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Global Lipschitz and Sobolev estimates for the
Monge—Ampeére eigenfunctions of general bounded
convex domains *)

NaMm Q. Le (M)

ABSTRACT. — We show that the Monge—Ampeére eigenfunctions of general bound-
ed convex domains are globally Lipschitz. The same result holds for convex solutions
to degenerate Monge-Ampeére equations of the form det D?u = M|u|P with zero
boundary condition on general bounded convex domains in R™ within the sharp
threshold p > n — 2. As a consequence, we obtain global W?2'1 estimates for these
solutions.

RESUME. — Nous montrons que les fonctions propres de 'opérateur de Monge—
Ampeére des domaines convexes bornés généraux sont globalement lipschitziennes.
Le méme résultat est valable pour les solutions convexes des équations de Monge—
Ampere dégénérées de la forme det D?u = M|u|P avec condition aux limites nulle
sur les domaines convexes bornés généraux de R™ dans le seuil précis p > n — 2. En
conséquence, nous obtenons des estimations globales dans W21 pour ces solutions.

1. Introduction and statement of the main results
1.1. Motivations

We are interested in obtaining global Lipschitz and Sobolev regularity for
nonzero convex Aleksandrov solutions u € C(Q) to the degenerate Monge—
Ampere equation

det D*u = M|ulP in Q, u=0 on 09, (1.1)
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where M >0, p >n — 2, and Q C R" (n > 2) is a general bounded convex
domain that is not assumed to be smooth nor strictly convex. The case
p = n corresponds to the Monge—Ampere eigenvalue problem. When p # n,
by multiplying « with a suitable positive constant, we can always assume
M = 1. For 0 < p # n, the existence of a nonzero convex Aleksandrov
solution to (1.1) is guaranteed by [10, Theorem 4.2] and it is unique when
p<n.

Regarding interior regularity, solutions to (1.1) satisfy u € C*°(Q); see,
for example, [10, Proposition 2.8] and [14, Proposition 6.36]. On smooth and
uniformly convex domains, the global smoothness of solutions to (1.1) is by
now well understood, thanks to [8] in two dimensions and [16, 20] in all
dimensions; see also [9] for the global analyticity.

The eigenvalue problem for the Monge-Ampére operator det D?u on uni-
formly convex domains 2 in R™ (n > 2) with smooth boundary was first
investigated by Lions [17]. He showed that there exist a unique positive
constant A = A(2) and a unique (up to positive multiplicative constants)
nonzero convex function u € CH1(Q) N C*°(Q) solving the Monge—Ampére
eigenvalue problem:

(1.2)

det D?u = A[u|® in Q,
u=0 on Jf.

The constant A(§2) is called the Monge-Ampere eigenvalue of 2. The nonzero
convex solutions to (1.2) are called the Monge-Ampére eigenfunctions of (2.

A variational characterization of A(2) was found by Tso [21] who discov-
ered that for uniformly convex domains  with sufficiently smooth bound-
aries, the following formula holds:

AQ) = inf Jo luldet D*udz  u € CUHQ)nC? () \ {0}, (1.3)
Jolu"ttdz " wisconvexin Q, u=00n Q[

For general bounded convex domains 2 C R", the Monge-Ampére eigen-
value problem (1.2) was studied in [10] where the existence, uniqueness
and variational characterization of the Monge-Ampére eigenvalue, and the
uniqueness of the convex Monge-Ampeére eigenfunctions were obtained. In
particular, there is a unique positive constant A = A[Q}] for problem (1.2) to
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Global Lipschitz estimates for the Monge-Ampere eigenfunctions

have a nonzero convex solution v € C(£2), and the Monge-Ampeére eigenvalue
A[QY] is characterized by

O = inf Jo luldet D*udz  we C()\ {0}, (1.4)
Jolul*ttdz " wisconvexin Q, u=00n o[

Throughout, by an abuse of notation, we use det D?udx to denote the
Monge—-Ampére measure associated with a convex function « on €2 (for which
we refer to [14, Chapter 3] for more details). When Q is uniformly convex
with smooth boundary, by uniqueness, A\(Q2) defined by (1.3) and A[©] defined
by (1.4) must be equal, though the set of competitors for A\(Q) is strictly
contained in those for A\[Q2]. We chose the bracket notation A[Q] in (1.4) for
the Monge-Ampére eigenvalue of a general bounded convex domain € to
emphasize that the boundary 92 might have flat parts or corners.

It was shown in [10, Theorem 1.1] that the infimum in (1.4) is achieved
by a nonzero convex function u € C%#(Q)NC>(Q) for all 3 € (0,1) and the
pair (u, A[2]) solves (1.2). This makes one wonder if one can take 8 = 1 so as
to extend Tso’s characterization of the Monge-Ampére eigenvalue from uni-
formly convex domains with smooth boundaries to general bounded convex
domains. This boils down to the question of whether the Monge—-Ampére
eigenfunctions of general bounded convex domains are globally Lipschitz.
We will answer positively this question in Theorem 1.1. Due to the degen-
eracy of (1.2) or more general equation (1.1) near the boundary, the global
Lipschitz regularity is a very nontrivial issue, as reviewed below.

e When p < n — 2, [13, Theorem 1.1] shows that the unique nonzero
convex solution w to (1.1) has its gradient blowing up near any flat
part of the boundary. However, for 0 < p < n—2, [12, Proposition 1]
shows that for all 8 € (0, %ﬁp), one has

lu(z)| < C(n,p, B, Q)[dist(x,00)]° VazeQ. (1.5)

e When n =2 and p = n — 2 = 0, the explicit solution to (1.1) on a
planar triangle (see, for example, [13, Section 2.2] and [14, Exam-
ple 3.32]) shows that u is only log-Lipschitz. The optimal bound-
ary behavior for the nonzero convex solution to (1.1) in the case
p=mn— 2> 0 has not been addressed in the literature.

e When p > n — 2, [13, Corollary 1.5] shows that convex solutions
to (1.1) are globally log-Lipschitz:

lu(z)] < C(Q,n,p) dist(z,0Q)(1 + [log dist(x, 0Q)|)||ul| L= ()
forall z € Q. (1.6)
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1.2. Main results

Our first main theorem removes the logarithmic term in (1.6), thereby
establishing the global Lipschitz regularity for convex solutions to (1.1) when
p>n—2.

THEOREM 1.1 (Global Lipschitz estimates for the Monge—Ampere eigen-
functions). — Let Q@ C R" (n > 2) be a bounded conver domain. Let p >
n—2 and let u € C(§) be a nonzero convex function.

(i) Assume that u solves the degenerate Monge—Ampére equation
{det D?*u = MulP in Q,
u=>0 on 012,
where M > 0. Then u is globally Lipschitz and we have the estimate
lu(z)| < C(|Q|, diam(Q2), n, p, M) dist(x, OQ) ||ul| =) for all x € Q.
(ii) Assume that u satisfies in the sense of Aleksandrov
det D?u < M{[dist(-,00)]? in Q, u=0 on 09,
where M > 0. Then u is globally Lipschitz and we have the estimate
|u(z)| < C(diam(Q),n, p, M) dist(x, 0Q)  for all z € Q.
Note that the estimates in Theorem 1.1 give the global Lipschitz prop-

erty of u due to its convexity. By [10, Lemma 3.1 (iii)], for u satisfying The-
orem 1.1(i), we have the estimates

e(n,p)|Q> < Ml|ull? g, < Cln, p)] 2 (1.7)

Thus, the appearance of |||« () is only necessary in the case of the Monge—
Ampere eigenvalue problem.

We quickly mention some implications of Theorem 1.1.

As discussed earlier, an immediate consequence of Theorem 1.1 is the
following characterization of the Monge-Ampére eigenvalue A[Q2] defined
in (1.4).

COROLLARY 1.2. — Let Q@ C R™ (n > 2) be a bounded convexr domain.
Then the Monge—Ampére eigenvalue N\[Q] of Q has also the following char-
acterization:

Q| = inf{ fQ |u| det D*udx u€ COH Q)N C? () \ {0}, }

Jolulnttdz " w is conver in Q, uw =0 on 0Q
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The global Lipschitz estimates in Theorem 1.1 (i) give global W21 esti-
mates for the solutions. We use the Hilbert—Schmidt norm for matrices in
this note.

COROLLARY 1.3 (Global W2 estimates for the Monge-Ampére eigen-
functions). — Let & C R™ (n > 2) be a bounded conver domain. Let
p>n—2andlet u € C(Q)NC>®(Q) be a nonzero convex function solving
the degenerate Monge—Ampére equation

det D?u = M|ulP in Q,
u=20 on 0X,

where M > 0. Then D?*u € L'(Q) with the estimate

[ 107l dz < C19, dian(@),n,p. M) [l <o
Q

The conclusion of Corollary 1.3 is false when p < n — 2 and Q is a
rectangular box in R”, as [15, Proposition 3.1] shows that in this situation,

D2u ¢ LT3 15(Q) for any ¢ > 0, so D2u & L'(9).

Though simple, the proof of Corollary 1.3 uses interior C? regularity for
solutions to our degenerate Monge—Ampere equation. This interior second-
order regularity or even interior W?2! regularity as in the nondegenerate
case [19, 5] is not known for the convex functions in Theorem 1.1 (ii) so it is
not clear if global W?2! estimates are possible for them.

Another consequence of Theorem 1.1 is the eventual global Lipschitz
regularity for an iterative scheme for the Monge—Ampeére eigenvalue problem
with general initial data.

COROLLARY 1.4. — Let @ C R™ (n > 2) be a bounded and convex do-

main. For a convez function u on Q, we define its Rayleigh quotient by
u| det D?udx
R(u) = Jo I T
Jo lumtt da
Let ug € C(Q2) be a nonzero conver function on 0 with 0 < R(ug) < oo.
For k > 0, define the sequence ugi1 € C(Q) to be the convex Aleksandrov
solutions of the Dirichlet problem
det D?upy1 = R(ug)|ux|® in Q,
Ug41 =0 on 0f).

(1.8)

Then uy € C*=2(Q) N CO1(Q) for all k = (n+4)/2.

The iterative scheme (1.8) was first introduced by Abedin and Kita-
gawa [1] to solve the Monge-Ampére eigenvalue problem (1.2) for a large
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class of convex initial data wug satisfying det D?uy > co > 0. The sequence
{ur}2, is obtained by repeatedly inverting the Monge-Ampére operator
with Dirichlet boundary condition. The iterative scheme (1.8) was showed
in [11, Theorem 1.4] to converge to problem (1.2) for all convex initial data
having finite and nonzero Rayleigh quotient. We refer to [18] for numerical
analysis of the scheme (1.8).

The threshold p > n—2 in Theorem 1.1 is sharp in all dimensions as global
Lipschitz estimates are not possible in general for (1.1) when p < n— 2. The
case p < n—2 was treated in [13, Theorem 1.1]. Our next theorem shows that
when p = n — 2, the nonzero convex solution of (1.1) can have log-Lipschitz
type behavior near the flat part of the boundary.

THEOREM 1.5 (Infinite boundary gradient for degenerate Monge—Ampere
equations). — Let @ C R™ (n > 2) be a bounded convex domain. Let u €
C(2) N C*>=(82) be the nonzero convex solution to

det D?>u = |u|"=2 in Q,
u=0 on O0f).

(i) We have the estimate
lu(2)| < C(diam(2), n) dist(z, 09Q) (1 + [log dist(z,0Q)|2) V2 € Q.

(ii) Assume that there is a nonempty closed subset I' of the boundary
09 that lies on a hyperplane. Then, for x € Q sufficiently close to
the interior of I', we have

lu(z)| = c(n, Q,T) dist(x, 0Q)|log dist(z, GQ)|%.

It would be interesting to bridge the gap between the exponents n/2 and
1/n in the upper bound and lower bound in Theorem 1.5.

1.3. On the proofs

We say a few words about the proof of Theorem 1.1 in Section 3. A key
ingredient is the construction in Lemma 3.1 of Lipschitz convex subsolutions
v to degenerate equations of the form det D*>v > |v|P where p > n — 2
and v is nonpositive on the boundary. If det D*u = M|u|P and p > n, then
det D%u < M||u||i;rz$; |u|"~1, so we can reduce the exponent p to be below n,
the critical exponent. Our interest here is the range p € (n — 2,n). From
Lemma 3.1, we obtain a direct proof of Theorem 1.1 based on a comparison
principle for degenerate subcritical Monge—Ampére equations det D?w =
|lw|? (0 € ¢ < n) in Lemma 2.1. This lemma allows us to improve the
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exponent S in (1.5) to 2/(n — p) when p € (0,n — 2), avoiding the iteration
argument in [12] using C* (0 < o < 1) convex subsolutions of the form

wo(z) =22 (|2 = Ca), Coa >0

on the upper half space {x, > 0}. These functions were motivated by [3,
Lemma 1] where Caffarelli considered the case @ = 2/n when n > 3 and
a € (0,1) when n = 2.

One cannot take o > 1 in w,, due to the convexity requirement; see (2.6).
Our crucial observation from (2.6) is that we can actually take o > 1 as
long as we change the sign in front of C,, that is, we can look for convex
subsolutions of the form x2(|2’|?>+ A) where @ > 1 and A > 0. The only issue
with this ansatz is that it is always positive. However, this can be handled by
subtracting from it a large multiple of x,, to obtain desired globally Lipschitz
convex subsolutions

v(z) = 2%(|2'|* + A) — Bz,

to degenerate equations of the form det D?v > |v|P where p > n —2 and v is
nonpositive on the boundary. Though simple, this final ansatz has escaped
our attention up to now. Finally, the Lipschitz subsolutions allow us to obtain
optimal boundary estimates for the Abreu’s equation [2] with degenerate
boundary data.

Throughout, we denote € R" by = (2/,2,,) and RY} := {x = (2/,x,,) €
R™ : x,, > 0}. We use dist( -, F) to denote the distance function to a closed
set E C R", diam(f2) for the diameter of a set @ C R”, and || for the
n-dimensional Lebesgue measure of an open set 2 C R™. We use C' =
C(*,...,%) to denote a positive constant C' depending on the quantities
*,...,% in the parentheses. In general, C' can be computed explicitly, and its
value may change from line to line in a given context.

Outline of the paper

The rest of this note is organized as follows. We prove a comparison
principle for degenerate subcritical Monge—Ampére equations in Section 2.
The construction of globally Lipschitz subsolutions and applications includ-
ing the proofs of Theorem 1.1 and Corollaries 1.3 and 1.4 will be given in
Section 3. We prove Theorem 1.5 in Section 4.

Acknowledgments

The author would like to thank the referee for carefully reading the paper
and providing constructive comments.

— 473 —



Nam Q. Le

2. A comparison principle for degenerate subcritical
Monge—Ampeére equations

The following comparison principle for degenerate subcritical Monge—
Ampeére equations is motivated from a uniqueness result in Tso [21, Propo-
sition 4.1]. The supersolution here is not required to be convex.

LEMMA 2.1 (Comparison principle for degenerate subcritical Monge—Am-
pere equations). — Let p € [0,n), § € [0,00), and © be a bounded convex
domain in R™. Let u,v € C(2) N C?(Q) where

e v is convex in Q, v <0 inQ, v<0ond, and v is a subsolution
in the sense that

det D*v > (Jv] +0)F in Q, (2.1)
e u >0 on 09, and u is a supersolution in the sense that
det D%u < (Ju| +0)? in Q. (2.2)
Then
u>=v in .
Consequently, if instead of (2.1)—(2.2), we have
det D?v > K|v|P and det D*u < L|ulP in Q, (2.3)

where K, L > 0, then
—u < (K/L)77 || in Q.

Proof. — We first prove u > v in 2 when (2.1)—(2.2) hold. Suppose that
v—u is positive somewhere in . Note that v—u < 0 on 0. By translation of
coordinates, we can assume that 0 € €2 satisfies v(0) —u(0) = maxg(v —u) =
7> 0. For 1 <~ < 2, consider for z € (,

vy(2) = v(z/y), and n,(z) = u(z)/vy(z).

If dist(z, 02) — 0, then limsup u(z) > 0, so liminf 7., (z) < 0. Since v < 0
in Q, we have

7y(0) = u(0)/v(0) = [v(0) — 7]/v(0) > 1+¢ for some ¢ > 0.

Therefore, the function 7, attains its maximum value in Q at z., € Q with
ny(z4) > 1+e At @ = x,, we have Dy, (z,) = 0, D*p,(z,) < 0, and
vy(24) < 0, so we can compute

DQU(‘”W) = m(%)DQUW(%) + Dan(xv)vv(xv) > 777(%)92%(%)7
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in the sense of positive definite matrices. Hence, the convexity of vy and (2.1)—
(2.2) give
(lu(z4)] +6)" = det D2u($'y) 1y (2)]" det D2vv(xv)

[ ()]~ (Ju e /)] + 6)P.
Using ny(z) > 1+¢>1and 6 > 0, we find

(@) 46 = ny(z)[0(2y /7)] + 6 < 0y (25) ([0(24/7)] + 6). (2.5)
We deduce from the estimates (2.4)—(2.5) that

1> [1y(2,)]" Py 7" > (L) 7Py 20,

Letting v N\, 1, using p < n and ¢ > 0, we obtain a contradiction. Therefore,
u > v in Q.

>
2.4
S (2.4)

For the consequence, we rescale and take advantage of the subcriticality.
1
Assume now that instead of (2.1)—(2.2), we have (2.3). Let sx = K7—= and
Sp, = Lpin. Then
det D*(sgv) > |sgv[P and det D*(spu) < |spulP  in Q.
Thus, as above for the case § = 0, we have spu > sgv in . Hence, —u <
1
(K/L)?=7|v| in Q, completing the proof of Lemma 2.1. O

As an application of Lemma 2.1, we improve upon (1.5) where 3 is allowed
to be 2/(n — p).

PROPOSITION 2.2. — Let Q C R" (n > 3) be a bounded convex domain.
Letp € (0,n—2) and M > 0. Let u € C(Q) be the nonzero convex solution to
det D*u = M|ul? in Q, u=0 on 0.

Then

lu(2)| < C(n, p, M, diam())[dist(z, 0Q)] 75V z € Q.

Proof. — Note that u < 0 in Q. By [10, Proposition 2.8], u € C*().
Let z = (2/,2z,) be an arbitrary point in Q. By translation and rotation
of coordinates, we can assume that: 0 € 02, Q C R}, the z,-axis points
inward €2, z lies on the z,-axis so z = (0, 2,), and z, = dist(z,0%). Let
D := diam(2). Consider for o = %ﬁp €[2,1)

wo(z) = 2%(|2']* = Ca) where C, = (1+2D%)/[a(l — a)).
Then, we find from [12, Lemma 2.2] that w, is convex in Q, w, < 0 in Q,
We < 0 on 9N, and
det D*wq = 2" 127 ?[a(l — a)Cq — (& + a)|2'?]

na

0 in Q. (2.6)

S xna—2 S C_ naaf2 |w |
= Ly = La feY
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The choice of « gives
det D*wy = CLP|lw, [P in €.
As a consequence of the comparison principle in Lemma 2.1, we have
lu(z)| < C(M, a,n,p, D)|wa(2)]
< C(M,n,p,D)zy = C(n,p, M, D)[dist(z,(“)ﬂ)]n%v.
This proves Proposition 2.2. |

3. Globally Lipschitz subsolutions and applications

In this section, we prove Theorem 1.1 and Corollaries 1.3 and 1.4.

We first construct globally Lipschitz convex subsolutions to the Monge—
Ampere equations det D?v = C|v[P and det D?*v = C[dist(-,0Q)]P where
p > n — 2 with nonpositive boundary values.

LEMMA 3.1 (Globally Lipschitz convex subsolutions). — Let Q@ C R
(n > 2) be a bounded conver domain with 0 € 9. Let D = diam(2). For
a>1, let

v(x) = vg,p(x) := :cf;(|x'|2 + A) — Bz, forx = (2, 2,) € Q,
where
2
A= A(a,D) = W’ B = B(a,D) := D*"'(A+ D?).
0 —

Then v € COH(Q) N C*(Q), v is convez in Q, v < 0 in Q, and

2n71
det D*v(z) > 2" a2 > @

" /Bm_2|v\"a72 in Q.

Proof. — Tt is clear that v € C%1(Q2) N C>(Q2). We have

2z2 0 o 0 2az20871
0 228 . 0 2az928!
D*v(x) : : : : ;
0 0 .. 2z 20w, 128!
Zazlx“n’l angxfl’l . 2axn_1x“n’1 M
where

M :=a(a— 1)zt ?(|2']> + A).
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Note that the first (n — 1)-leading principal minors of D?v are all positive

in €. By induction, we find that
det D*v(z) = 2" 'a(a — )22 2 (|2'|> + A) — 2"a®|2/|*z]" 2 3.1)
=2""tax ?[A(a — 1) — (a+ 1)|2|?]. .

With the choices of A and B, we have v is convex in §, and v < 0 in .
Clearly,

Ala—1)—(a+D2'* > A(a—1) = (a+1)D*>1 inQ,
o (3.1) gives

n— na— 2" 'a na— :
det D%v(x) > 2" taz"* % > Bra_ 2| o|™? in Q.
Lemma 3.1 is proved. O
Proof of Theorem 1.1. — Let z = (2/,2,) be an arbitrary point in .

By translation and rotation of coordinates, we can assume that: 0 € 012,
Q C RY, the x,-axis points inward €, z lies on the xz,-axis so z = (0, z),
and z, = dist(z, 0Q).

(i). — Note that the function w in this part satisfies u € C*°(£2) by [10
Proposition 2.8]. We need to show that
lu(2)| < C(p,n, M, |, diam($2)) dist(z, 092)
= C(p,n, M,|Q|,diam(Q))z,. (3.2)

First, we consider the case n — 2 < p < n. Let

2
a = 2+p >1, D=diam(Q), v=1v.p, (3.3)
n

where v, p(z) = 22(|2’|?> + A) — Bz, is the convex function in Lemma 3.1.
Recall that

det D*v > c(a,n, D)[v|"*"? = c(a,n, D)[v|P, det D*u < M|ul’ in Q;
while

v<u=0 ondf.
From the consequence of the comparison principle in Lemma 2.1, we have
|U| ~ (aaDan,pa M)|UG,D| in Q

Since |v(2)| = |va,p(2)| < C(a, D)z, we obtain (3.2).

Now, we consider the case p > n. If p = n, then by homogeneity, we can

assume that |[up=) = 1. If p > n, we use (1.7) to estimate ||u| (). In
all cases, we have
+1 -1
det D% = Mlul? < M}k "™ < C(M.n,p, | Q)" in 2,
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and (3.2) follows from the case p = n — 1. Part (i) is proved.
(if). — We need to show that
lu(z)] < C(p,n, M,diam(Q)) dist(z, 0Q) = C(p, n, M, diam(Q))z,. (3.4)
Let
a=(2+p)/n>1, D =diam(Q),
and
v(z) = va,p(z) = a5, (|2']* + A) - Bz,
be the convex function in Lemma 3.1. Let s = (M2'~"/a)'/™. From Lemma
3.1, we have
det D?(sv) = s" det D*v > s"2" tax"*"? = MaP.
Thus
det D?(sv) > M|[dist(-,09Q)]? > det D*u in Q.
Note that sv < u = 0 on 0. By the comparison principle for the Monge—
Ampere equation (see [14, Theorem 3.21]), we have

sv<u in Q.
In particular, at z = (0, z,, ), we have
lu(z) < |sv(z)| < sB(a, D)z,.
This implies (3.4), completing the proof of Theorem 1.1. a

Proof of Corollary 1.3. — By the global Lipschitz estimates in Theo-
rem 1.1(i) and the convexity of u, we have

| Dull oy < COR, diam(Q), n,p, M) < 0. (3.5)
The convexity of u also implies that
||D2u|| < Au in Q.

Let {2, }5°_; C Q be a sequence of smooth convex domains that converges
to  in the Hausdorff distance. Let H"~! denotes the (n — 1)-dimensional
Hausdorff measure.

For each m, integrating by parts gives

/ ||D2u||dx</ﬂ Audz:/a O 1 < 1 (00, | Dt =

Qu Q OV

where v is the outer normal unit vector field on 9€2,,.

From (3.5), we easily obtain for all m

/ | D2 d < C(I9, diam (), n, p, M)|[ull (0.

m
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Now, we let m — co. The monotone convergence theorem then gives D?u €
L'(2) with estimate for ||[D?ul|11(q) stated in the corollary. O

Proof of Corollary 1.4. — The interior regularity of the scheme uy €
C?=2(Q) for k > 2 follows from [11, Proposition 3.1]. In view of Step 1 in
the proof of [11, Theorem 1.4], the sequence {R(u)}72, is bounded:

R(ug) < C(ug,n,Q) VEk=0. (3.6)
The finiteness of R(ug) implies that of |Jug]

Lr+1(q)- Hence

/ det D*uy do = R(uo)/ luo|™ da < C(ug, n, Q).
Q Q

As a consequence of the Aleksandrov estimate (see [14, Theorem 3.12]), we
have )
lui(x)] < C(ug,n, Q)[dist(x,0Q)]» VzeQ. (3.7)

Step 1. — We will show by induction that if 1 < k < n/2, then
luk(x)] < C(ug,n, Q)[dist(z, ON)] Vel (3.8)

2k—1
n

When k = 1, (3.8) is exactly (3.7). Assume (3.8) holds for 1 < k <
(n—2)/2 (if n < 3, then we are done). We prove it for k + 1. Indeed,
recalling (3.6)—(3.8), we have

det D%ujy 1 = R(ug)|ur|™ < Cr(uo, n, Q)[dist( -, dQ))* 1. (3.9)

Let z = (2/,2,) be an arbitrary point in Q. By translation and rotation
of coordinates, we can assume that: 0 € 9Q, Q C R%, the z,-axis points
inward 2, z lies on the z,-axis so z = (0, z,), and z, = dist(z,09). Let
D := diam((2). Consider for o = 2t € [2 1)

wo(z) = 2%(|2'|* — Co) where Co = (1+2D?%)/[a(l —a)].
Then, w, is convex in Q, w, < 0 on 91, and recalling (2.6), we have

det D?wg > 2772 > [dist(-,00)]**71 in Q.

It follows from (3.9) that

det D2(C,1/nwa) > Cy[dist(-,00)]** 7! > det D®up;  in Q.
The comparison principle for the Monge-Ampeére equation (see [14, Theo-
rem 3.21]) gives

C’,i/nwa < ugyr  in Q.

In particular, at z = (0, z,), we have

1/n 2ktl 2k41

[up41(2)| < C Mwa(2)] < C(uo,n, Q)zn ™ = C(uo,n, Q)[dist(z,0Q)] .

The arbitrariness of z proves (3.8) for k + 1. Therefore, (3.8) holds for all
1<k<n/2
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Step 2. — We now deduce the corollary from (3.8). Indeed, for m :=
[n/2], using (3.6)—(3.8), we find

det D21 = R(um)|um|™ < C[dist( -, 00))2m!
C

<
< Cl(ug, n, Q)[dist( -, Q)] ~5/2.

The proof of (3.8) in fact shows that if det D?uj < C[dist(-,98)]* where
24«

a < n— 2, then the modulus of uy grows less than C[dist(-,0€)] ™= . Thus,
we have

n—1/2 n

st | < Clug, n, Q)[dist( -, Q)] "5 < C(uo,n, Q)[dist( -, IQ)]

T in Q.
Therefore
det D*Upy0 = R(Up 1) |[tmy1|™ < C[dist(-,00)]" .
By Theorem 1.1 (ii) for p = n—1, we have u,, 2 € C%1(Q) with the estimate
[tmt2] < Clug,n, Q) dist(-,0Q) in Q.

Using (1.8) and Theorem 1.1 (ii) repeatedly, we obtain uy € C%1(Q) for all
k>m+2=|(n+4)/2]. Corollary 1.4 is proved. O

We indicate an application of the Lipschitz subsolution in Lemma 3.1
in obtaining optimal boundary estimates for the Abreu’s equation [2] with
degenerate boundary data which arises in the study of the existence of con-
stant scalar curvature Kahler metrics for toric varieties [6, 7]; see also [4] for
related Abreu’s equation with degenerate boundary data.

THEOREM 3.2 (Boundary Lipschitz estimates for the inverse of the Hes-
sian determinant of Abreu’s equation with degenerate boundary data). —
Let Q CR™ (n > 2) be a bounded conver domain. Let u € C*(2) be a locally
uniformly convex solution of

UijDijw = —f mn Q,
w = [det D2u]71 in Q, (3.10)
w=70 on 0N,

where U = (U¥) = (det D?u)(D?u)~1 is the cofactor matriz of the Hessian
matriz D?u, f € L®(Q) with f¥ > 0, and w € C(Q). Then, we have the
estimate

det D%u > ¢(n, diam(Q))HﬁH;Q(Q) [dist(-,0Q)]"' in Q. (3.11)

We refer the readers to [7, Section 2] for a discussion of the optimality
of (3.11) when Q is a polytope.
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Proof. — Note that for v > 0, u = yu satisfies
U“Dy;0 = -1, (3.12)
where U = (U%) is the cofactor matrix of D27, and @ = (det D). Thus,

by considering || f*| fo(q)u instead of wu, it suffices to prove the theorem
under the assumption that

1f Lo (@) = 1.
Let D := diam(f2). By [13, Theorem 1.6], we already have
det D*u(x) > ¢1(n, D)[dist(, 89)}_%1 for all 2 € Q. (3.13)
Let z = (2, z,,) be an arbitrary point in Q. We prove
det D*u(z) > c(n, D)[dist(z,0Q)] . (3.14)

By tranblation and rotation of coordinates, we can assume that: 0 € 0,
Q C R%, the x,-axis points inward Q, z lies on the z,-axis so z = (0, z,),
and zn = dist(z, 092).

To prove (3.14), we will compare w with —C'(a, D)v,,p where

2 —1)2
a:*+M>l,
n n

Vg, p is the convex function in Lemma 3.1, and C(a, D) > 0 is to be chosen.
For this, we use the fact that for n x n positive definite matrices A and B,

trace(AB) > n(det A)Y/"(det B)'/™.
Then, using (3.13) together with
det(U) = (det D*u)" ™" and  det D%v, p > 2" a[dist(x, 90)]" 2,
we find that
U% D;j(~Cq p) < —Cn(det D*u) ™% (det D%a D) "

na—2

< —Cea(n, D)[dist(z, 89)] [dlst(a: o)
=—-Cec(n,D)< -1<—f= UjDijw,
it C = C(n, D) is large.
Since
—U"’jDij(w +Cugp) <0 in Q, and w4+ Cv,p <0 on 9N,
the classical comparison principle implies

w+ C(a,D)vg,p <0 in Q.
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Therefore, at z = (0, z,,), we have
w(z) < =C(n,D)v,,p(z) < C(n, D)z, = C(n, D) dist(z, 00).
This gives (3.14) because det D?u(z) = [w(z)]~!. Theorem 3.2 is proved. [

4. Infinite boundary gradient

In this section, we prove Theorem 1.5 using suitable subsolutions and
supersolutions of the Monge-Ampére equation det D?u = |u|"~2.

First, we construct subsolutions with dist( -, 99Q)(1+ [log dist( -, 9)|™/?)
growth.

LEMMA 4.1 (Subsolutions). — Assume that 0 € 0Q and Q C R’} (n > 2).
Let D := diam(f2) and define for x € Q

Tn Ty Tn T, |5

e2n e2npD e2nD e2npD
Then w € C*(Q), w is convex in Q with w < 0 on IR, and there exists a
constant ¢ = c(n,diam(£2)) > 0 such that

det D*w > clw|"™? in Q.
Proof. — For a € [0,n) and t € (0,e72"), let
fa(t) :==t(—logt)*.

w(x) ==

n—2
|7 (/P - D)~ (14 4D?)

’log ’10g

Then
fa(t) = (=logt)” — a(—logt)*~,
and )
70 = =2 (tognyrt = D gy
Observe that for all ¢ € (0,e72") and « € [0,n), we have

< —fh(t).

allogt|*~t

0< fult) 0 fi(0) < flogel, %7

Let
E=14+4D* s=¢""D, ¢y =2'/s, yp=2,/s forx= (2 z,)cQ.
Consider
ua(t) := fa(wn/s)(|¢'|* = D) = Efas1(z0/s)
= falya) (|2'|* = D?) = Efas1(yn).
Then, y,, € (0,e~2") and
lue (2)| < 2Eyn|logy,|*™  in Q. (4.1)

— 482 —



Global Lipschitz estimates for the Monge-Ampere eigenfunctions

‘We have
2foz(yn) 0 0 2y1féz(yn)
0 2foz(yn) ce 0 2y2f(ly(yn)
D2uq(x) = : : - : : ,
O O .. 2foz (yn) 2yn—1f(; (yn)
2u1fo(yn) 2y2fo(yn) - 2yn—1fo(yn) K
where

fg(yn)(\x'|2 - DQ) —-FE g+1(yn)
52

K =

Note that the first (n — 1)-leading principal minors of D2u(a) are all positive
in 2. We can compute by induction that

det D%u (z)
= 272 fa ()" [ ) (2 = D2) = B2 ()
— 2521 P () [ fa ()] 2
> 2" s TP E fa(yn)]" T 1 (yn) — 2752 D [log ya | ** [ fa(yn))"
> 2" 1572 B[y, |log ynla]"_IO;TH“Og ynl®

— 2"572D?[log yn|** [yn log yn|*]" >
= 2" 2y ?|logyn|"*[(1 + @) E — 4D?]
> 2" 22y 2 log ya |
Clearly, u, € C®(Q), u, is convex in  with u, < 0 on 992. Moreover, when
(a+1)(n—2)=na, or a=(n-2)/2,
we obtain from the preceding inequalities and (4.1) that
)

det D2u(n_2)/2 >9n 2572 (yn|1og Yn
’n—2

> ¢(n, diam(Q))’u(n,m/g in Q

for some constant c(n,diam(Q2)) > 0.
Since w = U(p—2y/2, Lemma 4.1 is proved. O

Next, we construct supersolutions with infinite boundary gradient. Note
that these supersolutions are not necessarily convex.

LEMMA 4.2 (Supersolutions with infinite boundary gradient).
Assume 0 < z,, < et forallx € Q CR"™ (n>2). Let

v(z) =20 [(—logxn)l/" - 1} (J2']> = 1), = (2 2,) € Q.
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Then v € C*(R2) and

det DQU(JU) <222 in Q.

n

Proof. — For a € (0,1) and t € (0,e71), let
galt) = t(~logt)° — 1.
Note that for all ¢ € (0,e7!) and « € (0,1), we have

2allog t|*~t
0 < ga(t) < t|logt|®, 0< —g!(t) < %.

[e3%

Let
Vo () = ga(zn) (2> — 1) for z € Q.
Then, we can compute as in Lemma 4.1 that
det D?vq (2) = 2" [ga (wn)]" gl (2n) (|2'* — 1)
= 2"’ (g0 (@n)]*[ga (22)]"
—2" " Hga(zn)]" " g ()

2"z ?|log x, " L.

4.2
< (4.2)
<

Thus, choosing o = 1/n, we have v = vy, € C®(Q), and det D?v(z) <
272" =2 in ). Lemma 4.2 is proved. (|

Proof of Theorem 1.5.

(i). — Let z = (/,2,) be an arbitrary point in Q. By translation and
rotation of coordinates, we can assume that: 0 € 9Q, Q C R, the x,-axis
points inward 2, z lies on the z,-axis so z = (0, 2z,,), and z,, = dist(z, 9Q).
Let D = diam(€2). We need to show that

[u(2)| < C(n,D)zn (1 + |log 2| ). (4.3)
Let w be the convex function in Lemma 4.1. Recall that
det D*w > ¢(n, D)|w|" 2, det D*u = |[u|"? in Q.

From the consequence of the comparison principle in Lemma 2.1, we have

lu| < C(n,D)w| in Q.
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Since
w(z)] < C(n, D)z [log —2— "
w()| € Cln, D)z log 2,
we obtain (4.3).
(ii). — Fix z € Q being close to I'. By translating and rotating coordi-

nates, we can assume that for some s = s(n,,T') € (0,e71),
2=1(0,2,) € Qs :={(2, ) : |2/] <5, 0 <@, < s} CQ,
{(2',0):]2'| < s} cT Cc 9N, and dist(z,d9) ==, forxe Q.

Let g(t) = t(—logt)"/™ — t and

w(z) = g(x,/(es))(|2'|* — s*) in Q.
Then, @ € C*(£5). As in (4.2), we have

det D*w < —2""te ?[g(an/(es))]" " g" (wn/(e5))
< 2%(es)? a2 = 2" (es)? " [dist(x, OQ)]"?  in Q.

On the other hand, the convexity of v and (1.7) give

dist(xz, 00 .
) > STl ey > el ) is(,09),
Thus, for some R = R(n,s,) > 0, we have
det D*(Ru) = R"|u|""? > det D*@ in Q. (4.4)

Observe that
Ru<w in Q. (4.5)

Indeed, since @w = 0 on 9€, this holds on 0. Suppose otherwise that
Ru — w attains a positive maximum at T € Q. Then, D?*w(Z) > RD*u(Z),
as symmetric matrices. Now, the convexity of u gives RD?u(Z) > 0 and
det D?w(Z) > det D?(Ru)(Z), which contradicts (4.4).

Using (4.5) at z = (0, z,) € 2, where 0 < z, is small (due to z being
close to I'), we have
1
. 1)

Theorem 1.5 is proved. |

Remark 4.3. — The conclusion of Theorem 1.5(ii) still holds if u €
C(2) N C?%() is a convex function satisfying

det D*u > [dist(-,00Q)]" 2 in Q, u=0 on 0.

dist(z, 09
. (2,09)

€s

|u(2)| = |@W(2)|/R = c1(n, T, Q) dist(z, 09) (‘lo

1
n

> ¢(n,T', Q) dist(z, 0Q)|log dist(z, 09)
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