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Steady gradient Ricci solitons with nonnegative
curvature away from a compact set (∗)

Ziyi Zhao (1) and Xiaohua Zhu (2)

ABSTRACT. — We analyse the blow-down solutions for n-dimensional (n ⩾ 4)
noncompact κ-noncollapsed steady gradient Ricci solitons (M, g) with Rm ⩾ 0 and
Ric > 0 away from a compact set of M . As one of main results, we prove that the
(n − 1)-dimensional compact split limit ancient Ricci flows of type I and type II
cannot occur simultaneously from the blow-down of (M, g). Consequently, we prove
that (M, g) with Rm ⩾ 0 must be isometric to the Bryant Ricci soliton up to scaling,
if there exists a sequence of normally rescaled Ricci flows of (M, g), which converges
subsequently to a family of shrinking quotient cylinders. The latter improves a pre-
vious result of Brendle.

RÉSUMÉ. — Nous étudions des solutions blow-down pour (M, g) soliton de Ricci
gradient stable non-compact et κ-non effondré de dimension n ⩾ 4 à Rm ⩾ 0 et
Ric > 0 en dehors d’un compact de M . L’une de nos principales conclusions est la
preuve que, lors du blow-down de (M, g), les flots de Ricci anciens limites compacts
scindés de dimension (n−1) ne peuvent pas être simultanément de type I et de type II.
Par conséquent, nous démontrons que si une suite de flots de Ricci normalement
dilatés de (M, g) converge successivement vers une famille de cylindres quotients
contractants, alors (M, g) à Rm ⩾ 0, doit être isométrique au solition de Bryant à
une dilatation près. Ce dernier résultat améliore un résultat antérieur dû à Brendle.

1. Introduction

Steady gradient Ricci soliton, as a singular model of type II of Ricci flow,
has been extensively studied. In dimension 2, Hamilton [16, 20] proved that
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the cigar solution is the only 2d steady Ricci soliton up to scaling. In di-
mension 3, Perelman conjectured that the Bryant Ricci soliton is the only
3d κ-noncollapsed steady Ricci soliton up to scaling [28]. The conjecture has
been proved by Brendle [6]. These two Ricci solitons are both rotationally
symmetric. In dimension n ⩾ 4, besides the Bryant soliton [11], Lai recently
constructed a family of SO(n − 1)-symmetric solutions with positive cur-
vature operator [23]. Thus it is interesting to classify steady Ricci solitons
under suitable conditions of symmetry and curvature.

To characterize the Bryant Ricci soliton, Brendle introduced the following
notion [7].

Definition 1.1. — A complete steady gradient Ricci soliton (Mn, g; f)
of dimension n is called asymptotically cylindrical if the following conditions
hold:

(i) The scalar curvature satisfies C1
ρ(x) ⩽ R(x) ⩽ C2

ρ(x) as ρ(x) ≫ 1,
where ρ(x) is a distance function from a fixed point on M , and C1,
C2 are two positive constants.

(ii) Let pi be an arbitrary sequence of marked points going to infinity.
Consider the (normally) rescaled metrics

gpi
(t) = r−1

i ϕ∗
rit(g), (1.1)

where riR(pi) = 1 and ϕt is a family of transformations generated
by −∇f , the flow (M, gpi

(t); pi) converges in the Cheeger–Gromov
sense to a family of shrinking cylinders (Sn−1×R, g(t)), t ∈ (−∞, 0].
The metric g(t) is given by

g(t) = 2(n− 2)(1 − t)gSn−1(1) + ds2, (1.2)

where Sn−1(1) is the unit sphere of dimension (n− 1) in Rn.

In [7], Brendle proved that any steady gradient Ricci soliton with nonneg-
ative sectional curvature must be isometric to the Bryant Ricci soliton up to
scaling if it is asymptotically cylindrical in the sense of Definition 1.1. Later,
Deng–Zhu proved that the Brendle’s result still holds if one of the two con-
ditions in Definition 1.1 is satisfied for κ-noncollapsed steady Ricci solitons
with nonnegative curvature operator (cf. [19, Theorem 1.2], [18, Theorem 1.1]
and [18, Lemma 6.5]). In a very recent paper [31], Zhao–Zhu showed that
the condition of nonnegative sectional curvature in [7] can be weakened by
assuming the nonnegative sectional curvature away from a compact set of M
together with a P -curvature pinching condition.
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It is a natural question to ask: is the above Brendle’s result in [7] true if
the condition (ii) in Definition 1.1(1) is satisfied by (at least) one sequence?
At the present paper, we shall give a positive answer. Namely, we prove

Theorem 1.2. — Let (Mn, g) (n ⩾ 4) be a noncompact κ-noncollapsed
steady gradient Ricci soliton with nonnegative curvature operator. Suppose
that there exists a sequence of pi ∈ M (→ ∞) such that the rescaled Ricci
flows (M, gpi

(t); pi) of (M, g) converge subsequently to a family of shrinking
quotient cylinders. Then (M, g) is isometric to the n-dimensional Bryant–
Ricci soliton up to scaling.

Let (Mn, g) be a complete noncompact κ-noncollapsed steady Ricci soli-
ton with curvature operator Rm ⩾ 0 (sectional curvature Km ⩾ 0 for n = 4)
and Ricci curvature Ric > 0 away from a compact set K of M . Let pi → ∞
be any sequence in M and gpi(t) the rescaled flow of Ricci soliton g as
in Definition 1.1. Then (M, gpi(t); pi) converges to a splitting flow in the
Cheeger–Gromov sense,

g(t) = h(t) + ds2, on N × R, (1.3)

where h(t) (t ∈ (−∞, 0]) is an ancient κ-solution on an (n−1)-dimensionalN ,
see Proposition 2.2. For simplicity, we call (N,h(t)) a split limit ancient Ricci
flow (of codimension one) arising from the blow-down of (M, g).

To prove Theorem 1.2, we establish the following alternative principle.

Theorem 1.3. — Let (Mn, g) (n ⩾ 4) be a noncompact κ-noncollapsed
steady Ricci soliton with Rm ⩾ 0 and Ric > 0 on M \K. Suppose that there
exists a noncompact split limit Ricci flow (N,h(t)) of codimension one aris-
ing from the blow-down of (M, g) as in (1.3). Then there is no any compact
split limit Ricci flow of type I arising from the blow-down of (M, g).

Recall that a compact ancient κ-solution (N,h(t)) (t ∈ (−∞, 0]) of type I
means that it satisfies

sup
N×(−∞,0]

(−t)|R(x, t)| < ∞.

Otherwise, it is called type II, i.e., it satisfies

sup
N×(−∞,0]

(−t)|R(x, t)| = ∞.

(1) This condition is same as the uniqueness assumption of tangent flows of soliton
Ricci flow g(t) = ϕ∗

t (g) at time −∞ by a recent notion, see [3, 21], etc.
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As a corollary of Theorem 1.3, we prove

Corollary 1.4. — Let (Mn, g) (n ⩾ 4) be a noncompact κ-noncollap-
sed steady Ricci soliton as in Theorem 1.3. Then the (n − 1)-dimensional
compact split limit ancient Ricci flows of type I and type II cannot occur
simultaneously from the blow-down of (M, g).

Thanks to a deep classification result for 3d compact κ-solutions proved
by Brendle–Daskalopoulos–Sesum [9] (also see Theorem 6.1), we can improve
Theorem 1.3 in 4d as follows.

Theorem 1.5. — Let (M, g) be a 4d complete noncompact κ-noncollap-
sed steady gradient Ricci soliton with Km ⩾ 0 and Ric > 0 away from a
compact set K of M . Then either all 3d split limit Ricci flows (N,h(t))
arising from the blow-down of (M, g) are families of 3d shrinking round
quotient spheres, or are 3d noncompact ancient κ-solutions.

We note that the 3d noncompact ancient κ-solution (non-flat) has been
recently classified by Brendle [8] (also see [4]). Namely, such a soliton is iso-
metric to either a flow of 2d shrinking cylinders, or a flow of the Bryant Ricci
soliton. On the other hand, by recent results of Chow–Deng–Ma [15, Theo-
rem 1.3, Claim 6.4], both flows of the Bryant Ricci soliton and 2d shrinking
cylinders will always arise in the second case in Theorem 1.5, since Theo-
rem 1.5 in particular implies that (M, g) satisfies the canonical model condi-
tion in Chow–Deng–Ma’s paper. Thus we can actually classify the blow-down
solutions for 4d noncompact κ-noncollapsed steady gradient Ricci solitons
with Km ⩾ 0 and Ric > 0 away from a compact set K of M .

We also note that both cases can happen in Theorem 1.5 as seen in
following examples. For any 2n ⩾ 4 and each Zk-group, Appleton [2] has
constructed an example of noncompact κ-noncollapsed steady gradient Ricci
soliton with Rm > 0 on M \K, where all split ancient κ-solutions h(t) form
families of shrinking quotient spheres of dimension (2n− 1) with Zk-group.
In each of Lai’s examples [23] of noncompact κ-noncollapsed steady gradient
Ricci solitons with Rm > 0 on M , all split ancient κ-solutions h(t) are
noncompact.

We guess that an analogue of Theorem 1.5 holds for general dimensions
(cf. Conjecture 6.4).(2)

By Theorem 1.5, we can improve Theorem 1.2 in 4d as follows.

(2) This conjecture has been recently solved in a sequel of paper [32].
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Theorem 1.6. — Let (M, g) be a 4d noncompact κ-noncollapsed steady
gradient Ricci soliton with nonnegative sectional curvature. Suppose that
there exists a 3d compact split limit Ricci flow (N,h(t)) as in (1.3) arising
from the blow-down of (M, g). Then (M, g) is isometric to the 4d Bryant–
Ricci soliton up to scaling.

Outline of the paper

The paper is organized as follows.

In Section 2, we prove a splitting result for any limit of normally rescaled
Ricci flows sequence from a κ-noncollapsed steady gradient Ricci soliton
(M, g) with Rm ⩾ 0 on M \K, see Proposition 2.2.

In Section 3, we first get a decay estimate of curvature and then study
the level set geometry of (M, g) by assuming the existence of compact split
ancient κ-solution (N,h(t)), see Proposition 3.3, Proposition 3.8, etc.

In Section 4, we classify the split limit Ricci flow (N,h(t)), if all of them
satisfy (3.1) see Proposition 4.1.

In Section 5, we prove our main results, Theorem 1.3, Theorem 1.2 and
Corollary 1.4 by results obtained in Section 2–4.

In Section 6, we focus on a 4d steady gradient Ricci soliton to get a di-
ameter estimate of (N,h(0)) for all 3d split Ricci flows (N,h(t)), see Propo-
sition 6.3. We will modify the argument in the proof of Theorem 1.3 to
prove Proposition 6.3. Then by Proposition 6.3 we prove Theorem 1.5 and
Theorem 1.6.

Acknowledgments

The authors would like to thank the referees for many valuable comments
on their paper.

2. A splitting result for limit Ricci flows

A complete Riemannian metric g on M is called a gradient Ricci soliton
if there exists a smooth function f (which is called a defining function) on
M such that

Rij(g) + ρgij = ∇i∇jf, (2.1)
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where ρ ∈ R is a constant. The gradient Ricci soliton is called expand-
ing, steady and shrinking according to ρ > ,=, < 0, respectively. These
three types of Ricci solitons correspond to three different blow-up solutions
of Ricci flow [20].

In the case of steady Ricci solitons, we can rewrite (2.1) as

2 Ric(g) = LXg, (2.2)

where LX is the Lie operator along the gradient vector field (VF) X = ∇f
generalized by f . Let {ϕ∗

t }t∈(−∞,∞) be a 1-ps of transformations generated
by −X. Then g(t) = ϕ∗

t (g) (t ∈ (−∞,∞)) is a solution of Ricci flow. Namely,
g(t) satisfies

∂g

∂t
= −2 Ric(g), g(0) = g. (2.3)

For simplicity, we call g(t) the soliton Ricci flow of (M, g).

By (2.2), we have

⟨∇R,∇f⟩ = −2 Ric(∇f,∇f), (2.4)

where R is the scalar curvature of g. It follows

R+ |∇f |2 = Const.

Since R is alway positive ([13, 30]), the above equation can be normalized by

R+ |∇f |2 = 1. (2.5)

We recall that an ancient κ-solution is a κ-noncollapsed solution of Ricci
flow (2.3) with Rm ⩾ 0 defined for any t ∈ (−∞, 0]. The following result is
a version of Perelman’s compactness theorem for higher dimensional ancient
κ-solutions.

Theorem 2.1. — Let (Mn, gi(t); pi) (n ⩾ 3) be any sequence of n-
dimensional ancient κ-solutions with R(pi, 0) = 1 on a noncompact man-
ifold M . Then (M, gi(t); pi) subsequently converges to a splitting flow (N ×
R, g(t); p∞) in the Cheeger–Gromov sense. Here

g(t) = h(t) + ds2, (2.6)

and (N,h(t)) is an (n− 1)-dimensional ancient κ-solution for t ∈ (−∞, 0].

The convergence of (M, gi(t); pi) comes from [17, Theorem 3.3]. The split-
ting property in (2.6) can also be obtained by Hamilton’s argument [20,
Lemma 22.2] with the help of Perelman’s asymptotic volume ratio estimate
for κ-solutions [22, Proposition 41.13]. In fact, for a sequence of rescaling
Ricci flows arising from a steady Ricci soliton, we can improve Theorem 2.1
under a weaker curvature condition as follows.
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Proposition 2.2. — Let (Mn, g) (n ⩾ 3) be a noncompact κ-noncollap-
sed steady gradient Ricci soliton with Rm ⩾ 0 away from K. Let pi → ∞
and (M, gpi(t); pi) a sequence of rescaled flows with Rpi(pi, 0) = 1 as in (1.1).
Then (M, gpi

(t); pi) subsequently converge to a splitting flow (N × R,
g(t); p∞) as in Theorem 2.1. Moreover, for n = 4, Rm ⩾ 0 can be weak-
ened to Km ⩾ 0 away from K.

Proof. — Since Km ⩾ 0 on M\K, we have the Harnack estimate by (2.4),
d
dtR(x, t) ⩾ 0, on M \K. (2.7)

Then according to the proof of Theorem 2.1 (see [17, Lemmas 3.5–3.7] for
details), for the convergence part in the proposition, we only need to show
that the following asymptotic scalar curvature estimate,

lim sup
x→∞

R(x)d2(o, x) = ∞, (2.8)

where d(o, x) is a distance function from a fixed point o ∈ M . As a conse-
quence, the rescaled flow (M, gpi

(t); pi) has uniformly local curvature esti-
mate, and therefore (M, gpi

(t); pi) subsequently converges to a limit ancient
κ-solution (M∞, g(t); p∞).

We note that (2.8) is true for any ancient κ-solution by Perelman’s result
of asymptotic zero volume ratio [22, 28] (cf. [17, Corollary 2.4]). In our case,
we only have Rm ⩾ 0 away from K. We will use a different argument to
prove (2.8) below.

On the contrary, we suppose that (2.8) is not true. Then there exists a
constant C > 0, such that

R(x) ⩽ C

d2(o, x) = o

(
1

d(o, x)

)
. (2.9)

In particular, the scalar curvature decays to zero uniformly. Due to a result
in [15, Theorem 2.1], we know that there are two constants c1, c2 > 0 such
that

c1d(0, x) ⩽ f(x) ⩽ c2d(o, x), as d(o, x) ≫ 1. (2.10)
Thus by [19, Theorem 6.1] with the help of (2.9) and (2.10), we get

R(x) ⩾ C0

d(o, x) , as d(o, x) ≫ 1,

for some constant C0. But this contradicts to (2.9). Hence (2.8) is true.

In the following, our goal is to show that g(t) is of form (2.6). First we
prove the volume ratio estimate,

AVR(g) = lim
r→∞

Vol(B(p, r))
rn

= 0. (2.11)
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By (2.8), we can use the Hamilton’s argument in [20, Lemma 22.2] to
find sequences of points qi → ∞ and number si > 0 such that si

d(o,qi) → 0,

R(qi)s2
i −→ ∞, (2.12)

and
R(x) ⩽ 2R(qi), ∀ x ∈ B(qi, si). (2.13)

Consider a sequence of the rescaled flows (M, gqi
(t); qi), t ∈ (−si, 0], such

that Rqi
(qi, 0) = 1, where Rqi

(·, t) is the scalar curvature of gqi
(t). Then

by (2.7), Rqi(x, t) ⩽ 2 whenever t ∈ (−si, 0] and dqi(qi, x) ⩽ R(qi)
1
2 si,

where dqi(qi, ·) is the distance function from qi w.r.t gqi(t). It follows that
(M, gqi

(t); qi) with t ∈ (−si, 0] converges subsequently to a limit ancient κ-
solution (M∞, g∞(t); q∞). Moreover, by (2.12) and the curvature condition
Km ⩾ 0 on M \ K, one can construct a geodesic line on (M∞, g∞(0); q∞)
(cf. [25, Theorem 5.35]). Thus, by the Cheeger–Gromoll splitting theorem,
(M∞, g∞(t); q∞) is in fact a splitting ancient flow (N ′ × R, h′(t) + ds2; q∞),
where (N ′, h′(t); q∞) is an (n − 1)-dimensional κ-noncollapsed ancient so-
lution. Clearly, (N ′, h′(0); q∞) can not be flat since R∞(q∞, 0) = 1, so
(M∞, g∞(t); q∞) is a non-flat ancient solution. Hence, by [22, Proposition
41.13], the asymptotic volume ratio of (M∞, g∞(t); q∞) must be zero. This
implies (2.11) by the monotonicity of volume since the (2.11) is invariant
under the rescaling.

Next we let

r(pi) = sup
{
ρ

∣∣∣ Vol(B(pi, ρ)) ⩾ ω

2 ρ
n
}
. (2.14)

We prove
C−1

0 r(pi) ⩽ R− 1
2 (pi) ⩽ C0r(pi). (2.15)

In fact, for the first inequality in (2.15), by the volume comparison, there is
C1(D) > 0 for any D > 0 such that

Vol(B(x, r(pi))) ⩾ C−1
1 r(pi)n, ∀ x ∈ B(pi, Dr(pi)).

Then by [17, Lemma 3.5], there is C0(D) > 0 such that

R ⩽ C2
0r(pi)−2, ∀ x ∈ B

(
pi,

D

2 r(pi)
)
. (2.16)

Thus we only need to prove the second inequality of (2.15).

We use the above argument in the proof of (2.11). On the contrary, there
is a sequence pi → ∞ (still denoted by {pi}) such that

lim
i→∞

R−1/2(pi)
r(pi)

= ∞. (2.17)
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On the other hand, by (2.7) and (2.16), we have

R(x, t) ⩽ C0r(pi)−2, ∀ x ∈ B

(
pi,

D

2 r(pi)
)
, t ∈

(
−D

2 , 0
]
.

Then the rescaled flow (M, r(pi)−2g(r(pi)2t); pi) converges subsequently to
a limit ancient solution (M ′

∞, g
′
∞(t); p′

∞). Note that r(pi) < ∞ for each pi

by (2.11). Moreover, by the volume comparison, it follows

lim
i→∞

r(pi)
d(o, pi)

= 0. (2.18)

Hence, by (2.18) and the curvature condition Km ⩾ 0 on M \ K, one can
construct a geodesic line on (M ′

∞, g
′
∞(0); p′

∞) (cf. [25, Theorem 5.35]), and
so (M ′

∞, g
′
∞(t); p′

∞) is a splitting ancient flow (N̂ ×R, ĥ(t) + ds2; p∞), where
ĥ(t) is an (n−1) dimensional ancient κ-solution. As a consequence, by (2.17),
we have

R∞(p′
∞, 0) = 0. (2.19)

By the strong maximum principle and (2.19), (N, ĥ(0)) is flat and so is
(M ′

∞, g
′
∞(0)). Then by the injective radius estimate (cf. [17, Lemma 3.6]),

one can show that (M ′
∞, g

′
∞(0)) must be isometric to the Euclidean space. In

particular, Vol(Bg′
∞(0)(p′

∞, 1)) = ω. But this is impossible by (2.14). Hence
we finish the proof of (2.15).

At last, by (2.15) and (2.18), we have

lim
i→∞

R(pi)−1

d2(o, pi)
= 0. (2.20)

Then instead of the rescaled flow (M, r(pi)−2g(r(pi)2t); pi) by (M, gpi
(t); pi),

the limit ancient solution (M∞, g(t); p∞) will split off a line as (M ′
∞,

g′
∞(0); p′

∞). Thus g(t) is of the form (2.6).

In the case of n = 4, we note that both split 3d κ-noncollapsed ancient
flows h′(t) and ĥ(t) in the above arguments are non-negatively curved when
Km ⩾ 0 away from K. Thus both of h′(t) and ĥ(t) are same as ancient κ-
solutions. Hence the proofs above also work for the 4d steady Ricci solitons
when the assumption Rm ⩾ 0 is replaced by Km ⩾ 0 away from K. □

According to the proof in Proposition 2.2, we also get the following cur-
vature comparison.

Lemma 2.3. — Let (Mn, g) be a complete noncompact κ-noncollapsed
steady Ricci soliton as in Proposition 2.2. Let {pi} → ∞ be any sequence in
(Mn, g). Then for any qi ∈ Bgpi

(pi, D), there is C0(D) > 0 such that

C−1
0 R(pi) ⩽ R(qi) ⩽ C0R(pi). (2.21)
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Proof. — We note that the rescaled flow (M, gpi
(t); pi) converges to a

splitting of ancient solution (M∞, g(t) = h(t) + ds2; p∞). Then by (2.15)
and (2.16), we get the second inequality of (2.21) immediately. Thus we
only need to prove the first inequality.

By contradiction, there exists a sequence of points qi ∈ Bgpi
(pi, D) for

some D > 0 such that
R(qi)
R(pi)

−→ 0, as i −→ ∞. (2.22)

Then
Rg(0)(q∞) = 0,

where q∞ is a limit of {qi} from the convergence of (M, gpi
(t); pi). By the

strong maximum principle, it follows that g(0) is a flat metric, which con-
tradicts to the fact Rg(0)(p∞) = 1. Thus (2.21) holds. □

3. Compact case of (N,h(t))

In this section, we assume that there exists a sequence of pi → ∞ on an
n-dimensional steady Ricci soliton (Mn, g) such that the corresponding split
ancient κ-solution (N,h(t)) of codimension one in Proposition 2.2 satisfies

Diam(N,h(0)) ⩽ C. (3.1)
We will use the method in [18, 19] to prove several lemmas and propositions
for level set geometry of (M, g) under the condition (3.1). The results will
be often used in next sections.

Firstly we show there exists a decomposition of (M, g) in Proposition 2.2
if it satisfies (3.1).

Lemma 3.1. — Let (M, g) be the complete steady gradient Ricci soliton
in Proposition 2.2. Suppose that there exists a sequence of pi → ∞ such that
the split ancient κ-solution (N,h(t)) in Proposition 2.2 satisfies (3.1). Then
for all i ≫ 1, M can be divided into three parts

M = Bg

(
pi, 10CR(pi)− 1

2

)
∪K ′ ∪M ′, (3.2)

where K ′ is a compact set containing K and M ′ = M\(Bg(pi, 10CR(pi)− 1
2 )∪

K ′). Moreover, M \Bg(pi, 10CR(pi)− 1
2 ) is disconnected.

Proof. — Since (M, g) satisfies Rm ⩾ 0 on M \K, by [24, Section 1] (see
also [12]), (M, g) has finite topological type. Then there exists a compact set
K̂ ⊂ M such that M is homeomorphic to K̂. This implies that M \ K̂ is
contractible. On the other hand, according to the proof in Proposition 2.2,
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we have Bg(pi, 10CR(pi)− 1
2 ) ⊂ M \ K̂ for all i ≫ 1. By the convergence, we

know Bg(pi, 10CR(pi)− 1
2 ) are diffeomorphic to some open balls in N × R.

Thus for each ball, there exists two boundaries denoted by Σ1 and Σ2. Hence,
we can find two points q1, q2 ∈ M \ Bg(pi, 10CR(pi)− 1

2 ), so that q1, q2 are
close to Σ1,Σ2 respectively, and a path σ1 which connects q1, q2 and passes
through Bg(pi, 10CR(pi)− 1

2 ). On the contrary, if M \ Bg(pi, 10CR(pi)− 1
2 )

is connected, there exists another path σ2 which connects q1, q2 such that
σ2(s) ⊂ M \Bg(pi, 10CR(pi)− 1

2 ). By connecting σ1 and σ2, we obtain a non-
contractible circle in M\K̂. But this is impossible since M\K̂ is contractible.
Therefore, M \Bg(pi, 10CR(pi)− 1

2 ) must be disconnected.

By [26, Corollary 1.1], a complete noncompact steady gradient Ricci soli-
ton is either connected at infinity (i.e., it has only one end), or it is a prod-
uct of R with a compact Ricci flat manifold. The latter is impossible since
(M, g) is not Ricci-flat. Thus M \ Bg(pi, 10CR(pi)− 1

2 ) has only one end. It
follows that M \Bg(pi, 10CR(pi)− 1

2 ) consists of one noncompact connected
component M ′ and one compact set K ′. Clearly, M ′ and K ′ satisfy (3.2).
Moreover, K ′ will contain K when d(o, pi) is large. The proof of Lemma 3.1
is complete. □

By Lemma 3.1, we prove that (M, g) has a convexity property in the
sense of the geodesics.

Lemma 3.2. — Suppose that there exists a sequence of pi → ∞ such that
the split (n− 1)-dimensional ancient κ-solution (N,h(t)) in Proposition 2.2
satisfies (3.1). Then there exists a compact set K ′ (K ⊂ K ′) such that for
x1, x2 ∈ M \ K ′ the minimal geodesic curve σ(s) connecting x1 and x2, is
contained in M \K, where K is the compact set in Proposition 2.2.

Proof. — By Lemma 3.1, we may choose a point p ∈ {pi} such that Bg(p,
10CR(p)− 1

2 ) divides M into three parts with a compact part K ′ containing
K as follows,

M = Bg

(
p, 10CR(p)− 1

2

)
∪K ′ ∪M ′,

where Bg(p, 10CR(p)− 1
2 ) ∩K = ∅ and M ′ = M \ (Bg(p, 10CR(p)− 1

2 ) ∪K ′)
is a noncompact set of M . Set

K̂ = K ′ ∪Bg

(
p, 10CR(p)− 1

2

)
.

We need to verify that K̂ is as required in Lemma 3.2.

On the contrary, there will exist two points x1, x2 ∈ M \ K̂ and another
point x ∈ σ(s) ∩ K, where σ(s) is the minimal geodesic curve connecting
x1 and x2. By Lemma 3.1, the geodesic ball Bg(p, 10CR(p)− 1

2 ) separates
both of x1 and x2 from x, and so σ(s) will pass through Bg(p, 10CR(p)− 1

2 )
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at least twice. Denote the first point by q1 and the last point by q2 in
Bg(p, 10CR(p)− 1

2 ) respectively, which intersects with σ(s). Let σ′ be the
part of σ(s) between q1 and q2. Thus by the triangle inequality, we have

dg(q1, q2) = Length(σ′)
= dg(q1, x) + dg(x, q2)
⩾ dg(q1, o) + dg(o, q2) − 2dg(o, x)
⩾ 2dg(o, p) − dg(q1, p) − dg(q2, p) − 2C ′

⩾ 2dg(o, p) − 20R(p)− 1
2 − 2C ′.

(3.3)

On the other hand, by the estimate (2.20), we see that for any small δ it
holds

R(pi)− 1
2 ⩽ δdg(pi, o), (3.4)

as long as i ≫ 1. By (3.3), it follows

dg(q1, q2) ⩾ 2dg(o, p) − 20δdg(o, p) − 2C ′ ⩾ dg(o, p).

However,

dg(q1, q2) ⩽ dg(q1, p) + dg(p, q2) ⩽ 20R(p)− 1
2 ⩽ 20δdg(o, p) ⩽ 1

2dg(o, p).

Thus we get a contradiction! The Lemma 3.2 is proved. □

3.1. Curvature decay estimate

By Lemmas 2.3 and 3.2, we prove

Proposition 3.3. — Let (Mn, g) be the steady Ricci soliton in Proposi-
tion 2.2 with Ric > 0 away from K. Suppose that there exists a sequence of
pi → ∞ such that the split (n− 1)-dimensional ancient κ-solution (N,h(t))
in Proposition 2.2 satisfies (3.1). Then the curvature of (Mn, g) decays to
zero uniformly. Namely,

lim
x→∞

R(x) = 0. (3.5)

Proof. — First we prove

lim
pi→∞

R(pi) = 0. (3.6)

On the contrary, we assume that R(pi) ⩾ c for some constant c > 0. We
consider a sequence of functions fpi

= f−f(pi) on the Riemannian manifolds
(M, gpi(0); pi). By (2.5), it is easy to see

|∇fpi
|gpi

⩽ c− 1
2 .
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Thus for any D > 0 it holds

|fpi
(x)| ⩽ 2c− 1

2D, ∀ x ∈ Bgpi
(pi,D).

By the regularity of the Laplace equation,
∆gpi

fpi
= R(gpi(0)),

fi converges subsequently to a smooth function f∞ on N ×R which satisfies
the gradient steady Ricci soliton equation,

Ric(g(0)) = ∇2f∞.

Note that g(0) = h(0) + ds2 is a product metric. Hence (N,h(0)) is also a
steady gradient Ricci soliton,

On the other hand, by the maximum principle, (N,h(0); p∞) should be
Ricci-flat. However, by the normalization of

R(gpi
(0))(pi) = 1,

R(h(0))(p∞) is also 1. This is a contradiction! (3.6) is proved.

By (3.6) and Lemma 2.3, we get
lim

i→∞
sup

Bg

(
pi,10CR(pi)− 1

2
)R(x) = 0. (3.7)

Next we use (3.7) to derive (3.5).

Recall that the set of equilibrium points of (M, g, f) is given by
S := {x | |∇f |(x) = 0}.

In general, S may be non-empty. But we have

Claim 1. — There are no equilibrium points away from a compact set K̂
of M which contains K ′. Here K ′ is the set of M determined in Lemma 3.2.

If S is not empty and Claim 1 is not true, there will be two equilibrium
points x1 and x2 and a compact set K̂ containing K ′ such that x1, x2 ∈
M\K̂. Then by Lemma 3.2, there is a minimal geodesic curve σ(s) connecting
x1 and x2 such that σ(0) = x1 and σ(T ) = x2 and σ(s) ⊂ M \K. Note

d
ds

(
⟨∇f, σ′⟩(σ(s))

)
= ∇2f(σ′, σ′)(s) = Ric(σ′, σ′).

Thus we get
0 = ⟨∇f, σ′⟩(σ(t)) − ⟨∇f, σ′⟩(σ(0))

=
∫ T

0
Ric(σ′, σ′)ds > 0,

which is a contradiction! Hence, Claim 1 is true.
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By (2.20), we can choose a subsequence of {pi}, still denoted by {pi} such
that

Bg

(
pi, 10CR(pi)− 1

2

)
∩Bg

(
pj , 10CR(pj)− 1

2

)
= ∅, ∀ i ̸= j ≫ 1. (3.8)

Then by Lemma 3.1, as in (3.2), there are a compact set K and a sequence
of compact set {Ki} (i ⩾ i0) of M such that K̂ ⊂ K and

∂Ki ⊂ ∂Bg

(
pi, 10CR(pi)− 1

2

)
∪ ∂Bg

(
pi+1, 10CR(pi+1)− 1

2

)
,

and M is decomposed as

M = K
⋃

i⩾i0

(
Ki ∪Bg

(
pi+1, 10CR(pi+1)− 1

2

))
, (3.9)

Claim 2. — For any qi ∈ Ki, there exists ti > 0 such that

qti
i = ϕti(qi) ∈ Bg

(
pi, 10R(pi)− 1

2C
)

∪Bg

(
pi+1, 10R(pi+1)− 1

2C
)
. (3.10)

On the contrary, we see that ϕt(qi) ⊂ Ki for all t ⩾ 0. Since Ki is
compact, by Claim 1, there exists c′ > 0 such that

Ric ⩾ c′g, c′−1 ⩽ |∇f | ⩽ c′.

It follows
d
dtR(ϕt(qi)) = −⟨∇R,∇f⟩(ϕt(qi))

= 2 Ric(∇f,∇f) ⩾ 2c′−1 > 0, ∀ t ⩾ 0.
(3.11)

As a consequence,

R(ϕt(qi)) ⩾ 2c′−1t −→ ∞, as t −→ ∞.

This is impossible since R(·) is uniformly bounded. Hence, Claim 2 is true.

By Claim 2 and (3.11), for any qi ∈ Ki we see

R(qi) ⩽ R
(
qti

i

)
⩽ max

R(x)

∣∣∣∣∣∣∣
x ∈ Bg

(
pi, 10R(pi)− 1

2C
)

∪Bg

(
pi+1, 10R(pi+1)− 1

2C
)

.

Thus we get (3.5) from (3.7) and (3.9) immediately. □

Remark 3.4. — The curvature of steady Ricci soliton in Proposition 3.3
decays uniformly to zero. Then |∇f(x)| → 1 as d(o, x) → ∞ by (2.5). More-
over, by [18, Lemma 2.2] (or [15, Theorem 2.1]), f satisfies (2.10). Hence,
the integral curve γ(s) generated by ∇f extends to the infinity as s → ∞.
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3.2. Geometry of level sets

By Proposition 3.3 and (2.5), there exists a point p0 ∈ M such that

Rmax = sup
p∈M

R(p) = R(p0) = 1.

For any positive c < 1, we set

S(c) = {p ∈ M | R(p) ⩾ Rmax − c}.

Then S(c) is a compact set. Furthermore, by Remark 3.4 there exists a
constant c0 such that K̂ ⊂ S(c0) and ∇f ̸= 0 on S(c0) \ K̂. Thus VF
X̂ = ∇f

|∇f | is well-defined on S(c) \ K̂ for any c ⩾ c0. Moreover, we know
M \S(c) is diffeomorphic to Σ× (A,∞), where Σ is the levelset of f on f(pi)
for some large i and A > 0 is a constant. Since (M, g) has only one end,
Σ must be connected.

By [15, Lemmas 2.2–2.3], it is known that there exists a tq such that
ϕtq

(q) ∈ S(c0) for any q ∈ M \ S(c0). Consequently, for any integral curve
of X̂ = ∇f

|∇f | , Γ(s) : [0,∞) → M , we can reparametrize s such that Γ(0) =
p ∈ S(c0) \ K̂, and so Γ(s) ⊂ M \ K̂ is a smooth curve for any s > 0.

Lemma 3.5. — Let (Mn, g) be an n-dimensional steady soliton as in
Proposition 3.3 and let Γ(s) be any integral curve of X̂ with Γ(0) = p ∈
S(c0) \ K̂. Then for any ϵ, there exists a uniform constant C = C(ϵ) > 0
such that

(1 − ϵ)(s2 − s1) ⩽ d(Γ(s2), Γ(s1)) ⩽ (s2 − s1), ∀ s2 > s1 > C. (3.12)

In particular,
(1 − ϵ)s ⩽ d(Γ(s), p) ⩽ s, ∀ s > C. (3.13)

Proof. — Firstly by Remark 3.4, we note that for any ϵ > 0 there exists
a compact set S′ such that

|∇f |(x) > 1 − ϵ, ∀ x ∈ M \ S′. (3.14)

Moreover, (3.14) holds whenever f(x) > L. Since Γ(s) ⊂ M\K̂, |∇f |(Γ(s)) ⩾
c0 > 0 by (2.4) for all s ⩾ 0. It follows

f(Γ(s)) − f(Γ(0)) =
∫ s

0

d
dtf(Γ(t))dt =

∫ s

0
|∇f |(Γ(t))dt ⩾ cs.

Thus there exists a uniform constant C = L
c + 1 such that (3.14) holds as

long as s > C.
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Let γ : [0, D] → M be a minimal geodesic from Γ(s1) to Γ(s2), where
D = d(Γ(s1),Γ(s2)). Then by

d
dr ⟨∇f, γ′(r)⟩ = ∇2f(γ′(r), γ′(r)) ⩾ 0,

we obtain

f(Γ(s2)) − f(Γ(s1)) =
∫ D

0
⟨∇f, γ′(r)⟩dr ⩽ D⟨∇f, γ′(D)⟩.

This implies
f(Γ(s2)) − f(Γ(s1)) ⩽ d(Γ(s1),Γ(s2)). (3.15)

On the other hand, by (3.14), we have

f(Γ(s2)) − f(Γ(s1)) =
∫ s2

s1

⟨∇f,Γ′(r)⟩dr

=
∫ s2

s1

|∇f |(Γ(r))dr ⩾ (1 − ϵ)(s2 − s1).
(3.16)

Thus the first inequality in (3.12) follows from (3.15) and (3.16) immediately.
Note that

d(Γ(s1),Γ(s2)) ⩽ Length(Γ(s))|s2
s1

= s2 − s1. (3.17)
Hence, the second inequality in (3.12) also holds. (3.13) is a direct conse-
quence of (3.12) by the triangle inequality. □

As in Lemma 3.5, let Γi(s) be an integral curve of X̂ through pi with
Γi(0) ∈ S(c0) and Γi(si) = pi. For any D > 0, we set

Γ̂i(s) = Γi

(
R(pi)− 1

2 s+ si

)
, s ∈ [−D,D].

Then it is easy to see∣∣∣∣dΓ̂i(s)
ds

∣∣∣∣
gpi

(0)
= 1, s ∈ [−D,D].

Thus Γ̂i(s) is an integral curve of X̂i = ∇if
|∇if | through pi, where ∇i is the

gradient operator w.r.t. the metric (M, gpi
(t); pi).

With the help of Lemma 3.5, we prove that the splitting line obtained by
Proposition 2.2 is actually a limit of a family of integral curves of X̂i under
the condition in Proposition 3.3.

Lemma 3.6. — Let (Mn, g) be the steady soliton in Proposition 3.3 and
(N × R, h(t) + ds2; p∞) the splitting limit flow of (M, gpi(t); pi). Then Γ̂i(s)
converges locally to a geodesic line on N×R w.r.t. the metric (M, gpi

(t); pi).
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Proof. — Since Xi = ∇if is convergent w.r,t. the metrics (M, gpi
(t); pi)

(cf. [19, Lemma 4.6]), X̂i also converges subsequently to a VF X̂∞ on (N×R,
h(t) + ds2; p∞). Thus Γ̂i(s) converges to an integral curve Γ̂∞(s) of X̂∞ on
N × R, where s ∈ (−∞,∞). It remains to show that Γ̂∞(s) is a line.

Since pi → ∞, we have si → ∞. Then by (2.11) and (2.15), for any
number D > 0, it holds

si − DR(pi)− 1
2 −→ ∞.

By applying (3.12) to each Γ̂i(s′), we get

(1 − ϵ)DR(pi)− 1
2 ⩽ d

(
Γ̂i(−D), Γ̂i(0)

)
⩽ DR(pi)− 1

2

and

(1 − ϵ)DR(pi)− 1
2 ⩽ d

(
Γ̂i(D), Γ̂i(0)

)
⩽ DR(pi)− 1

2 .

It follows

2(1 − ϵ)DR(pi)− 1
2 ⩽ d

(
Γ̂i(−D), Γ̂i(D)

)
⩽ 2DR(pi)− 1

2 ,

and consequently,

2(1 − ϵ)D ⩽ dgpi

(
Γ̂i(−D), Γ̂i(D)

)
⩽ 2D.

Thus by taking the limit of Γ̂i(s) as well as ϵ → 0, we obtain

dg∞

(
Γ̂∞(−D), Γ̂∞(D)

)
= 2D. (3.18)

Note that 2D is the length of Γ̂∞(s) between Γ̂∞(−D) and Γ̂∞(D). Hence,
Γ̂∞(s) must be a minimal geodesic connecting Γ̂∞(−D) and Γ̂∞(D). Since
D is arbitrary, Γ̂∞(s) can be extended to a geodesic line. □

Now we begin to prove main results in this subsection.

Lemma 3.7. — Let (Mn, g) be the steady soliton in Proposition 3.3 and
(N × R, h(t) + ds2; p∞) the splitting limit flow of (M, gpi

(t); pi), which sat-
isfies (3.1). Then f−1(f(pi)) ⊆ Bgpi

(pi, 200C) when i ≫ 1.

Proof. — On the contrary, there will exist a q′
i ∈ ∂Bgpi

(pi, 100C) ∩
f−1(f(pi)) and a minimal geodesic γi ⊂ f−1(f(pi)) connecting pi and q′

i

w.r.t. the induced metric gpi
on f−1(f(pi)) such that

γi ⊂ Bgpi
(pi, 100C).

Then
Lengthgpi

(γi) ⩾ dgpi
(pi, q

′
i) = 100C. (3.19)

On the other hand, according to the proofs in [19, Lemma 4.3, Proposi-
tion 4.5], the part Σi = f−1(f(pi))∩Bgpi

(pi, 100C) of the level set f−1(f(pi)),
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which contains γi, converges subsequently to an (n − 1)-dimensional open
manifold (Σ∞, h

′; p∞) w.r.t. the induced metric gpi
. As a consequence, the

minimal geodesic γi converges subsequently to a minimal geodesic γ in Σ∞.
Thus by (3.19), we get

Lengthh′(γ) ⩾ 100C. (3.20)

Next we show that (Σ∞, h
′) is an open set of (N,h(0)). Then it follows

Diam(N,h(0)) ⩾ Diam(Σ∞, h
′) ⩾ 100C,

which contradicts to (3.1). The Lemma 3.7 will be proved.

Let X̂i = ∇if
|∇if | . By Proposition 3.3, (3.14) and Shi’s estimates we can

calculate that

sup
B(pi,2D)gpi

∣∣∇iX̂i

∣∣
gpi

= sup
B(pi,2D)gpi

R(pi)− 1
2

(
|Ric|
|∇f |

+ |Ric(∇f,∇f)|
|∇f |3

)
⩽ CR(pi)

1
2 −→ 0,

and

sup
B(pi,2D)gpi

∣∣∇m
i X̂i

∣∣
gpi

⩽ C(m) sup
B(pi,2D)gpi

∣∣∇m−1
i Ric(gpi

)
∣∣
gpi

⩽ C ′.

Thus X̂i converges subsequently to a parallel vector field X̂∞ on (N × R,
h(t) + ds2; p∞). Moreover,

sup
B(pi,2D)gpi

|X̂i|gpi
= 1.

Hence, X̂∞ is a non-trivial parallel vector field on N × R.

X̂∞ is also perpendicular to (Σ∞, h
′). In fact, for any V ∈ TΣ∞ with

|V |h′ = 1, by [19, Proposition 4.5], there is a sequence of Vi ∈ TΣi such that
R(pi)− 1

2Vi → V . Thus

h′(V, X̂∞
)

= lim
i→∞

gpi

(
R(pi)− 1

2Vi, X̂i

)
= lim

i→∞
g

(
Vi,

∇f
|∇f |

)
= 0.

By Lemma 3.6, we have already known that X̂∞ generates a geodesic
line Γ̂∞ through p∞ on N ×R. Note that (N,h(0)) is compact by (3.1). X̂∞
must be tangent to the splitting line direction of N × R, and consequently,
(Σ∞, h

′; p∞) ⊂ (N,h(0); p∞). Namely, (Σ∞, h
′) is an open set of (N,h(0)).

The proof of Lemma 3.7 is complete. □
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By Lemma 3.7, we prove

Proposition 3.8. — Let (Mn, g) be the steady Ricci soliton in Proposi-
tion 3.3 and (N ×R, h(t)+ds2; p∞) the splitting limit flow of (M, gpi(t); pi),
which satisfies (3.1). Then there exists C0(C) > 0 such that for any qi ∈
f−1(f(pi)) the splitting limit flow (h′(t) + ds2, N ′ × R; q∞) of rescaled flow
(M, gqi

(t); qi) satisfies

Diam(h′(0)) ⩽ C0. (3.21)

Proof. — The convergence part comes from Proposition 2.2. We need to
check (3.21). In fact, by Lemmas 3.7 and 2.3, there are C1, C2 > 0 such that
for any D > 0 such that

Bgqi
(qi, D) ⊂ Bgpi

(qi, C1D) ⊂ Bgpi
(pi, C1D + C2),

where gqi = R(qi)g. Similarly, we have

Bgqi
(qi, D) ⊃ Bgpi

(
qi, C

−1
1 D

)
⊃ Bgpi

(
pi, C

−1
1 D − 2C2

)
.

Then it is easy to see that the splitting Ricci flow (h′(t) + ds2, N ′ × R; q∞)
of (M, gqi

(t); qi) is isometric to (h(t) + ds2, N × R; p∞) up to scaling. As a
consequence, we get

Diam(h′(0)) ⩽ (C1 + 10) Diam(h(0)) ⩽ (C1 + 10)C.

The Proposition 3.8 is proved. □

Remark 3.9. — The arguments in the proofs of Lemma 3.7 and Propo-
sition 3.8 also imply that both of N and N ′ are diffeomorphic to each
level set f−1(f(pi)) when i ≫ 1. In fact, the submanifolds (f−1(f(pi)), gpi

)
and (f−1(f(pi)), gqi

) converge to (N,h(0)) and (N ′, h′(0)) in the Cheeger–
Gromov sense, respectively.

4. A classification of split compact ancient solutions

In case that all split ancient κ-solution (N,h(t)) satisfies (3.1), we can
classify (N,h(t)).

Proposition 4.1. — Let (M, g) be a steady gradient Ricci soliton as in
Proposition 3.3. Suppose that there is a uniform constant C such that all
split ancient κ-solution (N,h(t)) satisfies (3.1). Then every h(t) must be an
ancient κ-solution of type I.

Compact ancient κ-solution of type I has been classified as follows (cf. [16,
Theorem 7.34], [5], [27]).
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Lemma 4.2. — Suppose that (Nn−1, h(t)) of (n−1)-dimension is a com-
pact ancient κ-solution of type I with Rm ⩾ 0. Then(

Nn−1, h(t)
)

∼= (N1, h1(t)) × · · · × (Nk, hk(t)) ×
(
N̂1, ĥ1(t)

)
× · · · ×

(
N̂ ℓ, ĥℓ(t)

)
, (4.1)

where each (Ni, hi(t)) is a family of shrinking quotients of a closed symmetric
space with nonnegative curvature operator, and each (N̂ j , ĥj(t)) is a family
of shrinking round quotient spheres.

To prove Proposition 4.1, we shall exclude the existence of compact κ-
noncollapsed ancient solutions of type II. Our proof is based on the following
two lemmas below,

Lemma 4.3. — Let (Nn−1, h(t)) be an (n − 1)-dimensional compact κ-
solution of type II. Fix p ∈ N , we consider tk → −∞ and a sequence of points
xk ∈ N such that ℓ(xk, tk) < n−1

2 , where ℓ denotes the reduced distance from
(p, 0). Then the rescaled manifold by dilating the manifold (N,h(tk)) around
the point xk by the factor 1√

−tk
converges to a noncompact shrinking gradient

Ricci soliton.

Proof. — According to a classification result of closed ancient κ-solutions
with nonnegative curvature operator (cf. [16, Theorem 7.34], [5]), we have

(N,h(t))
∼= (N1, h1(t)) × · · · × (Nk, hk(t)) ×

(
N̂1, ĥ1(t)

)
× · · · ×

(
N̂ ℓ, ĥℓ(t)

)
, (4.2)

where each (Ni, hi(t)) is a family of shrinking quotients of an (n − 1)-
dimensional closed symmetric space with nonnegative curvature operator,
and each (N̂ j , ĥj(t)) is an ancient flow with positive curvature operator on
a quotient of (n − 1)-dimensional sphere. By Perelman’s argument in [28,
Section 11], the rescaled manifolds converge in the Cheeger–Gromov sense
to a κ-noncollapsed shrinking gradient Ricci soliton (N ′, h′(t)) with nonneg-
ative curvature operator. If the limit soliton (N ′, h′(t)) is compact, the limit
(N ′

j , h
′
j(t)) of (

N̂ j , (−tk)−1ĥj((−tk)t);xk

)
is also compact with nonnegative curvature operator. Then by the conver-
gence, N ′

j is diffeomorphic to N̂ j , i.e., a quotient of sphere. Thus again by the
classification of (N ′

j , h
′
j(t)) as in (4.2) for (N,h(t)), we know that (N ′

j , h
′
j(t))

is a shrinking Ricci soliton on a quotient sphere with positive curvature
operator. By [10], it follows that (N ′

j , h
′
j(t)) is a family of shrinking round

quotient spheres. As a consequence, the sectional curvature of (N̂ j , ĥj(·, tk))
lies in the interval [ cj−ϵk

−tk
,

cj+ϵk

−tk
], where ϵk → 0 as k → ∞. Hence, by the
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curvature pinching estimate in [10], each (N̂ j , ĥj(t)) is also a family of shrink-
ing round quotient spheres, and so (N,h(t)) is of type I, which contradicts
to the type II condition. Therefore, (N ′, h′(t)) must be noncompact. The
Lemma 4.3 is proved. □

Lemma 4.3 can be regarded as a higher dimensional version of [1, Lem-
ma 2.1].

Lemma 4.4. — Let (Nn−1, h(t)) be an (n− 1)-dimensional compact an-
cient κ-solution of type II. Then for any sequence tk → −∞, it holds

Rmin(tk) Diam(h(tk))2 −→ ∞,

where Rmin(t) = min{R(h(·, t)}. Consequently,
lim

t→−∞
Rmin(t) Diam(h(t))2 −→ ∞. (4.3)

Proof. — By a result of Perelman [28, Section 11], for any sequence
tk → −∞, we can always find a sequence of points xk ∈ N such that
ℓ(xk, tk) ⩽ n−1

2 for each k. Then by Lemma 4.3, the rescaled Ricci flows
(N, (−tk)−1h((−tk)t);xk) converge to a noncompact shrinking Ricci soliton
(N ′, h′(t))(t < 0) with nonnegative curvature operator. It follows

Diam
(
(−tk)−1h(tk)

)
= (−tk)− 1

2 Diam(h(tk)) −→ ∞. (4.4)
Moreover, such a limit soliton is non-flat [22, Proposition 39.1] and so
R(h′(·, t)) > 0 for any t < 0 (cf. [13]). Thus there exists a uniform con-
stant δ > 0, such that (−tk)R(xk, tk) ⩾ δ for all k ≫ 1. Hence, by (4.4), we
derive

Rmax(tk) Diam(h(tk))2 ⩾ R(xk, tk) Diam(h(tk))2

⩾ δ(−tk)−1 Diam(h(tk))2 −→ ∞,
(4.5)

where Rmax(t) = maxq∈N {R(h(q, t)}.

Next we shall improve (4.5) to (4.3). Suppose that (4.3) fails. Then there
exist a constant C and a sequence of times t′k → −∞, such that

Rmin(t′k) Diam(h(t′k))2 ⩽ C. (4.6)
Choose pk such that Rmin(t′k) = R(h(pk, t

′
k)) = minq∈N {R(h(q, t′k)}. By

the compactness of ancient κ-solutions (cf. [17, Theorem 3.3], [14, The-
orem 20.9]), rescaled flows (N,hk(t); pk), where hk(t) = R(pk, t

′
k)h(tk +

R(pk, t
′
k)−1t), converge subsequently to an ancient κ-solution (N∞, h∞(t);

p∞). By (4.6), we see that (N∞, h∞(t); p∞) is a closed ancient κ-solution.
Thus R∞(·, 0) is uniformly bounded on N∞.

On the other hand, by (4.5)–(4.6),
R(qk, t

′
k)

R(pk, t′k) −→ ∞, (4.7)
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where qk is chosen as Rmax(t′k) = max{R(h(qk, t
′
k)}. Note

lim
k

R(qk, t
′
k)

R(pk, t′k) = R∞(q∞, 0),

where q∞ ∈ N∞ is a limit of qk. Thus R∞(q∞, 0) = ∞, which is impossible!
The Lemma 4.4 is proved. □

Remark 4.5. — By [9, Theorem 1.4], any 3d compact simply connected
ancient κ-solution of type II coincides with the Perelman solution on S3.
On the other hand, by an explicit computation for the Perelman solution
[1, Theorem 1.3], the quantity R(q, t) Diam(h(t))2 is strictly increasing as
t → −∞ for any q ∈ S3. Thus (4.3) holds for 3d compact ancient κ-solutions
of type II. Hence, Lemma 4.4 can be regarded as a higher dimensional version
of results in [1, 9].

We also need the following notion introduced by Perelman (cf. [29]).
Definition 4.6. — For any ϵ > 0, we say a pointed Ricci flow (M1,

g1(t); p1), t ∈ [−T, 0] (T may be the infinity), is ϵ-close to another pointed
Ricci flow (M2, g2(t); p2), t ∈ [−T, 0], if there is a diffeomorphism onto its
image ϕ : Bg2(0)(p2, ϵ

−1) → M1, such that ϕ(p2) = p1 and ∥ϕ∗
g1(t) −

g2(t)∥C[ϵ−1] < ϵ for all t ∈ [− min{T, ϵ−1}, 0], where the norms and deriva-
tives are taken with respect to g2(0).

By the above definition, we get from Proposition 2.2, immediately,
Proposition 4.7. — Let (Mn, g) be the steady Ricci soliton in Proposi-

tion 2.2. Then for any ϵ > 0, there exists a compact set D(ϵ) > 0, such that
for any p ∈ M \D, (M, gp(t); p) is ϵ-close to a splitting flow (hp(t) + ds2; p),
where hp(t) is an (n− 1)-dimensional ancient κ-solution.

We note that for a given p and a number ϵ > 0 the ϵ-close splitting
flow (hp(t) + ds2; p) may not be unique in Proposition 4.7. Due to [23], we
introduce a function on M \D for each ϵ by

Fϵ(p) = inf
hp

{Diam(hp(0)) ∈ (0,∞)}. (4.8)

For simplicity, we always omit the subscript ϵ in the function Fϵ(p) below.
Remark 4.8. — The function Fϵ(p) is almost continuous on M\D, at each

point p of which (M, gp(t); p) is ϵ-close to a splitting flow (hp(t)+ds2; p) with
Diam(hp(0)) < 2

ϵ . Precisely, there exists a neighborhood U around p such
that

|Fϵ(p) − Fϵ(q)| ⩽ 2Fϵ(p)
√
ϵ+ 2ϵ, ∀ q ∈ U. (4.9)

In fact, we can choose an (n − 1)-dimensional ancient κ-solution (N,hp(t))
such that Fϵ(p) = Diam(hp(0))− ϵ

2 and (M, gp(t); p) is ϵ-close to the splitting
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flow (hp(t)+ds2; p). Then there exists an open set U such that for any q ∈ U
it holds∥∥∥ψ∗

gq(t) −
(
hp(t) + ds2)∥∥∥

C[ϵ−1] < 2ϵ, ∀ t ∈
[
− min

{
T, ϵ−1}

, 0
]
,

where ψ is a diffeomorphism between the underlying manifolds of flows gq(t)
and (hp(t) + ds2). On the other hand, there is another (n− 1)-dimensional
ancient κ-solution (N ′, hq(t)) such that Fϵ(q) = Diam(hq(0)) − ϵ

2 and
(M, gq(t); q) is ϵ-close to the flow (hq(t) + ds2; q). Thus there exists a dif-
feomorphism Φ from N to N ′ such that |Φ∗hp(0)) − hq(0)| ⩽ 3ϵ. This will
imply (4.9) immediately.

Now we are ready to prove Proposition 4.1.

Proof of Proposition 4.1. — If the proposition is false, there will exist a
sequence of rescaled flows (M, gpi

(t), pi), which converges subsequently to a
splitting Ricci flow (N × R, h(t) + ds2; p∞), where (N,h(t)) is an (n − 1)-
dimensional compact ancient κ-solution of type II. Choose tk → −∞. by
Lemma 4.4,

lim
k→∞

Diam(h(tk))R
1
2
h (p∞, tk) ⩾ lim

k→∞
Diam(h(tk))R

1
2
h,min(tk) = ∞. (4.10)

Thus there is t0 ∈ {tk} for some k0 such that

Diam(h(t0))R
1
2
h (p∞, t0) > 100C. (4.11)

Set T = t0R
−1(pi) and choose ϵ < − 1

100t0
. Then (M, gpi

(t); pi) is ϵ-close
to (N × R, h(t) + ds2; p∞) when i ≫ 1. Thus by (4.11) and the convergence
of gpi

(t), we get

Diam(g(T ))R 1
2 (pi, T ) = Diam(gpi

(t0))R
1
2
pi(pi, t0) > 90C, (4.12)

as long as i ≫ 1, where g(T ) is the induced metric of g on f−1(f(ϕT (pi)))
and gpi

(t) is the induced metric of gpi(t) on f−1(f(pi)), respectively. It turns

Diam(R(ϕT (pi))g(T )) = Diam(g(T ))R 1
2 (ϕT (pi))

= Diam(g(T ))R 1
2 (pi, T ) > 90C, i ≫ 1.

(4.13)

Let (Ñ , h̃(t)) be an (n− 1)-dimensional split ancient flow as the limit of
(M, g(ϕT (pi))(t);ϕT (pi)). Then by Remark 3.9, (Ñ , h̃(0)) is a limit of sub-
manifolds (

f−1(f(ϕT (pi))), R(ϕT (pi))g(T ); ϕT (pi)
)
.

Thus by (4.13), we get

Diam(Ñ , h̃(0)) ⩾ 90C.
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By the Definition 4.8, it follows
F (ϕT (pi)) > 50C, i ≫ 1.

So
lim sup

i→∞
F (ϕT (pi)) ⩾ 50C. (4.14)

However, by the condition of proposition, we see
lim sup

p→∞
F (p) < 2C, (4.15)

which contradicts to (4.14). Hence, (N,h(t)) must be of type I. By [27],
we also get (4.1). The Proposition 4.1 is proved. □

5. Proofs of Theorems 1.3 and 1.2

In this section, we prove Theorems 1.3 and 1.2 by the results obtained in
Sections 2–4.

5.1. Proof of Theorem 1.3

We use the argument by contradiction. On the contrary, we suppose that
there exists a sequence of rescaled Ricci flows (M, gqi

(t); qi) (qi → ∞), which
converges to a limit Ricci flow (N ′ × R, h′(t) + ds2; q∞), where (N ′, h′(t)) is
a compact ancient κ-solution of type I. Then by Lemma 4.2, there exists a
constant C0 > 0 such that for any small ϵ > 0 it holds,

F (qi) = Fϵ(qi) ⩽ C0.

By Proposition 3.8, it follows
F (q) ⩽ C, (5.1)

for all q ∈ f−1(f(qi)). We note that the constant C is uniform by the classi-
fication result, Lemma 4.2, i.e., it is independent of the sequence of normally
rescaled Ricci flows with a compact ancient κ-solution limit of type I.

On the other hand, for the sequence of (M, gpi(t); pi) in Theorem 1.3, we
can choose a point pi0 ∈ {pi} such that

F (pi) > 100C, (5.2)

for all i > i0. As in Section 3.2, we set X̂ = ∇f
|∇f | and Γ(s) be an integral

curve of X̂ starting from pi0 , i.e., Γ(0) = pi0 . Then Γ(s) tends to the infinity
by Remark 3.4 and (2.10), since Proposition 3.3 holds. Hence, there is a
point q′

i such that q′
i = Γ(si) and f(Γ(si)) = f(qi). By (5.1), F (qi) ⩽ C.
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Set

s1
i = inf

{
s ⩾ f(pi−1)

∣∣∣∣∣F (Γ(µ)) ⩽ 10C for all µ
with f(Γ(µ)) ∈ [f(Γ(s)), f(qi)]

}
and

s2
i = sup

{
s ⩾ f(qi)

∣∣∣∣∣F (Γ(µ)) ⩽ 10C for all µ
with f(Γ(µ)) ∈ [f(qi), f(Γ(s))]

}
.

Then by Remark 4.8, it is easy to see that s1
i < si < s2

i . Let p1
i = Γ(s1

i ) and
p2

i = Γ(s2
i ). We conclude: for ϵ ≪ 1, it holds (5.3)

f(p1
i ) < f(p2

i ); (5.3.a)
f(p1

i ) < f(p1
i+1), f(p2

i ) < f(p2
i+1); (5.3.b)

f(p1
i ) < f(qi) < f(p2

i ); (5.3.c)

F (p1
i ), F

(
p2

i

)
∈

[
10C − 1

10 , 10C + 1
10

]
; (5.3.d)

F (p) ⩽ 10C, ∀ p ∈ Γ(s) with f(p1
i ) < f(p) < f(p2

i ). (5.3.e)
See Figure 5.1.

Figure 5.1.

We need only to check (5.3.d) for p1
i with same for p2

i . Suppose that
Fϵ(p1

i )< 10C− 1
10 . Then by Remark 4.8, there is s<s1

i such that Fϵ(f(Γ(s))<
10C − 1

20 whenever ϵ < ( 1
100C )2. Thus by the definition of s1

i , we also get
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s ⩾ s1
i . But this is impossible! Hence Fϵ(p1

i ) ⩾ 10C − 1
10 . By the same

argument, we can also get Fϵ(p1
i ) ⩽ 10C + 1

10 .

By Proposition 2.2 and the relation (5.3.d), (M, gp1
i
(t); p1

i ) converges sub-
sequently to (N1 × R, h1(t) + ds2; p1

∞), where h1(t) satisfies

Diam(h1(0)) ∈ [10C − 1, 10C + 1].

Thus, by (5.1), we see that h1(t) must be a compact ancient κ-solution of
type II. By Lemma 4.4, it follows

R(p1
∞, tk) Diam(h1(tk))2 −→ ∞

for any tk → −∞. Hence, there exists a k0 such that

R(p1
∞, tk0)1/2 Diam(h1(tk0)) > 100C. (5.4)

We fix tk0 so that ϵ−1 > −10tk0 as long as ϵ ≪ 1.

Next we claim there exists a constant A > 0 such that

s2
i − s1

i < AR(p1
i )−1 (5.5)

for all i ≫ 1.

Suppose that the above claim is not true. Then by taking a subsequence,
we may assume

R(p1
i )(s2

i − s1
i ) −→ ∞. (5.6)

Recall that {ϕt}t∈(−∞,∞) is the flow of −∇f with ϕ0 the identity and
(g(t),Γ(s)) is isometric to (g(0), ϕt(Γ(s))), where g(0) = g. Then

ϕt(Γ(s)) = Γ
(
s−

∫ t

0
|∇f |(ϕµ(Γ(s)))dµ

)
Let Tk0,i = tk0R(p1

i )−1 = tk0R(Γ(s1
i ))−1 and

s′
i = s1

i −
∫ Tk0,i

0
|∇f |

(
ϕµ(Γ(s1

i ))
)
dµ. (5.7)

It follows
s′

i − s1
i ⩽ −Tk0,i = −tk0R

(
Γ(s1

i )
)−1

. (5.8)

By combining (5.6) and (5.8), we see that s′
i ∈ [s1

i , s
2
i ] for i ≫ 1. Hence, by

the relation (5.3.e), we obtain

F (Γ(s′
i)) ⩽ 10C. (5.9)
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From the proof of Proposition 4.7, we know that for each Γ(s1
i ), there

exists an (n− 1)-dimensional compact ancient κ-solution hΓ(s1
i
)(t) such that(

M,R(Γ(s1
i )) g(R(Γ(s1

i ))−1t); Γ(s1
i )

)
ϵ−close∼

(
N × R, hΓ(s1

i
)(t) + ds2; p1

∞

)
. (5.10)

By the isometry, we also have(
M,R(Γ(s′

i)) g; Γ(s′
i)

) ∼=
(
M,R(Γ(s1

i ), Tk0,i)g(Tk0,i); Γ(s1
i )

)
∼=

(
M,

R(Γ(s1
i ), Tk0,i)

R(Γ(s1
i )) R(Γ(s1

i )) g(Tk0,i); Γ(s1
i )

)
.

Since R(Γ1(s1
i ), Tk0,i) ⩽ R(Γ(s1

i )) by the monotonicity of scalar curvature
along Γ(s), we get(

M,R(Γ(s′
i)) g; Γ(s′

i)
)

ϵ−close∼
(
N × R,

R(Γ(s1
i ), Tk0,i)

R(Γ(s1
i )) hΓ(s1

i
)(tk0) + ds2; p1

∞

)
. (5.11)

Note that there are also another (n − 1)-dimensional compact ancient
κ-solutions hΓ(s′

i
)(t) corresponding to the point Γ(s′

i) as in (5.10) such that(
M,R(Γ(s′

i))g; Γ(s′
i)

) ϵ−close∼
(
hΓ(s′

i
)(0) + ds2; p′

∞

)
. (5.12)

Hence, combining (5.11) and (5.12), we derive

hΓ(s′
i
)(0) ϵ−close∼

R
(
Γ(s1

i ), Tk0,i

)
R(Γ(s1

i )) hΓ(s1
i
)(tk0)

ϵ−close∼ Rh

(
Γ(s1

i ), tk0

)
hΓ(s1

i
)(tk0).

(5.13)

As a consequence, there exists a constant C1 > 0 such that∣∣∣Diam
(
Rh(Γ(s1

i ), tk0)hΓ(s1
i
)(tk0)

)
− Diam

(
hΓ(s′

i
)(0)

)∣∣∣ ⩽ C1
√
ϵ. (5.14)

On the other hand, by the fact

hΓ(s1
i
)(tk0) ϵ−close∼ h1(tk0), as i ≫ 1,

there exists a constant C2 > 0 such that∣∣Rh

(
Γ(s1

i ), tk0

)
−R

(
p1

∞, tk0

)∣∣ ⩽ C2ϵ, as i ≫ 1,

where R is the scalar curvature w.r.t. h1. Then

Rh

(
Γ(s1

i ), tk0

)
hΓ(s1

i
)(tk0) 4C2ϵ−close∼ R

(
p1

∞, tk0

)
h1(tk0).
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Since (N1, h1(tk0)) is compact, we get∣∣∣Diam
(
Rh

(
Γ(s1

i ), tk0

)
hΓ(s1

i
)(tk0)

)
− Diam

(
R

(
p1

∞, tk0

)
h1(tk0)

)∣∣∣
⩽ C3

√
ϵ, (5.15)

where C3 > 0 is a uniform constant. Thus combining (5.14)–(5.15) with (5.4),
we prove

F (Γ(s′
i)) ⩾ Diam

(
hΓ(s′

i
)(0)

)
− C4

√
ϵ

⩾ Diam
(
Rh

(
Γ(s1

i ), tk0

)
hΓ(s1

i
)(tk0)

)
− C4

√
ϵ− C1

√
ϵ

⩾ Diam
(
R

(
p1

∞, tk0

)
h1(tk0)

)
− (C1 + C3 + C4)

√
ϵ

> 98C,

where C4 > 0 is a uniform constant. But this is impossible by (5.9). Hence,
(5.5) must be true.

Now we can finish the proof of Theorem 1.3. By (5.5) and the rela-
tion (5.3.c), we have

s2
i − si ⩽ s2

i − s1
i ⩽ AR

(
Γ(s1

i )
)−1

⩽ AR(Γ(si))−1
, (5.16)

where the last inequality follows from the monotonicity of R along Γ(s).
Since (M, gΓ(si)(t); Γ(si)) converges subsequently to the limit flow (N ′ × R,
h′(t) + ds2; q∞), by the shrinking property of type I solution (N ′, h′(t)) in
Lemma 4.2, we know

Diam(Rh′(q∞, t)h′(t))) ⩽ 2C, ∀ t ⩽ 0. (5.17)

Then as in the proof of (5.13), we get

hΓ(s2
i
)(0) ϵ−close∼ Rh(Γ(si), t′i)hΓ(si)(t′i) (5.18)

for some t′i, where −t′i < 2A by (5.7) and (5.16). Thus, combining (5.17)
and (5.18) and by the convergence of (M, gΓ(si)(t); Γ(si)), we obtain

F (Γ(s2
i )) ⩽ 3C, as i ≫ 1.

But this is impossible since by the relation (5.3.d) it holds

F (Γ(s2
i )) = F (p2

i ) ⩾ 10C − 1
10 .

Therefore, we prove Theorem 1.3. □

Theorem 1.3 implies Corollary 1.4.

Proof of Corollary 1.4. — Suppose that there exist two splitting limit
flows (N1 × R, h1(t) + ds2; p1

∞) and (N2 × R, h2(t) + ds2; p2
∞) of rescaled

flows (M, gp1
i
(t); p1

i ) and (M, gp2
i
(t); p2

i ), respectively, such that (N1, h1(t)) is
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a compact ancient κ-solution of type I, and (N2, h2(t)) is another compact
ancient κ-solution of type II. We claim that

lim sup
ϵ→0

lim sup
p→∞

Fϵ(p) = ∞. (5.19)

On the contrary, there will be a uniform constant C > 0 such that all split
ancient κ-solutions (Nn−1, h(t)) of (n− 1)-dimension satisfy (3.1). Then by
Proposition 4.1, it follows that every split limit flow h(t) must be an ancient
κ-solution of type I. But this is impossible since h2(t) is a compact ancient
κ-solution of type II. Thus the claim is true.

By (5.19), after taking a diagonal subsequence, it is easy to see that there
is a sequence of pointed flows (M, gqi

(t); qi), which converges subsequently to
a splitting Ricci flow (N ′ ×R, h′(t) + ds2; q∞) for some noncompact ancient
κ-solution (N ′, h′(t)). Thus, by Theorem 1.3, there cannot exist any compact
splitting limit flow of type I. But this is impossible since h1(t) is a compact
ancient κ-solution of type I. This proves the corollary. □

In the next subsection, we prove Theorem 1.2 by Theorem 1.3.

5.2. Proof of Theorem 1.2

By the assumption, the (n − 1)-dimensional split ancient flow (N,h(t))
of limit of (M, gpi

(t), pi) is a family of shrinking round quotient spheres.
Namely, (N,h(0)) is a quotient of round sphere, so it is of type I. We first
show that (M, g) has positive Ricci curvature on M .

On the contrary, Ric(g) is not strictly positive. We note that the scalar
curvature R(pi) decaying to zero is still true in the proof of Proposition 3.3
without Ric(g) > 0 away from a compact set of M . Then as in the proof
of [19, Lemma 4.6], we see thatXi = R(pi)− 1

2 ∇f → X∞ w.r.t. (M, gpi
(t); pi),

where X∞ is a non-trivial parallel vector field. Thus according to the argu-
ment in the proof of [19, Theorem 1.3], the universal cover of (N,h(t)) must
split off a flat factor Rd (d ⩾ 1). However, the universal cover of N is Sn−1.
This is a contradiction! Hence, we conclude that Ric(g) > 0 on M .

Now we divide into two cases to prove Theorem 1.2.

Case 1: lim supp→∞ Fϵ(p) < C for any ϵ < 1. — By Proposition 4.1 and
Lemma 4.2, all (n − 1)-dimensional split ancient κ-solutions (N ′, h′(t)) are
of type I, and each of them is one described in (4.1).

Case 2: lim supϵ→0 lim supp→∞ Fϵ(p) = ∞. — In this case, there will
exist a sequence of pointed flows (M, gqi

(t); qi), which converges subsequently
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to a splitting Ricci flow (N ′×R, h′(t)+ds2; q∞) for some noncompact ancient
κ-solution (N ′, h′(t)). But this is impossible by Theorem 1.3 since we already
have had a split ancient limit flow (N,h(t)) of type I. Thus Case 2 can be
excluded. We note that in the case of n = 4, we can apply Theorem 1.5 to
see that any 3d split ancient flow (N ′, h′(t)) of limit of (M, gqi

(t), qi) is a
family of shrinking round quotient spheres.

It remains to show that every split limit flow (N ′, h′(t)) in Case 1 is in
fact a family of shrinking round spheres.

By Proposition 3.3, the scalar curvature of (M, g) decays to zero uni-
formly. Then (M, g) has unique equilibrium point o by the fact Ric(g) > 0.
Thus the level set Σr = {f(x) = r} is a closed manifold for any r > 0, and
it is diffeomorphic to Sn−1 (cf. [19, Lemma 2.1]).

On the other hand, as in the proof of Lemma 3.7, the level sets (Σf(qi),
gqi

; qi) converge subsequently to (N ′, h′(0); q∞) w.r.t. the induced metric gqi

on Σf(qi) by gqi
. Since each Σf(qi) is diffeomorphic to Sn−1, N ′ is also dif-

feomorphic to Sn−1. Thus (N ′, h′(t)) is a family of shrinking round spheres.

By the above argument, we see that Definition 1.1(ii) is satisfied. Thus
by [18, Lemma 6.5], (M, g) is asymptotically cylindrical. It follows that
(M, g) is isometric to the Bryant Ricci soliton up to scaling by [7]. Hence,
the Theorem 1.2 is proved. □

6. 4d steady gradient Ricci solitons

In this section, we prove Theorem 1.5 and Theorem 1.6 by improving The-
orem 1.3 for 4d steady gradient Ricci solitons. We first recall recent works on
compact 3d ancient κ-solitons by Angenent–Brendle–Daskalopoulos–Sesum
and Brendle–Daskalopoulos–Sesum [1, 9], then we estimate the diameter of
(N,h(0)) for any split limit flow (N,h(t)) of the rescaled flow sequence.

6.1. Perelman’s ancient solution

As we know, Perelman’s model of ancient solution is of type II, which
is defined on S3 with Z2 × O(2)-symmetry for any t ∈ (−∞, 0) [29]. Fix
p0 ∈ S3. We normalize the Perelman solution by

Rmax(−1) = R(p0,−1) = 1. (6.1)
For simplicity, we denote it by (S3, gPel(t); p0), t ∈ (−∞, 0).
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The asymptotic behavior of (S3, gPel(t); p0) has been computed in [1]
as follows,

Diam(gPel(t)) ⩾ 2.1
√

(−t) log(−t),

Rmax ⩽ 1.1 log(−t)
−t

,

Rmin ⩾
C

−t
.

(6.2)

Here −t ⩾ L for some large L > 10000C > 10000. In particular, there
exists a constant CDiam such that Diam(gPel(t)) ⩾ CDiam, when −t ⩾ 2L.
Moreover,

Diam(gPel(t))R
1
2 (q, t)

is strictly increasing as t → −∞, and

lim
t→−∞

Diam(gPel(t))R
1
2 (q, t) = ∞, ∀ q ∈ S3. (6.3)

The above convergence is uniform. Usually, we call 3d ancient κ-solitons of
type II on S3 as Perelman (ancient) solutions.

The following classification result of 3d compact ancient κ-solutions of
type II was proved in [9].

Theorem 6.1. — Any 3d compact simply connected ancient κ-solution
of type II coincides with a reparametrization in space, a translation in time,
and a parabolic rescaling of Perelman solution (S3, gPel(t); p0).

By Theorem 6.1, for any simply connected compact 3d κ-solution (M,
h(t); q) of type II and a point q ∈ M , there exist constant λ, a time T ,
p ∈ S3 and a diffeomorphism Ψ from S3 to M such that Ψ(p) = q and(

Ψ−1(M), λΨ∗(h(λ−1t)), Ψ−1(q)
)

=
(
S3, gPel(t− T ); p0

)
. (6.4)

We note that the Perelman’s solution (S3, gPel(t); p0) is Z2 × O(2)-sym-
metric. Then the isometric subgroup of (S3, gPel(t); p0) must be Z2×G, where
G is a subgroup of O(2). Thus G fixes the minimal geodesic connecting the
two tips of the Perelman solution. It follows that any quotient of Perelman
solution, which is also an ancient κ-solutions, satisfies (6.2). Hence, by the
classification Theorem 6.1, we get

– 831 –



Ziyi Zhao and Xiaohua Zhu

Proposition 6.2. — Let (M,h(t)) be a 3d compact ancient κ-solutions
of type II and p ∈ M , which satisfies

R(p, 0) = 1 (6.5)

and

Diam(h(0)) = 2C ′

3 > 10CDiam. (6.6)

Then for any q ∈ M , Diam(h(t))R 1
2 (q, t) is strictly decreasing for t ⩽ 0.

Moreover, there exists a T (C ′) such that

Diam(h(T (C ′)))R 1
2 (q, T (C ′)) = 2C ′. (6.7)

By Theorem 6.1 and Proposition 6.2, we are able to classify the split an-
cient κ-solutions of dimension 3 when the 4d noncompact κ-noncollapsed
steady Ricci soliton in Theorem 1.5 admits a split noncompact ancient
κ-solution (N,h(t)).

6.2. An estimate of (4.8)

In this subsection we estimate (4.8) by Proposition 6.2 and prove

Proposition 6.3. — Let (M, g) be a 4d noncompact κ-noncollapsed
steady Ricci soliton in Theorem 1.5. Suppose that there exists a sequence
of pointed rescaled Ricci flows (M, gpi(t); pi), which converge subsequently
to a splitting Ricci flow (h(t) + ds2; p∞) for some noncompact ancient κ-
solution h(t). Then for any limit flow (h′(t) + ds2; q∞) of rescaled Ricci
flows (M, gqi

(t); qi), h′(t) is a noncompact ancient κ-solution.

Proof. — We will modify the argument in the proof of Theorem 1.3. By
the contradiction, we suppose that there exists a limit flow (h′(t) + ds2; q∞)
converged by rescaled flows (M, gqi

(t); qi), which satisfies (3.1). Then by
Proposition 3.8, there exists a uniform constant C3(C) > 0, such that

F (p′
i) ⩽ C3 (6.8)

for all i, and all p′
i ∈ f−1(f(qi)).

Fix C ′ = max{100CDiam, 10C3} and T (C ′) as in Proposition 6.2. We
choose an ϵ > 0 such that ϵ−1 > max{−10T (C ′), 100C ′}. Thus for the
sequence of (M, gpi

(t); pi) in Proposition 6.3, we can choose a point pi0 ∈ {pi}
such that

F (pi0) > C ′ ⩾ 100CDiam.
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Let Γ be the integral curve of X̂ passing through pi0 with Γ(0) = pi0 as
chosen in Section 5.1. We claim:

F (Γ(s)) > 1
2C

′, ∀ s ⩾ 0. (6.9)

Define
s0 = sup{s ⩾ 0 | F (Γ(s′)) ⩾ C ′, ∀ s′ ∈ [0, s]}.

If s0 = ∞, F (Γ(s)) > C ′ for all s ⩾ 0. Then (6.9) is obvious true in this
case. Thus we may consider the case s0 < ∞, i.e., F (Γ(s0)) = C ′ for some
s′ = s0. It follows that there exists a 3d compact ancient κ-solution hΓ(s0)(t)
such that(

M,R(Γ(s0)) g
(
R(Γ(s0))−1t

)
; Γ(s0)

)
ϵ−close∼

(
N × R, hΓ(s0)(t) + ds2; p∞

)
. (6.10)

Since the diameter of hΓ(s0)(0) is large, hΓ(s0)(t) can not be a family of
shrinking quotient spheres. Hence, by Theorem 6.1, it must be a quotient of
Perelman solution after a reparametrization.

By Proposition 6.2, we see that Diam(hΓ(s0)(t))R
1
2
h (Γ(s0), t) is strictly

decreasing for t ∈ (−ϵ−1, 0], where Rh denotes the scalar curvature w.r.t.
hΓ(s0)(t). Then by the choice of the number s0, it follows

Diam(hΓ(s0)(t))R
1
2
h (Γ(s0), t) ⩾ 2C ′

3 , t ∈
(
−ϵ−1, 0

]
. (6.11)

Moreover, by the choice of T (C ′), we have

Diam(h(T (C ′))R
1
2
h (Γ(s0), T (C ′)) = 2C ′.

Let t1 = min{−1000, T (C ′)} ⩾ − ϵ−1

2 . Thus

Diam
(
hΓ(s0)(t1)

)
R

1
2
h (Γ(s0), t1) ⩾ 2C ′. (6.12)

As in the proof of Theorem 1.3, we have

ϕt(Γ(s)) = Γ
(
s−

∫ t

0
|∇f |

(
ϕµ(Γ(s))

)
dµ

)
Let T = tR(Γ(s0))−1 < 0 and

s = s0 −
∫ T

0
|∇f |

(
ϕµ(Γ(s0))

)
dµ. (6.13)

Set

s1 = s0 −
∫ T1

0
|∇f |

(
ϕµ(Γ(s0))

)
dµ,
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where T1 = t1R(Γ(s0))−1, see Figure 6.1. Since the scalar curvature R of
(M, g) decays to 0 uniformly by Proposition 3.3, we may assume |∇f | ⩾ 1

2
along Γ. Thus

s1 − s0 ⩾ 500R−1(Γ(s0)) ⩾ 500R−1
max = 500. (6.14)

Figure 6.1.

Note that ϕT (Γ(s0)) = Γ(s) and (g(T ),Γ(s0)) is isometric to (g(0),Γ(s)),
where g(0) = g, for all s ∈ [s0, s1]. Then(

M,R(Γ(s))g; Γ(s)
) ∼=

(
M,R(Γ(s0), T )g(T ); Γ(s0)

)
∼=

(
M,

R(Γ(s0), T )
R(Γ(s0)) R(Γ(s0)) g(T ); Γ(s0)

)
.

(6.15)

Since R(Γ(s0), T ) ⩽ R(Γ(s0)) by (2.4), we get from (6.10),(
M,R(Γ(s))g; Γ(s)

)
ϵ−close∼

(
N × R,

R(Γ(s0), T )
R(Γ(s0)) hΓ(s0)(t) + ds2; p∞

)
. (6.16)

On the other hand, there is another 3d compact ancient κ-solution hΓ(s1)(t)
corresponding to the point Γ(s) such that

(M,R(Γ(s))g; Γ(s)) ϵ−close∼
(
hΓ(s)(0) + ds2, p′

∞
)
. (6.17)

Hence, combining (6.16)–(6.17), we derive

hΓ(s)(0) ϵ−close∼ R(Γ(s0), T )
R(Γ(s0)) hΓ(s0)(t), ∀ t ∈ [t1, 0]. (6.18)
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By the convergence of (M, gp(t); p), we know that there exists a constant
C1 > 0 such that∣∣∣∣R(Γ(s0), T )

R(Γ(s0)) −Rh(Γ(s0), t)
∣∣∣∣ ⩽ C1ϵ, ∀ t ∈ [t1, 0],

and so,∣∣∣∣Diam
(
R(Γ(s0), T )
R(Γ(s0)) hΓ(s0)(t)

)
− Diam

(
Rh(Γ(s0), t)hΓ(s0)(t))

)∣∣∣∣ ⩽ C2
√
ϵ

for some C2 > 0. Then by (6.18), the monotonicity (6.11) implies that

F (Γ(s)) ⩾ 2C ′

3 − 2C2
√
ϵ >

1
2C

′, ∀ s ∈ [s0, s1]. (6.19)

Moreover, by (6.12),
F (Γ(s1)) > 2C ′ − 2C2

√
ϵ > C ′. (6.20)

By (6.20) together with (6.19) and (6.14), we can repeat the above argu-
ment to obtain (6.9). On the other hand, the curve Γ(s) passes through the
sequence of level sets f−1(f(qi)) because of lims→∞ f(Γ(s)) = ∞. Thus for
each qi (i ≫ 1) there exists p′

i ∈ f−1(f(qi)) such that p′
i = Γ(si) for some si.

By (6.8), F (p′
i) ⩽ C3, which contradicts to (6.9). Hence, Proposition 6.3 is

proved. □

6.3. Proofs of Theorems 1.5 and 1.6

We first use Proposition 4.1 together with Proposition 6.3 to prove The-
orem 1.5.

Proof of Theorem 1.5.

Case 1: lim supp→∞ Fϵ(p) < C for any ϵ < 1. — (3.1) holds for all split
ancient κ-solution h(t) arising from the blow-down of (M, g), and so they
are all of type I by Proposition 4.1. Thus by (4.1) in Lemma 4.2 to the case
of n = 4, all h(t) must be a family of 3d shrinking round quotient spheres.

Case 2: lim supϵ→0 lim supp→∞ Fϵ(p) = ∞. — In this case, by taking
a diagonal subsequence, there is a sequence of pointed flows (M, gqi(t); qi),
which converges subsequently to a splitting Ricci flow (N ′×R, h′(t)+ds2; q∞)
for some noncompact ancient κ-solution h′(t). Then by Proposition 6.3,
(N,h(t)) is also noncompact from any splitting limit flow (N × R, h(t) +
ds2; p∞) of (M, gpi(t); pi). Theorem 1.5 is proved. □

By Theorem 1.5, we can use the argument in the proof of Theorem 1.2
to get Theorem 1.6 immediately.
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Proof of Theorem 1.6. — By Theorem 1.5, we see that any 3d split
ancient flow (N ′, h′(t)) arising from the blow-down of (M, g) is a family of
shrinking round quotient spheres. Moreover, as in the proof of Theorem 1.2
on can show that Ric(g) is strictly positive on M and consequently (N ′, h′(t))
is in fact a family of shrinking round spheres. Thus Definition 1.1(ii) is
satisfied. Thus by [18, Lemma 6.5], (M, g) is asymptotically cylindrical. It
follows that (M, g) is isometric to the Bryant Ricci soliton up to scaling
by [7]. Theorem 1.6 is proved. □

Based on Proposition 4.1 we propose the following conjecture for the
general dimensional case of Theorem 1.5.

Conjecture 6.4. — Let (Mn, g) (n ⩾ 4) be an n-dimensional noncom-
pact κ-noncollapsed steady gradient Ricci soliton with Rm ⩾ 0 and Ric > 0
away from a compact set K of M . Then either all split limit ancient Ricci
flows (N,h(t)) arising from the blow-down of (M, g) are (n−1)-dimensional
shrinking Ricci solitons described in (4.1), or all (N,h(t)) are noncompact
ancient κ-solutions of (n− 1)-dimension.
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