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ABSTRACT. — We obtain new bounds for the optimal matching cost for empiri-
cal measures with unbounded support. For a large class of radially symmetric and
rapidly decaying probability laws, we prove for the first time the asymptotic rate of
convergence for the whole range of power exponents p and dimensions d. Moreover
we identify the exact prefactor when p < d. We cover in particular the Gaussian
case, going far beyond the currently known bounds. Our proof technique is based
on approximate sub- and super-additivity bounds along a geometric decomposition
adapted to some features of the density, such as its radial symmetry and its decay
at infinity.
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Emanuele Caglioti, Michael Goldman, Francesca Pieroni and Dario Trevisan

RESUME. — Nous obtenons de nouvelles bornes pour le cotit d’appariement op-
timal de certaines mesures empiriques a support non borné. Pour une large classe
de lois de probabilité & symétrie radiale et & décroissance rapide, nous établissons
pour la premiére fois le taux asymptotique de convergence pour toute la gamme des
exposants de puissance p et des dimensions d. De plus, nous identifions le facteur
multiplicatif exact lorsque p < d. Nous couvrons en particulier le cas gaussien, en
allant bien au-dela des bornes actuellement connues. Notre technique de preuve re-
pose sur des bornes d’additivité approchée inférieure et supérieure, fondées sur une
décomposition géométrique adaptée a certaines propriétés de la densité, telles que
sa symétrie radiale et sa décroissance a ’infini.

1. Introduction

In this paper we investigate the behavior of the transportation cost be-
tween exponentially decaying distributions and their empirical measure ob-
tained from a sample of n independent observations. To a large extent, we
complete the program initiated in [10, 19, 20, 23].

In order to state our main result let us introduce some notation. Letting
d > 1 and (X;)$2, be ii.d. random variables uniformly distributed on the
unit cube @ := (0,1)¢ and then p, := Y1 dx, be the (non-normalized)
empirical measure, the optimal matching problem concerns the study of the
asymptotic behavior of
E [Wg(ﬂnv nILQ)] )

where W[ denotes the p-Wasserstein distance. Letting for p,d > 1,

nl=% ifd=1,
2t = nl=5(logn)t ifd=2, (1.1)
nl=a if d > 3,
we define )
Cp,q = limsup WE[WI;?(/J”, n]lg)]. (1.2)
n—co  Ip

To simplify notation we write 7, for n2¢ when p and d are clear from the
context. For the case d = 1, we refer to [9] for a thorough discussion and
will focus on the case d > 2 from now on. Since the work [1], see also [19,
Section 4], it is known that for every p > 1 and every d > 2, €, 4 € (0, 00).

Remark 1.1. — Let us point out that if d > 3 or p = d = 2, this limsup
is actually a limit, see [3, 5, 11, 12, 16] but this does not affect our analysis.
It is still an open problem to prove the convergence when d = 2 and p # 2.
See however [4] for recent progress in this direction.
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Subadditivity and optimal matching of unbounded samples

Following classical ideas in the matching problem, see e.g. [2, 5, 12, 25]
we also consider a variant of the problem where mass can be transported
to and from the boundary. We denote by Wb’é2 the boundary p-Wasserstein
distance (see (2.5) for the definition) and set

el
cd = liminf —E W5, (n, n]lQ)] (1.3)

n—oo ’I]n

The point of introducing such a limiting constant is that the boundary
Wasserstein distance is superadditive, contrary to the classical Wasserstein
distance, which is subadditive. Hence, it turns out to be very useful for the
lower bound.

While it is probably common knowledge in the community that also c”¢ €
(0,00) (the proof for d > 3 can be easily adapted from [14]), we provide a
proof in Proposition A.3 in the appendix.

Remark 1.2. — As for €, 4, when p = d = 2 or d > 3, the liminf is
actually a limit, see [2, 17] or a very simple proof in the case d > 3 in
Proposition A.3. Again, this will play no role in our analysis.

Remark 1.3. — While it is conjectured that cP?¢ = Cp,q for every p,d > 1
it is currently only known for p = 2, see [2, 15]. See also [24] for the case
d=1and pe (0,1/2).

For ¢ > 0 we define the rate function

n ifpelld),
logn)'te ifp=d=2

. Jtogm? if , )
(logm)a ifd>3 and p=d,

(logn) 1 P(1=%) ifd>2 and p > d.
Let now V be a radial and C' function satisfying for some C > 0 and every
t > 1 (with a slight abuse of notation we identify V' (z) and V (|z|)),
1
atq*1 <V/(t) < Cctih (1.5)

We assume moreover that V(0) is chosen such that p(z) := exp(—V(x)) is a
probability density on R%. Let R,, be the unique solution to

V(R,) =logn (1.6)

and set J
{ = lim sup i{l/ <1 _ Hd_QV(an)>
n— 00 (log n)E B logn (1 7)
J .
and £ :=liminf Ld/ (1 — 149 V(R”x)>
n—00 (log TL)E B logn
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Remark 1.4. — Under hypothesis (1.5) it is not hard to check that
0 < £ < £ < co. Moreover, it is easy to construct examples of potentials
V satisfying (1.5) but for which £ < £. Let us also notice that the value of
£, ¢ does not change if instead of (1.6) we use

V(R,) + alog R, =logn
for some a € R.

Remark 1.5. — If V(t) = V(0) + t%/q (the case ¢ = 2 corresponding to
the Gaussian) then to leading order,

Our main result is the following:

THEOREM 1.6. — Let (X;)$2, be i.i.d. random variables of law p. Setting
o = Yty Ox,, we have for p < d,

- 1
Cp.d (/d P T yeq + ﬂpd) > limsup —E [WE (pn, np)]
R

n—oo Tn

1 P
> lim inf —E[W;’(pn,np)} > P (/ pt=a 1p<a +€]lp_d> (1.8)
Rd

n—oo T
and for p > d,
E[Wﬁ(#mﬂﬂ)] = Tn- (1.9)

Theorem 1.6 is obtained as a combination of Proposition 3.1 for the lower
bound and Proposition 4.1 for the upper bound.

Remark 1.7. — On the one hand, when p = d = ¢ = 2 (where ¢, 4 =
cP? =1/(4r)) we get from Remark 1.5,

=1
Cp’d€:é Z: —
¢ £ p,d 4a

recovering the result from [10]. On the other hand, for p < d/2 with d > 3,
Theorem 1.6 is covered by the results in [5, 12].

In Theorem 8.1, we complement the convergence in expectation with
concentration estimates when p < d and p satisfies a Poincaré inequality.
Similar concentration results were obtained in this range of parameters (ac-
tually p < 2 if d =2 and p < d if d > 3) in the case of the matching to the
uniform measure on the cube in [3, Remark 4.7], see also [16, Remark 6.5]
or [17, Proposition 5.3].
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Previous results, heuristics and strategy of proof

As understood in [5, 12], while the matching problem is quite robust when
p < g, d > 3, the situation becomes more complicated when p > % (ord =2).
While the case of general densities on bounded domains was essentially
treated in [2, 6, 16] (see also Theorem A.2) the unbounded case remains
challenging. Motivated by this question, the study of matching for Gaussian
samples was initiated in [19], where using semi-group techniques, Ledoux
proved the correct upper bound for the scaling law in the case p = d = 2
but only a sub-optimal local bound. Soon after the correct lower bound (in
terms of scaling laws) was obtained in [23]. In that paper, Talagrand proves
the correct lower bound (log n)% when p = d > 3 and suggests that his
proofs should also apply to the family of densities p(z) = exp(—|z|?) with
q > 0. Still at the level of scaling law, the case p < d with d > 3 was covered
n [20]. Using subadditivity techniques in the spirit of [2, 6, 16], the opti-
mal constant was recently obtained (still in the Gaussian case) for the case
p=d=2in [10].

Here are the main contributions of this paper:

e In the Gaussian case we improve on [19, 20, 23] by obtaining the
optimal prefactors. Moreover, we are able to treat (this time only
at the level of scaling laws) also the case p > d where no conjecture
was even made. A surprising feature of this regime is that the extra
logarithmic in dimension d = 2 disappears, see Remark 1.8.

e We cover a large family of radial densities thus proving that there is
nothing special about the Gaussian measure. In particular [19, 20]
strongly relies on the properties of the Ornstein—Uhlenbeck semi-
group while [10] used crucially the tensorization properties of the
Gaussian measure. Notice that for ¢ < 1, measures satisfying (1.5)
cannot be log-concave (see also Remark 8.3) which shows that also
this natural property is not essential.

e We show that obtaining (sharp) lower bounds in the matching prob-
lem is much easier than obtaining the corresponding upper bounds,
see Remark 1.10. In particular we include in Appendix A a short
proof of the convergence of the boundary transport problem in the
case of the uniform measure on the cube as well as the lower bound
on bounded sets. The main new ingredient is the elementary esti-
mate (2.7) of Lemma 2.5.

e For the upper bound we use a general subadditivity property of the
Wasserstein distance, see Lemma 2.2. This goes beyond the classical
application of subadditivity in the context of matching problems
where usually the measures are required to have disjoint support,
see also the discussion below.
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Asin [2, 6, 10, 16, 17, 21], see also [5, 12] in the case p < d/2, our proof,
which we now sketch, relies on subadditivity /superadditivity arguments. We
focus on the case d > 3 to simplify the notation. The idea is to subdivide R?
in cubes Q; = z; + (0, h;)? for h; > 0 and z; € R%. Assuming for a moment
that for every j (which of course is never the case),

1 (Q5) = np(Qj), (1.10)
we can write by subadditivity (see (2.3) for the notation Wg),

(
Nnanp gZWQ /~‘L7L7np
J

Now provided V' does not oscillate too much on Q) i.e.

hjsup [VV] = hylz] 77! < 1, (1.11)
Qj

we may consider that in each ); the points X; follow a uniform distribu-

tion. Finally, provided there are in expectation many points in each of the

cubes i.e.

Elun(Q;)] = np(Q;) ~ nhip(z;) > 1, (1.12)
we can use the definition of €, 4 to infer

E[W5, (1 m0)]| < (1+ 0(1))p a? (np(@)'

— (4o’ [ k.
This estimate is then summed over all cubes satisfying (1.11) and (1.12).
Let R, := max|z;| and set h = RL™7 so that (1.11) is almost satisfied.
From (1.12) we see that we must impose

nRY=D exp(—V(R,)) > 1.
This motivates the choice of R,, as the unique solution to
V(R,) +d(q—1)log R, =logn. (1.13)
Notice that with this definition, we have
R, ~ (log n)%
Since (see Remark 1.4 and the computation (4.14))

ol s B O
BRn

_» RY V(R,z
X ]lp<d/ pl d + ﬂp:dﬁ/ (1 — ]ld_g()> + C]lp>d
Rd (logn)a /B logn

we can then conclude the proof of (1.8)—(1.9).
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Remark 1.8. — In the case d = 2 < p, the integral fBR p!~% concen-
trates around 0Bpg, where in each cube @); the number of points is of order
one. This explains why there is no additional logarithms with respect to the

case d > 3.

One simple but important observation of this work is that the sketch of
proof above can be made rigorous for the lower bound without many changes,
see Section 3. Indeed, for the boundary functional we do not need to impose
condition (1.10) and can locally modify the mass thanks to Lemma 2.5. This
leads to much simpler proofs than in earlier works on the subject where the
boundary and standard Wasserstein distances were treated in a similar way,
see [2, 10, 17]. While this is mostly of aesthetic nature in the case p < d,
it turns out to be an important observation to treat the case p > d, see
Remark 1.10 below.

For the proof of the upper bound, many changes need to be made to the
sketch of proof above. First, as already understood in [19], in order to hope
for (1.11)—(1.12) to hold we need to truncate the measure p on the ball By, .
While the construction of [19] works for p < d (and also for p = d = 2 thanks
to the extra logarithm, see [10]), it yields a transport cost which is too large
for p > d. As alternative we essentially project the points outside Br, on
OBR,, see Lemma 5.1. In particular, this truncation imposes the choice

V(R,) + alog R, = Blogn
where (compare with (1.13))
3 c(5,1) ifp<d
-1 itp>d
=0 ifp<d (1.14)
€(dlg—1),2¢+d(qg—1)) ifp=d=2
€(dlg—1),q+d(qg—1)) ifp=d>3
=d(qg—1) if p> d.

and

The second and most important modification is due to the condition (1.10).
Following [16] a way around it is to use triangle inequality and Young
inequality, see also Lemma 2.2, and write for € € (0, 1),

B[ o)) < (14 2) S8 WG, (1, 2220, )|

p(Qj)

Qj)]lep,np . (1.15)

,Un(
p(Q;)

C
+ Epfl]E WZI; Z
J
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The first term, which we sometimes call the local term, may be estimated
following now exactly the sketch of proof while the difficulty is to prove
that the second term, sometimes called the global term, is negligible. To
prove that, one takes advantage on the radial symmetry. Indeed, thanks to
this assumption, it is possible to split the estimate into a radial one and an
angular one, as we are going to clarify below.

Since the estimate of the global term is usually delicate, see [2, 17, 21]
and since we need to be very precise in particular for p > d, we had to resolve
to modify the partition in order to take advantage of the radial symmetry
of the measure.(!). A crucial requirement for the strategy to work is that
all the elements of the partition have the same shape so that the rates of
convergence in Theorem A.1 are uniform. To this aim we relax the condition
of being a partition, see Lemma 2.2, and use instead coverings by sets of
the form

where T = x/|z| and Ds(z) denotes the image through the exponential map
on S?~! of a (d — 1)-dimensional cube on the tangent (the precise reason for
such choice is technical, since it is common in the literature to argue with
cubes). The estimate of the corresponding global term in Proposition 7.5
is divided into a radial, see Section 7.1 and an angular, see Section 7.2,
transport. While for most values of p and d the order of subdivision (first
radial and then angular or vice-versa) does not matter, for certain values it
seems instead crucial (see Remark 7.6).

Remark 1.9. — Let us point out that a similar strategy for the upper
bound was suggested in [23] for the case p =d = 2.

Remark 1.10. — In the case of the lower bound, one could argue as in
the upper bound and use triangle inequality together with Young inequality
to obtain the analogue of (1.15). The main difference would be the minus
sign in front of the global term. Using that Wb < W, one could then use the
estimates for the upper bounds to conclude. This would however not work
when p > d since the local and the global terms are both of the order of 7,
see Proposition 7.5.

(1) Let us point out that for ¢ < 1 there is anyway the issue that in order to satisfy
(1.11)—(1.12) at the same time it is not possible to take h = h; independent of Q.
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2. Notation and preliminary results
2.1. Notation

We identify measures which are absolutely continuous with respect to the
Lebesgue measure with their density. Moreover, when integrating against
the Lebesgue measure, and when it is clear from the context, we omit both
integration variables and the measure in the integrals. We write || for the
Lebesgue measure of a set . We write H* for the Hausdorff measure of
dimension k. We denote by M () the set of signed measures on {2 and by
MT(Q) the set of the positive measures on .

The notation A < B, which we use in output statements, means that
there exists a universal (meaning depending possibly on d and p) constant
C > 0 such that A < CB. We write A <. B if the implicit constant depends
on the parameter €. We write A ~ B if A < B and B < A. We denote by
w(t) a rate function which may vary from line to line such that lim;_,o w(t) =
lim;_ oo w(t) = 0 We write w, to indicate that the rate function also depends
on €.

For d > 2 we write S~ = 9B, for the unit sphere and denote by
_ 1

= W)
the uniform probability measure on S?~!. Moreover S%~! is endowed with
the (Riemannian) spherical distance dga-1. We write S41 := ST~ x O(d—1),
where O(d—1) denotes the orthogonal group on R41. For z = (y,U) € S¢~!
where p € S¢1, U € O(d — 1), we define

Ds(z) = exp, (U(=6/2,6/2)%"1) C s 1. (2.1)

Hd_l L Sd—l

o

where exp, denotes the exponential map on the sphere S41 at y. For z =
(e1,Idg—1) we simply write Dgs. Notice that we are implicitly identifying
the tangent at y with R4~ which can be done e.g. by viewing S?~! as a
submanifold of R~!. We also write & for the uniform (Haar) probability
measure on S.

2.2. The Wasserstein distance

For p, A € M*(R?) with u(RY) = A(R?), we define the p-Wasserstein
distance between p and A as

Wpu ) =mind [ o= ypdn(e.g)
R4 xR4

T = W, WQA}. (22)
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For a set 2 we write
W, A) == WE(pLQ, ALQ). (2.3)

We recall the following classical consequence of the Benamou—Brenier for-
mula, see e.g. [22] or [16, Lemma 3.4].

PROPOSITION 2.1. — Let  be an open set and p, A € M¥(2) be such
that w(Q) = A(Q). If ¢ is a solution of

Ap=pu—X in Q@ and V¢-v=0 on 909,
where v denotes the exterior normal to OS2, then
Vol
Q pPTL

WP, A) <

p

We now state a simple subadditivity result for the Wasserstein distance
whose proof is immediate. It extends more classical subadditivity results to
the case of coverings which are not necessarily partitions. The last state-
ment of the lemma comes from combining the second one with the property
(a+b)P < (1+¢e)a? + F=bP.

LEMMA 2.2. — Let (E,E,() be a measure space and (f, Az)zep a col-
lection of measures on Q2 such that p,(Q) = X\, (). Then

W ([ waco. [ xace) < [ wpoeaace)

In particular, for Q@ C R, if (Q.).cp is a collection of Borel subsets of (,
such that

/ 1o, d¢(2) =1 A4+ p—ae and p(2.)=XAQ,) for Cae. z
E

then

W (11, / WE_ (1, )d((2).

Therefore, letting k := u(Q)/A(Q) and k. := u(Q,)/A(Q,), there exists ¢ =
c(p,d) > 0 such that for every e € (0,1)

W(nd) < (1+2) | WEGnmANC(E)

il ([E k:ALq, d((2), m). (2.4)

Remark 2.3. — To recover classical applications of subadditivity, see e.g.
[16, Lemma 3.1], it is enough to apply the lemma with E finiteand ¢ =), d.

and obtain
W <Z pas Y Az> <D Wik As)

z€E zelE z€FE
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2.3. The boundary Wasserstein distance

For the lower bound we will use the boundary Wasserstein distance, that
has been defined in [13] between p and A measures on {2 not necessarily of
the same mass. It is defined as

Wb, (1, A) == min{/Q . |z — ylPdr(z,y) |71 [Q = p, m2| Q= )\}. (2.5)
X
As for Wq we write for Q' C Q,

WHE, (1, A) = WD, (L ¥, ALSY).

We recall that Wb is superadditive, see e.g. [2] or [5, Lemma 25]. Let us point
out that while the subadditivity of the classical Wasserstein distance is un-
derstood with respect to the measure arguments, the superadditivity of the
boundary Wasserstein distance is understood with respect to the underlying
domain.

LEMMA 2.4. — Let Q C R? be an open set and let Q; C Q be pairwise
disjoint open sets then

W01 0) > 37 W (11, 0). (2.6)

We conclude with a simple lemma which will allow us to adjust the den-
sities when working with Wb.

LEMMA 2.5. — Let Q be a bounded set. Then for every m,m’ >0

[m —m/[?

Wb (m,m') < diam(Q)P (2.7)

max(m,m’)P—1’

Proof. — Since Wb < Wbcony o where Conv ) denotes the convex en-
velope of €2, we may assume without loss of generality that €2 is convex. Let
us first treat the one dimensional case. We may assume that Q = (0, L) for
some L > 0 and m > m’. We then set for z € (0, L),

T(x):= min(%x, L)
so that T' sends m1 g 1) on m'l 1) + (m —m')/Lor, and is thus (Id xT)y
(m1o,r)) is an admissible transport plan for Wbg,(m,m’). We then compute
L 2L » L
ng(m,m')ém/o |T—5r3|”=m/O ‘W—l‘ P +m (L — x)P.

’
m
L

An elementary computation then yields the claimed

(2.8)
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Let us now conclude the proof in the case d > 2. For 2/ € R?1 let
Qp={teR: (t,2') € Q}

be the intersection of Q with the line Re; + 2’. Since Q is convex this is a
segment. Letting Q' := {2’ € R¥"! : Q. # 0} and for 2’ € Q,, 7,v be an
admissible transport plan for Wb, , (m,m’) we see that the plan defined by

/ Cdrm = / / C(z" +tey, o’ + sep)dmy (t, s)da’
ﬁxﬁ ! ﬁm/ Xﬁm/

is admissible for Wbf,(m, m’) and thus

(2.8) o
Wog(m,m') < | W (m,m)da" 5 diam(Qw,)P‘HM
QO ! o mp—
|m —m/|P
< diam(Q)P 4 ———
= p——]
This concludes the proof of (2.7). 0

3. Proof of the lower bound

In this section we prove the lower bound part of Theorem 1.6. Let us
recall the definition (1.4) of 7, and (1.7) of £.

PROPOSITION 3.1. — Let (X;)52, be i.i.d. random variables of law p.
Setting pin, ==Y+, 0x,, we have for p < d,
lim inf %E (W2 (s mp)] = P (/Rd P pca + f]lp—d) (3.1)
and for p > d,
E[WP (kns1p)] Z T (3.2)
Proof.

Step 1. — Let us first set some notation. For h > 0 and z € hZ%, we
denote Q. := z + (0, h)?. For any Z C hZ?, we set

Oy = U Q.. (3.3)
z€Z

Let € > 0 be fixed. We first claim that provided there exists m = m. large
enough such that for z € Z,

V(12)) S ¢ (3.4)
and

nh?p(|z]) Z- exp(Cem) (3.5)
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then

E[Wf(ﬂn,np)] > (1 —w(e) = maxw(np(Q )))Cp,dnl—g

Z/ 1*5 1+]ld:2(1ognp(Qz))%>. (3.6)

z2€Z

Let us first prove the claim. To this aim we first use superadditivity, see
Lemma 2.4, to obtain

E[WP (jin,np)] > ZJE[Wb%Z (umnp)}-

z€Z

Fix z € Z and set N := 11,(Q.). Let X; be i.i.d. random variables of law
A= plg,/p(Q;). In this way p, L @, has the same law as iy := Zi\;l 0%,s
and therefore we have

E[ngz (un,np)} _ E[E {ngz (Fis 11p) ’ N = kH

By (3.4), we can use either the Knothe map as in [6, Lemma 1] or [2, Propo-
sition 2.4] (in both cases the proof easily extend to general dimensions) to

find a Lipschitz map T : @, — @, such that Tﬁ:\\ = ﬁ and such that

LipT < 1+ w(e). Letting pj = Zle Op(x,) we find for every k,

B[t ()] > (1 w(e)E Wi, (%)) .

Using triangle inequality and (2.7) from Lemma 2.5, we find

p ;K _i P inp(Qz)
Wl (i) > (1= @)W, (14 15 ) Ep_lvvb@(@, %)

—w D / k 7|k np(QZ)‘
> (1 <e)>Wsz(“"" IQZ> = (np(Q=))=t

Taking expectation and using the definition (1.3) of c”? (recall also the
definition (1.1) of 1, we find

e [k —np(Q:)|
(np(Qz))”*1 '

Taking the expectation over N and using that E[|[N —np(Q.)[?] < np(Q.)P/?
(recall that (3.5) holds and thus E[N] = np(Q.) > 1 provided m is large

E[ W, ik mo)] > (1-w0(6) (W) 1@ P — Q.
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enough) we get
E[ngz(ﬂmnp)}
> (1= w(e) ~ w(np(@:))e"|Q: B[] - im%(n (@)t

= (1 —w(e) = wnp(@:))) Q= T nmnpc.) Q=1 (np(Q2))' %
Recalling that

Tp(e) = (np(Q2))' ¥ (1 + Laza(log np(Q.)¥)

we see that provided m is large enough (depending on €) we have

_Epl

=] (np(Q:))' "% < Nnp(Q.)
so that
[ty ()]
> (1 - w(e) — w(np(Q-)))e”|Qx] .
> (1= w(e) ~ wlp(Qu))e ' [ 8 (14 Lusalop(np( @),

z

After summation this proves (3.6).
Step 2. — We now consider separately the cases p < d, p=d and p > d.
Step 2.1: The case p < d. — Let R > 0 be fixed, set
h=emin(l,R'"9) and Z:={z€ hR? : 2| < R}.
In this case (3.4) holds and
mZin(nhd (|z)) Zrn and log(np(Q.)) > logn — Cr

so that (3.5) holds. Applying (3.6) we find (recall the definition (1.4) of 7,,)

E[W? (s, 1p)] > (1 — w() — we n(n))e"r, / p1-5,

Qg

als

Dividing by 7, and sending n — oo we find

lim inf —E[W2 (itn,np)] > (l—w(a))/B pih.

n—oo Ty

ars

Sending ¢ — 0 and R — oo concludes the proof of (3.1) in this case.

Step 2.2. — In the case p = d we choose o > max(d(¢ — 1),0) and set
R,, to be the unique solution to

V(R,) + alog R,, = logn.
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We then set
h:=emin(l,R, %) and Z:={z€hZ’: Q.NBg, #0}.

By definition of h and (1.5), we see that (3.4) holds. Let us check that
also (3.5) holds. For this we see that for z € Z,

nhp(|z|) = nhip(R,) = en min(L Rﬁ(lfq)) exp(=V(Ry))
= 5min(1, be(lfq)>Rg
so that by our choice of « we get that (3.5) holds and so that
ma o(np(@-) = wx(n).

By (3.6) and the fact that for d = 2,

3 / llog| Q.|| < 92/ log R < B, | log R < 72
z€Z Q-

we have

E[W2 (s 1p)] 2 (1~ w(e) — we(n))eP /Q (1+ La_s log(np))

> (1= w(e) —wrm)e [ (14 Tacalog(np).

4
q

If d > 3, since 7, = (logn)a this concludes the proof of (3.1). If instead

d =2, we write

/BRn log(np) = /BRn (logn — V(z)) = R? logn/B] (1 B Vl(olz,f)>

concluding similarly the proof of (3.1).

Step 2.3: The case p > d. — We finally choose R,, to be the unique
solution to
V(R,) +d(qg—1)log R, =logn (3.7)
and set for m > 1,
h:=eR,9 and Z:={z€hZ®: |z| € [R, —4mh, R, —mh]}.

Since for z € Z, |z| ~ R,, as above (3.4) is easily seen to hold. Let us check
that also (3.5) is satisfied. For z € Z we have

nh?p(|2]) = nh?p(Rn — mh) = nh? exp(=V (R, — mh))

R, Ry
= nh¥exp(=V(R,)) exp (/Rn_wm 1% (t)) ~. exp (/Rn_mh v (t))

> exp(C(RY — (R, — mh)?)) > exp(Cme).
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Thus (3.5) holds. Applying (3.6) yields

fr
Qz

R,—2mh » v »
[ ) 2 R (R,
Ryp—3mh

als
als

E[Wp (pin,np)] Ze n'~

als

>n'”
= i Ri-a exp((% - 1)V(Rn)> D pd-a-(a-D-d) »
This proves (3.2). O
4. Proof of the upper bound
4.1. The geometric setup

Motivated by the heuristics from the introduction, we set 1 > 1 be arbi-
trarily chosen such that in [r, 00), the function t4~% exp(—V (t)) is decreasing
and then for j > 1, set

rji= (1 + (Sj)’l"j_l (41)
where for € € (0, 1),
1 if d=2 and 1,2
§yi=ed it > and pel,2) (4.2)
(logn) otherwise.

For the distinction between the cases see Remark 7.6 in Section 7. It is not
hard to check that in both cases 7; — oo as j — oco. When §; = £(logn)~!
we simply write & for §;. Let R, be the unique solution to

V(R,) + alog R, = Blogn (4.3)
where we recall that o and § are defined in (1.14). Notice that by (1.5), we
have

— 1
R, ~ (logn)a.
Let j,, be the first index such that
Tjn 2 En
We then set
Ry :=rj,, Qu:=Bg,, R, :=rj,_1, and Q) :=Bp. (4.4)

It is an elementary computation to check that

R, — R,| < Eﬁi_q and 4, ~e(logn)™t ~eR, . (4.5)

n
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We define the truncated probability density p, by

11— p()
= 1g + ————251 /) p. 4.6
Pn ( Q + PORYTA) Q.\Q, | P (4.6)
Let us observe that since (R, — R;,)RI~" = ¢;, RY ,;,) g, (1.11) is satisfied
and thus
—p()  Jr o) RiepRr,) 11 )
P(Qn\QZ) f rd-= 1p(7°) & 'p(Rn)Rad;,  Rudj, e .
For 0 < r < R < z€ S and § > 0, we define the set (recall the
deﬁnition (2.1) of D(;( )
A2y ={r<l|z|<R: 7€ Ds()} (4.8)
where 7 = x/|z|. When § > 27 so that Ds(z) = S%~1, we simply write
Arr = {r <|z| <R} = AL 3 (4.9)
Finally for z € S%-1! and 2 < j < Jn, we define the quasi-cylindrical domains
i (4.10)

= {:1: ERY iy < 2| <(A+6)rj-1 and T € Ds,(2)}.

4.2. The upper bound

In this section we prove the upper bound part of Theorem 1.6. We recall
the definition (1.4) of 7,, and (1.7) of £.

PROPOSITION 4.1. — Let (X;)2, be i.i.d. random variables of law p.
Setting f1, == >, 0x,, we have for p < d,
1 p _
lim sup —E[W (fnsmp)] < Cpa (/ P Al g + ﬂp_d) (4.11)
n—oo Tn Rd

and for p > d,
E[WE (tin,np)] S 7o (4.12)

Proof. — Let T be the optimal transport map for W, (p, pn). Let X;:
T(X;) and then f, = Ty, = Y.y 65 . Notice that X, are iid. random
variables with law p,, and i, L Q) = py, ) Q (recall (4.4)). Since

E[Wg(ﬂnv Un)] X an (Ps Pn)s
we have by triangle inequality and Young that for € € (0,1),

E[Wp(ﬂna np)] < (1 + 5)E[W;g(ﬁm ’I”L,On)] +

5 (P, pn)-
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Since nW} (p, pn) = o(7n) + 1,540(7,) by Lemma 5.1 in Section 5, we are
only left with estimating E[W (1, np,)]. To this aim, we set
fin (B fin (A
K1 = HnPr) (Br,) and K} := fin i)
pn(Brl) p’ﬂ(AJ)
Using the subadditivity inequality (2.4) from Lemma 2.2 on £ = N x §a-1
with

(4.13)

Jn =5
1, ®do(z) ~ 5
¢i= E %7 where o; = /gd_1 ]ngj(z)(el)dU(Z)

j=1 J

and
O, =8, and Q;,:= A; for 7> 2

we find
E[W2 (fin, npn)] < (1+¢)

Jn

X E[W (lin, K1Pn) +Zg /sd ) Az un,/fjpn)}d&'(z)
j

C ]!L
14
ST E| W mﬂBnpr% /S 5 1a:pnd(2), npn

+

Let us first consider the case p < d. In this case, applying (6.6) from Propo-
sition 6.2 (in Section 6) and (7.17) from Proposition 7.5 (in Section 7) we
obtain (recall the definition (1.1) of 7,

E[Wg(ﬁm Tlpn)] <(1+w(e)+ w(n))ép,dnn

-z lognpy \ 2
/ o d<1 +1d=2<gpz> >+06(Tn).
Q. logn
Using that for p < d,

P
iy lognpy, \ 2
77n/ p?l’L d<1+]1d—2( lg P ) )
Qn ogn

<1+ wg(n))Tn/ pld (Lpcd + 1p—a)

Rd
this concludes the proof of (4.11) sending first n — oo and then £ — 0.

)
In the case p > d, we use (6.7) from Proposition 6.2 (in Section 6)
and (7.17) from Proposition 7.5 (in Section 7) to obtain

b

(i
E[W Fins P ] ~e T 75/ P};d + Tn.-
Qn
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. p [T 4.14
S p R [ exp(- (R, — ) o
0
p (4.
~ Ri4(np(R))1 4 ) r,
this concludes the proof of (4.12). O

5. Cost of the cut-off

In this section we estimate the distance between p and p,,, with p,, defined
in (4.6). We also recall the definition (1.4) of 7,.

LEMMA 5.1. — Let p, be the probability measure defined in (4.6). We
have

nWI’)’(p7 pn) = 0o(T) + Lp5qO(my). (5.1)
Proof. — By subadditivity,

1—p(,)
W2 (p, pn) < W2 ( Ly yep, =10 (o0 p ).
5 (P Pn) p( @)P i Ny T\
Let
_ !
~ _ 1 p<Qn) ’Hd_lLGQ;l.

Pr = W1 (o0,
Then by triangle inequality,

L= pl0%)
w3t i oo
1—p()

< WP (i yeps ) + WP 5y —L00 10 p ).
N p( (Q)ePs P )+ p(P Q) Q,,,\an>

We now estimate both terms separately using that by uniqueness of the
optimal map and rotational invariance of the measures, the optimal transport
map is also radially symmetric. For the first term we have

(4.5)

WP (L, )ep, Pn) §/ rTHR, —rlPp(r) S / r Ry —r[Pp(r).
R

’
n Ry
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We then estimate

/ Ry — rfPrd= p(r)dr

R,
=exp(—V(R,)) /Oo IR, — r[Pr? L exp < /T V'(t)dt> dr

R, Rn

< o(Ry) / IRy — r/Pr~ Y exp(—C(r1 — RY))

n

< Rﬁ—q+p(1—q)p(3n).
For the second term we may brutally estimate the transport distance by
R, — R, =¢;, R}, (recall (4.1)) so that
. 1-p(97)
wPk — ] / < (8;, R)P(1— p(€2
2P g o) 5 (5, BP0 ()

(4.5) 0o
S RO [ i)
R,

< szﬁp(l’Q)p(Rn).

Recalling the definition (1.14) of «, 5 as well as (4.3) and (4.5), we thus
conclude that

(logn)« Ppl=F ifp<d
nWE(p, pn) < nRETTIDp(R,) < < (logn) s P3G i p—d
(logn)d1—*(=3)  ifp>d.

Recalling the definition (1.4) of 7,, and the range (1.14) of « in the case p = d
we conclude the proof of (5.1). O

6. The local terms

For r,0 > 0 we set (recall the definition (2.1) of Ds)
A’ :=r{1<|z| <1+ :7¢c Ds}

where 7 = z/|z|. Recall the definitions (1.2) of €,4 and (1.3) of cP¢ as
well as the definition (1.1) of 7,. Our main building block is a variant of
Theorem A.1 with a more explicit dependence on the parameters. Let us
however stress that the main point in Proposition 6.1 is that A? is almost
isometric to a cube while the difficulty in Theorem A.1 is to cover arbitrary
domains.
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PROPOSITION 6.1. — There exists w : RT — RT with lim;_,ow(t) =
lim; 00 w(t) = 0 with the following property. Let r > 1, § € (0,1) and A be
a Lipschitz continuous probability density on A such that

Iré < 1,
where £ = | A||Lip| A2|. For everyn > 2, if (X;)T, are i.i.d. random variables

on A2 with law X, denoting u, = > i, dx,, we have

(W, s )] < (14 w(6r8) + () + w(n))Sp.am, |

N A-E 0 (6.1)

r

Proof. — Setting \.(z) := r¢\(rz) we see by scaling that it is enough to
prove (6.1) with r = 1. To lighten notation we set A% := A{. The map

®:Dsx(0,0) — RY  (2,8)— (14+5)ze€A°

satisfies |[V® — Idga|| < 6. Moreover, by the very definition of Ds, the expo-
nential map on S ! provides a diffeomorphism

exp,, : (—6/2,6/2)* ' CR* — Ds

such that ||V exp,, —Idga|| < d. Letting

Cs := (=6/2,8/2)"1 x (0,0),
it follows that the map F : A% i Cys defined through

F~Y(y,s) := ®(exp,, (y),5) = (1 + 5) exp,, (y)

is a diffeomorphism. Moreover, it satisfies

IVF —Tdgalloc + [V?Fllos < 0
and the same estimate also holds for F~!. In particular

[|A%] = |Cs </C |1 —det VE!| < 6|Cs]. (6.2)
s

Now we define ~

Ai=FA and iy, := Fypy.

Notice that fi, = Y ;" 05, where X, = F(X;) are i.i.d. random variables of
law A. We have

= [ MLiplCs| S €+0 and (6.3)

E[W R (s nA)] < 1F 5, [WE, (i, n3)]

- (6.4)
<1+ C(S)IE[W& (fin; nA)]
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We then set for z € Cy, N (x) = X((Sx)(w and pl, = > i, 6x; where X =
571X ; are i.i.d. random variables of law )\’. By scaling we have
0= | N||uiplCi| = 6€ < 6¢ + 62

SN oy (6.5)
and E[WC6 (,un,n)\)] = OPE[WE (1, n\)].

Since C; is a cube, we can use either the Knothe map as in [6, Lemma 1]
or [2, Proposition 2.4] to obtain a map T transporting A’ on the uniform
measure on C7 with

I lwip, [|7~ <1+0().

o <

Arguing exactly as above and setting i, = > ., r(x7) (so that T'(X7)
ae i.i.d. uniformly distributed in C7), we find using the definition of 7,

E[WE, (s, n\)] < (1+ O(¢))E {ng (ﬁ’“ |(Z|>}

< (14 w(?) + w(n))ep.ana|Ch] 4.

Combining this with (6.3), (6.5) and (6.2), we obtain
]E[Wgs(un,n)\)] < (1 +w(d0) + w(d) + w(n))ép,dnn\A‘sﬁ.

Using that A|A’| is /—Lipschitz continuous, we can replace |A%[P/¢ by
Sas A=P/d at a cost of order w(d¢) in the previous inequality thus concluding
the proof of (6.1). O

We recall the following notation from the proof of Proposition 4.1. For
X ii.d. with common law p,, we set fi, := Y ", ¢ and then

fin(B, fin (A%
m::iu( ) and /{;::M( i)
PROPOSITION 6.2. — We have for p < d

E[W (Iin, K1pn) +ZG /Sd1 WE: un,njpn)]dE(Z)
J

_z 1 n %
< (L w(e) +w(n)epamn / o d<1+nd_2(j§;‘§) ) (6.6)

n

- 718 —



Subadditivity and optimal matching of unbounded samples

and for p > d
j’ﬂ
E[WEH (Fn, Hlpn)] + Z ;j /gd—l E[ngz_ (Fin, /{jpn)]da(z)
j=2

< n' / T (67)
Qy,

Proof. — We set

ny = fn(Br,) and  n} =, (A7).

In B,, we use Theorem A.2 to obtain

~ —~ p
E[Wgrl (/’Ln7"£1pn):| = E[Wgrl </’("ﬂ7n1 ,O(B )>:|
T1

(1 +w(ny)) <p(gil))l_g (1 + ]ldzg(lognl)gﬂ C”’d/Brl ph

Since n; is a binomial random variable with exponential concentration
around its expectation E[n;] = np(B,,),

<E

P
d

~ — 1
B[WE,, (s k10)] < (1 ln)epam, [ ol

ks

1

< (1+w(n))cyan' 4 / Pon (1 + 1g—2(log npn)%> (6.8)
BTl

We now consider a fixed set A%. Since \? := p,,/p,(A%) is Lipschitz continous
in A% with

6=

: HLip’Aﬂ < s&p IVV| < rjqfl

we find
(4.2)&(4.5)

Grid; Srjd; S e (6.9)
We may thus apply (6.1) from Proposition 6.1 and obtain
B[ W (i 5pn) |

z
J

(o) s (5
wlEe win’: P
<G ak T\ (A7) ni>1 / pn 2.

We now observe that nj is a binomial random variable with
(4.2)

E[n3] = npa(A3) = np,(r;)(r6))* Ze np(R)RID. (6.10)
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From (4.5) and (4.3) we get (recall the definition (1.14) of « and f)
n'= ﬁ(logn) 10-9) fp < g
(logn)a ge=da=1) i p— g
1 if p>d.

np(Rp) R~ ~

We now argue separately in the cases p < d and p > d. The case d = 2
requires a little more care so we first consider the case d > 3. Since p < d,
we have lim,,_,  inf; , E[nj] = 0o and by the good concentration properties
of binomial random variables we have

als

E|(14w(e) —i—w(nj))( " ) nf > 1| < (1+w(e) +we(n))n' 4.

p(A%)
/ i (6.10)

After summation and integration, combining (6.8) and (6.11) concludes the
proof of (6.6). When p < d = 2, since np,(Aj) = C.n'=# for A% close to
0Bpg, we need to be a bit more careful. Letting ﬁn := loglog n (this choice is
somewhat arbitrary) we have for A* C By, |, log(np,(A%)) = (1+we(n)) logn
while for ANAp 5 # () (recall definition (4.9)), log(np,(A7)) = O (logn)
so that the same argument as above gives

This proves that for p < d,

s}

als

E[WX. (fin, #5o0) | < Spa(1 +w(e) +we(m))n’

Jn

E[W (Fins K1) +Z 4G, /Sl Az Mna’f]pn)}da(z)

(/ pif%JrC’a pig>
B Ap o
%

(NS}

< (L +w(e) +w(n))epan' % (logn)
Ry

<t wle) +wm)epanF [ o Qognp)¥,

n

Thus (6.6) also holds in this case. If p = d = 2 we have

E[WAZ (umnjpn)} Cpd(l+w(e) +we(n)) /N log (npn|AZ]).

J

Since it is readily checked that

jTIV 1 _
> 5 / |45 10g|A7]d5 (=) = (1),
j=2 g JSt

after summation we conclude again the proof of (6.6).
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In the case p > d, since inf; . E[n}] 2. 1, we can still conclude that

E|(1+w(e)+w(nf)) <p(n£z)> 1+ 14-2(log(1 + nj))%) ni>1

<e nl_% <1 + 1g—2 (log(l + npn(Aj)))g)

/N

Therefore

|
als

E[WX

z
J

(s 500) ] St (14 Lacallog(1 4 npn(A5)F) [ )

(6.12)
In the case d > 2, after summation and integration, combining (6.8) and
(6.12) concludes the proof of (6.7). We are left with the case p > d = 2.
Using that p, (A7) ~ p(rj)r?(log n)~% we have

p
2

ié (log(1 + npn(A2))) / L5 ()

=2 0j J§a-1
d 2
< log| 1+ 7|x| 2 L
e g n Pn Pn "
Qn\By, logn

Before starting the estimate let us recall that by (4.14)
/ pn o p(Ry)' T HRIT (6.13)
Qn

We first estimate in By, /2 \ Br,,

Slogn)f [ ot

Br,, /2
< (logn): R p(R,/2)' "4

< p(B)'~F R (ogm)F exp(~CRY))

(6.13) 1
< / Pn °.
Q'n,

Here we used that by (1.5), we have for some C' > 0,
V(R,/2) < V(Ry) — CRY.

als
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In Q,\Bg, /2 we use that since n(|z[/log n)%p, 2. 1 we have for some

0<ec K1,
1+n i dp <1+4+clogln ﬂ dp
logn/) "™ ) = N logn) ™"

S<l+ec. log(nR‘fL(kq)pn).

Since nRi(l_q)p(Rn) ~. 1 we can write

nRZ(l_q)pn(x) ~. pirzgj) =exp(V(R,) — V(z)).

Thus

2| d 5 .,
/ log| 1+ n( > Pn pifa
Q. \Br, /2 logn

< | (1+ (V(Ra) — V()
Qp\Brg,, /2

(1.5) Ry p 1_2
<R[ o -t
R, /2

In conclusion we find

d 5
/ log| 1 +n<1|x|> Pn piﬁg Se / Pifg-
Qn\Br, ogn Q,

Since by (6.13) again,
_r _r
(logn)%/ pn ° <</ pn 7,
B Q

T n

this concludes the proof of (6.7) also in the case d = 2. O

7. The global terms
7.1. The main radial estimates

DEFINITION 7.1. — Let v € R. We say that a probability distribution
X on (0, R) is of type ~y if there exist R € [0, R] such that there exist Cy
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positive with

/ AL CorX(r) for re(0,R) (7.1)
0
and
R —
/ AL Cur'A(r)  for r € (R, R). (7.2)
We write A <y B if there is a constant C > 0 depending only on p,d,~y and
C4+ such that A < CB.
We now prove two very similar results. It should be possible to combine
them in a single statement but we decided for clarity to keep them separate.

PROPOSITION 7.2. — Let A be a distribution of type v and assume that
(0,R) = (0,R)U[R,R) = IpUI,. Forn € N, let (n;);e{0,1} be a multinomial
distribution of parameters (nA(I;))icfo,13 and set k; = n;/A(I;). Assume that

nAI;) =1 for i=0,1. (7.3)
Then,

Elwg (Z mnli,mﬂ

SenlTh (RPA(IO)lg +>\(Il)*5/ rm(r)) (7.4)
Iy
Proof. — Let ¢ be the solution to
¢" = (ki —n)Aly, ¢'(0)=¢'(R)=0

i

we then have by Proposition 2.1,

lWP(ZmALNnAN<n /Ap E[|¢'[7].

We claim that

n'P

1 » — T
—E[¢/|] Sen' TR A(Ip)' 2. (7.5)

We write for r € I,

(7.1) |’I’L0 — TL)\(I())|

ng — n/\(Io) "
A(do) /o A S

¢/(r)] = e )

so that using (7.3) we get
E[|¢/(r)I”] S nEA(T) " ErPA(r)P.
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After integration this yields

R R
1 _
”/ E[¢'[7] S n'EA(To)~% / A <y 1 ERAI)!
0 0

w1
This proves (7.5). We now claim that

1 p b
nlip/ —E[|¢'"] <+ nl*”(fl)ﬁ/ rTPAT).
n A I
Let r € I; = [R, R). We write

/TR(m —n)A| =

Therefore, using (7.3) we get

|6/ (r)| =

R \P? (7.2
E[|¢'["] S+ n? A1)~ </ A) S AT T EPA(r)”

_r
2

(7.6)

After integration this proves (7.6). Combining (7.5) and (7.6) together

proves (7.4).

|

We now prove a second version of this estimate when (R, R) is decom-

posed into sub-intervals.

PROPOSITION 7.3. — Let A be a distribution of type v with A = 0 on
(0, R). Assume that (R,R) = |JI; where I; are disjoint intervals indexved
in increasing order. For n € N, let (n;); be a multinomial distribution of
parameters (nA(I;)); and set k; = n;/\(I;). Assume that for some € > 0,

n\(I;) > e for every i > 1.

Assume moreover that r — rYA(r) is decreasing in each I;. Then,

E
R

Proof. — As above we consider ¢ the solution to

=Y (ki mALy, ¢(R) = ¢/(R) =0

so that as above,

R
Elwf <Z”%>‘1mn>\>] 5”171)/7 )\pl—1]E[|¢'|p]~
i R

Let r € I; = (r;—1,7;) for some i > 1. We write
R

R
Wy (Z ﬁz’)\ﬂli,n}\>] Ste nlfg/i FEN(r) T B dr

(7.7)

(7.8)
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Regarding the first term we have

/rm(m - n))\‘ _ ;\&)‘)(Iiﬂ /:i A.

For the second term we observe that

/ (hy = A = S M) 5 —m) = | Somy | = [ S2A))

P> j>i j>i j>i

=nl — n/\(I;r)

(3

where nf = > j>inj and I’ = (r,R) = Ujsi 45 so that 37, A(1;) =
A(I;7). Observe that n; is a binomial random variable of parameters
(n, A(I;")). Plugging this into (7.9) we find thanks to (7.7),

E[|¢'[P] S Eljn; — nA(1)P] + E[|nf —nA(1]1)]"]
< BT 5(/”)\>p+ng)\(f+)g

Using that

this simplifies to

p P (7.2) P 2 P 3 P 2
E[l¢[P] Se n2AL1)% S n2r 2 A(ri)= <n2rV2X(r)?

where in the last inequality we used that r — rYA(r) is decreasing in I;.
After integration this gives

1 R 1 / 1 P R b 1 b
P R[] Seen T2 [ r7EIN(r) T2
B AP R

concluding the proof of (7.8). O

7.2. The main angular estimate

Recalling the definition (4.8) of A*% R we set A0 = Agzgo.

PROPOSITION 7.4. — Let X be a radially symmetric probability density
onR% neN andd € (0,n]. Let

M, ::/ |z[PAN  and G5 ::/ Lp,(z)(e1)da(z).
Rd Sd—1
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For (X;)" i.i.d. random variables of law X, let pu, = > i, 6x, and for
z € St
L Mn(AZ’é)

Ky = AT
Then, it holds (recall the definition (1.1) of n,)

1 aF —
E[W; <a_'6 /gd_1 Hz]].Az.,B)\dU(Z),TL)\)] S Mp n£7d 1' (710)

Proof. — We use polar coordinates to write for » > 0 and z = (y,U) €
gd-1
A(ry) = Aad(r)dr @ do(y).
Noticing that for 3" € S9! it holds 1-.s(ry’) = 1p,(»)(¥), we can write

(5. [, 100205 () ) (/) = Nar)ir @ 004/ (s)

0d

where
1 ~
v(y') = N—/ kzlp, ) (y')do(2).
g5 J§d—1
If Tyng is the optimal transport map between no and vo (for the Euclidean
cost in R?), we may use T'(ry) := rTang(y) as a competitor to estimate

1
W; <~/ Iiz]].Az,a)\d&(Z),TL)\>
g5 J§d-1

< / / IT(ry) — ry[P Asaa (r)drndo(y)
0o Jga-1

_ / PP Aaa (1) / Tong(y) — yPrdo(y) 71D
0 Sd—1

= MW} (vo,no) < M,W¢g,_, (vo,no)

where with a slight abuse of notation we write ng ,_, for the Wasserstein

distance on the sphere with respect to the geodesic distance dga—1. Let now

)A(i := X;/|X;| be the projections of X; on the sphere. Since X is radially
symmetric, X; are i.i.d. uniformly distributed on S~ i.e. their common law
iso. If [, == >0, 0%, using that AMA*?%) =5;, we have

Ky = O 7.12
We define the Markov kernel ks on S¢1 x S%1 ag
Ip,2)(x) 1,2 -
ks (2, y) == / 051D W) 47 (7.13)
§d—1 cs0(Ds)
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Given a measure u on S%~!, we then define Ks(ut) as the measure on S~}
whose density with respect to o is fsd—l ks(z,-)du, i.e.

Ko(u)(B)s= [ 16@) [ kolwn)dutodote). (14
In particular, by (7.12) we have
vo = Ks(fin) and no = Ks(no). (7.15)

For z,y € S*1, let n,(z) := ks(z,y). We claim (and will prove below) that
for every y,y’ € S*"! we have (identifying 7,0 with 7,)

W§d71(77y777y’) < dgdfl(y,yl)« (7'16)

Postponing the proof of (7.16) we now estimate Wé’d,l (Ks(fin), Ks(no)). Let
7 be an optimal transport plan for Wg,_, (fin, no) and for y,y" € S let
Ty be an optimal transport plan for WZ,_, (n,,7,/) we define the transport
plan 7 by its action on ¢ € C°(S4~1 x S471):

/ C(z, 2" )dm (2, 2)
§d—1ygd—1

= / [/ ((z,2")dmy,y (z,2) |d7 (Y, ¥).
§d—1x§d—1 | Jgd—1xgd—1 7

Let us prove that the first marginal of 7 is Kj(fi,). Indeed, for every ¢ €
CO(S?1), we have

/sdflxgdfl [/Sdlxsdl C(x)dww/(z,x’)]dﬁ(%y/)
/Sdflxgdfl [ i C(x)ny(x)da(a:)} d7(y, o)

= [ st
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Similarly the second marginal of 7 is Ks(no). Therefore,

Wee o (Ks(fin), Ks5(no))

S /Sd 1xgd—1 [/Sd 1y§d 1d§d—1(x’x/)d7"y,y’($,$/) dﬁ(%?/)
“1ygd- C1ygd-

:/Sd y W1 (ny,ny )7 (y, ')
—1x§d—1

(7.16) , . .
< / dga (v, ¥)d7(y,y")
Sd*l Xsd—l

= ngd—l (Fin,n0).

Combining this with (7.11), (7.15) together with the scaling of the optimal
matching problem on the sphere, see e.g. [19, Section 4], we conclude that

E[WZ; (}/ /iZ]].Az,J)\da(Z),TL)\>:| < MpE[WE,, (fin, no)]
§d—1

7
d—1
S Mypnh .

n

Therefore in order to conclude the proof of (7.10) we are left with the proof
of (7.16). Let y,' € S? ! and let II be the two-dimensional plane con-
taining the great circle of S¥~! containing 3 and y’. We then let Ry be the
rotation of angle § € (0, 7] such that Ry = Id on I+ and Ry(y) = v’ so that
dsa-1(y,y’) = 0. Since Ry is an isometry of S?~! it induces an orthogonal
transformation Uy between the tangents at y and 3/, i.e., we can write

Ry(Ds(y,U)) = Ds(y', UgU)

Since in the definition of n,(z) = ks(x,y) we integrate (also) with respect
to the Haar measure on O(d — 1), which is left invariant, we have that
(Rg)gny = ny- Finally, for every z € ST=1 if r < 1 is the radius of the circle
given by the intersection between S¢~! and the plane parallel to IT containing
x we have

dsa—1(z, Rg(z)) < 70 < dga—1(y, )

so that
Wé)dfl(ny’ny’) < /g(#l dgd_l(x,Rg(m))ny(x)da(m) < dgd—l(yvyl)-
This concludes the proof of (7.16). O

7.3. Estimate of the global terms

We may now estimate the global cost. Let us recall that if fi,, = >, 6%

i

with X; i.i.d. random variables with law p,,, we have set in (4.13) (recall the
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definition (4.10) of A%),

We recall also the definition (1.4) of 7,.

PROPOSITION 7.5. — We have

E|W} m]lBrlpn—&—ZUJ /Sd 1/<; ILAzpnda( ), NP

= 0:(m) + 1,540 (1). (7.17)
Proof.

Step 1. — We first separate the ball B,, from the annulus A := A, g,
(recall (4.9)). We set

na
pn(A)

and estimate thanks to triangle inequality and subadditivity,

na = y(A) and then ku:=

Jn
1 . ~
Wy kilg, pn + ; ?j /gd_1 K ]lA]z_pndo(z),npn

SWE(k1lp,, pn + Kalapn,npn)

+Wh Z /Sd K ]].AzpndO' /prn) (7.18)
rd

To estimate the first term we use Proposition 7.2 with A(r) = on(
which is of type v =1 — ¢, ng = [in(B,,) and ny = n4 so that

nA(L;) 2 n> 1.

7

By (7.4),
E[W;’(mllgrl Pn + /sA]lApn,npn)] <. n'"7 = 0e(Tn)- (7.19)

In the next two steps we estimate the second right-hand side term in (7.18).
We claim that

P
E|Wa Zo.j /Sd 5 Laspndo(2), Kapn

= 0:(7) + 1,40 (). (7.20)
Combined with (7.18) and (7.19), this would conclude the proof of (7.17).
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Step 2: The cased > 3 ord =2 andp > 2. — Let us recall that by (4.2),
d; = 0 for every j > 2 in this case. Set @ := 7 = [z4-1 L1 p,(»)(e1)d(2). Here,
we first apply the angular estimate from Proposition 7.4 to pass from A to
the angular sectors A* := Ai;éRn and then decompose each angular sector
using the radial estimate from7Proposition 7.3. We thus define

n, := ln(A®) and then &k, := . 7.21
() pn(A?) (7:21)
Using triangle inequality we estimate
wh 1Az pnd n
z(,]/gd R Lagpua(2)map
1 ~
SwWh ( / Kx1pzppdo(2), ,%Apn)
0 J§d—1
(7.22)

Jn
1 -
+wh Z / K3 ]lA pndo(2), j/gd_lﬁz]l/\zpnda(z)

Step 2.1. — To estimate the first term in (7.22), we apply Proposition 7.4
with A = (pn/pn(A4))14 and n = na (notice that Ena] = np,(A) ~ n and
in this case M, < 1) to get

1 ~
E Wg i/ "iz]lAzpndU(Z)w‘@APn
0 J§d—1

< E[nal'” T 1454 + Elna)'—% [nd:2 i (bgﬂ«:[m])%ﬂd:g,}

< gl (L o(). (7.23)

Step 2.2. — To estimate the second term in (7.22), we first notice that
for every z € S1,

2y (4.13) 4 (7.21) R
Z"‘@ pn(AF) Fin (A ) = Kzpn(A)
so that we may apply Lemma 2.2 and get

Jn
1 _ 1 N
wh Zj/ Ki1A=ppdo(z), j[ ko1 p=prda(2)
j:QU Sd—t J 0 J§d—1

1 j’n/ _
<= WEA D K3 lazpn, Kapn |d5(2).  (7.24)
§d—1 = J
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Fix z € S¢L. Let
Ii=(r,Ry), Ij:=(rj_1,75) (7.25)
and then
o
AMr) i = ——r
)=
By (4.13) and (7.21), we have

Frir T pn(r) = kjA(r) and  Gr.r?pu(r) = naA(r)

() 1y, ny = 1n (A7), and kj = (7.26)

A(I;)

so that by radial symmetry of p,,

Jn Jn
p z _
Wi E /ijILAJ;pn,/izpn —W;,’ E kil A nz A
i=2 i=2

Let us notice that n, is a binomial random variable with
E[n.] = np,(A%) ~nd4t > 1

so that with overwhelming probability, n, > np,(A?*)/2. In that event, for

every j € [2, jnl,
(6.10)
nz/\(Ij) 2 npn(Aj) 2e L
Therefore, since A is easily seen to be of type v = 1—¢g with constants depend-
ing only on ¢ and since when conditioned on n., (1;);¢[2,5,] are multinomial
with parameters (n.A(}));e2,5,], we may apply Proposition 7.3 to get by
definition (7.26) of A,

1 ifp<2
<. (' 51+ R29 4 1,0l0g R, ifp=2
(Rﬁ+q72p(Rn))17§Ri(l_q) otherwise.
Plugging this back into (7.24) we find

j’!l

1 . 1 _
E\WE{D - /g(H fila;pada(2), = /gdfl melaspndo(z)
=2

1 ifp<?2
< ontmEe @I R29 4 1,5 l0g R, ifp=2 (7.27)
(Rﬁ*q_zp(Rn))l_gRi(l’q) otherwise.
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Let us check that for d > 3 or p > d, the right-hand side is o.(7,) +
1,>40:(7,). Combining this with (7.22)—(7.23) would prove (7.20) in this
case. If 1 < p < 2 < d, since § is logarithmically small in n and n!~4 =
7o 3> n'~ % the statement is clear. If p = d = 2, the right-hand side of (7.27)
is of the order of

(logn) (1 + (logn)a " +log logn) < (logn)'ti =7,

We may thus focus on the case p > 2. Recalling that § ~ ¢R; 9, (4.5) and
the definition (1.14) of «, 3, there exists v € R such that the right-hand side
of (7.27) is of the order of

P

2

1
Rgldfl)qu(qfl) (R;d(qfl)np(Rn))

(logn)”n_(l_ﬁ)(%_l) if2<p<d
Se (logn)%_l_%(a_d(q_lmg_l) ifp=d=>3
(logn)dflfp(lfé) if p > d.

Using that when 2 < p < d, 8 < 1 and for p = d, a > d(g — 1), and recalling
the definition (1.4) of 7,,, the claim follows.

Step 3. — We finally consider the case d = 2 and p < 2. In this case we
will first split the annulus A into the annuli A; := A,.,_, ;, and then split
each annulus into the corresponding A%. We introduce the notation

nj

n; = lin(A4;) and then Ky, := . (7.28)
! ! 7 pn(4y)
By triangle inequality and subadditivity,
j"l 1
wh = 1 azppdo(2),
Jn
,S Wz ZI{AJ ]]-Ajpn7 RAPn
= (7.29)
]’Vl 1
wh | — 1 azpndo(2), ka.pn |-
Step 3.1. — In this step we estimate the first right-hand side term
of (7.29). We recall (7.25) and set
A(r) = LI (r)1; and k;:= e M- KA, pn(A).
pn(A) ! /\(I]) !
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We then have by radial symmetry of p,,
j’” j’Vl
WA D ma,La;on, Kapn | =WE| DKL, A
j=2 j=2
As above we notice that with overwhelming probability,
na = Enal/22n

and in this event, for every j > 2 (recall that d = 2 and that r — 72=9p(r)
is decreasing in [r1, +00)),

naA(1;) 2 npn(Aj) Ze nrj(rj —ri-1)p(r;)
(L@ - , (4.5)&(4.3) s
nr; p(ry) = nRy p(R,) 2 (logn)a™'n >

~E ~

Since A is of type v = 1 — ¢ with constants depending only on ¢, we find
from Proposition 7.3,

Jn
j=2

~E

<. Elna)t~% /rp“?”x(r)lffdr <n'=% = o.(r). (7.30)
I

Step 3.2. — In this final step we estimate the second right-hand side term
in (7.29). For fixed j we apply Proposition 7.4 with 6 = 7, A = p,/pn(A;)1 4,
and n = n; to get (recall that d = 2)

1 ~ _r
E[Wﬁj (N /gd_lnj]lAJz_pndo(z),/iAjpn>] SEny)t2 /A. |z[PdA

gj y
< 2(npa(A4,)) 5.
Writing that by (4.1) and (4.2),

2 (npn(A)) 8 T (np(ry ) E (ry — 151)

we have after summation,

in
1

EIY wh (= 21 p prdF(2), oa pm

= A"(%‘ /sd—l 7i1a;pnda(z) HAJP)



Emanuele Caglioti, Michael Goldman, Francesca Pieroni and Dario Trevisan

Combining (7.29), (7.30) and (7.31) together concludes the proof of (7.20)
also in this case. |

Remark 7.6. — Let us point out that if we tried to use the argument
from Step 2 in the case 1 < p < 2 and d = 2 we would have an issue with
the error coming from the radial part of the transport. Indeed, the error
term coming from (7.27) would be much larger than 7,, = n'~?/2(logn)P/2.
Moreover, if we kept 0; = 6 we would have also an issue with the term (7.31).
Vice-versa, if we used the argument from Step 3 in the case p > d we would
have an issue with the error coming from the angular part of the transport
when d = 2 or d = 3 (see Step 3.2 and (7.10)). In the remaining cases, both
arguments give similar conclusions.

8. Concentration inequalities

In this section we briefly prove some concentration inequalities. For p < d
and € > 0, let

11 —1
nr 27, " ifp<2
1 b (8.1)

fn =

Tn? lpca + T;E+E]lp:d otherwise.
Notice that &, — 0 as n — oo.

THEOREM 8.1. — Let {X;}$2, be iid random wvariables with common
distribution p satisfying a Poincaré inequality and p, = Y ., dx,. Then
foreveryl <p<d, r>2andt>0, we have

1
r

]P’(T;1|W1§’(un,np) — E[W;’(un,np)ﬂ > St .
In particular for any § > 0
> P(WE (ks np) = E[WE (5n,np)] | > 8) < o0,
n=1
that is, we have complete (hence P a.s.) convergence for p < d.

Proof. — By Chebyshev inequality it is enough to prove that for every
r =2,

1

E HWPI)(M"” np) — E[WZZ;(,U/n7 np)] ‘T} B 56,1’ Tnén- (82)
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We start by recording the following a result from [16, Proposition 5.3]: if
7 is the optimal transport plan between u,, and np and r > 2, we have

S
=

E[‘Wf(um np) — E[W;g)(ﬂnanp)} ’T]

([, o= sPeVanan)
o

Step 1: The case p < 2. In this case, since 2(p — 1) < p, we may use
Holder inequality to upgrade (8.3) into

I3

<E

~

] N (8.3)

E[[WE (1n, np) ~ EIWE (1, np))|'] "

r(p—1)

gné—éE[(W;(un,np)) g } (8.4)

We now prove by induction that for every r € N with r» > 2, we have

oL 1
E[|W} (s np) = E[WE (s np)][']7 S ~2m 0 (85)

By definition (8.1) of &, this would conclude the proof of (8.2) in this
case. Before embarking on the proof, let us point out that as a consequence
of (8.5), &, — 0 and triangle inequality we have

rq1
E[(W;{{)(Nmn/’)) ]" Sr The (8-6)
We start by proving (8.5) in the case r = 2. In this case, since 2(p—1)/p < 1

it is a direct consequence of (8.4), Holder inequality and E[WP (11, np)] = T4,
by definition.

We now assume that (8.5) holds up to r — 1. Let us show that it holds
also for r. Since
r
<-<r-—1,
p 2 ~"
We have by (8.6) with » — 1 instead of r and Holder inequality,

r(p—1) 1—1

1 p—1
E (Wg(ﬂnvnp)) ’ :| < E[(Wg(ﬂnanp))r_l} ey ,Sr Tn ¥

so that by (8.4), we get that (8.5) also holds for 7.

Step 2: the case p > 2. — Notice that in particular we are then only
concerned with d > 3. For 0 < n < 1 we write 2(p — 1) = (1 — n)p +nm
where

2p—1) — (1 —
o 2p=1) -0 -mp (8.7)
n

Using triangle inequality in the form

o= 6™ < (Jaf + [b])™ < 2™ max(|a[™, , [b]™) < 27 (|a[™ + [b]™)
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we have

B[ le-sran| g2 [ e s
Rd xRd Rd

In the last line we used that if p = exp(—V) with V satisfying (1.5),
then ([ |z|Mdp)sr ~ M. Indeed, this follows from p < exp(—Clz|?) and
a change of variables to reduce to the case ¢ = 1 where the computation is
explicit. Combining this with Holder inequality we can derive from (8.3),

<

E[|W2(pin,np) — E[WE (110, mp)]|"]

1
0 (A—m)r | r

< @2tm) W nBE | (W (pa,mp)) ° | . (8.8)

We claim that for every ¢ < 1 and r € N with r > 2,

1 1te
E[|W2(ins1p) = E[WE (s np)] |17 Se 7® Lpea+ 7+ Lpeg (8.9)

As in the case p < 2 this would conclude the proof of (8.2) by definition (8.1)
of &,. Notice that if (8.5) holds for some 7, then (8.6) also holds for the same r
by triangle inequality. We fix 1> ¢ > 0, 0 < ¢ < 2ed/q and choose

n::{€<$_1) ifp<d

cloglogn 4 ), — g,

logn

Notice that this choice of 7 is such that

—T/ 1+e

(29m) % nir 2 <o7e® ]1p<d+7'n iteq

. (8.10)

We prove (8.9) by induction and start with » = 2. In this case, from (8.8)
and Holder inequality we have

E[|WE (ttn, np) — E[WE (ttn,np)]|]

S (4m) ¥
= (4m) ¥

2
(810) 1.

% *E [ (Mm np)}

ﬂl"

Ss Tn? I]-1a<d + Tn +€1p:d’
This proves (8.9) when r = 2.
Assume now that (8.9) holds for r — 1. We then have
M < r <r—1
2 2
so that by (8.6) with » — 1 and Holder we have
a-mr]r r—1 % 1-n
E| (W} (knnp)) ] < E[(Wﬁ(un,np)) ] e Ta”
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Plugging this into (8.8) and recalling (8.10) concludes the proof of (8.9) also
for 7. |

Remark 8.2. — The proof above fails when p > d. This may be easily
seen from the fact that we have a gap in the rate, that is 7, = (logn)4~1-%
(that does not coincide with the correct rate when p = d), and this prevents
us from finding a suitable n = n(n) as we did before.

Remark 8.3. — On the one hand, all log-concave distributions satisfy
a Poincaré inequality by [7]. On the other hand, if p satisfies a Poincaré
inequality then it must have exponentially decaying tails by [8]. Therefore,
Theorem 8.1 mostly applies for potentials satisfying (1.5) with ¢ > 1.

Appendix A. Bounds for the matching problem in bounded
domains

We start by recording that arguing verbatim as in [21, Proposition B.1],
we have the following de-Poissonization result.

PROPOSITION A.1. — Let Q be a bounded and connected set, \ be a
probability measure on Q, {X;}52, be i.i.d. random variables of law A and

for every n, let N,, be Poisson random wvariables of parameter n. Letting
Un = ZZL:I dx, and then for W¥ € {WS’ szgz}7

f(n) = E[WE(pn, nA\)],
we have for every a, B € R,
lim inf n®(log n)? f(n) > liminf n®(log n) E[f(N,,)]
n—oo n—oo

and
lim sup n®(log n)” f(n) < lim sup n®(log n)’E[f(N,,)].

n—oo n— oo

We start by discussing upper bounds. Let us recall that if X; are i.i.d.
random variables uniformly distributed in @ = (0,1)% and if pu, = 3"~ ,
we have set

1
Cpq = limsu —E[W” n,n}
P naoop Mn, @ (w )

where
Ny = n'=d (1 + ]ldzg(logn)g).

It is now well-established, see e.g. [19, Section 4] that €, 4 € (0, c0) for every
d > 2 and every p > 1. Notice that actually by [3, 5, 12, 16|, the limsup is
a limit when p = d = 2 (with ¢, 4 = 1/(47)) or when d > 3. Combining the
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proof of [21] where the case of uniform densities is treated together with [2,
Proposition 2.4] we have (see also [5, 12, 17]).

THEOREM A.2. — Let  C R? be a bounded and connected open set
either C? or conver and let X be a Hélder continuous probability density
on Q bounded away from 0. Let X; be i.i.d. random variables with common
law X. then )

lim sup —E[WE (p1n, nA)] < cpd/ AT, (A1)
Q

n— oo 7771

We now turn to the lower bounds and recall that

c” —hmmfi {Wbp (,un,n)].

n—oo 'f]

We first prove that cP¢ € (0, 00).

ProrosiTION A.3. — For every d > 2 and every p > 1, we have cP? €
(0,00). Moreover, the liminf in the definition of cP? is a limit at least if
p=d=2orifd>3

Proof. — Notice first that cP»¢ < ©p,q < 00. The fact that the limit exists
and is equal to 1/(47) in the case p = d = 2 was proven in [2, Proposi-
tion 3.1] so we focus on the remaining cases. By scaling, Proposition A.1
and Holder inequality, it is enough to prove the following Poisson version of
the statement: let ;1 be a Poisson point process of intensity one on R? and
set

fpa(L) == meQL(Ha K)
where £ := p(Qr)/|Qr| then
fra(L) 2 (log L) (A-2)
and for d > 3, p > 1, (the existence of the limit is part of statement)
lim f,q4(L) =cP?>0. (A.3)
L—oo
For (A.2) we use [18, Lemma 2.7] to infer that
fr,a(L)
(1
—E qup{/ (k) [V <1,¢=0 on aQLH
L L QL
[ 1
>E gsup{ (- r) < [V <1,C=0 on Q1 & C—OH
L L QL QL
[1
=E|— sup / Cdp : V¢ <1,(=0 on 0Qr & (=0
-L2 QL QL

> (log L)%
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We now turn to (A.3). Since for € € (0,1),

5 gy Vo)

C
> (1- —Wbp , -— —Wbp ,
> l-ek [IQ | o D] LQL| (15)
and by Lemma 2.5,

L e PRI — x|P p(1-%) _
| W, 00| S DB S 20D, (4

in order to prove (A.3) it is enough to prove it for

foa(L) :=E [Q o (m)].

Let L > 0 and m € N. We divide Q,,1, into m? cubes Q; of sidelength L. By
superadditivity, see Lemma 2.4, and stationarity of p,

md
f) mL [ 1 ]
p d( ) z:; |QmL| ( )
<~ 1Qul
. -
= E| =W, u,l}_f L).
> Tl 0] =t
Since fp,d is a continuous function the statement follows. O

Remark A.4. — Notice that with the notation from the proof of Propo-
sition A.3, we have using the fact that f, 4(mL) is increasing in m, triangle
inequality and (A.4),

C
f(L) < Qp’d + Ld72 .

2

See also [16, Theorem 4.1] for a similar estimate regarding €, 4.

We may now prove the counterpart of Theorem A.2.

THEOREM A.5. — Let Q C Rj be a bounded open set let A a Holder
continuous probability density on Q bounded away from 0. Let X; be i.i.d.
random variables with common law \. then

hmmfi E[WO (t1n, n\)] > cP? /)\1*5 (A.5)
Q

n—oo 77

Proof. — Let 1> ¢ > 0 be fixed. And for z € Z% let Q. = (2 + Q).
Setting

Z::{zeZd:QZCQ} and QE::UQ27

zZ€EZ
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we have by superadditivity, see Lemma 2.4,

E[WO, (11, n\)] > ZE[ngZ (un,m)].

z2€EZ

We claim that for every z € Z,

e 1 _r
hnrglgf n—nIE ngz(,un,n)\)} > (1 fw(s))gp’d/ ATa, (A.6)

Summing over z and letting then ¢ — 0, this would conclude the proof
of (A.5). We now prove (A.6) and set for simplicity Q Q.. Letting N :=

11 (Q) and for (X )52, ii.d. random variables of law N = ALQ/AQ), i =
Zilil 0%,» Hn L Q and iy have the same law thus

B[ W (un, n )| = E[E[WH (i, nA) \ N =],

By [2, Proposition 2.4], there is a transport map T : Q — Q with Tﬁx =1/|Q|
and such that LipT < 1+ Cw(e). Letting p, := >"1 dp(x,;) We then have
for every k € N,

E [Wb% (Iks n/\)}

> (1- w(E))E[WbZ? (“;“’ "T‘éf”)]

e )

=W (i) - o gy

Taking the expectation we find

> (1 - w(e)e QIR ] - Con'~

where in the last line we used the definition of ¢”? and the fact that N is
a binomial random variable with E[N] = nA(Q). Since n'~% = o(n,) and

p,d R
lim E[”N] = \Q) %,
n— o0 ’I’}n
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we find

. . 1 p _P
hmmf—E[ngz(pn,nA) > (1 - w(e)ePQIENQ)

n— oo 77,”

> (1- w(s))gp’d/ N6,

Q

This concludes the proof of (A.6). O
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