
C EN T R E
MER S ENN E

Publication membre du centre
Mersenne pour l’édition scientifique ouverte

http://www.centre-mersenne.org/
e-ISSN : 2258-7519

RÉMI DELLOQUE AND KIUMARS KAVEH
Generalized amoebas for subvarieties of GLn(C)

Tome XXXV, no 3 (2026), p. 651–695.

https://doi.org/10.5802/afst.1860

© les auteurs, 2026.
Les articles des Annales de la Faculté des Sciences de Toulouse sont mis
à disposition sous la license Creative Commons Attribution (CC-BY) 4.0
http://creativecommons.org/licenses/by/4.0/

http://www.centre-mersenne.org/
https://doi.org/10.5802/afst.1860
http://creativecommons.org/licenses/by/4.0/


Annales de la faculté des sciences de Toulouse Volume XXXV, no 3, 2026
pp. 651-695

Generalized amoebas for subvarieties of GLn(C) (∗)

Rémi Delloque (1) and Kiumars Kaveh (2)

ABSTRACT. — The paper addresses the problem of generalizing theory of amoebas
from tropical geometry in algebraic torus to other reductive algebraic groups. The
logarithm of singular values of a matrix has been suggested as an analogue of the
logarithm map on the algebraic torus (C∗)n for the general linear group GLn(C).
We call the image of a subvariety under this logarithm map a matrix amoeba. In
this paper, we establish the main properties of these matrix amoebas, in particular,
extending the notion of Ronkin function to this setting. For hypersurfaces, we show
how to describe the asymptotic directions of the matrix amoebas using a notion of
Newton polytope and study the relationship between matrix amoebas and spherical
tropical varieties. Our matrix amoebas should be considered as the Archimedean
version of the spherical tropicalization of Tevelev–Vogiannou for the variety GLn(C)
regarded as a spherical homogeneous space for the left-right action of GLn(C) ×
GLn(C).

RÉSUMÉ. — Cet article a pour but de généraliser la théorie des amibes (en géo-
métrie tropicale) sur les tores algébriques à d’autres groupes algébriques réductifs.
Le logarithme des valeurs singulières d’une matrice est proposé comme analogue de
l’application logarithme sur un tore algébrique (C∗)n pour le groupe général linéaire
GLn(C). On appelle amibe de matrices l’image d’une sous-variété par cette applica-
tion. Dans cet article, on montre les propriétés principales de ces amibes de matrices,
en particulier en généralisant la notion de fonction de Ronkin à ce contexte. Pour les
hypersurfaces, on montre comment décrire les directions asymptotiques des amibes
de matrices grâce à une généralisation du polytope de Newton et on étudie la re-
lation entre les amibes de matrices et les variétés tropicales sphériques. Ces amibes
de matrices devraient être considérées comme la version archimédienne de la tropi-
calisation sphérique de Tevelev–Vogiannou pour la variété GLn(C) vue comme un
espace homogène sphérique pour l’action à gauche et à droite de GLn(C) × GLn(C).
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1. Introduction

The logarithm map on the algebraic torus (C∗)n sends a point to the log-
arithm of absolute values of its coordinates. The image of a subvariety under
the logarithm map is called its amoeba. The notion of amoeba was introduced
by Gelfand, Kapranov and Zelevinsky ([6]) to study the asymptotic behav-
ior at infinity of subvarieties in (C∗)n. An important question is whether the
theory of amoebas and tropical geometry can be extended to subvareities in
other reductive algebraic groups and their homogeneous spaces. The present
paper initiates this by answering some of the main questions in the case of
subvarieties in GL(n,C).

In [10, Section 7] and [9], the logarithm of singular values of a matrix has
been suggested as an analogue of the logarithm map on the algebraic torus
(C∗)n for the general linear group GLn(C). We call the image of a subvariety
in GLn(C) under this logarithm map a matrix amoeba. In this paper we
establish main properties of matrix amoebas and study their relationship
with spherical tropical varieties. The ultimate ambitious goal is a theory of
amoebas in arbitrary spherical homogeneous spaces for reductive algebraic
groups.

We start with some background and motivations. From the point of view
of algebraic geometry, tropical geometry is concerned with describing the
“(exponential) behavior at infinity”, of subvarieties in (C∗)n where C∗ =
C\{0}. With componentwise multiplication, (C∗)n is an abelian group. It is
usually referred to as an algebraic torus and is one of the basic examples
of algebraic groups. A subvariety of (C∗)n is called a very affine variety.
The behavior at infinity of a subvariety Y ⊂ (C∗)n is encoded in a union
of convex polyhedral cones called the tropical variety of Y . There are (at
least) two natural ways to define the tropical variety of a very affine variety:
(1) using the formal Laurent series and tropicalization map, and (2) using
the logarithm map.

Tropicalization map (on torus)

Let K = C((t)) be the field of formal Laurent series in one indetermi-
nate t. Then the algebraic closure K = C{{t}} =

⋃∞
k=1 C((t1/k)) is the field

of formal Puiseux series. The field K comes equipped with the order of van-
ishing valuation val : (K)∗ = K\{0} → Q defined as follows: for a Puiseux
series f(t) =

∑∞
i=m ait

i/k, where am ̸= 0, we put val(f(t)) = m/k. The
valuation val gives rise to the tropicalization map trop from (K∗)n to Qn:

trop(z1(t), . . . , zn(t)) = (val(z1(t)), . . . , val(zn(t))).

– 652 –



Matrix amoebas

Let Y ⊂ (C∗)n be a subvariety with ideal I = I(Y ) ⊂ C[x±
1 , . . . , x±

n ]. Let
Y (K) denote the Puiseux series valued points on Y , that is, Y (K) = {z(t) =
(z1(t), . . . , zn(t)) ∈ (K∗)n | ∀ f ∈ I, f(z1(t), . . . , zn(t)) = 0}. The tropical
variety of Y is the closure (in Rn) of the image of Y (K) under the map
trop. One shows that the tropical variety of a subvariety always has the
structure of a fan in Rn, that is, it is a finite union of (strictly) convex
rational polyhedral cones (see [11, Chapter 3]).

Logarithm map (on torus)

The logarithm map Log : (C∗)n → Rn is defined by:
Log(z1, . . . , zn) = (ln |z1|, . . . , ln |zn|). (1.1)

Clearly the inverse image of every point is an (S1)n-orbit in (C∗)n. Here S1

denotes the complex unit circle and
(S1)n = {(z1, . . . , zn) | |z1| = · · · = |zn| = 1},

which is the maximal compact subgroup in (C∗)n.

For a subvariety Y ⊂ (C∗)n, its (Archimedean) amoeba A(Y ) is the image
of Y in Rn under the logarithm map Log. Amoebas were introduced in
[6, Section 6.1], as a means to study the asymptotic behavior at infinity of
subvarieties in (C∗)n. An amoeba goes to infinity along certain directions
usually called its tentacles (and hence the name amoeba). The directions
along which an amoeba goes to infinity in fact coincides with the tropical
variety of Y . More precisely, we have the following fact that goes back to
Bergman [2] (in a different form and before the notion of tropical variety
was introduced):

As ρ→ 0+, the rescaled amoeba ρA(Y ) approaches − trop(Y ),
the negative of the tropical variety.

When Y is a hypersurface this is relatively easy to show and basically ap-
pears in [6, Section 6.1, Proposition 1.9]. Even though the statement that, for
arbitrary Y , the amoeba approaches the tropical variety has been known as
a folklore, a precise formulation and proof only appeared relatively recently
in ([7, Theorem A]).

It is natural to ask whether tropical geometry and notions of tropicali-
zation and logarithm map can be extended to other classes of varieties with
group actions. To this end, it is natural to consider spherical homogeneous
spaces G/H where G is a reductive algebraic group over C. We recall that
a G-variety is called spherical if a Borel subgroup (and hence all Borel sub-
groups) have an open (hence dense) orbit. The notion of tropicalization has
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been extended to spherical homogeneous spaces in the work of Tevelev and
Vogiannou [16]. Suggestions for the notion of logarithm map on spherical ho-
mogeneous spaces appear in [1, 10]. In the case where the homogeneous space
is GLn(C) the spherical logarithm map is the logarithm of singular values of
a matrix [9]. Here we consider GLn(C) as a spherical homogeneous space for
the left-right action of G = GLn(C)×GLn(C), thus identifying GLn(C) with
(GLn(C)×GLn(C))/ GLn(C)diag where GLn(C)diag = {(g, g) | g ∈ GLn(C)}.

Main results

For an n× n matrix A we let sLog(A) to be the collection of logarithms
of singular values of A (see Definition 2.1). This defines the spherical loga-
rithm map sLog : GLn(C)→ Rn/Sn, where Sn is the group of permutations
(symmetric group). We call the image of a subvariety Y ⊂ GLn(C) under
the logarithm map sLog, the matrix amoeba or spherical amoeba of Y and
denote it by sA(Y ).

In this paper, for any subvariety Y ⊂ GLn(C), we show the following:

• The matrix amoeba sA(Y ) is closed.
• Each connected component of the complement of sA(Y ) is convex

when Y is a hypersurface.
• We give an analogue of the notion of Ronkin function and show

that it is affine on each connected component of the complement of
sA(Y ) when Y is a hypersurface.

• For a regular function f ∈ C[GLn] we consider its spherical Newton
polytope (also called its weight polytope). When Y is a hypersurface
given by an equation f = 0, we give a description of the asymptotic
directions in sA(Y ) (in other words, the spherical tropical variety
of Y ) in terms of the spherical Newton polytope of f .

• We show that the limit of the sets ρ sA(Y ), as ρ→ 0+, contains the
spherical tropical variety of Y (in the sense of Tevelev–Vogiannou).
Moreover, it coincides with the spherical tropical variety when Y is
a hypersurface.

Remark 1.1. — We point out that a very general construction of a log-
arithm map and amoeba appears in [3]. It is an interesting question to in-
vestigate the connection between our notion of logarithm map and the one
in [3] (in the case of general linear group).

Remark 1.2. — We expect that the constructions, statements and proofs
in the present note, with little change, extend to arbitrary connected reduc-
tive algebraic groups over C.
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Section 2 contains the definitions of matrix amoebas and some basic prop-
erties that will justify the definitions. Section 3 is a study of the geometric
aspect of matrix amoebas of hypersurfaces. Section 4 is a small digression
about representations of the general linear group and Newton polytopes.
Section 5 generalises the Bergman theorem [2] that links amoebas to trop-
ical varieties. Finally, Appendices A and B are dedicated respectively to
notations and technical lemmas.

2. Definitions and elementary results

2.1. Definitions and results in the torus

We recall that the algebraic torus T = (C∗)n and the matrix group
GLn(C) are affine varieties:

T ∼=
{

(z1, . . . , zn, w) ∈ Cn+1 ∣∣ z1, . . . , znw = 1
}

,

GLn(C) ∼=
{

((aij)1⩽i,j⩽n, z) ∈ Cn2+1
∣∣∣ det(aij)z = 1

}
.

A subvariety of the algebraic torus is the set of all the common zeros of the
functions of an ideal I of C[T ], the ring of regular functions on T . In fact,
C[T ] = C[X±] = C[X±

1 , . . . , X±
n ] is the ring of Laurent polynomials with

n indeterminates. The concept of amoeba of a very affine variety, that is,
a subvariety of T , was introduced by Gelfand, Kapranov and Zelevinsky
in [6]. The amoeba of a very affine variety Y = V (I) is defined to be its
image under the Log map,

Log :
{

T −→ Rn

z 7−→ (ln|z1|, . . . , ln|zn|).

We denote it by A(Y ) or A(I), or A(f) when I = (f) is principal. It is known
that an amoeba is a closed subset of Rn and all the connected components
of its complement are convex. The asymptotic directions along which an
amoeba approaches infinity is a finite union of polyhedral cones which is the
tropical variety of Y . When I = (f) is a principal ideal of C[X±], one can
describe the tropical variety using the Newton polytope of f : the support
Sf of f is the set of exponents m = (m1, . . . , mn) ∈ Zn such that the
coefficient of f at Xm = Xm1

1 . . . Xmn
n is non zero and the Newton polytope

Newt(f) of f is the convex hull of its support. Bergman showed in [2] that
the asymptotic directions on which A(f) goes to infinity (that is, its tropical
variety), coincides with the (n − 1)-skeleton of the normal fan of Newt(f).
For more details, see [11, Section 1.4].
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2.2. Definitions in GLn(C)

To extend the notion of amoeba to other classes of varieties (in place of
the torus) we need an extension of the notion of Log map. We note that
the logarithm map Log : (C∗)n → Rn is invariant by multiplication with
elements of the compact torus (S1)n. The compact torus is the maximal
compact subgroup of (C∗)n. Similarly, the unitary group U(n) is a maximal
compact subgroup of GLn(C). Recall from linear algebra that the singular
values decomposition states that GLn(C) = U(n)DnU(n) where Dn is the
subgroup of diagonal matrices with positive real entries. If we write A ∈
GLn(C) as A = PDQ where P , Q are unitary matrices and D is diagonal
with positive diagonal entries, the diagonal entries of D are the singular
values of A.

Definition 2.1. — Following [10] we define the matrix logarithm map
(or spherical logarithm map) on GLn(C) as follows:

sLog :
{

GLn(C) −→ Rn/Sn

A 7−→ (ln(λ1), . . . , ln(λn)),
where the λk are the singular values of A.

Here Sn is the symmetric group (the group of permutation of {1, . . . , n})
which acts on Rn by permuting the coordinates.

We remark that the s in sLog stands for spherical. This is because,
GLn(C) with left-right action of GLn(C)×GLn(C) is an important example
of a spherical homogeneous space.

By abuse of terminology and notation, we may identify subsets of Rn/Sn

with subsets of Rn invariant under permutations. Similarly, we identify func-
tions on Rn/Sn with functions on Rn that are invariant under permutations
of the coordinates.

We note that |sLog(A)| → +∞ when at least one of the entries of A ap-
proaches infinity or when A approaches a non-invertible matrix. We will see
in Section 5 other reasons that make of sLog a good generalisation of Log.
Recall that the singular values of a matrix A are the square roots of the
eigenvalues of the Hermitian non negative matrix (positive when A is invert-
ible) AA∗ (or A∗A). Any matrix A can be written as UDV ∗ with U and V
invertible and D non negative diagonal. Then, the diagonal coefficients of D
are the singular values of A.

Definition 2.2. — When I ⊂ C[GLn] (the ring of regular functions
on GLn(C)) is an ideal, the matrix amoeba of a matrix spherical variety
Y = V (I) is sA(Y ) = sA(I) = sLog(Y ) ⊂ Rn/Sn. We shall refer to sA(I)
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as matrix amoeba (or spherical amoeba) of Y . When there is no ambiguity
we may simply refer to it as the amoeba of Y .

We will need a last definition that will help us to make the link between
classical and matrix amoebas.

Definition 2.3. — Let f ∈ C[GLn(C)] be a regular function and let A,
B be invertible matrices. We define ΨA,B as follows:

ΨA,B(f) :
{

T −→ C
z 7−→ f

(
A diag(z) B−1),

where diag(z) is the diagonal matrix with coordinates of z as diagonal entries.
ΨA,B is a C-algebra homomorphism from C[GLn(C)] to C[X±].

We recall that C[GLn(C)] is the ring of functions of the form detN f where
f is a polynomial in the matrix entries and N ∈ Z.

2.3. Elementary properties of matrix amoebas

We begin by showing that matrix amoebas are closed in Rn/Sn (with
respect to the natural topology on it). Since all subvarieties are closed, it is
enough to show that sLog is a closed map.

Lemma 2.4. — For any A ∈ GLn(C) we have:

|sLog(A)|∞ = 1
2 max

{
ln∥AA∗∥, ln

∥∥(AA∗)−1∥∥}
= max

{
ln∥A∥, ln

∥∥A−1∥∥}+ O(1),

where | · |∞ is the infinite norm and ∥ · ∥ is the operator norm associated the
Euclidean norm on Cn.

Proof. — Let A ∈ GLn(C). The matrix AA∗ is a positive Hermitian ma-
trix so it can be written as U diag(λ) U∗ with U unitary and λ = (λ1 ⩾
· · · ⩾ λn > 0). Moreover, being Hermitian, its norm is equal to its spec-
tral radius λ1. Also (AA∗)−1 = U diag(λ−1

1 , . . . , λ−1
n ) U∗. Thus the norm of

(AA∗)−1 is λ−1
n and we have

1
2 max

{
ln∥AA∗∥, ln

∥∥(AA∗)−1∥∥} = 1
2 max{ln(λ1), − ln(λn)}.
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On the other hand, the singular values of A are the square roots of the
eigenvalues of AA∗, namely,

√
λ1, . . . ,

√
λn. We deduce that

|sLog(A)|∞ = max
{∣∣∣ln(√λ1

)∣∣∣, . . . ,
∣∣∣ln(√λn

)∣∣∣}
= 1

2 max{ln(λ1),− ln(λ1), . . . , ln(λn),− ln(λn)}

= 1
2 max{ln(λ1),− ln(λn)},

which proves the first equality.

The second equality comes from the fact that A 7→
√
∥AA∗∥ is a norm

(the spectral norm) and the equivalence of norms in finite dimensional vector
spaces. □

Proposition 2.5. — sLog is continuous for the distance d : (x, y) 7→
minσ∈Sn{∥σ · x− y∥} on Rn/Sn.

Proof. — First of all, it is straightforward to see that d is a well-defined
distance for which

φ :
{
{x ∈ Rn | x1 ⩽ · · · ⩽ xn} −→ Rn/Sn

x 7−→ Sn · x

is an isometry. If (Am)m∈N is a sequence of invertible matrices that con-
verges to some invertible matrix A. Then AmA∗

m −−−−−→
m→+∞

AA∗ and thus
the characteristic polynomial χAmA∗

m
converges to the characteristic polyno-

mial χAA∗ . By the continuity of the roots of a polynomial [14] we see that
sLog(Am) −−−−−→

m→+∞
sLog(A). That is, sLog is continuous. □

Proposition 2.6. — sLog is proper, hence closed.
Proof. — Let K ⊂ Rn/Sn be compact. By Proposition 2.5, sLog−1(K)

is closed, by continuity of sLog and closedness of K. By Lemma 2.4 and
by boundedeness of K, there are positive real numbers r, R such that for
all matrices A ∈ sLog−1(K), r ⩽ ∥A∥ ⩽ R. In particular, sLog−1(K) is
bounded in the vector space of matrices, hence it is compact. It proves that
sLog is proper. Now, the space Rn/Sn is Hausdorff and locally compact, thus
any proper map X → Rn/Sn is closed with compact fibres. In particular,
sLog is closed.

An other way to see the properness of sLog is to notice that it factorises
as a continuous map GLn(C)/(U(n)×U(n))→ Rn/Sn because the singular
values of a matrix only depend on its equivalence classes modulo the left-
right action of U(n)×U(n). This map is actually a homeomorphism and we
deduce the properness of sLog by the compactness of U(n)×U(n). □

Corollary 2.7. — Any matrix amoeba is closed.
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Next, we describe matrix amoebas in terms of classical amoebas (in the
torus).

Proposition 2.8. — For any ideal I ⊂ C[GLn] we have

sA(I) =
⋃

(U,V )∈U(n)×U(n)

A(ΨU,V (I)).

Proof.

⊂. — If x ∈ sA(I), x can be written as (ln(λ1), . . . , ln(λn)) where the
λk are the singular values of a matrix A ∈ V (I). Therefore, we can write A
as U diag(λ) V ∗ with U and V unitary. Then for all f ∈ I we have:

0 = f(A) = f(U diag(λ) V ∗) = ΨU,V (f)(λ).
Thus λ ∈ V (ΨU,V (I)) which shows that x = Log(λ) ∈ A(ΨU,V (I)).

⊃. — Let U and V be unitary matrices and x ∈ A(ΨU,V (I)). We can
write x as Log(z) = (ln|z1|, . . . , ln|zn|) where z ∈ V (ΨU,V (I)). For all f ∈
I, we have 0 = ΨU,V (f)(z) = f(U diag(z) V ∗). Let A = U diag(z) V ∗.
The singular values of A are the square roots of the eigenvalues of AA∗ =
U diag(z) diag(z)U∗ = U diag(|z1|2, . . . , |zn|2) U∗, i.e., |z1|, . . . , |zn|. As for
all f ∈ I, f(A) = 0, we deduce that (z1, . . . , zn) is in V (f) so x = Log(z) ∈
sA(I). □

Even thought the union in the above proposition is over an uncountable
set, it is still useful. For example we can use it prove the following.

Proposition 2.9. — For any f ∈ C[GLn(C)], the connected compo-
nents of sA(f)C are convex.

Proof. — By Proposition 2.8, we know that

sA(f)C =
⋂

(U,V )∈U(n)

A(ΨU,V (f))C .

Let C be a connected component of sA(f)C and let x, y ∈ C. For all unitary
matrices U , V we have C ⊂ sA(f)C ⊂ A(ΨU,V (f))C . This shows that x
and y belong to the same connected component in A(ΨU,V (f))C which is
convex. Therefore the line segment joining x and y lies in A(ΨU,V (f))C , for
any unitary matrices U , V . It follows that this line segment lies in sA(f)C

as required. □

3. Matrix amoebas of hypersurfaces and Ronkin function

In this section we study matrix amoebas for hypersurfaces. In particular,
we generalise the notion of Ronkin function. It was, as its name suggests it,
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introduced by Ronkin in [15]. It is a powerful tool to study the shape of
amoebas of hypersurfaces. In particular, Passare and Rullgård used it in [13]
to study the spine of the amoebas which gives an easy way to compute its
global shape and its homology. We will see how to extend these to matrix
amoebas.

3.1. Definitions and results for the torus (C∗)n

Let f be a Laurent polynomial. One defines the Ronkin function of f by:

Rf :
{
Rn −→ R

x 7−→ 1
(2iπ)n

∫
[0,2π]n ln

∣∣f(ex1+iθ1 , . . . , exn+iθn
)∣∣ dθ1, . . . , dθn.

It can be rewritten as:

Rf (x) =
∫
Tn

ln|f(ex1λ1, . . . , exnλn)| dµ(λ1, . . . , λn)

where µ is the unique probability Haar measure on the compact Lie group
Tn = (S1)n where S1 denotes the unit circle. An important property of
the Ronkin function is that it is convex on Rn, affine on every connected
component of A(f)C , and conversely, if x ∈ A(f), Rf is not affine on any
open neighborhood of x. Moreover, consider the order function νf given by
(see [4]):

νf :
{

Γ(A(f)C) −→ Rn

C 7−→ ∇Rf (x) for some x ∈ C

Then νf is injective and we have Im(νf ) ⊂ Newt(f)∩Zn (recall that Newt(f)
is the Newton polytope of f defined as the convex hull of exponents of
monomials appearing in f). Reciprocally, any vertex on Newt(f) (which
is by definition in Zn) belongs to Im(νf ). We refer to [4, 13] for several
interesting results in this regard. The vector νf (C) is called the order of the
connected component C ⊂ A(f)C .

3.2. Definitions for GLn(C)

From now on, unless otherwise stated, f is a non zero element of
C[GLn(C)]. As the unitary group U(n) is a compact Lie group, there is
a unique probability measure µ (the Haar measure) that is invariant under
left-right multiplication.
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Definition 3.1. — We define the Ronkin function of f by:

Rf :
{
Rn −→ R

x 7−→
∫

U(n)
∫

U(n) ln|f(U exp(diag(x))V ∗)| dµ(U) dµ(V )

Note that the set of all the U exp(diag(x)) V ∗ is sLog−1(x) which is compact
by properness of sLog. In [4, 15], the Ronkin function is well-defined for
any complex analytic function using the fact that ln|f | is locally integrable
whenever f is analytic and not identically zero. As this property is local,
it is also true on any Riemannian analytic manifold. U(n)2 is Riemannian
analytic and compact, thus Rf is well-defined whenever f is analytic and not
identically zero (and in particular when it is a non zero polynomial).

We will also need to look at the coefficients of the Laurent polynomials
of the form ΨA,B(f).

Definition 3.2. — Let Qm ∈ C[GLn(C)×GLn(C)] be defined by:

f
(
A diag(z)B−1) =

∑
m∈Zn

Qm(A, B)zm,

for any z ∈ T and invertible matrices A and B.

The regular functions Qm will be important in the study of matrix amoe-
bas. We define the support of f and its matrix Newton polytope using
the Qm.

Definition 3.3. — The support Sf of f ∈ GLn(C) is the set of m ∈ Zn

such that Qm is not identically zero. The matrix Newton polytope of f ,
sNewt(f) is the convex hull of Sf .

The support Sf (respectively the polytope sNewt(f)) coincides with
SΨU,V (f) (respectively sNewt(ΨU,V (f))), for generic choices of unitary ma-
trices U and V . More precisely, we have the following.

Proposition 3.4. — For almost every pair (U, V ) of unitary matrices
(with respect to the Haar measure on U(n)×U(n)), we have Sf = SΨU,V (f).

Proof. — The claim follows from Lemma B.1 applied to the Qm. □

3.3. Some properties of the Ronkin function

The following expresses the matrix Ronkin function in terms of the clas-
sical Ronkin functions. It will be useful as it allows us to reduce statements
about the matrix Ronkin function to those of classical Ronkin function.
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Proposition 3.5. — For all f ∈ C[GLn], for all x ∈ Rn,

Rf (x) =
∫

U(n)×U(n)
RΨU,V (f)(x) dµ2(U, V ),

where dµ2 denotes the Haar measure on U(n)×U(n).

Proof. — Take Ω ∈ U(n). Substituting U by UΩ, by the change of vari-
able formula, we have:

Rf (x) =
∫

U(n)×U(n)
ln|f(UΩ exp(diag(x)) V ∗)| dµ2(U, V ).

Noting that any diagonal matrix whose coefficients are in the unit circle S1

is unitary, we can rewrite Rf as:

Rf (x)

=
∫

U(n)×U(n)
ln|f(U exp(diag(x))V ∗)| dµ2(U, V ),

= 1
(2π)n

∫
Tn

∫
U(n)×U(n)

ln|f(U exp(diag(iθ)) exp(diag(x))V ∗)| dµ2(U, V ) dθ,

=
∫

U(n)×U(n)

1
(2π)n

∫
Tn

ln|f(U exp(diag(x + iθ))V ∗)|dθ dµ2(U, V ),

=
∫

U(n)×U(n)
RΨU,V (f)(x) dµ2(U, V ).

This finishes the proof. □

Proposition 3.6.
(a) Rf is convex.
(b) For all f , g, Rfg = Rf + Rg.
(c) Rdet(x) = 1 · x, where 1 = (1, . . . , 1).

Proof. — The first part immediately follows from the Proposition 3.5 and
the fact that the Ronkin function for Laurent polynomials is convex. The
two last parts follow from simple computation. □

Proposition 3.7. — Rf is invariant under permutations of the coordi-
nates.

Proof. — Let σ ∈ Sn. We denote by Pσ the permutation matrix as-
sociated with σ. It is in particular a unitary matrix. Recall that for all
z ∈ Cn, diag(σ · z) = Pσ diag(z)P ∗

σ . By the change of variable U 7→ UPσ and
V 7→ V Pσ,

Rf (σ · x) =
∫

U(n)×U(n)
ln|U exp(diag(σ · x))V ∗| dµ2(U, V )
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=
∫

U(n)×U(n)
ln|UPσ exp(diag(x))P ∗

σ V ∗|dµ2(U, V )

=
∫

U(n)×U(n)
ln|U exp(diag(x))V ∗| dµ2(U, V )

= Rf (x),
which proves Proposition 3.7. □

Therefore, Rf can be seen as a function of Rn/Sn. The classical Ronkin
function is important in the study of amoebas of Laurent polynomials be-
cause it contains the information about where the connected components of
the complement of the amoeba are. Namely, the Ronkin function is affine
on each connected component of complement of an amoeba. We have an
analogues result for matrix amoebas.

Proposition 3.8. — The Ronkin function is affine on every connected
component of sA(f)C .

Proof. — Let C ⊂ A(f)C be a connected component and let x ∈ C. It
means that for all unitary matrices U, V , x /∈ A(ΨU,V (f)) so RΨU,V (f) is
affine (thus smooth). It is clear that U, V 7→ ∇RΨU,V (f)(x) is continuous.
Moreover, this function takes its values in Zn so it is actually constant. Let
m(x) ∈ Zn its value. Still by an argument of discreteness/continuity, we
deduce that m(x) = m is constant when x browses C. Therefore, Rf is
affine over C and its gradient is m ∈ Zn. □

In the next subsection, we will see more advanced results that will give
us information about the Ronkin function.

3.4. The order function and its image

Proposition 3.8 allows us to define the order function νf for f ∈ C[GLn].

Definition 3.9. — We define the order function by:

νf :
{

Γ
(
sA(f)C

)
−→ Zn

C 7−→ ∇Rf (x) for some x ∈ C.

We call νf (C), the order of the connected component C.

The proof of Proposition 3.8 tells us that for all unitary matrices U, V and
for all x ∈ C ⊂ sA(f)C with C connected, ∇Rf (x) = ∇RΨU,V (f)(x), which
will be very useful to determine the order of the connected components of
sA(f)C .
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Proposition 3.10. — νf is injective.

Proof. — Let C1 and C2 be connected components of sA(f)C such that
νf (C1) = νf (C2). We call m this quantity. It implies that for all unitary
matrices U, V , νΨU,V (f)(C1) = νΨU,V (f)(C2). As RΨU,V (f) is convex and its
gradient is m over C1 and C2, we deduce that ∇RΨU,V (f) = m over C3 =
Conv(C1∪C2) which is open. Therefore, any point x ∈ C3 is in A(ΨU,V (f))C

because RΨU,V (f) is affine around x. It is true for all U, V so C3 ⊂ sA(f)C .
We deduce that C1 = C2 = C3. νf is injective. □

Proposition 3.11. — The image of νf is included in⋂
(U,V )∈U(n)×U(n)

Newt(ΨU,V (f)) ∩ Zn.

Proof. — We proved that for all unitary U, V , νf (C) ∈ Im(νΨU,V (f)) ⊂
Newt(ΨU,V (f)) ∩ Zn so Im(νf ) is included in⋂

(U,V )∈U(n)×U(n)

Newt(ΨU,V (f)) ∩ Zn. □

Knowing which of the Qm vanish on U(n) × U(n) is useful to eliminate
quickly some points of Sf which are not in Im(νf ). In fact, contrary to the
case of Laurent polynomials where all the vertices v of the Newton polytope
have an associated connected component of order v, at most two of the
vertices of sNewt(f) can have an associated component. We want to use
Lemma B.3 to prove that when m /∈ Z1 is a vertex, m /∈ Im(νf ). For this,
we need some properties on the Qm.

Proposition 3.12. — For all m ∈ Zn, if λ ∈ T , for all invertible ma-
trices A and B,

Qm(A diag(λ), B) = λmQm(A, B), Qm(A, B diag(λ)) = λ−mQm(A, B)
and for all permutation matrix P , Qm(AP, BP ) = QP m(A, B).

Proof. — For any invertible A, B and any z ∈ T and any λ ∈ T ,∑
m∈Zn

Qm

(
A diag(λ), B−1)zm = f(A diag(λ) diag(z)B)

= f
(
A diag(λ1z1, . . . , λnzn)B−1)

=
∑

m∈Zn

Qm(A, B)λmzm,

so by uniqueness of the Qm, for every m ∈ Zn,
Qm(A diag(λ), B) = λmQm(A, B).

Same thing for B.
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And if σ ∈ Sn, let Pσ be the associated permutation matrix. We have,∑
m∈Zn

Qm(APσ, BPσ)zm = f
(
APσ diag(z)P −1

σ B−1)
= f

(
A diag(σ · z)B−1)

=
∑

m∈Zn

Qm(A, B)(σ · z)m

=
∑

m∈Zn

QPσm(A, B)(σ · z)Pσm

=
∑

m∈Zn

QPσm(A, B)zm,

so for every m ∈ Zn, Qm(APσ, BPσ) = QPσm(A, B). □

Corollary 3.13. — Sf and sNewt(f) are permutation invariant.

3.5. Geometry of hypersurface matrix amoebas

In this section we study the shape of matrix amoebas of hypersurfaces,
and in particular, the connected components of their complements and their
maximal cones. Thanks to Proposition 3.10 (νf is defined at Definition 3.9),
we know that any connected component of sA(f)C is associated with exactly
one point of sNewt(f) ∩ Zn. We will treat vertices of sNewt(f) separately
from the other points.

Recall that when ∆ ⊂ Rn is a convex polytope and F is a face of ∆, the
normal cone associated to F is CF (∆) (or CF when there is no ambiguity)
defined as {w ∈ Rn | ∀ x ∈ F, ∀ y ∈ ∆, w · x ⩽ w · y}, which is a cone
(a rational one if ∆ is rational). See [11, Section 2.3] for more details about
convex geometry. Notice that if F has dimension d, CF has dimension n−d.

Proposition 3.14. — For all connected component E ⊂ sA(f)C , if we
set m = νf (E) ∈ sNewt(f) ∩ Zn and F the smallest face of sNewt(f) that
contains m (i.e. F is the only face whose relative interior contains m), then
CF is the recession cone of E, which means that,

(a) ∀ x ∈ E, x + CF ⊂ E.
(b) ∀ cone C, CF ⊊ C ⇒ ∀ x ∈ Rn, x + C ̸⊂ E.

Proof. — To prove Proposition 3.14, we need its Laurent polynomial
counterpart that can be found in [4, Proposition 2.6]. Let x ∈ E and let EU,V

be the connected component of A(ΨU,V (f))C where x belongs to. We know
that for all U, V , νΨU,V (f)(EU,V ) = νf (E) = m (in particular, m belongs to
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all the Newt(ΨU,V (f))) and E is the intersection of the EU,V . By [4, Proposi-
tion 2.6], for every unitary U , V , we have x+CFU,V

(Newt(ΨU,V (f))) ⊂ EU,V

where FU,V is the smallest face of Newt(ΨU,V (f)) that contains m. As
Newt(ΨU,V (f)) ⊂ sNewt(f),

CF = CF (sNewt(f)) ⊂ CFU,V
(Newt(ΨU,V (f))),

we see that x + CF ⊂ EU,V . It is true for every U, V so x + CF ⊂ E. Con-
versely, suppose C strictly contains CF . Consider unitary U0,V0 such that
Newt(ΨU,V (f)) = sNewt(f) (we know there exists at least one by Propo-
sition 4.12). We have, still by [4, Proposition 2.6], that for all x ∈ Rn,
x + C ̸⊂ EU0,V0 ⊃ E. It proves Proposition 3.14. □

Corollary 3.15. — It implies that the bounded components are exactly
the ones whose order is an interior point of sNewt(f) because the only face
F such that CF is bounded is F = sNewt(f).

Proposition 3.16. — If v ∈ sNewt(f) is a vertex, there are two possi-
bilities:

(a) v ∈ Z1: in this case, v ∈ Im(νf ). Moreover, 1 or −1 belongs in
C{v}. In particular, E is unbounded.

(b) v /∈ Z1: in this case, v /∈ Im(νf ).

Proof. — Assume v ∈ Z1. If there is another point m ∈ sNewt(f) ∩ Zn

such that v ·1 = m ·1, then m /∈ Z1 (or it would be equal to v) so the convex
hull of Sn · m is an (n − 1)-dimensional polytope contained in sNewt(f)
(because the action of Sn on {1}⊥ is irreducible) that contains v because
v =

∑
σ∈Sn

1
n! σ · m. It implies that v is not a vertex of sNewt(f), which

contradicts our hypothesis. Therefore, for all m ∈ sNewt(f), m ̸= v ⇒ m·1 ̸=
m · v. With the same kind of argument, we could prove that v · 1−m · 1 is
always positive or always negative when m browses sNewt(f) ∩ Zn. We will
assume without loss of generality that it is always positive. We set δ > 0
the minimum taken by the quantity v · 1 − m · 1. We will need it later in
the proof.

Now, decompose f as
∑

d∈Z fd where the fd are homogeneous polynomials
of degree d, all zero except a finite number of them. Let for all d, and for all
A, B, z, fd(A diag(z)B−1) =

∑
m∈Sfd

Qd,m(A, B)zm. For all λ ∈ C, we have,

fd

(
λA diag(z)B−1) =

∑
m∈Sfd

λm·1Qd,m(A, B)zm

= fd

(
A diag(z)B−1)

= λd
∑

m∈Sfd

λdQd,m(A, B)zm.
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Thus, for all m ∈ Sfd
, m·1 = d. It implies that Sf =

⊔
d∈N Sfd

and for all m ∈
Sf , the Qm of f is the Qm of fm·1. In particular, if we set v = N1 with N ∈ Z
(because v ∈ Z1), we have v·1 = nN and fnN (A diag(z)B−1) = Qv(A, B)zv.
Notice that for all invertible diagonalisable matrix A = P diag(z)P −1,
we have,

fnN (A) = Qv(P, P )zv = fnN (PP −1)zv = fnN (In)det(A)N .

By density, this equality remains true for any invertible matrix. In fact fnN =
αdetN for some α ∈ C∗. In particular, Qv does not vanish on U(n)× U(n).
Let (U, V ) ∈ U(n)×U(n) and x ∈ R∗

+.

|ΨU,V (f)(ex1)−Qv(U, V )(ex1)v|

=

∣∣∣∣∣∣
∑
m̸=v

Qm(U, V )exm·1

∣∣∣∣∣∣
⩽
∑
m ̸=v

max
U(n)×U(n)

{|Qm|}ex(v·1−δ) by definition of δ.

= e−xδ
∑
m ̸=v

max
U(n)×U(n)

{|Qm|}exv·1

< |α|exv·1 if x is large enough.
= |Qv(U, V )(ex1)v|.

By [4, Proposition 2.7] applied to ΨU,V , it implies that x1 ∈ A(ΨU,V (f))C

and ∇RΨU,V (f)(x1) = v for every U, V so x1 ∈ sA(f)C and ∇Rf (x1) = v.
Let E be the connected component where x belongs. We have by definition
of νf that νf (E) = v so v ∈ Im(νf ). It is true for any x large enough so E
is unbounded and contains a half-line included in R1. By Proposition 3.14,
it means that 1 or −1 belongs in C{v}.

If v /∈ Z1, by Proposition 3.12 and Lemma B.3 applied to the function
A 7→ det(A)N Qv(A, In) for N large enough, Qv vanishes on U(n) × U(n).
As v is a vertex of sNewt(f), if we consider some U0, V0 unitary such that
Qv(U0, V0) = 0, then v /∈ Newt(ΨU0,V0(f)) so there is no connected compo-
nent of order v in the complement of the amoeba of ΨU0,V0(f). It implies
that there is no connected component of order v in the complement of the
spherical amoeba of f , which proves Proposition 3.16. □

Remark 3.17. — The above shows a difference between classical amoe-
bas and matrix amoebas. For matrix amoebas, every vertex of the Newton
polytope is in the image of the order map. In the case of matrices, there are
at most two because there are at most two vertices on the line Z1.
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Remark 3.18. — For a Laurent polynomial f , it is possible but rare to
find a connected component of A(f)C of order m if the coefficient of f at
the monomial xm is 0. Nisse calls those coefficients “virtually non zero” and
it has consequences as [12, Theorem 1.2]. Therefore, as each Qm vanishes
on U(n) × U(n) when m /∈ Z1, it seems possible that for all matrix poly-
nomial f , Im(νf ) ⊂ Z1. We have neither been able to prove it nor to find
a counterexample.

Conjecture 3.19. — The image of νf is always included in Z1.

3.6. Some examples

We will see three examples to illustrate this section. The αk in these
examples denote non zero complex constants. They all are in dimension
n = 2 except the first example, which is in dimension n ⩾ 2. Notice that the
support of f can easily be computed thus we won’t detail the computation
of the Sf .

Example 3.20. — f ∈Matn(C)∗ ⊂ C[GLn] is a linear map.

We will see that in this case, the amoeba of f is the whole space Rn.
Indeed, we know that f(A) can be written as tr(MA) for some matrix M , by
Riesz’s representation theorem. Let us use M ’s singular values decomposition
M = U0DV ∗

0 . Let P be the matrix of a permutation which does not have a
fixed point (it exists because n ⩾ 2). We have for all z ∈ T ,

ΨV0P,U0(f)(z) = tr(U0DV ∗
0 V0P diag(z)U∗

0 ) = tr(P diag(z)D) = 0.

We deduce that ΨV0P,U0(f) = 0 so its amoeba is Rn. Therefore, sA(f) = Rn.
Notice that it is different than for Laurent polynomial where the amoeba is
the whole space if and only if the polynomial is identically zero.

Example 3.21. — n = 2 and f : A 7→ α1a2
11 + α2det(A).

Here, Sf = sNewt(f) ∩ Z2 = {(2, 0), (1, 1), (0, 2)}. Notice that it is con-
tained in {(1, 1)}⊥ + (1, 1) = {1}⊥ + 1. It is actually easy to verify that in
general sNewt(f) is contained in an affine hyperplane of Rn parallel to {1}⊥

if and only if f is homogeneous. Here, f is indeed homogeneous of degree 2.
(2, 0) and (0, 2) are vertices of sNewt(f) which are not in Z1 so by Proposi-
tion 3.16, they do not have associated components. It implies that sA(f)C

is empty or connected. By Proposition 3.14, if sA(f)C ̸= ∅, the biggest
cone contained in it is CsNewt(f) = R1 and it is open so it is of the form
{(a + b,−a + b) | |b| < r} for some r > 0. Same thing with r = 0 if
sA(f)C = ∅. The fact that this set is empty or not depends on the αk.

– 668 –



Matrix amoebas

Proposition 3.22. — sA(f)C = ∅ if and only if |α2| ⩽ |α1|.

Proof. — In this case, sA(f)C ̸= ∅ if and only if it contains 0, if and only
if f vanishes on U(2), if and only if f vanishes on SU(2) (by homogeneity).
Let U = ( a b

−b a
) ∈ SU(2) with |a|2 + |b|2 = 1. f(U) = α1a2 + α2 = 0 if and

only if a is a square root of −α2
α1

. It is possible to find such an a if and only
if |α2| ⩽ |α1|, which proves the proposition. □

Notice that it provides a second example of non zero polynomial whose
amoeba is the whole space (when |α2| ⩽ |α1|). Figure 3.1 shows the Newton
polytope of f and its amoeba in the case where |α2| > |α1|.

Figure 3.1. The Newton polytope (left) and the amoeba (right) of
a polynomial of Example 3.21.

Example 3.23. — n = 2 and f : A 7→ α1+α2a11+α3det(A)+α4a22det(A).

In this case, Sf =sNewt(f)∩Z2 ={(0, 0), (1, 0), (0, 1), (1, 1), (2, 1), (1, 2)}.
The points (1, 0), (0, 1), (2, 1) and (1, 2) all are vertices that do not belong to
Z(1, 1) so they do not have associated components by Proposition 3.16. The
point (0, 0) is a vertex on Z1 so it has an associated unbounded component
C0 whose maximal cone is the quadrant {(x, y) ∈ R2 | max{x, y} ⩽ 0} by
Propositions 3.16 and 3.14. The point 1 may or may not have an associated
component in the αk. If it has one, it is bounded because 1 is in the relative
interior of sNewt(f). Let C1 be this component, or C1 = ∅ if 1 /∈ Im(νf ).

Proposition 3.24. — If the polynomial |α4|t3−|α3|t2+|α2|t+|α1| takes
negative values on R∗

+ (which means that |α3| is large enough compared to
the others |αk|), C1 ̸= ∅. Conversely, if |α3|2 < 4|α2||α4|, then C1 = ∅.

Proof. — Assume the first condition holds. Let r ∈ R∗
+ such that |α4|r3−

|α3|r2 + |α2|r + |α1| < 0 and let x = ln(r). Let A be a matrix whose singular
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values are both ex = r. Then A = rU where U ∈ U(2) so,

|α3det(A)|− |α1 + α2a11 + α4a22det(A)| ⩾ |α3|r2−|α1|− |α2|r−|α4|r3 > 0.

It implies that (x, x) /∈ sA(f) and by [4, Proposition 2.7] applied to each
ΨU,V (f), the order of the component containing (x, x) is (1, 1).

Conversely, assume now that C1 ̸= ∅. Then, every A(ΨU,V (f))C has
a connected component of order (1, 1). It is, in particular, the case for
g = ΨI2,I2(f). For every (z1, z2) ∈ (C∗)2,

g(z1, z2) = α1 + α2z1 + α3z1z2 + α4z1z2
2 .

Therefore, Sg = Newt(g) ∩ Z2 = {(0, 0), (1, 0), (1, 1), (1, 2)}. As A(g)C has
a component of order (1, 1) and every other lattice point of Newt(g) are
vertices, each lattice point of Sg has an associated connected component.
The spine of A(g) is the tropical curve of a tropical polynomial of the form
max{c(0,0), c(1,0) + x, c(1,1) + x + y, c(1,2) + x + 2y} and by [13, Theorem 2]
and [13, Theorem 3], c(1,1) is given by,

c(1,1) = ln|α3|+ ℜ
(∑

k∈K

(−k3 − 1)!
k2!k4! (−1)k3−1αk2

2 αk3
3 αk4

4

)
,

where K = {(k2, k3, k4) ∈ Z3 | k2 ⩾ 0, k3 < 0, k4 ⩾ 0, k2 + k3 + k4 = 0,
k3 + 2k4 = 0}. We can parameterize the elements of K by

K = {(q,−2q, q) | q ∈ N∗}

so,

c(1,1) = ln|α3| − ℜ

∑
q∈N∗

(2q − 1)!
q!2

(
α2α4

α2
3

)q
,

and
(2q − 1)!

q!2 =
(2q

q

)
2q

∼
q→+∞

4q

2
√

πq3/2

(this is a consequence of the Stirling formula) so this series has a convergence
radius of 1

4 . It implies that |α3|2 ⩾ 4|α2||α4|, which proves the Proposi-
tion 3.24. □

Figure 3.2 shows the Newton polytope of f and the shape of its amoeba
in the case where C1 ̸= ∅. We are not able to compute spherical amoebas
yet so this picture does not represent an approximation of the real amoeba
of f for certain values of the αk but is only a representation of what its
amoeba looks like (in particular, the picture and the real amoeba have the
same homotopy).
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Figure 3.2. The Newton polytope (left) and the shape of the amoeba
(right) of a polynomial of Example 3.23.

4. Definition of matrix Newton polytope using representation
theory

The purpose of this section is to show that our definition of the New-
ton polytope sNewt(f) of a polynomial f ∈ C[GLn] coincides with that of
Kapranov [8] that we will call ∆(f). Let G be a reductive algebraic group
(we will take G = GLn(C)). The group G2 = G × G acts transitively on
G by left-right action and the stabilizer of 1 is H = {(g, g) | g ∈ G} thus
G ∼= G2/H is a homogeneous space. Moreover, the Borel subgroup B ⊂ G2

acts on it with an open orbit, thus G is a spherical variety (B is the set of
couples of invertible matrices (U, L) with U upper triangular and L lower
triangular when G = GLn(C)).

By the Peter–Weyl theorem, we have that,

C[G] =
⊕
λ∈Λ

Wλ,

where Λ is the Weyl chamber associated to G (Λ = {x ∈ Rn | x1 ⩽ · · · ⩽ xn}
when G = GLn(C)) and Wλ is the irreducible representation of G2 with
highest B-weight λ by the highest weight theorem. Moreover, for each λ,
there exists, up to a rescalling, a unique B-weight vector of weight λ (that
belongs to Wλ) and Wλ

∼= Vλ ⊗ V ∗
λ as representations of G2 where Vλ is

the irreducible representation of G of highest weight λ. More details about
representation theory in [5].

Let W be the Weyl group of G (W = Sn when G = GLn(C)). The
moment polytope ∆(f) of f is the convex hull of the W -orbits of the λ ∈ Λ
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such that the projection of f on Wλ parallel to
⊕

µ̸=λ Wµ is non zero in Rn.
It is in particular stable by W . Kapranov calls it the Newton polytope in [8].

This section is a digression about representation theory of GLn(C) that
has for purpose to show that for any f ∈ C[GLn], sNewt(f) = ∆(f). This
section is not linked to amoebas, neither tropical geometry, but this result
supports the idea that most of the results of this article can be generalised
to any reductive algebraic group.

4.1. Some convex geometry

First of all, we need results about convex geometry.

Definition 4.1. — For every λ ∈ Λ = {λ ∈ Rn | λ1 ⩽ · · · ⩽ λn}, we
define C(λ) as the convex hull of the Sn-orbit of λ in Rn. When (x, y) ∈ Λ2,
we say that x ≼ y if C(x) ⊂ C(y).

We want to show that ≼ is a (partial) order relation over Λ. It is obviously
reflexive and transitive. Let us show that it is anti-symmetric.

For all K ⊂ {1, . . . , n}, we define the vector 1K ∈ Rn by (1K)i = 1K(i).
When 1 ⩽ k ⩽ n, we also set ϖk = 1[[n+1−k,n]] = (0, . . . , 0, 1, . . . , 1) with k
ones.

Lemma 4.2. — For every x ∈ Λ, C(x) is the set of all y ∈ Rn such that
for all K ⊂ {1, . . . , n}, y · 1K ⩽ x ·ϖ|K| with equality when K = {1, . . . , n}.

Proof.

⊂. — If y ∈ C(x), then it can be written as
∑

σ∈Sn
ασσ · x where the

ασ are non-negative real numbers whose sum equals 1. Therefore, for all
K ⊂ {1, . . . , n},

y · 1K =
∑

σ∈Sn

ασ(σ · x) · 1K ⩽
∑

σ∈Sn

ασx ·ϖ|K| = x ·ϖ|K|.

The inequality (σ ·x) ·1K ⩽ x ·ϖ|K| comes from the fact that the coefficients
of x increase. Moreover, it becomes an equality when K = {1, . . . , n}, which
proves that y · 1 = x · 1.

⊃. — We will prove it by induction on n. It is trivial for n = 1.
Let n ⩾ 2 and y ∈ Rn that verifies the hypothesis. Up to permuting its
coordinates, we may assume that y ∈ Λ. By the hypothesis, yn = y · 1{n} ⩽
x ·ϖ1 = xn and x1 ⩽ 1

n x · 1 = 1
n y · 1 ⩽ yn. We have x1 ⩽ yn ⩽ xn so there
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exists an integer 1 ⩽ q ⩽ n such that xq ⩽ yn ⩽ xq+1. Let τ be the transpo-
sition between q and q + 1. Let x′ = (1− t)x + tτ · x for some 0 ⩽ t ⩽ 1. As
the support of τ is {q, q + 1}, for all k /∈ {q, q + 1}, x′

k = xk. Moreover,
t = 0 =⇒ x′

q = xq ⩽ yn,

t = 1 =⇒ x′
q = xq+1 ⩾ yn.

Therefore, for the right value of t, x′
q = yn. The sum of all the coefficients is

stable by permutation so we have that x′
q+1 = xq + xq+1 − yn. Now, let

x̃ =



x1
...

xq−1
xq + xq+1 − yn

xq+2
...

xn


, ỹ =

 y1
...

yn−1

.

They are both vectors of Rn−1. Let us show they verify the hypothesis of the
lemma. They both belong in Λ (trivial) so it is enough to check that for all
k, ỹ ·ϖk ⩽ x̃ ·ϖk with equality when k = n−1. The equality when k = n−1
is trivial. Now, let 1 ⩽ k ⩽ n− 1.

k ⩽ n− q − 1 =⇒ (ỹ − x̃) ·ϖk = yn−k + · · ·+ yn−1 − xn+1−k − · · · − xn

= y ·ϖk + yn+1−k − yn − x ·ϖk

⩽ 0,

k ⩾ n− q =⇒ (ỹ − x̃) ·ϖk = yn−k + · · ·+ yn−1 − xn−k − · · · − xq−1

− (xq + xq+1 − yn)− xq+2 − · · · − xn

= y ·ϖk+1 − x ·ϖk+1

⩽ 0.

By induction, it proves that ỹ ∈ C(x̃)⇔ ỹ ≼ x̃. Notice that x′ = (x̃, xn) ≼ x
by construction and y = (ỹ, yn) ≼ x′ because ỹ ≼ x̃. Finally, by transitivity,
y ≼ x, which proves Lemma 4.2. □

Proposition 4.3. — ≼ is anti-symmetric, thus an order relation over Λ.

Proof. — By Lemma 4.2, if x ≼ y and y ≼ x and if x and y both belong
to Λ, then for all k, x ·ϖk = y ·ϖk, which implies that x = y. □

Proposition 4.4. — For every (x, y) ∈ Λ2 and for every α ∈ R,
C(αx) = αC(x) and C(x + y) = C(x) + C(y).

Proof. — The first part is trivial, let us focus on the second one. First
of all, the Minkowski sum of two convex sets is convex thus C(x) + C(y) is
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convex. As it contains by definition every σ ·(x+y), we have that C(x+y) ⊂
C(x) + C(y). Let us show the reciprocal. As both sets are convex, it is
enough to show that C(x + y) contains every σ · x + ρ · y where σ and ρ are
permutations. Indeed, for all set K ⊂ {1, . . . , n},

(σ · x + ρ · y) · 1K = (σ · x) · 1K + (ρ · y) · 1K ⩽ (x + y) ·ϖk,

and (σ ·x+ρ·y)·1 = (x+y)·1 so by the characterisation given by Lemma 4.2,
σ · x + ρ · y ∈ C(x + y). □

4.2. The highest weight vector vλ

The purpose of the subsection is to study the irreducible GLn(C)2-repre-
sentations Wλ. We won’t be able to compute them explicitly but we can at
least compute the only (up to a non zero scalar) B-weight vector vλ ∈ C[GLn]
of weight λ ∈ Λ. We will focus particularly on the Newton polytopes sNewt
of the polynomials of Wλ\{0}.

Definition 4.5. — When I and J are subsets of {1, . . . , n} of same
cardinality, we define detI,J(A) as the determinant of the sub-A-matrix of
A where we only keep the lines indexed in I and the columns indexed in J .
In particular, detI,J is a polynomial over Matn(C). We also define detk as
det[[k+1−n,n]],[[k+1−n,n]].

Definition 4.6. — We define for every λ ∈ Λ,

vλ =
n∏

k=1
detλn−k+1−λn−k

k ,

where λ0 = 0 by convention. As λ ∈ Λ, for every k ⩾ 1, λk ⩽ λk+1 so
vλ ∈ C[GLn]. Notice that in particular, vϖk

= detk for all k.

Proposition 4.7. — The vector vλ is a B-weight vector of weight λ
in C[GLn] in the sense that for every (U, L) ∈ B, the Borel subgroup of
GLn(C)2, (U, L) · vλ = λ(U)λ∗(L)vλ where

λ : U 7−→
n∏

k=1
uλk

kk , λ∗ : L 7−→
n∏

k=1
l−λk

kk .

are the associated weight and its dual.

Proof. — Let (U, L) ∈ B and X ∈ GLn(C). Let us decompose them into
blocs,

U =
(
∗ ∗
0 U ′

)
, L =

(
∗ 0
∗ L′

)
, X =

(
∗ ∗
∗ X ′

)
,
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where L′, U ′ and X ′ and k × k matrices. We compute that

UXL−1 =
(
∗ ∗
∗ U ′X ′(L′)−1

)
.

Therefore, detk(UXL−1) = det(U ′X ′(L′)−1) = ϖk(U)ϖ∗
k(L)detk(X) where

ϖk ∈ Λ is the weight (0, . . . , 0, 1, . . . , 1) with k ones. By product,
vλ(UXL−1) = λ(U)λ∗(L)vλ(X),

which proves Proposition 4.7. □

Now, let us determine the spherical Newton polytope of the vλ.
Proposition 4.8. — sNewt(vλ) = C(λ) when λ = ϖk (1 ⩽ k ⩽ n) or

−ϖn.
Proof. — We have that vϖk

= detk. This proposition is a direct conse-
quence of the Binet–Cauchy formula,

detI,J(AB) =
∑

|K|=k

detI,K(A)detK,J(B)

when A and B are matrices and |I| = |J | = k. In particular, with
A ← A diag(z) and B ← B−1 when A and B are invertible and z is in
the torus,

detk(A diag(z)B−1) =
∑

|K|=k

det[[k+1−n,n]],K(A)detK,[[k+1−n,n]](B)z1K .

Therefore, Sdetk
= {1K | |K| = n} = Sn ·ϖk so by definition, sNewt(vϖk

) =
C(ϖk). For λ = −ϖn, vλ = det−1 so sNewt(v−ϖn) = {−1} = C(−ϖn). □

Lemma 4.9. — If f, g are two matrix polynomials, sNewt(fg) =
sNewt(f) + sNewt(g) (in the sense of Minkowski).

Proof. — It is well-known that this formula is true for classical Lau-
rent polynomial and their Newton polytope. For any h ∈ C[GLn], the
set of (A, B) ∈ GLn(C)2 such that sNewt(h) = Newt(ΨA,B(h)) is Zariski
open, thus dense. It implies that for generic invertible matrices A, B,
sNewt(f) = Newt(ΨA,B(f)), sNewt(g) = Newt(ΨA,B(g) and sNewt(fg) =
Newt(ΨA,B(fg)) so,

sNewt(fg) = Newt(ΨA,B(fg))
= Newt(ΨA,B(f)ΨA,B(g))
= Newt(ΨA,B(f)) + Newt(ΨA,B(g))
= sNewt(f) + sNewt(g). □

Proposition 4.10. — For every λ, sNewt(vλ) = C(λ).
Proof. — Any λ ∈ Λ can be written as λ =

∑n
k=1 αkϖk where the αk

are non-negative integers except αn which is a relative integer. Notice that
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vλ =
∏n

k=1 vαk
ϖk

so by Lemma 4.9, Proposition 4.8 and Proposition 4.4,

sNewt(vλ) =
n∑

k=1
αk sNewt(vϖk

) =
n∑

k=1
αkC(ϖk) = C(λ).

This remains true even when αn < 0. □

4.3. Proof of the equivalence

We now have enough tools to prove Proposition 4.12.

Proposition 4.11. — Every non zero polynomial f ∈Wλ verifies Sf =
Svλ

, thus sNewt(f) = sNewt(vλ) = C(λ).

Proof. — First of all, it is clear that the support of a matrix polynomial is
stable by the action of GLn(C)2 by definition. As Wλ = Span(GLn(C) · vλ),
any polynomial f ∈ Wλ verifies Sf ⊂ Svλ

by sum. Now, consider some
m ∈ Svλ

and V = {f ∈ Wλ | m /∈ Sf}. It is clearly a vector space because
m /∈ Sf ⇔ the Qm of f is identically zero. Moreover, V is stable by the
action of GLn(C)2, it is a representation of this group. But Wλ is irreducible
so V = {0} or Wλ. However, as m ∈ Svλ

, vλ /∈ V thus V = {0}. It is true
for any m so the proposition is proven. □

Proposition 4.12. — For all polynomial f ∈ C[GLn], sNewt(f) =
∆(f).

Proof. — Let f ∈ C[GLn]. Write f =
∑

λ∈A fλ where A ⊂ Λ is a finite
set and for all λ in A, fλ ∈Wλ\{0}. Let us show that sNewt(f) = ∆(f). As
sNewt(f) = Conv(Sf ) and ∆(f) = Conv(Sn ·A) and they are both stable by
permutation, it is enough to show that Sf ⊂ Conv(A) and A ⊂ Conv(Sf ).

⊂. — If λ ∈ Sf . It means that Q
(f)
λ ̸= 0 so Q

(fµ)
λ ̸= 0 for at least

one µ ∈ A. It means that λ ∈ sNewt(fµ) = C(µ) by Proposition 4.11.
λ ∈ C(µ) ⊂ Conv(A) = ∆(f).

⊃. — If λ ∈ A, let λM ∈ A such that λ ≼ λM and λM is a maximal
element of A. Such a λM exists because A is finite. Let us show that λM ∈ Sf .
Indeed, Q

(fλM
)

λM
̸= 0 and for all µ ∈ A\{λM}, λM ̸≼ µ because λM is a

maximal element of A, thus λM /∈ C(µ) = sNewt(fµ) so Q
(fµ)
λM

= 0. It
implies that Q

(f)
λM

= Q
(fλM

)
λM

̸= 0. λM ∈ Sf . It proves that λ ∈ C(λM ) ⊂
Conv(Sf ) = sNewt(f). □
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5. Tropical geometry

The goal of this section is to generalize a theorem of Bergman [2] that
makes a link between the tropical variety of an ideal and its amoeba. We will
also recall the definition of the tropical variety of a matrix spherical variety
Y ⊂ GLn(C) which is a particular case of the definition given by Tevelev
and Vogiannou [16].

5.1. Definitions and theorems in (K∗)n

Let K be an algebraically closed field of characteristic 0 endowed with
a non trivial valuation that is trivial on Q. Let I be a proper ideal of the
Laurent polynomial ring K[X±] = K

[
X±

1 , . . . , X±
n

]
. We define the algebraic

variety Y = Y (K) associated to I as the set of non zero vectors z ∈ (K∗)n

where all the polynomials of I vanish. For every polynomial in K[X±], we
define its tropical version as

trop
( ∑

m∈Zn

amXm

)
: x 7−→ min{val(am) + m · x | m ∈ Zn},

which is a affine by part convex function from Rn to R. Notice that the
min convention has been used but a similar version with a max also exists.
Introduction to Tropical Geometry, by MacLagan and Sturmfel [11] is a good
reference for tropical geometry. We define the tropical hypersurface of any
tropical polynomial P as the set of points where the minimum is reached at
least twice, i.e. the set where it is not differentiable. We call it V (P ). When
Y = V (I) ⊂ (K∗)n is a very affine variety, we have the fundamental theorem
of tropical algebra,⋂

f∈I

V (trop(f)) = {(val(z1), . . . , val(zn)) | z ∈ Y }.

We call this set trop(Y ). Notice that it only depends on Y and not on the
choice of I. There is a third definition using initial ideals (see [11, Theo-
rem 3.2.3]). Assume now that K = K is the set of complex Puiseux series,
endowed with a valuation,

val :
∑
m∈S

amtm 7−→ min(S),

where S is non empty and the am are non zero complex numbers, and
val(0) = +∞. This field is algebraically closed of characteristic 0 and the
valuation is non trivial, but is trivial over Q. Therefore, the previous theorem
holds. When I ⊂ C[X±], let Y = Y (C) be the variety associated to I and
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Y (K) ⊂ (K∗)n be the variety associated with the ideal of K[X±] generated
by the elements of I. We have the Bergman’s theorem,

ρA(Y ) −−−−→
ρ→0+

− trop(Y ) in the sense of Kuratowski,

and trop(Y ) is a finite union of polyhedral cones. Moreover, when I = (f) is
principal, − trop(Y ) is the normal cone of the Newton polytope of f . See [11,
Section 2.3] for an introduction to convex geometry and the definition of the
normal cone of a convex polytope. Let us extend it to matrices.

5.2. Definitions in GLn(C)

We will work exclusively on C and K since the notions of singular values
and invariant factors are hardly generalisable to any field.

Definition 5.1. — Let R = {z(t) ∈ K | val(z(t)) ⩾ 0}.

R is a ring and its invertible elements areR× ={z(t)∈K | val(z(t))=0} =
{z(t) ∈ R | z(0) ̸= 0}. Notice that m = R\R× is an ideal, so R is local
with maximal ideal m and the residue field of K is R/m = C. But the most
important is thatR is integral with Frac(R) = K. The natural way to extend
the notion of coordinate-wise valuation of a vector of complex Puiseux series
to matrices is to use the invariant factors given by the Smith normal form
(we will see that it coincides with the definition given in [16]). However,
Smith’s theorem requires to work on a principal ideal domain and R is not
principal (it is not even Noetherian as m is not finitely generated). We need
to extend Smith’s theorem.

Proposition 5.2 (Smith normal form). — For any matrix of Puiseux
series A(t) ∈ Matn(K), there exist matrices (P (t), Q(t)) ∈ GLn(R) and
a diagonal matrix D(t) such that A(t) = P (t)D(t)Q−1(t). Moreover, the
valuations of the diagonal elements of D(t) are unique up to permutation.
We call them invariant factors.

Proof. — Let A(t) be a Pusieux series matrix and G be the group gener-
ated by {q ∈ Q | tq appears in A(t)}. Exponents in Puiseux series all have
a common denominator and A(t) has a finite number of coefficients so G is
discrete. Let K = {

∑
g∈G agtg ∈ K}. K is a field and the valuation inherited

from the valuation on K is discrete on K because Γval|K
= G. As K is a field

with a discrete valuation, the ring R = {z(t) ∈ K | val(z(t)) ⩾ 0} ⊂ R is
a principal ideal domain. As all the coefficients of A(t) belong to K, we can
apply the Smith normal form theorem. There exists (P (t), Q(t)) ∈ GLn(R) ⊂
GLn(R) and D(t) a diagonal matrix such that A(t) = P (t)D(t)Q−1(t).
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In particular, the coefficients of P (t) and Q(t) are series whose exponents all
are in G ∩ R+.

If A(t) = P (t)D(t)Q−1(t) = P̃ (t)D̃(t)Q̃−1(t) with P̃ (t) and Q̃(t) invert-
ible in R and D̃(t) diagonal, we can use the uniqueness in the Smith normal
form theorem in the field K̃ = {

∑
g∈G̃ agtg ∈ K} where G̃ is the group gen-

erated by the exponents of the coefficients of P (t), Q(t), D(t), P̃ (t), Q̃(t)
and D̃(t) to deduce that the valuation of the diagonal coefficients in D(t)
are the same than in D̃(t) up to permutation. It proves Proposition 5.2. □

It allows us to define the matrix spherical valuation of a Puiseux series
matrix A(t),

Definition 5.3.

sval :
{

GLn(K) −→ Qn/Sn,

A(t) = P (t) diag(z(t))Q−1(t) 7−→ (val(z1(t)), . . . , val(zn(t))).

Now, let I be an ideal of the ring C[GLn]. We define the spherical variety
Y (C) associated to I as the set of invertible matrices A where all the poly-
nomials of I vanish and the spherical variety in Puiseux series Y (K) as the
variety associated with the ideal generated by the elements of I in K[GLn].
When there is no ambiguity, we can use the notation Y to talk about Y (C)
as well as Y (K). There does not seem to be a good generalisation of the trop-
icalization of a matrix polynomial so we shall define the spherical tropical
variety of Y thanks to the spherical valuation,

Definition 5.4.

strop(Y ) = {sval(A(t)) | A(t) ∈ Y (K)},
where the set stropQ(Y ) = {sval(A(t)) | A(t) ∈ Y (K)} ⊂ Qn/Sn is mistaken
by abuse with the set of x ∈ Qn such that the orbit of x under Sn is in
stropQ(Y ). We can make the link with classical tropical variety, and thus
use if necessary the fundamental theorem of tropical algebra. Notice that
this definition actually coincides with the more general definition of tropical
varieties of a spherical variety by Tevelev and Vogiannou [16, Theorem 1.3].

Proposition 5.5. — Let I be a proper ideal of C[GLn]. For any matrices
P (t), Q(t) that are invertible in GLn(R), and f ∈ C[GLn], we extend the
definition of Ψ,

ΨP (t),Q(t)(f) :
{

(K∗)n −→ K
z(t) 7−→ f

(
P (t) diag(z(t))Q−1(t)

)
.
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ΨP (t),Q(t) : K[GLn]→ K[X±] is a K-algebra homomorphism. Let YP (t),Q(t) =
V (ΨP (t),Q(t)(I)). We have

strop(Y ) =
⋃

(P (t),Q(t))∈GLn(R)

trop
(
YP (t),Q(t)

)
Proof of Proposition 5.5. — Let x ∈ Qn:

x ∈ stropQ(Y )
⇐⇒ x = sval(A(t)) for some A(t) ∈ Y.

⇐⇒ f
(
P (t) diag(z(t))Q−1(t)

)
= 0 for some (P (t), Q(t)) ∈ GLn(R)2

and for all k, val(zk(t)) = xk.

⇐⇒ x ∈ tropQ
(
YP (t),Q(t)

)
for some (P (t), Q(t)) ∈ GLn(R)2

⇐⇒ x ∈
⋃

(P (t),Q(t))∈GLn(R)

tropQ
(
YP (t),Q(t)

)
,

which proves Proposition 5.5, by taking the closure. □

As for classical amoebas, we conjecture that for every spherical variety Y ,

Conjecture 5.6. — ρsA(Y )→ ρ→0+ − strop(Y ) in the sense of Kura-
towski.

5.3. First inclusion

Recall the definition of Kuratowski limit: if (Em)m∈N is a family of subsets
of a topological space E (we can replace the discrete m ∈ N by a continuous
variable that converge, or diverges toward +∞ or −∞),

lim inf
m→+∞

Em

=
{

x ∈ E
∣∣∀ U neighborhood of x , ∃ m0 ∈ N, ∀ m ⩾ m0, U ∩ Em ̸= ∅

}
,

lim sup
m→+∞

Em

=
{

x ∈ E
∣∣∀ U neighborhood of x, ∀ m0 ∈ N, ∃ m ⩾ m0, U ∩ Em ̸= ∅

}
.

In particular, lim infm→+∞ Em ⊂ lim supm→+∞ Em and when they are
equal, we call limm→+∞ Em the common limit. Therefore, given a variety Y ,
the conjecture is equivalent to

lim sup
ρ→0+

ρsA(Y ) ⊂ − strop(Y ) ⊂ lim inf
ρ→0+

ρsA(Y ).

First of all, let us show the second inclusion, which is the easiest one.
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Definition 5.7. — For any rational number q, define the truncation
Tq by

Tq :

 K −→ K∑
m∈S amtm 7−→

∑
m∈S
m⩽q

amtm

and extend it to Matn(K) by truncating each entry.

In both cases, it is a C-linear map. It is clear that R is stable under Tq

and for all rational number q ⩾ 0, (tq) is an ideal such that for all a(t) ∈ R,
Tqa(t) ≡ a(t) [tq]. This remains true if we replace R by Matn(R).

Lemma 5.8. — For any matrices A(t) ∈ GLn(K) and B(t) ∈Matn(K),
if all the invariant factors of A(t) are less than or equal to all the invariant
factors of B(t), then B(t)A−1(t) has its coefficients in R.

Moreover, if we replace “less than or equal to” by “less than”, (A(t) +
B(t))A−1(t) ∈ GLn(R).

Proof. — Let q be a rational number such that all the invariant factors
of A(t) are less than or equal to q and all the invariant factors of B(t)
are greater than or equal to q. Therefore, t−qB(t) ∈ Matn(R) and the
invariant factors of A−1(t) are opposite to the invariant factors of A(t) thus
tqA−1(t) ∈Matn(R) so B(t)A−1(t) = t−qB(t)tqA−1(t) has coefficients inR.

Now, if we replace “less than or equal to” by “less than”, by using the
first part of Lemma 5.8 with A(t) and t−εB(t) for a small enough rational
ε > 0, the matrix B(t)A−1(t) is in the ideal (tε) of the ring Matn(R).
Let S(t) =

∑
m∈N(−1)m(B(t)A−1(t))m. As B(t)A−1(t) ∈ (tε), this series

converges in Matn(R) and it is clear that S(t)(In + B(t)A−1(t)) = In.
It implies that In +B(t)A−1(t) = (A(t)+B(t))A−1(t) is invertible in R. □

Lemma 5.9. — For any A(t) ∈ GLn(K), for any q ∈ Q greater than
every invariant factor of A(t), TqA(t) is invertible and sval(TqA(t)) =
sval(A(t)).

Proof. — If A(t) ∈ Matn(K), vmin and vmax be its smallest and the
biggest invariant factors. We know that t−vminA(t) ∈ Matn(R) so we can
write it as

t−vminA(t) = P (t) diag
(
tv1−vmin , . . . , tvn−vmin

)
Q−1(t),

where P (t) and Q(t) are both invertible in R and sval(A(t)) = (v1, . . . , vn).
Moreover, if q = vmax − vmin + ε for some positive rational ε,

Tq diag
(
tv1−vmin , . . . , tvn−vmin

)
= diag

(
tv1−vmin , . . . , tvn−vmin

)
,
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so
t−vminTq+vminA(t) = Tq(t−vminA(t))

≡ TqP (t) diag
(
tv1−vmin , . . . , tvn−vmin

)
TqQ−1(t)[tq]

and q + vmin = vmax + ε so by multiplying the previous equality by tvmin ,
Tvmax+εA(t) = TqP (t) diag(tv1 , . . . , tvn)TqQ−1(t) + B(t)

where B(t) ∈ (tvmax+ε). Let Ã(t) = TqP (t) diag(v1, . . . , vn)TqQ−1(t). q is
positive by definition so we have that det(Tq(P (t))(0)) = det(P (0)) ∈ C∗

because P is invertible in R. It implies that TqP (t) is also invertible in R.
Same thing with Q−1(t).

Therefore, Ã(t) is invertible and its invariant factors are the vk which are
all dominated by vmax, itself strictly dominated by all the invariant factors
of B(t). By Lemma 5.8, Tvmax+εA(t) = Ã(t) + B(t) and Ã(t) have the same
image in R up to isomorphism so they have the same invariant factors, which
proves Lemma 5.9. □

Using the same reasoning with Lemma 5.8, we deduce that,

Corollary 5.10. — For any (A(t), B(t)) ∈ GLn(K) ×Matn(K), for
any q ∈ Q greater than every invariant factor of A(t), if A(t) ≡ B(t)[tq],
B(t) is invertible and sval(B(t)) = sval(A(t)).

Let (K, val) be a valued field and Γ ⊂ R the image of val (thus a subgroup
of R). If Y ⊂ (K∗)n is a very affine variety, we let

tropΓ(Y ) = {val(z1, . . . , zn) | z ∈ Y } ⊂ Γn,

be the set of points in Γ of the tropical variety of Y and trop(Y ) = tropΓ(Y )
its usual tropical variety.

Lemma 5.11. — Let F/K be a field extension with K and F both al-
gebraically closed. Let IF ⊂ F [X±

1 , . . . , X±
n ] and IK = IF K[X±

1 , . . . , X±
n ]

which is an ideal of K[X±
1 , . . . , X±

n ]. If val : K → R is a valuation, such
that val(K) = val(F ) (we call Γ this dense subgroup of R), tropΓ(V (IF )) =
tropΓ(V (IK)) and trop(V (IF )) = trop(V (IK)).

Proof.

⊂. — If x ∈ tropΓ(V (IF )), for all 1 ⩽ k ⩽ n, xk = val(zk) for some z ∈
V (IF ) ⊂ (F ∗)n. IK is generated by IF so z ∈ V (IK) thus x ∈ tropΓ(V (IK)).

⊃. — If x ∈ tropΓ(V (IK)), by the fundamental theorem of tropical
geometry, x ∈ Γ ∩

⋂
f∈IK

V (trop(f)). As IF ⊂ IK ,

x ∈ Γ ∩
⋂

f∈IF

V (trop(f)) = tropΓ(V (IF )).
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We proved that
tropΓ(V (IF )) = tropΓ(V (IK)) thus trop(V (IF )) = trop(V (IK))

by taking the closure. □

Now, let us prove the last lemma we need for the first inclusion,

Lemma 5.12. — For any ideal I ⊂ C[GLn], for any A(t) ∈ V (I), there
exists a B(t) ∈ GLn(F )∩V (I) that verifies sval(A(t)) = sval(B(t)) where F
is the set of Puiseux series which converge in ]0, ε[ for some ε > 0.

Proof. — Let I be such an ideal and A(t) ∈ V (I). Let q be a rational
number greater than any invariant factor of A(t). By Newton–Puiseux the-
orem, F is an algebraically closed field. Let

S =
{

(i, j) ∈ {1, . . . , n}2 ∣∣ (A(t)− TqA(t))ij ̸= 0
}

and for all polynomial f ∈ C[GLn], we define gf ∈ F [(Xij)±
(i,j)∈S ] by,

gf :
{

(F ∗)S −→ F

(xij(t))(i,j)∈S 7−→ f(TqA(t) + tqX(t))

where Xij(t) = xij(t) if (i, j) ∈ S and equals 0 otherwise.

Let JF be the ideal generated by the gf for

f ∈ I and JK = JFK
[
(Xij)±

(i,j)∈S

]
.

By Lemma 5.11, tropQ(JF ) = tropQ(JK) ⊂ QS .

Let for all (i, j) ∈ S, zij(t) = t−q(A(t) − TqA(t))ij ̸= 0 and xij =
val(zij(t)) > 0 (they are positive by definition of Tq). By definition of the
gf and JK, we have (zij(t)) ∈ V (JK) because A(t) ∈ V (I), thus (xij) ∈
trop(JK) = trop(JF ).

Therefore, there exists Puiseux series (z̃ij(t))(i,j)∈S that converge in a
neighborhood of 0+ such that for all (i, j) ∈ S, val(z̃ij(t)) = xij > 0 and
which belong to V (JF ). Let B(t) = TqA(t) + tqZ(t) where Zij(t) = z̃ij(t)
if (i, j) ∈ S and equals 0 otherwise. In particular, Z(t) ∈ Matn(R ∩ F ).
By construction, B(t) ∈ Matn(F ), B(t) ∈ V (I) and B(t) ≡ A(t) [tq] thus
B(t) ∈ GLn(F ) and sval(B(t)) = sval(A(t)) by Corollary 5.10. It proves
Lemma 5.12. □

And finally, the wanted inclusion,

Proposition 5.13. — − stropQ(Y ) ⊂ lim infρ→0+ ρsA(Y ).

Proof. — Let x ∈ − stropQ(Y ). It means that there exists A(t) ∈ GLn(K)
such that x = − sval(A(t)) and for all f ∈ I, f(A(t)) = 0. By Lemma 5.12,
we may assume without loss of generality that A(t) converges on ]0, ε[ for
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some ε > 0. We have [9, Theorem 1.1], which has been proven in K but
works the same way in K,

sLog(A(s))
ln(s) −−−−→

s→0+
sval(A(t)),

so with ρ = − 1
ln(s) ,

ρ sLog
(

A(e−1/ρ)
)
−−−−→
ρ→0+

x.

and all the sLog(A(e−1/ρ)) (for ρ > 0 small enough) belong to sA(Y ), which
proves the inclusion. □

Corollary 5.14. — − strop(Y ) ⊂ lim infρ→0+ ρsA(Y ) because inferior
and superior limits in the sense of Kuratowski are always closed.

5.4. The second inclusion when I is principal

In this section, we consider I = (f) a principal ideal. It implies that the
ΨP (t),Q(t)(I) = (ΨP (t),Q(t)(f)) are also principal. Propositions 3.16 and 3.14
give an idea of the shape of the amoeba of f in function of its Newton
polytope sNewt(f). It will be helpful in order to determine its spherical
tropical variety.

Definition 5.15. — If sNewt(f) ∩ Z1 = ∅, we define C− = C+ = ∅.
Otherwise, consider N− (resp. N+) the smallest (resp. biggest) integer such
that N−1 (resp. N+1) belongs to sNewt(f). We define C− as

◦
C{N−1} (resp.

C+ as
◦

C{N+1}). Notice that if N−1 (resp. N+1) is not a vertex of sNewt(f),
C− = ∅ (resp. C+ = ∅).

Proposition 5.16. — lim supρ→0+ ρsA(f) ⊂ Rn\(C− ∪ C+).

Proof. — We need to prove that every point in C− or in C+ does not
belong to the limit. By symmetry, it is enough to prove it for C+. It is
trivial if C+ is empty. Assume now that sNewt(f) ∩ Z1 ̸= ∅ and N+1 is
a vertex of sNewt(f). Let x ∈ C+ =

◦
C{N+1}. By Propositions 3.16 and 3.14,

there exists a point y ∈ E where E ∈ Γ(sA(f)C) and νf (E) = N+1, and
y + C{N+1} ⊂ E.

Consider r > 0 such that B(x, r) ⊂ C{N+1}. For all x′ ∈ B
(
x, r

2
)

and for
all 0 < ρ < r

2∥y∥ (any ρ > 0 if y = 0),

x′ − ρy ∈ B
(

x′,
r

2

)
⊂ B(x, r) ⊂ C{N+1}.
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As this set is a cone, it is stable by product by a positive real number
so x′

ρ − y ⊂ C{N+1}, which means that x′ ∈ ρ(y + C{N+1}) ⊂ ρsA(f)C

for all ρ small enough. This is true for all x′ in a neighborhood of x so
x /∈ lim supρ→0+ ρsA(f). It proves Proposition 5.16. □

We now need to prove that Rn\(C− ∪ C+) ⊂ − strop(V (f)) to get the
wanted inclusion. The proof is a bit handmade and needs some lemmas.

Lemma 5.17. — Let p ⩾ 2 and (fk)1⩽k⩽p a family of continuous func-
tions of a segment [a, b] such that there exists 1 ⩽ i ̸= j ⩽ p verifying for all
1 ⩽ k ⩽ p, fi(a) ⩽ fk(a) and fj(b) ⩽ fk(b). Then, there exists a ⩽ c ⩽ b
and 1 ⩽ i′ ̸= j′ ⩽ p such that for all 1 ⩽ k ⩽ p, fi′(c) = fj′(c) ⩽ fk(c).

Proof. — Just apply the intermediate values theorem to the function s 7→
fi(s)−mink ̸=i{fk(s)}. □

Lemma 5.18. — Let p ⩾ 2, (fk)1⩽k⩽p be a collection of continuous func-
tions on a segment [a, b] and (wk)1⩽k⩽p a collection of distinct vectors in Zn.
Let for all a⩽s⩽b the tropical polynomial Ts : x 7→ min1⩽k⩽p{fk(s)+wk ·x}.
Let for all k and s, Mk(s, x) = fk(s) + wk · x be the monomials. If x ∈ Rn

is such that Ta(x) = Mi(a, x) and Tb(x) = Mj(b, x) for some 1 ⩽ i ̸= j ⩽ p,
then x ∈

⋃
s∈[a,b]∩Q V (Ts).

Proof. — According to previous Lemma 5.17 used with the functions
(Mk(·, x)), there exists a a ⩽ c ⩽ b such that x ∈ V (Tc). Therefore,
we can introduce K = {1 ⩽ k ⩽ p | Tc(x) = Mk(c, x)} which con-
tains at least two elements. Let ε0 = mink /∈K{Mk(c, x)} − Tc(x) > 0.
Now, let ε > 0 that we assume to be less than ε0 without loss of gen-
erality. As the Mk(·, x) are continuous, there exists a δ > 0 such that
for all s, |s− c| ⩽ δ ⇒ |Mk(s, x)−Mk(c, x)| ⩽ ε

2 . Let q be a rational
number such that |q − c| ⩽ δ. Let i1 ̸= i2 be such that for all k ̸= i1,
Mi1(q, x) ⩽ Mi2(q, x) ⩽ Mk(q, x). If i1 /∈ K, let k ∈ K,

Mi1(q, x) ⩾ Mi1(c, x)− ε

2
> Tc(x)− ε

2 + ε0

= Mk(c, x)− ε

2 + ε0

⩾ Mk(q, x)− ε + ε0

⩾ Mk(q, x),

which is a contradiction. Therefore, i1 ∈ K. If i2 /∈ K, we do the same
reasoning but we choose k ∈ K\{i1} which exists because |K| ⩾ 2. It implies
by the way that Mi1(c, x) = Mi2(c, x) so by triangular inequality and the
definition of δ, Mi1(q, x) −Mi2(q, x) ⩽ ε. Recall that the wk are distinct.
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Let y = x + α(wi2 − wi1) where α = Mi1 (q,x)−Mi2 (q,x)
|wi1 −wi2 |

.

Mi1(q, y)−Mi2(q, y) = Mi1(q, x)−Mi2(q, x) + (wi1 − wi2) · (y − x) = 0.

In particular, the minimum of the tropical polynomial Tq is reached for an
index that is not i1 (it can be i2 or another index, it does not matter).
Therefore, if we use again previous Lemma 5.17 with the s 7→ Mk(q, x +
s(wi2−wi1)), there exists a 0 ⩽ β ⩽ α such that z = x+β(wi2−wi1) ∈ V (Tq).
Moreover,

|z − x| ⩽ α|wi2 − wi1 | = |Mi1(q, x)−Mi2(q, x)| ⩽ ε.

q∈Q and it is true for every ε in a neighborhood of 0+ so

x ∈
⋃

s∈[a,b]∩Q

V (Ts). □

Now, let us prove the desired inclusion.

Proposition 5.19. — If Sf ⊂ Z1, limρ→0+ ρ sA(f) = − strop(V (f)) =
Rn\(C− ∪ C+) and this set is {1}⊥ if f is not invertible, ∅ otherwise.

Proof. — By an argument similar to the one in the proof of Proposi-
tion 3.16, we have for every A, B, QN1(A, B) = αN det(AB−1) so f = P ◦det
where P is a one variable Laurent polynomial. We compute easily that
sA(f) = {1}⊥ +A(P ) and A(P ) is the finite set of the norms of the non zero
roots of P . f being invertible is equivalent to |Sf | = 1, which is equivalent
to P being a monomial. In that case A(P ) = ∅ so

lim
ρ→0+

ρsA(f) = − strop(V (f)) = ∅.

Otherwise, A(P ) ̸= ∅ so limρ→0+ ρsA(f) = {1}⊥. Let r be a non zero root
of P . Notice that for all x ∈ Qn ∩ {1}⊥, f(diag(rt−x1 , t−x2 , . . . , t−xn)) =
P (r) = 0 and

− sval
(
diag

(
rt−x1 , t−x2 , . . . , t−xn

))
= x.

We deduce that {1}⊥ ⊂ − strop(V (f)) and the reverse inclusion is given by
Corollary 5.14.

When f is invertible, |Sf | = 1 so C− = C+ = Rn. If f is non invertible,
|Sf | ⩾ 2 so C− = {x ∈ Rn | x · 1 < 0} and C+ = {x ∈ Rn | x · 1 > 0}. In
both cases, − strop(V (f)) = Rn\(C− ∪ C+). □

Proposition 5.20. — If Sf ̸⊂ Z1 then Rn\(C−∪C+) ⊂ − strop(V (f)).

Proof. — Let x ∈ −Rn\(C− ∪ C+). Let m0 be a point in Sf that mini-
mizes scalar product with x, i.e. for all m ∈ Sf , m0 ·x ⩽ m ·x. If there exists
an m ∈ Sf\{m0} such that m0·x = m·x, we just have to consider unitary ma-
trices U, V such that Qm0(U, V ) ̸= 0 and Qm(U, V ) ̸= 0 and we verify easily
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that x ∈ V (trop(ΨU,V (f))), thus we will assume that for all m ∈ Sf\{m0},
m0 · x < m · x. As −x is not in C− ∪ C+ and m0 strictly maximizes scalar
product with −x in Sf , we deduce that m0 is not in {N−1, N+1}. And it
is clear that m0 is not an interior point of the Newton polytope so m0 /∈ Z1
(Sf ̸⊂ Z1 so any point of sNewt(f) ∩ Z1\{N−1, N+1} is an interior point
of sNewt(f)). It implies that Qm0 vanishes at least once on U(n)×U(n) by
Lemma B.3. Consider U, V unitary matrices such that Qm0(U, V ) = 0.

There are now two possibilities. If for all m ∈ Sf , Qm(U, V ) = 0, then
ΨU,V (f) = 0 so we are in the trivial case where sA(f) = − strop(V (f)) =
Rn, which proves the inclusion. Else, there exists an m1 ∈ Sf such that
Qm1(U, V ) ̸= 0. We will use the characterisation of classical tropical vari-
eties that uses the tropical polynomial. Given matrices P (t), Q(t) that are
invertible in R, we have

ΨP (t),Q(t)(f)(z(t)) =
∑

m∈Sf

Qm(P (t), Q(t))zm(t)

=⇒ trop(ΨP (t),Q(t)(f))(y) = min
m∈Sf

{val(Qm(P (t), Q(t))) + m · y}.

We want to find some matrices (P (t), Q(t)) ∈ GLn(R)2 that verify the two
following conditions, so we can use Lemma 5.18,

(1) 0 < val(Qm0(P (t), Q(t))) < +∞,
(2) val(Qm1(P (t), Q(t))) = 0.

Assume that those two conditions are verified and let us show that x ∈
strop(V (f)). P (t) and Q(t) are invertible in R so all the Qm(P (t), Q(t))
have a non negative valuation. Let for all s > 0 and for all m ∈ Sf , the
tropical monomials Mm(s, y) = s val(Qm(P (t), Q(t))) + m · y which equal
val(Qm(P (ts), Q(ts))) + m · y when s is rational. We have

Ts(x) = min
m∈Sf

{Mm(s, x)}

−−−−→
s→0+

min
m∈Sf

Qm(P (t),Q(t))̸=0

{m · x} = m0 · x < m · x if m ∈ Sf\{m0},

so for some a > 0 small enough, Ta(x) = Mm0(a, x), and

Mm0(s, x)−Mm1(s, x)
= s val(Qm0(P (t), Q(t))) + m0 · x− s val(Qm1(P (t), Q(t)))−m1 · x
= s val(Qm0(P (t), Q(t))) + (m0 −m1) · x −−−−−→

s→+∞
+∞,

so for b > 0 large enough, Mm1(b, x) < Mm0(b, x) thus Tb(x) ̸= Mm1(b, x).
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The hypothesis of Lemma 5.18 are verified thus according to this lemma and
Proposition 5.5,

x ∈
⋃

s∈[a,b]∩Q

V
(
trop

(
ΨP (ts),Q−1(ts)(f)

))
⊂ strop(V (f)).

Now, all we have to do is to find matrices P (t) and Q(t) that verify such
conditions. Recall that there are matrices U, V such that Qm1(U, V ) ̸=
Qm0(U, V ) = 0. As U and V are invertible, any matrix of the form U + tA or
V +tA with A ∈Matn(C) are in GLn(R). Qm0 ̸= 0 so there exists invertible
matrices A and B such that Qm0(A, B) ̸= 0. We choose P (t) = U + t(A−U)
and Q(t) = V + t(B − V ).

Condition (1). — Recall first of all that for all m, val(Qm(P (t), Q(t))) ⩾
0. Qm0(P (0), Q(0)) = Qm0(U, V ) = 0 by definition of U and V and

Qm0(P (1), Q(1)) = Qm0(A, B) ̸= 0 so val(Qm0(P (t), Q(t)))

is neither 0 nor +∞.

Condition (2). — It is a direct consequence of the fact that

Qm1(P (0), Q(0)) = Qm1(U, V ) ̸= 0.

We found P (t), Q(t) that satisfy the two wanted conditions, thus Propo-
sition 5.20 is proven. □

Theorem 5.21. — When f ∈ C[GLn], if Y = V (f), then

lim
ρ→0+

ρ sA(Y ) = − strop(Y ) = Rn\(C− ∪ C+).

Proof. — This is a consequence of Corollary 5.14 and Propositions 5.16,
5.19 and 5.20. □

Notice that the C− and C+ only depend on the Newton polytope of f .
Therefore, its tropical variety too.

Example 5.22. — Let n = 2 and f any polynomial such that

sNewt(f) = Conv{(−1,−1), (1,−2), (−2, 1), (4, 0), (0, 4), (4, 4)},

as in Figure 5.1. For example, we can take f(A) = 1
det(A) + i tr(A)3

det(A)2 −
a11a12a21a22 + 2det(A)4.

Here, N−(1, 1) = (−1,−1) and N+(1, 1) = (4, 4) are vertices of Newt(f).
The region C− (resp. C+) is the interior of the normal cone of N−1 (resp.
N+1), cf. Figure 5.1.
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Figure 5.1. The tropical variety (right) of a polynomial with a given
Newton polytope (left).

Appendix A. Notations

• Matn(R) is the vector space of n × n matrices with coefficients in
the ring R.
• GLn(R) is the group of n× n invertible matrices.
• C[X±] is the ring of Laurent polynomials with n indeterminates

(when n is understood from the context).
• [[a, b]] is the set of integers between a and b. Sn is the group of

permutations of {1, . . . , n}.
• K[Y ] is the ring of regular functions on an algebraic variety Y

over K.
• χA is the characteristic polynomial of a matrix A.
• Γ(E) is the set of connected components of a topological space E.
• Conv(S) is the convex hull of a subset S of Rn.
• When f =

∑
m∈Zn fmXm ∈ C[X±], Sf = {m ∈ Zn | fm ̸= 0} is the

support of f .
• Newt(f) = Conv(Sf ) is the Newton polytope of f .
• When f(A diag(z)B−1) =

∑
m∈Zn Qm(A, B)zm, Sf = {m ∈ Zn |

Qm ̸= 0} is the support of f .
• sNewt(f) = Conv(Sf ) is its Newton polytope.
• 1 = (1, . . . , 1) ∈ Rn.
• For K ⊂ {1, . . . , n}, 1K ∈ Rn is the vector such that for all i,

(1K)i = 1K(i).
• For 1 ⩽ k ⩽ n, ϖk = 1[[k+1−n,n]] = (0, . . . , 0, 1, . . . , 1) with k ones.
• B = {(U, L) ∈ GLn(C)2 | U upper triangular and L lower triangu-

lar} is the Borel subgroup of GLn(C)2.
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• Λ = {λ ∈ Rn | λ1 ⩽ . . . ⩽ λn} is the set of dominant B-weights of
GLn(C).
• When λ ∈ Λ, C(λ) = Conv(Sn · λ).
• ∆(f) is the moment polytope of f (cf Section 4).
• Vλ is the irreducible GLn(C)-representation of highest weight λ ∈ Λ.
• Wλ

∼= Vλ ⊗ V ∗
λ is the irreducible GLn(C)2-representation of highest

weight λ ∈ Λ.
• K is the field of complex Puiseux series.
• val :

∑
q∈Q aqtq 7→ min{q ∈ Q | aq ̸= 0} is its natural valuation. val

can also designate any valuation depending on the context.
• R is the ring of complex Puiseux series with a non negative valua-

tion.
• sval : A(t) 7→ the valuations of the invariant factors of A(t), which

is the spherical valuation of a Puiseux series matrix.
• Γval is the image of the valuation val, it is a subgroup of R.
• strop(Y ) = {sval(A(t)) | A(t) ∈ Y (K)} is the spherical tropical va-

riety of a spherical variety Y .
• N− (resp. N+) is the lowest (resp. largest) integer N such that

N1 ∈ sNewt(f) when it is well-defined.
• CF (∆) is the normal cone of the face F of the convex polytope ∆.
• C− (resp. C+) is the interior of C{N−1}(sNewt(f)) (resp. C{N+1}

(sNewt(f))), or the empty set when N− (resp. N+) does not exist.

Appendix B. Two technical lemmas

The purpose of this section is to show two useful technical lemmas which
don’t really fit into the global frame of the article.

Lemma B.1. — Let p ⩾ 1 be an integer and P : Matn(C)p → C be
a non zero polynomial with n2p variables. Then the set of unitary zeros of P ,
i.e. Z = P −1{0} ∩ U(n) ⊂ U(n), is included in a finite union of strict
submanifolds of U(n). In particular, it has measure zero, with respect to the
natural probability Haar measure µ on U(n) (equivalently, any non-measure
zero subset of U(n) is dense in GLn(C) for the Zariski topology).

Proof. — Let us strastify P −1{0} = V (P ) as
⊔

i∈I Yi where each Yi is a
regular algebraic variety, hence a complex manifold. For all i and all U ∈ Yi,
the tangent space TU Yi is a complex vector space of dimension d = dim(Yi) ⩽
n2p − 1, thus a real vector space of dimension 2d. If moreover U ∈ U(n)p,
TU U(n)p = (U∗TIn

U(n))p = (iU∗H(n))p where H(n) is the real vector space
of Hermitian n × n matrices. In particular, this tangent space contains no
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non zero complex vector subspace because iH is never Hermitian when H is
Hermitian unless H = 0.

Therefore, the real vector space TU U(n)p∩TU Yi is at most of dimension d.
Recall that d ⩽ n2p − 1 and the real dimension of U(n) as a real manifold
is n2p. Therefore, U(n)p ∩ Yi is contained in a real hypersurface of U(n)p,
proving Lemma B.1. □

Lemma B.2. — If g : C∗ → C∗ is a continuous function such that there
are non zero complex numbers α and β and integers m1, m2 ∈ Z verifying
for all θ ∈ R, g(reiθ) ∼r→0 αr−m2eiθm2 and g(reiθ) ∼r→+∞ βrm1eiθm1 ,
then m1 = m2.

Proof. — Under those hypothesis, for some r1, r2 > 0, we have

r ⩽ r1 =⇒
∣∣g(reiθ)− αr−m1eiθm1

∣∣ ⩽ 1
2 |α|r

−m1

r ⩾ r2 =⇒
∣∣g(reiθ)− βr−m2eiθm2

∣∣ ⩽ 1
2 |β|r

−m2

As S1 is compact, we can choose r1 and r2 uniformly with respect to θ. Up
to increasing r2 or decreasing r1, we may assume that |α|r−m1

1 = |β|r−m2
2 .

We denote by ρ this quantity. Consider now the following paths from [0, 1]
to C∗ for some θ ∈ R,

γ1
θ : t 7−→ ρ exp

(
i((1− t)(θm1 + arg(α)) + t(θm2 + arg(β)))

)
=⇒ γ1

θ (0) = αr−m1
1 eiθm1 , γ1

θ (1) = βrm2
2 eiθm2

γ2
θ : t 7−→ (1− t)βr−m2

2 eiθm2 + tg(r2eiθ)
=⇒ γ2

θ (0) = βrm2
2 eiθm2 , γ2

θ (1) = g(r2eiθ)
γ3

θ : t 7−→ g(((1− t)r2 + tr1)eiθ)
=⇒ γ3

θ (0) = g(r2eiθ), γ3
θ (1) = g(r1eiθ)

γ4
θ : t 7−→ (1− t)g(r1eiθ) + tαrm1

1 eiθm1

=⇒ γ4
θ (0) = g(r1eiθ), γ4

θ (1) = αrm1
1 eiθm1 .

Let γθ = (γ1
θ ∗ γ2

θ ) ∗ (γ3
θ ∗ γ4

θ ), which is a path from [0, 1] to C∗ because f
does not vanish. Notice that θ 7→ γθ is a homotopy so all the γθ are homotopic
the ones with the others. For any k ∈ {2, 3, 4}, θ 7→ γk

θ is 2π-periodic so

γ0 ∼ γ2π =⇒ γ1
0 ∼ γ1

2π =⇒ Ind0
(
γ1

2π ∗ γ1
0
)

= 0
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Figure B.1. Illustration of the paths γk
θ .

And after noticing that for all t, γ1
2π(t) = e2iπ(m2−m1)tγ1

0(t) we can compute
that

Ind0

(
γ1

2π ∗ γ1
0

)
=
∫ 1

0

γ1
2π

′(t)
γ1

2π(t)
dt

2iπ −
∫ 1

0

γ1
0

′(t)
γ1

0(t)
dt

2iπ

=
∫ 1

0

2iπ(m2 −m1)e2iπ(m2−m1)tγ1
0(t) + e2iπ(m2−m1)tγ1

0
′(t)

e2iπ(m2−m1)tγ1
0(t)

dt

2iπ

−
∫ 1

0

γ1
0

′(t)
γ1

0(t)
dt

2iπ
= m2 −m1.

As this quantity vanishes, we deduce that m1 = m2. □

Lemma B.3. — When h : Matn(C) → C is a homogeneous polynomial
with homogeneity coefficient m ∈ Nn regarding to the columns in the sense
that for all A, λ, h(A diag(λ)) = λmh(A) and h does not vanish on U(n),
then m1 = · · · = mn.
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Proof of Lemma B.3.

Case 1: n = 1. — Trivial.

Case 2: n = 2. — Let

f :


C2 −→ C

(x, y) 7−→ h

(
xy

11

)

By homogeneity and because h does not vanish on U(2), h does not vanish
on any invertible matrix A if its columns are orthonormal so for any z ∈ C∗,

f

(
z,− z

|z|2

)
= h

(
z − z

|z|2

1 1

)
̸= 0.

Moreover, h is a polynomial so f is and

f(x, y) = h

(
x y
1 1

)
= xm1ym2h

(
1 1
1
x

1
y

)
=

|x|,|y|→+∞
O(xm1ym2).

We deduce that f can be written as

f(x, y) =
m1∑

p1=0

m2∑
p2=0

fp1,p2xp1yp2 .

Now, notice that

f

(
z,− z

|z|2

)
= h

(
z − z

|z|2

1 1

)

=
(

z

|z|2

)m2

h

(
z −1
1 z

)
z→0= 1

zm2
h

(
0 −1
1 0

)
+ o
(

1
|z|m2

)
.

and

f

(
z,− z

|z|2

)
=

m1∑
p1=0

m2∑
p2=0

fp1,p2zp1
1

zp2
=

z→0
f0,m2

(−1)m2

zm2
+ o
(

1
|z|m2

)
.
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so f0,m2 = (−1)m2h( 0 −1
1 0 ) ̸= 0 because this matrix is unitary. With the same

kind or argument, we could show that fm1,0 ̸= 0. Let z = reiθ ∈ C∗.

f

(
z,− z

|z|2

)
= f

(
reiθ,−eiθ

r

)

=
m1∑

p1=0

m2∑
p2=0

(−1)p2fp1,p2rp1−p2eiθ(p1+p2)

∼
r→0

(−1)m2f0,p2r−m2eiθm2

and
∼

r→+∞
fp1,0rm1eiθm1 using the same argument.

Using Lemma B.2, we obtain that m1 = m2.

Case 3: n ⩾ 3. — Let 1 ⩽ i ⩽ n− 1 and,

h̃ :


Mat2(C) −→ C

A 7−→ h

Ii−1 0 0
0 A 0
0 0In−i−1


h̃ verifies the hypothesis of Lemma B.3 with mi, mi+1. Using the case n = 2,
we deduce that mi = mi+1. It is true for all i so m1 = · · · = mn. □
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