follows from [9, Corol-
lary 4.3.2] that there exists a non-zero closed positive (1, 1)-current T on X
such that f∗T = d1(f)T , and each such current T is rigid.

Example 3.5. — If X is a K3 surface, then a nef class α ∈ H1,1(X,R)
is parabolic if α2 = 0. Then [11, Theorem 4.3.1] shows that each irrational
parabolic class on a projective X is rigid, if the Picard rank of X is at least
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3 and X has no (−2)-curves. This was then extended in [22, Theorem 2.1]
to hyperkähler manifolds X with b2(X) ⩾ 7 (all currently known classes of
hyperkähler manifolds satisfy this condition) and parabolic currents on X,
i.e. nef classes α ∈ H1,1(X,R) with αdim X = 0, which satisfy some additional
irrationality properties.

Example 3.6. — An important non-dynamical early example of rigid cur-
rents appears in [8, Example 1.7]. Let E be an elliptic curve and let E be
a vector bundle given by the extension corresponding to a nontrivial ele-
ment in Ext1(OE ,OE) ≃ H1(E,OE) ≃ C. Let σ : E → P(E) be the section
of the projection P(E) → E corresponding to the quotient E → OE , and set
C := σ(E). Then C is a nef divisor on P(E) which is rigid as a current. In
particular, this gives an example of a nef line bundle which is not hermitian
semipositive.

Example 3.7. — An interesting example of a rigid current on a compact
non-Kähler surface is given in [24]. An Enoki surface X is a minimal compact
non-Kähler surface which has a unique cycle C of rational curves on it in the
sense of [24, Definition 5], and the image of the class γ := {[C]} under the
canonical morphism π : H1,1

BC(X,R) → H2
dR(X,R) is zero. Then [24, Theo-

rem 10(b)] shows that [C] is the only closed positive d-exact (1, 1)-current
on X up to a multiplicative constant. If now T ∈ γ, then T is d-exact since
π(γ) = 0, hence there exists c ∈ R such that T = c[C]. As then c[C] ≡ [C],
we conclude that c = 1 by Example 3.2, and therefore [C] is a rigid (1, 1)-
current on X.

Example 3.8. — The following example is [20, Example 6.1], which we re-
produce with more details. As mentioned in the introduction, this is a possi-
bly surprising example of a current which is not rigid: there exists a smooth
projective threefold Z and distinct effective divisors P and P ′ on Z such
that P is a smooth prime divisor, κ(Z,P ) = 0, κ(Z,P ′) = 1 and P ≡ P ′. In
particular, the class {P} is not rigid.

Fix an elliptic curve E and let S := E×E with the projection morphisms
p1 and p2. Let F = p∗

1F
′ and N := p∗

2N
′, where F ′ is a point on E and N ′

is a degree-zero non-torsion divisor on E. We first claim that for all f ∈ Z
and n ∈ Z \ {0} we have

κ(S, fF + nN) = −∞. (3.1)
Indeed, assume that there exist integers f and n ̸= 0 and an effective
Q-divisor G on S such that G ∼Q fF + nN , and let F1 be a fibre of p1
which is not contained in the support of G+ F . Then

0 ⩽ κ(F1, G|F1) = κ(F1, nN |F1) = κ(E,nN ′) = −∞,

a contradiction which shows (3.1).
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Now, set E := OS ⊕ OS(F + N) and Z := P(E) with the projection
morphism π : Z → S. Let σ : S → Z be the section of π corresponding to
the quotient E ↠ OS(F +N), and set P := σ(S). Then P is a smooth prime
divisor on Z and it is well known that OZ(P ) ≃ OZ(1), see for instance the
proof of [14, Proposition V.2.6]. Thus, by (3.1), for any m ⩾ 1 we have

h0(
Z,OZ(mP )

)
= h0(

S, Symm E
)

=
m∑

k=0
h0(

S,OS(k(F +N))
)

= 1,

hence κ(Z,P ) = 0. Define P1 := P −π∗N ; then clearly P ≡ P1 and by (3.1),
for any m ⩾ 1 we have
h0(

Z,OZ(mP1)
)

= h0(
S,Symm E ⊗ OS(−mN)

)
=

m∑
k=0

h0(
S,OS(kF + (k −m)N)

)
= h0(

S,OS(mF )
)
.

Therefore, κ(Z,P1) = κ(Z,F ) = 1 and h0(Z,OZ(P1)) > 0, and we choose
P ′ to be any effective divisor such that P ′ ∼ P1.

An important example of rigid currents in the context of this paper comes
from the MMP.

Lemma 3.9. — Let (X,∆) be a projective log canonical pair which has
a good model and such that κι(X,KX + ∆) = 0. Then for each birational
morphism π : Y → X such that Y is smooth, the class {π∗(KX + ∆)} is
rigid.

Proof. — Fix a birational morphism π : Y → X such that Y is smooth.
Let φ : (X,∆) 99K (X ′,∆′) be a birational contraction to a good model
(X ′,∆′) of (X,∆), and let (p, q) : W → X×X ′ be a smooth resolution of in-
determinacies of φ; we may assume that p factors through π and let f : W →
Y be the induced map. Then by the Negativity lemma [15, Lemma 3.39] there
exists an effective q-exceptional R-divisor E on W such that

p∗(KX + ∆) ∼R q
∗(KX′ + ∆′) + E. (3.2)

Since κι(X ′,KX′ + ∆′) = 0 and KX′ + ∆′ is semiample, we have KX′ +
∆′ ∼R 0, and hence {p∗(KX + ∆)} = {E} by (3.2). Therefore, the class
{p∗(KX + ∆)} is rigid by Example 3.3. Since p∗(KX + ∆) = f∗π∗(KX + ∆),
we conclude by Corollary 4.2 below. □

4. Rigid currents and fibrations

The following result was proved in [2, Proposition 1.2.7], and we include
the proof for the benefit of the reader.
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Proposition 4.1. — Let f : X → Y be a surjective morphism with con-
nected fibres between compact complex manifolds, and let α ∈ H1,1

BC(Y,R) be
a pseudoeffective class. Then the pullback map

f∗ : Cα −→ Cf∗α

is bijective.

Proof. — Let C ⊆ Y be the set of critical values of f , and set Y ′ :=
Y \ C and X ′ := f−1(Y ′). Then the map f |X′ : X ′ → Y ′ is a holomorphic
submersion. We proceed in two steps.

Step 1. — In this step we show that the map f∗ is surjective.

Fix a smooth form θ ∈ α. If T ∈ Cf∗α, then there exists a quasi-psh
function φ on X such that T = f∗θ + ddcφ. We first claim that

the function φ|f−1(y) is constant for every y ∈ Y .

Indeed, fix an open subset U ⊆ Y such that there exists a smooth function
u on U containing the point y with θ|U = ddcu. Then T |f−1(U) = ddc(f∗u+
φ|f−1(U)), hence the function f∗u+φ|f−1(U) is psh on f−1(U). Since f−1(y)
is compact, f∗u+ φ|f−1(U) must be constant on f−1(y). As f∗u is constant
on f−1(y), the claim follows.

For each y ∈ Y ′ set

ψ(y) := φ(x) for some x ∈ f−1(y);

this is well defined by the claim above. We next claim that ψ is a θ|Y ′ -psh
function on Y ′. Indeed, for each y ∈ Y ′ fix an open subset y ∈ U ⊆ Y ′

such that there exists a smooth function u on U with θ|U = ddcu. Con-
sider any point x ∈ f−1(y). By shrinking U if necessary and by the proof
of [12, Theorem IV.1.16] we may assume that there exists a holomorphic map
s : U → X ′ such that f ◦ s = idU , s(y) = x, and s maps U biholomophically
onto a submanifold V := s(U) of X ′. Then by the definition of ψ we have
(u + ψ)|U = (f∗u + φ)|V ◦ s. Since (f∗u + φ)|V is a psh function as in the
previous paragraph, the function (u+ψ)|U is also psh. This gives the claim.

Therefore, ψ is a θ|Y ′ -psh function on Y ′, and it is clearly bounded from
above near C, since φ is bounded from above on the whole X, as X is
compact. Therefore, ψ extends uniquely to a θ-psh function on X by [6,
Theorem I.5.24], which we also denote by ψ. Set S := θ+ ddcψ; this is then
a positive (1, 1)-current on Y . Since T and f∗S coincide on X ′, they must
coincide on the whole X again by [6, Theorem I.5.24], and the surjectivity
of f∗ is proved.
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Step 2. — In this step we show that the map f∗ is injective.

Assume we have two currents T1 and T2 in Cα such that f∗T1 = f∗T2,
and fix a smooth form θ ∈ α. Then there exist quasi-psh functions ψ1 and ψ2
on Y such that T1 = θ + ddcψ1 and T2 = θ + ddcψ2. Consequently, we have

ddcf∗(ψ1 − ψ2) = 0.
Then as in the last two paragraphs of Step 1 this implies that the functions
ψ1 − ψ2 and ψ2 − ψ1 are psh on Y , hence ddcψ1 = ddcψ2. This shows that
T1 = T2, which was to be proved. □

An immediate corollary is the following.

Corollary 4.2. — Let π : Y → X be a surjective morphism with con-
nected fibres between compact complex manifolds and let α ∈ H1,1

BC(X,R) be
a pseudoeffective class. Then α is rigid if and only if π∗α is rigid.

Remark 4.3. — If π : Y → X is a surjective morphism between compact
complex manifolds and if α ∈ H1,1

BC(Y,R) is a rigid class, it is in general not
true that π∗α is rigid, even if π is bimeromorphic. Indeed, let X = P1 × P1

and fix a fibre G ⊆ X of the first projection to P1. Then G is clearly not
rigid as κ(X,G) = 1. Now consider the blowup π : Y → X of X at a point
contained in G. Then as (π∗G)2 = 0, we easily calculate that π∗G is the sum
of two (−1)-curves, and let G′ be the strict transform of G on Y . Since G′

can be contracted to a smooth projective surface by Castelnuovo’s criterion,
it is rigid by Example 3.3, but G = π∗G

′ is not.

We have the following generalisation of Example 3.3.

Corollary 4.4. — Let π : Y → X be a surjective morphism with con-
nected fibres between complex projective manifolds, let D be a pseudoeffective
R-divisor on X and let E be an effective π-exceptional R-divisor on Y . Then
the map

f : C{D} −→ C{π∗D+E}, T 7−→ π∗T + E

is an isomorphism. In particular, {D} is rigid if and only if {π∗D + E} is
rigid.

Proof. — Assume S1 and S2 are two currents in {D} such that f(S1) =
f(S2). Then π∗S1 = π∗S2, and thus S1 = S2 by Proposition 4.1. This shows
that f is injective.

To show the surjectivity of f , let T ∈ C{π∗D+E}. Then for each component
Γ of E we have

ν(T,Γ) ⩾ σΓ(π∗D + E) ⩾ multΓ E

by Lemma 2.1 and by [21, Proposition III.5.7 and Lemma III.5.14]. Con-
sequently, the current T − E ∈ {π∗D} is positive by considering the Siu
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decomposition of T , hence by Proposition 4.1 there exists S ∈ C{D} such
that T − E = π∗S. Therefore, we have T = f(S), as desired. □

Remark 4.5. — It is reasonable to expect that Corollary 4.4 holds also
when D is a closed positive (1, 1)-current, but the proof of surjectivity above
uses [21] crucially, which works only in the setting of algebraic classes.

5. Rigidity and currents with minimal singularities

A good reference for currents with minimal singularities is [3]. Here we
recall some of the properties we need in this paper. Let φ1 and φ2 be quasi-
psh functions on a compact complex manifold X. Then we say that φ1 is
less singular than φ2, and write φ1 ⪯ φ2, if there exists a constant C such
that φ2 ⩽ φ1 + C. We denote by φ1 ≈ φ2 the induced equivalence relation,
i.e. we say that φ1 and φ2 have equivalent singularities if φ1 ⪯ φ2 ⪯ φ1.

Let T1 and T2 be two closed positive (1, 1)-currents on X in a fixed pseu-
doeffective class α ∈ H1,1

BC(X,R) and let θ ∈ α be a fixed smooth form.
Then there exist θ-psh functions φ1 and φ2 such that T1 = θ + ddcφ1 and
T2 = θ+ ddcφ2. We say that T1 is less singular than T2, and write T1 ⪯ T2,
if φ1 ⪯ φ2; and similarly for T1 ≈ T2. This does not depend on the choice
of θ, φ1 and φ2. Any two closed positive (1, 1)-currents with equivalent sin-
gularities have the same Lelong numbers.

A compactness argument on the set of θ-psh functions then shows that
there exists a currents Tmin ∈ α such that Tmin ⪯ T for all T ∈ α. We call
Tmin a positive current with minimal singularities in α. For each point x ∈ X
we have

ν(Tmin, x) = inf
T ∈α

ν(T, x). (5.1)

Part (a) of the following result shows that the relation ⪯ is compatible
with pullbacks. Part (b), which is [4, Proposition 1.12], is the consequence
of (a) and of Proposition 4.1.

Proposition 5.1. — Let f : Y → X be a surjective morphism with con-
nected fibres between compact complex manifolds and let α ∈ H1,1

BC(X,R) be
a pseudoeffective class.

(a) Let T1 and T2 be two (1, 1)-currents in Cα. Then T1 ⪯ T2 if and
only if f∗T1 ⪯ f∗T2.

(b) Let T ∈ Cα. Then T has minimal singularities if and only if the
current f∗T ∈ Cf∗α has minimal singularities.
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Proof. — We first show (a). Fix a smooth (1, 1)-form θ ∈ α and θ-psh
functions φ1 and φ2 on X such that T1 = θ + ddcφ1 and T2 = θ + ddcφ2.
If T1 ⪯ T2, then there exists a constant C1 such that φ1 ⩾ φ2 + C1, hence
f∗φ1 ⩾ f∗φ2+C1. Therefore, f∗T1 ⪯ f∗T2. Conversely, if f∗T1 ⪯ f∗T2, then
there exists a constant C2 such that f∗φ1 ⩾ f∗φ2 +C2, hence φ1 ⩾ φ2 +C2
as f is surjective. Thus, T1 ⪯ T2.

We now show (b). Assume that T has minimal singularities and let
SY ∈ Cf∗α. By Proposition 4.1 there exists a (1, 1)-current SX ∈ Cα such
that SY = f∗SX . Then T ⪯ SX , hence f∗T ⪯ f∗SX = SY by (a), and con-
sequently f∗T has minimal singularities. Conversely, assume that f∗T has
minimal singularities and let SX ∈ Cα. Then f∗T ⪯ f∗SX , hence T ⪯ SX

by (a), and consequently T has minimal singularities. □

Note that a current with minimal singularities in a pseudoeffective class
is unique up to equivalence of singularities, but is in general far from being
unique. The following result was shown to us by Tien-Cuong Dinh, and we
are grateful to him for allowing us to include it here.

Proposition 5.2. — Let X be a compact complex manifold and let α
be a pseudoeffective class in H1,1

BC(X,R). If α is not rigid, then there exist
infinitely many currents with minimal singularities in α.

Proof. — Let T be a current with minimal singularities in α. Since α is
not rigid, there exists another closed positive current S ∈ α. We may assume
that S is not a current with minimal singularities in α, since otherwise for
each t ∈ [0, 1] the current tT + (1 − t)S ∈ α has minimal singularities, and
the result follows.

If we fix a smooth (1, 1)-form θ ∈ α, then there exist quasi-psh functions
φ and ψ on X such that

T = θ + ddcφ and S = θ + ddcψ.

For each real number c set
φc := max{φ, c+ ψ} and Tc := θ + ddcφc.

Since φ and c+ψ are θ-psh, then so is φc, and hence the closed (1, 1)-current
Tc is positive and clearly Tc ∈ α. As φ ⩽ φc, we have Tc ⪯ T , hence Tc is
also a current with minimal singularities in α, for each c.

Since X is compact, φ and ψ are bounded from above, and we fix a con-
stant c ≫ 0 such that φc ̸= φ. Assume that Tc = T . Then by compactness
of X there exists a constant C such that φc = φ+C. The choice of c implies
that φc(x) > φ(x) for some x ∈ X, hence C > 0 and consequently φc > φ
everywhere on X. Therefore, φc = c+ ψ by the definition of φc, and thus ψ
has minimal singularities. This contradicts the assumption on the current S
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made in the first paragraph of the proof. Therefore, Tc ̸= T , and we conclude
as in the first paragraph. □

Remark 5.3. — Let X be a compact complex manifold and let α be a
pseudoeffective class in H1,1

BC(X,R). Consider the set

|α|≡ := {[D] ∈ α | D ⩾ 0 is an R-divisor}.

Then clearly |α|≡ ⊆ Cα. If α is not rigid, then the set Cα is actually much
bigger than |α|≡. We can see this as follows. By Proposition 5.2 there are
infinitely many currents with minimal singularities in α. However, at most
one of them belongs to |α|≡: indeed, assume that there exist two distinct
effective R-divisors D1 and D2 such that both [D1] and [D2] are currents
with minimal singularities in Cα. Then there exists a prime divisor Γ on X
such that multΓ D1 ̸= multΓ D2. But then ν(D1,Γ) ̸= ν(D2,Γ) by Thie’s
theorem, which contradicts (5.1).

The following lemma is crucial in this paper and it connects non-rigidity
with properties of currents with minimal singularities.

Lemma 5.4. — Let X be a compact complex manifold and let G ⩾ 0 be
an R-divisor on X such that the class {G} is not rigid. Let Gmin be a current
with minimal singularities in {G}. Then:

(a) for each component Γ of G we have ν(Gmin,Γ) ⩽ multΓ G,
(b) there exists a component Γ of G such that ν(Gmin,Γ) = 0.

Proof. — Part (a) follows immediately from the definition of currents
with minimal singularities.

For the remainder of the proof we show (b). Let

Gmin = R+D (5.2)

be the Siu decomposition of Gmin. By (a) we know that

D ⩽ G, (5.3)

and we first claim that
D ̸= G. (5.4)

Indeed, assume that D = G. Pick any T ∈ C{G}, and let DT be the divisorial
part of the Siu decomposition of T . By construction and by (5.1) we have

T ⩾ DT ⩾ D = G,

and since T ≡ G by assumption (recall the notation from Section 2.4), we
have that T −G is a closed positive (1, 1)-current such that T −G ≡ 0. Thus
T − G = 0 by Example 3.2, hence {G} is a rigid current, a contradiction
which shows (5.4).
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By (5.3) we may write

G =
r∑

i=1
γiΓi and D =

r∑
i=1

δiΓi

with γi > 0 and γi ⩾ δi ⩾ 0. Thus, since Gmin ≡ G, by (5.2) we have

R ≡
r∑

i=1
(γi − δi)Γi, (5.5)

where clearly
0 ⩽ γi − δi ⩽ γi for all i = 1, . . . , r. (5.6)

Moreover, by (5.4) there exists an index 1 ⩽ j ⩽ r such that γj − δj > 0.
This and (5.6) show that

k := max{t ∈ R>0 | t(γi − δi) ⩽ γi for all i = 1, . . . , r}
is a well-defined positive real number. Without loss of generality, we may
assume that

k(γ1 − δ1) = γ1. (5.7)
Set

Θ := kR+
r∑

i=1

(
γi − k(γi − δi)

)
Γi.

Then Θ is the sum of two positive closed (1, 1)-currents, hence is itself a
closed positive (1, 1)-current. We have

ν(Θ,Γ1) = k ν(R,Γ1) +
(
γ1 − k(γ1 − δ1)

)
= 0 (5.8)

by (5.7). Moreover, by (5.5) we have

Θ ≡ k
r∑

i=1
(γi − δi)Γi +

r∑
i=1

(
γi − k(γi − δi)

)
Γi = G,

thus Θ ∈ {G}. By (5.1) and (5.8) this implies
0 ⩽ ν(Gmin,Γ1) ⩽ ν(Θ,Γ1) = 0,

which yields the result. □

6. Weak rigidity

In this section we introduce a weaker rigidity property alluded to in The-
orems 1.1 and 1.2.

Definition 6.1. — Let X be a compact complex manifold and let Γ ⩾ 0
be an R-divisor on X. We say that {Γ} is weakly rigid if the class of each
component of Γ is rigid.
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Remark 6.2. — Let X be a compact complex manifold and let G ⩾ 0 be
an R-divisor on X. If {G} is rigid, then it is weakly rigid by Remark 3.1.
The converse is, however, not true in general. Indeed, consider the birational
map as in Remark 4.3. Then each component of π∗G can be contracted
to a smooth projective surface by Castelnuovo’s criterion, hence {π∗G} is
weakly rigid by Example 3.3. But by Corollary 4.2, {π∗G} is not rigid as
{G} is not rigid.

We have the following easy consequence of Corollary 4.2.

Corollary 6.3. — Let π : Y → X be a surjective morphism with con-
nected fibres between compact complex manifolds and let G be an effective
R-divisor on X. If {G} is weakly rigid, then {π∗G} is weakly rigid.

Proof. — Assume that {G} is weakly rigid. If we write G =
∑k

i=1 γiΓi

as a sum of its components, then all classes {Γi} are rigid. By Corollary 4.2,
each class {π∗Γi} is rigid, hence weakly rigid by Remark 6.2. Therefore, the
class {π∗G} =

∑k
i=1 γi{π∗Γi} is weakly rigid. □

Remark 6.4. — The converse of Corollary 6.3 is not true in general. In-
deed, with notation as in Remark 6.2, the class {π∗G} is weakly rigid, but
{G} is not rigid, hence not weakly rigid as G is irreducible.

Example 6.5. — Let D be an effective R-divisor on a complex projective
surface S. Then there always exists a birational morphism f : S′ → S such
that {f∗D} is weakly rigid. Indeed, by passing to a resolution we may as-
sume that S is smooth. If Γ is a prime divisor on S, and if Γ′ is the strict
transform of Γ on the blowup of S at a point lying on Γ, then (Γ′)2 = Γ2 −1.
Therefore, if f is obtained by blowing up sufficiently many points on the
components of D, then we may assume that each component of f∗D has neg-
ative self-intersection. Then the statement follows from [3, Proposition 3.13
& Theorem 4.5].

The following lemma will be crucial in the proofs of Theorems 1.1 and 1.2.

Lemma 6.6. — Let X be a compact complex manifold and let G ⩾ 0 be
an R-divisor on X. Assume that the class {G} is not weakly rigid and let Γ
be an irreducible component of G such that {Γ} is not rigid. Let Gmin ∈ {G}
and Γmin ∈ {Γ} be currents with minimal singularities. Then

ν(Γmin,Γ) = 0 and ν(Gmin,Γ) = 0.

Proof. — Since {Γ} is not rigid, we have ν(Γmin,Γ) = 0 by Lemma 5.4.
For the other statement, we may write

G = γΓ +G′,
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where γ > 0 and G′ is an effective R-divisor on X such that Γ is not a
component of G′. Note that γΓmin + G′ ∈ {G}, and thus, by the definition
of currents with minimal singularities, we have

0 ⩽ ν(Gmin,Γ) ⩽ ν(γΓmin +G′,Γ) = γ ν(Γmin,Γ) + ν(G′,Γ) = 0,
which finishes the proof of Lemma 6.6. □

7. Proofs of the main results

Finally, in this section we prove the main results of the paper.

Proof of Theorem 1.1.

Step 1(a). — We may write
KY + ∆Y ∼R f

∗(KX + ∆) + E ∼R f
∗D + E,

where E ⩾ 0 is an f -exceptional R-divisor having no common components
with ∆Y . Then by Corollary 6.3 it suffices to show that the class {f∗D} is
weakly rigid, hence it suffices to show that {f∗D + E} is weakly rigid.

By replacing (X,∆) by (Y,∆Y ) and D by f∗D+E, we may assume from
the start that the pair (X,∆+D) is log smooth. We will show that the class
{D} is weakly rigid.

Step 1(b). — Fix 0 < ε ≪ 1 such that the pair (X,∆ + εD) is klt. Then
KX + ∆ + εD ∼R (1 + ε)D.

By replacing (X,∆) by (X,∆ + εD) and D by (1 + ε)D, we may assume
from the start that

SuppD ⊆ Supp ∆. (7.1)

Step 1(c). — Let ∆′′ be a Q-divisor such that ∆′′ ⩾ ∆ and the pair
(X,∆′′) is klt. Then

KX + ∆′′ ∼R D + (∆′′ − ∆). (7.2)
If κ(X,KX +∆′′) > 0, then (X,∆′′) has a good model by [17, Theorem 1.3],
hence (X,∆) has a good model by [17, Theorem 1.4(b)], in which case we
conclude by Lemma 3.9 and by Remark 6.2.

Therefore, we may assume that κ(X,KX + ∆′′) = 0. Then there exists a
Q-divisor D′′ ⩾ 0 such that KX + ∆′′ ∼Q D′′. By [17, Lemma 2.5(b)], this
and (7.2) imply that D′′ = D+ (∆′′ − ∆). Hence, it suffices to show that the
divisor D′′ is weakly rigid. By replacing (X,∆) by (X,∆′′) and D by D′′,
we may assume from the start that

∆ and D are Q-divisors
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and
κ(X,KX + ∆) = 0. (7.3)

Step 2. — Suppose by contradiction that the class {D} is not weakly
rigid, and let Γ be a component of D such that {Γ} is not rigid. Then Γ is
a component of ∆ by (7.1), hence we may write

∆ = γΓ + ∆′,

where Γ is not a component of ∆′ and 0 < γ < 1. Set D′ := D + (1 − γ)Γ,
and observe that D′ is not weakly rigid and

KX + Γ + ∆′ ∼Q D
′. (7.4)

The pair (X,Γ + ∆′) is plt, and by (7.1) we have
Γ ⊆ SuppD′ ⊆ Supp(Γ + ∆′). (7.5)

Moreover, since SuppD′ = SuppD, by [10, Lemma 2.9] and by (7.3) and (7.4)
we have

κ(X,KX + Γ + ∆′) = 0. (7.6)

Let Dmin ∈ {D} and Γmin ∈ {Γ} be currents with minimal singularities.
Note that Dmin + (1 − γ)Γmin ∈ {KX + Γ + ∆′} by (7.4), and thus, by
Lemma 6.6 we have

0 ⩽ ν
(
Dmin + (1 − γ)Γmin,Γ

)
= ν(Dmin,Γ) + (1 − γ)ν(Γmin,Γ) = 0.

Therefore, by Lemma 2.1 we infer
σΓ(KX + Γ + ∆′) = 0. (7.7)

Step 3. — By (7.6) there exists an effective Q-divisor N such that KX +
Γ + ∆′ ∼Q N . In particular, the pair (X,Γ + ∆′) has an NQC weak Zariski
decomposition, see [18, Definition 2.10]. Therefore, by our assumption in
dimension n− 1 and by [18, Theorem F] we may run a (KX + Γ + ∆′)-MMP
which terminates with a minimal model (Z,ΓZ +∆′

Z), where ΓZ and ∆′
Z are

the strict transforms of Γ and ∆′, respectively. By (7.7) and by Lemma 2.2
we have that ΓZ ̸= 0. Note that

the pair (Z,ΓZ + ∆′
Z) is plt,

and we have
κ (Z,KZ + ΓZ + ∆′

Z) = 0 (7.8)
by (7.6).

Let D′
Z be the strict transform of D′ on Z. Then (7.4) gives

KZ + ΓZ + ∆′
Z ∼Q D

′
Z , (7.9)

and by (7.5) we have
ΓZ ⊆ SuppD′

Z ⊆ Supp (ΓZ + ∆′
Z) . (7.10)
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Our assumption in dimension n − 1 implies the Nonvanishing conjecture
in dimension n − 1, hence by [7, Corollary 1.8] we obtain that ΓZ does
not belong to the stable base locus of KZ + ΓZ + ∆′

Z , which is equal to
SuppD′

Z by (7.8) and (7.9). This contradicts (7.10) and concludes the proof
of Theorem 1.1. □

Proof of Theorem 1.2. — As in Step 1(a) of the proof of Theorem 1.1,
we may assume that the pair (X,∆ + D) is log smooth. In particular, the
pair (X,∆) is then dlt. We need to show that the class {D} is weakly rigid.

If the R-divisor KX +∆−ε⌊∆⌋ is not pseudoeffective for each positive real
number ε, then the pair (X,∆) has a good model by [16, Theorem 3.1(a)],
and thus D is even rigid by Lemma 3.9.

Thus, we may assume that there exists δ′ > 0 such that the R-divisor
KX + ∆ − δ′⌊∆⌋ is pseudoeffective. Since we assume the Nonvanishing con-
jecture in dimension n, there exists an effective R-divisor Dδ′ such that

KX + ∆ − δ′⌊∆⌋ ∼R Dδ′ .

Pick a real number 0 < δ < δ′. Then
KX + ∆ − δ⌊∆⌋ ∼R Dδ′ + (δ′ − δ)⌊∆⌋ (7.11)

and
KX + ∆ ∼R Dδ′ + δ′⌊∆⌋. (7.12)

Since κι(X,KX + ∆) = 0 and KX + ∆ ∼R D, this together with (7.12)
implies by [17, Lemma 2.5(b)] that

D = Dδ′ + δ′⌊∆⌋.
This, in particular, yields

SuppD = Supp(Dδ′ + (δ′ − δ)⌊∆⌋), (7.13)
hence

κι(X,KX + ∆ − δ⌊∆⌋) = 0
by (7.11) and by [17, Remark 2.4(b)]. Since the pair (X,∆ − δ⌊∆⌋) is klt,
we conclude that the class of the R-divisor Dδ′ + (δ′ − δ)⌊∆⌋ is weakly
rigid by (7.11) and by Theorem 1.1. Therefore, the class {D} is weakly rigid
by (7.13). □
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