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The Path-product in Morse Homology with differential
graded coefficients *)

RoBIN RieceL ()

ABSTRACT. — We will use the tools developed in the article [5] to give a Morse-
theoretical description of a string topology product on the homology of the space of
paths in a manifold Y with endpoints in a submanifold X and a module structure on
this homology over the Chas—Sullivan ring of Y. These operations have been defined
and studied by Stegemeyer in [6] in singular homology.

RESUME. — Nous utilisons les outils développés dans ’article [5] pour donner
une description en théorie de Morse d’une opération de topologie des cordes sur
I’homologie de ’espace des chemins dans une variété Y a extrémités dans une sous-
variétés X et une structure de module de cette homologie sur 'anneau de Chas—
Sullivan de Y. Ces opérations ont été définies et étudiées par Stegemeyer in [6] en
homologie singuliére.

1. Introduction

Let (Y*, xy) be a pointed, oriented, closed, and connected manifold and
let (X™,*x) be a pointed, oriented, closed, and connected submanifold of Y.
The goal of this article is to use Morse Homology with differential graded co-
efficients defined and studied by Barraud-Damian-Humiliere-Oancea in [2]
and the tools developed in [5] in order to give a Morse model for the Path-
product

A Hl('PXY) ® HJ(IP)(Y) — HiJr];n('PXY)
defined by Stegemeyer in [6], where

PxY ={v:[0,a] — Y continuous, v(0), v(a) € X}.

(*) Recu le 15 octobre 2025, accepté le 11 décembre 2025.
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Robin Riegel

We start by a brief introduction of the main tools that we will use in this
article.

1.1. Context

The authors of [2] construct Morse complez of X with coefficients in a dif-
ferential graded (DG) module (F.,0r) over the differential graded algebra
(DGA) R, = C.(2X) of the cubical complex of the space of loops in X
based at x. This is also referred to as an enriched Morse complex. Given
a Morse function f : X — R and &, a pseudo-gradient adapted to f, this
complex writes

C.(X, F.) = F.  ZCrit(f),
where the differential is twisted by a family of chains called, in reference to
the seminal paper [1], Barraud—Cornea twisting cocycle

{mac,y € C‘$|_|y‘_1(QX),z,y S Crit(f)}.

The cocycle (Mg y)z,y is obtained by evaluating in 2.X representatives of
the fundamental classes of the moduli spaces of Morse trajectories L(x,y).
The twisted differential is given by

dawz)=dra@z+ () a me, ®y.
Yy

In [5], we make use of their construction and, in particular, of one of their
main results, the Fibration Theorem 1.1, in order to build a Morse theoretic
Chas—Sullivan product

CSp¢ : H (E)®? — H.(E),

for any (Hurewicz) fibration F = X endowed with a morphism of fibrations
m:FE x, FE— FE.

Given a fibration E = X, a transitive lifting function ® : E ;X oy, PX —
E is a map that lifts all paths in X and respects concatenation in the sense
that lifting a concatenation of two paths is the same as lifting them one
after the other : ®(®(e,v),d) = ®(e,7#9). Let FF = 7~ !(xx). The restriction
®: FxQX — F induces a C,(QX)-module structure on the cubical complex
C.(F).

FIBRATION THEOREM 1.1 ([2, Theorem 7.2.1]). — Let E 5 X be a
fibration with model fiber F = 7n=1(x) and equip C.(F) with the C.(QX)-
module structure induced by a transitive lifting function ® : £ Xey, PX - E
associated with this fibration. Then, there exists a quasi-isomorphism denoted

Vg Cu(X, CL(F)) — Cu(E).
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DG CHAS-SULLIVAN PRODUCT 1.2 ([5, Theorem 7.1]). — Let E 5 X
be a fibration endowed with a morphism of fibrations m : E x. E — E.
Let F = = Y(%) and endow F = C.(F) with a DG right C.(QX)-module
structure induced by a transitive lifting function. There exists a degree —n
product

CSpg : Ho (X, F)®? — H.(X,F)

that is associative if my is associative in homology, graded commutative if m,
is commutative in homology, admits a neutral element if there exists a unit
section s : X — E and this product satisfies the functoriality and spectral
sequence properties.

Moreover, this product corresponds in homology, via the Fibration The-
orem 1.1, to the product p, : H;(E) ® H;(E) — H;1j_n(E) defined by
Gruher—Salvatore in [3]. In particular, if the fibration is the loop-loop fibra-
tion QX — LX — X, then CSpg corresponds to the Chas—Sullivan product.

The tools and techniques used to build such a product also enable to
build a Morse model

PPpg : Hi(X x X,C.(QY)) ® H;(X x X,C,(QY))

— Hipjn(X x X, C.(QY)),
for the Path-product
A H;(PxY)® H;j(PxY) — Hi1j—n(PxY),
and a module structure
v Hy(Y,Cu(QY) @ Hj (X x X,C.(QY)) — Hipj_1(X x X,C,(2Y)),

where H,(Y,C,(QY)) is endowed with the ring structure CSpg.

1.2. The Path-product

Let Y be a topological space, let X™ be a pointed, oriented, closed, and
connected manifold and let f : X — Y be a continuous map. Let PY =
{7 : [0,a] — Y, continuous} be the space of Moore paths. Consider the
pullback fibration

QY s Py v 0, x2

of the fibration QY < PY 0 y2 po o £ X2 4 Y2 The Fibration
Theorem [2, Theorem 7.2.1] implies that

HL(X2,(f % f) CL(QY)) = H,(Px 4Y).
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For readability, we will often denote H,(X?,C.(2Y); f) this homology or
H.(X?%,C.(QY)) when f is implied. We will use similar notations for the
complexes of chains. The construction by Stegemeyer in [6] of a degree —n
product

A Ho(Px ;Y)®? — H.(Px;Y)

relies on the idea ofintersecting on the base” to obtain concatenable paths
and concatenating. This idea is similar to the construction of the Chas—
Sullivan product but does not fall under the category of products defined
in [5, Theorem 7.1] since the intersection does not occur along the diagonal
A : X% — X* but rather along D : X3 — X* D(a,b,¢c) = (a,b,b,c). In
other words, the concatenation of interest is

m: 'PX,fY evy Xevg 'PX,fY — 'PXJCY
and not
7)X,fyv (evo,evi) X(cvo,cvl) PX,fY — PX,fY

The concatenation m is not a morphism of fibrations in the sense defined
in [5, Section 5] since Px Y ev, Xev, Px,rY is seen as the total space of
a fibration over X3 and Px ;Y is seen as the total space of a fibration
over X 2. Therefore, in order to define a Morse equivalent of this map, we
generalize [5, Theorem 5.8] for a broader class of morphisms that we define,
i.e. relative morphism of fibrations.

DEFINITION 1.3. — Let Zy and Z1 be topological spaces and let Ey LN
Zo and By =% 7, be fibrations. Let g : Zy — Zy be a continuous map. We say
that ¢ : Ey — F4 is a morphism of fibrations relative to g if m o = gomg.

E0L>E1

Zy T} 7.

The following result generalizes [5, Thm 5.8] using [2, Prop. 9.8.1].

THEOREM 1.4 (Theorem 2.3). — Let Zy and Z; be two pointed, closed,
and connected manifolds. Let Fy — Ey — Zy and Fy — Fy — Z; be
two fibrations. If ¢ : Ey — FEi is a morphism of fibrations relative to

a continuous map g : Zg — Z1, then there exists a morphism of complexes
¢ Cu(Zy, Cu(Fy)) — Ciu(Zo,g9*Ci(F1)) such that the following diagram
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commutes up to chain homotopy

C.(Zo, Cu(Fo)) 2225 €, (21, Cu(FY))

S

C*(E()) T C*(El)a

where the morphisms Vg and W1 are the quasi-isomorphisms given by the
Fibration Theorem [2, Theorem 7.2.1].

The concatenation m : Px ¢Y cv, Xev, Px,7Y — Px,rY is a morphism of
fibrations relative to p : X* — X2, p(a,b,c) = (a,c) and we will prove the
following:

THEOREM 1.5 (Theorem 2.4). — The product
PPpg : Ho (X%, C.(QY)) % — H.(X2,C.(QY))
of degree —n defined by the composition
HA(X2,C.QY)) @ Hy (X2, 0.@Y)) S5 1 (xt o.v?))
— 2 Hyy o (XP, DFCL(QY?)
— s Hipjon (X2, 0" CL(QY))
— s Hivjon (X2, C4(QY))

is assoctative, admits a neutral element and corresponds, via the Fibration
Theorem 1.1 to the product

A Hi('PX’fY) & Hj('PX’fY) — HiJrj,n(PX,fY)
defined by Stegemeyer in [6].

1.3. Homotopy invariance and module structure over the Chas—
Sullivan ring

We can reprove several results from [6] in this setting. In particular, if
Y* is a pointed, oriented, closed, and connected manifold, we prove that
H,.(X?2,C.(QY)) has a module structure over H, (Y, C,(QY)) endowed with
the ring structure CSpg.

PROPOSITION 1.6 (Proposition 4.1). — There ezists a pairing
o Hiy(Y,Cu(QY)) @ Hj(X?,Co(QY)) — Hiyj—r (X2, CL(QY))
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that induces a left H, (Y, C.(Q2Y))-module structure on H,(X?, C.(QY)) with
the additional property that if v € H.(Y,C.(QY)) and 7,7 € H.(X?,
C.(2Y)), then

v PPpa(r®7") =PPpa((y-m7)@7).

We also prove that the ring and module structures only depend on the
homotopy type of f: X =Y

PROPOSITION 1.7 (Propositions 5.2-5.3). — If g : X — Y is homo-

topic to f, then there exists a chain homotopy equivalence Vs, @ Cy(X,
C.(QY); f) = Cu(X,C(XY); g) that induces an isomorphism

U, Ho(X,Cu(QY); f) =5 Ho (X, C.(QY); 9)

of rings and modules.

And independent of the homotopy equivalence class of the pair (Y, X)
when X C Y.

PROPOSITION 1.8 (Propositions 5.4-5.5). — If ¢ : (Y1, X1) — (Y2, X2)
is a homotopy equivalence of pairs, then there exists an isomorphism of rings

o H((X2)%, CL(02)) — H.((X1)2,C.(Q17))
that satisfies the equation
V€ H,(Y2,Cu(QY2)), V7€ H((X2)? C.(QY2)),
(v mT) = 05(7) m pp(7),
where goi = ao_l o @ Ho (Y3, C(QY2)) — H.(Y1,C.(QY1)) is the ring

isomorphism induced by the homotopy equivalence ¢ : Y7 — Yo (see [5,
Proposition 7.13]).
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2. Definition

Let Y be a topological space, (X,*) be a pointed, oriented, closed, and
connected manifold and f : X — Y be a continuous map. Denote xy =
f(xx). Let

PY ={(v,a), a € [0,4+00), v:[0,a] — Y continuous}
be the Moore space of paths in Y. For (v,a) € PY, we will denote v € PY
when the mention of the non-negative real number a is not useful. This space
is naturally endowed with a fibration

evop,evy

QY «— py 227, y2

given by the evaluation at the basepoint and endpoint. Consider its pullback
by fx f:X?—=Y?2
QY — Px ;Y =5 X2,
where
Px, ;Y = {(z0, 21, (o, a)) € X2 x PY, a(0) = f(x0), ala) = f(z1)}
and the evaluation is given by

ev(zo, 21, ) := (evo(xo, z1, @), evi(xg, 21, @) := (g, x1).

We will often see an element (z¢,z1,7) € Px,rY as v € PY in the fiber
ev 1(zg,z1) and therefore write v € Px,sY when it is not necessary to
precise the fiber in which + belong. We will consider the following transitive
lifting function

Doy : Px Y evXevg PX? — Px Y, @oy(7,(1,72)) = (for )y(fom)
for this fibration. A degree —n product
A Ho(Px ;Y)®? — H.(Px;Y)

has been defined and studied by [6] if Y is a closed manifold. This product,
as the Chas—Sullivan product, is defined by intersecting on a space where
the paths are concatenable and then concatenate.
A+ Hi(Px,sY) ® Hj(Px,sY) — Hij(Px,sY x Px sY)
inters.

> Higjn(Px,fY evi Xevo Px,1Y)
concat.
Hiyjn(Px.fY).
The Fibration Theorem [2, Theorem 7.2.1] states that

H.(Px sY) = H. (X2, (f x [)*C.(QY)),

where the C,(£2X?) module structure on (f x f)*C,(2Y) is given by the
transitive lifting function ®.,. To abbreviate the notations, we will denote
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this homology H.(X?2,C.(QY); f) or just H.(X? C.(QY)) when f is im-
plied.

DEFINITION 2.1. — Let Y be a topological space, X be a n-dimensional
closed, oriented, path-connected and pointed manifold and f : X — Y be
a continuous map. We define a degree —n product

PP pg @ Ho (X%, C.(QY))** — H. (X2, C.(QY))
by the composition of the four maps

Hi(X?,C.(QY)) ® Hj(X?, C.(QY))

VTR, Hips (X4, 0L (QY?

)~ Hiyj(Px,tY x Px 5Y)
) >~ H2+j7n(PX,fY eviXevy PX,fY)
)~ Hij_n(p*Px fY)

~ Hijn(Px,sY),

)
— 2 Hyy (X3, DRCL(0Y?)
— " Higjon (X3, p7CL(QY)
—2— Hipia(X2,0.(9Y)

where:

o K : HZ(X27C*(QY)) X HJ(XQ,C*(QY)) — Hi+j(X47C*(QY2)) S
the topological DG Kiinneth map defined in [5, Theorem 6.14],
o Dy: Hi;j(X*,Cu(QY?) = Hiyjn(X3,D*C.(QY?)) is the shriek
map of
D:X3— X* D(a,bc)=(a,bb,c)
and

Pt Higjn (X2, p"CL(QY)) — Hiyjn(X?,CL(QY))

is the direct map of p: X® — X2, p(a,b,c) = (a,c) as defined in [2,
Sections 9-10],

o m: Hipjn(X3 A*CL(QY?)) = Hiyj—n(X3,p*C(QY)) is the mor-
phism associated with the morphism of fibrations given by the con-
catenation m : Px ;Y ey, Xevy Px,fY — p*Px Y, (see [5, Theo-
rem 5.8] ).

Remark 2.2. — Intuitively, given two chains o, 7 in Px (Y, this product
will intersect evy (o) with evy.(7) on X, concatenate on the intersection
and forget the intersection points in which it concatenated.

We can remark that since the intersection is not along the diagonal
A : X? — X%, this product does not fall under the category of products
studied in [5]. Nonetheless, the tools developed there enable to define and
study it.
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The reader may wonder why it takes two maps m : H.(X3,p*C.(QY))
and p, : H.(X?,C.(QY)) to translate in Morse theoretic terms the concate-
nation m : Hy(Px Y cv, Xevy, Px,fY) = H.(Px,s). Here the fiber product
Px. 1Y evi Xevy, Px,sY is seen as the total space of the fibration

'PX,fY evy Xevg 'PX,fY — )(3
(717 72) — (evo (7)7 €vy (’Yl)a €vy (72))5
while Px ;Y is a fibration over X?. Since the bases are not the same, the

concatenation m is not a morphism of fibrations in the sense given in [5,
Theorem 5.8].

Using [2, Proposition 9.8.1], we obtain a direct generalization of [5, The-
orem 5.8] for relative morphism of fibrations (see Definition 1.3).

THEOREM 2.3. — Let g: Zy — Z1 be continuous map between oriented,
closed, and connected manifolds each endowed with a fibration Fy < Ey —
Zo and Fy — Ey =% Z,. Let @ Ey — FEy be a morphism of fibrations
relative to g. Then ¢, : Cy(Eo) — C.(E1), corresponds, via the Fibration
Theorem 1.1, up to chain homotopy equivalence, to the composition

gx © %0 : C(Z0, C(Fo)) — Ci(Zo, 9" Ci(F1)) — Ci(Z1, Cu(F1)).

In other words, the following diagram is commutative up to chain homotopy:

C(Zo, Cu(Fp)) =2 Cu(Z, g*Co(F1)) —2s Cu(Z1, Cu(FY))

J/\I’ED J\I’El

C.(Eo) z C.(E).

Proof. — The map ¢ factors through
@ : EQ ﬂ) g*El — E1
e — (mo(e), p(e)) — ¢(e),
where ¢q : Ey — ¢*E7 is a morphism of fibrations over Zj.

2]
/\
Ey—— g*El — F

Zo Zo T} 7.
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Therefore, using [5, Theorem 5.8] and [2, Proposition 9.8.1] we obtain
that the following diagram is commutative up to chain homotopy:

C(Zo, Cu(F)) 2 Cu(Zo, B* Cu(FY)) —s Cu(Z1, Cu(FY))

JIIEO J\pEl O

C.(Eo) z C.(E).

Using very similar techniques as those used in [5, Section 7] to prove [5,
Theorem 7.1], we will prove:

THEOREM 2.4 (Theorem 1.5). — The product PPp¢g is associative ad-
mits a neutral element and corresponds to the product

A Hi('nyfY) ® Hj('PXJY) — Hi+j_n('PX7fY)
defined by Stegemeyer [6].

3. Proof of Theorem 1.5

This product uses both direct maps and shriek maps. Therefore, we need
to understand how these maps interact with each other. The only pre-existing
result exploring this question is the following:

PROPOSITION 3.1 ([2, Proposition 10.6.1]). — Let ¢ : X — Y be a map
of degree d € Z between closed oriented manifolds of equal dimensions. Let
F be a DG local system on'Y. Then

pupr =d-1d: H.(Y, F) — H,(Y, F).

In particular, if d = £1, the map @ is injective and the map @, is surjective.

We will use this result to prove the following lemma:

LEMMA 3.2. — Letix : X" — W™* and iy : Y™ < Z™* be two k-
codimensional embeddings of oriented, closed, and connected manifolds. Let

F be a DG local system on Z and =x, ZEy,Zz and Zyw be sets of DG Morse
data. Let o : W — Z and iy : X =Y such that

poix =iyoth: X — Z and ¢ '(iy(Y)) =ix(X).

Assume that the normal bundle Nx of ix and the normal bundle Ny of iy
are isomorphic and denote € € {—1,1} such that

Or Nx =¢-Or Ny.
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Then, the maps
e-(soix)) and iyyops: Co(W,Ew,p*F) — Cii (Y, By, i3 F),
are chain homotopic.
Proof of Lemma 3.2.

Step 1. — First assume that X € W and Y C Z are submanifolds.
Then, ¥ = ¢, : X — Y and ¢ 1Y) = X. It suffices to prove the result
for well-chosen data Zx, Ey,Zz and Zyy, since the continuation maps are
chain homotopy equivalence. Recall that since X,Y,Z and W are oriented
manifolds, the orientations of the normal bundles are given by

(OrY,Or Ny) =0OrZ,
and
(Or X,0r Nx) = Or W.

Choose Ex and let Ey be the set of DG Morse data described in [2, Sec-

tion 9.2] given by considering a tubular neighborhood U ¢ W of X and
extending the Morse-Smale pair (f,§) € Ex in (fy,&v) € Zy by taking the
pseudo-gradient £y to point outwards U. Orient the unstable manifolds by

Or W} (x) = (Or Wi (x), OrNy).
With such data,
Cu(X,Ex,i% " F) = Curn(U,Ev, iy 0" F).

Then, extend (fu,&v) to (fw,&w) € Ew. The shriek map of the inclusion
is then given by

iX,! : C*(WaEWaSD*‘F) — O*—k(X7 Ex,Zj(QO*.F)
aw ifwelX
a QW —
0 otherwise.

Apply the same procedure from a set of DG Morse data Zy to obtain Zz
such that

Z‘yyg : C*(Z, Ez,]:) — C*,k(Yv, Ey,l;}-)
a®z ifzeY
ARz
0 otherwise.
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Denote fz : Z — R and fy : Y — R the Morse functions in the data
sets =z and Zy respectively. With these data, the composition ¢,  oix)
is given by

Plx.0ixy:  C(W,Bw, 9" F) — Cik(Y, By, iy F)

Zya-l/i!{j @y ifweX
0

a@w— .
{ otherwise,

where Vﬁ‘j € Cly|—|y|(2Y) is the evaluation onto QY of a chain representa-
tive system of the space of trajectories

M (w,y) = W (w) o (Wf«y (y))~

The composition iy, o ¢, is given by

Z'y,y O Py @ C*(I/V, Ew, QD*.F) — C*,k(Y, Ey, Z*Yf)
a®wr— ZyECrit(fy)a'Vf),y@y ifweX
0 otherwise.

Indeed, for all w € Crit(fw),
plasw)= Y av.os
z€Crit(fz)
and there are three cases:

(1) If 2 ¢ Y, then iy (a-v§ , ®2) =0.

(2) If w ¢ X and z € Y, then W;W(w) N X = () since the pseudo-
gradient &y points outwards U and therefore, a trajectory that
begins outside of U cannot reach U. Moreover, for the same rea-
son, W;Z(z) = W;Y (2) ESY and since we assume thatiapfl(Y) =
{,uit follows thﬂsgo’l(WfZ(z)) C X. In particular M” (w,z) =
Wi ()N ' (W, (2)) =0 and v, = 0.

(3) fwe X and z €Y, then iy (a-vf , ®z) =a v, @2

To conclude this first step, it suffices to prove that
Vw € Crit;(fx) C Critipx(fw), VY ze Critj(fy) C Critjr(fz),
M7* (w,2) = M” (w, 2)
and compare their orientations.

Let
ae M*Ix (w,z) = W;X (w)N gp‘_xl (W;Y (z))
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Then,
a€ W;W (w)Nne™* (W;Z(z)) = M7 (w, z)
since
W;X (w) C W;W (w) and chy (2) = W;Z (2).
Therefore

MIx (w, 2) € M*(w, 2).
Let a € M?(w, z). In particular
ac ! (W;Z(z)) = ! (ij (z)) c o }(Y) = X.
Therefore,
ae (Wi, ) nX)ne (W, (2) = Wi, (w) nei ! (W), (2)

and

M (w,z) € M7* (w, 2).

It follows that M” (w,z) = M*'X (w, z) and we now compare their ori-
entations.

(Or/\jw(w,z)7 OrW}(z)) = Or Wy (w).
(Or/ﬁwx (w, 2), OrW%(z)) = (Or/ﬁwlx(w,z), OrW;(z),OrNy>
= (OTW;(IU), OI‘Ny)
- E(Or W' (w), Or NX)

= Or Wiy (w).

Therefore, with these data, for all w € Crit(fx) C Crit(fw) and y €
Crit(fy) - Crit(fz),

oy =€ v,
and
€- (g0|x1* oix,1) =1ty o.
Step 2. — In the general case, we consider ix : X — W as the composi-

tion of the orientation-preserving diffeomorphism ix : X — ix (X) with the
inclusion 4 : ix(X) — W. Denote j : iy (Y) — Z the inclusion.
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Consider the following diagram:

Cop(X,Ex, ix " F) ¢—— Cui(ix (X),ixEx,i" 0" F) & C.(W,Ew, " F)

'x, **ZX !
J«ZJ* J‘Pix(x),* Jﬁ*

C*—k(Y _‘Y77'Y]:) C* k(ZY(Y)7i;/EY7j*]:) < 7 C*(Z7EZ5]:)'
/LY, 774YI .
We proved in the first step that the right square commutes up to chain
homotopy up to the sign €. The fact that ix; = z;(l* and ix,; = z;{l*
is a direct consequence of [2, Proposition 10.6.1] stated above. The left
square commutes up to chain homotopy by the composition property of

direct maps. O

We now prove that the product PP p¢ is associative and admits a neutral
element.

PROPOSITION 3.3. — The product PP pg is associative at the homology
level.

Proof. — We denote F* = C,(QY*), F = F! and H, = H.(X? F).
Consider the diagram

HE? Kol H (XY Py o H —220 1, (X3 D F?) o H, 225 1(X3 pr F?) o H, — 220 o2

= I :

H, oo H(X"F)— % x5, 7% D g (x5, D F2 x F) s 1 (x5, P2 x F) P i (x, F2)

l] ®D (2) J(l x D), J/AR JA“ (3) ln,

mx1

H.® H.(X? D*F?) —~ & H.(X5, F x D* ]-‘2)4>H (X1 A3 F?) ————— H.(X",Ap; ]-‘2)4>H (X3, A F3)

b e e T

i P2,.

H,® H, (X3, p f2)4>H(X°F><p f2)4>H(X4 p3D* F2) — " H, (X4, p} 4 F?) ———— H(X?,p*F)

ll&z’v ln Xp)a (4) lng . l lux
¢ Dy

HO? — X H(x4F?) H.(X3 D*F2) — ™ H.(X? p*C.(0Y)) P H.

where the embeddings Ag, Ar : X* — X5 and Ay := (D x 1) o Ap: X* —
X6 are defined by

Ap =IdxA xIdxz, Agp=Idx2xAxId and As;=IdxA x A x1Id,
and the projections ps, ps : X* — X3 and ps : X* — X2 are defined by

pg(a7b7 c, d) = (a7bu d)? pﬁ(awbu c, d) = (CL,C7 d) and P14 = popé :pop3
The square (4) commutes. — This is a consequence of Lemma 3.2. In-
deed, since Dops = (px 1) o Ag: X* — X*, (a,b,¢,d) — (a,c,c,d) and we
have the equality
(px 1)1 (D(X?) ={(a,b,c,c,d) € X°} = Ar(X™).
We now compare the orientations of the normal bundle N, of Ag(X*) C
X5 with the normal bundle Np of D(X3) C X*. Choose the orientation
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OrNa = OrX of the normal bundle Nao of A(X) C X2. Following [4,
Remark 1.1], this induces

(OI‘TA(X),OI‘NA) = OI‘T(X X X)lA(X)

Therefore

(OrTAg.(X"), Or Na)
=(OrTX,0rTX, OrTA(X), OrTX,Or Na)
= (—1)”(OrTX, OrTX, OrT(X x X)|a(x) OrTX)
=(=1)" OrT(X5)|AR(X4)'
and it follows that Or Na,, = (—1)" Or Na = (—1)" Or X. We prove using

the same arguments that Or Np = (—=1)"OrX = OrNa, and that the
mentioned square commutes.

The square (3) commutes up to the sign (—1)™. — We use the same
techniques as for square (4). We first check that (1 x p) o A, = Do p; :
X* — X% (a,b,¢,d) — (a,b,b,d) and

(1 x p)~H(D(X?)) = {(a,b,b,¢,d) € X°} = Ap(X?).
The normal bundles Na, = TX = Np are isomorphic and their orientations
differ by (—1)".
nk

The squares (1)-(2) commute up to the sign (—1)"* and (—1)™ respecti-
vely. — This is a direct consequence of [5, Lemma 6.17].

All the other squares are commutative by compatibility properties. There-
fore,

peomolAioKo(p,@l)o(m@l)o(A@l)o(K 1)
= (=)™ =R (—1)"p, oo Ao K o (1® p,)
oc(lem)o(l1®A)o(1®K).

Lety € H;(X?,C.(2Y)), 7 € H;j(X?,C(QY)) and § € Hy(X?, C.(QY)).

PPpg(y ® PPpg(r ®6))
= (—1)"(717]“)(—1)"(”7j7k+n)(—1)"ip* omoAoK
o(l@p)o(l@m)o(1®A)o(1®@K)(y®T®J)
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and

PPpa(PPpa(y® 1) ®0)
= (=) =R () =Dp oo Ayo K o (p. @ 1)
o(m®1)o(A®1l)o(K®1)(y®T®0).

We conclude
PPpa(y ® PPpa(t ®6)) = PPpa(PPpa(y® 7) ® 9). O
Consider the inclusion of constant paths s : X — PxY,s(a) =

(a,a,cg(q)), where we denoted cy(q) the constant path at f(a) € Y. This
is a morphism of fibrations relative to A : X — X2,

PROPOSITION 3.4. — The product PPpa admits the neutral element
A3([X]) € H, (X2, C.(QY))
denoted 1pp.

Proof. — Let J=1d xA:X?— X3, (a,b) > (a,b,b). Denote Fi=C,(QY?)
and o : Px  ev, X1a X — Px,r, the morphism of fibrations o (v, evi (7)) = v
over X?2. Consider the following diagram:

H.(X2,F)® Ho(X,Z) —25 5 H, (X2, F) @ Hoy (X, AF) 2225 H,(X2, F) @ H, (X2, F)
lK K K
Hop (X3, CL(QY x {5)) 5 Ha (X, (1 A)F2) — 2 (X0, F2)
Ji Jy D,

H. (X2, J°0.(Q x (x) 22 B(X2, (1 x A F2) — L H,(X3, D*F?)

g .
\ J*m m

H (X% F)—— L H (X3 p*F)

\ ».

H.(X2, F).

Remark that p, o J, = (po J), = Id, : H (X% F) — H.(X? F). The
map

mo (1x8):Px Y ey, x1a X — Px, 1Y ey, Xev A"Px ;Y — Px 1Y
mo (1 x 5)(y,ev1(7)) = m(7, Cevy (7)) =7
is equal to o, where we denoted ¢y, (1) the constant path at evy (y). Therefore,

J'moJ* 1 X s =35
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Since,
(1xA)oJ=DoJ:X*— X* (a,b) — (a,b,b,b)
and
(1x A)HD(X?)) = {(a,b,b), (a,b) € X*} = J(X?),
it follows from Lemma 3.2 that
Dio(1xA)=(-1)"J,oJ.

Indeed, using the same arguments as in the previous proof, we prove that
Or Njy = Or X and Or Np = (—1)™ Or X. Therefore, this diagram commutes

n

up to the sign (—1)".

Let h : X — R be a Morse function with a unique local maximum
Zmax € Crit, (h) such that

Tmax = * @ Tmax = [X] S Hn(X7 C*({*})) = Hn(X? Z)
Let £ be a pseudo-gradient associated with h. It suffices to check that
GoJio K(-® (x® Tmay)) = Id : H (X2 F) — H,(X? F).
Let vg,v1 : X — R be Morse functions and &y, £; be associated pseudo-
gradients. Denote v = v1 + v9 and & = & + & Consider Z3 = (v,&2,...)

be a set of DG Morse data on X2 and Z3 = (v+ h,& +&,...) be a set of
Morse data on X3.

Let a ® (z,y) € C.(X?,Z5,C.(QY)) and consider
Ji 2 Cu (X2, 23, CL(QY x {x})) — Coen (X2, B, J*CL(QY x {x})).
Notice that
M (@ ma)s (2,0)) = W (z0) 1T (T @, 2ma) )
= W' (z,w) N W" (,y)

—Id;

=M ((m,y), (Z7w))'

Since Or W’ (z, Y, Tmax) = Or W' (x,7), these manifolds have the same
orientation

(0r " (@,9), Or M™ (@,9), (2,w))) = Or W (2,w)
and
(Or 7" (@), Or M (@, 3, 2 (2,0)) ) = Or W (2, w).
Hence, Ji((a,*) ® (@, ¥, Tmax)) = Idi((ov, %) ® (2,7)).
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Since 0. : J*CL.(QY x {x}) — C.(QY) is a morphism of C,(QX?)-

modules, ((a,*) ® (z,y)) = a ® (x,y), then,
GodioK(-® (*® max)) = Id : H,(X?,C.(QY)) — H,(X?, C.(Q)).

It follows that
PP pe (T ® Av3(x ® Tmax)) = (—1)" (=1)"F 0 Ji 0 K(T @ (* @ Tmax)) = T

for all 7 € H,(X?, C.(QY)). With similar arguments, we prove that
PPpa(ALS(* @ Tmax) ®T) =T

for all 7 € H,(X?,C.(QY)).
We conclude by proving that this product computes the product defined

O

by Stegemeyer in [6].
ProposITION 3.5. — The products
A:Hi{(PxY)® H;j(Px,tY) — Hiyj—n(Px,fY)
and
PPpe : Hi(X?,C.(QY)) ® H; (X?,Cu(QY)) — Hiyjp (X2, C(QY))
correspond via the Fibration Theorem 1.1.
Proof. — This statement amounts to the commutativity of the following

diagram.
Hi(Px §Y) @ H;(Px Y) «——— Hi(X?, C.(QY)) ® H; (X?, C.(QY))
(1) ()™ K
Hiyj(PxfY x Px sY) = Hiyj (X4, C(QY?))
Res ot D,
Hijon(Px.fY evs Xevo Px.gY) 6 Hipj_o (X3, D*C,(QY?2))
m. Hiy o (X3, p"CL(QY))
Px

~ Hipjon(X2,CQ0)).

Hitj—n(Px,sY)

We know from Theorem 2.3 that the bottom square commutes. The top
n=n(i+j) and we now prove that the

square commutes up to the sign (—1)
second square commutes up to the same sign.

- 604 —



The Path-product in DG Morse Homology

For this purpose, we will now compare our orientation conventions to the
one used in [4, 6].

Denote Uxn C X? a tubular neighborhood of the diagonal AX in X? and
denote 7o € C™(Up,Ua\AX) a Thom class of the normal bundle N 2 TX
such that

7a N [X?] = AL ([X]).
This yields the “singular” orientation
(OI“NA, OI‘T(AX)) = OI‘T(X X X)‘AX
which induces the orientation Or No = (—1)" Or X.
Denote
Ucf = (6V1 X evo)_lUA C ,PX’fY X ’PX’fYY,
and define the Thom class

Tor = (evy X evg)*[Ta] € H"(Ucf,Ucf \ (evy X evo)*l(AX)).

Consider pa3 : X* — X2, pas(a,b,c,d) = (b,c) and Up = pg’é(UA)
a tubular neighborhood of D(X?3) C X*. It is proven in [5, Theorem 3.2]
that the diagram

HH_J'(,PXJY X ,PXJY) — = Hi+j (X4, C*(QY2))

JRcfﬁ*o(evXev)*Té\lﬁ J{Dg

Hi+j7n(PX,fY evy Xevg 'PX’fY) — HiJrj,n <X3, D*C, (QYQ))

commutes up to the sign (—1)"+)+" where [r}] € H"(Up,Up\ D(X?)) is
the Thom class associated with the normal bundle Np = T'X of the tubular
neighborhood Up with the “Morse” orientation convention

(Or D(X?),0r Np) =Or X"
This yields the following equation.
(751 N [X*] = (=1)"D.([X)).
It remains to prove that
(ev x ev)*[TH] = (evy x evo)*[Ta]
= [rcs) € H"(Ucr,Ucs \ (ev x ev) "1 (DX?)).
Consider [7p] = p3 3[7a] € H"(Up,Up \ DX?). Since pa 30 (ev x ev) =
evy x evg : Px Y X Px ;Y — X2, it follows

(ev x ev)*[tp] = (ev1 X evg)*[Ta] = [7cr].
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We now prove that 7p = 73! by showing that
[rp] N[X*] = (=1)"D.([X7?]).

Let 01 € C"(X) be a representative of the fundamental class [X] and
0 € C"(Up,Up \ DX?) be a representative of [rp]. We will denote o7 =
09 = 03 = 04.

TDﬁ(0'1><O'2><O'3><O'4)

= Z (—1)SgnP(J’K)TD(O'1 X 09 X 03 X 0'4)|[JX{0}K

JUK={1,...,4n}
[J]=n

D D N T S e
JUK={1,...,4n}
Jc{n+1,...,3n}

|J|=n

) sgnP(J/ K’
- Z (= 1) PR )75 (o 73)| 12 x foy s

JluK‘/;i{i;“Qn} (0-1 X (0-2 X 0'3)|{1}J/ < IK' XO’4>

(0'1 X 09 X 03 X U4)|{1}J><IK

(0’1 X 09 X 03 X U4)|{1}J><IK

=(Id x 1A x Id) N (01 X 09 X 03 X 04).
The equality (1) is true since the chain pa 3 .(01 X 02 X 03 X 04)|17x {0y =

(02%03) 17 x {0} is degenerate and therefore equal to 0 if J ¢ {n+1,...,3n}.

The equality (2) comes from the fact that the transformation J = J’ is
performed by the permutation

0 0 I, O
L0 0 0
o 1, 0 ©
0 0 0 I,
that has signature 1. Since J C {n+1,...,3n}, then vJ C {1,...,2n} and
we consider K’ to be the complement of J' = v.J in {1,...,2n}. It follows
that
[7p] N [X?] = [Id x7a x Id] N [X?]
= (—1)"(Id xA x Id),[X?] = (=1)"D,[X?].
Therefore [rp] = [tH] and (ev x ev)*[3] = [ros]. O

4. Compatibility with the Chas—Sullivan product

In this section we suppose that Y* is a closed, oriented, connected man-
ifold of dimension k and we endow H.(Y,C.(QY)) with the ring structure
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induced by the product
CSpa : Hi(Y,C.(QY)) ® H;(Y,Ci(Y)) — Hiyj_n(Y,Ci(QY)).

Let f : X — Y be a continuous map and let I := I : X2 5 Y x X2,
I(z,2') = (f(z),z,2'). Define

v Hiy(Y,CL(QY)) @ Hy (X2, C.(QY))

COVE H k(Y x X2, 0.(QY2))
— s Hiyy (X2, I CL(QY))
— Hipioi(X?,0.(9Y)),

where m : LY oy Xev, Px,fY — Px,sY is the morphism of fibrations over X2
induced by the concatenation.

PROPOSITION 4.1. — The pairing
o Hiy(Y,Cu(QY)) @ Hj(X?,Co(QY)) — Hiy; (X2, C(QY))

induces a left H,(Y, C.(2Y))-module structure on H,(X?,C.(QY)) with the
additional property that if v € H.(Y,C.(QY)) and 7,7 € H.(X?, C.(QY)),
then

v M PPpa(r® 1) =PPpa((y-m7)@T).
COROLLARY 4.2. — This module structure induces a morphism of rings
Hi(Y,C.(QY)) — Hipn_ (X2 C.(QY))
y+—7 M lpp.

Proof of Proposition 4.1. — We now prove that -;; is indeed a module
structure, i.e. for all 7,7 € H.(Y,QY) and 7 € H,(X2,QY)

CSpc(Y®@Y) mT=7m (Y m7).

Denote F' = C,(QY?) for any i € N* and F = F! = C.(QY) Let
o' € Ho(Y, F) and v € H, (X2, F).

CSpe(Y®7') m 7= (1) (D)7 F 0 I o K o (M ® 1d)
o(A@Id) o (K@Id)(y®y @17).

N a (’)// o 7_) _ (_1)1€|T|(_1)k(\7/\+|‘r\—k)(_1)’“‘7‘7%O LioKo (Id ® ﬁ”b)
o(ld@ ) o(Id® K)(y®~ ®1).
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The equality CSpa(y ®7') & 7 =7 -m (¥ - 7) is hence equivalent to
the commutativity of the following diagram up to the sign (—1)*I7I+*7I, For
readability, we denote H, := H,(X?,F) in the following diagrams.

H(Y, P e H — U g (v, e H —2%0 bV, A F) o He — " H(Y, F) © H.

19K JK (1) J’K K
HY,F) @ H(Y x X2, F) — 5 g2 x x2,7) 2D g (v « X2, (A x 1 F) 0 By x X2, F2)

Jm‘ (2 I(lxl)v JL J

H (Y, F)® Ho(X2, I*F2) — 5 H(v % X2, (1% 1)*F3) — "y B (X2, (A x 1) F8) ™0 | (X2, 17 F?)

~

Jl&ﬁl Jl’x\;l ) JI’&T" ) 7
HAY,F) @ Hy 2 HA(Y x X2 F) I S H (X2 R T L
Indeed, it is shown in [5, Lemma 6.17] the squares (1) and (2) commute
up to the sign (—1)*I71 and (—1)*! respectively. We prove that

¥ M PPpa(r®@7") =PPpa((v-m 1) ®7)

using similar arguments. This equality is equivalent to the commutativity of
the following diagram up to the sign (—1)*7'I(=1)kn(=1)"I1.

H(Y,FeoH®? " g vxx2FP) el — % sg(x2rr)eH — "2, [ge
10K K 1) K K

H(V,F) o H(X"\ 72— 5 g xt, 7 — DD g (x1 (T x 1)) — L g (X, 7

lwgu‘ (2) l(lxD)[ Jn‘ J/u,

H.(Y, F) @ H, (X3, D*F2) — 5 H,(Y x X3, (1 x D)*F3) — "5 H.(X3, (I x 1) D*F3) 2% (X3, D F?)
1®m JI/X\T/H ixm I

HY, F) © Ho(X3 p"F) — 5 H(Y % X3, (1 x p) %) — D g (03, p T F2) — 2 (X5, F)

ll@m l(lxrl)* (3) Jf’* l"*

H(Y,F)oH ——% S H.(v x X2 F?) d H(X2I'F)— ™ g,

It is shown in [5, Lemma 6.17] that the squares (1) and (2) commute up
to the sign (—1)¥17'l and (—1)¥1| respectively. We now prove that square (3)
commutes up to the sign (—1)*" using Lemma 3.2.

First, we check that (Id x p)o (I xId) = Top: X3 =Y x X2 (a,b,c) —
(f(a),a,c) and

(Id x p)~'(I(X?) = {(f(a),a,b,¢), (a,b,c) € X7} = (I x Id)(X?).

The normal bundles Ny 2 TY = Nj4iq are isomorphic and their orien-
tations are given by the rules

(Or X2, 0r Ny) = (OrY,Or X?)
and
(Or X3, 0r Nyy1q) = (OrY, Or X3).
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We compute
(Or X3,0r N;) = (=1)"*(Or X2,0r N7, Or X)
(—=1)"*(OrY,Or X2, Or X)

(=1)"*(OrY, Or X3).

Therefore Or Ny = (—=1)"* Or Nju1q. It follows that the square (3)
commutes up to the sign (—1)"*. O

5. Homotopy invariance

We prove here that the ring and module structure on H,.(X?,C.(QY))
only depends on the homotopy type of f : X — Y. More precisely, if g :
X — Y is a continuous map homotopic to f, there exists a chain homotopy
equivalence

CL (X2, 2, (f x )7 CL(QY)) — Cu(X2E, (g x g)*Cu(QY))

~C.(Px,5Y) ~C,(Px,qY)

that induces an isomorphism of rings and modules at the homology level.
We recall the notations
and

We will also prove that if Xy C Y7 and X5 C Y5 are manifolds included
in topological spaces Y7, Y5 such that there exists a homotopy equivalence of
pairs ¢ : (Y1, X1) — (Y2, X3), then there exists an isomorphism of rings

H,((X1)%, C.(QY1)) = H.((X2)?, C.(QY2)).

5.1. DG Identification morphism in the case of fibrations

Let (X,*) and (Y, *y) be pointed, oriented, closed, and connected man-
ifolds. Let F < E 5 Y be a fibration and ® : E xXevy, PY — E be a
transitive lifting function associated with this fibration. Let ¢g, 01 : X =Y
be two homotopic maps such that g (*) = p1(*) = *y. Let ¢ : X x[0,1] = Y
be a homotopy between ¢y = ¢(-,0) and @1 = ¢(+,1). Denote

X —PY

KN (s = p(z,8))
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the map that sends « € X to the path going from ¢g(x) to p1(z) defined by
the homotopy ¢.

PROPOSITION 5.1. — Let E = (f,&,...) be a set of DG Morse data
on X. The morphism of fibrations

yo. FOE 0B
(x,€) — (2, D(e,my()))

induces a chain homotopy equivalence

that satisfies the same properties as the Identification morphism defined in [2,
Proposition 8.2.1]. More precisely, it holds that:

(1) If p =1d is the constant homotopy at g, then Pld —1q.

(2) If two homotopies ¢ and ¢’ are homotopic with fized endpoints, then
0% and V¥ are chain homotopic.

(3) If po1 is a homotopy between o and p1 and w12 is a homotopy
between 1 and @y, then denoting o2 the concatenation of po1 and
p12 we have that W¥12 o U¥01 gnd WU¥o2 are homotopic. Therefore,

Ej@lz o \T;tpm — \Tjtpm

in homology. In particular % s always a chain homotopy equiva-
lence of chain homotopy inverse Vi

(4) The maps T¥ o wo, and @1, are homotopic.

(5) The maps @1 4 © U and o, are homotopic.

Proof of Proposition 5.1.

Proof of (1). — If b =mnua(z) is the constant path at pg(x) = 7(e), then
®(e,b) = e. It follows that ¥4 =1d and ¥4 =1d.

Proof of (2). — Let H : X x [0,1]> — Y be a homotopy with fixed
endpoints between H(-,-,0) = ¢ and H(-,-,1) = ¢’. For s € [0, 1], denote
H(-,-,s) =: H,. Consider the family of morphism of fibrations

u, . $oF — B

(w,€) — (2, ®(e,nu, (x)))

for s € [0,1]. This is well-defined since H,(-,0) = po = ¢ and Hy(-,1) =
1 = ¢} for all s € [0, 1]. For each s € [0, 1], the morphism of fibrations W

- 610 —



The Path-product in DG Morse Homology

induces the morphism of complexes

= (W © 1) : Cu(X.E, g CL(F))

— P Ci(F) @ ZCrit;(f).
itj=k
Therefore, the map

W Cu(XE,@5Cu(F) — D Cia(F) ® Z Crity (f)
i+j=k

AT s+ Z(‘I’fﬂ ® 1)IY1”(04 ® )
n
satisfies _ B .
v 1wy = u¥ — v,

Proof of (3): This is a direct application of [5, Corollary 5.18]. Indeed,
since

12 0 U9 (z,e) = (2, B(P(e, Ny, (7)), N1y ()
(aj,q)(e Mot (2 )#77@12(35)))
= (z, @(€, Ny, (7))
= U¥(z,e),

it follows that W12 o Pwor = Qo2
Proof of (4). — For s € [0,1], define
Ul of'E — ofF
(z,e) — (x,@(e,n@(x)hsyu))
and consider

ki CulY By, Cu(F)) — Capy1 (X, B, 01 Cu(F))
a@z— s Ulogp,
Then, N
Ok + KO =1, — VP o).
Proof of (5). — It’s the same considering
Ko CulX, B 01 Cu(F)) — Cog (Y, Ey, Cu(F))
BRY— s+ ¢, 0%,

where
OO OfF — OfF

(z,e) — (z,@(e,mp(x)“o,s])). a
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5.2. Invariance with regard to the homotopy type of f: X — Y

Denote ¢4 : X x [0,1] = Y a homotopy between ¢y 4(-,0) = f and
©f,9(-, 1) = g. Denote

0hg: X2x[0,1] — Y2 ¢F (a,b,t) = (prg(at), 07,4(b,1))
and 2 = @ : X2 x[0,1] = Y. For readability, if a € X, we will use the
notation
n(a) = (s — ¢£,4(a,5)) € Pr(a)—g(a)Y-

Proposition 5.1 states that the morphism of fibrations

Upgi=U¥o:  Pyj¥V — PxgV

(z0,21,7) — (20, 21, n(w0) " yn(21))

induces the chain homotopy equivalence

Uyt Cu(X2E, CL(QY); f) — Cu(X?E,C(QY ); )

with chain homotopy inverse

U, = U¥0r : Cu(X2,E, CL(QY); g) — Cu(X2,E, C.(QY); /).
PROPOSITION 5.2. — The isomorphism
Uy Ho(X?, Co(QY); f) = Ho(X?,C.(QY); g)
is an isomorphism of rings.

Proof. — To prove that it is an isomorphism of rings, we show that the
following diagram commutes:

HL (X2,CL (Y ); ) s HL(X2,C.(2Y ) 9)

K K

WrgxWsg

H.(X*,C.(QY2); f) H, (X*,C.(QY?);9)

D, D,

D*W; Xy,
7

H, (X3, D*C.(QY?); f) H, (X?,D*C.(2Y?); g)

m m

H, (X3, p*C.(QY); f) e g, (X2, p*Cu(QY); 9)

P« Px

H,(X2,C(QY), f) ——2 5 B, (X2,C.(2Y), ).
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All the squares commute by basic properties about the maps induced by
morphisms of fibrations. We only have to check that, in homology,

0 (Wig X Wsg)e ="sgs0my: Hi(Px fevy Xevy Px,f) — Hi(Px.,g)-
Indeed, the maps
moWg, x Up,:
Px.f evs Xevo Px,f — Px,q
(z0, 21, T2,71,72) — (20, x2,n(x0) " yan(z1)n(z1) M y2en(22))
and
Wrgom: Px few Xewy Px,f — Px,g
(0, T1,T2,71,72) — (20, T2, m(x0) " Y1721 (22)),
are homotopic. This concludes that
Uy Ho (X2, CL(QY); f) = Ho(X?,C.(QY); )
is an isomorphism of rings. O
PROPOSITION 5.3. — The isomorphism
Uy Ho(X2,ClQY); f) 5 Ho(X2,CL (2 ) g)
is an isomorphism of H. (Y, C.(QY))-modules.

Proof. — We prove that the following diagram commutes:

H.(Y,C.(Q)) @ Ho(X?,C(QY); ) 9% g, (Y, C.(QY)) ® Hi(X?,C(QY); g)
K K
H.(Y x X2,C.(QY2): f) Dl H.(Y x X2,C.(QY2); g)
Ig, Ig,
Iy,
H*(X2>I;C*(QY2)7JE) el H*(X2’I;C*(Qyz)7g) Ig:

\T/H

m H (X2 I;C.(QY); 9)

‘i’ﬁy

H.(X2,0.(QY); f) H.(X?,C.(2Y); 9)

where H : X? x [0,1] =Y x X2, H(a,b,t) = (¢y,4(a,t),a,b) is a homotopy
between Iy : X2 = Y x X2, I¢(a,b) = (f(a),a,b) and I, : X* =Y x X2,

- 613 —



Robin Riegel

I,(a,b) = (g(a),a,b). Therefore
T LY o X fleve) Px.gY — LY ey X geve) Px.gY
(7: (o, 21, 7)) ¥ (n(x0) ~"yn(0), (w0, 21, 7).
It follows from compatibility properties between morphisms of fibrations,

shriek maps and K that the two squares on the top commute. Proposi-
tion 5.1(4) states that W o Iy, = I ,. Since

LY oy X f(eve) Px,fY — Px 4V
(7, (o, 21, 7)) — (0, 21, n(w0) ™"y (20)n(20) ™ T0(21))
is homotopic to
Urgom: LY ovXjpievy) Px,sY — Px Y — Px Y
Uy g0om(y, (vo,21,7)) = (20, 21,m(20) " y70(21)),

it follows that m o W o (1 x W ) = Wy, 0m : Ho(X? I;C.(QY?); f) —
H (X2, C.(QY); 9).
This concludes that the diagram commutes and that \Tlf,g : H*(Xz,

C.(QY); f) = H.(X2,C.(QY); g) is an isomorphism of H, (Y, C,.(QY))-mo-
dules. 0

5.3. Homotopy invariance of the product

Let Y1,Ys be two topological spaces and X3 zC1 Y1, X5 ZC2 Y5 be two
pointed, oriented, closed, and connected manifolds. Assume that there ex-
ists a homotopy equivalence of pairs ¢ : (Y1,X;) — (Y2,X3) and denote
Y 1 (Yo, X3) — (Y1,X;) a homotopy inverse of . Denote n = dim(X;) =
dim(X3) and d = deg(¢|x,) € {—1,1}.

We will denote Py : Px, Y1 — ¢>*Px,Ys the morphism of fibrations over
(X1)? defined by

IPQO(IOVIM’Y) = (Io,LEl, @ o 7)

The map Py is a homotopy equivalence and therefore induces an isomor-
phism

Po: Ho((X1)2% CL(QY1)) — H.((X1)% ¢>* Cu(QY2)).
PROPOSITION 5.4. — The map
pp = d- (Pp)™ o (¢%)1: Ho((X2)?, Cu(Q¥2)) — H.((X1)%, C.(OV1))

is an isomorphism of rings.
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Proof. — It suffices to prove that the following diagram commutes up to
the sign d.
P

HL (X202, Ca(¥2))22 — 0 B (X)), 2 0L (Q92))2 T HL((X,)2, 0. (1))

K K K
) L
HL((Xa)t, CL(QV2)) — 22 B (01, 08 CL(QY2)) 222 (30), CL (QYR)
Ds Dy, Dy
(£*) D} PoxPe

H.((X2)?, D3CL(QVF)) ——— H.((X1)%,9>* D1 CL(AF)) H,((X1)?, DICL.(QY7))

Mo > "1y M

. 3), . P )
HL((X)%, 3 (QY2)) — 22 B, ((X0)%, pip? Cu(QXa)) 08— HL(X0)2, piCa(O11))

D2,% (%) P1,+ P1,+

H.((X2)*, C.(211)) e, H(X1)?, % CL(02)) 62— HL((X1)%, C. (1)),

The square (x) commutes up to the sign d since (¢®); = d®(p?);?
2

d(¢®); " and ()1 = d*(9?)1 = (¥7) "

PROPOSITION 5.5. — The isomorphism ¢x : H.((X2)% Ci(QY2)) —
H.((X1)?,C.(QY1)) satisfies the equation

O

V€ H,(Y2,Cu(QY2)), V7€ H((X2)? Cu(QY2)),
ey T) = 05(7) M (1),
where gpi = Z’Zpil oy : Hy(Y3, Ci(QY3)) — H.(Y1,C.(2Y7)) is the ring

isomorphism induced by the homotopy equivalence ¢ : Y7 — Yo (see [5,
Proposition 7.13]).

Proof. — Denote F/ = C,(QY/) and F; = F} for i € {1,2} and j > 0.
The following diagram commutes and concludes the proof.

01®p? Lo®Py
H.(Ys, Fo) @ H(X3, o) —220 H.(V, 0" Fa) © Ho (X2, 02 o) <208 |, (Y, Fr) @ Ho (X2, F1)

y | I+ y

H(Yax X2,F0) — 2 s H.(Vi x X2, F) —22P2 gV x X2, 72)
J[ JI lf
. il e 1 LoxPy .
H.(X3, I3 F§) ————————— H.(X{, I} F}) : H. (X}, I3 F})
lfn J&*m lfn
2 [ 2 2% Py 2
H.(X3,Fy) —————————— H (X7, p** Fo) ¢4 H.(X{, ).
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