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Global Lipschitz and Sobolev estimates for the
Monge–Ampère eigenfunctions of general bounded

convex domains (∗)

Nam Q. Le (1)

ABSTRACT. — We show that the Monge–Ampère eigenfunctions of general bound-
ed convex domains are globally Lipschitz. The same result holds for convex solutions
to degenerate Monge–Ampère equations of the form det D2u = M |u|p with zero
boundary condition on general bounded convex domains in Rn within the sharp
threshold p > n − 2. As a consequence, we obtain global W 2,1 estimates for these
solutions.

RÉSUMÉ. — Nous montrons que les fonctions propres de l’opérateur de Monge–
Ampère des domaines convexes bornés généraux sont globalement lipschitziennes.
Le même résultat est valable pour les solutions convexes des équations de Monge–
Ampère dégénérées de la forme det D2u = M |u|p avec condition aux limites nulle
sur les domaines convexes bornés généraux de Rn dans le seuil précis p > n − 2. En
conséquence, nous obtenons des estimations globales dans W 2,1 pour ces solutions.

1. Introduction and statement of the main results

1.1. Motivations

We are interested in obtaining global Lipschitz and Sobolev regularity for
nonzero convex Aleksandrov solutions u ∈ C(Ω) to the degenerate Monge–
Ampère equation

det D2u = M |u|p in Ω, u = 0 on ∂Ω, (1.1)
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where M > 0, p > n − 2, and Ω ⊂ Rn (n ⩾ 2) is a general bounded convex
domain that is not assumed to be smooth nor strictly convex. The case
p = n corresponds to the Monge–Ampère eigenvalue problem. When p ̸= n,
by multiplying u with a suitable positive constant, we can always assume
M = 1. For 0 < p ̸= n, the existence of a nonzero convex Aleksandrov
solution to (1.1) is guaranteed by [10, Theorem 4.2] and it is unique when
p < n.

Regarding interior regularity, solutions to (1.1) satisfy u ∈ C∞(Ω); see,
for example, [10, Proposition 2.8] and [14, Proposition 6.36]. On smooth and
uniformly convex domains, the global smoothness of solutions to (1.1) is by
now well understood, thanks to [8] in two dimensions and [16, 20] in all
dimensions; see also [9] for the global analyticity.

The eigenvalue problem for the Monge–Ampère operator det D2u on uni-
formly convex domains Ω in Rn (n ⩾ 2) with smooth boundary was first
investigated by Lions [17]. He showed that there exist a unique positive
constant λ = λ(Ω) and a unique (up to positive multiplicative constants)
nonzero convex function u ∈ C1,1(Ω) ∩ C∞(Ω) solving the Monge–Ampère
eigenvalue problem:

{
det D2u = λ|u|n in Ω,

u = 0 on ∂Ω.
(1.2)

The constant λ(Ω) is called the Monge–Ampère eigenvalue of Ω. The nonzero
convex solutions to (1.2) are called the Monge–Ampère eigenfunctions of Ω.

A variational characterization of λ(Ω) was found by Tso [21] who discov-
ered that for uniformly convex domains Ω with sufficiently smooth bound-
aries, the following formula holds:

λ(Ω) = inf
{∫

Ω |u| det D2u dx∫
Ω |u|n+1 dx

:
u ∈ C0,1(Ω) ∩ C2(Ω) \ {0},

u is convex in Ω, u = 0 on ∂Ω

}
. (1.3)

For general bounded convex domains Ω ⊂ Rn, the Monge–Ampère eigen-
value problem (1.2) was studied in [10] where the existence, uniqueness
and variational characterization of the Monge–Ampère eigenvalue, and the
uniqueness of the convex Monge–Ampère eigenfunctions were obtained. In
particular, there is a unique positive constant λ = λ[Ω] for problem (1.2) to
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have a nonzero convex solution u ∈ C(Ω), and the Monge–Ampère eigenvalue
λ[Ω] is characterized by

λ[Ω] = inf
{∫

Ω |u| det D2u dx∫
Ω |u|n+1 dx

:
u ∈ C(Ω) \ {0},

u is convex in Ω, u = 0 on ∂Ω

}
. (1.4)

Throughout, by an abuse of notation, we use det D2u dx to denote the
Monge–Ampère measure associated with a convex function u on Ω (for which
we refer to [14, Chapter 3] for more details). When Ω is uniformly convex
with smooth boundary, by uniqueness, λ(Ω) defined by (1.3) and λ[Ω] defined
by (1.4) must be equal, though the set of competitors for λ(Ω) is strictly
contained in those for λ[Ω]. We chose the bracket notation λ[Ω] in (1.4) for
the Monge–Ampère eigenvalue of a general bounded convex domain Ω to
emphasize that the boundary ∂Ω might have flat parts or corners.

It was shown in [10, Theorem 1.1] that the infimum in (1.4) is achieved
by a nonzero convex function u ∈ C0,β(Ω)∩C∞(Ω) for all β ∈ (0, 1) and the
pair (u, λ[Ω]) solves (1.2). This makes one wonder if one can take β = 1 so as
to extend Tso’s characterization of the Monge–Ampère eigenvalue from uni-
formly convex domains with smooth boundaries to general bounded convex
domains. This boils down to the question of whether the Monge–Ampère
eigenfunctions of general bounded convex domains are globally Lipschitz.
We will answer positively this question in Theorem 1.1. Due to the degen-
eracy of (1.2) or more general equation (1.1) near the boundary, the global
Lipschitz regularity is a very nontrivial issue, as reviewed below.

• When p < n − 2, [13, Theorem 1.1] shows that the unique nonzero
convex solution u to (1.1) has its gradient blowing up near any flat
part of the boundary. However, for 0 < p < n−2, [12, Proposition 1]
shows that for all β ∈ (0, 2

n−p ), one has

|u(x)| ⩽ C(n, p, β, Ω)[dist(x, ∂Ω)]β ∀ x ∈ Ω. (1.5)

• When n = 2 and p = n − 2 = 0, the explicit solution to (1.1) on a
planar triangle (see, for example, [13, Section 2.2] and [14, Exam-
ple 3.32]) shows that u is only log-Lipschitz. The optimal bound-
ary behavior for the nonzero convex solution to (1.1) in the case
p = n − 2 > 0 has not been addressed in the literature.

• When p > n − 2, [13, Corollary 1.5] shows that convex solutions
to (1.1) are globally log-Lipschitz:

|u(x)| ⩽ C(Ω, n, p) dist(x, ∂Ω)(1 + |log dist(x, ∂Ω)|)∥u∥L∞(Ω)

for all x ∈ Ω. (1.6)
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1.2. Main results

Our first main theorem removes the logarithmic term in (1.6), thereby
establishing the global Lipschitz regularity for convex solutions to (1.1) when
p > n − 2.

Theorem 1.1 (Global Lipschitz estimates for the Monge–Ampère eigen-
functions). — Let Ω ⊂ Rn (n ⩾ 2) be a bounded convex domain. Let p >
n − 2 and let u ∈ C(Ω) be a nonzero convex function.

(i) Assume that u solves the degenerate Monge–Ampère equation{
det D2u = M |u|p in Ω,

u = 0 on ∂Ω,

where M > 0. Then u is globally Lipschitz and we have the estimate

|u(x)| ⩽ C(|Ω|, diam(Ω), n, p, M) dist(x, ∂Ω)∥u∥L∞(Ω) for all x ∈ Ω.

(ii) Assume that u satisfies in the sense of Aleksandrov

det D2u ⩽ M [dist( · , ∂Ω)]p in Ω, u = 0 on ∂Ω,

where M > 0. Then u is globally Lipschitz and we have the estimate

|u(x)| ⩽ C(diam(Ω), n, p, M) dist(x, ∂Ω) for all x ∈ Ω.

Note that the estimates in Theorem 1.1 give the global Lipschitz prop-
erty of u due to its convexity. By [10, Lemma 3.1(iii)], for u satisfying The-
orem 1.1(i), we have the estimates

c(n, p)|Ω|−2 ⩽ M∥u∥p−n
L∞(Ω) ⩽ C(n, p)|Ω|−2. (1.7)

Thus, the appearance of ∥u∥L∞(Ω) is only necessary in the case of the Monge–
Ampère eigenvalue problem.

We quickly mention some implications of Theorem 1.1.

As discussed earlier, an immediate consequence of Theorem 1.1 is the
following characterization of the Monge–Ampère eigenvalue λ[Ω] defined
in (1.4).

Corollary 1.2. — Let Ω ⊂ Rn (n ⩾ 2) be a bounded convex domain.
Then the Monge–Ampère eigenvalue λ[Ω] of Ω has also the following char-
acterization:

λ[Ω] = inf
{∫

Ω |u| det D2u dx∫
Ω |u|n+1 dx

:
u ∈ C0,1(Ω) ∩ C2(Ω) \ {0},

u is convex in Ω, u = 0 on ∂Ω

}
.
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The global Lipschitz estimates in Theorem 1.1(i) give global W 2,1 esti-
mates for the solutions. We use the Hilbert–Schmidt norm for matrices in
this note.

Corollary 1.3 (Global W 2,1 estimates for the Monge–Ampère eigen-
functions). — Let Ω ⊂ Rn (n ⩾ 2) be a bounded convex domain. Let
p > n − 2 and let u ∈ C(Ω) ∩ C∞(Ω) be a nonzero convex function solving
the degenerate Monge–Ampère equation{

det D2u = M |u|p in Ω,

u = 0 on ∂Ω,

where M > 0. Then D2u ∈ L1(Ω) with the estimate∫
Ω

∥D2u∥ dx ⩽ C(|Ω|, diam(Ω), n, p, M)∥u∥L∞(Ω).

The conclusion of Corollary 1.3 is false when p < n − 2 and Ω is a
rectangular box in Rn, as [15, Proposition 3.1] shows that in this situation,
D2u ̸∈ L

n−p
2(n−p)−2 +ε(Ω) for any ε > 0, so D2u ̸∈ L1(Ω).

Though simple, the proof of Corollary 1.3 uses interior C2 regularity for
solutions to our degenerate Monge–Ampère equation. This interior second-
order regularity or even interior W 2,1 regularity as in the nondegenerate
case [19, 5] is not known for the convex functions in Theorem 1.1(ii) so it is
not clear if global W 2,1 estimates are possible for them.

Another consequence of Theorem 1.1 is the eventual global Lipschitz
regularity for an iterative scheme for the Monge–Ampère eigenvalue problem
with general initial data.

Corollary 1.4. — Let Ω ⊂ Rn (n ⩾ 2) be a bounded and convex do-
main. For a convex function u on Ω, we define its Rayleigh quotient by

R(u) =
∫

Ω |u| det D2u dx∫
Ω |u|n+1 dx

.

Let u0 ∈ C(Ω) be a nonzero convex function on Ω with 0 < R(u0) < ∞.
For k ⩾ 0, define the sequence uk+1 ∈ C(Ω) to be the convex Aleksandrov
solutions of the Dirichlet problem{

det D2uk+1 = R(uk)|uk|n in Ω,

uk+1 = 0 on ∂Ω.
(1.8)

Then uk ∈ C2k−2(Ω) ∩ C0,1(Ω) for all k ⩾ (n + 4)/2.

The iterative scheme (1.8) was first introduced by Abedin and Kita-
gawa [1] to solve the Monge–Ampère eigenvalue problem (1.2) for a large
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class of convex initial data u0 satisfying det D2u0 ⩾ c0 > 0. The sequence
{uk}∞

k=1 is obtained by repeatedly inverting the Monge–Ampère operator
with Dirichlet boundary condition. The iterative scheme (1.8) was showed
in [11, Theorem 1.4] to converge to problem (1.2) for all convex initial data
having finite and nonzero Rayleigh quotient. We refer to [18] for numerical
analysis of the scheme (1.8).

The threshold p > n−2 in Theorem 1.1 is sharp in all dimensions as global
Lipschitz estimates are not possible in general for (1.1) when p ⩽ n − 2. The
case p < n−2 was treated in [13, Theorem 1.1]. Our next theorem shows that
when p = n − 2, the nonzero convex solution of (1.1) can have log-Lipschitz
type behavior near the flat part of the boundary.

Theorem 1.5 (Infinite boundary gradient for degenerate Monge–Ampère
equations). — Let Ω ⊂ Rn (n ⩾ 2) be a bounded convex domain. Let u ∈
C(Ω) ∩ C∞(Ω) be the nonzero convex solution to{

det D2u = |u|n−2 in Ω,

u = 0 on ∂Ω.

(i) We have the estimate
|u(z)| ⩽ C(diam(Ω), n) dist(z, ∂Ω)

(
1 + |log dist(z, ∂Ω)| n

2
)

∀ z ∈ Ω.

(ii) Assume that there is a nonempty closed subset Γ of the boundary
∂Ω that lies on a hyperplane. Then, for x ∈ Ω sufficiently close to
the interior of Γ, we have

|u(x)| ⩾ c(n, Ω, Γ) dist(x, ∂Ω)|log dist(x, ∂Ω)| 1
n .

It would be interesting to bridge the gap between the exponents n/2 and
1/n in the upper bound and lower bound in Theorem 1.5.

1.3. On the proofs

We say a few words about the proof of Theorem 1.1 in Section 3. A key
ingredient is the construction in Lemma 3.1 of Lipschitz convex subsolutions
v to degenerate equations of the form det D2v ⩾ |v|p where p > n − 2
and v is nonpositive on the boundary. If det D2u = M |u|p and p ⩾ n, then
det D2u ⩽ M∥u∥p−n+1

L∞(Ω) |u|n−1, so we can reduce the exponent p to be below n,
the critical exponent. Our interest here is the range p ∈ (n − 2, n). From
Lemma 3.1, we obtain a direct proof of Theorem 1.1 based on a comparison
principle for degenerate subcritical Monge–Ampère equations det D2w =
|w|q (0 ⩽ q < n) in Lemma 2.1. This lemma allows us to improve the
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exponent β in (1.5) to 2/(n − p) when p ∈ (0, n − 2), avoiding the iteration
argument in [12] using Cα (0 < α < 1) convex subsolutions of the form

wα(x) = xα
n

(
|x′|2 − Cα

)
, Cα > 0

on the upper half space {xn > 0}. These functions were motivated by [3,
Lemma 1] where Caffarelli considered the case α = 2/n when n ⩾ 3 and
α ∈ (0, 1) when n = 2.

One cannot take α ⩾ 1 in wα due to the convexity requirement; see (2.6).
Our crucial observation from (2.6) is that we can actually take α > 1 as
long as we change the sign in front of Cα, that is, we can look for convex
subsolutions of the form xa

n(|x′|2 +A) where a > 1 and A > 0. The only issue
with this ansatz is that it is always positive. However, this can be handled by
subtracting from it a large multiple of xn to obtain desired globally Lipschitz
convex subsolutions

v(x) = xa
n

(
|x′|2 + A

)
− Bxn

to degenerate equations of the form det D2v ⩾ |v|p where p > n − 2 and v is
nonpositive on the boundary. Though simple, this final ansatz has escaped
our attention up to now. Finally, the Lipschitz subsolutions allow us to obtain
optimal boundary estimates for the Abreu’s equation [2] with degenerate
boundary data.

Throughout, we denote x ∈ Rn by x = (x′, xn) and Rn
+ := {x = (x′, xn) ∈

Rn : xn > 0}. We use dist( · , E) to denote the distance function to a closed
set E ⊂ Rn, diam(Ω) for the diameter of a set Ω ⊂ Rn, and |Ω| for the
n-dimensional Lebesgue measure of an open set Ω ⊂ Rn. We use C =
C(∗, . . . , ⋆) to denote a positive constant C depending on the quantities
∗, . . . , ⋆ in the parentheses. In general, C can be computed explicitly, and its
value may change from line to line in a given context.

Outline of the paper

The rest of this note is organized as follows. We prove a comparison
principle for degenerate subcritical Monge–Ampère equations in Section 2.
The construction of globally Lipschitz subsolutions and applications includ-
ing the proofs of Theorem 1.1 and Corollaries 1.3 and 1.4 will be given in
Section 3. We prove Theorem 1.5 in Section 4.
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2. A comparison principle for degenerate subcritical
Monge–Ampère equations

The following comparison principle for degenerate subcritical Monge–
Ampère equations is motivated from a uniqueness result in Tso [21, Propo-
sition 4.1]. The supersolution here is not required to be convex.

Lemma 2.1 (Comparison principle for degenerate subcritical Monge–Am-
père equations). — Let p ∈ [0, n), δ ∈ [0, ∞), and Ω be a bounded convex
domain in Rn. Let u, v ∈ C(Ω) ∩ C2(Ω) where

• v is convex in Ω, v < 0 in Ω, v ⩽ 0 on ∂Ω, and v is a subsolution
in the sense that

det D2v ⩾ (|v| + δ)p in Ω, (2.1)

• u ⩾ 0 on ∂Ω, and u is a supersolution in the sense that

det D2u ⩽ (|u| + δ)p in Ω. (2.2)

Then
u ⩾ v in Ω.

Consequently, if instead of (2.1)–(2.2), we have

det D2v ⩾ K|v|p and det D2u ⩽ L|u|p in Ω, (2.3)

where K, L > 0, then

−u ⩽ (K/L)
1

p−n |v| in Ω.

Proof. — We first prove u ⩾ v in Ω when (2.1)–(2.2) hold. Suppose that
v−u is positive somewhere in Ω. Note that v−u ⩽ 0 on ∂Ω. By translation of
coordinates, we can assume that 0 ∈ Ω satisfies v(0)−u(0) = maxΩ(v −u) =
τ > 0. For 1 < γ ⩽ 2, consider for x ∈ Ω,

vγ(x) = v(x/γ), and ηγ(x) = u(x)/vγ(x).

If dist(x, ∂Ω) → 0, then lim sup u(x) ⩾ 0, so lim inf ηγ(x) ⩽ 0. Since v < 0
in Ω, we have

ηγ(0) = u(0)/v(0) = [v(0) − τ ]/v(0) ⩾ 1 + ε for some ε > 0.

Therefore, the function ηγ attains its maximum value in Ω at xγ ∈ Ω with
ηγ(xγ) ⩾ 1 + ε. At x = xγ , we have Dηγ(xγ) = 0, D2ηγ(xγ) ⩽ 0, and
vγ(xγ) < 0, so we can compute

D2u(xγ) = ηγ(xγ)D2vγ(xγ) + D2ηγ(xγ)vγ(xγ) ⩾ ηγ(xγ)D2vγ(xγ),
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in the sense of positive definite matrices. Hence, the convexity of vλ and (2.1)–
(2.2) give

(|u(xγ)| + δ)p ⩾ det D2u(xγ) ⩾ [ηγ(xγ)]n det D2vγ(xγ)
⩾ [ηγ(xγ)]nγ−2n(|v(xγ/γ)| + δ)p.

(2.4)

Using ηγ(xγ) ⩾ 1 + ε > 1 and δ ⩾ 0, we find
|u(xγ)| + δ = ηγ(xγ)|v(xγ/γ)| + δ ⩽ ηγ(xγ)(|v(xγ/γ)| + δ). (2.5)

We deduce from the estimates (2.4)–(2.5) that
1 ⩾ [ηγ(xγ)]n−pγ−2n ⩾ (1 + ε)n−pγ−2n.

Letting γ ↘ 1, using p < n and ε > 0, we obtain a contradiction. Therefore,
u ⩾ v in Ω.

For the consequence, we rescale and take advantage of the subcriticality.
Assume now that instead of (2.1)–(2.2), we have (2.3). Let sK = K

1
p−n and

sL = L
1

p−n . Then
det D2(sKv) ⩾ |sKv|p and det D2(sLu) ⩽ |sLu|p in Ω.

Thus, as above for the case δ = 0, we have sLu ⩾ sKv in Ω. Hence, −u ⩽
(K/L)

1
p−n |v| in Ω, completing the proof of Lemma 2.1. □

As an application of Lemma 2.1, we improve upon (1.5) where β is allowed
to be 2/(n − p).

Proposition 2.2. — Let Ω ⊂ Rn (n ⩾ 3) be a bounded convex domain.
Let p ∈ (0, n−2) and M > 0. Let u ∈ C(Ω) be the nonzero convex solution to

det D2u = M |u|p in Ω, u = 0 on ∂Ω.

Then
|u(z)| ⩽ C(n, p, M, diam(Ω))[dist(z, ∂Ω)]

2
n−p ∀ z ∈ Ω.

Proof. — Note that u < 0 in Ω. By [10, Proposition 2.8], u ∈ C∞(Ω).
Let z = (z′, zn) be an arbitrary point in Ω. By translation and rotation
of coordinates, we can assume that: 0 ∈ ∂Ω, Ω ⊂ Rn

+, the xn-axis points
inward Ω, z lies on the xn-axis so z = (0, zn), and zn = dist(z, ∂Ω). Let
D := diam(Ω). Consider for α = 2

n−p ∈ [ 2
n , 1)

wα(x) = xα
n

(
|x′|2 − Cα

)
where Cα =

(
1 + 2D2)/[α(1 − α)].

Then, we find from [12, Lemma 2.2] that wα is convex in Ω, wα < 0 in Ω,
wα ⩽ 0 on ∂Ω, and

det D2wα = 2n−1xnα−2
n

[
α(1 − α)Cα − (α2 + α)|x′|2

]
⩾ xnα−2

n ⩾ C
− nα−2

α
α |wα|

nα−2
α in Ω. (2.6)
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The choice of α gives

det D2wα ⩾ C−p
α |wα|p in Ω.

As a consequence of the comparison principle in Lemma 2.1, we have

|u(z)| ⩽ C(M, α, n, p, D)|wα(z)|

⩽ C(M, n, p, D)zα
n = C(n, p, M, D)[dist(z, ∂Ω)]

2
n−p .

This proves Proposition 2.2. □

3. Globally Lipschitz subsolutions and applications

In this section, we prove Theorem 1.1 and Corollaries 1.3 and 1.4.

We first construct globally Lipschitz convex subsolutions to the Monge–
Ampère equations det D2v = C|v|p and det D2v = C[dist( · , ∂Ω)]p where
p > n − 2 with nonpositive boundary values.

Lemma 3.1 (Globally Lipschitz convex subsolutions). — Let Ω ⊂ Rn
+

(n ⩾ 2) be a bounded convex domain with 0 ∈ ∂Ω. Let D = diam(Ω). For
a > 1, let

v(x) = va,D(x) := xa
n

(
|x′|2 + A

)
− Bxn, for x = (x′, xn) ∈ Ω,

where

A = A(a, D) := 1 + (a + 1)D2

a − 1 , B = B(a, D) := Da−1(A + D2).
Then v ∈ C0,1(Ω) ∩ C∞(Ω), v is convex in Ω, v ⩽ 0 in Ω, and

det D2v(x) ⩾ 2n−1axna−2
n ⩾

2n−1a

Bna−2 |v|na−2 in Ω.

Proof. — It is clear that v ∈ C0,1(Ω) ∩ C∞(Ω). We have

D2v(x) =


2xa

n 0 . . . 0 2ax1xa−1
n

0 2xa
n . . . 0 2ax2xa−1

n
...

...
. . .

...
...

0 0 . . . 2xa
n 2axn−1xa−1

n

2ax1xa−1
n 2ax2xa−1

n . . . 2axn−1xa−1
n M

,

where
M := a(a − 1)xa−2

n

(
|x′|2 + A

)
.
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Note that the first (n − 1)-leading principal minors of D2v are all positive
in Ω. By induction, we find that

det D2v(x) = 2n−1a(a − 1)xna−2
n

(
|x′|2 + A

)
− 2na2|x′|2xna−2

n

= 2n−1axna−2
n

[
A(a − 1) − (a + 1)|x′|2

]
.

(3.1)

With the choices of A and B, we have v is convex in Ω, and v ⩽ 0 in Ω.
Clearly,

A(a − 1) − (a + 1)|x′|2 ⩾ A(a − 1) − (a + 1)D2 ⩾ 1 in Ω,

so (3.1) gives

det D2v(x) ⩾ 2n−1axna−2
n ⩾

2n−1a

Bna−2 |v|na−2 in Ω.

Lemma 3.1 is proved. □

Proof of Theorem 1.1. — Let z = (z′, zn) be an arbitrary point in Ω.
By translation and rotation of coordinates, we can assume that: 0 ∈ ∂Ω,
Ω ⊂ Rn

+, the xn-axis points inward Ω, z lies on the xn-axis so z = (0, zn),
and zn = dist(z, ∂Ω).

(i). — Note that the function u in this part satisfies u ∈ C∞(Ω) by [10,
Proposition 2.8]. We need to show that

|u(z)| ⩽ C(p, n, M, |Ω|, diam(Ω)) dist(z, ∂Ω)
= C(p, n, M, |Ω|, diam(Ω))zn. (3.2)

First, we consider the case n − 2 < p < n. Let

a = 2 + p

n
> 1, D = diam(Ω), v = va,D, (3.3)

where va,D(x) = xa
n(|x′|2 + A) − Bxn is the convex function in Lemma 3.1.

Recall that
det D2v ⩾ c(a, n, D)|v|na−2 = c(a, n, D)|v|p, det D2u ⩽ M |u|p in Ω;

while
v ⩽ u = 0 on ∂Ω.

From the consequence of the comparison principle in Lemma 2.1, we have
|u| ⩽ C(a, D, n, p, M)|va,D| in Ω.

Since |v(z)| = |va,D(z)| ⩽ C(a, D)zn, we obtain (3.2).

Now, we consider the case p ⩾ n. If p = n, then by homogeneity, we can
assume that ∥u∥L∞(Ω) = 1. If p > n, we use (1.7) to estimate ∥u∥L∞(Ω). In
all cases, we have

det D2u = M |u|p ⩽ M∥u∥p−n+1
L∞(Ω) |u|n−1 ⩽ C(M, n, p, |Ω|)|u|n−1 in Ω,
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and (3.2) follows from the case p = n − 1. Part (i) is proved.

(ii). — We need to show that
|u(z)| ⩽ C(p, n, M, diam(Ω)) dist(z, ∂Ω) = C(p, n, M, diam(Ω))zn. (3.4)

Let
a = (2 + p)/n > 1, D = diam(Ω),

and

v(x) = va,D(x) = xa
n

(
|x′|2 + A

)
− Bxn

be the convex function in Lemma 3.1. Let s = (M21−n/a)1/n. From Lemma
3.1, we have

det D2(sv) = sn det D2v ⩾ sn2n−1axna−2
n = Mxp

n.

Thus
det D2(sv) ⩾ M [dist( · , ∂Ω)]p ⩾ det D2u in Ω.

Note that sv ⩽ u = 0 on ∂Ω. By the comparison principle for the Monge–
Ampère equation (see [14, Theorem 3.21]), we have

sv ⩽ u in Ω.

In particular, at z = (0, zn), we have
|u(z) ⩽ |sv(z)| ⩽ sB(a, D)zn.

This implies (3.4), completing the proof of Theorem 1.1. □

Proof of Corollary 1.3. — By the global Lipschitz estimates in Theo-
rem 1.1(i) and the convexity of u, we have

∥Du∥L∞(Ω) ⩽ C(|Ω|, diam(Ω), n, p, M)∥u∥L∞(Ω). (3.5)
The convexity of u also implies that∥∥D2u

∥∥ ⩽ ∆u in Ω.

Let {Ωm}∞
m=1 ⊂ Ω be a sequence of smooth convex domains that converges

to Ω in the Hausdorff distance. Let Hn−1 denotes the (n − 1)-dimensional
Hausdorff measure.

For each m, integrating by parts gives∫
Ωm

∥∥D2u
∥∥dx ⩽

∫
Ωm

∆u dx =
∫

∂Ωm

∂u

∂ν
dHn−1 ⩽ Hn−1(∂Ωm)∥Du∥L∞(Ω),

where ν is the outer normal unit vector field on ∂Ωm.

From (3.5), we easily obtain for all m∫
Ωm

∥D2u∥ dx ⩽ C(|Ω|, diam(Ω), n, p, M)∥u∥L∞(Ω).
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Now, we let m → ∞. The monotone convergence theorem then gives D2u ∈
L1(Ω) with estimate for ∥D2u∥L1(Ω) stated in the corollary. □

Proof of Corollary 1.4. — The interior regularity of the scheme uk ∈
C2k−2(Ω) for k ⩾ 2 follows from [11, Proposition 3.1]. In view of Step 1 in
the proof of [11, Theorem 1.4], the sequence {R(uk)}∞

k=0 is bounded:
R(uk) ⩽ C(u0, n, Ω) ∀ k ⩾ 0. (3.6)

The finiteness of R(u0) implies that of ∥u0∥Ln+1(Ω). Hence∫
Ω

det D2u1 dx = R(u0)
∫

Ω
|u0|n dx ⩽ C(u0, n, Ω).

As a consequence of the Aleksandrov estimate (see [14, Theorem 3.12]), we
have

|u1(x)| ⩽ C(u0, n, Ω)[dist(x, ∂Ω)] 1
n ∀ x ∈ Ω. (3.7)

Step 1. — We will show by induction that if 1 ⩽ k ⩽ n/2, then

|uk(x)| ⩽ C(u0, n, Ω)[dist(x, ∂Ω)]
2k−1

n ∀ x ∈ Ω. (3.8)

When k = 1, (3.8) is exactly (3.7). Assume (3.8) holds for 1 ⩽ k ⩽
(n − 2)/2 (if n ⩽ 3, then we are done). We prove it for k + 1. Indeed,
recalling (3.6)–(3.8), we have

det D2uk+1 = R(uk)|uk|n ⩽ Ck(u0, n, Ω)[dist( · , ∂Ω)]2k−1. (3.9)
Let z = (z′, zn) be an arbitrary point in Ω. By translation and rotation
of coordinates, we can assume that: 0 ∈ ∂Ω, Ω ⊂ Rn

+, the xn-axis points
inward Ω, z lies on the xn-axis so z = (0, zn), and zn = dist(z, ∂Ω). Let
D := diam(Ω). Consider for α = 2k+1

n ∈ [ 3
n , 1)

wα(x) = xα
n(|x′|2 − Cα) where Cα =

(
1 + 2D2)/[α(1 − α)].

Then, wα is convex in Ω, wα ⩽ 0 on ∂Ω, and recalling (2.6), we have
det D2wα ⩾ xnα−2

n ⩾ [dist( · , ∂Ω)]2k−1 in Ω.

It follows from (3.9) that

det D2(C1/n
k wα) ⩾ Ck[dist( · , ∂Ω)]2k−1 ⩾ det D2uk+1 in Ω.

The comparison principle for the Monge–Ampère equation (see [14, Theo-
rem 3.21]) gives

C
1/n
k wα ⩽ uk+1 in Ω.

In particular, at z = (0, zn), we have

|uk+1(z)| ⩽ C
1/n
k |wα(z)| ⩽ C(u0, n, Ω)z

2k+1
n

n = C(u0, n, Ω)[dist(z, ∂Ω)]
2k+1

n .

The arbitrariness of z proves (3.8) for k + 1. Therefore, (3.8) holds for all
1 ⩽ k ⩽ n/2.
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Step 2. — We now deduce the corollary from (3.8). Indeed, for m :=
⌊n/2⌋, using (3.6)–(3.8), we find

det D2um+1 = R(um)|um|n ⩽ C[dist( · , ∂Ω)]2m−1

⩽ C(u0, n, Ω)[dist( · , ∂Ω)]n−5/2.

The proof of (3.8) in fact shows that if det D2uk ⩽ C[dist( · , ∂Ω)]α where
α < n − 2, then the modulus of uk grows less than C[dist( · , ∂Ω)] 2+α

n . Thus,
we have

|um+1| ⩽ C(u0, n, Ω)[dist( · , ∂Ω)]
n−1/2

n ⩽ C(u0, n, Ω)[dist( · , ∂Ω)]
n−1

n in Ω.

Therefore

det D2um+2 = R(um+1)|um+1|n ⩽ C[dist( · , ∂Ω)]n−1.

By Theorem 1.1(ii) for p = n−1, we have um+2 ∈ C0,1(Ω) with the estimate

|um+2| ⩽ C(u0, n, Ω) dist( · , ∂Ω) in Ω.

Using (1.8) and Theorem 1.1(ii) repeatedly, we obtain uk ∈ C0,1(Ω) for all
k ⩾ m + 2 = ⌊(n + 4)/2⌋. Corollary 1.4 is proved. □

We indicate an application of the Lipschitz subsolution in Lemma 3.1
in obtaining optimal boundary estimates for the Abreu’s equation [2] with
degenerate boundary data which arises in the study of the existence of con-
stant scalar curvature Kähler metrics for toric varieties [6, 7]; see also [4] for
related Abreu’s equation with degenerate boundary data.

Theorem 3.2 (Boundary Lipschitz estimates for the inverse of the Hes-
sian determinant of Abreu’s equation with degenerate boundary data). —
Let Ω ⊂ Rn (n ⩾ 2) be a bounded convex domain. Let u ∈ C4(Ω) be a locally
uniformly convex solution of

U ijDijw = −f in Ω,

w =
[
det D2u

]−1 in Ω,

w = 0 on ∂Ω,

(3.10)

where U = (U ij) = (det D2u)(D2u)−1 is the cofactor matrix of the Hessian
matrix D2u, f ∈ L∞(Ω) with f+ > 0, and w ∈ C(Ω). Then, we have the
estimate

det D2u ⩾ c(n, diam(Ω))
∥∥f+∥∥−n

L∞(Ω)[dist( · , ∂Ω)]−1 in Ω. (3.11)

We refer the readers to [7, Section 2] for a discussion of the optimality
of (3.11) when Ω is a polytope.
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Proof. — Note that for γ > 0, ũ = γu satisfies

Ũ ijDijw̃ = −γ−1f, (3.12)

where Ũ = (Ũ ij) is the cofactor matrix of D2ũ, and w̃ = (det D2ũ)−1. Thus,
by considering ∥f+∥L∞(Ω)u instead of u, it suffices to prove the theorem
under the assumption that

∥f+∥L∞(Ω) = 1.

Let D := diam(Ω). By [13, Theorem 1.6], we already have

det D2u(x) ⩾ c1(n, D)[dist(x, ∂Ω)]−
n−1

n for all x ∈ Ω. (3.13)
Let z = (z′, zn) be an arbitrary point in Ω. We prove

det D2u(z) ⩾ c(n, D)[dist(z, ∂Ω)]−1. (3.14)
By translation and rotation of coordinates, we can assume that: 0 ∈ ∂Ω,
Ω ⊂ Rn

+, the xn-axis points inward Ω, z lies on the xn-axis so z = (0, zn),
and zn = dist(z, ∂Ω).

To prove (3.14), we will compare w with −C(a, D)va,D where

a = 2
n

+ (n − 1)2

n2 > 1,

va,D is the convex function in Lemma 3.1, and C(a, D) > 0 is to be chosen.
For this, we use the fact that for n × n positive definite matrices A and B,

trace(AB) ⩾ n(det A)1/n(det B)1/n.

Then, using (3.13) together with

det(U ij) =
(
det D2u

)n−1 and det D2va,D ⩾ 2n−1a[dist(x, ∂Ω)]na−2,

we find that

U ijDij(−Cva,D) ⩽ −Cn(det D2u)
n−1

n

(
det D2va,D

) 1
n

⩽ −Cc2(n, D)[dist(x, ∂Ω)]−
(n−1)2

n2 [dist(x, ∂Ω)]
na−2

n

= −Cc2(n, D) < −1 ⩽ −f = U ijDijw,

if C = C(n, D) is large.

Since
−U ijDij(w + Cva,D) < 0 in Ω, and w + Cva,D ⩽ 0 on ∂Ω,

the classical comparison principle implies
w + C(a, D)va,D ⩽ 0 in Ω.
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Therefore, at z = (0, zn), we have
w(z) ⩽ −C(n, D)va,D(z) ⩽ C(n, D)zn = C(n, D) dist(z, ∂Ω).

This gives (3.14) because det D2u(z) = [w(z)]−1. Theorem 3.2 is proved. □

4. Infinite boundary gradient

In this section, we prove Theorem 1.5 using suitable subsolutions and
supersolutions of the Monge–Ampère equation det D2u = |u|n−2.

First, we construct subsolutions with dist( · , ∂Ω)(1 + |log dist( · , ∂Ω)|n/2)
growth.

Lemma 4.1 (Subsolutions). — Assume that 0 ∈ ∂Ω and Ω ⊂ Rn
+(n ⩾ 2).

Let D := diam(Ω) and define for x ∈ Ω

w(x) := xn

e2nD

∣∣∣log xn

e2nD

∣∣∣n−2
2 (|x′|2 − D2)−

(
1 + 4D2) xn

e2nD

∣∣∣log xn

e2nD

∣∣∣n
2

.

Then w ∈ C∞(Ω), w is convex in Ω with w ⩽ 0 on ∂Ω, and there exists a
constant c = c(n, diam(Ω)) > 0 such that

det D2w ⩾ c|w|n−2 in Ω.

Proof. — For α ∈ [0, n) and t ∈ (0, e−2n), let
fα(t) := t(− log t)α.

Then
f ′

α(t) = (− log t)α − α(− log t)α−1,

and
f ′′

α(t) = −α

t
(− log t)α−1 − α(1 − α)

t
(− log t)α−2.

Observe that for all t ∈ (0, e−2n) and α ∈ [0, n), we have

0 < fα(t), 0 ⩽ f ′
α(t) ⩽ |log t|α,

α|log t|α−1

2t
< −f ′′

α(t).

Let
E = 1 + 4D2, s = e2nD, y′ = x′/s, yn = xn/s for x = (x′, xn) ∈ Ω.

Consider
uα(x) := fα(xn/s)

(
|x′|2 − D2)− Efα+1(xn/s)

≡ fα(yn)
(
|x′|2 − D2)− Efα+1(yn).

Then, yn ∈ (0, e−2n) and
|uα(x)| ⩽ 2Eyn|log yn|α+1 in Ω. (4.1)

– 482 –



Global Lipschitz estimates for the Monge–Ampère eigenfunctions

We have

D2uα(x) =


2fα(yn) 0 . . . 0 2y1f ′

α(yn)
0 2fα(yn) . . . 0 2y2f ′

α(yn)
...

...
. . .

...
...

0 0 . . . 2fα(yn) 2yn−1f ′
α(yn)

2y1f ′
α(yn) 2y2f ′

α(yn) . . . 2yn−1f ′
α(yn) K

,

where

K :=
f ′′

α(yn)
(
|x′|2 − D2)− Ef ′′

α+1(yn)
s2 .

Note that the first (n−1)-leading principal minors of D2u(α) are all positive
in Ω. We can compute by induction that

det D2uα(x)
= 2n−1s−2[fα(yn)]n−1[f ′′

α(yn)
(
|x′|2 − D2)− Ef ′′

α+1(yn)
]

− 2ns−2|x′|2[f ′
α(yn)]2[fα(yn)]n−2

⩾ −2n−1s−2E[fα(yn)]n−1f ′′
α+1(yn) − 2ns−2D2|log yn|2α[fα(yn)]n−2

⩾ 2n−1s−2E[yn|log yn|α]n−1 α + 1
2yn

|log yn|α

− 2ns−2D2|log yn|2α[yn|log yn|α]n−2

= 2n−2s−2yn−2
n |log yn|nα

[
(1 + α)E − 4D2]

⩾ 2n−2s−2yn−2
n |log yn|nα.

Clearly, uα ∈ C∞(Ω), uα is convex in Ω with uα ⩽ 0 on ∂Ω. Moreover, when

(α + 1)(n − 2) = nα, or α = (n − 2)/2,

we obtain from the preceding inequalities and (4.1) that

det D2u(n−2)/2 ⩾ 2n−2s−2(yn|log yn|n/2)n−2

⩾ c(n, diam(Ω))
∣∣u(n−2)/2

∣∣n−2 in Ω,

for some constant c(n, diam(Ω)) > 0.

Since w = u(n−2)/2, Lemma 4.1 is proved. □

Next, we construct supersolutions with infinite boundary gradient. Note
that these supersolutions are not necessarily convex.

Lemma 4.2 (Supersolutions with infinite boundary gradient).
Assume 0 < xn < e−1 for all x ∈ Ω ⊂ Rn (n ⩾ 2). Let

v(x) = xn

[
(− log xn)1/n − 1

](
|x′|2 − 1

)
, x = (x′, xn) ∈ Ω.
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Then v ∈ C∞(Ω) and

det D2v(x) ⩽ 2nxn−2
n in Ω.

Proof. — For α ∈ (0, 1) and t ∈ (0, e−1), let

gα(t) = t(− log t)α − t.

Note that for all t ∈ (0, e−1) and α ∈ (0, 1), we have

0 < gα(t) < t|log t|α, 0 < −g′′
α(t) ⩽ 2α|log t|α−1

t
.

Let

vα(x) := gα(xn)(|x′|2 − 1) for x ∈ Ω.

Then, we can compute as in Lemma 4.1 that

det D2vα(x) = 2n−1[gα(xn)]n−1g′′
α(xn)

(
|x′|2 − 1

)
− 2n|x′|2[g′

α(xn)]2[gα(xn)]n−2

⩽ −2n−1[gα(xn)]n−1g′′
α(xn)

⩽ 2nαxn−2
n |log xn|nα−1.

(4.2)

Thus, choosing α = 1/n, we have v = v1/n ∈ C∞(Ω), and det D2v(x) ⩽
2nxn−2

n in Ω. Lemma 4.2 is proved. □

Proof of Theorem 1.5.

(i). — Let z = (z′, zn) be an arbitrary point in Ω. By translation and
rotation of coordinates, we can assume that: 0 ∈ ∂Ω, Ω ⊂ Rn

+, the xn-axis
points inward Ω, z lies on the xn-axis so z = (0, zn), and zn = dist(z, ∂Ω).
Let D = diam(Ω). We need to show that

|u(z)| ⩽ C(n, D)zn

(
1 + |log zn| n

2
)
. (4.3)

Let w be the convex function in Lemma 4.1. Recall that

det D2w ⩾ c(n, D)|w|n−2, det D2u = |u|n−2 in Ω.

From the consequence of the comparison principle in Lemma 2.1, we have

|u| ⩽ C(n, D)|w| in Ω.
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Since
|w(z)| ⩽ C(n, D)zn

∣∣∣log zn

e2nD

∣∣∣n/2
,

we obtain (4.3).

(ii). — Fix z ∈ Ω being close to Γ. By translating and rotating coordi-
nates, we can assume that for some s = s(n, Ω, Γ) ∈ (0, e−1),

z = (0, zn) ∈ Ωs := {(x′, xn) : |x′| < s, 0 < xn < s} ⊂ Ω,

{(x′, 0) : |x′| ⩽ s} ⊂ Γ ⊂ ∂Ω, and dist(x, ∂Ω) = xn for x ∈ Ωs.

Let g(t) = t(− log t)1/n − t and
w(x) = g(xn/(es))

(
|x′|2 − s2) in Ωs.

Then, w ∈ C∞(Ωs). As in (4.2), we have

det D2w ⩽ −2n−1e−2[g(xn/(es))]n−1g′′(xn/(es))
⩽ 2n(es)2−nxn−2

n = 2n(es)2−n[dist(x, ∂Ω)]n−2 in Ωs.

On the other hand, the convexity of u and (1.7) give

|u(x)| ⩾ dist(x, ∂Ω)
diam(Ω) ∥u∥L∞(Ω) ⩾ c(n, Ω) dist(x, ∂Ω).

Thus, for some R = R(n, s, Ω) > 0, we have
det D2(Ru) = Rn|u|n−2 > det D2w in Ωs. (4.4)

Observe that
Ru ⩽ w in Ωs. (4.5)

Indeed, since w = 0 on ∂Ωs, this holds on ∂Ωs. Suppose otherwise that
Ru − w attains a positive maximum at x ∈ Ωs. Then, D2w(x) ⩾ RD2u(x),
as symmetric matrices. Now, the convexity of u gives RD2u(x) ⩾ 0 and
det D2w(x) ⩾ det D2(Ru)(x), which contradicts (4.4).

Using (4.5) at z = (0, zn) ∈ Ωs where 0 < zn is small (due to z being
close to Γ), we have

|u(z)| ⩾ |w(z)|/R ⩾ c1(n, Γ, Ω) dist(z, ∂Ω)
(∣∣∣∣log dist(z, ∂Ω)

es

∣∣∣∣ 1
n

− 1
)

⩾ c(n, Γ, Ω) dist(z, ∂Ω)|log dist(z, ∂Ω)| 1
n .

Theorem 1.5 is proved. □

Remark 4.3. — The conclusion of Theorem 1.5(ii) still holds if u ∈
C(Ω) ∩ C2(Ω) is a convex function satisfying

det D2u ⩾ [dist( · , ∂Ω)]n−2 in Ω, u = 0 on ∂Ω.
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