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Steady gradient Ricci solitons with nonnegative
curvature away from a compact set (+)

71v1 Zuao (U AND X1aoHUA ZHU (2

ABSTRACT. — We analyse the blow-down solutions for n-dimensional (n > 4)
noncompact s-noncollapsed steady gradient Ricci solitons (M, g) with Rm > 0 and
Ric > 0 away from a compact set of M. As one of main results, we prove that the
(n — 1)-dimensional compact split limit ancient Ricci flows of type I and type II
cannot occur simultaneously from the blow-down of (M, g). Consequently, we prove
that (M, g) with Rm > 0 must be isometric to the Bryant Ricci soliton up to scaling,
if there exists a sequence of normally rescaled Ricci flows of (M, g), which converges
subsequently to a family of shrinking quotient cylinders. The latter improves a pre-
vious result of Brendle.

RESUME. — Nous étudions des solutions blow-down pour (M, g) soliton de Ricci
gradient stable non-compact et x-non effondré de dimension n > 4 & Rm > 0 et
Ric > 0 en dehors d’un compact de M. L’une de nos principales conclusions est la
preuve que, lors du blow-down de (M, g), les flots de Ricci anciens limites compacts
scindés de dimension (n—1) ne peuvent pas étre simultanément de type I et de type I1.
Par conséquent, nous démontrons que si une suite de flots de Ricci normalement
dilatés de (M, g) converge successivement vers une famille de cylindres quotients
contractants, alors (M, g) & Rm > 0, doit étre isométrique au solition de Bryant a
une dilatation pres. Ce dernier résultat améliore un résultat antérieur di & Brendle.

1. Introduction

Steady gradient Ricci soliton, as a singular model of type II of Ricci flow,
has been extensively studied. In dimension 2, Hamilton [16, 20] proved that
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the cigar solution is the only 2d steady Ricci soliton up to scaling. In di-
mension 3, Perelman conjectured that the Bryant Ricci soliton is the only
3d r-noncollapsed steady Ricci soliton up to scaling [28]. The conjecture has
been proved by Brendle [6]. These two Ricci solitons are both rotationally
symmetric. In dimension n > 4, besides the Bryant soliton [11], Lai recently
constructed a family of SO(n — 1)-symmetric solutions with positive cur-
vature operator [23]. Thus it is interesting to classify steady Ricci solitons
under suitable conditions of symmetry and curvature.

To characterize the Bryant Ricci soliton, Brendle introduced the following
notion [7].

DEFINITION 1.1. — A complete steady gradient Ricci soliton (M™, g; f)

of dimension n is called asymptotically cylindrical if the following conditions
hold:

(i) The scalar curvature satisfies % < R(z) < % as p(xz) > 1,
where p(x) is a distance function from a fized point on M, and Cy,
Cy are two positive constants.

(ii) Let p; be an arbitrary sequence of marked points going to infinity.
Consider the (normally) rescaled metrics

9n:(t) = 171 97.4(9), (1.1)

where r;R(p;) = 1 and ¢4 is a family of transformations generated
by =V f, the flow (M, gp,(t);p;) converges in the Cheeger—Gromov
sense to a family of shrinking cylinders (S*~*xR, g(t)), t € (—o0,0].
The metric g(t) is given by

3(t) = 2(n — 2)(1 = t)gn 1) + ds?, (1.2)

where S"1(1) is the unit sphere of dimension (n — 1) in R™.

In [7], Brendle proved that any steady gradient Ricci soliton with nonneg-
ative sectional curvature must be isometric to the Bryant Ricci soliton up to
scaling if it is asymptotically cylindrical in the sense of Definition 1.1. Later,
Deng—Zhu proved that the Brendle’s result still holds if one of the two con-
ditions in Definition 1.1 is satisfied for x-noncollapsed steady Ricci solitons
with nonnegative curvature operator (cf. [19, Theorem 1.2], [18, Theorem 1.1]
and [18, Lemma 6.5]). In a very recent paper [31], Zhao—Zhu showed that
the condition of nonnegative sectional curvature in [7] can be weakened by
assuming the nonnegative sectional curvature away from a compact set of M
together with a P-curvature pinching condition.
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It is a natural question to ask: is the above Brendle’s result in [7] true if
the condition (i) in Definition 1.1} is satisfied by (at least) one sequence?
At the present paper, we shall give a positive answer. Namely, we prove

THEOREM 1.2. — Let (M™,g) (n > 4) be a noncompact k-noncollapsed
steady gradient Ricci soliton with nonnegative curvature operator. Suppose
that there exists a sequence of p; € M (— 00) such that the rescaled Ricci
flows (M, gp,(t);p;) of (M, g) converge subsequently to a family of shrinking
quotient cylinders. Then (M, g) is isometric to the n-dimensional Bryant—
Ricci soliton up to scaling.

Let (M™, g) be a complete noncompact x-noncollapsed steady Ricci soli-
ton with curvature operator Rm > 0 (sectional curvature Km > 0 for n = 4)
and Ricci curvature Ric > 0 away from a compact set K of M. Let p; — oo
be any sequence in M and g,,(t) the rescaled flow of Ricci soliton g as
in Definition 1.1. Then (M, gp,(t);p;) converges to a splitting flow in the
Cheeger—Gromov sense,

g(t) = h(t) +ds*, on N xR, (1.3)

where h(t) (t € (—o0,0]) is an ancient x-solution on an (n—1)-dimensional N,
see Proposition 2.2. For simplicity, we call (N, h(t)) a split limit ancient Ricci
flow (of codimension one) arising from the blow-down of (M, g).

To prove Theorem 1.2, we establish the following alternative principle.

THEOREM 1.3. — Let (M™,g) (n > 4) be a noncompact k-noncollapsed
steady Ricci soliton with Rm > 0 and Ric > 0 on M \ K. Suppose that there
exists a noncompact split limit Ricci flow (N, h(t)) of codimension one aris-
ing from the blow-down of (M, g) as in (1.3). Then there is no any compact
split limit Ricci flow of type I arising from the blow-down of (M, g).

Recall that a compact ancient s-solution (N, h(t)) (t € (—o0,0]) of type I
means that it satisfies

sup (—t)|R(z,t)| < oo.
N X (—00,0]

Otherwise, it is called type II, i.e., it satisfies

sup  (=t)|R(z,t)] = oo.
N X (—00,0]

(1) This condition is same as the uniqueness assumption of tangent flows of soliton
Ricci flow g(t) = ¢} (g) at time —oo by a recent notion, see [3, 21], etc.
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As a corollary of Theorem 1.3, we prove

COROLLARY 1.4. — Let (M™,g) (n > 4) be a noncompact k-noncollap-
sed steady Ricci soliton as in Theorem 1.3. Then the (n — 1)-dimensional
compact split limit ancient Ricci flows of type I and type II cannot occur
stmultaneously from the blow-down of (M, g).

Thanks to a deep classification result for 3d compact x-solutions proved
by Brendle-Daskalopoulos—Sesum [9] (also see Theorem 6.1), we can improve
Theorem 1.3 in 4d as follows.

THEOREM 1.5. — Let (M, g) be a 4d complete noncompact k-noncollap-
sed steady gradient Ricci soliton with Km > 0 and Ric > 0 away from a
compact set K of M. Then either all 3d split limit Ricci flows (N, h(t))
arising from the blow-down of (M,g) are families of 3d shrinking round
quotient spheres, or are 3d noncompact ancient k-solutions.

We note that the 3d noncompact ancient x-solution (non-flat) has been
recently classified by Brendle [8] (also see [4]). Namely, such a soliton is iso-
metric to either a flow of 2d shrinking cylinders, or a flow of the Bryant Ricci
soliton. On the other hand, by recent results of Chow—Deng—Ma [15, Theo-
rem 1.3, Claim 6.4], both flows of the Bryant Ricci soliton and 2d shrinking
cylinders will always arise in the second case in Theorem 1.5, since Theo-
rem 1.5 in particular implies that (M, g) satisfies the canonical model condi-
tion in Chow—Deng—Ma’s paper. Thus we can actually classify the blow-down
solutions for 4d noncompact k-noncollapsed steady gradient Ricci solitons
with Km > 0 and Ric > 0 away from a compact set K of M.

We also note that both cases can happen in Theorem 1.5 as seen in
following examples. For any 2n > 4 and each Zj-group, Appleton [2] has
constructed an example of noncompact k-noncollapsed steady gradient Ricci
soliton with Rm > 0 on M \ K, where all split ancient x-solutions h(¢) form
families of shrinking quotient spheres of dimension (2n — 1) with Zg-group.
In each of Lai’s examples [23] of noncompact xk-noncollapsed steady gradient
Ricci solitons with Rm > 0 on M, all split ancient x-solutions h(t) are
noncompact.

We guess that an analogue of Theorem 1.5 holds for general dimensions
(cf. Conjecture 6.4).(2)

By Theorem 1.5, we can improve Theorem 1.2 in 4d as follows.

(2) This conjecture has been recently solved in a sequel of paper [32].
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THEOREM 1.6. — Let (M, g) be a 4d noncompact k-noncollapsed steady
gradient Ricci soliton with nonnegative sectional curvature. Suppose that
there exists a 3d compact split limit Ricci flow (N, h(t)) as in (1.3) arising
from the blow-down of (M,g). Then (M,g) is isometric to the 4d Bryant—
Ricci soliton up to scaling.

Outline of the paper

The paper is organized as follows.

In Section 2, we prove a splitting result for any limit of normally rescaled
Ricci flows sequence from a x-noncollapsed steady gradient Ricci soliton
(M, g) with Rm > 0 on M \ K, see Proposition 2.2.

In Section 3, we first get a decay estimate of curvature and then study
the level set geometry of (M, g) by assuming the existence of compact split
ancient x-solution (N, h(t)), see Proposition 3.3, Proposition 3.8, etc.

In Section 4, we classify the split limit Ricci flow (N, h(¢)), if all of them
satisfy (3.1) see Proposition 4.1.

In Section 5, we prove our main results, Theorem 1.3, Theorem 1.2 and
Corollary 1.4 by results obtained in Section 2—4.

In Section 6, we focus on a 4d steady gradient Ricci soliton to get a di-
ameter estimate of (N, h(0)) for all 3d split Ricci flows (N, h(t)), see Propo-
sition 6.3. We will modify the argument in the proof of Theorem 1.3 to
prove Proposition 6.3. Then by Proposition 6.3 we prove Theorem 1.5 and
Theorem 1.6.

Acknowledgments

The authors would like to thank the referees for many valuable comments
on their paper.

2. A splitting result for limit Ricci flows

A complete Riemannian metric g on M is called a gradient Ricci soliton
if there exists a smooth function f (which is called a defining function) on
M such that

Rij(9) + pgi; = ViV, (2.1)
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where p € R is a constant. The gradient Ricci soliton is called expand-
ing, steady and shrinking according to p >,=, < 0, respectively. These
three types of Ricci solitons correspond to three different blow-up solutions
of Ricci flow [20].

In the case of steady Ricci solitons, we can rewrite (2.1) as
2Ric(g) = Lxy, (2.2)

where Ly is the Lie operator along the gradient vector field (VF) X = V f
generalized by f. Let {0} }+c(—c0,00) e a 1-ps of transformations generated
by —X. Then g(t) = ¢;(g) (t € (—00,00)) is a solution of Ricci flow. Namely,

g(t) satisfies

% — 2Ric(g), ¢(0)=g. (23)

For simplicity, we call g(t) the soliton Ricci flow of (M, g).
By (2.2), we have
(VR,Vf)=—2Ric(Vf, Vf), (2.4)
where R is the scalar curvature of g. It follows
R+ |V f|* = Const.
Since R is alway positive ([13, 30]), the above equation can be normalized by

R+ |Vf]?=1. (2.5)

We recall that an ancient k-solution is a xk-noncollapsed solution of Ricci
flow (2.3) with Rm > 0 defined for any ¢ € (—o0,0]. The following result is
a version of Perelman’s compactness theorem for higher dimensional ancient
k-solutions.

THEOREM 2.1. — Let (M™,g;(t);p;) (n = 3) be any sequence of n-
dimensional ancient k-solutions with R(p;,0) = 1 on a noncompact man-
ifold M. Then (M, g;(t); p;) subsequently converges to a splitting flow (N x
R, §(t); poo) in the Cheeger—Gromov sense. Here

g(t) = h(t) + ds?, (2.6)

and (N, h(t)) is an (n — 1)-dimensional ancient r-solution for t € (—oo,0].

The convergence of (M, g;(t); p;) comes from [17, Theorem 3.3]. The split-
ting property in (2.6) can also be obtained by Hamilton’s argument [20,
Lemma 22.2] with the help of Perelman’s asymptotic volume ratio estimate
for k-solutions [22, Proposition 41.13]. In fact, for a sequence of rescaling
Ricci flows arising from a steady Ricci soliton, we can improve Theorem 2.1
under a weaker curvature condition as follows.
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PROPOSITION 2.2. — Let (M™,g) (n = 3) be a noncompact k-noncollap-
sed steady gradient Ricci soliton with Rm > 0 away from K. Let p; — o0
and (M, gp, (t); pi) a sequence of rescaled flows with Ry, (p;,0) =1 as in (1.1).
Then (M, gy, (t);p;) subsequently converge to a splitting flow (N x R,
G(t); poo) as in Theorem 2.1. Moreover, for n = 4, Rm > 0 can be weak-
ened to Km > 0 away from K.

Proof. — Since Km > 0 on M\ K, we have the Harnack estimate by (2.4),
d
@R(x,t) >0, onM\K. (2.7)

Then according to the proof of Theorem 2.1 (see [17, Lemmas 3.5-3.7] for
details), for the convergence part in the proposition, we only need to show
that the following asymptotic scalar curvature estimate,

lim sup R(x)d? (o, x) = oo, (2.8)
T—r 00

where d(o, z) is a distance function from a fixed point o € M. As a conse-
quence, the rescaled flow (M, gp,(t); p;) has uniformly local curvature esti-
mate, and therefore (M, gp, (t); pi) subsequently converges to a limit ancient
k-solution (Mo, G(t); Doo)-

We note that (2.8) is true for any ancient x-solution by Perelman’s result
of asymptotic zero volume ratio [22, 28] (cf. [17, Corollary 2.4]). In our case,
we only have Rm > 0 away from K. We will use a different argument to
prove (2.8) below.

On the contrary, we suppose that (2.8) is not true. Then there exists a
constant C' > 0, such that

7)< oy =60 (29)

In particular, the scalar curvature decays to zero uniformly. Due to a result
in [15, Theorem 2.1], we know that there are two constants ¢, ce > 0 such
that

c1d(0,7) < f(z) < cad(0,2), asd(o,z) > 1. (2.10)
Thus by [19, Theorem 6.1] with the help of (2.9) and (2.10), we get

R(z) > Cof as d(o,x) > 1,

for some constant Cy. But this contradicts to (2.9). Hence (2.8) is true.

In the following, our goal is to show that g(t) is of form (2.6). First we
prove the volume ratio estimate,

AVR(g) = lim

r—00 rn

=0. (2.11)
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By (2.8), we can use the Hamilton’s argument in [20, Lemma 22.2] to
find sequences of points ¢; — oo and number s; > 0 such that ﬁ — 0,

R(qi)s? — 00, (2.12)

and

R(z) < 2R(q;), Yz € Blqi,s:)- (2.13)
Consider a sequence of the rescaled flows (M, gq,(t);¢:), t € (—s;,0], such
that Ry, (¢;,0) = 1, where Ry, (-,t) is the scalar curvature of g, (¢). Then
by (2.7), Ry, (x,t) < 2 whenever t € (—s;,0] and dg,(¢;,z) < R(q;)2si,
where dg, (g;,-) is the distance function from ¢; w.r.t gq,(¢). It follows that
(M, g4,(t); ¢;) with ¢t € (—s;,0] converges subsequently to a limit ancient s-
solution (Mo, goo (t); ¢oo). Moreover, by (2.12) and the curvature condition
Km > 0 on M \ K, one can construct a geodesic line on (Mo, goo(0); ¢oo)
(cf. [25, Theorem 5.35]). Thus, by the Cheeger—Gromoll splitting theorem,
(Moo, goo(t); goo) s in fact a splitting ancient flow (N x R, b/ (t) + ds?; ¢o),
where (N',h/(t);¢o0) is an (n — 1)-dimensional k-noncollapsed ancient so-
lution. Clearly, (N’,h/(0);¢s) can not be flat since Roo(goo,0) = 1, so
(Moo, oo (t); ¢oo) is a non-flat ancient solution. Hence, by [22, Proposition
41.13], the asymptotic volume ratio of (M, goo (t); goo) must be zero. This
implies (2.11) by the monotonicity of volume since the (2.11) is invariant
under the rescaling.

Next we let
w n
r(pi) = SUP{p‘Vol(B(pi,p)) > 50 } (2.14)
We prove
00_17"(]91‘) < Rf%(pz‘) < Cor(ps). (2.15)

In fact, for the first inequality in (2.15), by the volume comparison, there is
C1(D) > 0 for any D > 0 such that

Vol(B(x,7(pi))) = CT 'r(pi)", ¥ @ € Blpi, Dr(pi)).
Then by [17, Lemma 3.5], there is Cy(D) > 0 such that

D
R<Clr(p)™2, Vac B(pi7 27“(pi)>. (2.16)

Thus we only need to prove the second inequality of (2.15).

We use the above argument in the proof of (2.11). On the contrary, there
is a sequence p; — oo (still denoted by {p;}) such that

—1/2¢,..
lim Ll = o0. (2.17)
i—00 7’(]7Z
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On the other hand, by (2.7) and (2.16), we have
R(x,t) < Cor(p) ™2, Vaxc B(pi, gr(pi)), te (—12),0}

Then the rescaled flow (M, r(p;)~2g(r(p;)*t); p;) converges subsequently to
a limit ancient solution (ML, g5, (t); pl). Note that 7(p;) < oo for each p;

o0
by (2.11). Moreover, by the volume comparison, it follows

. r(pi) _
115?0 (o, p?) =0. (2.18)

Hence, by (2.18) and the curvature condition Km > 0 on M \ K, one can
construct a geodesic line on (M., g5 (0); pl) (cf. [25, Theorem 5.35]), and
so (M!_, g\ (t);p..) is a splitting ancient flow (N x R, h(t) + ds?; pso), where
h(t) is an (n—1) dimensional ancient s-solution. As a consequence, by (2.17),
we have

Roo(pl,,0) = 0. (2.19)

By the strong maximum principle and (2.19), (N,E(O)) is flat and so is
(M., 9.,(0)). Then by the injective radius estimate (cf. [17, Lemma 3.6]),
one can show that (M, g/ (0)) must be isometric to the Euclidean space. In
particular, Vol(By:_(0)(pte, 1)) = w. But this is impossible by (2.14). Hence
we finish the proof of (2.15).

At last, by (2.15) and (2.18), we have

. R(p)~!

lim ———— =0. 2.20

2% (0, p;) (2.20)
Then instead of the rescaled flow (M, r(p;) ~2g(r(p:)?t); pi) by (M, gp, (t); pi),
the limit ancient solution (Mu,g(t);peo) will split off a line as (M.,

95.(0); pL.). Thus g(¢) is of the form (2.6).

In the case of n = 4, we note that both split 3d xk-noncollapsed ancient
flows h/(t) and h(t) in the above arguments are non-negatively curved when
Km > 0 away from K. Thus both of 2/(¢) and h(t) are same as ancient k-

solutions. Hence the proofs above also work for the 4d steady Ricci solitons
when the assumption Rm > 0 is replaced by Km > 0 away from K. ]

According to the proof in Proposition 2.2, we also get the following cur-
vature comparison.

LEMMA 2.3. — Let (M",g) be a complete noncompact k-noncollapsed
steady Ricci soliton as in Proposition 2.2. Let {p;} — oo be any sequence in
(M",g). Then for any q; € By, (pi, D), there is Co(D) > 0 such that

Cy 'R(pi) < R(g:) < CoR(py). (2.21)
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Proof. — We note that the rescaled flow (M, gp,(t);p;) converges to a
splitting of ancient solution (M., g(t) = h(t) + ds?;ps). Then by (2.15)
and (2.16), we get the second inequality of (2.21) immediately. Thus we
only need to prove the first inequality.

By contradiction, there exists a sequence of points ¢; € By, (pi, D) for
some D > 0 such that

— 0, asi— o0. (2.22)

Then
R5(0)(4) = 0,
where g is a limit of {g;} from the convergence of (M, gp,(t);p;). By the

strong maximum principle, it follows that g(0) is a flat metric, which con-
tradicts to the fact Rg(0)(poo) = 1. Thus (2.21) holds. O

3. Compact case of (N, h(t))

In this section, we assume that there exists a sequence of p; — oo on an
n-dimensional steady Ricci soliton (M™, g) such that the corresponding split
ancient x-solution (N, h(t)) of codimension one in Proposition 2.2 satisfies

Diam(N, h(0)) < C. (3.1)

We will use the method in [18, 19] to prove several lemmas and propositions
for level set geometry of (M, g) under the condition (3.1). The results will
be often used in next sections.

Firstly we show there exists a decomposition of (M, ¢g) in Proposition 2.2
if it satisfies (3.1).

LEMMA 3.1. — Let (M, g) be the complete steady gradient Ricci soliton
in Proposition 2.2. Suppose that there exists a sequence of p; — oo such that
the split ancient k-solution (N, h(t)) in Proposition 2.2 satisfies (3.1). Then
foralli> 1, M can be divided into three parts

M =B, (pi, IOC’R(pi)_%) UK'UM, (3.2)
where K’ is a compact set containing K and M’ = M\ (By(p;, 10CR(p;)~2)U
K'). Moreover, M \ By(p;, 10CR(p;)~2) is disconnected.

Proof. — Since (M, g) satisfies Rm > 0 on M \ K, by [24, Section 1] (see
also [12]), (M, g) has finite topological type. Then there exists a compact set
K C M such that M is homeomorphic to K. This implies that M \ K is
contractible. On the other hand, according to the proof in Proposition 2.2,
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we have B, (pi, 10CR(p;)~2) C M\ K for all i > 1. By the convergence, we
know By (p;, 1OCR(pZ-)_%) are diffeomorphic to some open balls in N x R.
Thus for each ball, there exists two boundaries denoted by 37 and 5. Hence,
we can find two points ¢1,¢2 € M \ By(pi, 10CR(p;)~2), so that qy,qo are
close to X1, X5 respectively, and a path o1 which connects ¢, g2 and passes
through By (pi, 10CR(p;)~2). On the contrary, if M \ By (pi, 10CR(p;)~2)
is connected, there exists another path oo which connects ¢, g2 such that
o2(s) C M\ By(pi, 1OCR(pi)_%). By connecting o1 and o3, we obtain a non-

contractible circle in M\ K. But this is impossible since M \I? is contractible.
Therefore, M \ By(pi, 10CR(p;)~2) must be disconnected.

By [26, Corollary 1.1], a complete noncompact steady gradient Ricci soli-
ton is either connected at infinity (i.e., it has only one end), or it is a prod-
uct of R with a compact Ricci flat manifold. The latter is impossible since
(M, g) is not Ricci-flat. Thus M \ By(p;, 10CR(p;)~2) has only one end. It
follows that M \ By(p:, 10CR(p;)2) consists of one noncompact connected
component M’ and one compact set K’. Clearly, M’ and K’ satisty (3.2).
Moreover, K’ will contain K when d(o,p;) is large. The proof of Lemma 3.1
is complete. O

By Lemma 3.1, we prove that (M, g) has a convexity property in the
sense of the geodesics.

LEMMA 3.2. — Suppose that there exists a sequence of p; — 0o such that
the split (n — 1)-dimensional ancient k-solution (N, h(t)) in Proposition 2.2
satisfies (3.1). Then there exists a compact set K' (K C K') such that for
x1,2 € M\ K’ the minimal geodesic curve o(s) connecting x1 and xs, is
contained in M\ K, where K is the compact set in Proposition 2.2.

Proof. — By Lemma 3.1, we may choose a point p € {p;} such that By (p,
1OCR(p)*%) divides M into three parts with a compact part K’ containing
K as follows,

M =B, (p, 100R(p)*%) UK'UM,

where B, (p,10CR(p)~2)NK = and M’ = M \ (B,(p,10CR(p)~2) U K’)
is a noncompact set of M. Set

K =K'UB, (p, 100R(p)*%).
We need to verify that K is as required in Lemma 3.2.

On the contrary, there will exist two points 1,29 € M \ K and another
point & € o(s) N K, where o(s) is the minimal geodesic curve connecting
x1 and z9. By Lemma 3.1, the geodesic ball B,(p, 10CR(p)~2) separates
both of z; and x5 from z, and so o(s) will pass through B, (p, 10C'R(p)~2)
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at least twice. Denote the first point by ¢; and the last point by ¢2 in
By(p, 10CR(p)~2) respectively, which intersects with o(s). Let o/ be the
part of o(s) between ¢; and g2. Thus by the triangle inequality, we have

dg(q1,92) :Length( "
dy(q1, ) + dg(z, g2)
2 dg(q1,0) + dg(0, q2) — 2dg(0, x) (3.3)
> 2dg(0,p) — dg(q1,p) — (Q27 p) —2C’
p) —

> 2d,(0, p) — 20R(p)~* — 2C".

On the other hand, by the estimate (2.20), we see that for any small ¢ it
holds

1

R(pi)_5 < 6dq(p1a 0)7 (34)
as long as i > 1. By (3.3), it follows

dg(q1,q2) = 2d4(0, p) — 208dy(0,p) — 2C" = dy(o, p).

However,

1 1
dg(q1,42) < dg(qr,p) + dy(p, g2) < 20R(p) ™% < 208d,(0,p) < idg((),p)-

Thus we get a contradiction! The Lemma 3.2 is proved. ]

3.1. Curvature decay estimate

By Lemmas 2.3 and 3.2, we prove

PROPOSITION 3.3. — Let (M™, g) be the steady Ricci soliton in Proposi-
tion 2.2 with Ric > 0 away from K. Suppose that there exists a sequence of
p; — 00 such that the split (n — 1)-dimensional ancient k-solution (N, h(t))
in Proposition 2.2 satisfies (3.1). Then the curvature of (M™,g) decays to
zero uniformly. Namely,

Ili)rréo R(x)=0. (3.5)
Proof. — First we prove
lim R(p;) = 0. (3.6)
Pi—>00

On the contrary, we assume that R(p;) > ¢ for some constant ¢ > 0. We
consider a sequence of functions f,, = f— f(p;) on the Riemannian manifolds
(M, gp,(0); p;). By (2.5), it is easy to see

1
‘vfpi|gz)i g c 2.
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Thus for any D > 0 it holds
|fpi(2)] < 272D, V€ By, (,.0)-

Pj

By the regularity of the Laplace equation,

Agp,- fpi = R(gpi(o)),

fi converges subsequently to a smooth function fo, on N x R which satisfies
the gradient steady Ricci soliton equation,

Ric(g(0)) = V*fx.

Note that g(0) = h(0) + ds? is a product metric. Hence (N, h(0)) is also a
steady gradient Ricci soliton,

On the other hand, by the maximum principle, (N, h(0);poo) should be
Ricci-flat. However, by the normalization of

R(gp,(0))(pi) =1,
R(h(0))(pso) is also 1. This is a contradiction! (3.6) is proved.
By (3.6) and Lemma 2.3, we get
lim sup R(z) =0. (3.7)
1—00 1
By (pi,10CR(p:) %)

Next we use (3.7) to derive (3.5).
Recall that the set of equilibrium points of (M, g, f) is given by
S = {x | |V fI(x) = 0}.
In general, S may be non-empty. But we have

Claim 1. — There are no equilibrium points away from a compact set K
of M which contains K’. Here K’ is the set of M determined in Lemma 3.2.

If S is not empty and Claim 1 is not true, there will be two equilibrium
points z; and xs and a compact set K containing K’ such that zy, 22 €

M\I? Then by Lemma 3.2, there is a minimal geodesic curve o(s) connecting
x1 and x9 such that ¢(0) = 27 and o(T) = z3 and o(s) C M \ K. Note
d

4 (Vf,0))(0(s)) = V2f(0’,0')(5) = Ric(”, o).

Thus we get
0= (Vf,0")(o(t)) = (Vf 0')(c(0))
= /T Ric(o’, 0")ds > 0,
which is a contradiction! I(;ence, Claim 1 is true.
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By (2.20), we can choose a subsequence of {p; }, still denoted by {p;} such
that

1

B, (pi, 100R(p,»)—%) N B, (pj,mCR(pj)—f) =0, Vi#£j>1 (38)

Then by Lemma 3.1, as in (3.2), there are a compact set K and a sequence
of compact set {K;} (i > ig) of M such that K C K and

IK; C 8Bg (pi, IOCR(pZ)_%) U 839 (pzurl, 100R(pi+1)_%),
and M is decomposed as

M=K/ (K UB, (pm, 1OCR(pi+1)_%>), (3.9)
12170

Claim 2. — For any ¢; € K;, there exists ¢; > 0 such that

af" = 61.(@) € By (pi, 10R(p:) 3 C) U B, (pis1, 10R(pi41)2C).  (3.10)

On the contrary, we see that ¢y(¢;) C K; for all ¢ > 0. Since K is
compact, by Claim 1, there exists ¢/ > 0 such that

Ric > g, 7' <|Vfl<{.

It follows

%R(Qst(qi)) = —(VR, V) (¢:(a:))

=2Ric(VF,Vf) =271 >0, Vt=0.

(3.11)

As a consequence,
R(¢e(qi)) = 2¢ 7 — 00, ast — .
This is impossible since R(-) is uniformly bounded. Hence, Claim 2 is true.
By Claim 2 and (3.11), for any ¢; € K; we see
v € By (pi, 10R(p)"2C)
U By (;Dz'+1, 10R(pit1)~ C)

Thus we get (3.5) from (3.7) and (3.9) immediately. O

R(g;) < R(q") < max{ R(z)

Nl=

Remark 3.4. — The curvature of steady Ricci soliton in Proposition 3.3
decays uniformly to zero. Then |V f(z)| — 1 as d(o,x) — oo by (2.5). More-
over, by [18, Lemma 2.2] (or [15, Theorem 2.1]), f satisfies (2.10). Hence,
the integral curve ~(s) generated by V f extends to the infinity as s — oo.
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3.2. Geometry of level sets

By Proposition 3.3 and (2.5), there exists a point py € M such that

Riyax = sup R(p) = R(pO) =1
peM

For any positive ¢ < 1, we set
S(c) ={p € M | R(p) = Rmax — c}.

Then S(c) is a compact set. Furthermore, by Remark 3.4 there exists a
constant ¢ such that K C S(co) and Vf # 0 on S(c) \ K. Thus VF
X = % is well-defined on S(c) \ K for any ¢ > ¢o. Moreover, we know
M\ S(c) is diffeomorphic to ¥ x (A4, 00), where X is the levelset of f on f(p;)
for some large i and A > 0 is a constant. Since (M, g) has only one end,
Y must be connected.

By [15, Lemmas 2.2-2.3], it is known that there exists a t, such that
¢1,(q) € S(co) for any q € M\ S(co). Consequently, for any integral curve
VS

of X = ™ I'(s) : [0,00) — M, we can reparametrize s such that I'(0) =

p € S(co)\ K, and so I'(s) C M \ K is a smooth curve for any s > 0.

LEMMA 3.5. — Let (M",g) be an n-dimensional steady soliton as in
Proposition 3.3 and let T'(s) be any integral curve of X with T'(0) = p €
S(co) \ K. Then for any e, there exists a uniform constant C' = C(e) >0
such that

(1 —€)(s2—s1) <dT(s2), T(s1))<(s2—s81), Vsa>s >C. (3.12)

In particular,

(1-¢e)s<d(T(s),p)<s, Vs>C. (3.13)

Proof. — Firstly by Remark 3.4, we note that for any € > 0 there exists
a compact set S’ such that

IVfl(z) >1—¢, VazeM\S. (3.14)

Moreover, (3.14) holds whenever f(z) > L. Since I'(s) ¢ M\K, [VfI(T(s)) =
co > 0 by (2.4) for all s > 0. It follows

S

70 - 1) = [ S rwoae= [ [wrwe s e

0

Thus there exists a uniform constant C' = % + 1 such that (3.14) holds as
long as s > C.
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Let ~ : [0,D] — M be a minimal geodesic from T'(s1) to I'(sz), where
D =d(T'(s1),T'(s2)). Then by

SVFA ) = VA )A0) > 0,

we obtain

D
ﬂﬂ@b—ﬂN&DZA (V£ (7)dr < D(V £, (D))

This implies
f(T(s2)) = f((s1)) < d(T'(s1), [(s2))- (3.15)
On the other hand, by (3.14), we have

A(0(s2) = F00) = [ (91T )
522 (3.16)
— [ AT (1= s - s).

S1

Thus the first inequality in (3.12) follows from (3.15) and (3.16) immediately.
Note that

d(T'(s1),T(s2)) < Length(I'(s))|3? = s2 — s1. (3.17)
Hence, the second inequality in (3.12) also holds. (3.13) is a direct conse-
quence of (3.12) by the triangle inequality. a

As in Lemma 3.5, let T';(s) be an integral curve of X through p; with
[;(0) € S(cp) and T';(s;) = p;. For any D > 0, we set

Fi(s) =Ti(Rp) s +5:), se[-D,D].

Then it is easy to see

=1, se[-D,D].

9p; (0)

dT;(s)
ds

Thus ﬁ(s) is an integral curve of )?i = Igijil through p;, where V; is the

gradient operator w.r.t. the metric (M, g,,(t); p:).

With the help of Lemma 3.5, we prove that the splitting line obtained by
Proposition 2.2 is actually a limit of a family of integral curves of X; under
the condition in Proposition 3.3.

LEMMA 3.6. — Let (M™, g) be the steady soliton in Proposition 3.3 and
(N x R, h(t) 4+ ds% poo) the splitting limit flow of (M, gp, (t); pi). Then T';(s)
converges locally to a geodesic line on N xR w.r.t. the metric (M, g, (t); ;).
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Proof. — Since X; = V, f is convergent w.r,t. the metrics (M Gp, (1);1:)
(cf. [19, Lemma 4.6]), X, also converges subsequently to a VF X o, on (N xR,
h(t) + ds?; pso ). Thus FZ( ) converges to an integral curve I‘OO( ) of X oo on
N x R, where s € (—00,00). It remains to show that foc(s) is a line.

Since p; — oo, we have s; — oo. Then by (2.11) and (2.15), for any
number D > 0, it holds

— DR(pi)fé — 00.

It follows
2(1 ~ )DR(p))~* < d(Ti(~D).Ti(D)) < 2DR(p:) "+,
and consequently,
2(1—¢€)D < d,, (Ti(—D),T4(D)) < 2D.
Thus by taking the limit of f,(s) as well as € = 0, we obtain
dy.. (Too(=D),Toe (D)) = 2D. (3.18)
Note that 2D is the length of T (s) between I'so(—D) and I'so (D). Hence,

I'»(s) must be a minimal geodesic connecting I'so(—D) and T's(D). Since
D is arbitrary, T (s) can be extended to a geodesic line. |

Now we begin to prove main results in this subsection.

LEMMA 3.7. — Let (M™, g) be the steady soliton in Proposition 3.3 and
(N x R, h(t) + ds?;pao) the splitting limit flow of (M, gp, (t); p:), which sat-
isfies (3.1). Then f~(f(pi)) C By, (pi,200C) when i > 1.

Proof. — On the contrary, there will exist a ¢; € 9By, (pi,100C) N
f7Y(f(p;)) and a minimal geodesic ¥, C f~(f(p;)) connecting p; and ¢!
w.r.t. the induced metric g, on f~*(f(p;)) such that

5: C By, (pi,100C).
Then
Lengthgp_ (i) = dy,, (pi, q;) = 100C. (3.19)

On the other hand, according to the proofs in [19, Lemma 4.3, Proposi-
tion 4.5], the part 3; = f~(f(pi))NBy,, (pi, 1000) of the level set f~1(f(p;)),
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which contains 7, converges subsequently to an (n — 1)-dimensional open
manifold (X, h’; pe) w.r.t. the induced metric g,.. As a consequence, the
minimal geodesic 7, converges subsequently to a minimal geodesic 7 in X .
Thus by (3.19), we get

Length,, (3) > 100C. (3.20)

Next we show that (X, k') is an open set of (N, h(0)). Then it follows
Diam(N, 2(0)) > Diam (X, k") = 100C,
which contradicts to (3.1). The Lemma 3.7 will be proved.

Let X; = ‘gf}cl. By Proposition 3.3, (3.14) and Shi’s estimates we can
calculate that

sup ‘VZ-Xl
B(pi,2D)g, Iri
ST ;
= sup R(p 2( + < CR(p;)? — 0,
P S N 7 R (20
and
sup ’V;"Xﬂg < C(m) sup |V 'Ric(gp,) o S C'.
B(pi,2D),, ’“ B(p:.2D),,, g

Thus X ; converges subsequently to a parallel vector field X oo O (N X R,
h(t) 4+ ds?; pso ). Moreover,

sup |Xi|9pi =1.
B(Pz‘gZD)gpi

Hence, X - 18 a non-trivial parallel vector field on N x R.

X is also perpendicular to (X0, h'). In fact, for any V € T, with
[V =1, by [19, Proposition 4.5], there is a sequence of V; € T'Y; such that
R(p;)~2V; = V. Thus

VR - i D AT VN _
h(V,XOO)—iliglogpi(R(pl) 2V1,X1) = lim g(V )—O.

By Lemma 3.6, we have already known that X o generates a geodesic
line T', through pe on N x R. Note that (N, h(0)) is compact by (3.1). X
must be tangent to the splitting line direction of N x R, and consequently,
(Zoos M Poo) C (N, h(0); poo). Namely, (X, h’) is an open set of (N, h(0)).
The proof of Lemma 3.7 is complete. O
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By Lemma 3.7, we prove

PROPOSITION 3.8. — Let (M™, g) be the steady Ricci soliton in Proposi-
tion 3.3 and (N x R, h(t) +ds?; peo) the splitting limit flow of (M, g, (t); i),
which satisfies (3.1). Then there exists Co(C) > 0 such that for any ¢; €
F7Y(f(ps)) the splitting limit flow (K (t) + ds?, N’ x R; qoo) of rescaled flow
(M, gq,(t); ¢i) satisfies

Diam(h'(0)) < Cp. (3.21)

Proof. — The convergence part comes from Proposition 2.2. We need to
check (3.21). In fact, by Lemmas 3.7 and 2.3, there are C7,Cy > 0 such that
for any D > 0 such that

By, (4, D) C By, (gi,C1D) C By, (pi, C1D + C2),
where g,, = R(¢;)g. Similarly, we have
By, (41, D) D By, (g:;,Cy'D) D By, (pi, C;'D —2C5).

Then it is easy to see that the splitting Ricci flow (h'(t) + ds?, N’ x R; gso)
of (M, gy, (t);q;) is isometric to (h(t) + ds?, N X R;ps) up to scaling. As a
consequence, we get

Diam(h'(0)) < (C7 + 10) Diam(h(0)) < (Cy + 10)C.
The Proposition 3.8 is proved. O

Remark 3.9. — The arguments in the proofs of Lemma 3.7 and Propo-
sition 3.8 also imply that both of N and N’ are diffeomorphic to each
level set f~'(f(p;)) when i > 1. In fact, the submanifolds (f~'(f(p:)),d,,)
and (f~'(f(pi)),d,,) converge to (N,h(0)) and (N’,’(0)) in the Cheeger—
Gromov sense, respectively.

4. A classification of split compact ancient solutions

In case that all split ancient x-solution (N, h(t)) satisfies (3.1), we can
classify (N, h(t)).

PROPOSITION 4.1. — Let (M, g) be a steady gradient Ricci soliton as in
Proposition 3.3. Suppose that there is a uniform constant C' such that all
split ancient k-solution (N, h(t)) satisfies (3.1). Then every h(t) must be an
ancient k-solution of type I.

Compact ancient x-solution of type I has been classified as follows (cf. [16,
Theorem 7.34], [5], [27]).
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LEMMA 4.2. — Suppose that (N"~1 h(t)) of (n—1)-dimension is a com-
pact ancient k-solution of type I with Rm > 0. Then

(N1 h(t))
2 (Ny, by (8)) X - - X (Ni, hi(8)) x (N1, By (8)) x - x (N, he(t)),  (4.1)

where each (N, hi(t)) is a family of shrinking quotients of a closed symmetric

space with nonnegative curvature operator, and each (]\Afj,}\zj(t)) is a family
of shrinking round quotient spheres.

To prove Proposition 4.1, we shall exclude the existence of compact k-
noncollapsed ancient solutions of type II. Our proof is based on the following
two lemmas below,

LEMMA 4.3. — Let (N""L h(t)) be an (n — 1)-dimensional compact k-
solution of type II. Fixp € N, we considerty, — —oo and a sequence of points

xk € N such that l(xy, ty) < "T_l, where £ denotes the reduced distance from
(p,0). Then the rescaled manifold by dilating the manifold (N, h(t)) around

the point xi by the factor \/iTk converges to a noncompact shrinking gradient

Ricci soliton.

Proof. — According to a classification result of closed ancient x-solutions
with nonnegative curvature operator (cf. [16, Theorem 7.34], [5]), we have

(N, h(t))
& (N1, ha(t)) x -+ x (Ng, hie(2)) x (ﬁlaﬁl(t)) X e X (Nz,ﬁz(t))v (4.2)

where each (IV;, h;(t)) is a family of shrinking quotients of an (n — 1)-
dimensional closed symmetric space with nonnegative curvature operator,
and each (]/\7' j,ﬁj (t)) is an ancient flow with positive curvature operator on
a quotient of (n — 1)-dimensional sphere. By Perelman’s argument in [28,
Section 11], the rescaled manifolds converge in the Cheeger—Gromov sense
to a k-noncollapsed shrinking gradient Ricci soliton (N', h/(t)) with nonneg-
ative curvature operator. If the limit soliton (N, h/(t)) is compact, the limit
(NG, W (t)) of
(N (=ti) "ty (=t )t); ex)

is also compact with nonnegative curvature operator. Then by the conver-
gence, N J’ is diffeomorphic to N j»1i.e., a quotient of sphere. Thus again by the
classification of (N}, h}(t)) as in (4.2) for (N, h(t)), we know that (N}, h';(t))
is a shrinking Ricci soliton on a quotient sphere with positive curvature
operator. By [10], it follows that (N}, (t)) is a family of shrinking round

quotient spheres. As a consequence, the sectional curvature of (N j,ﬁj( k)

G Cit) where ¢, — 0 as k — oo. Hence, by the

lies in the interval [+, =~
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curvature pinching estimate in [10], each (N s ﬁj (t)) is also a family of shrink-
ing round quotient spheres, and so (N, h(t)) is of type I, which contradicts
to the type II condition. Therefore, (N’, h/(t)) must be noncompact. The
Lemma 4.3 is proved. (|

Lemma 4.3 can be regarded as a higher dimensional version of [1, Lem-
ma 2.1].

LEMMA 4.4. — Let (N"~ 1, h(t)) be an (n — 1)-dimensional compact an-
citent k-solution of type II. Then for any sequence t, — —oo, it holds
Runin () Diam(h(tg))? — oo,
where Ruin (t) = min{R(h(-,t)}. Consequently,
t_l)ir_noc Rimin (t) Diam(h(t))? — oo. (4.3)

Proof. — By a result of Perelman [28, Section 11], for any sequence
ty — —oo, we can always find a sequence of points z; € N such that
Uy, tp) < 251 for each k. Then by Lemma 4.3, the rescaled Ricci flows
(N, (=tx) " *h((—tx)t); xx) converge to a noncompact shrinking Ricci soliton
(N', R (t))(t < 0) with nonnegative curvature operator. It follows

Diam ((—t) " A(ty)) = (—tx)~ 2 Diam(h(ty,)) — oco. (4.4)

Moreover, such a limit soliton is non-flat [22, Proposition 39.1] and so
R(K'(-,t)) > 0 for any ¢t < 0 (cf. [13]). Thus there exists a uniform con-
stant § > 0, such that (—tx)R(xg,tx) = 0 for all k > 1. Hence, by (4.4), we
derive

Runax (tx) Diam(h(ty))? > Rz, ti) Diam(h(ty))?
> §(—ty,) ! Diam(h(ty))* — oo,
where Rpax(t) = max,e n{R(h(q,t)}.
Next we shall improve (4.5) to (4.3). Suppose that (4.3) fails. Then there
exist a constant C' and a sequence of times ¢ — —oo, such that
Runin (t,) Diam(h(t},))* < C. (4.6)

Choose py such that Ruyin(t),) = R(h(pk,t),)) = mingen{R(h(g,t})}. By
the compactness of ancient s-solutions (cf. [17, Theorem 3.3], [14, The-
orem 20.9]), rescaled flows (N,hy(t);pr), where hi(t) = R(pk,t))h(ty +
R(py, t},)~1t), converge subsequently to an ancient -solution (Noo,hoo(t);
Poo). By (4.6), we see that (N, hoo(t); Poo) is a closed ancient s-solution.
Thus R (+,0) is uniformly bounded on N,.

On the other hand, by (4.5)—(4.6),
R(q, t})
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where g, is chosen as Ruax(t},) = max{R(h(qx,t},)}. Note

lim ————% = R G0, 0),

' Rprty) ~ el 0)
where oo € N is a limit of gx. Thus Ry (geo,0) = 00, which is impossible!
The Lemma 4.4 is proved. 0

Remark 4.5. — By [9, Theorem 1.4], any 3d compact simply connected
ancient k-solution of type II coincides with the Perelman solution on S3.
On the other hand, by an explicit computation for the Perelman solution
[1, Theorem 1.3], the quantity R(g,t) Diam(h(t))? is strictly increasing as
t — —oo for any ¢ € S3. Thus (4.3) holds for 3d compact ancient x-solutions
of type II. Hence, Lemma 4.4 can be regarded as a higher dimensional version
of results in [1, 9].

We also need the following notion introduced by Perelman (cf. [29]).

DEFINITION 4.6. — For any € > 0, we say a pointed Ricci flow (M,
g1(t);p1),t € [-T,0] (T may be the infinity), is e-close to another pointed
Ricci flow (Ma, g2(t);p2),t € [=T,0], if there is a diffeomorphism onto its
image ¢ : Bgz(o)(pg,efl) — My, such that ¢(p2) = p1 and Hqﬁ*gl(t) -
G2(t)|| gre-1y < € for all t € [—min{T, e *},0], where the norms and deriva-
tives are taken with respect to g2(0).

By the above definition, we get from Proposition 2.2, immediately,

PROPOSITION 4.7. — Let (M™, g) be the steady Ricci soliton in Proposi-
tion 2.2. Then for any € > 0, there exists a compact set D(e) > 0, such that
for anyp € M\ D, (M, g,(t);p) is e-close to a splitting flow (h,(t) +ds?;p),
where hy,(t) is an (n — 1)-dimensional ancient r-solution.

We note that for a given p and a number ¢ > 0 the e-close splitting
flow (hy(t) + ds?; p) may not be unique in Proposition 4.7. Due to [23], we
introduce a function on M \ D for each e by

F.(p) = i}ILlpf{Diam(hp(O)) € (0,00)}. (4.8)

For simplicity, we always omit the subscript € in the function F.(p) below.

Remark 4.8. — The function F¢(p) is almost continuous on M\ D, at each
point p of which (M, g,(t); p) is e-close to a splitting flow (h,(¢)+ds?; p) with
Diam(h,(0)) < 2. Precisely, there exists a neighborhood U around p such
that

|[Fe(p) — Fe(q)] < 2Fe(p)Ve+2¢, VqeU. (4.9)

In fact, we can choose an (n — 1)-dimensional ancient x-solution (N, hy,(t))

such that F(p) = Diam(h,(0))—§ and (M, g,(t); p) is e-close to the splitting
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flow (h,(t)+ds?;p). Then there exists an open set U such that for any ¢ € U
it holds

Ha*gq@) (Rp(t) + ds?) H | <2, Vte[-min{T,e1},0],

where 1) is a diffeomorphism between the underlying manifolds of flows gq(t)
and (hy(t) + ds?). On the other hand, there is another (n — 1)-dimensional
ancient r-solution (N',hy(t)) such that F.(q) = Diam(he(0)) — § and
(M, g,(t); q) is e-close to the flow (h,(t) + ds?;q). Thus there exists a dif-
feomorphism ® from N to N’ such that [®*h,(0)) — hq(0)| < 3e. This will

imply (4.9) immediately.

Now we are ready to prove Proposition 4.1.

Proof of Proposition 4.1. — If the proposition is false, there will exist a
sequence of rescaled flows (M, gy, (t), p;), which converges subsequently to a
splitting Ricci flow (N x R, h(t) + ds?; pso), where (N, h(t)) is an (n — 1)-
dimensional compact ancient k-solution of type II. Choose t;, — —oo. by
Lemma 4.4,

lim Diam(h(t)) RE (poo, tx) > lim Diam(h(ty)) RZ . (te) = o0, (4.10)

k—o0 k—o0

Thus there is to € {t;} for some kg such that

Diam (h(to)) R} (poc, to) > 100C. (4.11)

Set T = toR~!(p;) and choose € < — 100t . Then (M, gy, (t); p;) is e-close
o (N x R, h(t) +ds?;ps) when i > 1. Thus by (4.11) and the convergence
of gy, (t), we get
1
Diam(g(T)) R? (p;, T) = Diam(g,, (to)) Rp; (pi, to) > 90C, (4.12)
as long as i > 1, where g(7T) is the induced metric of g on f=1(f(¢r(pi)))
and g, (t) is the induced metric of g, (£) on f~'(f(p:)), respectively. It turns
. _ o 1
Diam(R(¢r(pi))g(T)) = Diam(g(T)) R* (¢ (pi))

1 (4.13)
= Diam(g(T)) R2 (p;, T) > 90C, i> 1.

Let (N, h(t)) be an (n — 1)-dimensional split ancient flow as the limit of
(M, 9(4r(pi))(t); &7 (pi)). Then by Remark 3.9, (N, h(0)) is a limit of sub-
manifolds

(f7H(f (b1 (p2)), R(or(p:)a(T); dr(pi)).-
Thus by (4.13), we get

Diam (N, h(0)) = 90C.
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By the Definition 4.8, it follows
F(¢r(ps)) > 50C, i > 1.

So
lim sup F(¢r(p;)) = 50C. (4.14)
i—00
However, by the condition of proposition, we see
lim sup F(p) < 2C, (4.15)
pP—00
which contradicts to (4.14). Hence, (N, h(t)) must be of type I. By [27],
we also get (4.1). The Proposition 4.1 is proved. a

5. Proofs of Theorems 1.3 and 1.2

In this section, we prove Theorems 1.3 and 1.2 by the results obtained in
Sections 2—4.

5.1. Proof of Theorem 1.3

We use the argument by contradiction. On the contrary, we suppose that
there exists a sequence of rescaled Ricci flows (M, gy, (t); ¢;) (¢; — 00), which
converges to a limit Ricci flow (N’ x R, h/(t) + ds?; ¢o ), where (N, h'(t)) is
a compact ancient k-solution of type I. Then by Lemma 4.2, there exists a
constant Cy > 0 such that for any small € > 0 it holds,

F(qi) = Fe(a:) < Co.
By Proposition 3.8, it follows
F(g) < C, (5.1)

for all ¢ € f~1(f(g;)). We note that the constant C' is uniform by the classi-
fication result, Lemma 4.2, i.e., it is independent of the sequence of normally
rescaled Ricci flows with a compact ancient k-solution limit of type I.

On the other hand, for the sequence of (M, gp, (¢); p;) in Theorem 1.3, we
can choose a point p;, € {p;} such that

F(p;) > 100C, (5.2)
for all i > ig. As in Section 3.2, we set X = % and I'(s) be an integral

curve of X starting from p;,, i.e., I'(0) = p;,. Then I'(s) tends to the infinity
by Remark 3.4 and (2.10), since Proposition 3.3 holds. Hence, there is a
point ¢; such that ¢; = I'(s;) and f(T'(s;)) = f(¢:)- By (5.1), F(q;) < C.
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Set

5; = inf{s 2 f(pi-1)

F(T'(n)) < 10C for all p
with f(I'(n)) € [f(I'(s )%f(%)]}

and

31‘2 = sup{s > f(a)

F(T'(n)) < 10C for all p
with f(I'(n)) € [f(q )f(F(S))]}

Then by Remark 4.8, it is easy to see that s} < s; < s7. Let p} = I'(s}) and
p? = I'(s?). We conclude: for € < 1, it holds (5.3)

f(ph) < f(p); (5.3.a)
f0D) < fi),  F®2) < f®i); (5.3.b)
fi) < fla) < f(p?)' (5.3.c)
1
F(p!), F(p}) € |10C — 100+ 0 (5.3.d)
F(p) <10C, Vpel(s) with f(pi) < f(p) < f}). (5.3.)
See Figure 5.1.
hlu]l(ﬂ) -
N fpl-(-o) h 1(0) h (2(0) h,. (0) hs (0)
© 2 -
i ‘ | \ i@ fl‘ PRON
I T [~ \ ]
o= VL) G RN
[(s)

1 .2
Pi+19i41Pi+1

Type 1l ancient solution Type 1 ancient solution
Diam >10C-1 Diam < 2C

Figure 5.1.

We need only to check (5.3.d) for p! with same for p?. Suppose that
F.(p}) < 10C—15. Then by Remark 4.8, there is s < s} such that F.(f(T(s))<
10C — % whenever € < (1g5c)* Thus by the deﬁnltlon of s}, we also get
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s > sl. But this is impossible! Hence F(p}) > 10C — {. By the same
argument, we can also get F.(p}) < 10C + %

By Proposition 2.2 and the relation (5.3.d), (M, g, (t); p}) converges sub-
sequently to (N7 x R, hy(t) + ds?;pl.), where hq(t) satisfies

Diam(h1(0)) € [10C — 1,10C + 1].

Thus, by (5.1), we see that hi(t) must be a compact ancient k-solution of
type II. By Lemma 4.4, it follows

R(pl,, t) Diam(hy (tg))? — oo
for any tx — —oo. Hence, there exists a kg such that
R(pL., tx, )% Diam(hy (tg,)) > 100C. (5.4)
We fix tg, so that et > —10¢t;, as long as € < 1.
Next we claim there exists a constant A > 0 such that
57— st < AR(p})™! (5.5)
for all 7 > 1.

Suppose that the above claim is not true. Then by taking a subsequence,
we may assume

R(pi)(s7 — s1) — oo (5.6)

Recall that {¢¢}ic(—o0,00) is the flow of =V f with ¢g the identity and
(9(t),T'(s)) is isometric to (g(0), p+(T'(s))), where g(0) = g. Then

¢AN$>=r(s—AUVf@mw@»mﬂ)

Let Tho,i = te R(p}) ™" = ti, R(L(s})) " and

K2 ?

Trg,i
si= sl = [ @) (5.7)
It follows
sh— st < —Thyi = ftkOR(I‘(s}))_l. (5.8)

By combining (5.6) and (5.8), we see that s, € [s}, s?] for i > 1. Hence, by
the relation (5.3.e), we obtain

F(I'(s})) < 10C. (5.9)
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From the proof of Proposition 4.7, we know that for each T'(s}), there
exists an (n — 1)-dimensional compact ancient x-solution hp,1)(t) such that

(M, R(T'(s;)) g(R(T(s}))~); T'(s}))
eglose (N X R, hr(or) (1) + ds2;pgo). (5.10)
By the isometry, we also have
(M, R(T(s7)) g; T(s7)) = (M, R(T(5;), Thy,i)9(Thoi); T(s7))

~ R(T(57), Tho.i) ! 3. T(s!
= (e RO (71, 0: TG ).

Since R(T'1(s}), Tky.) < R(I'(s})) by the monotonicity of scalar curvature
along I'(s), we get

(M, R(T(s7)) : T(s7))

e—close N xR, R(F(S%)ﬂfko7i)
R(I'(s;))
Note that there are also another (n — 1)-dimensional compact ancient

r-solutions hr(s/)(t) corresponding to the point I'(s;) as in (5.10) such that

hr(sry(try) + ds?; p})o> (5.11)

e—close
(M, ROD())g: T(s7) T2 (e (0) +ds% pl ). (5.12)
Hence, combining (5.11) and (5.12), we derive

e—close R(F(Szl)kao,z)
PO =T T REn) et

? -
?

(5.13)
e—close
~ Ry (T(s1), o) hr(s1)(tho )

As a consequence, there exists a constant C; > 0 such that

‘Diam(Rh(F(s}),tko)hr(s%)(tko )) - Diam(hp(sg)(O))‘ <Cive  (5.14)

On the other hand, by the fact
e—close .
hF(s})(tko) ~ hl(tko), ast > 1,
there exists a constant Cy > 0 such that
‘Rh(F(s}),tko) —R(pclxj,tko” < Ch, asi>1,

where R is the scalar curvature w.r.t. hy. Then

Choe—cl
Ry, (F(S%), tko)hl‘(s;) (tko) ACzeclose R(péo, tko)hl (tko)~
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Since (N1, hy(tk,)) is compact, we get

[Diam (R (D), o) ey (ti,) ) = Diain (R(plos tra) P (1) |

where C5 > 0 is a uniform constant. Thus combining (5.14)—(5.15) with (5.4),
we prove

F(D(s;)) = Diam (hp(s(0)) — Cav/e
2 Diam (Rh (F(Sll), tko)hl“(s})(tk())) — C4\ﬁ — Cl\/g
> Diam(R(ps, by ) 1 (th,)) — (C1 + Cs + Ca) Ve
> 98C,

where Cy > 0 is a uniform constant. But this is impossible by (5.9). Hence,
(5.5) must be true.

Now we can finish the proof of Theorem 1.3. By (5.5) and the rela-
tion (5.3.c), we have

$?— s, <57 — sl SAR(T(s))) ™ S AR(T(s;)) 7, (5.16)

K2

where the last inequality follows from the monotonicity of R along I'(s).
Since (M, gr(s,)(t); I'(s;)) converges subsequently to the limit flow (N’ x R,
R'(t) + ds?; ¢so), by the shrinking property of type I solution (N’,h/(t)) in
Lemma 4.2, we know

Diam(Rp (go0, t)h' (1)) < 2C, V¢ <0. (5.17)
Then as in the proof of (5.13), we get
(e (0) R R (D (1), 1) gy (1) (5.18)

for some t, where —t; < 2A by (5.7) and (5.16). Thus, combining (5.17)
and (5.18) and by the convergence of (M, gr(s,)(t); I'(s;)), we obtain

F(I(s}) <3C, asi>1.
But this is impossible since by the relation (5.3.d) it holds

F(N() = F(p?) > 100~ .
Therefore, we prove Theorem 1.3. O
Theorem 1.3 implies Corollary 1.4.
Proof of Corollary 1.4. — Suppose that there exist two splitting limit

flows (N1 x R, hi(t) + ds?;pl)) and (N2 x R, ha(t) + ds?;p2)) of rescaled
flows (M, g,1(t);p}) and (M, g,2(t); p?), respectively, such that (Ny, by (t)) is
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a compact ancient k-solution of type I, and (N, ho(t)) is another compact
ancient k-solution of type II. We claim that

lim sup lim sup F,(p) = oc. (5.19)

e—0 p—o0

On the contrary, there will be a uniform constant C' > 0 such that all split
ancient k-solutions (N™~1 h(t)) of (n — 1)-dimension satisfy (3.1). Then by
Proposition 4.1, it follows that every split limit flow 2(¢) must be an ancient
k-solution of type I. But this is impossible since hs(t) is a compact ancient
k-solution of type II. Thus the claim is true.

By (5.19), after taking a diagonal subsequence, it is easy to see that there
is a sequence of pointed flows (M, g4, (t); ¢;), which converges subsequently to
a splitting Ricci flow (N’ x R, W/ (t) + ds?; g ) for some noncompact ancient
k-solution (N',h/(t)). Thus, by Theorem 1.3, there cannot exist any compact
splitting limit flow of type I. But this is impossible since hq(t) is a compact
ancient k-solution of type I. This proves the corollary. O

In the next subsection, we prove Theorem 1.2 by Theorem 1.3.

5.2. Proof of Theorem 1.2

By the assumption, the (n — 1)-dimensional split ancient flow (N, h(t))
of limit of (M, gp,(t),p;) is a family of shrinking round quotient spheres.
Namely, (N, h(0)) is a quotient of round sphere, so it is of type I. We first
show that (M, g) has positive Ricci curvature on M.

On the contrary, Ric(g) is not strictly positive. We note that the scalar
curvature R(p;) decaying to zero is still true in the proof of Proposition 3.3
without Ric(g) > 0 away from a compact set of M. Then as in the proof
of [19, Lemma 4.6], we see that X; = R(p;) "2V f — Xoo w.r.t. (M, gp, (): pi),
where X, is a non-trivial parallel vector field. Thus according to the argu-
ment in the proof of [19, Theorem 1.3], the universal cover of (N, h(t)) must
split off a flat factor R? (d > 1). However, the universal cover of N is S"~1.
This is a contradiction! Hence, we conclude that Ric(g) > 0 on M.

Now we divide into two cases to prove Theorem 1.2.

Case 1:limsup,,_, ., Fe(p) < C for any e < 1. — By Proposition 4.1 and
Lemma 4.2, all (n — 1)-dimensional split ancient x-solutions (N, h'(t)) are
of type I, and each of them is one described in (4.1).

Case 2: limsup,_,qlimsup,_,, Fe(p) = co. — In this case, there will
exist a sequence of pointed flows (M, g, (t); ¢;), which converges subsequently
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to a splitting Ricci flow (N’ xR, h/(t)+ds?; ¢, ) for some noncompact ancient
k-solution (N, h’(t)). But this is impossible by Theorem 1.3 since we already
have had a split ancient limit flow (N, h(t)) of type I. Thus Case 2 can be
excluded. We note that in the case of n = 4, we can apply Theorem 1.5 to
see that any 3d split ancient flow (N’,h/(¢)) of limit of (M, gy, (t),q:) is a
family of shrinking round quotient spheres.

It remains to show that every split limit flow (N’,h/(¢)) in Case 1 is in
fact a family of shrinking round spheres.

By Proposition 3.3, the scalar curvature of (M, g) decays to zero uni-
formly. Then (M, g) has unique equilibrium point o by the fact Ric(g) > 0.
Thus the level set ¥, = {f(z) = r} is a closed manifold for any r > 0, and
it is diffeomorphic to S*~1 (cf. [19, Lemma 2.1]).

On the other hand, as in the proof of Lemma 3.7, the level sets (X¢(g,),
4,3 @i) converge subsequently to (N, h'(0); goo) w.r.t. the induced metric g,
on Yr(g) by gq,- Since each Xy, is diffeomorphic to Sn—1 N’ is also dif-
feomorphic to S™~1. Thus (N, h/(t)) is a family of shrinking round spheres.

By the above argument, we see that Definition 1.1(ii) is satisfied. Thus
by [18, Lemma 6.5], (M,g) is asymptotically cylindrical. It follows that
(M, g) is isometric to the Bryant Ricci soliton up to scaling by [7]. Hence,
the Theorem 1.2 is proved. |

6. 4d steady gradient Ricci solitons

In this section, we prove Theorem 1.5 and Theorem 1.6 by improving The-
orem 1.3 for 4d steady gradient Ricci solitons. We first recall recent works on
compact 3d ancient k-solitons by Angenent—Brendle—Daskalopoulos—Sesum
and Brendle-Daskalopoulos—Sesum [1, 9], then we estimate the diameter of
(N, h(0)) for any split limit flow (IV,h(t)) of the rescaled flow sequence.

6.1. Perelman’s ancient solution

As we know, Perelman’s model of ancient solution is of type II, which
is defined on S3 with Z; x O(2)-symmetry for any ¢t € (—o00,0) [29]. Fix
po € S3. We normalize the Perelman solution by

Rmax(_l) = R(pOa _1) =1 (61)
For simplicity, we denote it by (52, gpe1(t); po), t € (—o0,0).
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The asymptotic behavior of (S3, gpei(t); po) has been computed in [1]
as follows,

Diam(gpel(t)) = 2.11/(—t) log(—1),

log(—t)
Rmax g 1'1 —t ) (6.2)

<
—t’

Rmin

WV

Here —t > L for some large L > 10000C > 10000. In particular, there
exists a constant Cpjam such that Diam(gpei(t)) = Cbiam, when —t > 2L.
Moreover,

Diam(gpel(t)) R? (g,t)

is strictly increasing as ¢ — —oo, and

lim_Diam(gpa (1)) R3(q,t) =00, VgqeS. (6.3)

——00

The above convergence is uniform. Usually, we call 3d ancient x-solitons of
type IT on S as Perelman (ancient) solutions.

The following classification result of 3d compact ancient k-solutions of
type II was proved in [9)].

THEOREM 6.1. — Any 8d compact simply connected ancient k-solution
of type II coincides with a reparametrization in space, a translation in time,
and a parabolic rescaling of Perelman solution (S, gpel(t); po)-

By Theorem 6.1, for any simply connected compact 3d k-solution (M,
h(t);q) of type II and a point ¢ € M, there exist constant A, a time T,
p € 8% and a diffeomorphism ¥ from S® to M such that ¥(p) = ¢ and

(THM), NI (R(AT1)), T(q)) = (S®, gpar(t — T); po). (6.4)

We note that the Perelman’s solution (S2, gpei(); po) is Z2 x O(2)-sym-
metric. Then the isometric subgroup of (52, gpei(t); po) must be Z; x G, where
G is a subgroup of O(2). Thus G fixes the minimal geodesic connecting the
two tips of the Perelman solution. It follows that any quotient of Perelman
solution, which is also an ancient k-solutions, satisfies (6.2). Hence, by the
classification Theorem 6.1, we get
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PROPOSITION 6.2. — Let (M, h(t)) be a 8d compact ancient k-solutions
of type II and p € M, which satisfies
R(p,0) =1 (6.5)
and
2¢"
Diam(h(0)) = > 10Cpiam- (6.6)

Then for any q € M, Diam(h(t))R% (g,t) is strictly decreasing for t < 0.
Moreover, there exists a T(C") such that

Diam(h(T(C"))) R? (¢, T(C")) = 2C". (6.7)

By Theorem 6.1 and Proposition 6.2, we are able to classify the split an-
cient k-solutions of dimension 3 when the 4d noncompact k-noncollapsed
steady Ricci soliton in Theorem 1.5 admits a split noncompact ancient
k-solution (N, h(t)).

6.2. An estimate of (4.8)

In this subsection we estimate (4.8) by Proposition 6.2 and prove

PROPOSITION 6.3. — Let (M,g) be a 4d noncompact k-noncollapsed
steady Ricci soliton in Theorem 1.5. Suppose that there exists a sequence
of pointed rescaled Ricci flows (M, gp, (t); i), which converge subsequently
to a splitting Ricci flow (h(t) + ds?;peo) for some moncompact ancient k-
solution h(t). Then for any limit flow (W' (t) + ds?;qs) of rescaled Ricci
flows (M, g4, (t);¢;), W' (t) is a noncompact ancient k-solution.

Proof. — We will modify the argument in the proof of Theorem 1.3. By
the contradiction, we suppose that there exists a limit flow (h/(t) 4+ ds?; goo)
converged by rescaled flows (M, gq,(t);¢;), which satisfies (3.1). Then by
Proposition 3.8, there exists a uniform constant C5(C) > 0, such that

F(p;) < Cs (6:8)
for all 4, and all p, € f~(f(q:)).

Fix ¢’ = max{100Cpiam, 10C5} and T(C’) as in Proposition 6.2. We
choose an € > 0 such that ¢=! > max{—107(C"),100C"}. Thus for the
sequence of (M, gp, (t); p;) in Proposition 6.3, we can choose a point p;, € {p;}
such that

F(pio) > > 100Cpiam.-
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Let T be the integral curve of X passing through pi, with T'(0) = p;, as
chosen in Section 5.1. We claim:

F(I(s)) > %c’, Vs3>0, (6.9)

Define
so=sup{s = 0| F(I'(s")) = C', Vs €]0,s]}.
If s = oo, F(I'(s)) > C’ for all s > 0. Then (6.9) is obvious true in this
case. Thus we may consider the case s < 0o, i.e., F(I'(sg)) = C’ for some

s" = s0. It follows that there exists a 3d compact ancient x-solution hp,)(t)
such that

(M, R(I(s0)) g (R(I(s0))~"t); T(s0))

e—close

RPN X R, hp(sg)(t) + ds®; o). (6.10)

Since the diameter of hp(s,)(0) is large, hp(s,)(t) can not be a family of
shrinking quotient spheres. Hence, by Theorem 6.1, it must be a quotient of
Perelman solution after a reparametrization.

By Proposition 6.2, we see that Diam(hp(SD)(t))R,% (T(s0),t) is strictly
decreasing for t € (—e~1,0], where R;, denotes the scalar curvature w.r.t.
hr(se)(t). Then by the choice of the number sy, it follows
27
3
Moreover, by the choice of T'(C"), we have

Diam(hr(s,)(t)) Ré (D(s0),t) = te(—e 0. (6.11)

Diam(h(T(C")) R} (T(so), T(C")) = 2C".
Let ¢, = min{—1000, T(C")} > — <. Thus
Diam (s (1)) B2 (D(s0), 1) > 2C". (6.12)
As in the proof of Theorem 1.3, we have
o) =1 (s~ [ 19106, n)an)
Let T =tR(T(s0))"! < 0 and
T
s=so= [ IVA1(6u(Ts0))dn (6.13)
0

Set
T
51 = 50— / IV 71(6, (T(s0))) s
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where Ty = t1R(I'(s9)) ™!, see Figure 6.1. Since the scalar curvature R of
(M, g) decays to 0 uniformly by Proposition 3.3, we may assume |V f| > %
along I'. Thus

51— 80 = 500R™(T'(s0)) = 500R,L. = 500. (6.14)

max

JARUCY) M, g)

meo® O ‘ e, (8)

Figure 6.1.

Note that ¢ (I'(so)) = I'(s) and (g(T),T'(so)) is isometric to (g(0),T'(s)),
where ¢(0) = g, for all s € [sg, s1]. Then

(M. R(U())g: T(s)) = (M. R(L(s0), D)g(T): T(s0))
R(L(50),T) ,
(80, e R (D): Te0) )
Since R(T'(so),T) < R(I'(s0)) by (2.4), we get from (6.10),
(M, R(I(s))g; T'(s))

—close
K (N x R,

(6.15)

12

R(I'(s0),T)
R(I'(s0))
On the other hand, there is another 3d compact ancient s-solution hp,,)(t)

corresponding to the point I'(s) such that
e—close
(M, R(T(s))g: T(s)) “~" (hr(s)(0) +ds?, ple). (6.17)
Hence, combining (6.16)—(6.17), we derive
—etose R(T(s50).T)
R(I'(s0))

hr(so) (t) + ds?; poo>. (6.16)

hF(s)(O) hF(so)(t)7 Vie [t17 0] (618)
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By the convergence of (M, g,(t); p), we know that there exists a constant
C1 > 0 such that

R(I'(s0),T)

Y YN F < ) 9 )

‘ R(F(So)) Rh( (80),t) Cle Vite [tl 0]
and so,

) R(T'(s0),T) )
kSalk Sl VA el - <
Dlam< R(T(s0)) hr(so)(t) Dlam(Rh(F(so),t) hF(so)(t))) < Cy/e
for some C > 0. Then by (6.18), the monotonicity (6.11) implies that
2C" 1

F(T(s)) > g —2C\/e > 50’, Vs € [so, 1) (6.19)

Moreover, by (6.12),
F(T(s1)) > 2C" — 2Ca\/c > C'. (6.20)

By (6.20) together with (6.19) and (6.14), we can repeat the above argu-
ment to obtain (6.9). On the other hand, the curve I'(s) passes through the
sequence of level sets f~1(f(q;)) because of lim,_, f(I'(s)) = oo. Thus for
each ¢; (i > 1) there exists p, € f~1(f(¢;)) such that p, = T'(s;) for some s;.
By (6.8), F(p}) < Cs, which contradicts to (6.9). Hence, Proposition 6.3 is
proved. O

6.3. Proofs of Theorems 1.5 and 1.6

We first use Proposition 4.1 together with Proposition 6.3 to prove The-
orem 1.5.

Proof of Theorem 1.5.

Case 1: limsup,,_, ., Fe(p) < C for any e <1. — (3.1) holds for all split
ancient s-solution h(t) arising from the blow-down of (M, g), and so they
are all of type I by Proposition 4.1. Thus by (4.1) in Lemma 4.2 to the case
of n =4, all h(t) must be a family of 3d shrinking round quotient spheres.

Case 2: limsup,_,qlimsup,_, ., Fe(p) = oco. — In this case, by taking
a diagonal subsequence, there is a sequence of pointed flows (M, g,, (t); ¢:),
which converges subsequently to a splitting Ricci flow (N xR, 1/ (t)+ds?; goo)
for some noncompact ancient k-solution h'(t). Then by Proposition 6.3,
(N, h(t)) is also noncompact from any splitting limit flow (N x R, A(t) +
ds?; peo) of (M, gp, (t); pi). Theorem 1.5 is proved. O

By Theorem 1.5, we can use the argument in the proof of Theorem 1.2
to get Theorem 1.6 immediately.
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Proof of Theorem 1.6. — By Theorem 1.5, we see that any 3d split
ancient flow (N’, h/(t)) arising from the blow-down of (M, g) is a family of
shrinking round quotient spheres. Moreover, as in the proof of Theorem 1.2
on can show that Ric(g) is strictly positive on M and consequently (N, h/(¢))
is in fact a family of shrinking round spheres. Thus Definition 1.1(ii) is
satisfied. Thus by [18, Lemma 6.5], (M, g) is asymptotically cylindrical. It
follows that (M, g) is isometric to the Bryant Ricci soliton up to scaling
by [7]. Theorem 1.6 is proved. O

Based on Proposition 4.1 we propose the following conjecture for the
general dimensional case of Theorem 1.5.

CONJECTURE 6.4. — Let (M™, g) (n > 4) be an n-dimensional noncom-
pact k-noncollapsed steady gradient Ricci soliton with Rm > 0 and Ric > 0
away from a compact set K of M. Then either all split limit ancient Ricci
flows (N, h(t)) arising from the blow-down of (M, g) are (n— 1)-dimensional
shrinking Ricci solitons described in (4.1), or all (N, h(t)) are noncompact
ancient k-solutions of (n — 1)-dimension.
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