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Generalized amoebas for subvarieties of GL, (C)

REMI DELLOQUE () AND KiUMARS KAVEH (@

ABSTRACT. — The paper addresses the problem of generalizing theory of amoebas
from tropical geometry in algebraic torus to other reductive algebraic groups. The
logarithm of singular values of a matrix has been suggested as an analogue of the
logarithm map on the algebraic torus (C*)™ for the general linear group GL,(C).
We call the image of a subvariety under this logarithm map a matrix amoeba. In
this paper, we establish the main properties of these matrix amoebas, in particular,
extending the notion of Ronkin function to this setting. For hypersurfaces, we show
how to describe the asymptotic directions of the matrix amoebas using a notion of
Newton polytope and study the relationship between matrix amoebas and spherical
tropical varieties. Our matrix amoebas should be considered as the Archimedean
version of the spherical tropicalization of Tevelev—Vogiannou for the variety GL, (C)
regarded as a spherical homogeneous space for the left-right action of GL,(C) x
GL,(C).

RESUME. — Cet article a pour but de généraliser la théorie des amibes (en géo-
métrie tropicale) sur les tores algébriques & d’autres groupes algébriques réductifs.
Le logarithme des valeurs singulieres d’une matrice est proposé comme analogue de
l’application logarithme sur un tore algébrique (C*)™ pour le groupe général linéaire
GLy, (C). On appelle amibe de matrices I'image d’une sous-variété par cette applica-
tion. Dans cet article, on montre les propriétés principales de ces amibes de matrices,
en particulier en généralisant la notion de fonction de Ronkin & ce contexte. Pour les
hypersurfaces, on montre comment décrire les directions asymptotiques des amibes
de matrices grace a une généralisation du polytope de Newton et on étudie la re-
lation entre les amibes de matrices et les variétés tropicales sphériques. Ces amibes
de matrices devraient étre considérées comme la version archimédienne de la tropi-
calisation sphérique de Tevelev—Vogiannou pour la variété GL,(C) vue comme un
espace homogene sphérique pour I'action & gauche et & droite de GLy, (C) x GL, (C).
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Rémi Delloque and Kiumars Kaveh
1. Introduction

The logarithm map on the algebraic torus (C*)™ sends a point to the log-
arithm of absolute values of its coordinates. The image of a subvariety under
the logarithm map is called its amoeba. The notion of amoeba was introduced
by Gelfand, Kapranov and Zelevinsky ([6]) to study the asymptotic behav-
ior at infinity of subvarieties in (C*)™. An important question is whether the
theory of amoebas and tropical geometry can be extended to subvareities in
other reductive algebraic groups and their homogeneous spaces. The present
paper initiates this by answering some of the main questions in the case of
subvarieties in GL(n,C).

In [10, Section 7] and [9], the logarithm of singular values of a matrix has
been suggested as an analogue of the logarithm map on the algebraic torus
(C*)™ for the general linear group GL,,(C). We call the image of a subvariety
in GL,(C) under this logarithm map a matriz amoeba. In this paper we
establish main properties of matrix amoebas and study their relationship
with spherical tropical varieties. The ultimate ambitious goal is a theory of
amoebas in arbitrary spherical homogeneous spaces for reductive algebraic
groups.

We start with some background and motivations. From the point of view
of algebraic geometry, tropical geometry is concerned with describing the
“(exponential) behavior at infinity”, of subvarieties in (C*)" where C* =
C\{0}. With componentwise multiplication, (C*)™ is an abelian group. It is
usually referred to as an algebraic torus and is one of the basic examples
of algebraic groups. A subvariety of (C*)™ is called a very affine variety.
The behavior at infinity of a subvariety Y C (C*)" is encoded in a union
of convex polyhedral cones called the tropical variety of Y. There are (at
least) two natural ways to define the tropical variety of a very affine variety:
(1) using the formal Laurent series and tropicalization map, and (2) using
the logarithm map.

Tropicalization map (on torus)

Let K = C((t)) be the field of formal Laurent series in one indetermi-
nate t. Then the algebraic closure K = C{t}} = Up—; C((t*/*)) is the field
of formal Puiseux series. The field K comes equipped with the order of van-
ishing valuation val : (K)* = K\{0} — Q defined as follows: for a Puiseux
series f(t) = .00 a;t"/*, where a,, # 0, we put val(f(t)) = m/k. The

valuation val gives rise to the tropicalization map trop from (KU" to Q™:
trop(z1(t), . 2a(t)) = (val(, (), ., val(z (1)))-
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Let Y C (C*)" be a subvariety with ideal I = I(Y) C Clzf,...,zF]. Let
Y (K) denote the Puiseux series valued points on Y, that is, Y (K) = {z(¢t) =
(z1(8), ... 20 (1)) € (K" |V f € I, f(z1(t),...,2n(t)) = 0}. The tropical
variety of Y is the closure (in R") of the image of Y (K) under the map
trop. One shows that the tropical variety of a subvariety always has the
structure of a fan in R™, that is, it is a finite union of (strictly) convex

rational polyhedral cones (see [11, Chapter 3]).

Logarithm map (on torus)

The logarithm map Log : (C*)™ — R™ is defined by:
Log(z1,---y2n) = (In]z1],...,1n|z,]). (1.1)

Clearly the inverse image of every point is an (S!)"-orbit in (C*)". Here S!
denotes the complex unit circle and

(Sl)n = {(21,...,Zn) ‘ |Zl| == |Zn| = 1}7
which is the maximal compact subgroup in (C*)™.

For a subvariety Y C (C*)", its (Archimedean) amoeba A(Y") is the image
of Y in R™ under the logarithm map Log. Amoebas were introduced in
[6, Section 6.1], as a means to study the asymptotic behavior at infinity of
subvarieties in (C*)"™. An amoeba goes to infinity along certain directions
usually called its tentacles (and hence the name amoeba). The directions
along which an amoeba goes to infinity in fact coincides with the tropical
variety of Y. More precisely, we have the following fact that goes back to
Bergman [2] (in a different form and before the notion of tropical variety
was introduced):

As p — 07, the rescaled amoeba pA(Y') approaches — trop(Y),
the negative of the tropical variety.

When Y is a hypersurface this is relatively easy to show and basically ap-
pears in [6, Section 6.1, Proposition 1.9]. Even though the statement that, for
arbitrary Y, the amoeba approaches the tropical variety has been known as
a folklore, a precise formulation and proof only appeared relatively recently
in ([7, Theorem A]).

It is natural to ask whether tropical geometry and notions of tropicali-
zation and logarithm map can be extended to other classes of varieties with
group actions. To this end, it is natural to consider spherical homogeneous
spaces G/H where G is a reductive algebraic group over C. We recall that
a G-variety is called spherical if a Borel subgroup (and hence all Borel sub-
groups) have an open (hence dense) orbit. The notion of tropicalization has
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been extended to spherical homogeneous spaces in the work of Tevelev and
Vogiannou [16]. Suggestions for the notion of logarithm map on spherical ho-
mogeneous spaces appear in [1, 10]. In the case where the homogeneous space
is GL,,(C) the spherical logarithm map is the logarithm of singular values of
a matrix [9]. Here we consider GL,,(C) as a spherical homogeneous space for
the left-right action of G = GL,,(C) x GL,,(C), thus identifying GL,, (C) with
(GLn (C)xGLA(C))/ GLn(C)diag where GLy, (Caiag = {(9,9) | g € GLn(C)}.

Main results

For an n x n matrix A we let sLog(A) to be the collection of logarithms
of singular values of A (see Definition 2.1). This defines the spherical loga-
rithm map sLog : GL,,(C) — R"/S,,, where S, is the group of permutations
(symmetric group). We call the image of a subvariety ¥ C GL,(C) under
the logarithm map sLog, the matriz amoeba or spherical amoeba of Y and
denote it by sA(Y).

In this paper, for any subvariety Y C GL,,(C), we show the following:

e The matrix amoeba sA(Y") is closed.

e Each connected component of the complement of sA(Y) is convex
when Y is a hypersurface.

e We give an analogue of the notion of Ronkin function and show
that it is affine on each connected component of the complement of
sA(Y) when Y is a hypersurface.

e For a regular function f € C[GL,] we consider its spherical Newton
polytope (also called its weight polytope). When Y is a hypersurface
given by an equation f = 0, we give a description of the asymptotic
directions in s.A(Y) (in other words, the spherical tropical variety
of Y') in terms of the spherical Newton polytope of f.

e We show that the limit of the sets psA(Y), as p — 0T, contains the
spherical tropical variety of Y (in the sense of Tevelev—Vogiannou).
Moreover, it coincides with the spherical tropical variety when Y is
a hypersurface.

Remark 1.1. — We point out that a very general construction of a log-
arithm map and amoeba appears in [3]. It is an interesting question to in-
vestigate the connection between our notion of logarithm map and the one
in [3] (in the case of general linear group).

Remark 1.2. — We expect that the constructions, statements and proofs
in the present note, with little change, extend to arbitrary connected reduc-
tive algebraic groups over C.
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Section 2 contains the definitions of matrix amoebas and some basic prop-
erties that will justify the definitions. Section 3 is a study of the geometric
aspect of matrix amoebas of hypersurfaces. Section 4 is a small digression
about representations of the general linear group and Newton polytopes.
Section 5 generalises the Bergman theorem [2] that links amoebas to trop-
ical varieties. Finally, Appendices A and B are dedicated respectively to
notations and technical lemmas.

2. Definitions and elementary results
2.1. Definitions and results in the torus

We recall that the algebraic torus T = (C*)” and the matrix group
GL,(C) are affine varieties:

T {(zl,...7zn,w) G(C"H‘zl,...,zn’w: 1}7
GLH(C) = {((aij)léi,jgnaz) S Cn2+1 ’det(aij)z = 1}

A subvariety of the algebraic torus is the set of all the common zeros of the
functions of an ideal I of C[T], the ring of regular functions on 7. In fact,
CI[T) = C[X*] = (C[Xli, ..., XF] is the ring of Laurent polynomials with
n indeterminates. The concept of amoeba of a very affine variety, that is,
a subvariety of T, was introduced by Gelfand, Kapranov and Zelevinsky
in [6]. The amoeba of a very affine variety Y = V(I) is defined to be its
image under the Log map,

T — R"
Log :
z+— (In]z1], ..., 1n|z,]).

We denote it by A(Y") or A(I), or A(f) when I = (f) is principal. It is known
that an amoeba is a closed subset of R™ and all the connected components
of its complement are convex. The asymptotic directions along which an
amoeba approaches infinity is a finite union of polyhedral cones which is the
tropical variety of Y. When I = (f) is a principal ideal of C[X*], one can
describe the tropical variety using the Newton polytope of f: the support
Sy of f is the set of exponents m = (mi,...,m,) € Z" such that the
coefficient of f at X™ = X{" ... X is non zero and the Newton polytope
Newt(f) of f is the convex hull of its support. Bergman showed in [2] that
the asymptotic directions on which A(f) goes to infinity (that is, its tropical
variety), coincides with the (n — 1)-skeleton of the normal fan of Newt(f).
For more details, see [11, Section 1.4].
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2.2. Definitions in GL,(C)

To extend the notion of amoeba to other classes of varieties (in place of
the torus) we need an extension of the notion of Log map. We note that
the logarithm map Log : (C*)" — R”™ is invariant by multiplication with
elements of the compact torus (S')". The compact torus is the maximal
compact subgroup of (C*)™. Similarly, the unitary group U(n) is a maximal
compact subgroup of GL,,(C). Recall from linear algebra that the singular
values decomposition states that GL,(C) = U(n)D,U(n) where D,, is the
subgroup of diagonal matrices with positive real entries. If we write A €
GL,(C) as A = PDQ where P, @) are unitary matrices and D is diagonal
with positive diagonal entries, the diagonal entries of D are the singular
values of A.

DEFINITION 2.1. — Following [10] we define the matrix logarithm map
(or spherical logarithm map) on GL,,(C) as follows:

Loy . § OLn(C) — RY/S,
sLog : Ar— (In(Ay), ..., In(A\n)),

where the A\ are the singular values of A.

Here S, is the symmetric group (the group of permutation of {1,...,n})
which acts on R™ by permuting the coordinates.

We remark that the s in sLog stands for spherical. This is because,
GL,,(C) with left-right action of GL,,(C) x GL,(C) is an important example
of a spherical homogeneous space.

By abuse of terminology and notation, we may identify subsets of R"/S,,
with subsets of R" invariant under permutations. Similarly, we identify func-
tions on R"/S,, with functions on R™ that are invariant under permutations
of the coordinates.

We note that [sLog(A)| — +oo when at least one of the entries of A ap-
proaches infinity or when A approaches a non-invertible matrix. We will see
in Section 5 other reasons that make of sLog a good generalisation of Log.
Recall that the singular values of a matrix A are the square roots of the
eigenvalues of the Hermitian non negative matrix (positive when A is invert-
ible) AA* (or A*A). Any matrix A can be written as UDV™* with U and V
invertible and D non negative diagonal. Then, the diagonal coefficients of D
are the singular values of A.

DEFINITION 2.2. — When I C C[GL,] (the ring of regular functions
on GL,(C)) is an ideal, the matriz amoeba of a matriz spherical variety

Y =V({I) is sAY) = sA(I) = sLog(Y) C R"/S,,. We shall refer to sA(I)
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as matrix amoeba (or spherical amoeba) of Y. When there is no ambiguity
we may simply refer to it as the amoeba of Y.

We will need a last definition that will help us to make the link between
classical and matrix amoebas.

DEFINITION 2.3. — Let f € C[GL,(C)] be a regular function and let A,
B be invertible matrices. We define ¥ 5 g as follows:

T —C

VA B(f): {Z — f(A diag(z) B71),

where diag(z) is the diagonal matriz with coordinates of z as diagonal entries.
V4 p is a C-algebra homomorphism from C[GL,(C)] to C[X*].

We recall that C[GL,, (C)] is the ring of functions of the form det™ f where
f is a polynomial in the matrix entries and N € Z.

2.3. Elementary properties of matrix amoebas

We begin by showing that matrix amoebas are closed in R"/S,, (with
respect to the natural topology on it). Since all subvarieties are closed, it is
enough to show that sLog is a closed map.

LEMMA 2.4. — For any A € GL,,(C) we have:

1
|sLog(A)|, = §Inaux{ln||AA*||7 lnH(AA*)_lH}
= max{In||Al], lnHA_lH} +0(1),

where | - | is the infinite norm and || - || is the operator norm associated the
Euclidean norm on C".

Proof. — Let A € GL,,(C). The matrix AA* is a positive Hermitian ma-
trix so it can be written as U diag(A\) U* with U unitary and A = (A >
- > A\, > 0). Moreover, being Hermitian, its norm is equal to its spec-
tral radius A;. Also (AA*)~' = U diag(A\;*,...,\; 1) U*. Thus the norm of
(AA*)~1is A\t and we have

%max{lnHAA*H, In|[(AA*) 7|} = %max{ln()\l)7 —In(\,)}-
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On the other hand, the singular values of A are the square roots of the
eigenvalues of AA*, namely, /A1, ...,V A,. We deduce that

|sLog(A)| = max{’ln(\/x) ln(\/g) }

= % max{ln(A;), —In(A1),...,In(A,), —In(A,)}

P

1
=3 max{ln(A1), —In(A\,)},
which proves the first equality.
The second equality comes from the fact that A — /||AA*|| is a norm

the spectral norm) and the equivalence of norms in finite dimensional vector
p q
spaces. O

PROPOSITION 2.5. — sLog is continuous for the distance d : (x,y) —
minges, {llo -z —y[} on R"/S,.

Proof. — First of all, it is straightforward to see that d is a well-defined
distance for which

{zeR" |z < - <z} — RS,
r— S, x

is an isometry. If (A,,)men is a sequence of invertible matrices that con-

verges to some invertible matrix A. Then A,, A}, p——— AA* and thus
m——+o0

the characteristic polynomial x 4,, 4 converges to the characteristic polyno-
mial x44+. By the continuity of the roots of a polynomial [14] we see that

sLog(A,,) —— sLog(A). That is, sLog is continuous. O
m——+0o0
PROPOSITION 2.6. — sLog is proper, hence closed.

Proof. — Let K C R"/S, be compact. By Proposition 2.5, sLog ™' (K)
is closed, by continuity of sLog and closedness of K. By Lemma 2.4 and
by boundedeness of K, there are positive real numbers r, R such that for
all matrices A € sLog™*(K), » < ||A| < R. In particular, sLog™!(K) is
bounded in the vector space of matrices, hence it is compact. It proves that
sLog is proper. Now, the space R"/S,, is Hausdorff and locally compact, thus
any proper map X — R"/S,, is closed with compact fibres. In particular,
sLog is closed.

An other way to see the properness of sLog is to notice that it factorises
as a continuous map GL,(C)/(U(n) x U(n)) — R™/S,, because the singular
values of a matrix only depend on its equivalence classes modulo the left-
right action of U(n) x U(n). This map is actually a homeomorphism and we
deduce the properness of sLog by the compactness of U(n) x U(n). O

COROLLARY 2.7. — Any matriz amoeba is closed.
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Next, we describe matrix amoebas in terms of classical amoebas (in the
torus).

PROPOSITION 2.8. — For any ideal I C C[GL,] we have
sA(I) = U AUy v (I)).
(U,V)eU(n)xU(n)

Proof.

C. — If x € sA(I), x can be written as (In(A1),...,In(\,)) where the
A are the singular values of a matrix A € V(I). Therefore, we can write A
as U diag(\) V* with U and V unitary. Then for all f € I we have:

0=f(A) = f(U diag\) V") = Yuv (f)(N).
Thus A € V(¥y,v (1)) which shows that © = Log(A\) € A(Yy,v(1)).

D. — Let U and V be unitary matrices and x € A(¥y v (I)). We can
write z as Log(z) = (In|z1],...,In|z,|) where z € V(Uy v (I)). For all f €
I, we have 0 = Uy v (f)(2) = f(U diag(z) V*). Let A = U diag(z) V*.
The singular values of A are the square roots of the eigenvalues of AA* =
U diag(z) diag(z)U* = U diag(|z1]%, ..., |2a|*) U™, ice., |21], ..., |2n|. As for
all f €I, f(A) =0, we deduce that (z1,...,2,) is in V(f) so x = Log(z) €
sA(I). O

Even thought the union in the above proposition is over an uncountable
set, it is still useful. For example we can use it prove the following.

PROPOSITION 2.9. — For any f € C[GL,(C)], the connected compo-
nents of sA(f)€ are convex.

Proof. — By Proposition 2.8, we know that
SA(NS =[] Aluv ().
(U,V)eU(n)

Let C be a connected component of sA(f)¢ and let 2,y € C. For all unitary
matrices U, V we have C C sA(f)° € A(Yyv(f))¢. This shows that
and y belong to the same connected component in A(Uy v (f))¢ which is
convex. Therefore the line segment joining x and y lies in A(¥y,v (f))C, for
any unitary matrices U, V. It follows that this line segment lies in s.A(f)¢
as required. O

3. Matrix amoebas of hypersurfaces and Ronkin function

In this section we study matrix amoebas for hypersurfaces. In particular,
we generalise the notion of Ronkin function. It was, as its name suggests it,
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introduced by Ronkin in [15]. It is a powerful tool to study the shape of
amoebas of hypersurfaces. In particular, Passare and Rullgérd used it in [13]
to study the spine of the amoebas which gives an easy way to compute its
global shape and its homology. We will see how to extend these to matrix
amoebas.

3.1. Definitions and results for the torus (C*)"

Let f be a Laurent polynomial. One defines the Ronkin function of f by:

p . JR—R
Tl 2= i fioams | f (610 et ) 0y, 6.

It can be rewritten as:
Rf(x):/ I[f(€® A, .-, € A) iAo An)

where g is the unique probability Haar measure on the compact Lie group
T™ = (S')" where S! denotes the unit circle. An important property of
the Ronkin function is that it is convex on R™, affine on every connected
component of A(f)%, and conversely, if € A(f), Ry is not affine on any
open neighborhood of z. Moreover, consider the order function vy given by
(see [4]):

g —r
e C — VRy(x) for some z € C

Then vy is injective and we have Im(vf) C Newt(f)NZ" (recall that Newt( f)
is the Newton polytope of f defined as the convex hull of exponents of
monomials appearing in f). Reciprocally, any vertex on Newt(f) (which
is by definition in Z") belongs to Im(vy). We refer to [4, 13] for several
interesting results in this regard. The vector v¢(C) is called the order of the
connected component C C A(f)°.

3.2. Definitions for GL,(C)

From now on, unless otherwise stated, f is a non zero element of
C|IGL,(C)]. As the unitary group U(n) is a compact Lie group, there is
a unique probability measure p (the Haar measure) that is invariant under
left-right multiplication.
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DEFINITION 3.1. — We define the Ronkin function of f by:

R R* — R
T 2= fog Joo WIFU exp(diag(a)) V)| du(U) du(V)

Note that the set of all the U exp(diag(z)) V* is sLog™'(x) which is compact
by properness of sLog. In [4, 15], the Ronkin function is well-defined for
any complex analytic function using the fact that ln|f| is locally integrable
whenever f is analytic and not identically zero. As this property is local,
it is also true on any Riemannian analytic manifold. U(n)? is Riemannian
analytic and compact, thus Ry is well-defined whenever f is analytic and not
identically zero (and in particular when it is a non zero polynomial).

We will also need to look at the coefficients of the Laurent polynomials
of the form \I’A,B(f)-

DEFINITION 3.2. — Let Q,,, € C[GL,(C) x GL,(C)] be defined by:
f(Adiag(z)B™") = > Qm(4,B)2"™,
mezn

for any z € T and invertible matrices A and B.

The regular functions @,,, will be important in the study of matrix amoe-
bas. We define the support of f and its matrix Newton polytope using
the Q.

DEFINITION 3.3. — The support Sy of f € GL,(C) is the set of m € Z™
such that Q,, is not identically zero. The matrix Newton polytope of f,
sNewt(f) is the convex hull of S;.

The support Sy (respectively the polytope sNewt(f)) coincides with
Sy (f) (respectively sNewt(Wy,(f))), for generic choices of unitary ma-
trices U and V. More precisely, we have the following.

PROPOSITION 3.4. — For almost every pair (U, V) of unitary matrices
(with respect to the Haar measure on U(n) x U(n)), we have Sy = Sy, (5)-

Proof. — The claim follows from Lemma B.1 applied to the Q. |

3.3. Some properties of the Ronkin function

The following expresses the matrix Ronkin function in terms of the clas-
sical Ronkin functions. It will be useful as it allows us to reduce statements
about the matrix Ronkin function to those of classical Ronkin function.
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PROPOSITION 3.5. — For all f € C[GL,], for all z € R",
Ri@)= [ Ruyup@dl(@v),
U(n)xU(n)

where du? denotes the Haar measure on U(n) x U(n).

Proof. — Take Q € U(n). Substituting U by U, by the change of vari-
able formula, we have:

Ry(e) = [ In| (U exp(diag(x)) V)| de2(U, V).
U(n)xU(n)

Noting that any diagonal matrix whose coefficients are in the unit circle S*
is unitary, we can rewrite R as:

Ry(x)

- / In| (U exp(ding(2))V*)| du? (U, V),
U(n)xU(n)

1 . . . *
= (277)"/n /U(n)XU(Tgﬂf(Uexp(dlag(lﬁ)) exp(diag(z))V™)| duz(U7 V) dé,

1
-/ [ 0l (U exp(ding(a + 6)V)| 6 (U ),
U(n)xU(n) n

(2m)™
_ / Ryy () (@) di(U, V).
U(n)xU(n)

This finishes the proof. (|

PROPOSITION 3.6.

(a) Ry is convex.

(b) Forall f, g, Rfg = Ry + R,.

(¢) Rget(z) =1 -2, wherel = (1,...,1).

Proof. — The first part immediately follows from the Proposition 3.5 and
the fact that the Ronkin function for Laurent polynomials is convex. The

two last parts follow from simple computation. O
PROPOSITION 3.7. — Ry is invariant under permutations of the coordi-
nates.

Proof. — Let 0 € S,. We denote by P, the permutation matrix as-
sociated with o. It is in particular a unitary matrix. Recall that for all
z € C", diag(o - z) = P, diag(z) P}. By the change of variable U — U P, and
V—=VP,,

Ry(o-z)= / In|U exp(diag(o - z))V*| du?(U, V)
U(n)xU(n)
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_ / In|U P, exp(diag(2)) P2 V*| du2(U, V)
U(n)xU(n)

_ / | exp(diag(z))V*| dp(U, V)
U(n)xU(n)

= Rf (LE),
which proves Proposition 3.7. (|

Therefore, Ry can be seen as a function of R"/S,,. The classical Ronkin
function is important in the study of amoebas of Laurent polynomials be-
cause it contains the information about where the connected components of
the complement of the amoeba are. Namely, the Ronkin function is affine
on each connected component of complement of an amoeba. We have an
analogues result for matrix amoebas.

PROPOSITION 3.8. — The Ronkin function is affine on every connected
component of sA(f)C.

Proof. — Let C C A(f)¢ be a connected component and let z € C. It
means that for all unitary matrices U,V, = ¢ A(Vy,v(f)) so Ry, , (5 is
affine (thus smooth). It is clear that U,V ~ V Ry, () (z) is continuous.
Moreover, this function takes its values in Z™ so it is actually constant. Let
m(x) € Z"™ its value. Still by an argument of discreteness/continuity, we
deduce that m(z) = m is constant when x browses C. Therefore, Ry is
affine over C' and its gradient is m € Z™. O

In the next subsection, we will see more advanced results that will give
us information about the Ronkin function.

3.4. The order function and its image

Proposition 3.8 allows us to define the order function v for f € C[GL,,].
DEFINITION 3.9. — We define the order function by:
. L(sA(f)¢) — z"
I C —— VRy(x) for some z € C.
We call v;(C), the order of the connected component C'.
The proof of Proposition 3.8 tells us that for all unitary matrices U, V and
for all z € C C sA(f)“ with C connected, VRf(z) = VRy, (s (), which

will be very useful to determine the order of the connected components of

sA(f)°.
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PROPOSITION 3.10. — vy is injective.

Proof. — Let C; and Cy be connected components of sA(f) such that
vi(C1) = vy(Cy). We call m this quantity. It implies that for all unitary
matrices U, V, vy, , (r)(C1) = vy, (5)(C2). As Ry, (f) is convex and its
gradient is m over C7 and Ca, we deduce that VRy,, sy = m over C3 =
Conv(C;UCs) which is open. Therefore, any point = € C3 is in A(Vy v (f))¢
because Ry, , (s is affine around . It is true for all U,V so C5 C sA(f).
We deduce that C; = Cy = (. vy is injective. O

PROPOSITION 3.11. — The image of v¢ is included in
N Newt(Up v (f)) NZ"
(U,V)EU(n)xU(n)
Proof. — We proved that for all unitary U, V, v;(C) € Im(vy, , (5) C
Newt(¥y,v (f)) NZ" so Im(vy) is included in

N Newt(Uy v (f)) NZ", 0
(U,V)EU(n)xU(n)

Knowing which of the @, vanish on U(n) x U(n) is useful to eliminate
quickly some points of Sy which are not in Im(v¢). In fact, contrary to the
case of Laurent polynomials where all the vertices v of the Newton polytope
have an associated connected component of order v, at most two of the
vertices of sNewt(f) can have an associated component. We want to use
Lemma B.3 to prove that when m ¢ Z1 is a vertex, m ¢ Im(vy). For this,
we need some properties on the Q.

PROPOSITION 3.12. — For all m € Z", if A € T, for all invertible ma-
trices A and B,

Qm(Adiag(A), B) = A"Qm(A,B), Qm(A,Bdiag(A)) =A""Qm(A, B)
and for all permutation matriz P, Q.,(AP, BP) = Qpm(A, B).
Proof. — For any invertible A, B and any z € T and any A € T,

Z Qm(Adiag()), B~')2™ = f(Adiag()) diag(z)B)

mezZ"

= f(Adiag(\21,..., Anzn) B™Y)
= Z Qm(AaB)AmZm’

mezZ™

so by uniqueness of the Q.,, for every m € Z",
Qm(A diag(k)v B) = )\QO(A, B)
Same thing for B.
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And if o0 € S,,, let P, be the associated permutation matrix. We have,

> Qm(AP,,BP,)z"™ = f(AP, diag(z)P, ' B™")

mGZTL

= f(Adiag(c - 2)B™")

= > Qu(AB)(o-2)"
mezL”

= Qrml(4,B)(e-2)""
mezm™

=Y Qrm(A B)2",
mGZ”L

so for every m € Z", Qum(AP,, BP,) = Qp,m(A, B). O
COROLLARY 3.13. — Sy and sNewt(f) are permutation invariant.

3.5. Geometry of hypersurface matrix amoebas

In this section we study the shape of matrix amoebas of hypersurfaces,
and in particular, the connected components of their complements and their
maximal cones. Thanks to Proposition 3.10 (v is defined at Definition 3.9),
we know that any connected component of s A(f)¢ is associated with exactly
one point of sNewt(f) N Z". We will treat vertices of sNewt(f) separately
from the other points.

Recall that when A C R™ is a convex polytope and F' is a face of A, the
normal cone associated to F' is Cp(A) (or Cr when there is no ambiguity)
defined as {w e R" |[Vz € F, Vy € Aw-z < w -y}, which is a cone
(a rational one if A is rational). See [11, Section 2.3] for more details about
convex geometry. Notice that if F' has dimension d, C'r has dimension n —d.

PROPOSITION 3.14. — For all connected component E C sA(f)C, if we
set m = vy(E) € sNewt(f) NZ™ and F' the smallest face of sNewt(f) that
contains m (i.e. F is the only face whose relative interior contains m), then
Cr is the recession cone of E, which means that,

(a) Ve e E,2+Cr CE.
(b) ¥V coneC,Crp CC=VaxeR", z+C¢E.

Proof. — To prove Proposition 3.14, we need its Laurent polynomial
counterpart that can be found in [4, Proposition 2.6]. Let © € E and let Ey v
be the connected component of A(Wy 1 (f))¢ where z belongs to. We know
that for all U, V', vy, () (Ev,v) = v¢(E) = m (in particular, m belongs to
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all the Newt(¥y v (f))) and E is the intersection of the Ey vy . By [4, Proposi-
tion 2.6], for every unitary U, V, we have 2+ CF, ,, (Newt(Vy,v(f))) C Eu,v
where Fyy is the smallest face of Newt(¥y v (f)) that contains m. As
Newt(Py,v (f)) C sNewt(f),

CF = CF(SNeWt(f)) C CFU’V(NeWt(\I/va(f))),

we see that £ + Cr C Eyy. It is true for every U,V so 2 + Cr C E. Con-
versely, suppose C strictly contains Cr. Consider unitary Up,Vp such that
Newt(¥y,v(f)) = sNewt(f) (we know there exists at least one by Propo-
sition 4.12). We have, still by [4, Proposition 2.6], that for all 2 € R™,
x4+ C ¢ Ey, v, O E. It proves Proposition 3.14. O

COROLLARY 3.15. — [t implies that the bounded components are exactly
the ones whose order is an interior point of sNewt(f) because the only face
F such that Cp is bounded is F' = sNewt(f).

PROPOSITION 3.16. — If v € sNewt(f) is a vertez, there are two possi-
bilities:

(a) v € Z1: in this case, v € Im(vy). Moreover, 1 or —1 belongs in
Ctvy- In particular, E is unbounded.
(b) v ¢ Z1: in this case, v ¢ Im(vy).

Proof. — Assume v € Z1. If there is another point m € sNewt(f) N Z"
such that v-1 = m-1, then m ¢ Z1 (or it would be equal to v) so the convex
hull of S,, - m is an (n — 1)-dimensional polytope contained in sNewt(f)
(because the action of S, on {1} is irreducible) that contains v because
V=) ges, Lo - m. It implies that v is not a vertex of sNewt(f), which
contradicts our hypothesis. Therefore, for all m € sNewt(f), m # v = m-1 #
m - v. With the same kind of argument, we could prove that v-1—m -1 is
always positive or always negative when m browses sNewt(f) NZ". We will
assume without loss of generality that it is always positive. We set § > 0
the minimum taken by the quantity v-1 —m - 1. We will need it later in
the proof.

Now, decompose f as } ., fq where the fq are homogeneous polynomials
of degree d, all zero except a finite number of them. Let for all d, and for all
A, B, z, fq(Adiag(z)B~1) = Emesf Qa,m(A, B)z™. For all A € C, we have,

d

fd()\Adlag(z)Bfl): Z /\m.le,m(AvB)Zm

mGSfd

= fa(Adiag(z)B™")
=2 Y MQam(A, B)z2"

mESfd
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Thus, for all m € Sy,, m-1 = d. It implies that Sy = | |y Sy, and for all m €
St, the Qp, of fis the @y, of fy,.1. In particular, if we set v = N1 with N € Z
(because v € Z1), we have v-1 = nN and f,n(Adiag(2)B~!) = Q,(4, B)2".
Notice that for all invertible diagonalisable matrix A = Pdiag(z)P~!,
we have,

fan(A) = Qu(P, P)2" = fun(PP™1)2" = fun(1,)det(A)N.

By density, this equality remains true for any invertible matrix. In fact f,ny =
adet for some o € C*. In particular, @, does not vanish on U(n) x U(n).
Let (U,V) € U(n) x U(n) and = € RY.

Vo v (f)(€1) = Qu(U, V)(e*1)"|

Z Qm(U, V)eamwl

m¥#v

max Qum|1e*¥ 179 by definition of 4.
mZ;évU(n)XU(n)ﬂ |}

T xv-1
=e %U(ggg(n){l%l}e

zv-1

N

< |ale if  is large enough.

= |Qu(U,V)(e"1)"].

By [4, Proposition 2.7] applied to ¥y, it implies that 21 € A(¥y v (f))€
and VRy,, () (x1) = v for every U,V so 21 € sA(f)° and VRy(z1) = v.
Let E be the connected component where z belongs. We have by definition
of vy that v¢(E) = v so v € Im(vy). It is true for any « large enough so F
is unbounded and contains a half-line included in R1. By Proposition 3.14,
it means that 1 or —1 belongs in C,;.

If v ¢ Z1, by Proposition 3.12 and Lemma B.3 applied to the function
A det(A)NQ, (A, I,,) for N large enough, @, vanishes on U(n) x U(n).
As v is a vertex of sNewt(f), if we consider some Up, V unitary such that
Qu(Uy, Vo) = 0, then v ¢ Newt(Uy, v, (f)) so there is no connected compo-
nent of order v in the complement of the amoeba of ¥y, v, (f). It implies
that there is no connected component of order v in the complement of the
spherical amoeba of f, which proves Proposition 3.16. g

Remark 3.17. — The above shows a difference between classical amoe-
bas and matrix amoebas. For matrix amoebas, every vertex of the Newton
polytope is in the image of the order map. In the case of matrices, there are
at most two because there are at most two vertices on the line Z1.
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Remark 3.18. — For a Laurent polynomial f, it is possible but rare to
find a connected component of A(f) of order m if the coefficient of f at
the monomial ™ is 0. Nisse calls those coefficients “virtually non zero” and
it has consequences as [12, Theorem 1.2]. Therefore, as each @,, vanishes
on U(n) x U(n) when m ¢ Z1, it seems possible that for all matrix poly-
nomial f, Im(v;) C Z1. We have neither been able to prove it nor to find
a counterexample.

CONJECTURE 3.19. — The image of v¢ is always included in Z1.

3.6. Some examples

We will see three examples to illustrate this section. The aj in these
examples denote non zero complex constants. They all are in dimension
n = 2 except the first example, which is in dimension n > 2. Notice that the
support of f can easily be computed thus we won’t detail the computation
of the Sy.

Ezample 3.20. — f € Mat,(C)* C C[GL,] is a linear map.

We will see that in this case, the amoeba of f is the whole space R™.
Indeed, we know that f(A) can be written as tr(M A) for some matrix M, by
Riesz’s representation theorem. Let us use M’s singular values decomposition
M =UyDVy. Let P be the matrix of a permutation which does not have a
fixed point (it exists because n > 2). We have for all z € T,

Uy, pu, (f)(2) = tr(UyDVy Vo P diag(z)U) = tr(P diag(z)D) = 0.
We deduce that ¥y, py,(f) = 0 so its amoeba is R™. Therefore, sA(f) = R".

Notice that it is different than for Laurent polynomial where the amoeba is
the whole space if and only if the polynomial is identically zero.

Ezample 3.21. — n =2 and f: A+ aja?; + azdet(A).

Here, Sy = sNewt(f) N Z? = {(2,0),(1,1),(0,2)}. Notice that it is con-
tained in {(1,1)}* + (1,1) = {1}+ + 1. It is actually easy to verify that in
general sNewt( f) is contained in an affine hyperplane of R™ parallel to {1}+
if and only if f is homogeneous. Here, f is indeed homogeneous of degree 2.
(2,0) and (0, 2) are vertices of sNewt(f) which are not in Z1 so by Proposi-
tion 3.16, they do not have associated components. It implies that sA(f)¢
is empty or connected. By Proposition 3.14, if sA(f)¢ # 0, the biggest
cone contained in it is Cynewt(ry = R1 and it is open so it is of the form
{(a+b,—a+0b) | |b] < r} for some r > 0. Same thing with » = 0 if
sA(f)¢ = (0. The fact that this set is empty or not depends on the ay,.
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PROPOSITION 3.22. — sA(f)¢ = 0 if and only if |az| < |aq].

Proof. — In this case, sA(f)¢ # 0 if and only if it contains 0, if and only
if f vanishes on U(2), if and only if f vanishes on SU(2) (by homogeneity).
Let U = (% 2) € SU(2) with |a|* + b|* = 1. f(U) = a1a® + az = 0 if and
only if a is a square root of —3—?. It is possible to find such an a if and only

if |aa| < 1], which proves the proposition. O

Notice that it provides a second example of non zero polynomial whose
amoeba is the whole space (when |ag| < |aq]). Figure 3.1 shows the Newton
polytope of f and its amoeba in the case where |ag| > |aq].

24

A d
2

Figure 3.1. The Newton polytope (left) and the amoeba (right) of
a polynomial of Example 3.21.

Ezample 3.23. — n=2and [ : A — a;tasar;+asdet(A)+agazadet(A).

In this case, Sy =sNewt(f)NZ*={(0,0),(1,0),(0,1),(1,1),(2,1),(1,2)}.
The points (1,0), (0,1), (2,1) and (1, 2) all are vertices that do not belong to
Z(1,1) so they do not have associated components by Proposition 3.16. The
point (0,0) is a vertex on Z1 so it has an associated unbounded component
Co whose maximal cone is the quadrant {(z,y) € R? | max{z,y} < 0} by
Propositions 3.16 and 3.14. The point 1 may or may not have an associated
component in the ayg. If it has one, it is bounded because 1 is in the relative
interior of sNewt(f). Let C; be this component, or C; = 0 if 1 ¢ Im(vy).

PROPOSITION 3.24. — If the polynomial ||t —|as|t? +|az|t+|ay | takes
negative values on R’ (which means that |as| is large enough compared to
the others |og|), C1 # 0. Conversely, if |as)® < 4]az||ay|, then Cy = 0.

Proof. — Assume the first condition holds. Let 7 € R such that |ay|r® —
|as|r? + |az|r + || < 0 and let = In(r). Let A be a matrix whose singular
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values are both e* = r. Then A = rU where U € U(2) so
\agdet(A)| — |Ot1 + asaq1 + a4a22det(z4)| = |043|7“2 - ‘O{1| - |042|’I“— |O‘4|7"3 > 0.

It implies that (z,z) ¢ sA(f) and by [4, Proposition 2.7] applied to each
Yy v(f), the order of the component containing (x,x) is (1, 1).

Conversely, assume now that C; # 0. Then, every A(Vy v (f))¢ has
a connected component of order (1,1). It is, in particular, the case for

g = \1112,12 (f) For every (Z ) (C*)Q,
9(21,22) = a1 + a2 + Q32129 + Q42175

Therefore, S, = Newt(g) N Z2? = {(0,0), (1,0),(1,1),(1,2)}. As A(g)¢ has
a component of order (1,1) and every other lattice point of Newt(g) are
vertices, each lattice point of S, has an associated connected component.
The spine of A(g) is the tropical curve of a tropical polynomial of the form
max{c,0), ¢(1,0) + T, ¢1,1) + T + Y, ca,2) + 4 2y} and by [13, Theorem 2]
and [13, Theorem 3], c(1 1) is given by,

—ks — 1)!
c1,1) = In|as| + §R<Z 7( k;!k;4! ) (1)k31ak2a’§3ai4>,

keK
where K = {(kQ,kg,k4) €73 | ko > 0,ks < 0,ky > 0,ko + ks + kg =0,
k3 + 2ks = 0}. We can parameterize the elements of K by

K =1{(¢-2¢,q9) | g e N}

S0,
(2(]—1)! Q20 a
oy = el [ 30 G (220))
qeN* a 3
and
-y _ () 4w
q'? 2q gq—+oo 2¢/mq3/?

(this is a consequence of the Stirling formula) so this series has a convergence
radius of ;. It implies that las|® > 4|ag||as|, which proves the Proposi-
tion 3.24. O

Figure 3.2 shows the Newton polytope of f and the shape of its amoeba
in the case where C; # (). We are not able to compute spherical amoebas
yet so this picture does not represent an approximation of the real amoeba
of f for certain values of the a; but is only a representation of what its
amoeba looks like (in particular, the picture and the real amoeba have the
same homotopy).
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p
\ )
N/

Figure 3.2. The Newton polytope (left) and the shape of the amoeba
(right) of a polynomial of Example 3.23.

4. Definition of matrix Newton polytope using representation
theory

The purpose of this section is to show that our definition of the New-
ton polytope sNewt(f) of a polynomial f € C[GL,,] coincides with that of
Kapranov [8] that we will call A(f). Let G be a reductive algebraic group
(we will take G = GL,(C)). The group G*> = G x G acts transitively on
G by left-right action and the stabilizer of 1 is H = {(g,9) | g € G} thus
G = G?/H is a homogeneous space. Moreover, the Borel subgroup B C G2
acts on it with an open orbit, thus G is a spherical variety (B is the set of
couples of invertible matrices (U, L) with U upper triangular and L lower
triangular when G = GL,(C)).

By the Peter—Weyl theorem, we have that,

ClG] = P W,
AEA
where A is the Weyl chamber associated to G (A = {z € R" | 21 < -+ - < @}
when G = GL,(C)) and W), is the irreducible representation of G? with
highest B-weight A by the highest weight theorem. Moreover, for each A,
there exists, up to a rescalling, a unique B-weight vector of weight A (that
belongs to W) and Wy = V) ® V¥ as representations of G? where V) is
the irreducible representation of G of highest weight A\. More details about
representation theory in [5].

Let W be the Weyl group of G (W = S,, when G = GL,(C)). The
moment polytope A(f) of f is the convex hull of the W-orbits of the A € A
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such that the projection of f on W) parallel to @ LA W, is non zero in R".
It is in particular stable by W. Kapranov calls it the Newton polytope in [8].

This section is a digression about representation theory of GL,,(C) that
has for purpose to show that for any f € C[GL,], sNewt(f) = A(f). This
section is not linked to amoebas, neither tropical geometry, but this result
supports the idea that most of the results of this article can be generalised
to any reductive algebraic group.

4.1. Some convex geometry

First of all, we need results about convex geometry.

DEFINITION 4.1. — For every A € A ={A € R" | A\y < --- < A\, }, we
define C(\) as the convex hull of the S,,-orbit of X in R™. When (x,y) € A?,
we say that x < y if C(x) C C(y).

We want to show that < is a (partial) order relation over A. It is obviously
reflexive and transitive. Let us show that it is anti-symmetric.

For all K C {1,...,n}, we define the vector 1x € R by (1x); = 1x(4).
When 1 < k < n, we also set @y = Ljpp1—gpn) = (0,...,0,1,...,1) with &
ones.

LEMMA 4.2. — For every x € A, C(x) is the set of all y € R™ such that
forall K C {1,...,n}, y-1x < x-wg| with equality when K = {1,...,n}.

Proof.

C. — If y € C(x), then it can be written as ) s .0 -z where the
o, are non-negative real numbers whose sum equals 1. Therefore, for all
K cA{l,...,n},

y -1 = Z as(o-2) -1 < Z Qo - W|K| = T - Wk
oES, oES,
The inequality (0-z)-1x < 2@k comes from the fact that the coefficients
of = increase. Moreover, it becomes an equality when K = {1,...,n}, which
proves that y -1 =z - 1.

D. — We will prove it by induction on n. It is trivial for n = 1.
Let n > 2 and y € R”™ that verifies the hypothesis. Up to permuting its
coordinates, we may assume that y € A. By the hypothesis, y, =y - 1y, <
T-w = T, and 1 < %x-lz %y-lgyn. We have x1 < y,, < x5 so there
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exists an integer 1 < g < n such that z, <y, < 2441. Let 7 be the transpo-
sition between ¢ and g + 1. Let 2’ = (1 —t)z + t7 - x for some 0 < ¢ < 1. As
the support of 7 is {¢,¢q + 1}, for all k ¢ {q,q + 1}, =}, = z1. Moreover,
t=0= 1, =24 < Yn,
t=1= 1z, =Tq41 2 Yn.
Therefore, for the right value of ¢, x = y,,. The sum of all the coefficients is
stable by permutation so we have that x;H = Tq + Tg+1 — Yn- Now, let

T
Tg—1 Y1
T = xq+mq+1_yn 5 y=
Tq+2 Yn—1
T

They are both vectors of R"~!. Let us show they verify the hypothesis of the
lemma. They both belong in A (trivial) so it is enough to check that for all
k, y-wy < T-wg with equality when & = n— 1. The equality when k = n—1
is trivial. Now, let 1 <k <n — 1.

k<n—q—1= [y —2) @k =Yn-k+ +Yn-1—Tnyi—k — " — Tn
=Y Wkt Yntl—k — Yn — T Wk
<0,
kz2n—q= Y—2) @Wrx =Yn-t+  +Yn-1— Tk — "+ — Tg_1
_<xq+$q+1_yn)_qur?_"'_xn
=Y Wkt1 — T Wk+1
< 0.

By induction, it proves that § € C(Z) < § < . Notice that 2’ = (Z,z,) < «
by construction and y = (¥, y,) < @’ because y§ < Z. Finally, by transitivity,
y < x, which proves Lemma 4.2. O

PROPOSITION 4.3. — < is anti-symmetric, thus an order relation over A.

Proof. — By Lemma 4.2, if x < y and y < « and if  and y both belong
to A, then for all k, x - wy = vy - @y, which implies that z = y. O

PROPOSITION 4.4. — For every (z,y) € A? and for every a € R,
Claz) = aC(z) and C(z +y) = C(z) + C(y).

Proof. — The first part is trivial, let us focus on the second one. First
of all, the Minkowski sum of two convex sets is convex thus C(x) + C(y) is
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convex. As it contains by definition every o - (z+1y), we have that C(z+y) C
C(z) + C(y). Let us show the reciprocal. As both sets are convex, it is
enough to show that C(x + y) contains every o -« + p - y where o and p are
permutations. Indeed, for all set K C {1,...,n},

(c-z+py)lg=(c-2)1g+(p-y) 1k < (z+vy) =,

and (o-x+p-y)-1 = (x+y)-1 so by the characterisation given by Lemma 4.2,
o-x+p-yelClx+y). O

4.2. The highest weight vector v)

The purpose of the subsection is to study the irreducible GL,, (C)2-repre-
sentations W,. We won'’t be able to compute them explicitly but we can at
least compute the only (up to a non zero scalar) B-weight vector vy € C[GL,]
of weight A € A. We will focus particularly on the Newton polytopes sNewt
of the polynomials of Wx\{0}.

DEFINITION 4.5. — When I and J are subsets of {1,...,n} of same
cardinality, we define dety j(A) as the determinant of the sub-A-matriz of
A where we only keep the lines indexed in I and the columns indexed in J.
In particular, dety j is a polynomial over Mat,(C). We also define dety as

det[[k+1—7L,n]],[[k+1—n,n]] .

DEFINITION 4.6. — We define for every A € A,

n
Uy = H de‘c?””’““_)‘"*’“7
k=1
where Ag = 0 by convention. As A € A, for every k > 1, A\ < Agy1 S0
vy € C[GL,]. Notice that in particular, vy, = dety for all k.

PROPOSITION 4.7. — The vector vy is a B-weight vector of weight A
in C[GL,] in the sense that for every (U,L) € B, the Borel subgroup of
GL,(C)2, (U,L) - vy = NMU)X*(L)vy where

AU — [Tk, A L— [0
k=1 k=1

are the associated weight and its dual.

Proof. — Let (U,L) € B and X € GL,(C). Let us decompose them into

blocs,
* ok * 0 * X
(o o) o= () (0 0)
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where L', U’ and X’ and k x k matrices. We compute that

-1 _ % *
UXL - <* U/X/(L/)—l)'
Therefore, dety(UXL™') = det(U'X'(L') ') = @y, (U)wj (L)dety(X) where
wy, € A is the weight (0,...,0,1,...,1) with k ones. By product,
oA(UXL™Y) = MU)N(L)oa(X),

which proves Proposition 4.7. ]
Now, let us determine the spherical Newton polytope of the v).
PROPOSITION 4.8. — sNewt(vy) = C(A) when A =wy (1< k< n) or
— Wy

Proof. — We have that vy, = dety. This proposition is a direct conse-
quence of the Binet—Cauchy formula,

det] J AB Z det[K detK,J(B)
|K|=Fk

when A and B are matrices and |I| = |J| = k. In particular, with
A + Adiag(z) and B < B~! when A and B are invertible and z is in
the torus,

dety (A diag(z Z detfrq1—n,n],k (A)det g [r1—nn] (B)z'x.
|K|=Fk
Therefore, Sget, = {1k | |K| =n} =S, - wk so by definition, sNewt(vy, ) =
C(wy). For A = —w,, vy = det™! so sNewt(v_o, ) = {—1} = C(~w,). O
LEMMA 4.9. — If f,g are two matriz polynomials, sNewt(fg) =
sNewt(f) + sNewt(g) (in the sense of Minkowski).

Proof. — It is well-known that this formula is true for classical Lau-
rent polynomial and their Newton polytope. For any h € C[GL,], the
set of (A, B) € GL,(C)? such that sNewt(h) = Newt(V 4 p(h)) is Zariski
open, thus dense. It implies that for generic invertible matrices A, B,
sNewt(f) = Newt(¥4 5(f)), sNewt(g) = Newt(¥ 4 5(g) and sNewt(fg) =
Newt(¥4,5(fg)) so,

sNewt(fg) = Newt(¥4 5(f9))
= Newt(Va, 5(f)Va,5(9))
Newt(¥ 4 5(f)) + Newt(¥ 4 5(g))
= sNewt(f) + sNewt(g). O

PROPOSITION 4.10. — For every A, sNewt(vy) = C(A).

Proof. — Any A\ € A can be written as A = ZZ:1 «a @, where the ay,
are non-negative integers except a,, which is a relative integer. Notice that
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vy = [[—; v% so by Lemma 4.9, Proposition 4.8 and Proposition 4.4,

sNewt(vy) Zak sNewt (v, ) ZakC (w) = C(N).
k=1

This remains true even when «,, < 0. O

4.3. Proof of the equivalence

We now have enough tools to prove Proposition 4.12.

PROPOSITION 4.11. — Ewvery non zero polynomial f € W verifies Sy =
Sy, s thus sNewt(f) = sNewt(vy) = C(A).

Proof. — First of all, it is clear that the support of a matrix polynomial is
stable by the action of GL,(C)? by definition. As Wy = Span(GL,,(C) - v,),
any polynomial f € W) verifies Sy C S,, by sum. Now, consider some
meS,, and V ={f € Wy |m¢ Sy} It is clearly a vector space because
m ¢ Sy < the @, of f is identically zero. Moreover, V is stable by the
action of GL,,(C)?2, it is a representation of this group. But W) is irreducible
so V = {0} or Wy. However, as m € S,,, vy ¢ V thus V = {0}. It is true
for any m so the proposition is proven. O

PROPOSITION 4.12. — For all polynomial f € C[GL,], sNewt(f) =
A(f)-

Proof. — Let f € C[GL,]. Write f = > .4 fn where A C A is a finite
set and for all Ain A, fy € W) \{0}. Let us show that sNewt(f) = A(f). As
sNewt(f) = Conv(Sy) and A(f) = Conv(S,, - A) and they are both stable by
permutation, it is enough to show that S; C Conv(A) and A C Conv(Sy).

C. — If X € Sy. It means that Qg\f) # 0 so Qg\f“) # 0 for at least
one p € A. It means that A € sNewt(f,) = C(n) by Proposition 4.11.
A€ C(u) C Conv(A) = A(f).

D.— If A€ A, let A\py € A such that A < Apy; and Ay is a maximal
element of A. Such a Ajs exists because A is finite. Let us show that Ay € Sy.

Indeed, Q(hM # 0 and for all p € A\{Am}, Ay & p because Ay is a
maximal element of A, thus Ay ¢ C(p) = sNewt(fy,) so Q(f“ =0 It
implies that Qg{gf = Q(f”f) # 0. Ay € Sy. It proves that A € C'(Ay) C

AMm

Conv(Sy) = sNewt(f). O
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5. Tropical geometry

The goal of this section is to generalize a theorem of Bergman [2] that
makes a link between the tropical variety of an ideal and its amoeba. We will
also recall the definition of the tropical variety of a matrix spherical variety
Y C GL,(C) which is a particular case of the definition given by Tevelev
and Vogiannou [16].

5.1. Definitions and theorems in (K*)"

Let K be an algebraically closed field of characteristic 0 endowed with
a non trivial valuation that is trivial on Q. Let I be a proper ideal of the
Laurent polynomial ring K[X*] = K [X 1i, .. ,X,ﬂ. We define the algebraic
variety Y = Y (K) associated to I as the set of non zero vectors z € (K*)"
where all the polynomials of I vanish. For every polynomial in K[X*], we
define its tropical version as

trop( Z ame> ¢ — min{val(am,) +m -z |meZ"},
mezn

which is a affine by part convex function from R™ to R. Notice that the
min convention has been used but a similar version with a max also exists.
Introduction to Tropical Geometry, by MacLagan and Sturmfel [11] is a good
reference for tropical geometry. We define the tropical hypersurface of any
tropical polynomial P as the set of points where the minimum is reached at
least twice, i.e. the set where it is not differentiable. We call it V(P). When
Y =V (I)C (K*)" is a very affine variety, we have the fundamental theorem
of tropical algebra,

ﬂ V(trop(f)) = {(val(z1),...,val(zn)) | z € Y}.
fer

We call this set trop(Y). Notice that it only depends on Y and not on the
choice of I. There is a third definition using initial ideals (see [11, Theo-
rem 3.2.3]). Assume now that K = K is the set of complex Puiseux series,
endowed with a valuation,

val : Z amt™ — min(S),
meS

where S is non empty and the a, are non zero complex numbers, and
val(0) = +oco. This field is algebraically closed of characteristic 0 and the
valuation is non trivial, but is trivial over Q. Therefore, the previous theorem
holds. When I C C[X¥], let Y = Y(C) be the variety associated to I and
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Y (K) € (K")™ be the variety associated with the ideal of K[X*] generated
by the elements of I. We have the Bergman’s theorem,

pAY) 7 trop(Y’) in the sense of Kuratowski,
p—

and trop(Y’) is a finite union of polyhedral cones. Moreover, when I = (f) is
principal, — trop(Y") is the normal cone of the Newton polytope of f. See [11,
Section 2.3] for an introduction to convex geometry and the definition of the
normal cone of a convex polytope. Let us extend it to matrices.

5.2. Definitions in GL,(C)

We will work exclusively on C and K since the notions of singular values
and invariant factors are hardly generalisable to any field.

DEFINITION 5.1. — Let R = {2(t) € K | val(z(t)) > 0}.

R is a ring and its invertible elements are R* = {2(t) €K | val(z(t))=0} =
{#(t) € R | z2(0) # 0}. Notice that m = R\R* is an ideal, so R is local
with maximal ideal m and the residue field of K is R/m = C. But the most
important is that R is integral with Frac(R) = K. The natural way to extend
the notion of coordinate-wise valuation of a vector of complex Puiseux series
to matrices is to use the invariant factors given by the Smith normal form
(we will see that it coincides with the definition given in [16]). However,
Smith’s theorem requires to work on a principal ideal domain and R is not
principal (it is not even Noetherian as m is not finitely generated). We need
to extend Smith’s theorem.

PROPOSITION 5.2 (Smith normal form). — For any matriz of Puiseux
series A(t) € Mat, (K), there exist matrices (P(t),Q(t)) € GL,(R) and
a diagonal matriz D(t) such that A(t) = P(t)D(t)Q~'(t). Moreover, the
valuations of the diagonal elements of D(t) are unique up to permutation.
We call them invariant factors.

Proof. — Let A(t) be a Pusieux series matrix and G be the group gener-
ated by {q € Q| t? appears in A(¢)}. Exponents in Puiseux series all have
a common denominator and A(t) has a finite number of coefficients so G is
discrete. Let K = {>_  ;aqt? € K}. K is a field and the valuation inherited
from the valuation on K is discrete on K because I‘val‘ « =G. As K is a field
with a discrete valuation, the ring R = {2(t) € K | val(2(¢)) > 0} C R is
a principal ideal domain. As all the coefficients of A(t) belong to K, we can
apply the Smith normal form theorem. There exists (P(t), Q(t)) € GL,(R) C
GL,(R) and D(t) a diagonal matrix such that A(t) = P(t)D(t)Q ().
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In particular, the coefficients of P(t) and Q(t) are series whose exponents all
are in GNR;.

If A(t) = P()D(H)Q~(t) = P(t)D(t)Q1(t) with P(t) and Q(t) invert-
ible in R and 5( t) diagonal, we can use the uniqueness in the Smith normal
form theorem in the field K = {3 geé gl? € K} where G is the group gen-
crated by the exponents of the coefficients of P(t), Q(t), D(t), P(t), Q(t)
and D(t) to deduce that the valuation of the diagonal coefficients in D(t)
are the same than in l~)(t) up to permutation. It proves Proposition 5.2. U

It allows us to define the matrix spherical valuation of a Puiseux series
matrix A(t),

DEFINITION 5.3.

sval - GL,(K) — Q"/S,,
| A(t) = P(t) diag(2(t)) Q71 (t) — (val(21(t)), ..., val(z,(t))).
Now, let I be an ideal of the ring C[GL,,]. We define the spherical variety
Y (C) associated to I as the set of invertible matrices A where all the poly-
nomials of I vanish and the spherical variety in Puiseux series Y (K) as the
variety associated with the ideal generated by the elements of I in K[GL,,].
When there is no ambiguity, we can use the notation Y to talk about Y (C)
as well as Y (K). There does not seem to be a good generalisation of the trop-
icalization of a matrix polynomial so we shall define the spherical tropical
variety of Y thanks to the spherical valuation,

DEFINITION 5.4.

strop(Y) = {sval(A(t)) | A(t) € Y(K)},
where the set stropg(Y) = {sval(A(t)) | A(t) € Y(K)} € Q"/S,, is mistaken
by abuse with the set of x € Q" such that the orbit of x under S, is in
stropQ(Y). We can make the link with classical tropical variety, and thus
use if necessary the fundamental theorem of tropical algebra. Notice that
this definition actually coincides with the more general definition of tropical
varieties of a spherical variety by Tevelev and Vogiannou [16, Theorem 1.3].

PROPOSITION 5.5. — Let I be a proper ideal of C[GL,,]. For any matrices
P(t),Q(t) that are invertible in GL,(R), and f € C[GL,], we extend the
definition of U,

K K
Ve, (f): {( =

#(t) — f(P(t) diag(z()) Q™" (¢)).
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Upuy,ou : KIGL,] = K[X*] is a K-algebra homomorphism. Let Yp ) qu) =
V(Ypu),qe ). We have

strop(Y) = U trop (YP(t),Q(t))
(P(8),Q(t))€GLA(R)

Proof of Proposition 5.5. — Let x € Q™:

x € stropg(Y)
< z = sval(A(t)) for some A(t) € Y.
< f(P(t)diag(z(t))Q'(t)) = 0 for some (P(t),Q(t)) € GL,(R)?
and for all k, val(z(t)) = z.
> x € tropg(Yp(r),qQ(t)) for some (P(t),Q(t)) € GL,(R)?
e U tropg (Ye(),w)-
(P(£),Q(t))€GLA(R)

which proves Proposition 5.5, by taking the closure. O
As for classical amoebas, we conjecture that for every spherical variety Y,

CONJECTURE 5.6. — psA(Y) — ,0+ —strop(Y') in the sense of Kura-
towsksi.

5.3. First inclusion

Recall the definition of Kuratowski limit: if (F,,)men is a family of subsets
of a topological space E (we can replace the discrete m € N by a continuous
variable that converge, or diverges toward 400 or —o0),

liminf E,,
m——+o0

= {2 € E |V U neighborhood of z , 3mg € N, V'm > mq, UNE,, # 0},

limsup F,,
m——+o0

= {z € E |V U neighborhood of z, V' mg € N, 3m > mg, UN E,, # 0}.

In particular, liminf,, , . Ep C limsup,, , . Ep and when they are
equal, we call lim,,, 4 oo Fy, the common limit. Therefore, given a variety Y,
the conjecture is equivalent to

lim sup ps A(Y) C —strop(Y') C liminf psA(Y').
p—0+ p—0t

First of all, let us show the second inclusion, which is the easiest one.
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DEFINITION 5.7. — For any rational number q, define the truncation
T, by
K—K
Tq : Zmes amt"™ — ZmES amt™
m<q

and extend it to Mat, (K) by truncating each entry.

In both cases, it is a C-linear map. It is clear that R is stable under Tj,
and for all rational number ¢ > 0, (%) is an ideal such that for all a(t) € R,
Tya(t) = a(t) [t?]. This remains true if we replace R by Mat, (R).

LEMMA 5.8. — For any matrices A(t) € GL,(K) and B(t) € Mat,(K),
if all the invariant factors of A(t) are less than or equal to all the invariant
factors of B(t), then B(t)A™1(t) has its coefficients in R.

Moreover, if we replace “less than or equal to” by “less than”, (A(t) +

B(t))A71(t) € GL,(R).

Proof. — Let ¢ be a rational number such that all the invariant factors
of A(t) are less than or equal to ¢ and all the invariant factors of B(t)
are greater than or equal to g. Therefore, t77B(t) € Mat,(R) and the
invariant factors of A~!(¢) are opposite to the invariant factors of A(t) thus
t1A7L(t) € Mat,(R) so B(t)A=1(t) = t=9B(t)t9A~1(t) has coefficients in R.

Now, if we replace “less than or equal to” by “less than”, by using the
first part of Lemma 5.8 with A(t) and ¢t~ °B(t) for a small enough rational
e > 0, the matrix B(t)A~1(t) is in the ideal (#°) of the ring Mat,(R).
Let S(t) = 3 ,en(=D)™(B()A™(t))™. As B(t)A~*(t) € (t°), this series
converges in Mat,(R) and it is clear that S(t)(I, + B(t)A~1(t)) = IL,..
It implies that I,, + B(t) A~ (t) = (A(t) + B(t))A~1(¢) is invertible in R. O

LEMMA 5.9. — For any A(t) € GL,(K), for any q € Q greater than
every invariant factor of A(t), T,A(t) is invertible and sval(T,A(t)) =
sval(A(t)).

Proof. — If A(t) € Mat,(K), vmin and vmax be its smallest and the
biggest invariant factors. We know that ¢~"min A(t) € Mat,(R) so we can
write it as

t—UnninA(t) — P(t) diag(t’l)l_vxnil]’ L ,tvn—vmm)Q—l(t)7

where P(t) and Q(t) are both invertible in R and sval(A(t)) = (v1,...,v,).
Moreover, if ¢ = Vpax — Umin + € for some positive rational €,

7 V1 —Umi VUn —VUmi — 3 V1 —Umi VUn —Umi
Tq dlag(t 1 m1n7...7t n mm) — dlag(t 1 m1n7...7t n mm)’
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S0
E N Ty A() = T (87 A(2))
= T, P(t) diag(t"* "™, ..., t“"ﬁ”‘"“‘)TqQ*1 ()[t7]
and ¢ + Umin = Umax + € so by multiplying the previous equality by "=,
Toponte A(t) = T, P(t) diag(t™, ..., t")T,Q*(t) + B(t)
where B(t) € (t'=~+<). Let A(t) = T,P(t)diag(vy,...,v,)T,Q  (t). q is
positive by definition so we have that det(T,(P(t))(0)) = det(P(0)) € C*

because P is invertible in R. It implies that T, P(t) is also invertible in R.
Same thing with Q~1(¢).

Therefore, A(t) is invertible and its invariant factors are the v, which are
all dominated by vUmax, itself strictly dominated by all the invariant factors
of B(t). By Lemma 5.8, T, . +.A(t) = A(t) + B(t) and A(¢) have the same
image in R up to isomorphism so they have the same invariant factors, which
proves Lemma 5.9. O

Using the same reasoning with Lemma 5.8, we deduce that,

COROLLARY 5.10. — For any (A(t), B(t)) € GL,(K) x Mat,(
any q € Q greater than every invariant factor of A(t), if A(t) = B(
B(t) is invertible and sval(B(t)) = sval(A(t)).

), for
t)[t1],

Let (K, val) be a valued field and T" C R the image of val (thus a subgroup
of R). If Y C (K*)™ is a very affine variety, we let

tropp(Y) = {val(z1,...,2,) | z€ Y} C T,

be the set of points in I" of the tropical variety of Y and trop(Y’) = tropp(Y)
its usual tropical variety.

LEMMA 5.11. — Let F/K be a field extension with K and F both al-
gebraically closed. Let Ip C F[Xli7 o, XE) and Ix = IFK[Xli7 o XF
which is an ideal of K[XE,...,X*]. If val : K — R is a valuation, such
that val(K) = val(F) (we call T' this dense subgroup of R), tropp(V(IF)) =
tropr(V(Ik)) and trop(V (Ip)) = trop(V (Ik)).

Proof.

C. — Ifx € tropp(V(Ir)), for all 1 < k < n, xx = val(zi) for some z €
V(Ir) C (F*)". Ik is generated by Ir so z € V(Ix) thus « € tropp(V (Ik)).

D. — If z € tropp(V(Ik)), by the fundamental theorem of tropical
geometry, x € I'N (o, V(trop(f)). As Ir C Ik,

zel'n () V(trop(f)) = tropp(V(Ir)).
felr
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We proved that
tropp(V(Ir)) = tropp(V(Ik)) thus trop(V(Ir)) = trop(V(Ik))

by taking the closure. 0

Now, let us prove the last lemma we need for the first inclusion,

LEMMA 5.12. — For any ideal I C C[GL,], for any A(t) € V(I), there
exists a B(t) € GL,(F)NV (I) that verifies sval(A(t)) = sval(B(t)) where F
is the set of Puiseux series which converge in |0,e[ for some € > 0.

Proof. — Let I be such an ideal and A(t) € V(I). Let ¢ be a rational

number greater than any invariant factor of A(t). By Newton—Puiseux the-
orem, F' is an algebraically closed field. Let

S={,4) € {1,....n}* [ (A(t) — T A(t))i; # 0}
and for all polynomial f € C[GL,], we define gy € F[(Xij)i,j)es] by,
_ (F*)S — F
o {(xij(t))(i,j)es — f(TLA() + 11X (1))
where X;;(t) = x;;(t) if (¢,j) € S and equals 0 otherwise.
Let Jr be the ideal generated by the gy for

S +
Fer and Jg = JeK[(Xi)E )
By Lemma 5.11, tropg (Jr) = tropg(Jg) C Q°.

Let for all (Z,]) € S, le(t) = tiq(A(t) — TqA(t))” 7é 0 and Tij =
val(z;;(t)) > 0 (they are positive by definition of T,). By definition of the
gr and Jg, we have (z4(t)) € V(Jg) because A(t) € V(I), thus (z4) €
trop(Jg) = trop(Jr).

Therefore, there exists Puiseux series (Z;; (t))(i,j)e ¢ that converge in a
neighborhood of 0% such that for all (,7) € S, val(Z;;(t)) = z;; > 0 and
which belong to V(Jr). Let B(t) = T,A(t) + t1Z(t) where Z;;(t) = z;;(t)
if (i,5) € S and equals 0 otherwise. In particular, Z(t) € Mat,(R N F).
By construction, B(t) € Mat,(F), B(t) € V(I) and B(t) = A(t) [t7] thus
B(t) € GL,(F) and sval(B(t)) = sval(A(t)) by Corollary 5.10. It proves
Lemma 5.12. O

And finally, the wanted inclusion,

PROPOSITION 5.13. — —stropg(Y) C liminf, o+ ps A(Y).

Proof. — Let x € —stropg(Y). It means that there exists A(t) € GL,,(K)
such that © = —sval(A(¢)) and for all f € I, f(A(t)) = 0. By Lemma 5.12,
we may assume without loss of generality that A(t) converges on |0, e[ for
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some ¢ > 0. We have [9, Theorem 1.1], which has been proven in K but
works the same way in K,

sLog(A(s))
In(s) s—0+

sval(A(t)),

so with p = 71n%s)’

psLog(A(efl/p)) —

p—0t

and all the sLog(A(e™'/?)) (for p > 0 small enough) belong to s.A(Y"), which
proves the inclusion. O

COROLLARY 5.14. — —strop(Y') C liminf,_,o+ psA(Y') because inferior
and superior limits in the sense of Kuratowski are always closed.

5.4. The second inclusion when [ is principal

In this section, we consider I = (f) a principal ideal. It implies that the
Vpwy,ow) (L) = (Ype),o@(f)) are also principal. Propositions 3.16 and 3.14
give an idea of the shape of the amoeba of f in function of its Newton
polytope sNewt(f). It will be helpful in order to determine its spherical
tropical variety.

DEFINITION 5.15. — If sNewt(f) N Z1 = 0, we define C~ = CT = ).
Otherwise, consider N~ (resp. NT ) the smallest (resp. biggest) integer such
o
that N=1 (resp. N*1) belongs to sNewt(f). We define C~ as Cyn-1y (resp.
o
C* as Cyy+1y). Notice that if N~1 (resp. NT1) is not a vertex of sNewt(f),
C~ =0 (resp. CT =0).
PROPOSITION 5.16. — limsup, o+ psA(f) C R"\(C~ UCT).
Proof. — We need to prove that every point in C~ or in C* does not

belong to the limit. By symmetry, it is enough to prove it for CT. It is
trivial if C" is empty. Assume now that sNewt(f) N Z1 # () and NT1 is

o
a vertex of sNewt(f). Let + € C*T = Cyy+1}. By Propositions 3.16 and 3.14,
there exists a point y € E where E € T'(sA(f)¢) and v4(E) = N1, and
Y+ C{N+1} C E.
Consider r > 0 such that B(x,7) C Cyy+13. For all 2’ € B(z,%) and for
all 0 < p < 57 (any p > 0 if y = 0),

2 —pye B(ac', g) C B(z,r) C Cyn+1y-
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As this set is a cone, it is stable by product by a positive real number
SO % —y C Cyn+1}, which means that 2’ € p(y + Cn+1}) C psA(f)¢
for all p small enough. This is true for all 2’ in a neighborhood of = so

x ¢ limsup,_, o+ psA(f). It proves Proposition 5.16. |

We now need to prove that R™\(C~ U CT) C —strop(V(f)) to get the
wanted inclusion. The proof is a bit handmade and needs some lemmas.

LEMMA 5.17. — Let p > 2 and (fi)i<k<p o family of continuous func-
tions of a segment [a,b] such that there exists 1 < i # j < p verifying for all
1 <k <p, fila) < fela) and f;(b) < fr(b). Then, there exists a < ¢ < b
and 1 < ' # j' < p such that for all1 < k < p, fi(c) = fi(c) < fulc).

Proof. — Just apply the intermediate values theorem to the function s +—
fi(s) — ming; { fr(s)}. O

LEMMA 5.18. — Letp > 2, (fi)i<k<p be a collection of continuous func-
tions on a segment [a, b] and (wi)1<k<p @ collection of distinct vectors in Z™.
Let for all a< s<b the tropical polynomial T : x — ming<p<p{ fr(s)+wi-z}.
Let for all k and s, My(s,x) = fi(s) + wy - x be the monomials. If x € R™
is such that T, (x) = M;(a,x) and Tp(x) = M; (b, z) for some 1 < i # j < p,

then € Ue(q.mn0 V(Ts)-

Proof. — According to previous Lemma 5.17 used with the functions
(My(-,x)), there exists a a < ¢ < b such that x € V(T,). Therefore,
we can introduce K = {1 < k < p | Te(x) = Mg(c,z)} which con-
tains at least two elements. Let g = minggg{Mi(c,z)} — T.(z) > 0.
Now, let ¢ > 0 that we assume to be less than ¢y without loss of gen-
erality. As the Mj(-,xz) are continuous, there exists a § > 0 such that
for all s, [s—c| < 0 = |Mi(s,z) — Mg(c,z)| < 5. Let ¢ be a rational
number such that |¢ —¢| < §. Let 41 # i3 be such that for all & # i,
M, (¢,2) < My, (q, ) < Mi(q,x). If iy ¢ K, let k € K,

€
Mil ((Lx) > Mil (C, x) - 5

> To(x) — g + £
€

= My(c,x) — 5 Teo

> My(q,x) — +¢o

= Mk (‘L 1')7
which is a contradiction. Therefore, i1 € K. If i3 ¢ K, we do the same
reasoning but we choose k € K\{i;} which exists because | K| > 2. It implies
by the way that M;, (c,x) = M;,(c,x) so by triangular inequality and the
definition of é, M, (¢,x) — M;,(¢,z) < €. Recall that the wy, are distinct.
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M;, (g,2)— M, (g,2)
|wiy —wi, | )

Mil (CL y) - Miz (qv y) = Mi1 (q7 Ll?) - Miz (Q7 l‘) + (wil - wiz) : (y - LL’) =0.
In particular, the minimum of the tropical polynomial Tj, is reached for an
index that is not 4; (it can be i3 or another index, it does not matter).
Therefore, if we use again previous Lemma 5.17 with the s — My(q,z +
s(w;, —w;, ), there exists a 0 < § < a such that z = z+B(w;, —w;, ) € V(T,).
Moreover,

Let y = 4+ a(w;, — w;, ) where a =

|Z - I| < oz|w,-2 - wil‘ = ‘Mil (qax) - MiQ(Q7I)| <e.

¢€Q and it is true for every € in a neighborhood of 07 so

re |J V(@) 0
s€la,b]NQ

Now, let us prove the desired inclusion.

PROPOSITION 5.19. — If Sy C Z1, lim,_,o+ psA(f) = —strop(V (f)) =
R™\(C~ UCY) and this set is {1} if f is not invertible, () otherwise.

Proof. — By an argument similar to the one in the proof of Proposi-
tion 3.16, we have for every A, B, Qn1(4, B) = aydet(AB~!) so f = Podet
where P is a one variable Laurent polynomial. We compute easily that
sA(f) = {1}t +A(P) and A(P) is the finite set of the norms of the non zero
roots of P. f being invertible is equivalent to |Sy| = 1, which is equivalent
to P being a monomial. In that case A(P) = () so

li%l psA(f) = —strop(V(f)) = 0.
p—0*

Otherwise, A(P) # () so lim,_,o+ psA(f) = {1}*. Let r be a non zero root
of P. Notice that for all x € Q" N {1}+, f(diag(rt=21,t=2, ...t~ %)) =
P(r) =0 and

— sval(diag(rt_‘“ A ,t_'”")) = 1.
We deduce that {1} C —strop(V(f)) and the reverse inclusion is given by
Corollary 5.14.

When f is invertible, |Sf| =1 so C~ = Ct =R". If f is non invertible,
1Sl >2s0C” ={zeR"|z-1<0tand CT" ={z €eR"|z-1>0}. In
both cases, — strop(V(f)) = R*"\(C~ U C™). O

PROPOSITION 5.20. — If Sy ¢ Z1 then R*\(C~UCT) C —strop(V (f)).

Proof. — Let x € —R™\(C~ UC™). Let mg be a point in Sy that mini-
mizes scalar product with z, i.e. for all m € Sy, mg-2 < m-x. If there exists

anm € Sy\{mo} such that mg-x = m-x, we just have to consider unitary ma-
trices U, V such that Q.,, (U, V) # 0 and Q,,(U, V) # 0 and we verify easily
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that € V(trop(Py,v(f))), thus we will assume that for all m € Sy\{mo},
mo-x <m-x. As —x is not in C~ U CT and my strictly maximizes scalar
product with —z in Sy, we deduce that mg is not in {N~1, N*1}. And it
is clear that my is not an interior point of the Newton polytope so mg ¢ Z1
(S§ ¢ 71 so any point of sNewt(f) N Z1\{N~1,N*1} is an interior point
of sNewt(f)). It implies that Q,,, vanishes at least once on U(n) x U(n) by
Lemma B.3. Consider U,V unitary matrices such that Q,,,(U,V) = 0.

There are now two possibilities. If for all m € Sy, @, (U, V) = 0, then
Uy v(f) =0 so we are in the trivial case where sA(f) = —strop(V(f)) =
R™, which proves the inclusion. Else, there exists an m; € Sy such that
Qm, (U, V) # 0. We will use the characterisation of classical tropical vari-
eties that uses the tropical polynomial. Given matrices P(t), Q(t) that are
invertible in R, we have

Up.om(HE0) = Y Qm(P(t), Q(1)2"(t)

meSy
= trop(¥ p(s), (1) (/) (y) = nl}leigf{val(Qm(P(t), Q(t)) +m -y}

We want to find some matrices (P(t), Q(t)) € GL,(R)? that verify the two
following conditions, so we can use Lemma 5.18,

(1) 0 < val(Qm, (P(1), Q(2))
(2) val(@m, (P(t),Q(t))) =

Assume that those two conditions are verified and let us show that z €
strop(V (f)). P(t) and Q(t) are invertible in R so all the Q. (P(t),Q(¢))
have a non negative valuation. Let for all s > 0 and for all m € Sy, the
tropical monomials M,,(s,y) = s val(Q,(P(¢),Q(t))) + m - y which equal
val(Qnm (P(t°), Q(t°))) + m -y when s is rational. We have

) <
0.

Ts(z) = mln {M.(s,z)}

meSy
— min  {m-z}=mg-xz <m-zif me Sy\{mo},
s—0t meSy

Qm (P(t),Q(¢)#0

so for some a > 0 small enough, T,(x) = M, (a,z), and

Mo (8,2) — My, (s, )
= s val(Qm, (P(t), Q1)) + mo - x — s val(Qm, (P(¢),Q(1))) —ma - @
= 5 val(Quny (P(1), Q1)) + (o —m1) - 7 —— +00,

s—+00

so for b > 0 large enough, M,,, (b,z) < M,,,(b,z) thus Ty(z) # My, (b, x).
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The hypothesis of Lemma 5.18 are verified thus according to this lemma and
Proposition 5.5,

x € U V (trop (¥ p(=),q-1(e)([f))) C strop(V (f)).
s€[a,b]NQ

Now, all we have to do is to find matrices P(t) and Q(¢) that verify such
conditions. Recall that there are matrices U,V such that @, (U,V) #
Qmo (U, V) =0. As U and V are invertible, any matrix of the form U +tA or
V+tA with A € Mat,(C) are in GL,(R). @, # 0 so there exists invertible
matrices A and B such that Q,,,(A, B) # 0. We choose P(t) = U +t(A—U)
and Q(t) =V +¢(B—-V).

Condition (1). — Recall first of all that for all m, val(Qn, (P(t), Q(t))) =
0. Qo (P(0),Q(0)) = Qo (U, V) = 0 by definition of U and V and

Qmo (P(]-)vQ(]-)) = Qmo (A7B) 7é 0 so Val(Qmo (P(t)aQ(t)))
is neither 0 nor 4oco.

Condition (2). — Tt is a direct consequence of the fact that
Qm, (P(O)a Q(O)) = Qm, (Uv V) # 0.

We found P(t), Q(t) that satisfy the two wanted conditions, thus Propo-
sition 5.20 is proven. O

THEOREM 5.21. — When f € C[GL,], if Y = V(f), then
lim psA(Y) = —strop(Y) =R"\(C~uC™).

p—0t

Proof. — This is a consequence of Corollary 5.14 and Propositions 5.16,
5.19 and 5.20. (|

Notice that the C~ and CT only depend on the Newton polytope of f.
Therefore, its tropical variety too.

FEzample 5.22. — Let n =2 and f any polynomial such that
sNewt(f) = Conv{(-1,-1),(1,-2),(-2,1), (4,0),(0,4), (4,4)},
as in Figure 5.1. For example, we can take f(A) = ﬁ(fl) + i% -

a11Q12021 022 + 2det(A)4.

Here, N~ (1,1) = (=1,—1) and NT(1,1) = (4,4) are vertices of Newt(f).
The region C~ (resp. C") is the interior of the normal cone of N™1 (resp.
N*+1), cf. Figure 5.1.
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Figure 5.1. The tropical variety (right) of a polynomial with a given
Newton polytope (left).

Appendix A. Notations

Mat, (R) is the vector space of n x n matrices with coefficients in
the ring R.

e GL,(R) is the group of n x n invertible matrices.
e C[X*] is the ring of Laurent polynomials with n indeterminates

(when n is understood from the context).

[a,b] is the set of integers between a and b. S, is the group of
permutations of {1,...,n}.

K[Y] is the ring of regular functions on an algebraic variety Y
over K.

X4 is the characteristic polynomial of a matrix A.

['(E) is the set of connected components of a topological space E.
Conv(S) is the convex hull of a subset S of R™.

When f =3 . fmX™ € C[XE], Sy ={m € Z" | f,, # 0} is the
support of f.

Newt(f) = Conv(Sy) is the Newton polytope of f.

o When f(Adiag(z)B™') = 3, c7n Qm(A,B)z™, S = {m € Z" |

Qm # 0} is the support of f.

o sNewt(f) = Conv(Sy) is its Newton polytope.
o 1=(1,...,1) € R",
e For K C {1,...,n}, 1x € R™ is the vector such that for all 4,

e For 1 <k<n, wp=1Ipqri—nn =(0,...,0,1,...

(Lx)i = L (i)
, 1) with & ones.

e B={(U,L) € GL,(C)? | U upper triangular and L lower triangu-

lar} is the Borel subgroup of GL,,(C)?2.
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A={AeR™| )\ <...< \,;} is the set of dominant B-weights of

GL,(C).

When A € A, C(A) = Conv(S, - A).

A(f) is the moment polytope of f (cf Section 4).

V is the irreducible GL,,(C)-representation of highest weight A € A.

Wy = Vy ® V¥ is the irreducible GL,,(C)?-representation of highest

weight A € A.

K is the field of complex Puiseux series.

o val: )’ oagt? — min{g € Q| aq # 0} is its natural valuation. val
can also designate any valuation depending on the context.

e R is the ring of complex Puiseux series with a non negative valua-
tion.

e sval : A(t) — the valuations of the invariant factors of A(t), which
is the spherical valuation of a Puiseux series matrix.

o [', is the image of the valuation val, it is a subgroup of R.

e strop(Y) = {sval(A(t)) | A(t) € Y(K)} is the spherical tropical va-
riety of a spherical variety Y.

e N~ (resp. NT) is the lowest (resp. largest) integer N such that
N1 € sNewt(f) when it is well-defined.

e Cr(A) is the normal cone of the face F' of the convex polytope A.

e O~ (resp. C) is the interior of Cyn-1}(sNewt(f)) (resp. Cyn+1y

(sNewt(f))), or the empty set when N~ (resp. NT) does not exist.

Appendix B. Two technical lemmas

The purpose of this section is to show two useful technical lemmas which
don’t really fit into the global frame of the article.

LEMMA B.1. — Let p > 1 be an integer and P : Mat,(C)? — C be
a non zero polynomial with n®? variables. Then the set of unitary zeros of P,
ie. Z = P7H0} NnU(n) C U(n), is included in a finite union of strict
submanifolds of U(n). In particular, it has measure zero, with respect to the
natural probability Haar measure p on U(n) (equivalently, any non-measure
zero subset of U(n) is dense in GL,,(C) for the Zariski topology).

Proof. — Let us strastify P~'{0} = V/(P) as | |;c; ¥; where each Y; is a
regular algebraic variety, hence a complex manifold. For all 4 and all U € Y;,
the tangent space TyY; is a complex vector space of dimension d = dim(Y;) <
n?P — 1, thus a real vector space of dimension 2d. If moreover U € U(n)?,
TyU(n)? = (U*T;,U(n))? = (iU*H (n))? where H(n) is the real vector space
of Hermitian n X n matrices. In particular, this tangent space contains no
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non zero complex vector subspace because iH is never Hermitian when H is
Hermitian unless H = 0.

Therefore, the real vector space Ty U(n)?NTyY; is at most of dimension d.
Recall that d < n?? — 1 and the real dimension of U(n) as a real manifold
is n??. Therefore, U(n)? N'Y; is contained in a real hypersurface of U(n)?,
proving Lemma B.1. O

LEmMMA B.2. — If g : C* — C* is a continuous function such that there
are non zero complex numbers o and B and integers my, mo € Z verifying
for all 0 € R, g(rei®) ~, o ar~™2e'%" and g(re') ~, o prmreid™
then m1 = mao.

Proof. — Under those hypothesis, for some 71,7y > 0, we have
i0 —my ,i0m 1 —-m
r<ry = |g(re'’) —ar e 1’<§|a\r !

. . 1
r>ry = |g(re'’) — from2elm2| < §|/3\7~_m2

As S! is compact, we can choose r; and 75 uniformly with respect to 6. Up
to increasing ro or decreasing 71, we may assume that |a|r] ™ = |B|ry; 2.
We denote by p this quantity. Consider now the following paths from [0, 1]
to C* for some 6 € R,

va it pexp(i((l —t)(Omy +arg(a)) + t(0ma + arg(ﬁ))))
— ’Yé (0) = Oz?“;rnleié?ml7 75(1) _ B/r;n2ei9m2

’Yg > (]_ — t)ﬂ,',.2—m2ei9m2 + tg(r2ei0)
B 73(0) = 57“%”2’ei977127 ’Yg(]-) — g(Tgeie)

ot g(((L = t)ra + try)e’)

i9)7 ’73(1) = g(rlei")

73 t— (1 — t)g(rleie) + tarl”leigml

— 75(0) = g(rze
— ’Yg(o) = g(’l’leie)7 ’Yg(l) _ a,r.;nleieml.

Let vp = (v4 *v2) * (73 * 74 ), which is a path from [0, 1] to C* because f
does not vanish. Notice that 6 — v is a homotopy so all the vy are homotopic
the ones with the others. For any k € {2,3,4}, 6 — ~54 is 2r-periodic so

Yo ~ Vor = ’7(% ~ ’Y%ﬂ' - Indo (72171' * 7&) =0
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Figure B.1. Illustration of the paths 7§~

And after noticing that for all ¢, v5 _(t) = €*™(m2=m1)ty1(}) we can compute
that

tndy (44, <70
_[doa oo a
o Ve (t) 2im  Jo g(t) 2im
_ / ! 2im(my — my )@ Mt (1) 4 @2im(ma Tty (4) dt

0 eZiﬂ(mgfml)t,yé (t) ﬂ
3 / Lag'(t) dt
o 70(t) 2im
=TMmM9 — M.
As this quantity vanishes, we deduce that m; = ms. O

LEMMA B.3. — When h : Mat,(C) — C is a homogeneous polynomial
with homogeneity coefficient m € N™ regarding to the columns in the sense

that for all A, X\, h(Adiag(\)) = N™h(A) and h does not vanish on U(n),
then miy = --- =m,,.
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Proof of Lemma B.3.
Case 1: n=1. — Trivial.

Case 2: n=2. — Let

C?—cC

" Hh(ﬁ)

By homogeneity and because h does not vanish on U(2), h does not vanish
on any invertible matrix A if its columns are orthonormal so for any z € C*,

(o) )

Moreover, h is a polynomial so f is and

1 1
fan=n(] ) =emmn(1 1) = oy
Yy

x |z, |yl —+o0
We deduce that f can be written as
ma mao
flz,y) = Z Z Jor 2T Y2
p1=0p2=0

Now, notice that

P (=pm 1
f<7 ) sz’“”’"‘ zﬁziofom zms +O<Iz|m2)'

p1=0p2=0
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S0 fo,ms = (—1)™2h(? ') # 0 because this matrix is unitary. With the same
kind or argument, we could show that f,, o # 0. Let z = rel € C*.

i0
(o 2) = sron )
||

r

mi mo
— (*1)p2fp » yP1—P2 oi0(P1+Pp2)
E : E : 1,P2

p1=0p2=0

~y (F1)™2 fo pr el
r—r

and

~ fpl,ormle‘em1 using the same argument.

r—+00

Using Lemma B.2, we obtain that m; = mso.

Case 3:n>3. — Let 1 <i<n-—1and,
Maty(C) — C
7. I,_10 O
’ A—h| 0 A 0
0 OIn—i—l
h verifies the hypothesis of Lemma B.3 with m;, m;1. Using the case n = 2,
we deduce that m; = m;41. It is true for all i so my = --- = m,,. O
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