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Admissible Skein Modules and Ansular Functors:
A Comparison **)

Lukas MULLER (D AND LUKAS WOIKE (2)

ABSTRACT. — Given a finite ribbon category, there are two possibilities for an
extension defined on all three-dimensional handlebodies: on the one hand, one can
use the admissible skein module construction of Costantino—Geer—Patureau-Mirand.
On the other hand, by a construction of the authors using Costello’s modular enve-
lope, one can build a so-called ansular functor, a handlebody version of the notion
of a modular functor. Unlike the admissible skein modules with their construction
through the Reshetikhin—-Turaev graphical calculus, the ansular functor is defined
purely through a universal property. In this note, we prove the widely held expec-
tation that these constructions are related by giving an isomorphism between them,
with the somewhat surprising subtlety that we need to include consistently on one of
the sides an additional boundary component labeled by the distinguished invertible
object of Etingof-Nikshych—Ostrik. Our comparison result includes the handlebody
group action as well as the skein algebra action.

RESUME. — Etant donné une catégorie enrubannée finie, il existe deux possibilités
d’extension définie sur tous les corps d’anse tridimensionnels : d’une part, on peut
utiliser la construction des modules d’écheveaux admissibles de Costantino—Geer—
Patureau-Mirand. D’autre part, par une construction des auteurs utilisant l’enve-
loppe modulaire de Costello, on peut construire un foncteur ansulaire, une version
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pour les corps d’anse de la notion de foncteur modulaire. Contrairement aux modules
d’écheveaux admissibles construits par le calcul graphique de Reshetikhin—Turaev,
le foncteur ansulaire est défini, & équivalence pres, par une propriété universelle. Dans
cette note, nous démontrons ’attente largement répandue selon laquelle ces construc-
tions sont liées en donnant un isomorphisme entre elles, avec la subtilité un peu sur-
prenante de devoir inclure systématiquement sur I'un des co6tés une composante de
bord supplémentaire étiquetée par ’objet inversible distingué d’Etingof-Nikshych—
Ostrik. Notre résultat de comparaison inclut I'action du groupe de difféotopie du
corps d’anse ainsi que ’action de ’algébre d’écheveaux.

1. Introduction and summary

Skein theory [25, 35, 48, 49, 51] is often encountered as a construction
procedure for various kinds of state spaces in quantum topology that are
part of some sort of topological field theory. For a given manifold M (for
us of dimension three, moreover oriented, possibly with boundary) and a
certain ribbon category A, one builds the so-called skein module Sk (M)
for A and M, a vector space. The exact structure and properties needed
on A will depend on the context and will be discussed momentarily. Often
A has a representation-theoretic origin. It can for instance arise as a cat-
egory of modules over a quantum group, but it might as well come from
a suitable vertex operator algebra. The skein module Sk4(M) is, roughly
speaking, freely generated by all ribbons in M that are labeled in a certain
way by the objects and morphisms of .4, modulo local relations arising from
the evaluation of the Reshetikhin—Turaev graphical calculus of A on three-
dimensional cubes. The skein module SkAlg4(X) = Ska(X x [0,1]), where
Y is a surface (again always compact and oriented), comes with an algebra
structure through the stacking along the interval direction. One calls this
the skein algebra of . If ¥ = OM, the skein algebra SkAlg ,(X) acts on the
skein module Sk 4(M). We refer to [29, 38] for more background or [28] for
a short overview.

For the three-dimensional version of skein theory discussed in this note,
A will be a finite ribbon category in the sense of [16, 18]. This means:

o A is a finite k-linear category over an algebraically closed field &
that we fix throughout. Finiteness means in this context that A is
a linear abelian category with finite-dimensional morphism spaces,
finitely many simple objects up to isomorphism, enough projective
objects and finite length for every object.

e A has a monoidal product ® : AK A — A, where X is the Deligne
product, that is rigid (® has two-sided duals), and has a simple
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unit. One then calls A a finite tensor category. We denote the dual
of X € A by XV. The remaining conditions will actually imply
that this is a two-sided duality. Therefore, we allow ourselves not to
distinguish between the two types of dualities.

e The monoidal product ® comes with a braiding cxy : X®Y 2Y ®
X and a balancing 0x : X — X, i.e. a natural automorphism with
07 =idy for the monoidal unit I of ® and 9X®y =Cy,XCX)Y (0X ®oy)
This balancing is ribbon in the sense that Oxv = 0.

A finite ribbon category whose braiding is non-degenerate in the sense that
cyxcxy = idxgy for all Y € A implies that X is isomorphic to a direct
sum of finitely many copies of I is called a modular category [3, 26, 46, 50].

The classical skein-theoretic constructions pertain to the case in which
the finite ribbon category A is semisimple. A finite ribbon category that is
semisimple is called a ribbon fusion category. If A is actually a modular fusion
category, i.e. modular and semisimple, then for any handlebody H (for us
always three-dimensional, compact and oriented) the skein module Sk 4(H)
appears as the state space of an anomalous three-dimensional topological
field theory, the Reshetikhin—Turaev theory [36, 37, 50| evaluated on the
boundary surface ¥ of H. In particular, the representation of the mapping
class group Map(H) of the handlebody H on Sk4(H) extends in this case
to a projective representation of the mapping class group Map(X) of the
surface Y. A skein-theoretic construction of these representations is given
in [29, 38], see [1, 19] for the remarkable asymptotic faithfulness properties
of these representations that are often referred to as quantum representations
of mapping class groups.

One major problem that has been approached from various different an-
gles is the generalization of skein-theoretic methods beyond semisimplic-
ity, a vast generalization that is technically demanding. A rather concep-
tual approach to skein-theoretic methods is the one based on factorization
homology [2]. For a finite ribbon category A (or more generally a framed Fo-
algebra) and a surface ¥ (always compact and oriented, with parametrized
boundary), factorization homology produces a category fz A; we should
think of [, A as the result of integrating .A over the surface X. Applications
of the factorization homology of ribbon categories were given in [5, 6, 9, 24],
and the viewpoint on skein theory proposed therein is the following: since
factorization homology is functorial with respect to embeddings, the embed-
ding ) — X of the empty manifold into ¥ induces a right exact functor
vect — fz A from the category of finite-dimensional vector spaces over k
to fz A. This functor is determined by its value on k € vect and gives us an
object Oé € fz A, the so-called quantum structure sheaf. Its endomorphism
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algebra
SkAlg 4 (%) = End | 4 (08) (1.1)

is the skein algebra of A on 3 [24, Definition 2.6]. If one wants to use (1.1) as
the definition of the skein algebra, then one must show that (1.1) reduces to
the classical definition of the skein algebra if A is a ribbon fusion category.
This non-trivial fact was established in [12]. Note that in (1.1) A just needs
to be a framed Es-algebra, i.e. a balanced and braided category. It does not
have to be rigid.

Skein modules for handlebodies also fit into this picture as follows. To this
end, we need to fix some conventions: we will often consider handlebodies H
(always three-dimensional compact oriented) equipped with a finite number
of parametrized disks embedded into their boundary. By a slight abuse of
notation we will denote the choice of a handlebody together with these em-
beddings just by H. We write Map(H) for the mapping class group of H,
i.e. the group of isotopy classes of orientation-preserving diffeomorphisms
fixing the embedded disks point-wise. Restricting an element of Map(H) to
the boundary induces a group homomorphism from Map(H) to the mapping
class group of the surface with boundary > formed from OH by removing
the interior of the embedded disks.

If A is a finite ribbon category, then it is a particular instance of a cyclic
framed Fs-algebra [32], with the notion of cyclicity being a higher categorical
version of the one in [22]. Using the results of [14, 23], it is then shown in [33]
that A extends uniquely to a modular algebra over the modular operad of
handlebodies, a so-called ansular functor ./Z, the “handlebody version” of the
familiar notion of a modular functor [3, 30, 43, 47, 50]. Its value A(H) on
a handlebody H, sometimes referred to as space of conformal blocks, comes
with a representation of the mapping class group Map(H) of the handlebody.
For n > 0 disks embedded in 0H, we obtain more generally a right exact
functor A(H) : A®" — vect.

The ansular functor A induces moreover a right exact functor ®4(H) :
sz — vect, the so-called generalized handlebody skein module [10, Sec-
tion 4]. Since ®4(H)(0%) can be canonically identified with A(H), the vec-
tor space ,Z(H ) comes, thanks to (1.1), with an action of the skein algebra
SkAlg 4(X). The construction of Aand @ 4 is purely topological, and the cat-
egory A does not even have to be rigid. A weaker form of duality, a so-called
Grothendieck—Verdier duality in the sense of [8] suffices. Instead of requir-
ing the monoidal product to be rigid, we just ask for an anti-equivalence
D : A — A°PP to be thought of as a weak form of duality, and a dualizing
object K € A (in the rigid case, this would be the unit) connected by natural
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isomorphisms A(X @ Y, K) & A(X,DY) for all X,Y € A, where A(—,—)
denotes the hom vector spaces in the linear category A. One also asks for
D and 6 to be compatible, D0x = 6px; we refer to [8, 10, 32| for details.
We should add that the construction of A and & 4 works for any cyclic framed
Fs-algebra in a symmetric monoidal bicategory.

Even though the construction of .Z(H ) for a handlebody H does not need
A to be rigid, this seems necessary if one wants to define a skein module for
A on every three-dimensional manifold M. Such a construction was given
by Costantino, Geer and Patureau-Mirand in [13] where the authors build,
without any relation to the above-mentioned objects A or ®4, a so-called
admissible skein module sk 4(M) by restricting the classical skein-theoretic
methods to the tensor ideal of projective objects of the finite ribbon cate-
gory A. This skein module has an action of the mapping class group of the
handlebody and an action of a type of skein algebra for M, but these skein
algebras are not necessarily unital.

For a ribbon category A and a handlebody H, there are now two a pri-
ori different constructions possible: we have the value .,Z(H ) of the ansular
functor associated to A on a handlebody H with its Map(H )-action [32, 33],
which is also a module over the skein algebra [10, Section 4] thanks to the
functors ®4. On the other hand, we have the admissible skein module sk 4 (H)
for A and H [13]. Of course, A(H) can be defined without rigidity while the
admissible skein modules require rigidity and can be defined on all three-
dimensional manifolds. In other words, both constructions admit general-
izations in somewhat orthogonal directions, but we need to compare them
on their common domain of definition. This comparison will have to bring
together rather abstract constructions via the modular envelope of cyclic op-
erads and factorization homology with the construction used for admissible
skein modules that is based on the graphical calculus of ribbon categories. It
seems to be an expectation that such a connection can be made, and it is the
purpose of this note to formulate and prove such a comparison statement.

A first guess might be that both constructions are equivalent, but it is
not only difficult to devise a direct proof of this — it is also, in this naive
form, false! By [32, Theorem 7.8], for a rigid Grothendieck—Verdier duality,
the genus zero space of conformal blocks with no insertions (this is the value
for a three-dimensional ball) is given by the endomorphisms of the monoidal
unit, which is just the ground field k. In other words, the usual normalization
axiom in [3] is satisfied in this case. By [13, Corollary 3.2] the admissible
skein module for the three-dimensional ball is the linear dual of the space
of possibly degenerate modified traces. This is isomorphic to k if and only
if A is unimodular, i.e. if and only if the distinguished invertible object
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a € A from [17] controlling the quadruple dual via =YYV 2 a® —®a~!is
isomorphic to the monoidal unit. Otherwise, it is zero.

The mistake in the naive approach to the comparison is the assumption
that the correct Grothendieck—Verdier duality that we need to choose on A
for the comparison is the rigid duality. In fact, by [34, Theorem 4.2] the
possible ribbon Grothendieck—Verdier dualities on 4 as balanced braided
category are of the form D = 8® —V, where 8 € A is in the balanced Miiger
center, i.e. it trivially double braids with all objects and has trivial balancing.
Let us denote this ribbon Grothendieck—Verdier category with the S-shifted
duality by Ag. In the comparison statement, we will encounter such a shifted
duality.

There is one additional technical detail that is more cosmetic in nature
that we have to address before formulating the comparison: let M be a
three-dimensional oriented manifold with a collection of n > 0 disks embed-
ded in the boundary surface M, each of which are labeled by a projective
object P; € Proj A, where 1 < i < n. The construction of [13] then gives us
an admissible skein module sk 4(M; P, ..., P,). Actually, it would suffice to
require one of the objects per connected component to be projective, but this
does not make a difference by the arguments from [11]. In our construction
using the modular envelope and factorization homology, there is no restric-
tion to projective objects, so we have to resolve this discrepancy. To the linear
functor sk 4(M; —) from [13], we apply the standard procedure of finite free
linear cocompletion to obtain a right exact functor Sk 4(M; —) : A¥"™ — vect,
the cocompleted admissible skein module. We can now state our comparison
result for the ansular functor A\afl for the o~ !-shifted version of A with the
cocompleted admissible skein modules, restricted to handlebodies:

THEOREM 1.1 (Comparison result, Theorem 3.5). — Let A be a finite
ribbon category and H a handlebody with n > 0 disks embedded in its bound-
ary surface. Then there is a canonical natural Map(H )-equivariant isomor-
phism of functors

~

A1 (H; =) = Ska(H; =) : AB" — vect (1.2)

between the wvalue of the modular extension ./Zt\afl of the balanced braided
category A with Grothendieck—Verdier duality D = o' ® -V on H and
the cocompleted admissible skein module Sk a(H;—). In the case n =0 (no
embedded disks), the completion step for admissible skein modules is not
needed, and we obtain a Map(H)-equivariant isomorphism

A1 (H) = ska(H) (1.3)

of wvector spaces for the uncompleted admissible skein modules sk a(H).
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We explain in Remark 3.8 why this can be interpreted as A and the ad-
missible skein modules agreeing on handlebodies up to a background charge.

The comparison in Theorem 3.5 is phrased as an equivalence of ansular
functors in Theorem 3.6, but here in the introduction we prefer to present
the spelled out version. The main technical ingredient for the proof of the
comparison result are the results of [32, 33] on cyclic algebras and the factor-
ization homology construction of spaces of conformal blocks [10], in combi-
nation with the very recent results [11, 40] on the admissible skein modules
of [13].

Theorem 3.5 is a comparison as handlebody group representations. For
the skein module action, we can make the following statement: for a han-
dlebody H with n > 0 disks embedded in its boundary, ¥ = OH and
a finite ribbon category A (in fact even a ribbon Grothendieck—Verdier
category), we have, as explained above, the generalized handlebody skein
module ®4(H) : [, A — AX™ from [10, Section 4] that turns out to be a
Josin [0.1] A-module map. On the other hand, through the construction in [11,
Section 2.3], we obtain a right exact functor

Sk% (H) : SkCat4(2) — A®"

(here SkCat4(X) is the finite free cocompletion of skcat4(X)), and by [11,
Theorem 3.10] an equivalence

/ A =~ SkCat (%), (1.4)
>

which is exactly a non-semisimple generalization of the results in [12].

THEOREM 1.2 (Theorem 3.9). — For a unimodular finite ribbon category
A and a handlebody H with n > 0 embedded disks in its boundary surface X
(with as usual the interior of the disks removed), the generalized handlebody
skein module ®4(H) : [ A — AR agrees, under the equivalence (1.4) be-
tween factorization homology and the freely cocompleted skein category, with
the map Sk%(H;—) : SkCata(X) — A®" induced by the admissible skein
modules as a module map over faEx[O,l] A.

As mentioned above, the map ®4(H) : [ A — A®n endows A(H) with
an action of the skein algebra SkAlg 4(X) = Endf A(Oé). On the admissible
=

skein module Sk 4(H; —), there is also an action of the skein algebra thanks
to the result (1.4) from [11]. With Theorem 3.9, we prove:

COROLLARY 1.3 (Corollary 3.10). — For a unimodular finite ribbon cat-
egory A, and any handlebody H, there is an isomorphism A(H) = Sk4(H)
of skein modules, i.e. as modules over SkAlg 4(X).
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This is a comparison of the skein module structure from [10, Section 4]
with the one from [11, Section 2.3]. The comparison of the latter with the
non-unital skein action of [13] is discussed already in [11, Remark 2.19].

As another immediate consequence of Theorem 3.9, we can express the
admissible skein modules of a closed three-dimensional manifold entirely
through factorization homology quantities, a fact that will be relevant in
follow-up work:

COROLLARY 1.4 (Excision for admissible skein modules in terms of the
generalized skein modules ®4, Corollary 3.11). — Let A be a unimodular fi-
nite ribbon category, M a closed oriented three-dimensional manifold and
M = H' Us H a Heegaard splitting for M, with gluing along a surface
OH' = ¥ = OH. Then the admissible skein module for M can be obtained as
a coend over the generalized skein modules ®A(H) and ®4(H'), i.e. there is
a canonical isomorphism

PEProjfZ.A N
/ O (H': PY) ® Oa(H; P) =5 ska(M). (1.5)

Finally, let us highlight that the comparison of ansular functors and ad-
missible skein modules should suggest in no way that the two constructions
could replace each other, thereby making the other construction superflu-
ous. Ansular functors can be constructed beyond rigid dualities for which
skein-theoretic methods using a graphical calculus remain unavailable. On
the other hand, ansular functors a priori do not allow to build skein mod-
ules for three-manifolds that are not handlebodies. For example, it is only
through the comparison that we know that expressions like the left hand
side of (1.5) are independent of the Heegaard splitting.

Instead, the comparison is enriching for both sides: for the ansular func-
tors, we obtain (at least in the rigid case) a much needed graphical calculus.
The admissible skein modules in turn inherit a characterization through
a universal property that comes through the description via the modular
envelope that is now available thanks to the comparison result. In more
detail, the skein modules Sk 4(H;—) for handlebodies are, as handlebody
group representations, determined by the fact that on balls with boundary
labels X1,..., X, € A they are given by the morphism spaces A(X; ® -+ ®
X, a~1)* and the compatibility with gluing. This determines Sk 4(H; —) as
ansular functor. In the unimodular case, the generalized handlebody skein
modules ®4(H) resulting from the ansular functor then determine the skein
modules on closed oriented three-manifolds as well via Corollary 3.11.
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2. A mostly self-contained, categorically oriented introduction to
skein modules in dimension three

In this section, we recall the definition and basic properties of the skein
modules of a finite ribbon category A. We will discuss the possibly non-
semisimple situation, meaning that we will directly present the admissible
skein module construction [13]. In some places, we will use tools from [11,
21, 31, 40] to adapt the presentation a little more to the purposes of this
note.

For every oriented three-dimensional manifold M, we fix the additional
structure of a boundary parametrization, i.e. an orientation-preserving em-
bedding of a two-dimensional compact oriented surface (potentially with
boundary) into the boundary OM of M. We call:

e the complement of the image of the embedding in OM the free
boundary,

e the image of closed surfaces under the embedding the closed
boundary,

e and the image of surfaces with non-empty boundary under the em-
bedding the open boundary,

with the terminology being borrowed from the analogous two-dimensional
situation discussed for example in [31, Section 2].

A ribbon graph in M [50, Chapter 1.2] is a collection of embedded oriented
ribbons (“thin rectangles” [0,1]? or “thin loops” S' x [0,1]) and coupons
(“thick” rectangles [0,1]?) in M, see Figure 2.1. Ribbons (if they are of the
form [0,1]?) and coupons both have an in-boundary and an out-boundary
given by {0} x [0,1] and {1} x [0, 1], respectively. We impose the following
conditions:

e Coupons are not allowed to intersect the boundary M of M.

e The in-boundaries and out-boundaries of ribbons are only allowed
to end transversally at the closed or open boundary of M or the
in-boundary or out-boundary of a coupon.
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e These are the only intersections between the boundary of M, the
ribbons and the coupons.
e There is at least one ribbon attached to every coupon.

:
A |

Figure 2.1. A local illustration of a ribbon graph in a three dimen-
sional manifold with four ribbons and one coupon.

Let A be a finite ribbon category as defined in the introduction. An A-
labeled ribbon graph in M is a ribbon graph I' in M that is non-empty in
every connected component of M together with an assignment of a projective
object of A to every ribbon. The category A-RibGraphs(M) of A-labeled
ribbon graphs in M is defined as follows:

e Objects are A-labeled ribbon graphs in M.

e Morphisms are generated by replacements of ribbon graphs in prop-
erly embedded cubes [0, 1]? (see Figure 2.2): the intersection of the
boundary of the cube with the ribbon graphs must consists of a
non-empty collection of ribbons intersecting [0, 1] x {1/2} x {0,1}
transversally. We then replace the ribbon graph inside the image of
this cube with the ribbon graph that has a coupon placed somewhere

n (0,1) x {1/2} x (0,1) (we will have to make some standard choice
for definiteness, but it does not matter which one) and connected to
the prescribed boundary intervals by ribbons in [0, 1] x {1/2} x [0, 1].
We impose the following relations:

— Any replacement within a single cube having the same domain
and codomain is the identity.
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— Replacements within disjoint cubes commute, which allows us
to unambiguously define the replacement within a disjoint
union of finitely many cubes that we call multicubes.

— First making the replacement for a multicube sitting in a larger
multicube and then making the replacement for the larger mul-
ticube is the same as making the evaluation for the larger mul-
ticube directly.

e ]

Figure 2.2. A local illustration of a morphism in A-RibGraphs(M).
The whole ribbon shown here lies in a cube that we do not depict for
simplicity.

For a three-dimensional manifold M, a boundary label consists of a col-
lection of embedded intervals [0, 1] in the boundary, each of which is labeled
by a projective object of A and a sign, encoding whether ribbons are incom-
ing or outgoing at the interval. Every A-labeled ribbon graph in M gives
rise to a boundary label by restriction to the boundary OM. For a given
boundary label B, we denote by .A-RibGraphs(M; B) the full subcategory
of A-RibGraphs(M) spanned by those .A-labeled ribbon graphs restricting
to B.

The Reshetikhin—Turaev graphical calculus [50, Section I.2] uniquely eval-
uates an A-labeled ribbon diagram in the cube [0, 1] (where in addition ev-
ery coupon is labeled with a morphism in A from the incoming labels to the
outgoing labels of the coupon) to morphisms in 4. Based on the graphical
calculus, one can define the functor

EYP : A-RibGraphs(M; B) — Vect (2.1)
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sending an A-labeled ribbon graph I' to the following tensor product of hom
spaces

EYPM) = A(Xjﬁ’l@om@)(jii, ji®~-®YE5‘.c), (2.2)

CyJe
¢ coupon of T’

where the X.. and Y, . are i, and j. many labels for the ribbons ending on
the in-boundary or out-boundary of the coupon ¢, respectively; ¢ € {+} is
a sign encoding whether the orientation of ribbon matches the orientation of
the coupon (+ for match, — for mismatch), and X+ := X, and X~ := XV.
The value on generating morphisms applies the Reshetikhin—Turaev functor
to the ribbon diagram in the corresponding cube.

DEFINITION 2.1 (recovering the definition from [13]). — Let A be a fi-
nite ribbon category and M a three-dimensional oriented manifold with boun-
dary. For every boundary label B, the admissible skein module is defined as
the colimit

ka(M:B) := li EM-B(T1). 2.3
ska(M; B) FEA—RiEgrLrFR]s(M;B) A (1) (2:3)

Remark 2.2 (Isotopy invariance). — The image of a vector in E%’B(I’)
for some ribbon graph I' € A-RibGraphs(M; B) under the structure map
]E%’B(F) — sk4(M; B) will be called a skein in M. The skein remains the
same if we deform the ribbon describing I" through an isotopy. This is called
isotopy invariance and is not built into the definition because this would
create trouble in other places. Inside cubes, the isotopy invariance holds
by construction. The general isotopy invariance can be deduced using [15,
Corollary 1.3] as in [21, Section 3.1].

Remark 2.3. — The skein modules defined via this colimit coincide with
the admissible skein modules from [13], or rather the generalization of them
with boundary objects as in [11]. This follows from the same arguments as
in the two-dimensional case [21, Theorem 3.7], see also [40, Remark 5.3].
Note that we just allow projective objects throughout while in [13] a slightly
more general situation allowing non-projective labels is considered as long
as there are ribbons labeled with projective objects around. Both versions
are equivalent by [11, Remark 2.4].

Remark 2.4. — We record some properties of sk 4(M; B) proven in [13]:

(1) Suppose that B is a three-dimensional ball with projective boundary
labels Pi,..., P, with n > 1 on its boundary sphere, all of them
outgoing for simplicity. Then

ska(B;Py,...,P) 2 A(I,P, @ ®P,) (2.4)
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by a non-canonical isomorphism (this is because on the right hand
side an order is chosen while sk 4(B; Py, ..., P,) is defined indepen-
dently of such an order). In the colimit description (2.3), this can be
seen easily because the right hand side of (2.4) is simply the value of
E%’B on a terminal object in A-RibGraphs(M; B). The case without
labels (meaning that the boundary sphere is a free boundary) is more
complicated: by [13, Corollary 3.2] sk4(B) for a three-dimensional
ball B is given by the linear dual of the space of possibly degenerate
modified traces.

(2) The obvious geometric action on sk 4 (M; B) by the group Diff (M) of
diffeomorphisms of M preserving the orientation and the boundary
parametrization descends to an action of the mapping class group
Map(M) := mo(Diff(M)). This follows from the isotopy invariance
discussed in Remark 2.2.

(3) For a finite ribbon category, the admissible skein module is finite-
dimensional.

(4) The skein module functor is monoidal in the sense that it carries
disjoint unions of manifolds and their labels to tensor products of
vector spaces.

DEFINITION 2.5 (following [11, Section 2.1]). — Let A be a finite ribbon
category. For a surface 3, possibly with boundary, we define the k-linear
admissible skein category skcat4(X) as follows:

e Objects are boundary labels B in the interior ¥ such that every con-
nected component of ¥ contains at least one boundary interval.
e For B,C € skcat4(X), the morphism space is

skcat4(3)(B; C) := skcat4 (X x [0,1], BY,C), (2.5)
where BY is the boundary label obtained by replacing every element
of B by its dual.

Composition is defined by gluing cylinders.
Remark 2.6. — The following observations are standard and known in

more classical contexts. In the non-semisimple case, the details are in [11]:

(1) For a two-dimensional disk D, the skein category skcat 4 (D) is canon-
ically equivalent to Proj.A.
(2) Let 0°°M be the union of the open and closed boundary of M. The
admissible skein modules introduced in Definition 2.1 assemble into
a linear functor
sk (M; —): skcat4(0°°M) — vect, (2.6)

where the action on morphisms is by gluing in cylinders.
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(3) There is a canonical equivalence skcat 4(X) = skcat 4(X)°PP, where
> is X is opposite orientation.

The final result that we will discuss in this section is a locality property
for skein modules called excision.

THEOREM 2.7 (Excision, based on [51, Theorem 4.4.2]). — Let A be a
finite ribbon category, M an oriented three-dimensional manifold and M’ the
manifold constructed by gluing M along two oppositely oriented copies of a
boundary surface 3. Gluing of ribbon graphs for boundary labels matching
up to duality induces an isomorphism

Peskeat 4 (X) -
/ ska(M; X, P, PY) =5 ska(M'; X)

for X € skcat4(0°°M’). (2.7)

The main ideas of this result can be found in Walker’s notes [51], where
this result is not quite stated in the generality needed here. Various versions
of Walker’s statement appear in the literature, e.g. in [11, 21, 24, 31], often for
skeins in dimension two (also called string-nets) and three, sometimes with
additional details fleshed out that are not contained in the original notes.
A very detailed treatment taking all the topological intricacies seriously and
covering several dimensions at once has recently appeared in [40]. Given
that many of the other available proofs for dimension three lack important
details and given that the full proof of the more general statement in [40] is
the main result of an article of more than 60 pages, we will include here a (to
the best of our knowledge) new and relatively short proof of Theorem 2.7,
in the hope that it will be useful. The skein theory expert, to whom many
of the arguments will be clear, may of course skip the proof.

Proof of Theorem 2.7.

(1) Whether to ska(M; X, P,Q") we add an element in the morphism
space skcat4(X)(Q, P) at the first copy of X at its boundary label
P or the second copy with boundary label QY does not matter
after gluing. Both produce the same element in sk 4(M’; X). This
means that the map sk4(M; X, P, PV) — sky4(M’; X) is dinatural
and hence descends to the coend to produce the map (2.7).

(2) We now consider the case where M = B;UBs is given by the disjoint
union of two three-dimensional balls that are being glued along a
two-dimensional disk D. Then M’ = B;{Up By is a three-dimensional
ball again. The boundary label X splits up into a boundary label
for By formed by projective objects X7,..., X/ whose ribbons end
on 0B; and a boundary label for By formed by projective objects
X{,..., X/ whose ribbons end on 0By. We allow m or n to be zero.
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We will use the identification sk 4(D) ~ Proj.A (Remark 2.6(1)).
Two cases have to be distinguished:
e For m +n > 1, we find with Remark 2.4(1)-(4) that the
map (2.7) is the map

PeProj A
/ ALX{® - ®X,, ®P)

ALX! @@ X @ PY) — A(I,X?)
with X® =X ® X, X/ X/ (2.8)

using the duality and composing over P. Since m +n > 1,
the statement now follows from the Yoneda Lemma applied to
Proj A.

e The case m = n = 0 requires more work: by [13, Corollary 3.2]
sk4(B) for a three-dimensional ball is given by the linear dual
of the space of possibly degenerate modified traces that we may
identify with the space A(«, I)* thanks to [45, Theorem 6.4].
With the twisted traces in [45], see also [42], we find

PecProj A PeProj A
/ A(I,P)® A(I, PV) = / AN‘PI)* © AP,T)  (2.9)

with the left Nakayama functor N¢ = Jxea AX, =) ® X. The
functor F = A(—, I)* is right exact and hence

PeProj A N
/ A(NPI)" ® A(P,I)
PcProj A
o~ F/ N‘P & A(P,I)

PeProj A
zFNE/ P® A(P,I)
(N* is exact [20, Corollary 4.7])

XeA
= FNE/ X ® A(X,I) [26, Proposition 5.1.7]

>~ FN‘I. (2.10)
By [20, Lemma 4.10] N*I & o which leaves us with the isomor-
phism
PeProj A
/ A(I,P)® A(I,PY) 2 Fa = A(a, I)* = sku(B). (2.11)
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After carefully chasing through all these identifications, we see
that this isomorphism is in fact the gluing map, thereby prov-
ing excision also for a three-dimensional ball without boundary
labels.
In the general case, it is easy to see that (2.7) is surjective because we
can take any skein in M’ and isotope one of its ribbons such that
it intersects ¥ (seen as surface in M’) transversally. The isotopy
does not change the element in sk 4(M’; X) by isotopy invariance,
see Remark 2.4 (2). After performing this isotopy, it is clear that the
element is in the image of (2.7).
The difficult part is the injectivity of (2.7). We need to prove
that relations holding in sk 4(M’; X) that come from the evalua-
tion of the graphical calculus on any cube in M’ already hold in
fPGSkcatA(Z) sk4(M; X, P, PV). For this, it suffices to prove that the
relations for skeins in any three-dimensional closed ball B in M’ al-
ready hold in fPeSkcatA(Z) sk4(M; X, P, PV) because every properly
embedded cube can be slightly enlarged to an embedding of a three-
dimensional ball B. (The evaluation on a cube induces only relations
on skeins that are transversal to the boundary of the cube. We can
therefore arrange the skeins to be transversal to the boundary of
the ball as well.)

This is clear if B is the image of a ball in M. If this is not the case,
then, in analogy to the proof of [31, Theorem 3.2], it is enough to
prove that B can be obtained by gluing balls that are each image of
a ball in M along two-dimensional disks (because then the situation
can be played back to the one of Step 2). We now prove that B can
indeed be cut this way: we first adjust the shape of B slightly such
that the intersection of B with ¥ is transversal. This is possible
because the evaluation on B only gives relations for skeins ending
transversally on 0B, so the shape of B can be adjusted slightly
without changing the relations induced by evaluation on B. Now
S = BN X is a two-dimensional manifold thanks to transversality,
and it cuts B into two three-dimensional manifolds K and K’, i.e.
B = K Ug K'. In contrast to the two-dimensional situation, K
and K’ do not need to be a disjoint union of balls (in this case, we
would be done), which makes the treatment of the three-dimensional
situation somewhat different.

As a remedy, we choose a two-dimensional triangulation ¢ of S
and three-dimensional triangulations T for K and T” for K’ extend-
ing the one on S. This is possible by [27, Variant 7]. Now T U T’
is a three-dimensional triangulation of B, with each of the triangles
contained in M. This finishes the proof of Theorem 2.7. U
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Remark 2.8. — In this remark, we want to give a brief topological ar-
gument for the relation between modified traces and (co)integrals for Hopf
algebras as presented in [4, 7, 44]: If we cut the three-dimensional sphere into
two-hemispheres, we find with excision (Theorem 2.7) and [13, Corollary 3.2]

PeProj A
/ A(I,P)® A(P,I)
= {space of two-sided modified traces}*. (2.12)

The coend on the left side can be restricted to a projective generator without
changing its values, see e.g. [41, Theorem 2.9], which means that, if A is
given by finite-dimensional modules over a finite-dimensional ribbon Hopf
algebra H, we obtain

Hompy (k, H) @ k = {space of two-sided modified traces}*. (2.13)

Note that Homp (k, H) is the space J,(H) of left integrals for H (depending
on the conventions, they might be referred to as cointegrals). The tensor
product J,(H) ®@p k is zero if H is not unimodular. If H is unimodular, it
is the space of two-sided integrals.

3. The comparison result

The language and the tool to formulate and prove the comparison
result is the notion of an ansular functor introduced in [33] with prepara-
tions in [32]. An ansular functor is a consistent systems of handlebody group
representations. It is formally defined as a modular algebra over the modular
operad Hbdy of handlebodies. It takes values in a symmetric monoidal bi-
category that for our applications will consist of linear categories. The most
reasonable choice in the context of this article is the symmetric monoidal
bicategory Rex® of finite categories over our fixed algebraically closed field k&,
right exact functors and linear natural transformations. The monoidal prod-
uct is the Deligne product X. When partially spelling out the definition, an
ansular functor ‘B consists of the following:

e It has an underlying category A € Rex’ with a non-degenerate sym-
metric pairing £ : AKX A — vect. Non-degeneracy means that we
have a map A : vect - AKX A, a coevaluation, satisfying together
with k the zigzag relations for duality up to isomorphism. The sym-
metry of k means that x is a homotopy Zs-fixed point with respect
to the action on k through the symmetric braiding of X. (This struc-
ture is not specific to ansular functors; it is just needed to make the
endomorphism operad of A cyclic.)
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e For any handlebody H with n > 0 embedded disks in its boundary
surface, we obtain a right exact functor

B(H) : A" — vect (3.1)

carrying a representation of the handlebody group Map(H) (the
group of connected components of the topological group of orien-
tation preserving diffeomorphisms which fix the embedded disks
point-wise) subject to the excision property that the functor B(H’) :
AB(=2) _ vect for a handlebody H’ obtained from H by sewing
a pair of disks together (assuming n > 2) is obtained by inserting
the coevaluation object A = A'RKA”" € AK A (here A = AR A"
is Sweedler notation; it should not suggest that A is a pure tensor)
into the slots associated to these disks. This means

B(H') =B (H;...,A,...,A",...) (3.2)

by a specific isomorphism that is also part of the data.

We will now make the first observation: for a finite ribbon category A,
the admissible skein modules produce an ansular functor. To this end, let H
be a handlebody with n > 0 embedded disks. Now

ska(H) : (Proj A)®"™ — vect (3.3)
(Py,...,Py) —>ska(M;Py,..., P,) (3.4)

is a linear functor with Map(H )-action. In order to obtain something that
could possibly match the above description, we would need a right exact
functor out of A®", but this can easily be done by applying the finite free
cocompletion, a standard technique that, in the finite setting, is recalled in
detail e.g. in [31, Section 5]: we can recover A from Proj A be adding finite
colimits, i.e. by passing from Proj .4 to the category of functors (Proj.4)°PP —
vect; in other words, A is the finite free cocompletion of Proj.A. The linear
functor (3.4) then extends uniquely to a right exact functor

Ska(H) : A®" — vect. (3.5)

By setting H = D? x [0, 1], we obtain a non-degenerate symmetry pairing.
If needed, we may always use the pairing to move A®" from the left to the
right in (3.5). This data gives us indeed an ansular functor:

PROPOSITION 3.1. — For a finite ribbon category A, the freely cocom-
pleted admissible skein modules
Ska(H;—) : A¥" — vect (3.6)

for handlebodies with n > 0 embedded disks form a Rex'-valued ansular
functor.
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Proof. — This is mostly a straightforward verification, with the only non-
obvious point being the excision property (3.2) that we need to play back
to Theorem 2.7. This can be done in a rather indirect way. Let us recall
from [31, Definition 5.4] the symmetric monoidal bicategory Bimod":

e The objects are k-linear categories A whose finite free cocompletion
is a finite category.

e l-morphism A — B is a linear functor M : A°" @ B — vect (also
called an A-B-bimodule).

e 2-morphisms are linear natural transformations of bimodules.

There is a well-known canonical equivalence of symmetric monoidal bicate-
gories Bimod® ~ Rex’ (see e.g. [31, Proposition 5.6]) under which sk 4(H; —)
in (3.4) corresponds to Sk4(H;—) in (3.5). In Bimod", the excision prop-
erty (3.2) amounts to

PeProj A
skA(H’;—)%/ ska(Hs...,PY,...,P,...), (3.7)

which is now a special case of Theorem 2.7. This finishes the proof of Propo-
sition 3.1. O

Remark 3.2. — Any handlebody without embedded disks in its bound-
ary can be constructed by gluing a three-dimensional ball with one embed-
ded disk in its boundary to a handlebody H with one boundary disk. The
three-dimensional ball with one embedded boundary disk corresponds to
the monoidal unit I € A and hence the gluing property for ansular functors
implies that Sk 4(H;I) is the admissible skein module for the handlebody
without embedded disks.

If we restrict the ansular functor from Proposition 3.1 to genus zero, we
obtain the following:

PROPOSITION 3.3. — For a finite ribbon category A, the ribbon Grothen-
dieck—Verdier category obtained by restriction of the ansular functor from
Proposition 3.1 built from admissible skein modules is the balanced braided
category A with a~t as ribbon dualizing object whose Grothendieck—Verdier
duality D = o' ® =V is the shift of the rigid duality by o~ 1.

We denote this ribbon Grothendieck—Verdier category by A,-1.

Proof. — Let us calculate the genus zero restriction of the ansular functor
from Proposition 3.1, which by [33, Theorem 5.9] is a ribbon Grothendieck—
Verdier category. For a three-dimensional ball with n > 1 disks embedded
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in its boundary labeled by projective objects Py, ..., P,, we find

ska(B;Pr,....,P) 2 A(I,PL®---®P,)  (Remark 2.4(1))
=~ A(IN'NY(P @ @ Py)) [20, Corollary 4.7]
with the left /right Nakayama functor [20]

XeA
N¢ = AX, )@ X | N’:/ A= X))@ X
XeA

ANYP ®- - ® P,), I)* ([45, Section 3] & [42, Section 2])
AP ®®P,,N'I)" ([20, Lemma 3.16))
AP @ ®P,a™ )" ([20, Lemma 4.10 & 4.11]) . (3.8)

I

Since Sk 4(Bj; —) is the unique right exact extension of this functor, we find
Ska(B; X1y, Xp) CAX1 @+ @ Xy, H)* (3.9)

for X4,...,X,, € A. With the description of spaces of conformal blocks for
ansular functors, which is given in [32, Theorem 7.8] and [33, Corollary 6.3]
in the Lex'-valued case and adapted in [10, Corollary 8.1] to the Rex'-valued
case, we deduce that the underlying non-cyclic framed FEs-algebra of the
genus zero restriction of Sk is the balanced braided category A. It re-
mains to identify the cyclic structure. In [34, Theorem 4.2] all possible ribbon
Grothendieck—Verdier dualities on a balanced braided category A are classi-
fied: if A is rigid (as in the case at hand), then the rigid duality is a ribbon
Grothendieck—Verdier duality, and all other possible ribbon Grothendieck—
Verdier dualities are given by D = 8 ® —V, where 8 is an invertible object
in the balanced Miiger center

ZSQI(A) = {X S .A‘Cy)xcx)y = idX®y VY € .A, O0x = idx} (310)

of A. In other words, the possible ribbon Grothendieck—Verdier dualities
form a torsor over the Picard group of Z5(A). We conclude that the cyclic
framed Fs-structure on the genus zero restriction of Sk 4 is determined by
knowing the underlying balanced braided category (which is A) and the
invertible object in Z5%(A) that the rigid duality needs to be twisted by.
This object is ! as we see easily with (3.9) and [10, Corollary 8.1]. O

Remark 3.4. — Logically, we do not need to prove that « or equivalently
a~ ! actually lie in Z5%(A). If Sk 4 is an ansular functor, then this must be
true by [34, Theorem 4.2]. As a sanity check, let us also briefly see in a purely
algebraic way why this is true: by [16, Corollary 8.10.8] the distinguished
invertible object « trivially double braids with all objects. Moreover, by [20,
Lemma 4.10 & 4.11] a = NI = [, A(X,I) ® X, which by naturality of
0 and 0; = id; implies 0, = id,.
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We can now state and prove our main result:

THEOREM 3.5 (Comparison result). — Let A be a finite ribbon category
and H a handlebody with n > 0 disks embedded in its boundary surface. Then
there is a canonical natural Map(H)-equivariant isomorphism of functors

A1 (H; =) =5 Ska(H; =) : AB" — vect (3.11)

between the value of the modular extension A\a—l of the balanced braided
category A with Grothendieck—Verdier duality D = o~' ® —V on H and
the cocompleted admissible skein module Sk 4(H;—). In the case n =0 (no
embedded disks), the completion step for admissible skein modules is not
needed, and we obtain a Map(H)-equivariant isomorphism

A1 (H) == ska(H) (3.12)

of wector spaces for the uncompleted admissible skein modules sk a(H).

The above result follows directly from the next result that uses slightly
more technical language that for the statement of Theorem 3.5 we want to
avoid:

THEOREM 3.6. — Let A be a finite ribbon category. Then the follow-
ing constructions agree, up to canonical equivalence, as Rex' -valued ansular
functors:

(1) The modular extension ﬁoﬁl of An—1 seen as Rex' -valued modular
Hbdy-algebra, i.e. the ansular functor associated to Ag,-1.

(2) The admissible skein modules for A, seen as Rex'-valued ansular
functor after a finite free cocompletion.

Proof. — We need to compare ﬁml with the ansular functor Sk 4 built in
Proposition 3.1 from admissible skein modules and finite free cocompletion.
By [33, Theorem 5.7 & 5.9] two ansular functors are equivalent if and only if
their genus zero restrictions are equivalent as cyclic framed FEs-algebras, i.e.
as ribbon Grothendieck—Verdier categories. As the genus zero restriction of
/Al,rl, we obtain A,-1 by construction. For Sk 4, the result is the same by
Proposition 3.3. This finishes the proof. O

COROLLARY 3.7. — Let A be a finite ribbon category and Hy ,, a genus
g handlebody with n > 0 embedded boundary disks with boundary labels
X1,...,X,. The vector space of admissible skeins with these boundary la-
bels is, after finite free cocompletion, given by

Ska (Hyn; X1, Xn) ZA(X1®... X, @ A%, 0717, (3.13)
where A = erA XV ®X € A is the canonical end of A and o™ the inverse
of the distinguished invertible object.
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Proof. — This directly follows from Theorem 3.5 if we compare [32, The-
orem 7.8] and [33, Corollary 6.3] (where the formulae are given in the Lex'-
valued case; see [10, Corollary 8.1] for the Rex'-valued case). g

Remark 3.8 (The distinguished invertible object as a background charge).
The vector space A(X1®... X, ®A®9 a~1)* on the right hand side of (3.13)
is isomorphic to A(a® X1 ®. .. X, ® A®9, I)*. In other words, it is the “usual”
space of conformal blocks that we expect, but with a as an additional bound-
ary label. This is, in different contexts, a well-known phenomenon referred
to as background charge in [39, Remark 7.2], see also [31, Remark 8.9]. The-
orem 3.5 tells us that for the comparison we need to add the background
charge o~ ! to the ansular functor or, equivalently the background charge o
to the admissible skeins.

We turn now to the comparison of the skein module structure. As was
already explained in the introduction, this requires the following statement:

THEOREM 3.9. — For a unimodular finite ribbon category A and a han-
dlebody H withn > 0 embedded disks in its boundary surface 3 (with as usual
the interior of the disks removed), the generalized handlebody skein module
Du(H) : [ A= A¥ agrees, under the equivalence (1.4) between factor-
ization homology and the freely cocompleted skein category, with the map
Sk%(H; —) : SkCat4(X) — A®" induced by the admissible skein modules as
a module map over fazx[o,l] A.

The map Skj(H ; —) was already briefly explained in the introduction.
Its precise origin will be discussed in the proof.

Proof. — Let ¢ : (D?)"™ — ¥ be an embedding of m > 0 disks into ¥ and
0.t AR J5, A the associated structure map that factorization homology,
by its definition as a colimit, comes equipped with. The map ®4(H) : fz: A—
AR is determined by ®4(H ), = .Z(H“"), where H¥ is the handlebody H,
but with all n embedded disks seen as outgoing and m incoming disks added
as prescribed by the embedding ¢. With unimodularity and Theorem 3.5,
we find A(H¥) = Sk4(H?). But the maps Sk 4(H¥) are exactly the ones
inducing Sk (H) : SkCat (%) — A®" under the equivalence SkCat 4 (%) ~
J5; A, see [11, Section 2.3 & Theorem 3.10], see also (2.6) (whether AX"
appears here in the source or the target is just a matter of taste because
of the cyclic structure, see the comments after (3.5)). The statement of the
maps agreeing as module maps follows if we extend the comparison just
made to the construction in [10, Proposition 4.3]. O

Since ®4(H)O4 = A(H) [10, Theorem 4.2], A(H) carries an action of
SkAlg 4(2) = Endf A((’)“E“). On the other hand, on the skein module sk 4 (H)
=
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the action of a non-unital skein algebra is described in [13, Proposition 2.5].
By [11, Section 2.2 & Remark 2.19] this action extends to a SkAlg 4 (X)-action
on the cocompleted skein module Sk 4 (H ); this also means in particular that,
in hindsight, there is actually an action of SkAlg 4(X) on sk4(H) = Ska(H)
in the case of no embedded disks. Now Theorem 3.9 implies:

COROLLARY 3.10. — For a unimodular finite ribbon category A, and
any handlebody without embedded boundary disks H, there is an isomorphism
A(H) = Ska(H) of skein modules, i.e. as modules over SkAlg 4(X).

For future reference, we record the following statement:

COROLLARY 3.11 (Excision for admissible skein modules in terms of
the generalized skein modules ®4). — Let A be a unimodular finite ribbon
category, M a closed oriented three-dimensional manifold and M = H' Us H
a Heegaard splitting for M, with gluing along a surface OH' = ¥ = OH.
Then the admissible skein module for M (both the uncompleted and completed
version) can be obtained as a coend over the generalized skein modules ®4(H)
and 4 (H'), i.e. there is a canonical isomorphism

o

PeProj [ A
/ Dy (H';Pv)®‘I>A(H;P) — sk (M). (3.14)
Proof. — Theorem 3.9 gives us

/PGProj fz A

Dy (H'; PY) @ Da(H; P)

P€ProjSkCat 4 (X)

~ / SKE (H': PY) @ SK%(H: P).  (3.15)
By the definition of the free finite cocompletion
PeProj SkCat 4 (%)
/ Sk% (H'; PY) @ Sk (H; P)

Peskeat 4 (X)
= / skj (H; PY)® skj(H; P). (3.16)
Now Theorem 2.7 implies the assertion. O

Remark 8.12 (Two-dimensional conformal field theory and three-dimen-
sional skein theory). — In [52, Remark 9.13] a correspondence between two-
dimensional full conformal field theory in genus zero and three-dimensional
skein theory for handlebodies is deduced from the modular microcosm prin-
ciple. In that context, the monodromy data of the conformal field theory
is given by a ribbon Grothendieck—Verdier category, and the skein theory
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has to be defined entirely in terms of factorization homology. If A is a uni-
modular finite ribbon category, Theorem 3.5 tells us that there is a skein
description in a more classical sense based on a graphical calculus. This will
be exploited elsewhere.
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