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Quantum propagation for Berezin—Toeplitz operators *)

LAURENT CHARLES (V) AND YOHANN LE FrocH (2

ABSTRACT. — We describe the asymptotic behaviour of the quantum propagator
generated by a Berezin—Toeplitz operator with real-valued principal symbol. We also
give precise asymptotics for smoothed spectral projectors associated with the oper-
ator in the autonomous case; this leads us to introducing quantum states associated
with immersed Lagrangian submanifolds. These descriptions involve geometric quan-
tities of two origins, coming from lifts of the Hamiltonian flow to the prequantum
bundle and the canonical bundle respectively. The latter are the main contribution
of this article and are connected to the Maslov indices appearing in trace formulas,
as will be explained in a forthcoming paper.

RESUME. — Nous décrivons le comportement asymptotique du propagateur quan-
tique d’un opérateur de Berezin—Toeplitz de symbole principal réel. Nous donnons
également une asymptotique précise pour les projecteurs spectraux régularisés as-
sociés a 'opérateur dans le cas autonome; cela nous meéne a introduire des états
quantiques associés a des sous-variétés lagrangiennes immergées. Ces descriptions
mettent en jeu des quantités géométriques de deux origines, provenant de relevés du
flot hamiltonien au fibré préquantifiant et au fibré canonique, respectivement. Ces
derniéres sont la contribution principale de l'article et sont reliées aux indices de
Maslov apparaissant dans les formules de traces, comme nous ’expliquerons dans un
futur article.
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Laurent Charles and Yohann Le Floch

1. Introduction

In quantum mechanics, the evolution of a state ¥, under the influence of
a Hamiltonian H can be described using Schrédinger’s equation

d ~
ih— VU, = HU,.
1 dt t t

Under suitable assumptions on H , the solutions to this equation are of the
form ¥; = Uy Vo where U+ is an operator called the quantum propaga-
tor. This propagator is the quantum analogue of the Hamiltonian flow in
classical Hamiltonian mechanics. This analogy can be studied rigorously by
investigating the so-called semiclassical limit & — 0 in which, if H quantizes
the classical Hamiltonian H, U is expected to behave like the Hamiltonian
flow of H. This statement has been given a precise meaning by studying
the Schwartz kernel of Uy + in different regimes of 4 and ¢, for semiclassical
Schrodinger Hamiltonians H=—-mA+Von T*R?, and more generally for
B-pseudodifferential operators on T*R¢ or T* X with X a compact Riemann-
ian manifold; see Section 1.5 for a longer discussion and references.

Here we are interested in a different setting where the underlying phase
space is a compact symplectic manifold; then the quantum states are sections
of a power of some well-chosen line bundle, and this power is the relevant
semiclassical parameter. This setting naturally appears in several problems
from physics, such as the study of spin systems in the large spin limit, coher-
ent states, and the quantum Hall effect, cf. for example [15, 22, 24]. The limit
of large power of a suitable line bundle is also very important in complex
geometry, see for instance [1, 13, 17, 26].

The aim of our work is to understand, in this context, the geometric
invariants appearing in the asymptotic description of the quantum propaga-
tor (and its counterparts, smoothed spectral projectors) in the semiclassical
limit. As can be seen from other results in the same direction [3, 21, 28],
this is in fact non trivial and different authors have different, more or less
explicit, ways to compute these invariants. Here we obtain expressions that
are both completely natural and easily computable. This will be particularly
important in forthcoming papers in which we revisit trace formulae: the ex-
plicit asymptotics that we obtain here will allow us to derive those in a direct
way and with a precise control of the quantities they involve, in particular
the Maslov-like indices contained in the subprincipal contributions.
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1.1. Berezin—Toeplitz operators

Let M™ be a compact complex manifold endowed with two Hermitian
holomorphic line bundles L and L’. We assume that L is positive, mean-
ing that the curvature of its Chern connection is %w with w € Q?(M,R) N
QD (M) positive. For any positive integer k, let H; be the space of holo-
morphic sections of L¥ @ L’. The scalar product of sections of L* @ L' is
defined as the integnral of the pointwise scalar product against the Liouville

volume form p = <.

Given a function f € C*°(M), the Berezin—Toeplitz operator Tj(f) is the
endomorphism of Hj such that

(Tr(fu,v) = (fu,v), Vu, veH.

We are interested in the semiclassical limit & — 400 and the techniques
we use allow to consider more general families 7' := (Tx(f(-,k))) where
the multiplicator itself depends on k and has an expansion of the form
f(- k)= fot+ktfi+... with coefficients f, € C°>(M). We will also consider
time-dependent sequences f( -, ¢, k) with an expansion with time-dependent
coefficients.

We call the family T a Toeplitz operator, fqo its principal symbol and
fi+ %A fo its subprincipal symbol. Here A is the holomorphic Laplacian as-
sociated with the Kihler form w, so A = 3" h%9,, 0z, when w =i hjzdz; A
dz;. The reason why we introduce this subprincipal symbol is merely that it
simplifies the subleading calculus.

Typically, if T and S are two Toeplitz operators with principal symbols f
and g, then T'S and k[T, S] are Toeplitz operators with respective principal
symbols fg and the Poisson bracket {f, g} with respect to w [2, 4]. If now
T and S have identically zero subprincipal symbols, then the subprincipal
symbols of T'S and k[T, S] are 5-{f,g} and —w;(X,Y) respectively [10],
where X, Y are the Hamiltonian vector fields of f and g and w; is the real
two-form given by wy = (0O — %@K), with ©7,, © the curvatures of the
Chern connections of L’ and of the canonical bundle K.

1.2. The quantum propagator

It is a well-known result that the solution of the Schrédinger equation for
a pseudo-differential operator is a Fourier integral operator associated with
the Hamiltonian flow of its principal symbol. Our first result is the Toeplitz
analogue of this fact. Consider a time-dependent Toeplitz operator (T} ;)
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with principal symbol (H;) and subprincipal symbol (H{"P). The quantum
propagator generated by Ty ¢ is the smooth path (U, t € R) of (unitary in
case Ty ¢ is self-adjoint) maps of Hy, satisfying the Schrodinger equation

d
(ik)—l&Uk,t + Ty Uy =0, Ugo=id. (1.1)
Our goal is to describe the Schwartz kernel of Uy, ;, which by definition is
dy
— —k —
Upi(w,y) = > (Urathi)(@) @ Gi(y) € (LF @ L), @ (T" o L),
i=1

where dj, = dim Hj, and (¢;) is any orthonormal basis of Hj. In the sequel,
we will view Uy ¢(z,y) as a map from (L* ® L), to (L¥ @ L’), using the
scalar product of (L* ® L'),.

As we will see, when the principal symbol (H) is real, this Schwartz
kernel is concentrated on the graph of the Hamiltonian flow ¢; of H;. Here

the symplectic form w is ¢ times the curvature of L, and the Hamiltonian
vector field X; is such that

w(Xy, ) +dH, = 0. (1.2)

To describe the asymptotic behavior of Uy (¢ (), z), we need to introduce
two lifts of ¢, the first one to L and the second one to the canonical bundle
K of M. The relevant structures on L will be its metric and its connection,
which is generally called the prequantum structure.

1.2.1. Parallel transport and prequantum lift

If A— M is a Hermitian line bundle endowed with a connection V, the
parallel transport in A along a path v : [0, 7] — M is a unitary map

T(Aa’)/) : A’Y(O) — A'y('r)

which can be computed as follows: if u is a frame of v* A, then 7 (A4, v)u(0) =
exp(i f,y a)u(r), where a € Q*([0,7],R) is the connection one-form defined
in terms of the covariant derivative of u by Vu = —ia ® u. In particular
we can lift by parallel transport the Hamiltonian flow ¢;. We set T,4(z) :=
T (A, ¢[0,t] () : Ay — Aqﬁt(z)-

The prequantum lift of the Hamiltonian flow ¢; to L is defined by
OF () = et Jo MO OO gL g, (13)

This lift has an interest independently of Toeplitz operators: by the Kostant—
Souriau theory, ¢F is the unique (up to a phase) lift of ¢; which preserves

— 546 —



Quantum propagation for Berezin—Toeplitz operators

the metric and the connection of L. Furthermore, if x belongs to a con-
tractible periodic trajectory with period T, so that we can define the action
A(z,T) € R, then ¢&(x) : L, — L, is the multiplication by exp(iA(z, T)).

In our results, it is actually the k" power (¢F)®* that will appear, with
some corrections involving the subprincipal data L’ and H;", more precisely
we will see

e O () F QT (0) (1w L), — (PO D), .

So we merely replace L by L* ® L' and H; by kH; + H;"" in (1.3).

(1.4)

1.2.2. Holomorphic determinant and lift to the canonical bundle

The second ingredient we need is an invariant of the complex and sym-
plectic structures together. If ¢ : S — S’ is a linear symplectomorphism
between two 2n-dimensional symplectic vector spaces both endowed with
linear complex structures, we define an isomorphism K(g) : K(S) — K(S')
between the canonical lines K (S) = A™° 8%, K(S') = N™°(S’)* character-
ized by

K(g)(@)(gsu) = a(u), YaeK(S), ue S (1.5)

Equivalently, if £ and E’ are the (1,0)-spaces of S and S’ respectively, we
have decompositions

*

_ . 1,0
S®C=EaE, S @C=EaF, g®idc(g :)

with g% : E — E’. Then K(g) is the dual map of det g*° : A"E — A™E’ in
the sense that K(g)(a)((det g"%)u) = a(u) for any a € K(S) and u € A"E.

This holomorphic determinant has a nice structure in terms of the polar
decomposition of linear symplectic maps. When S = S’ = R?" with its
usual complex structure j, g = g1g2 where g; and go are both symplectic,
¢1 commutes with 7, and go is symmetric positive definite. Then K(g) is a
complex number whose inverse is

n

o Ai + A7
detc g™" = <}:[1 2) detcgy (1.6)
with 0 < A\ < - < Ay < 1 < A0 < --o < A7 the eigenvalues of ga,
and detc g1 the determinant of g; viewed as a C-linear endomorphism of C™.
Indeed, detcg™® = det@g%’odetcgl and one readily computes detcg%’o using
the diagonalization of g, in an orthonormal basis (e1,...,e,,j€e1,...,jexn)
with goes = Areg and gajes = A, 'jes. This formula generalizes for (S, j) #
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(S’,4"), with now linear symplectic maps g; : S — S" and g2 : S — S, where
g10j =7 oq1, and go is positive definite for the Euclidean structure w( -, j-)
of S. The complex determinant of g; may be viewed as a map from detc (S, 7)
to detc (97, §’) or equivalently from A™PE to A'PE’.

This definition provides us with a lift D; of the Hamiltonian flow ¢; to
the canonical bundle K = A™OT*M | defined by

Di(z) = K(Tu¢t) : Ko — K(bt(w)' (1.7)

We have another lift of ¢; to the canonical bundle which is the parallel trans-
port 7,%. Define the complex number p;(x) such that D;(z) = p;(z)T,X (2).

1.2.3. The result

THEOREM 1.1. — Let (Uy,) be the quantum propagator of a time-depen-
dent Toeplitz operator (T} ) with real principal symbol. Then for any t € R
and x € M,

Uri(¢1(), )

k\" 11 [P gt (2))dr ®k ’ ne
= (%) [pufar)] et Jo BN Tk ()] T () + 00 (1)
where ¢y is the Hamiltonian flow of the principal symbol Hy, ¢¥ and 7;L' are
its prequantum and parallel transport lifts, H{"’ is the subprincipal symbol
and (p;)Y/? is the continuous square Toot equal to 1 at t = 0 of the function

pt such that Dy = p, T,X with Dy(x) = K(Tyy).
If y € M is different from ¢.(z), then Uy (y,x) = O(k~N) for all N.

The first part of the result has an alternative formulation when M has a
half-form bundle, that is a line bundle § and an isomorphism between 6% and
the canonical bundle K. Introducing the line bundle L; such that L' = L;®4§
and using that 7;*" = 7% @ T, we obtain

Uk,t(¢t(33)75'3) ~ (2’]1) e% fO‘ HP (¢ (2))dr [gbf(x)}@k@’nh (x) ® [Dt(m)}%

where [Dy(z)] vz, 0z — 0g,(x) is the continuous square root of Dy(r) equal
to 1 at t = 0. Observe that to write this equation, it is sufficient to define §
on the trajectory t — ¢.(x), which is always possible.

In the above statement, we focused on the geometrical description of
the leading order term, because it is the real novelty. The complete result,
Theorem 4.2, too long for the introduction, is that Uy (¢¢(x), x) has a full
asymptotic expansion in integral powers of k! and we also have a uniform
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description with respect to z, y and ¢ on compact regions. Such a uniform
description is not obvious because the asymptotic behavior of Uy +(y, z) is
completely different whether y = ¢.(x) or not. We actually show that the
Schwartz kernel of Uy, is a Lagrangian state in the sense of [8] (see the
definition in Section 2), associated with the graph of ¢;.

In the Appendix A, we investigate an explicit example in which the Hamil-
tonian flow does not preserve the complex structure, and verify the validity of
the above theorem for the kernel of the propagator on the graph of this flow.

1.3. Smoothed spectral projector

Our second result is the asymptotic description of the Schwartz kernel of
f(k(E — Ty)) where (T) is a self-adjoint Toeplitz operator, F is a regular
value of the principal symbol H of (T}) and f € C*(R,R) is a smooth
function having a compactly supported Fourier transform. For a function
g : R = R, g(T}) is merely defined as > ,c (7, )9(A)IIx where for each
eigenvalue A of Ty, II, is the orthogonal projector onto the corresponding
eigenspace. For g smooth, g(T}) is itself a Toeplitz operator with principal
symbol g o H and so its Schwartz kernel is concentrated on the diagonal;
more precisely

k

T o) = (5 ) @) + 00,

9(Te)(z,y) = (’)(k_N), V N when = # y.

In the rest of the paper we will work with a function g depending on k in the
very specific way g(7) = f(k(r — E)), which we interpret as a focus at scale
k~! around E. For instance, for f the characteristic function of a subset
A of R, f(k(-— E)) is the characteristic function of E + k~1A. However,
we will only consider very regular functions f, having a smooth compactly
supported Fourier transform f

Our result is that the Schwartz kernel of f(k(E — Ty)) is (up to normal-
ization by some power of k, see Remark 2.1 for a discussion) a Lagrangian
state associated with the Lagrangian immersion

jE :RXHil(E) —>M27 (t7x) — (¢t('r)7x) (19)
Here ¢; is the flow of the autonomous Hamiltonian H. It is important to
note that jg is not injective and not proper in general. However only the
times ¢ in the support of the Fourier transform of f matter, so we will work

with the restriction of jg to a compact subset. Still, it is possible for jg to
have multiple points because of the periodic trajectories.
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The description of the Schwartz kernel on the image of jg will be in terms
of the parallel transport lift of ¢; to L and L’ as introduced above and a
lift D; to the canonical bundle of the restriction of ¢; to the energy level set
H~L(E), defined as follows.

First since F is regular, for any x € H~!(E), the Hamiltonian vector
field X of H is not zero at x. Second, H being time-independent, T .¢; sends
X, into Xy, (4, so it induces a symplectic map from T,H '(E)/RX, into
Ty, (x)H ' (E)/RX4,(z)- In the case z is periodic with period ¢, this map is
the tangent linear map to the Poincaré section map.

For any z € H™1(E), write T,M = F, ® G, where F, is the subspace
spanned by X, and j, X, and G, is its symplectic orthogonal. Observe that
T,H Y(E) = G, ®RX, so that G, = T, H '(E)/RX,. Furthermore, both
F, and G, are symplectic subspaces preserved by j,, so K, ~ K(F,) ®
K(Gy). Then we define

Di(z) : Koy — Ky, (2 (1.10)
as the tensor product of the following maps:
(1) K(Fy) = K(Fp, (), A = 2[| X, || 72X where A, X are normalised by

AMXe) = N (Xg, ) = 1,
(2) K(¢): K(Gz) = K(Gg,(z)) with ¢ the symplectomorphism

_ Tx ot _
VG =T, H 1(E)/RXI — T¢f,($)H 1(E)/RX¢H(I) = G¢t(ﬂ?)'

In the particular case where T, ¢; sends (j X ), into (jX )4, (2), one checks that
D, (x) = 2| X, ~?D:(x). Otherwise, there does not seem to be any simple
relation between D;(x) and D;(z).

Exactly as we did for Dy, we define p}(z) as the complex number such
that

Dj(x) = pi(2) T ().
We denote by [p}(z)] "2 the continuous square root equal to v/2|| X, | ~! at
t=0.

THEOREM 1.2. — For any self-adjoint Toeplitz operator (Ty) and reqular
value E of its principal symbol H, we have for any v,y € H 1(E),

$(K(E = Ti) (3.2
~(5) K X Fo )t R e ] T e )

2 R
teSupp f,
de(x)=y

+O(k"3).
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~

Furthermore, for any (z,y) € M? not belonging to jg(Supp(f) x H™Y(E)),
we have f(k(E —Ty))(z,y) = O(k~>).

As in Theorem 1.1, in the case M has a half-form bundle 0, we can write
L' = Ly ® § and replace the sum above by

o~ t su ®k 1
S FuyetJo e () Ve ) @ D))
teSupp f,
$i(@)=y
where [Dg(x)]l/z : 65 — O4,(x) is continuous and equal to V2 || X[~ ids,
att =0.

Furthermore, we will give a uniform description with respect to (z,y) of
the Schwartz kernel of f(k(E — Ty)) by showing it is a Lagrangian state
associated with the Lagrangian immersion jg.

1.4. Discussion

Let us explain more the structure of the Lagrangian states appearing
in the previous results (see also Section 2 for precise definitions). Roughly,
a Lagrangian state of M is a family (U € Hy, k € N) which is O(k~)
outside a Lagrangian submanifold I' of M and which has an asymptotic
expansion at any point z € I' of the form

Uy (z) = k™ [t(x))®* (ao(z) + k™ rar(z) +...) (1.11)
where m is some real number, ¢(z) € L, has norm one, and the coefficients
ao(z),a1(x),... belong to L. We can think of [t(x)]* as an oscillatory fac-

tor and k™ > k~%a,(z) as an amplitude, so the right-hand side of (1.11) is
completely analogous to the well-known WKB ansatz. Indeed, locally in a
trivialization open set for M, L and L', sections of L and L’ can be iden-
tified with functions, which yields ¢(z)®* = e**(*) for some phase ¢ which
is real on T'. Furthermore, ¢(z) and the ay(z) all depend smoothly on x so
that they define sections of L and L’ respectively over I'. The section ¢ has
the important property to be flat. Regarding the leading order term ag(z) of
the amplitude, it is often useful to think about it as a product ¢1(z) ® v(x)
where t;(x) € (L), and v(x) € 0. Here ¢ is a half-form bundle, which can
be introduced at least locally, and L' = L; ® 6. Then [t(z)]|®* @ ¢;(x) may
be viewed as a deformation of [t(x)]®*, whereas v(z) is a square root of a
volume element of I'. Indeed, I" being Lagrangian, there is a natural pairing
between the restriction of the canonical bundle to I' and the determinant
bundle det TT ® C.

- 551 —



Laurent Charles and Yohann Le Floch

In our results, the Lagrangian states, which are Schwartz kernels of op-
erators, are defined on M2, with the prequantum bundle L X L. Here, the
symplectic and prequantum structures are such that the graphs of symplec-
tomorphisms are Lagrangian submanifolds and their prequantum lifts define
flat sections. In Theorem 1.1, the Schwartz kernel of the quantum propagator
is defined as a Lagrangian state associated with the graph of the Hamilton-
ian flow and its prequantum lift. As was already noticed, the prequantum lift
appears with correction terms exp (i fot H3(¢,.(2))dr) and T, (z), which
are the contributions of the corrections H*"P to H and Ly to L. Then the

1
last term D7 is merely the square root of the image of the Liouville volume
form by the map M — graph ¢, sending x into (¢¢(x), ).

The relation between Theorems 1.1 and 1.2 relies on the time/energy du-
ality. Roughly, for a time-independent operator H , we pass from the quan-
tum propagator (exp(fih’ltﬁ), t € R) to the smoothed spectral projector
(f(h_l(ﬁ — E)), E € R), by multiplying by f(t) and then doing a partial
h-Fourier transform with respect to the variables t, E (here k plays the part
of A~1). In the microlocal point of view, the variables t and F are equivalent
and we can view the quantum propagator and the spectral projector as two
facets of the same object.

In our results, this duality is expressed by the fact that the graph of ¢
and the Lagrangian immersion jg are obtained in a symmetric way from the
Lagrangian submanifold

I ={(t,H(z), ¢s(x),x)/x € M, t € R} (1.12)

of T*R x M x M ™. Indeed, the graph of ¢; and the image of jp are the
projections onto M? of the slices

Ly=Tn{t}xRxM?), TF=Tn(Rx{E}xM?).

The prequantum lifts and the volume elements can also be incorporated in
this picture. In particular, we pass from D; to D; by canonical isomorphisms
between volume elements of T, T'; and T'F.

As we will see in a next paper, the quantum propagator viewed as a
function of time is actually a Lagrangian state associated with r (and we
will particularly focus on the computation of the precise geometric quantities
involved in its principal symbol). This statement is delicate because here we
mix real and complex variables, cotangent bundles and Ké&hler manifolds,
and the description of Lagrangian states is rather different in these two
settings. To give a sense to this, we will perform a Bargmann transform
so that the quantum propagator will become a holomorphic function of the
complex variable ¢ + i F. This point of view will be interesting, even for the
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proof of Theorem 1.1, to understand the transport equation satisfied by the
leading order term of the amplitude.

1.5. Comparison with earlier results

The introduction of Fourier integral operators with application to the
Schrodinger equation and spectral properties of pseudodifferential operators
has its origin in the seminal Hérmander [19] and Duistermaat—Guillemin [14]
papers, cf. the survey [16]. In these first developments, the operator under
study is the Laplace-Beltrami operator and the corresponding classical flow
is the geodesic flow.

The transcription of these results to Berezin—Toeplitz operators has been
done in the paper [3] by Bothwick—Paul-Uribe, by applying the Boutet
de Monvel-Guillemin approach of [4]. Similar results have been proved in
a recent paper [28] by Zelditch—Zhou where the application to spectral den-
sities has been pushed further. These papers both rely on the Boutet de
Monvel-Guillemin book [4]. In particular the properties of Berezin—Toeplitz
operators are deduced from the pseudodifferential calculus, and the quantum
propagator is viewed as a Fourier integral operator. From this is deduced the
asymptotics of the smoothed spectral projector on the diagonal, [3, Theo-
rem 1.1] and [28, Theorem 2.2]. The leading order term is computed in terms
of the symbolic calculus of Fourier integral operator of Hermite type in [3], or
with a non-linear problem in Bargmann space in [28]. Another description of
the kernel of the quantum propagator associated with an autonomous Hamil-
tonian was obtained by Ioos [21]; this description involves quantities related
with parallel transport in the canonical bundle with respect to a connection
induced by the tranport of the initial complex structure by the Hamiltonian
flow, and computing these coefficients appears to be quite complicated in
general, relatively to our formulas. In fact, in all these works the analysis is
well-understood but our main addition, apart from obtaining a direct deriva-
tion in our context, is the precise computation of the geometric quantities
contained in the principal symbol of the kernel of the quantum propagator
seen as a Lagrangian state. In particular these quantities have a very nat-
ural interpretation in terms of half-forms, and can be easily computed for
concrete examples.

The techniques that we use come from the work of the first author where a
direct definition of Lagrangian states on a Kéhler manifold is introduced [8].
As explained in the discussion following Eq. (1.11), these Lagrangian states
locally look like WKB functions with complex phase. The microlocal toolbox
for complex phase WKB states was developed in the seminal paper [25] in
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the homogeneous case. However our Lagrangian states are specific to the
Kahler setting, for instance, the states being defined directly on phase space,
there are no caustics. Moreover the relevant symplectic geometry is not the
geometry of the cotangent space of the base but the Kéhler geometry of the
base itself.

In the first author’s PhD thesis [6, Section 3.5.2], it is shown that the
quantum propagator is a Lagrangian state, but without the precise com-
putation of the principal symbol that we obtain here. The use of half-form
bundles for Berezin—Toeplitz operators started in [9, 10] and here we apply
them to the description of the quantum propagator. The isomorphisms (1.5)
have been introduced in [10, 11] where their square roots are called half-form
bundle morphisms. A similar invariant appears in [28] under the form (1.6).
Again, we insist that the main novelty in our results is the precise descrip-
tion and computation of the coefficients p;(z) and p}(x) appearing in Theo-
rems 1.1, 1.2.

Whereas the relation between the quantum propagator and the Hamilton-
ian flow is a classical result, the similar statement for the smoothed spectral
projector and the Lagrangian immersion (1.9) seems to be new. In [3, 28],
only the diagonal behavior of the Schwartz kernel is described. To state our
result, we will introduce a general class of Lagrangian states associated with
Lagrangian immersions.

Outline of the paper

Section 2 is devoted to time-dependent Lagrangian states, that we call
Lagrangian state families. The main result is that these states provide so-
lutions to the Schrodinger equation with quantum Hamiltonian a Toeplitz
operator and initial data a Lagrangian state, cf. Theorem 2.6. The princi-
pal symbol of these solutions satisfies a transport equation, that is solved in
Section 2.3 (up to a rather technical part which is postponed to Section 7
for the sake of clarity), while in Section 3, we give an elegant expression
in the context of metaplectic quantization. These results will be applied in
Section 4 to the quantum propagator, where Theorem 1.1 is proved.

In Section 5, we prove that the Fourier transform of a time-dependent La-
grangian state is a Lagrangian state as well, with an underlying Lagrangian
manifold which is in general only immersed and not embedded, cf. The-
orem 5.4. The needed adaptations in the Lagrangian state definition for
immersed manifolds are given in Section 5.2. In Section 6, we deduce Theo-
rem 1.2 on the smoothed spectral projector.
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2. Propagation of Lagrangian states

In this section, we introduce some one-parameter families of Lagrangian
states which are relevant to our setting and study how they evolve under the
Schrodinger equation. The definition of these states is new and builds on the
standard definition of Lagrangian states introduced in [8], which we briefly
recall now. It will also be useful to have the standard definition in mind
when introducing Lagrangian states associated with immersed Lagrangians,
see Section 5.2.

Let M, L and L’ be as in Section 1.1. Let I be a Lagrangian submanifold
of M equipped with a flat unitary section s € C>°(T', L). A Lagrangian state
associated with (T, s) is a sequence (¥, € Hy)g>1 of the form

Uy (z) = (2’;) " PR @)ale, k) + O

where:

F € C>(M, L) is such that JF vanishes to infinite order along I',

e Fip=sand |F(z)|<1lforxz ¢Tl,

e a(-,k) is a sequence of smooth sections of L’ — M with an asymp-
totic expansion a(-,k) = 2620 k~*a, for the C* topology, where
each section ag, for £ > 0, is such that da, vanishes to infinite order
along T,

e the O is for the pointwise norm and uniform on M.

For any sequence (bg)rso of elements of C*°(I', L), there exists a La-
grangian state Wy, such that for every £ > 0, by = agjp. The full symbol of ¥y,
is the formal series 2420 h‘b,, and uniquely determines ¥y up to O(k~°).
The first term by in this full symbol is called the principal symbol of Wy.

Since we will use later some generalisations of this construction, let us
briefly recall the proof, the details being in [8, Section 2]. First, since I' is
a totally real submanifold, any smooth function of I' has an extension f
to M such that Of vanishes to infinite order along I'. The same holds for
the sections of a holomorphic line bundle. In this way we construct F' and
the ay’s from s and the b,’s respectively. These sections are not uniquely
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determined, but their Taylor expansion along I' is. In particular, a computa-
tion shows that In|F| has a non degenerate minimum along I'; so modifying
F away from T' if necessary, the condition |F| < 1 on M \ T is satisfied.
The Lagrangian state ¥y, is then obtained by projecting the smooth section
Uy, = (k/27)"4F*a( -, k) onto Hy. We claim that ¥), = Wy + O(k~>°). The
proof of this fact was obtained by stationary phase computations in [8]. Al-
ternatively, this follows from the fact that 9¥; = O(k~°°) and the Kodaira—
Hormander estimates [18, 23].

Remark 2.1. — The normalization factor (%)Z is somewhat arbitrary.
First, the power of 2w could be included in the symbol of the Lagrangian
state. Second, the choice of the power of k is more or less convenient depend-
ing on the context, since Lagrangian states appear in different situations (for
instance as approximate eigenvectors for Berezin—Toeplitz operators, or as
an ansatz for the Schwartz kernel of such an operator). Here the choice of

normalization yields a L?-norm of order O(1) for the Lagrangian states.

2.1. Families of Lagrangian states

As explained above, to define a Lagrangian state, we need a Lagrangian
submanifold of M equipped with a flat unitary section of the prequantum
bundle L. Let us consider a one-parameter family of such pairs. More pre-
cisely, let I C R be an open interval, C; be the trivial complex line bundle
over I, ' be a closed submanifold of I x M and s € C>*(I',C; X L) be
such that:

(1) the map ¢ : T' — I, q(t,z) =t is a proper submersion. So for any
t € I, the fiber T'y :=T'N ({t} x M) is a submanifold of M,

(2) for any t € I, I'y is a Lagrangian submanifold of M and the restric-
tion of s to I'y is flat and unitary.

Remark 2.2.

(a) Since g is a proper submersion, by Ehresmann’s lemma, T is diffeo-
morphic to I x A for some manifold A in such a way that ¢ becomes
the projection onto I.

(b) Given a proper submersion ¢ : I' — [ and a map f: ' — M, it is
equivalent that the map I' = I x M, z — (¢q(z), f(x)) is a proper
embedding and that for any ¢, f(¢,-) : '+ — M is an embedding.
We decided to start from a closed submanifold of I x M to be more
efficient in the definition of Lagrangian states below.

We will consider states Uy in Hjy depending smoothly on ¢t € I, so Wy
belongs to C* (I, Hy,). Equivalently Wy is a smooth section of C; X (L* ® L)
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such that ¥}, = 0. Here the 0 operator only acts on the M factor. Similarly,
it makes sense to differentiate with respect to t € I a section of C;X A, where
A is any vector bundle over M.

DEFINITION 2.3. — A Lagrangian state family associated with (T',s) is
a family (¥ € C*(1,Hy), k € N) such that for any N,

n N
k 4
Up(t,x) = <> Fk(t,x)Zk%ag(t,:ﬁ) + Ry (t, 2z, k) (2.1)
2 P
where:

o [ is a section of C; X L such that F|r = s, OF vanishes to infinite
order along I’ and |F| < 1 outside of T,

e (ay) is a sequence of sections of C; ® L' such that Oa, vanishes to
infinite order along T,

o for anyp and N, OY Ry = O(kP~N=1) in pointwise norm uniformly
on any compact subset of I x M.

It is not difficult to adapt the argument of [8, Section 2] and to prove the
following facts. First, the section F exists. Second, we can specify arbitrarily
the coefficients a, of the asymptotic expansion along I' and this determines
(P) up to O(k~°°). More precisely, for any sequence (by) € C>*(T',C; X L),
there exists a Lagrangian state (¥y) satisfying for any y € T’

z N
EN* & ), _N—

o) = (55) O LA B +O(N) YN
Furthermore, (¥y) is unique up to a family (& € C*(I,H), k € N) sat-
isfying [|(£)P®,(¢)|| = O(k~V) for any p and N uniformly on any compact
subset of I.

We will call the formal series Y h‘by the full symbol of (V). The first
coefficient by will be called the principal symbol.

It could be interesting to define Lagrangian state families with a different
regularity with respect to ¢. Here, our ultimate goal is to solve a Cauchy
problem, so we will differentiate with respect to ¢t and in a later proof, we
will use that (k=10,¥}) is still a Lagrangian state family. So we need to
consider states which are smooth in ¢. Observe that in the estimate satisfied
by Ry we lose one power of k for each derivative; this is consistent with the
fact that 0;(F*) = kF* f where f is the logarithmic derivative of F, that is
OF = fF.

A last result which is an easy adaptation of [8, Section 2.4] is the ac-
tion of Toeplitz operators on Lagrangian state families. Let (T ¢) be a time-
dependent Toeplitz operator and (¥ ;) be a Lagrangian state as above. Then
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(Tk,1¥y,) is a Lagrangian state family associated with (I',s) as well. Fur-
thermore, its full symbol is equal to > A Q,, (by) where >~ hby is the full
symbol of (¥) and the Q,, are differential operators acting on C*°(I', C;®L")
and depending only on (T} ;). In particular, Qp is the multiplication by the
restriction to I" of the principal symbol of (T}).

2.2. Propagation

Consider the same data I' C I x M and s € C°(I',C; W L) as in the
previous section. We claim that the covariant derivative of s has the form

Vs=irdt®s with 7€ C>(I,R). (2.2)

Here the covariant derivative is induced by the trivial derivative of C; and
the connection of L. To prove (2.2), use that the restriction of s to each I'; is
flat. So Vs = ia ® s, with o € Q'(I',R) vanishing in the vertical directions
of ¢: T — I. So a = 7dt for some function 7 € C*(T',R).

In the following two propositions, (V) is a Lagrangian state family as-
sociated with (T, s) with full symbol b(h) = 3~ h’by.

PROPOSITION 2.4. — ((ik)~19,V}) 4s a Lagrangian state family asso-
ciated with (T',s) with full symbol (T + AP)b(k), where P is a differential
operator of C>°(T',C; K L").

Proof. — Differentiating the formula (2.1) with respect to ¢, we obtain
on a neighborhood of T" that

4
Oy, = (2]{7;) F* XZ: E~(kfas + d,a0)
where f € C*°(I x M) is the logarithmic derivative of F with respect to time,
so 0,F = fF. Using that 0 and the derivative with respect to ¢ commute,
we easily prove that df and 0(d;as) both vanish to infinite order along T
This shows that (k=10,¥},) is a Lagrangian state associated with (T, s).

Its full symbol is the restriction to I' of the series S A*(fay + hdsae). We
claim that f|r = é7. Indeed, at any point of I, VF vanishes in the directions
tangent to M, because it vanishes in the directions of type (0,1) and in the
directions tangent to I'y as well. So VF = fdt ® F' along I'. The restriction
of F to I" being s, (2.2) implies that f|p = i7.

Using similarly that at any x € T'y, (T,T; ® C) @ T9*M = T, M @ C, and
day = 0 along T, it comes that d;ap = V za, along I', where Z(t, ) € T4,
is the projection of 9/t onto T{; ,)I" parallel to TO*M. This concludes the
proof with P the operator %Vz. ]
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We now assume that (T, s) is obtained by propagating a Lagrangian sub-
manifold I'y of M and a flat section sg of L. — I'g by a Hamiltonian flow
and its prequantum lift. Let (H;) be the time-dependent Hamiltonian gen-
erating our flow (¢;) and denote by ¢F its prequantum lift defined as in the
introduction by (1.3). So we set

Ty =¢i(To),  se(de(2)) = of (x)s0().

Let Y be the vector field of R x M given by Y (¢t,z) = % + X (z) where X,
is the Hamiltonian vector field of H;.

Introduce a time-dependent Toeplitz operator (T} ;) with principal sym-
bol (Ht)

PROPOSITION 2.5. — (i@t\llk + T+ ¥y) s a Lagrangian state family
associated with (T, s) with full symbol W(+Vy + )by + O(h?) for some ¢ €
C>(T).

Proof. — By Proposition 2.4 and the last paragraph of Section 2.1, we
already know that (%&g Uy, + T3Py is a Lagrangian state with full symbol

(7(t,z) + Hy(z))(bo + hb1) + hQby + O(1?), (2.3)

where @ is a differential operator acting on C*°(I',C; ® L'). By differentiat-
ing (1.3) in the definition of s; and by the fact that Vs = itdt ® s, it comes
that

7(t, di(x)) + Hi(di(2)) =0, (2.4)

so the leading order term in (2.3) is zero. Consider f € C*°(R x M) and
compute the commutator

S0+ T, TulD)| = = (Tu(@u) + Tel{H, £)) + O()

1
= Z_—ka(Yf) +O(k72).
Letting this act on our Lagrangian state family Uy, it comes that [Q, f|r] =
%(Y f)|r. Since this holds for any f, this proves that i@ is a derivation in
the direction of Y so iQ) = Vy + i for some function (. O

THEOREM 2.6. — For any Lagrangian state (¥q , € Hy) associated with
(T, 80), the solution of the Schridinger equation

1
%@‘I’k + TV =0, U(0,:) =Ty (2.5)

is a Lagrangian state family associated with (T';s) with symbol by + O(h)
where by satisfies the transport equation %Vybo + (bg = 0.
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Since the integral curves of Y are t — (¢, ¢¢(z)), the solution of the
transport equation is

bo(t, d(z)) = e+ Jo COPEITL (13100, ). (2.6)

In the next section, we will give a geometric formula for ¢ in terms of the
canonical bundle.

Proof. — The proof is the same as for differential operators (see the proof
of [27, Theorem 20.1] for instance), so we only sketch it. We successively
construct the coefficients b, to solve kat\Ilk + TV = O(k~N~1) with
initial condition W (0, -) = ¥q . + O(k~). At each step, we have to solve
a transport equation Vyby + dby = ry with initial condition by (0, -) =
bo,n, which has a unique solution. This provides us with a Lagrangian state
(P) such that both equations of (2.5) are satisfied up to a O(k~°°). Then,
applying Duhamel’s principle, we show that the difference between 0,V
and the actual solution of (2.5) is a O(k~°°) uniformly on any bounded
interval. |

2.3. Transport equation

We will now give a formula for the function ¢ and solve the above trans-
port equation. Essential to our presentation are line bundle isomorphisms in-
volving the canonical bundle K of M and the determinant bundles A" T*T';
and \"T' T*T.

First, for any ¢ € I, let K; be the restriction of K to I';. Then we have
an isomorphism
K; ~det(T"T:) ® C (2.7)

defined by sending Q € (K;), = A" T M to its restriction to T,T'y € T, M.
This is an isomorphism because (T,.T'; ® C) N T2 M = {0}, which follows
from the fact that I'; is Lagrangian.

Second, I'; being a fiber of I' — I, the linear tangent maps to the injection
I'y — T" and the projection I' — R give an exact sequence

0 — T,y — Ty I — R=T;T — 0.
Since R has a canonical volume element, we obtain an isomorphism
det(T7T) ~ det(T™D)|r, (2.8)
defined in the usual way: for any a € A" T, E)F, one sends dt A a €
/\"+1 T(*m)F into the restriction of a to T,I';.
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Gathering these two isomorphisms, we get a third one:
Kr := (C; X K)|p — det(T"T) @ C, (1R a)|p — j*(dt Aa) (2.9)

for any o € Q0(M) with j the embedding I' — I x M. On the one hand,
Kr has a natural connection induced by the Chern connection of K, which
gives us a derivation Vy acting on sections of Kp. On the other hand, the
Lie derivative Ly acts on the differential forms of I', and in particular on
the sections of det(7*T"). Under the isomorphism (2.9),

Ly =Vy +i6
where 6 € C*°(T") since Ly and Vy are derivatives in the same direction Y.

THEOREM 2.7. — The function { defined in Proposition 2.5 satisfies the
equality ¢ = %9 + HS"P|p.

The proof is postponed to Section 7 since it does not help to understand
what follows and it is quite technical. On the one hand, we can compute
in terms of second derivatives of Hy, cf. Proposition 7.1. On the other hand,
we directly compute the function (, cf. Proposition 7.2.

We will now give an explicit expression for the term involving ¢ in the
solution (2.6) of the transport equation in light of Theorem 2.7. For any
t € I, the tangent map to ¢; restricts to an isomorphism from 7T to TT;.
By the identification (2.7), we get an isomorphism & from Klr, to K]|p,
lifting ¢;. More precisely, for any = € T'g, u € K, and v € det(T,T), we
define & (x)u € Ky, () so that

(& (@)u) (Todr)wv) = u(v). (2.10)

The parallel transport 7,;% restricts as well to an isomorphism K|r, — K|r,.
Define the complex number Cy(x) by & (z) = Cy(z)T,X (2).

ProproOSITION 2.8. — The solution of the transport equation %Vyb +
¢b=0 withbe C>(T, L") is
b(t, do(x)) = Co(a) et Jo PO @I Tl 4y b0 2y (2.11)
with the square root of Cy(x) chosen continuously and Cy = 1.

Proof. — In view of Eq. (2.6) and Theorem 2.7, it suffices to deal with
the case H*"P|p = 0. Moreover, observe that if b satisfies Vyb = 0, then
b = fb solves %Vber ¢b = 0 if and only if %Y.f + (f = 0. So it suffices to
prove that f : (¢, ¢s(2)) — Ci(x)"/? is a solution of the latter equation.

First the isomorphism I x I'g ~ T, (¢t,z) — (¢, ¢(x)) sends the vector
field 9, to Y. The solutions of £4,8 = 0 with 3 € Q"T1(I x Ty) have the
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form 8 = dt A By with By € Q"(Tg). So the solutions of Lya = 0 with
a € Q"THT) are parametrised by ag € 2"(T'g) and given by

it po(wy) = dEA (67) ™ t0o
Now, identify Kt and det(T*T") ® C through (2.9). Then by (2.10), the

previous equation becomes
At (2)) = E(T) @l 0,2)-
Second, the solutions of Vy o' = 0 with now o/ € C*°(T', K1) are given by

!
(67

(e = T (@) | (0,2)-

Assume that |2 = al(,2); then we have a = Co’ with C' € C>(I')
defined by C(t, ¢+(x)) = C¢(z). Therefore

0=Lya=Ly(Cd)=Y -Cd +CLyd =(Y -C)d + CVya +2i(Cd’
~——
=0

so Y - C +2i(C = 0, hence %Y~C’1/2+C01/2:0. O

3. Metaplectic correction

It is useful to reformulate the previous results with a half-form bundle.

3.1. Definitions

Recall first some definitions. A square root (B, ) of a complex line bun-
dle A — N over a manifold A is a complex line bundle B — A with an
isomorphism ¢ : B®%2 — A. A half-form bundle of a complex manifold is a
square root of its canonical bundle. Since the group of isomorphism classes
of complex line bundles of a manifold A is isomorphic to H%(N\/), the isomor-
phism being the Chern class, a sufficient condition for a complex manifold to
have a half-form bundle is that its second cohomology group is trivial. This
condition will be sufficient for our purposes. Before we discuss the unique-
ness, let us explain how derivatives and connections can be transferred from
a bundle to its square roots.

Assume that (B, ) is a square root of A. Then any derivative Dp acting
on sections of B induces a derivative D4 acting on sections of A such that
the Leibniz rule is satisfied

Dy(u®v) =Dp(u) ®v+u® Dp(v), VYu, veC>®(B)
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The converse is true as well: any derivative D4 of A determines a deriva-
tive Dp of B such that the above identity is satisfied. Similarly a covari-
ant derivative V2 of B induces a covariant derivative V4 of A such that
VA(u®v) = VB(u) ® v +u® VE(v), and the converse holds as well.

Two square roots (B, ¢) and (B, ¢’) of A are isomorphic if there exists a
line bundle isomorphism 1 : B — B’ such that ¢’ 01? = . The isomorphism
classes of square roots of the trivial line bundle Cs of A are in bijection with
HY(N,Z3). Indeed, each square root of C has a natural flat structure with
holonomy in {—1,1} C U(1), induced by the flat structure of Cyr. We easily
check this determines the square root up to isomorphism. Furthermore, the
tensor product of line bundles defines an action of square roots of Cxr on
the space of square roots of a given line bundle A. This makes the set of
isomorphism classes of square root of A a homogeneous space for the group

HY(N, Zy).

3.2. Propagation in terms of half-form bundle

When M has a half-form bundle §, we can reformulate the previous results
by introducing a new line bundle L; such that L' = L; ® §. The relevant
structures of Ly and § have a different nature:

e [ has a natural connection, its Chern connection,

e the restriction of § to a Lagrangian submanifold N of M is
a square root of det(T*N) ® C, through the isomorphism K|y =~
det(T*N) @ C.

For instance, in our propagation results, on the one hand, the tangent map
to the flow defines a map from det(7*Tg) to det(T*T;), which gives the map
& K|r, = K|r,. We then introduce the square root of &
1
[gt(.’li)]2 : (Sw — 6¢t(51?)’ S F()

which is equal to the identity at ¢ = 0. On the other hand, we can define
the parallel transport 7;“' from the connection of L;. Then (2.11) writes
equivalently

b(t, du(x)) = e Jo T @ Tl @ (g, F b(0,)  (3.1)

The transport equation (Vy + i¢)b = 0 has a similar formulation in terms
of the decomposition L' = L; ® §. Here it is convenient to lift everything
to I'. So we consider C; X L’ — T" as the tensor product of C; X L; — I' and
or := (C; X — I'). Then the transport equation is

((vf» ®id+id ® £J) + sz) b=0. (3.2)
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On the one hand, VLt is the Chern connection of Ly with derivative VSL} act-
ing on (T, C; X Ly). On the other hand, £J is the derivative of C>(T", ér)
induced by the Lie derivative Ly of I' through the isomorphism

62 ~ Kt ~ det(T*T") ® C
defined by (2.9). More precisely, £ is the unique derivative such that
Ly (s?) = 2s ® L35 for any section s € C®(I',ér). Then Formula (3.2)
follows from the relation between ¢ and # and the fact that VEbD =
(V)L,1 ® id +id ® V$.)b where V° is the connection on § induced by the one

on K, which satisfies V¢, = [,‘SY — % .

Interestingly, these formulations can be used even when M has no half-
form bundle. To give a meaning to Eq. (3.1), we need a square root ¢ of
the restriction of K to the trajectory ¢jo 4 () of x on the interval [0,¢]. This
trajectory being an arc or a circle, such a square root exists. In the circle
case, there are two square roots up to isomorphism, but it is easy to see that
the right-hand side of (3.1) does not depend on the choice. Similarly we can
give a meaning to the transport equation (3.2) even when M has no half-form
bundle. Indeed a differential operator of I' is determined by its restriction to
the open sets of any covering of I'. And we can always introduce a half-form
bundle on the neighborhood of each point of M.

3.3. Norm estimates

The introduction of half-form bundles is also useful when we estimate the
norm of a Lagrangian state. For instance, consider a Lagrangian state W ()
as in (2.1). Then, by [9, Theorem 3.2],

1002, = / Q + Ok (3.3)

where €); is a density on I';, which is given in terms of the principal symbol
bo(-,t) of Uy(t) as follows. We assume that L' = Ly ® ¢ with ¢ a half-form
bundle. Again we treat § and L; in completely different ways. On the one
hand, L, has a natural metric so L; ® L1 ~ C. On the other hand, d|r, being
a square root of det(T*T';)®C, the identity 2z = |2?| induces an isomorphism
between §|r, ® d|r, and the bundle |A|T*T'; ® C of densities. So we have an
isomorphism

L'y, ® U'r, ~ INT*T; ® C. (3.4)
Then € is the image of bo(-,t) ® bo(-,t) by (3.4). When M does not have
a half-form bundle, we can still define the isomorphism (3.4) by working
locally and the global estimate (3.3) still holds. The normalization (k/2m)%
in the definition (2.1) has been chosen to obtain this formula.
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Interestingly the isomorphism (2.9) is also meaningful for our norm esti-
mates. Indeed, consider now by as a section of C; X L' — T'; repeating the
previous considerations to (C; X ¢)|r and (C; ® Lq)|r, we define a density
Q on I" such that

/, F(0) 0402, dt = / (foq) Q+ O™, ¥V feCP(I).  (35)

where ¢ is the projection I' — I. This follows from (3.3), because ) is the
restriction of 15,2 to I'y and a geometric version of Fubini’s theorem tells us

that [; f(t) [r, Q% = [(foq) Q.

4. The quantum propagator

In this section, we prove Theorem 1.1. We will apply the previous con-
siderations to M x M, LR L and L' K I’ instead of M, L and L'. The

holomorphic sections of (L X L) @ (L' X f/) are the Schwartz kernels of the
endomorphisms of Hy.

The symplectic structure of M being the opposite of w, the diagonal A,
is a Lagrangian submanifold of M x M. There is a canonical flat section s :
Ajr — LKL defined by s(x, ) = u®% where u € L, is any vector of norm 1.
The Lagrangian states corresponding to (A,r, ) are the Toeplitz operators

k

up to a factor (£)%. More precisely, the Schwartz kernel of (£)~ 27T}, (f) is

a Lagrangian state associated with (Ajy, s) with principal symbol f, where
we identify the restriction of L' X I’ to the diagonal with the trivial line
bundle Cy; = L' ® I by using the Hermitian metric of L’. This applies in
particular to the identity of Hj, which is the Toeplitz operator T (1) and is
actually a reformulation of a theorem by Boutet de Monvel-Sjéstrand [5, 7).

By Theorem 2.6, the Schwartz kernel of the quantum propagator (U ;)
multiplied by (%)_% is a Lagrangian state family, associated with the graph
of ¢ and its prequantum lift. Indeed, in the Schrodinger equation (1.1), we
can interpret the product T} Uy, as the action of the Toeplitz operator
Tk Wid on Uy . Its principal symbol is Hy X 1, so its Hamiltonian flow is
¢¢ Kid. There is no difficulty to deduce Formula (1.8) from Proposition 2.8
except for the relation between & and D;.

LEMMA 4.1. — &(z,z)(idk,) = Di(z).
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Everything relies on the identification (2.7) which in our case is an iso-
morphism between Ky, () ® K, and the space of volume forms on the graph
of T, ¢¢. On the one hand, the elements of Ky, () ® K, will be viewed as
morphisms from K, to Kg,(). On the other hand, the graph of T,¢; is
naturally isomorphic with T, M through the map £ — (T ¢:(£),£). So (2.7)
becomes an isomorphism

Mor (K, Ky, (2)) ~= det(Ti M) @ C. (4.1)

Now the tangent map to the flow ¢, X id sends the graph of T,¢y to the
graph of T, ¢, and with our identifications, it becomes the identity of T, M.
So the map &;(z, ) is the isomorphism

Mor (K, K;) ~ Mor(K,, K¢, (2))
obtained by applying (4.1) with ¢ = 0 and then the inverse of (4.1).

Proof of Lemma 4.1, technical part. — First we claim that (4.1) sends a
morphism ¢ : K; — Ky, () to

(Tede) () N

where a € K, is any vector with norm 1. Indeed, % is first identified with
P(a)®a e Ky, () ®K 5. Then it is viewed as the 2n-form of T, M T, M given
by piv(a) A p5a where p; and py are the projections T, M & T, M — T, M
onto the first and the second factor respectively. Then it is restricted to the
graph of T,,¢; which is identified with T, M via the map h(§) = (T, ¢+(£), &),

So we obtain
r*(piv(a) Apsa) = (Tege) (@) A @
because p; o h = T, ¢; and ps o h = id.

For t = 0 and ¢ = id, we have ((T.¢+)*¥(a)) A@ = a A @. So we have to
prove that for 8 = D;(x)(a)

(Tpoe)*B) Na = a Aa. (4.2)

This is equivalent to j*(T,¢¢)*8 = a where j is the injection T)OM —
T, M @ C. Since 3 € Kgy,(y), we have 7*3 = 3 where 7 is the projection of
Ty, (z)M @ C onto the (1,0)-subspace with kernel the (0, 1)-subspace. So we
have to show that (7o (Tp¢:) 0 j)*B = a. But 7o (Tppy) 0 j = (Tuge)* P,
s0 (4.2) is equivalent to ((T¢¢)'°)*B3 = . And this last equality is actually
the definition of 5 = Dy (z)(«). O

THEOREM 4.2. — Let (T, t € I) be a smooth family of Toeplitz oper-
ators with real principal symbol H; and subprincipal symbol H$". Then the
Schwartz kernel of the quantum propagator of (T} ) multiplied by (%)_% is
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a Lagrangian state family associated with (T, s,0) given by T'={(t, ¢+(x), z) |
tel,z € M} and

s(t,(bt(m),x) = (th(.'L‘) i Ly — qut(x)y

L1 [t pgsup x))dr 4
o(t, pi(x),x) = [pt(z)] 2@1 fo He" (¢ (2))d T (z): L, — L;t(w),
where (¢;) is the Hamiltonian flow of Hy, ¢F its prequantum lift, 7;Ll its
parallel transport lift to L' and Dy(z) = ps(x)TX () with Dy(z) = K(Tp¢y) :
KI — K@(ac).

As explained in the introduction, it is very natural to express the symbol
by using a half-form bundle:

1

o(t, du(x),z) = e Jo TP @@L (4 @ [y ()]

where L' = L1 ® 6 and [Dy(x)]2 : 6, — 04, (x) is the continuous square root
of Dy(z) equal to 1 at t = 0.

Remark 4.3. — In our next paper on trace formulas, we will use the fol-
lowing expression for p;(z). Denote by v : R — M, ¢t — ¢¢(x) the trajectory
of x. Choose a unitary frame sx of v* K and write Vsx = %det®sK. Then

pe(x) = ctefifo Te(Mdr - where e (&ru) = Qo(Eou). (4.3)

Here u is any generator of A*PT, M, & is the linear map T, M — oMo
T, M sending X into (T3¢¢(X), X), and € is the 2n-form of T,y M © T, M
equal to Q; = pisk(t) A p35x(0), p1 and po being the projection on T’ M
and T, M respectively.

The proof of (4.3) is that on the one hand & (x, ) = ¢;: % and on the
other hand ’EK‘XI?(I, ) = e fo fK(r)ert'

5. Fourier Transform of Lagrangian state families

In this section, we investigate how the (inverse) semiclassical Fourier
transform acts on the Lagrangian state families introduced in Section 2.1.
It turns out that the outcomes are states which are associated with La-
grangians that are only immersed; hence we need to generalize the usual
definition of Lagrangian states recalled at the beginning of Section 2.
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5.1. Symplectic preliminaries

Consider the same data I’ C IxM and s € C*°(I", C;XL) as in Section 2.1.
So we assume that I' — I, (¢,z) — t is a proper submersion and that for
any t € I, I'y is a Lagrangian submanifold of M and the restriction of s to
T, is flat and unitary. Recall that Vs = iTdt ® s for a function 7 € C*(T'),
cf. (2.2). For any F in R, introduce

e .= {(t,z) €T | 7(t,x) + E = 0}. (5.1)
PROPOSITION 5.1. — Let E be a regular value of —1. Then:
(1) T® 4s a submanifold of T and jg : T¥ — M, (t,x) = x is a La-
grangian immersion,
(2) 7 : T - Rx M, (t,) — (r(t,x),x) is an immersion at any

(t07 1’0) S FE)
(3) the section s¥ of (FE)*L given by sE(t,z) = e®*Es(t,x) is flat.

Proof. —  For any tangent vectors Y1 = (a1,&1), Ya = (a2,&2) in
Tito,x0)l’ C R @ Ty M, we have
w(&1,&2) = a1d7(Y2) — az2d7 (Y1) (5.2)

To prove this, we extend Y7 and Y5 to vector fields of I on a neighborhood
of (to, o) so that [Y7,Ys] = 0. Then, the curvature of V being %w, we have
that

Ve Vil = 30(6a, ).

Furthermore, since dt(Y;) = a;, we have that Vy,s = ia;7 ® s so Vy,
Vy,s = i((Y1.a2)T + a2(Y1.7))s — ajazr?s. Using that Y -as — Ya - a3 =
[Y1,Y3] -t = 0, it comes that

[(Vvi, Vys]s = i(az(Y1 - 7) —a1(Ya - 7))s.
Comparing with the previous expression for the curvature, we obtain (5.2).

We prove assertion (2). Assume Y7 = (a1,&;) is in the kernel of the
tangent map of j : I' - R x M, that is d7(Y7) = 0 and & = 0. Then (5.2)
writes 0 = a1d7(Y2). If a; # 0, this implies that d7(Y2) = 0 for any Y5 €
T(ty,20)L', which contradicts the assumption that —FE is a regular value of 7.

This implies that jg is an immersion. It is Lagrangian by (5.2) again be-
cause if Yy, Y2 are tangent to I'? then dT(Yl') = dr(Yz) = 0, so
w(&1, &) = 0. Finally, V(e*F5s) = (iEdt + itdt) ® e*Fs =0 on T'F. 0
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5.2. Immersed Lagrangian states

We will adapt the definition of Lagrangian states for immersed manifolds.
Suppose we have a Lagrangian immersion j : N' — M, a flat unitary section
s of j*L and a formal series Y h‘b, with coefficients by € C>(j*L’).

First, for any y € N, we will define a germ of Lagrangian state at j(y),
uniquely defined up to O(k~°) as follows. Let us assume temporarily that
there exists an open set V in M such that j : N'— V is a proper embedding,
so that j(N) is a closed submanifold of V. Then we can introduce sections
F:V — Landap:V — L such that OF and da, vanish to infinite order
along j(N), j*F = s and j*ay = by and |F| <1 on V' \ j(N). These sections
are not unique but if (F’,a), ¢ € N) satisfy the same condition, then for
any N,

N
F*Y ktay = Zk fay + Ok 1) (5.3)
=0

the O being uniform on any compact set of V. This follows on one hand from
the fact that |F| and |F’'| are < 1 on V '\ j(N), so that both sides of (5.3)
are in O(k~"~1) uniformly on any compact set of V \ j(N). On the other
hand, the sections F, F’ and ag, aj, have the same Taylor expansions along
j(N) which implies (5.3) on a neighborhood of j(N), (see [8, Section 2.2
for details).

Back to a general immersion N' — M, for any y € N, by the local normal
form for immersions, there exists open neighborhoods U and V of y and j(y)
respectively such that j(U) C V and j restricts to a closed embedding from
U into V. Then we can introduce the sections F and ay, £ € N as above on V,
which extend the restrictions of s and b, to U. This defines the expansion

N
Uyp=F"Y k' (5.4)
=0
on V. If we have another set of data (U’,V’',F’,a}), we obtain another

sequence Wy = (F')* SN o k~al, on V.

LEMMA 5.2. — Forany N, Uy = \Ilg\thrO(k’N*l) on a neighborhood
of j(y)-

So we have a well defined germ of Lagrangian states at j(y).

Proof. — Choose open sets W and W’ of V and V' respectively such that
JUNU") =j{U)NW = j(U)NW'.Set U’ =UNU’ and V" = WNW’. Then
Jj restricts to an embedding from U” into V" and j(U") = j(U')NV". So the
restriction of F, ay to V" gives us a new set of data (U”, V", F|y,aelv).
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The fact that j(U"”) = j(U")NV" is used to see that |F| <1 on V" \ 5(U").
Similarly, we can restricts F”, aj, to V" and get (U”, V", F'|y», a}|v»). The
final result follows from our initial remark (5.3). O

Now assume that there exists a compact subset K of N such that for
each ¢, ay is supported in K. Our goal is to construct a Lagrangian state
which, on a neighborhood of each = € M, is equal to the sum of the local
Lagrangian states defined previously for each y € j~1(x) N K. An essential
observation is that j~!(z) is discrete in A/, so j7!(z) N K is finite since K
is compact.

LEMMA 5.3. — There exists a family (¥, € Hy) such that for any x € M
and any N:

(1) ifz ¢ j(K), |[Vg| = O(k=N) on a neighborhood of x,

(2) if 77N e) N K = {yi, i € I}, then Uy, = 37, Wi\ + O(k=N) on
a neighborhood of x, where each \Iﬂ}\,’k is defined as in (5.4) with
Y=Y

We will call (U;) a Lagrangian state associated with the Lagrangian
immersion j : NV — M, the flat unitary section s of j*L and the formal
series > hfby with coefficients in C>° (N, j*L'). (¥},) is unique up to O(k~°).
But unlike the case of a Lagrangian submanifold, we can not recover the
symbol > hfb, from the state by taking the restriction to j(N') because of
the possible multiple points.

Proof. — Cousider an open set V of M and a finite family (U;);cr of dis-
joint open sets of A such that for any ¢ € I, j restricts to a proper embed-
ding from U; into V and KNj~(V) C |JU;. Then introduce sections Fy, a; ¢
on V as above associated with each submanifold j(U;). Consider the sum

E N
<2€r) S @) S wala), w e, (5.5)
i€l =0
Then for any x € V, each y € j~1(x) N K belongs to one of the U;, so on a
neighborhood of z, (5.5) is equal to the sum of the Lagrangian state germs
associated with the y € j7!(z) N K. So by the previous discussion, the state
defined by (5.5) on a neighborhood of & does not depend, up to O(k~°°), on
the choice of V' and of (U;, F;, a;¢) for i € I and £ € N. It is not difficult to
prove that any point x of M has an open neighborhood V admitting a family
(U;) as above. Indeed, if we set I = j71(x) N K, then for any y € I, there
exists a pair (U, 3y, V,) such that j restricts to a proper embedding from U,
into V},. Then we choose for V' a sufficiently small neighborhood of z in ﬂy Vy
such that j~'(V) N K C J, U, and we restrict the U, accordingly. So with
a partition of unity, we can construct global states ¥, € C®(M, L* @ L),
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k € N, such that for any data (V,U;,: € I) as above, Uy is equal to (5.5) on
V up to a O(k~°), uniform on any compact subset of V. Since ¥y, is in
O(k~°°), we can replace Uy, by its projection onto Hy, which only modifies
it by a O(k~°) by Kodaira—Hormander estimates [18, 23]. O

5.3. Fourier transform

Introduce the i-Fourier transform and its inverse with parameter k = h~!

70 = (5 )é [ e e,

2

Fi (9)(B) = (;) /R eFtE g (1)dt.

We are now ready to state the main result of this section.

THEOREM 5.4. — Let (V) € C>(I,Hy), k € N) be a Lagrangian state
family associated with (T, s) and such that the Uy, are supported in a compact
set of I independent of k. Let —E be a regular value of T and P := 77 1(—E),
using the notation introduced before and in Eq. (5.1).

Then F; '(V},)(E) is a Lagrangian state associated with the Lagrangian
immersion jgp : TP — M, (t,x) — z, the section s¥ € C(T'F, j1L) given
by sE(t,z) = e'Fs(t,x) and the principal symbol

oP(t,x) = B(t,z) %o(t,x), (t,z) TP
where o is the principal symbol of (V) and B(t,x) is such that dT7 A o =

iB(t,x)dt Ao on Ty T for any o € K, the square root B(t,z)'/? having
a non negative real part.

We already explained that for a non-zero a € K, dt A « is nonzero on
T(t,2)I. By the second assertion of Proposition 5.1, the same argument shows
that dr A a is non zero on Ty I when (¢,2) € T'®. This proves that B(t, z)
is uniquely determined and nonzero as well.

Proof. — Introduce a local unitary frame u of L and write F(t,x) =
e T2y (z), where F is the section appearing in the definition (2.1) of ¥y,
Then

i+ ,
Fo (U)(B)(z) = (;) uk(x)Aezk¢(t’z)a(t,x,k)dt (5.6)

with ¢(t,xz) = tE + f(¢,z). The imaginary part of ¢ is nonnegative. It van-
ishes when |F(t,z)| = 1, that is when (¢,z) € T'. We have

gb;(t,l‘) =FE+ ftl(tﬂm)> gt(th) = t/;f(twr)
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Here g — ¢, means differentiation with respect to t.

We claim that the function f/ is an extension of 7 such that df/ vanishes
to infinite order along I'. Indeed, by taking the restriction of VF to I', we
obtain that f/ = 7 on T' (see also the argument in the proof of Proposi-
tion 2.4). Then since OF vanishes to infinite order along T', the same holds

for Of + %“, and by taking the derivative with respect to ¢, the same holds
for Of].

So for (t,z) € T, ¢}(t,r) = 0 if and only if (¢,z) € TE. So by [20,
Lemma 7.7.1], if (tg, z9) ¢ T'F, then the integral in (5.6) restricted to a neigh-
borhood of #y is in O(k~>°) on a neighborhood of zg. So to estimate (5.6)
on a neighborhood of a point zg, it suffices to integrate on a neighborhood
of j5'(20). Let V, U be neighborhoods of zy and ty € j;'(zo) respectively
such that W =T N (U x V) is a graph {(t(z),z), x € je(W)NV}.

Since f{ = 7 and df] = 0 on T, we have f/;dt+0f/ = dr on I'. Mutiplying
by a € Q"O(M), we get f/idt Aa = dr A @ on T'. As explained before
the proof, dr A o does not vanish on T} ,I', so f/; does not vanish on I'
and we can apply the stationary phase lemma for a complex valued phase,
see [25, Theorem 2.3] or [20, Theorem 7.7.12]. This theorem implies that on
a neighborhood of jg (W)

1 N
k\? : ;
<27r> /Uezkaﬁ(t,x)a(t, z, k)dt = cikén(x) ;70 kiZaEyg(:c) + O(kafl) (5.7)

for any N, where

op(@) = ¢(T(2),2),  amo(w) = (=igf;(t,x)) 2ao(T(x), ),

the square root having a non negative real part. Here T : U — C is an
extension of x — t(z), that is (T'(z),z) € T'¥ when z € jg(W). The ex-
tension is chosen so that ¢}(T(x),x) = 0, where ¢ itself has been extended
almost analytically to a neighborhood of R x M in C x M. We claim that
F(z) = e*5®)y(z) is adapted to (jp(W),s?|w). First if x € jp(W), then

@y (g) = M@ EHSUD)2) () = M@ Eg(1(2), 2) = s (t(x), x).

It remains to show that OF vanishes to infinite order along jg(W). As-
sume first that we can choose the section F' to be holomorphic, so that ¢,
depends holomorphically on z. If furthermore we can extend ¢} so that it
depends holomorphically on ¢, then by the holomorphic version of the im-
plicit function theorem T is holomorphic and F' is holomorphic as well. In
general, we only know that OF vanishes to infinite order along I' and by
adapting the previous argument, we conclude that OF vanishes to infinite
order along jg(W).

- 572 —



Quantum propagation for Berezin—Toeplitz operators

With a similar proof, we can also show that the same holds for the co-
efficients: dag, = 0 along jg(W) to infinite order. However, it is actually
easier to use the following fact: F¥ > k=‘h, = O(k~°°) if and only if all
the coefficients by vanish to infinite order along jz(W). And here we know
that O(F*> k~*fag,) = O(k=>°) by differentiating (5.7) under the inte-
gral sign. (|

6. Spectral projector

Consider a self-adjoint operator H acting on a finite dimensional Hilbert
space £. Here it is important that His time-independent. Introduce a smooth
function f : R — C with smooth compactly supported Fourier transform f
We will work with the unitary Fourier transform, so

A —itE dE, / itk
fty = —= [ pmar, 1w = o= [ i)
The second formula directly gives
hY(E - N)) e~ % F(t)dt
P E=N) = o= [ F e F F

with 2 and A two real parameters. Doing a spectral decomposition H =
> AL, where the A and II) are the eigenvalues and spectral projectors and
introducing the quantum propagator U; = exp(— ”H) Ye * L, we
obtain

f(h (B - H)) f(t)dt

1 itE
= — e h U
V2T /R K
We can apply this to our Toeplitz operator (T : Hy — Hj) with quantum
propagator Uy ;, which gives

FR(E—Ty)) = k™2 F; (F(t) Ury) (). (6.1)

If ' is a regular value of the principal symbol H of T}, we deduce by Theo-
rem 5.4 that the Schwartz kernel of this operator is a Lagrangian state. This
will be done in Section 6.2 and will prove Theorem 1.2 of the introduction.
Before that, we will consider the simpler case of a state (¥, € Hy):

~

F(R(E = T0)) 9y, = k2 F H(F(1) Wy ) (B) (6.2)

where Wy, ; is the solution of (%8,5 + T%) ¥y, = 0 with initial condition Uy,
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6.1. Lagrangian state spectral decomposition

Let 'y be Lagrangian submanifold of M and let H be an autonomous
Hamiltonian with flow ¢;. Set I'y = ¢¢(Ig) and I' = {(¢t,z) | © € T';}. Let
E € R be a regular value of the restriction of H to I'y and define

I'? ={(t,z)|z eTyNnH '(E)}.

This submanifold is the same as the submanifold I'” defined in (5.1) from
a (local) flat section sg of L — Ty, because the corresponding function 7 is
the restriction of —H to T, see (2.4). Furthermore our assumption on F is
equivalent to the fact that —F is regular value of 7.

The computation of the symbol of f(k(E—Ty))¥x in terms of the symbol
of ¥y o will amount to transforming a volume element of I'y into a volume
element of I'”. Let us explain this. We denote by X the Hamiltonian vector
field of H and by X~ the symplectic orthogonal of RX, in T, M. For any
(t,z) € TP, the Lagrangian space

L =RX, & (T, N X;+) (6.3)
is the image of T{; ;)jg with jg : I'® — M the projection (¢, z) — x. Observe

that X, does not belong to T,,I'; because F is a regular value of H|r,, so it
a regular value of H|r, as well.

Assume now t = 0 and (0,z) € TF. Choose n € T,Iy such that
w(Xz,n) = 1. Then we have

T,To =Rn& (T,ToNX;*), Lo =RX, ® (T,ToNX;+).

Starting from v € det T, g, we write v = n Aw with w € det((T,To) N X;«)
and we set v(0, ) := X, Aw € det £ 5. This definition makes sense because
7 is unique modulo (7, [y N X}«) so that w is unique. More generally, if ¢
is any real and (0,z) € T'¥, we set v(t,z) := (Tp¢:).v(0,2) € det £ 4,(x),
viewing T ¢; as a map from £ ;) to £ ¢, (2))- Equivalently

v(t,x) = Xg, (o) N (Tods)sw. (6.4)

We now define a map &/(z) : K, — Ky, () for any € Ty N H~(E) by
(& (z)a)(v(t,z)) = —ia(v), Vv edetT,Ty. (6.5)
We define the function C by the equality &;(z) = Cj(x)TX (z).

PROPOSITION 6.1. — Let (Uy) be a Lagrangian state of M associated
with (Lo, so) with symbol o9 € C° (Lo, L"), (Tk) a self-adjoint Toeplitz oper-
ator with principal and subprincipal symbol H, H*®, and f € C*>(R) having
a smooth compactly supported Fourier transform.
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If E is a regular value of H|p,, then U} = k%f(k(E —Tp)Vy is a
Lagrangian state associated with the Lagrangian immersion jg : I'F — M,
the flat section s of j5 L given by sP(t, ¢i(x)) = T,%(x)so(x) and the symbol
ol e C>®(j3 L") defined as

B (t, du(x)) = () Cll) et Jo TP @@ L (4 5y,

where the square root is chosen so as to be continuous and to have a positive
real part at t = 0.

Proof. — The solution of the Schrodinger equation with initial condi-
tion Wy is described as a Lagrangian state associated with (T, s(t,z) =
¢ (x)so(z)) in Theorem 2.6. Then W} is the k-Fourier transform of this so-
lution (6.2), so by Theorem 5.4, it is a Lagrangian state associated with the
immersion jg : I'¥ — M and the section s”(t,x) = e®*Fs(t, z) = T,F (x)so(x)
because for an autonomous Hamiltonian, ¢F = e 7T see (1.3).

It remains to check the formula for the principal symbol. By Proposi-

. Ci(x . Ei(x
tion 2.8, we have to prove that Cy(z) = B(T(f,()x))’ that is &/ (z) = m,
with B the function of Theorem 5.4. Comparing the definitions (2.10) and
(6.5) of &(x) and &{(x), we have to show that for any § € K, () and

RS det(TxF()),
iBu(t, ))

B(t,¢¢(x)) = i~ 6.6
0D = B T00).0) (00
where v(t, ) is as in Eq. (6.4). Let us first explain the proof at t = 0. Recall
that v(0,2) = X, Aw and v = n A w. Now B is defined by the relation

dr ANB=1iBdt A S on T for every 5 € K. We have

Tio)l = R(1L, X2) @ R(0,n) & {(0,6), € € (TTo) N X5~}
and d7(1,X,) = 0 so that d7(0,n7) = 1 and d7(0,£) = 0 for any £ € T,,Tg N
X1« by (5.2). So evaluating the relation dr A 8 = iBdt A 8 on (1,X,) A
(0,m) A (0,&) A+ A (0,&,) where w =& A -+ A&, we get

—B(Xa Aw) =iB(0,z)B(n Aw), (6.7)

which gives (6.6). The proof for ¢ # 0 is exactly the same where all the
symplectic data X, n, w, ['g are replaced by their image under ¢;.

The last point is the determination of the square root: we have
(Cl(x))M? = Cy(x)/?/B(t, ¢¢ ()2, with Cy(z)'/? = 1 and the square root
B(t,z)'/? has a non negative real part by Theorem 5.4. It is even positive
as explained in Remark 6.2. g

Remark 6.2. — The quantity C}(z) = B(0,z)~! can be computed ex-
plicitly as follows. For z € H=1(E) N Ty,

B(0,2) = || X1||* + iw(X1, X2) (6.8)
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where X, = X7 + X5 with X; € jx(Txro) and X, € T,I'g. Recall that
Xm ¢ TIF(), SO ||)(1||2 7& 0.

Proof of (6.8). — We set n = || X1]|72j.X1 and compute B(0,z) from
(6.7). On the one hand, g being a (n,0) form, S(X1A w)=—iB(HX1Aw) =
—i|| X1||?8(n A w). On the other hand, X» = w(X1, X2)n plus a linear com-
bination of the &, so X3 A w = w(X7, X2)n A w. Gathering these equalities
we get

B(Xe Aw) = (w(X1, X2) — il X1 ) B(n A w)
and the conclusion follows. ]

6.2. Smoothed spectral projector

Recall that (T}) is a self-adjoint Toeplitz operator with principal sym-
bol H and subprincipal symbol H*"® and that f € C*(R) has a smooth
compactly supported Fourier transform.

THEOREM 6.3. — Let E be a reqular value of H. Then the Schwartz
kernel off(k;(E — Tk)) is a Lagrangian state associated with the Lagrangian
immersion jg : TF — M?, the flat section s € C*(j5(LXL)) and the sym-
bol ¥ € C®(j5 (L' R L)) given by T'E =R x H7Y(E), jg(t,z) = (¢:(x), ),
sE(t,x) = T, (x) and

0B (1) = F(o) [pi ()] Fet o D T

where the function p}(x) is defined below.

Recall from the introduction the decomposition in symplectic subspaces
T.M = F, ®G, where F, = Vect(X,, j,X,) and G, = F;**. F, and G, are
both preserved by j, and we denote by K (F,), K(G,) their canonical lines.
We define

Op: K(Fy) — K(Fy,), r(Ae) = 201X 7N, (0 (6.9)

where \, € K(F,) is normalised by A, (X,) = 1. Furthermore ®¢ is the map
K(G.) = K(G4,(x)) such that

Po(a)(Yu) = a(u), VYae K(Gz), Yue /\TIM (6.10)

where 1 is the symplectic map G, — Gy, (,) induced by T ¢; and the iso-
morphism G, ~ T, H 1 (E)/RX,.

Then we set Dj(x) := & @ g : K, = Ky,(») and we denote by pi(x)
the complex number such that

Dj(z) = py()T," ().
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1
We denote by [p}(z)]® the continuous square root equal to v2||X,[|~! at
t=0.

Proof. — This is a particular case of Proposition 6.1 just as Theorem 4.2
on the quantum propagator was a particular case of Theorem 2.6. Let us
compute the coefficient &/(z)(idk, ). We first describe the image (6.3) of

Tit,0)JE:
Lo =R(X;,0) & {(To6:(6).€), € € T,HY(E)}
and its volume (6.4). Set n = || X,| 72/, X, so that (X,,n) is a symplectic
basis of F,. Let (§;) be a symplectic basis of G,. Then if the volume of
diag T, M is v = vp A vg with
UF:(Xwan)/\(nan)v UG=(§1,§1)/\"'/\(§m,§m)a
then we have v(0,2) = —(X,,0) A (X, Xo) A (§1,81) A+ A (Emy Em) so that
’U(t, IE) = _(X¢t(7")70) A (X¢,(z)7Xz) A (Txd)t(gl)vgl) ARERIA (Tm¢t(£m)7£m)
= —(Xo,(2),0) A (0, Xz) A (90(€1),&1) A=+ A (0(Em) s m)

because T;¢:(§) = ¥(£§) modulo RXy, ;). Then &(z)(idk,) = ®r @ ®g
where ®p : K(F,) — K(Fy,(y)) is such that

(PF, (X, (2),0) A (0, Xz)) = ilidg (), vr), (6.11)
and ®¢ : K(G;) = K(Gg,(s)) is such that
(@a, (¥(€1), &) A A (W(Em), ém)) = (dk(a,)s va)s (6.12)

Here the pairings are based on the identifications Mor(K(S), K(S")) ~
K(S8) ® K(S) ~ K(S"® S). Now ®¢ is the application satisfying (6.10)
by Lemma 4.1. And ®p is the application (6.9) by a straightforward com-
putation. 0

7. Proof of Theorem 2.7

We choose complex normal coordinates (z;) of M centered at zg € M.
So Gij(zo) = 6;5 and 0,,G,i(x0) = 03,Gjk(x0) = 0. We may assume that
Ty, 't is spanned by the vectors 9,, +0z,, ¢ = 1,...,n. Recall that Y is the
vector field (9, X;) of I x M where X, is the Hamiltonian vector field of H;.
Since w =iy, Gjrdz? A dz*, we have

Xy =iY (-G'"H, 0z, + G'*Hz,0.,) (7.1)
3k
where we use the notation H,, = 0., H; and Hz, = 0z H, (and below we

will use similar notation for higher order derivatives). As explained before
the statement of Theorem 2.7, we have two derivatives Vy and Ly acting
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on (C; R K)|r in the same direction Y, so 6 := (Ly — Vy) is a function in
c>=(T).

PROPOSITION 7.1. — 6(z0) = 3, (H.,z,(w0) + Hz,z, (w0))

Proof. — Let @ = dz; A --- A dz,. First we have the section 1 X « of
(C; X K)|r and we compute its covariant derivative with respect to Y. We
claim that this derivative vanishes at xg. This follows from the fact that

|a|=2 = det Gy, so the Chern connection of K (given near zo by the one-
a(lal®)
loe]?
we have to compute the Lie derivative with respect to Y of j*(dt A o) with
j the embedding I' — I x M. We have Ly j*(dt A @) = 7*(Ly(dt A @)).

Furthermore Ls,dt = L,dz; = 0 and by (7.1), we have

form

) is zero at zp because the coordinates are normal at xg. Second

Lx,dz; =d(Xi-2) =i (Hz,zdzp + Hz z,dZ)
k

at xo because the coordinates are normal. Furthermore j*(d¢tAdZzy) = j*(dtA
dzi) at xg by the assumption on T,,I";,. Collecting all these informations,
we deduce that

Ly (G (dtAa)) = iZ(Hngj (wo) + Hz,z, (xo)) J5(dt A )

at xg. The conclusion follows. O

Introduce the Szegé projector Il which is the orthogonal projector of
C>®(M,LF @ L") onto Hy.

PROPOSITION 7.2. — For any Lagrangian state (V) associated with Ty,
with symbol o and any function f € C>*(M), II(fVy) is a Lagrangian state
with symbol

fle., a+h(1v5’ +Df)o+(9(h2) (72)

where U is the vector field of Ty, such that U(z) = X¢(x) mod TO'M, Xy
being the Hamiltonian vector field of f, and Of = Zj(fzjgj + %fgjgj) at xg.

Proof. — We already know that ITj (f¥}) is a Lagrangian state associated
with I'y,. We compute its symbol up to O(h?) at xq. It suffices to prove that
this symbol has the form

(Co + hCl)f(l‘o)O'(l‘o) + h(ivg + Df)a(xo) + O(h2) (7.3)

where ¢y and ¢; are independent of f. Since for f = 1, we have to recover
o(x0), ¢ =1 and ¢; = 0 necessarily.
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Besides our normal coordinates (z;) and our assumption on T, T, let us
introduce two holomorphic normal frames v and v’ of L and L’ respectively.
So |v| = e=% with ¢ a real function such that

()0(‘/1:0) = azj(p(xo) = azj-aszO($0) = 07 vj7 k

’
®

Similarly [v'| = e~z with ¢’ satisfying the same conditions. Notice that the
curvature of L is equal to both 9y and —iw, so 0,0z, = Gy for every i, j.
We can assume that v(zg) = s(xg) where s is the section over I'y, associated
with our Lagrangian state. In the rest of the proof we write all the sections
of LF @ L' in the frame v* ® v'.

More details on the computations to come can be found in [8, Sections 2.4,
2.5]. We have

k

i (2o, 2) = (

m) V@ @ (k) 1+ O(k)

where ¢ has the following Taylor expansion at zo: ¥(x) = > zcnn ¢0,5§

with the notations ¢, g = 8?65 ©(z0), ¥’ has the same Taylor expansion in
terms of ¢’ and p(z,k) = 1+ k™ 'py(x) + k2pa(z) + - --

We have a similar expression for Uy:

Uy(z) = (’“

B kp(x) —o0
277) e a(xz, k) + O(k™)

where p has the Taylor expansion p(z) = 13 22 + 2jal>3 Pa,0§~ This
follows from the fact that the section F' entering in the definition (2.1) of Wy,
satisfies F'(zo) = s(zo) so that we can assume that p(zg) =0, VF|,, =0 so
that the first derivatives of p all vanish at zg and finally the second order
derivatives of F' at 29 depend only on the linear data at z [8, Proposition 2.2]
which leads to the expression above.

So it comes that

g (fY)(z0)

- (2];) [t 5@l kpta ) D)dadz + OG), (1.9
where

o(z) = —(x) + p(x) — p(x) = |2|* — Zz + R(x

with R having the Taylor expansion at xg

(e

R(x) = Z Pa, ﬁ Z —Pa,0 + @a,O)%

a#0,8#£0 A la|>3
la|+]B]23
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Furthermore D(z) = %' ()= (#) det(Gy;) = 1 + O(|2]?).

By applying the stationary phase method, we obtain the asymptotic ex-
pansion of (7.4). At first order:

k\* _
() an) = €52 ) (Flaodatan. ) + O)
where C' can be computed in terms of the Hessian determinant of ¢ at xg.
Actually it is shorter to compare with (7.3), which gives C' = ¢y = 1. We
now compute the second order term,

I, (f9) (20) = (;) ! (f(zo)a(xo, k) + k™ tex + O(k™2))
with

ek = 23:(5! (¢ —=1))"'PY(=R)*" fa(-,k)D)(zo)
where P = 3(9., a:,l+ 10:.9:)).

Recall that we do not try to compute the terms ¢g and ¢; in (7.3), which
means that we do not take into account the terms without derivative on
a(z, k). Considering the form of the Taylor expansions of R and D given
above and the fact that 0,0z, = Gj so that ¢, 5 = 0 when (|af,|3]) =
(1,2) or (2, 1), we deduce after some investigations that we only have a single
term to consider which is k= P(f(z)a(x, k)). Now a(z, k) = ao(z) + O(k~1)
and ag has the Taylor expansion of a holomorphic function at xzy because

0(agv’) vanishes to infinite order along I';, and the frame v’ is holomor-
phic. So

P(fag) = (Pf)ao + Z(a@f)(azj ao). (7.5)

The Hamiltonian vector field of f at zo being >, (—if:,0z; +ifz,0:;) (see
(7.1)), and by using again that dag = 0 at z, we obtain that the sum in (7.5)

is %X fag = %U ag. Now the frame v’ being normal, its covariant derivative
is 0 at z, so Vy(agv') = (U - ag)v'. |
Proof of Theorem 2.7. — It suffices to consider the case where T} ; =

Ty (H; + k=1 H]) for some Hy, H] € C>°(M). But the symbol of k=T, (H;)¥}
is hH}o + O(h?), so in fact we only need to consider the case H; = 0.

By Proposition 7.2 and the proof of Proposition 2.4, the symbol of
10,0y, + T, (Hy) Wy, is

h(i(vZJrvU) +DHt>o+(9(h2)7 (7.6)
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where Z and U are the vector fields of I' such that Z(¢,x) = 9; mod T2 M
and U(t,z) = X;(z) mod TO*M. Since here Y (¢,z) = (9;, X;) is tangent
toI', we have Z+U =Y on I'. By Proposition 7.1, OH; = %04— %AHt with
A=37 G'19,,0z, (indeed, recall that the coordinates are normal at z¢ so

s

AH(xg) =), H.,z,(x0)). So the symbol in (7.6) is
1 11 )
h ;Vy-i-ie-i-EAHt O’+O(h)

which concludes the proof of Theorem 2.7. O

Appendix A. An explicit example

Let (M,w) = (T? = R?/A,wy2) where A C R? is a lattice of symplectic
volume 47. (M,w) is naturally endowed with a prequantum line bundle L
induced by the line bundle R? x C — R? with connection V = d — iac where
o = 2w (pdg — qdp). Here (p, q) are coordinates associated with a basis (e, f)
of A with w(e, f) = 4n. In other words w = 4ndp A dg; we will also work
with the holomorphic coordinate z = p + iq, for which w = 2irdz A dZz.

For k > 1, the quantum space H = H°(M, L*) identifies with the space
of A-invariant sections of R x C — R2, which is a space of theta functions
with dimension 2k. More precisely, the family (¥y)o<r<2r—1 given by

ki

Ver

forallz € Cand ? € {0,...,2k—1}, where ¥3(w, ¢) = 1+2 Z:z q" cos(2nw)
is the Jacobi theta function, forms an orthonormal basis of H;. The diag-
onal operator defined as T, ¥, = cos(Z£)V, for every ¢ € {0,...,2k — 1}
is a Berezin—Toeplitz operator with principal symbol H : (p,q) — cos(2mq)
and vanishing subprincipal symbol. For more details, see [12, Section 3.1,
Appendix].

2

exp(2im (£ + k3(2))) exp (—M> I3(m(2kz + if), exp(—2km))

Wel(z) = 2%

On the one hand, one can easily compute numerically the kernel of the
quantum propagator Uy ; = exp(—iktT}) by using the formula

Up.t(w, 2) = %z_:l exp(—ik:t cos(f))m(w)wz) (A1)

£=0

and the above expression of ¥, (in practice, we use the built-in commands
for Jacobi theta functions in the mpmath library for Python). On the other
hand, the coefficients in Eq. (1.8) can be explicitly computed as follows. Since
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the subprincipal symbol of T} vanishes, it suffices to compute p; and ¢L.
First, the parallel transport term reads

t
T 0) = 050 [ 0.0 (X010 ) = exp(—imtgsin2m)
0
since X (p, q) = 1 sin(2mq)d, and ¢¢(p, q) = [p+ % sin(27q), g}, and we obtain

oL (p, q) = exp(—it cos(2mq)) T (p, q) = exp(—it(cos(2mq) + mqsin(27q))).
Second, one readily checks that (77, q)qﬁt) is the operator of multiplication

by 1 — “Zt cos(2mq). Since the connection on the canonical bundle is trivial,
this y1€ldb

1

pe(p, q)% _ (1 B Z';thos(%_q)> 2 exp( arctan( . cos(27rq)))'
\/1 + % cos?(2mq)

So we finally obtain that for z = p + iq,

Ukt (61(2), 2)
kexp( (3 arctan(Zt cos(2mq)) — kt(cos(2mq) + mgsin(2mg)))) (A2

27r\/1 + ”T’sz cos?(2mq)

We compare this theoretical equivalent with the numerical value in Fig-
ures A.1, A.2) A.3, A4 and A.5. In these computations, we fix k and (p, q),
and plot the real part of the kernel of the propagator evaluated at (¢:(2), 2)
with z = p + iq, as a function of ¢; we also plot the imaginary part of this
kernel only for one set of parameters, since the behaviour is very similar to
the one of the real part. In all these figures, the blue diamonds represent
the numerical values obtained from Eq. (A.1) while the solid red line corre-
sponds to the right hand side of Eq. (A.2). Note that a priori the O(k™!)
remainder may depend on t, so once k and (p,q) are fixed, the approxi-
mation may become less precise as t increases. In Figures A.4 and A.5, we
display the behaviour at small and (relatively) large times. Investigating the
k-dependent times up to which the approximation in Eq. (1.8) remains valid
is a classical topic in the semiclassical literature, that we do not consider in
the present paper.
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Figure A.1. Real part of Uy ¢(¢:(2), z) for k = 100 and z = p+iq with
(p,q) = (0.3,0.1), for 0 < ¢t < 1.
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Figure A.2. Imaginary part of Uy ;(¢:(2), z) for k = 100 and z = p+ig
with (p,q) = (0.3,0.1), for 0 < ¢t < 1.
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Figure A.3. Real part of U 1(¢(2), 2) for k =50 and z = p + ig with
(p,q) = (0.5,0.7), for 0 < ¢t < 1.
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Figure A.4. Real part of Uy ¢(¢:(2), z) for k = 100 and z = p+iq with
(p,q) = (0.3,0.1), for 0 <t < 0.1.

XN
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Figure A.5. Real part of Uy ¢(¢:(2), z) for k = 100 and z = p+iq with
(p,q) = (0.3,0.1), for 0.8 < ¢ < 0.9.
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