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Nonlocal Hamilton–Jacobi Equations on a network
with Kirchhoff type conditions (∗)

Guy Barles (1), Olivier Ley (2) and Erwin Topp (3)

ABSTRACT. — In this article, we consider nonlocal Hamilton–Jacobi Equations on
networks with Kirchhoff type conditions for the interior vertices and Dirichlet bound-
ary conditions for the boundary ones: we provide general existence and comparison
results in the case when the nonlocal operator is an integro-differential operator of
order strictly less than 1. The main originality of these results is to allow these
nonlocal terms to have contributions on several different edges of the network. The
existence of Lipschitz continuous viscosity solutions is proved in two ways: either by
using the vanishing viscosity method or by the usual Perron’s method. The compari-
son proof relies on arguments introduced by Lions and Souganidis. We also introduce
a notion of flux-limited solution, nonlocal analog to the one introduced by Imbert
and Monneau, and prove that the solutions of the Kirchhoff problem are flux-limited
solutions for a suitable flux-limiter. After treating in details the case when we only
have one interior vertex, we extend our approach to treat general networks.

RÉSUMÉ. — Dans cet article, nous considérons des équations de Hamilton–Jacobi
non-locales sur des réseaux avec conditions de type Kirchhoff aux nœuds intérieurs
et des conditions de bord de Dirichlet aux extrémités du réseau: nous prouvons des
résultats d’existence et de comparaison généraux dans le cas où l’opérateur non-local
est un opérateur intégro-différentiel d’ordre strictement plus petit que 1. L’originalité
principale de ces résultats est de permettre des contributions des termes non-locaux
dans toutes les arêtes du réseau. L’existence d’une solution de viscosité lipschitzienne
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est établie de deux manières différentes: en utilisant une méthode de viscosité éva-
nescente ou par la méthode de Perron. La preuve du principe de comparaison repose
sur des arguments introduits par Lions et Souganidis. Nous introduisons aussi une
notion de solution avec limiteur de flux qui est l’analogue non-local ce celle intro-
duite par Imbert et Monneau. Nous prouvons que les deux notions de solutions sont
équivalentes. L’étude est faite en détail dans le cas d’un réseau de type jonction mais
nous expliquons comment étendre nos résultats au cas des réseaux généraux.

1. Introduction

1.1. General description of the problem

In this article, we are interested in nonlocal Hamilton–Jacobi Equations
(NLHJE) posed on a general network Γ with Kirchhoff type conditions for
the interior vertices and Dirichlet (or other) boundary conditions for the
boundary ones. Our aim is to provide a complete approach in the case when
the nonlocal term is of order strictly less that 1 but may involve integral
terms on several edges, and not only the current one. This means existence
and uniqueness results but also a connection with the notion of flux-limited
solutions of Imbert and Monneau [26].

A general network Γ in Rd is made of a finite number of vertices v ∈ V
connected with a finite number of edges E ∈ E. Each edge has the differential
structure of a curve and, by using a suitable parametrization, we can define
an Hamilton–Jacobi Equation on it. In general, these equations are edge-by-
edge unrelated, but after adding Kirchhoff-type conditions on some interior
vertices v ∈ Vi (those which are connected to several edges), and suitable
boundary conditions on the remaining boundary vertices v ∈ Vb, with V =
Vi ∪ Vb, Vi ∩ Vb = ∅, we are lead to a system of equations on the whole
network which may be well-posed.

We first describe the type of problem we have in mind at a formal level.
Given the interior vertex conditions Bv ∈ R,v ∈ Vi, and the boundary
vertex data hv ∈ R,v ∈ Vb, we consider the stationary Kirchhoff–Dirichlet
problem

λu− Iu(x) +H(x, ux) = 0, x ∈ Γ \ V, (NLHJE)∑
E∈Inc(v) −∂Eu(v) = Bv, v ∈ Vi, (Kirchhoff condition)

u(v) = hv, v ∈ Vb. (Dirichlet condition)
(1.1)
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Here λ > 0 is a constant, the nonlocal operator I and the Hamiltonian H
are, in fact, some collections {IE}E∈E, {HE}E∈E such that, on the one hand,

IEu(x) =
∫

Γ
[u(z) − u(x)]νE(x, z) dz, (1.2)

x ∈ E is an integro-differential operator whose kernel νE satisfies a Lévy-type
integrability condition, namely∫

Γ
min{dist(x, z)σE , 1}νE(x, z) dz < +∞ for some 0 < σE < 1, (1.3)

where we have identified dz with dH1(z), the 1-dimensional Hausdorff mea-
sure in Rd.

For a general network, we have no intrinsic definition of ux and therefore
no intrinsic definition of HE . This requires a parametrization of each edge,
a definition of ux and then of HE for any E. We do not want to enter into
details here and we refer the reader to Section 7 for a complete description
of this general case.

In this introduction, and in most of our article, we are going to consider
the case of a simple junction, i.e., the case when there is only one interior
point and the different edges are segments. More specifically, Vi = {O},
where O is the origin in Rd, connected to a finite number of finite length edges
{Ei}1⩽i⩽N that link it to a finite set of exterior vertices Vb = {vi}1⩽i⩽N .
In this setting, we write

Ei = {tvi, t ∈ (0, 1)},
and, for x ∈ Ei, we set xi := |x|, which is the parametrization by arc length
of the (open) segment Ei. Finally we define ui : [0, ai] → R, where ai = |vi|,
by

ui(xi) := u(x) if x ∈ Ei,

and we use the notation uxi
(x) = u′

i(xi), again if x ∈ Ei. With these nota-
tions, we can define in a proper way the Hamiltonians Hi : Ei ×R → R and
our problem can be written as

λu(x) − Iiu(x) +Hi(x, uxi) = 0, x ∈ Ei, 1 ⩽ i ⩽ N,∑
1⩽i⩽N −uxi

(O) = B,

ui(ai) = hi, 1 ⩽ i ⩽ N,

(1.4)

where, for the sake of notations, we replace the dependence with respect to
the edge Ei by the simpler subscript i.

We refer the reader to Sections 2, 3 and 7 for precise definitions and,
in particular for the notion of viscosity solutions: this notion of solutions is
the one which is used by Lions and Souganidis [30, 31] and which is called
“junction viscosity solutions” in the book of Barles and Chasseigne [8].
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We stress on the fact that even in this simplest version of a single interior
vertex, the main difficulties of the problem are still there, namely the fact
that both the Hamiltonians and the nonlocal operators do not satisfy any
continuity or compatibility condition at interior vertices Vi. This is the rea-
son why we make an exhaustive study of this case. We also mention that it
is possible to implement other boundary conditions on the vertices Vb such
as Neumann, or state-constraint conditions, as well as exterior conditions
which are natural in nonlocal problems, see Section 6 for more details.

1.2. Previous results

We prove the well-posedness of this simplified problem (1.4) by using
this notion of (junction) viscosity solutions. Though there is an intense re-
search activity on viscosity solutions for local Hamilton–Jacobi Equations
(HJ-Equations for short) on networks and, more generally, on stratified struc-
tures, few is known about nonlocal equations and this paper intends to be
one of the first studying nonlocal equations in this framework.

Thus, before describing more precisely our results, we briefly review the
literature for local equations.

Despite we use a pure PDE approach and we will not consider potential
applications in stochastic optimal control problems in this paper, (1.1) is in-
timately linked with control when the Hamiltonians HE are convex (or con-
cave). In the case of networks, the analysis of deterministic optimal control
problems posed on a simple junction and its relation with time-dependent
HJ-Equations can be found in the seminal works Achdou et al. [1] (see
also [4]) and Imbert et al. [27]. Then, Imbert and Monneau in [26] introduced
the notion of flux-limited solutions, a particular notion at the junction point
whose properties makes it compatible with the optimal control perspective,
and allows to weaken some of the standing assumptions on the problem. In
parallel, Lions and Souganidis [30, 31] (see also Morfe [32]) provide well-
posedness for HJ-Equations with Kirchhoff-type condition on the junction
(as in (1.1)), providing well-posedness for the problem and investigated its
relation with flux-limited solutions (See also [6] for more on the relation
among these two types of solutions). In the case of more general networks,
we can mention the papers of Camilli and Schieborn [34] and Siconolfi [35]
where some of their ideas are used in the treatment of general networks in
Section 7.

We end this discussion by noting that, in all the above works, the Hamilto-
nians Hi’s are assumed to be coercive with respect to uxi

near the junction
point (or equivalently, the authors assume some controllability condition
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near O). This kind of assumption seems difficult to weaken and even, in
the book [8], it is considered as an unavoidable assumption to have well-
posedness for Hamilton–Jacobi-Equations with discontinuities (a framework
which is technically rather close to the network one). From a technical point
of view, it provides some Lipschitz regularity of the subsolutions or on the
value function, and such a regularity is essential to perform the Lions–
Souganidis arguments in [31]. We also assume it throughout the paper,
see (2.6).

As far as elliptic or parabolic nondegenerate equations on networks are
concerned, existence and uniqueness of classical solutions can be found in
the work of Von Below [15] for linear parabolic equations, while weak and
classical solutions for nonlinear equations are studied in [2, 3, 18, 19, 33].
The case of degenerate equations is more delicate. In the context of viscosity
solutions, particular cases are considered in [28, 31] while the general case is
studied in [13].

For the readers who may be interested in stratified media, a pioneering
work in this direction is Bressan and Hong [16]: they show that the value
function of a certain optimal control problem is the viscosity solution of an
associated HJ-Equation posed on the Euclidean space, but whose Hamil-
tonian encodes the main features of the stratification. The book of Barles
and Chasseigne [8] provides a more general version of their results and,
even if they do not really consider problems set on networks, their study
of HJ-Equations with a co-dimension one discontinuity contains basic ideas
to compare “junction viscosity solutions” and “flux-limited solutions”; we
borrow several of their technical arguments in this article.

Let us mention that the analysis of equations on junctions has gone be-
yond existence and uniqueness, and it have also been addressed in more
involved settings such as mean field systems on networks [2, 3, 18], and
homogenization on networks [22].

1.3. Main results

In Section 5, we prove a (strong) comparison result for problem (1.4),
from which classical Perron’s method leads us to the well-posedness of a
viscosity solution u ∈ C(Γ) to the problem.

However, we have decided to present a constructive approach that gives
us a better understanding of the problem. This is one of the aim of Section 4.
The idea is to exploit the well-known vanishing viscosity method. We replace
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the PDE in the edges Ei in (1.4) with the approximate equation

λuϵ − ϵuϵ
xixi

− Iiu
ϵ +Hi(x, uϵ

xi
) = 0 in Ei, (1.5)

for ϵ ∈ (0, 1), where uϵ
xixi

:= (uϵ
i)′′(xi) for 1 ⩽ i ⩽ N .

As a first step, we construct a viscosity solution uϵ ∈ C1,1(Ei) ∩ C2(Ei)
following an idea of Ohavi [33]. It consists in solving the system with a
Dirichlet boundary condition at the junction O instead of the Kirchhoff
condition. By a continuous dependence result and the intermediate value
theorem, we prove we can choose the value of the Dirichlet condition at the
junction in order to recover the Kirchhoff condition.

We remark that our approximate solution uϵ satisfies the Kirchhoff condi-
tion in the classical sense (the derivative at the end of each edge exists). The
Kirchhoff junction condition together with the leading effect of the coercive
Hamiltonian allows us to prove uniform Lipschitz estimates on a neighbor-
hood of O for the family {uϵ}ϵ. By stability, a junction viscosity solution
to (1.4) is obtained in the passage to the limit ϵ → 0, and this solution
is Lipschitz continuous at the junction point. That is the content of our
existence result Theorem 4.4.

Another advantage to use this approach, instead of the direct applica-
tion of Perron’s method, is that we obtain, as a by-product, a general well-
posedness result for nonlinear viscous nonlocal Hamilton–Jacobi equations
with Kirchhoff conditions on general networks (see Theorem 7.5). Here, the
Intermediate Value Theorem is replaced by its higher dimensional version
encoded by Poincaré–Miranda theorem, see Section 7. This is a new result,
extending in the framework of nonlocal equations some previous works on
local equations [2, 18, 19, 28, 31].

The next step is the uniqueness of the solution, which is presented in
Theorem 5.1. We follow the approach presented in Lions and Souganidis [31].
As it is usual in problems on networks, all the difficulties are related to the
vertices. Here, the Lipschitz continuity of the (sub)solution allows us to avoid
the usual doubling variables procedure in the comparison proof, which is the
main difficulty here since the problem is naturally discontinuous at O. In
general, Hi(O, p) ̸= Hj(O, p) and Iiu(O) ̸= Iju(O) for i ̸= j. Our main
contribution is a careful study of the nonlocal operator at the junction O,
see the key Lemmas 3.3, 3.2 and 5.3.

Let us point out that the evaluation of the nonlocal operator at the junc-
tion requires the assumption (1.3) for σE < 1. The case σE ⩾ 1 is more
delicate, starting with the evaluation of higher-order nonlocal operators at
the junction point, and its viscosity formulation. One particular case that
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is considered here is when the nonlocality is censored to the edge, mean-
ing that the integration in (1.2) occurs only on Ei. Even in this simpler
scenario, the evaluation of Iiu(O) necessarily requires that uxi(O) = 0,
see Guan and Ma [24, Theorem 5.3], which is not always compatible with
prescribed Kirchhoff conditions at O.

Another difficulty in the σE ⩾ 1-case is that we may loose the leading
effect of the coercive Hamiltonian and this requires additional assumptions
on the nonlocal operator. Hence, it is a completely different case and, for
this reason, we do not consider it here and leave it for a future work.

This kind of difficulties also appear in the context of (local) second-order
problems. In most of the classical works, the authors require either that the
equations are nondegenerate in all edges (as, for example, Von Below [15])
or that they all degenerates on the junction (see [28, 31]). In the recent
work [13], we are able to combine both situations, with edges on which the
equations are nondegenerate and edges where they degenerate at the junc-
tion, by combining techniques from this paper together with the ellipticity
in the edges where the diffusion does not degenerate.

We address the connections with the notion of flux limited solutions in
Section 8, proving its equivalence with Kirchhoff-type solutions, once an
appropriate notion of flux limiter is defined. In this task, Lipschitz regularity
of subsolutions and a relaxed evaluation of the nonlocal operator in the
extended real line R ∪ {−∞,+∞} plays a key role to isolate the role of the
critical slopes in the flux limiter, making the problem closer to the pure
first-order case. That is the reason the ideas presented here hardly can be
used on equations with higher-order nonlocal operators.

We think that the techniques developed in this work can be adapted to
treat more general cases, e.g., the case of parabolic equations or more general
Hamiltonians, at least under suitable assumptions. Due to the length of the
paper, we leave these questions for future works.

The paper is organized as follows. In Section 2 we provide the details
of the definition of the junction and the PDE we consider, as well as the
standing assumptions. In Section 3 we introduce the notion of solution and
basic properties. In Section 4 we prove the existence of a viscosity solution to
the Kirchhoff problem, and provide some regularity estimates. In Section 5
we prove a strong comparison result. We list some possible extensions con-
cerning the boundary conditions in Section 6. Section 7 is devoted to the
case of general networks where we extend all the above results to this more
complicated setting; the aim task is to introduce a suitable parametrization
of each curve to be able to properly define ux and then HE . In Section 8
we introduce the notion of flux limited solution and prove its equivalence
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with the Kirchhoff-type solutions in the context of junctions. In Appendix A
we present the proofs of some auxiliar results that we use in the body of
the paper.
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2. Equation on a junction with Kirchhoff condition and Dirichlet
boundary condition

2.1. Junction

We quickly recall what we already explain in the introduction: we consider
the case of a star-shaped network Γ embedded in Rd, d ⩾ 2, where O =
(0, . . . , 0) ∈ Rd is the (unique) junction point (in other words, Vi = {O})
and we have a family of N “boundary vertices” Vb = {v1, . . . ,vN }, hence
of N (open) edges {Ei}1⩽i⩽N given by

Ei = {tvi, t ∈ (0, 1)}.
Of course, we assume that, for any i, j, vi ̸= O and vi, vj are not collinear;
as a consequence the Ei are non-empty and, if i ̸= j, Ei ∩ Ej = ∅. With
these notations, we have

Γ :=
N⋃

i=1
Ei, (2.1)

where Ei denotes the closure of the set Ei in Rd.

We now fix a natural parametrization of Γ by arc length, namely we set
xi = |x| on Ei, ai = |vi| and Ji = (0, ai), where | · | denotes the usual
Euclidean norm in Rd. We denote by γi : J i = [0, ai] → Ei the canonical
bijection γi(xi) = x if x ∈ Ei and |x| = xi. In particular, for each x ∈
Γ \ {O}, there exists a unique i such that x ∈ Ei, and in this case we write
xi = γ−1

i (x) ∈ Ji. Throughout the article we will often make the abuse
of notation by identifying x ∈ Ei and xi ∈ Ji. We also mention that the
parametrization we choose is coherent with the one we will choose in the
case of general networks (see Section 7 for details).
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We are going to consider the geodesic distance ρ on Γ. Given x, y ∈ Γ,
we define

ρ(x, y) =
{

|x− y| if x, y ∈ Ei,

|x| + |y| if x ∈ Ei, y ∈ Ej with i ̸= j.

Taking into account the way we parametrize the edges, we have ρ(x, y) =
|xi −yj | if i = j, and ρ(x, y) = xi +yj if i ̸= j. Thus, by abuse of notation, by
writing ρ(xi, yj) we mean ρ(γi(xi), γj(yj)) for xi ∈ J i and yj ∈ Jj . Notice
that the geodesic distance ρ and the distance induced on Γ by the Eulidean
norm are equivalent.

2.2. Function spaces

For a function u : Γ → R, we define ui = u ◦ γi : J i → R, from which we
have u(x) = ui(xi) for x ∈ Ei. The function ui depends on the parametriza-
tion we chose but not its regularity.

We denote by USC(Γ) (respectively LSC(Γ)) the subset of functions u :
Γ → R which are upper-semicontinuous (respectively lower-semicontinuous)
on Γ, that is, for all i, ui ∈ USC([0, ai]) (respectively ui ∈ LSC([0, ai])).
The subset C(Γ) = USC(Γ) ∩ LSC(Γ) is the set of continuous functions
on Γ. It coincides with the usual notion of continuity on Γ induced by the
geodesic distance. For further purpose, we also introduce the subset SC(Γ) =
USC(Γ) ∪ LSC(Γ).

For u : Γ → R, we say that u is differentiable at x ∈ Ei if ui is differen-
tiable at xi, and in that case we denote

ux(x) = uxi
(x) = u′

i(xi).

For m ∈ N, the space of m-times continuously differentiable functions on
Γ is defined by

Cm(Γ) := {u ∈ C(Γ) : ui ∈ Cm([0, ai]) for all i}.
Notice that u ∈ Cm(Γ) is assumed to be continuous on Γ, all the ui are
Cm-continuously differentiable inside the edges and all their derivatives of
order less than m can be extended by continuity to [0, ai]. More precisely,
when u ∈ C1(Γ), we define

uxi(O) := lim
x→O,
x∈Ei

ux(x) = lim
x→O,
x∈Ei

u(x) − u(O)
ρ(x,O) , (2.2)

uxi
(vi) := lim

x→vi,
x∈Ei

ux(x) = lim
x→vi,
x∈Ei

−u(x) − u(vi)
ρ(x,vi)

. (2.3)
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The above derivatives depend on the parametrization through the orienta-
tion we chose for the edges (notice the minus sign in the definition of the
second one).

To define more intrinsically the Kirchhoff condition, we may also use the
notion of inward derivative of u with respect to Ei at O, denoted by ∂iu(O);
this derivative has the advantage to be independent of the chosen orientation
of the edge but, of course, it is not independent of the parametrization. The
inward derivative is the right one to consider when dealing with Kirchhoff
condition: in our simple framework, ∂iu(O) = uxi

(O), but we underline that
it can be different to uxi

(O) for general networks because of the different
possible orientation.

In the sequel, for the sake of notations, we use the notation uxi(x) for the
derivatives of u in Ei. We point out again that this simplification of notation
will not be anymore possible for general networks in Section 7.

We finally recall that ui ∈ C0,αi([0, ai]), 0 < αi ⩽ 1, if

[ui]C0,αi ([0,ai]) := sup
xi,yi∈[0,ai],

xi ̸=yi

|ui(xi) − ui(yi)|
|xi − yi|αi

< +∞.

It allows to define the set of Hölder continuous functions on Γ by

C0,α(Γ) :=
{
u ∈ C(Γ) : ui ∈ C0,αi([0, ai]) for 0 < α ⩽ αi ⩽ 1

}
.

Notice that, thanks to the inequality

aα + bα ⩽ 21−α(a+ b)α for all a, b ⩾ 0, 0 < α ⩽ 1, (2.4)

if u ∈ C0,α(Γ) and K := maxi[ui]C0,αi ([0,ai]), then

|u(x) − u(y)| ⩽ 21−αKρ(x, y)α, for all x, y ∈ Γ. (2.5)

2.3. Hamiltonian

Now we explain the operators involved in our equation (1.1), starting with
the Hamiltonian H. We assume the existence of a collection {Hi}1⩽i⩽N such
that Hi ∈ C(Ei × R) for all i, and that satisfy

|Hi(x, p) −Hi(y, p)| ⩽ CH(1 + |p|)|x− y|, x, y ∈ Ei, p ∈ R, (i)
|Hi(x, p) −Hi(x, q)| ⩽ CH |p− q|, x ∈ Ei, p, q ∈ R, (ii)

C−1
H |p| − CH ⩽ Hi(x, p) ⩽ CH(1 + |p|), x ∈ Ei, p ∈ R, (iii)

(2.6)

for some CH > 1.
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For simplicity, we choose here to deal with coercive Hamiltonians sat-
isfying the classical assumptions coming from Optimal Control, see [5] for
instance. Nevertheless, several results presented here can be readily applied
to Hamiltonians with superlinear growth in the gradient, and/or less regu-
larity on the state variable.

Remark 2.1. — With these notations, given x ∈ Ei and p ∈ R, we nat-
urally identify Hi(x, p) and Hi(γ−1

i (x), p), meaning that the HJ-Equation
depends on the parametrization of the network. For instance, if we change
our parametrization in Section 2.1 with the opposite orientation, uxi

changes
sign and Hi(x, p) is changed into Hi(x,−p). When thinking to applications,
in optimal control problems for example, we often first parametrize the net-
work to be able to write the dynamic and the cost and then we derive the
family of Hamiltonians Hi, which allows to define the “abstract” Hamilton-
ian H on Γ.

2.4. Nonlocal operator

Next, we define the nonlocal operator Iu(x) for x ∈ Γ and u : Γ → R.

We consider a family of two-parametric measurable functions {νij}1⩽i,j⩽N

with the form νij : Ei × (0,∞) → [0,+∞), 1 ⩽ i, j ⩽ N , satisfying the fol-
lowing conditions:

There exist Λ > 0 and 0 < σ < 1 such that for all x, y ∈ Ei, r > 0

0 ⩽ νij(x, r) ⩽ Λ
r1+σ

, |νij(x, r) − νij(y, r)| ⩽ Λ
r1+σ

|x− y|. (2.7)

In particular, this means that the following Lévy integrability condition
(see (1.3)) takes place

sup
1⩽i,j⩽N

sup
x∈Ei

∫ ∞

0
min{rγ , 1}νij(x, r) dr < +∞, (2.8)

for all γ > σ.

Then, setting, for all x ∈ Ei,

νi(x, z) =
{
νii(x, ρ(x, z)) = νii(x, |xi − zi|), z ∈ Ei,

νij(x, ρ(x, z)) = νij(x, xi + zj), z ∈ Ej , j ̸= i,

we define

Iiiu(x) :=
∫

Ei

[u(z) − u(x)]νii(x, ρ(x, z)) dz,

=
∫

Ji

[ui(zi) − ui(xi)]νii(x, |xi − zi|) dzi.

(2.9)
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It is convenient to introduce the further notation

Iiju(x) :=
∫

Ej

[u(z) − u(x)]νij(x, ρ(x, z)) dz

=
∫

Jj

[uj(zj) − ui(xi)]νij(x, xi + zj) dzj .

(2.10)

in order that we can write

Iiu(x) = Iiiu(x) +
∑
j ̸=i

Iiju(x) for x ∈ Ei. (2.11)

Notice that the nonlocal operator Iiu requires the values of u on all Γ in
order to be evaluated. Writing Iiu as in (2.11), we call Iiiu the censored part
in Ei (which “does not see” the other edges) and

∑
j ̸=i Iiju is the exterior

part (which “interacts” with other edges). We finally say that Iiu is censored
to Ei if Iiju = 0 for j ̸= i (all the νij , i ̸= j, are zero).

Thanks to (2.7)–(2.8), the nonlocal operator is well-defined as soon as u
is Hölder continuous on Γ with an exponent larger than σ. More precisely,
we have the following estimate.

Lemma 2.2. — Consider the nonlocal operator I given by (2.9) under
Assumption (2.7). If u ∈ C0,γ(Γ) for some γ > σ, then the map x 7→ Iiu(x)
is in C0,γ−σ(Ei) for each i.

We present a proof of this lemma in Appendix A.

Remark 2.3. — We point out here that Assumption (2.7) and its main
consequence, namely (2.8), is necessary to have the result of Lemma 2.2
and to perform the approach of Section 4 in order to prove the existence of
solutions via the vanishing viscosity method. But most of the results for the
nonlocal equations we consider (and in particular those of Section 5 and 8)
remain valid if there exists a constant K > 0 such that, for any 1 ⩽ i, j ⩽ N
and x, y ∈ Ei ∫ ∞

0
min{r, 1}νij(x, r) dr < K,∫ ∞

0
min{r, 1}|νij(x, r) − νij(y, r)| dr < K|x− y|.

One easily shows that, under this assumption, the Hamiltonians are still the
dominant terms for each equations.

Last but not least, our nonlocal operators are symmetric, as they are writ-
ten in terms of the distance ρ(x, y). It is possible to consider more general
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non-symmetric operators with suitable integrability and regularity assump-
tions. These extensions require only the proper formulation of the assump-
tions (which are technical), so we leave them to the reader.

2.5. PDE on the junction

We end this section by presenting the system (1.4) we want to address.
We are interested in the existence and uniqueness of a function u ∈ C(Γ),
solving in each edge Ei, 1 ⩽ i ⩽ N , the nonlocal Hamilton–Jacobi equation

λu(x) − Iiu(x) +Hi(x, uxi
(x)) = 0, for x ∈ Ei. (2.12)

We complement the equations with a Kirchhoff-type condition on the
junction O,

N∑
i=1

−uxi
(O) = B, (2.13)

for some B ∈ R, and Dirichlet boundary conditions at the end of each edge,
that is

ui(ai) = hi, 1 ⩽ i ⩽ N. (2.14)

The following steady assumption is in force in all the paper:

λ > 0, H satisfies (2.6), νij satisfy (2.7), B, hi ∈ R are given. (2.15)

3. Definition of viscosity solutions on a Junction

Using the definitions introduced in the previous section, we are now in
position to state the notion of solution of (1.1). We give the definition for
the junction problem (1.4), leaving to the reader the extension to general
networks.

Given φ ∈ SC(Γ), a measurable subset A ⊆ Γ, and x ∈ Ei, 1 ⩽ i ⩽ N ,
we write

Ii[A]φ(x) =
N∑

j=1

∫
Ej∩A

[φ(z) − φ(x)]νij(x, ρ(x, z)) dz,

whenever the integrals make sense. Notice that

Iiφ(x) = Ii[A]φ(x) + Ii[Γ \A]φ(x).
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In what follows, Bδ(x) = {z ∈ Γ : ρ(x, z) < δ} is the open ball of radius δ
centered at x ∈ Γ induced by the geodesic distance ρ, and Bc

δ(x) = Γ\Bδ(x)
is its complementary in Γ.

For u ∈ SC(Γ), φ ∈ C1(Γ) and every δ ∈ (0, 1), we write

Gδ
i (u, φ, p, x) := λu(x) − Ii[Bc

δ(x)]u(x) − Ii[Bδ(x)]φ(x) +Hi(x, p) (3.1)

is well-defined for every p ∈ R, x ∈ Ei, 1 ⩽ i ⩽ N .

Recalling (2.2), we introduce the following

Definition 3.1. — We say that u ∈ USC(Γ) is a viscosity subsolution
to problem (2.12)–(2.13)–(2.14) if, for each x ∈ Γ, each δ > 0 and each
φ ∈ C1(Γ) such that x is a maximum point of u− φ in Bδ(x), we have

Gδ
i (u, φ, φxi(x), x) ⩽ 0 if x ∈ Ei,

min

 min
1⩽i⩽N

Gδ
i (u, φ, φxi

(O), O),
∑

1⩽i⩽N

−φxi
(O) −B

 ⩽ 0 if x = O,

min
{
Gδ

i (u, φ, φxi(x), x), u(x) − hi

}
⩽ 0 if x = vi.

We say that u ∈ LSC(Γ) is a viscosity supersolution to problem (2.12)–
(2.13)–(2.14) if, for each x ∈ Γ, each δ > 0 and each φ ∈ C1(Γ) such that x
is a minimum point of u− φ in Bδ(x), we have

Gδ
i (u, φ, φxi

(x), x) ⩾ 0 if x ∈ Ei,

max

 max
1⩽i⩽N

Gδ
i (u, φ, φxi

(O), O),
∑

1⩽i⩽N

−φxi
(O) −B

 ⩾ 0 if x = O,

max
{
Gδ

i (u, φ, φxi(x), x), u(x) − hi

}
⩾ 0 if x = vi.

A viscosity solution is a continuous function on Γ which is simultaneously
a viscosity sub and supersolution in the sense above.

As it is usual in the theory of viscosity solutions, we can always assume
that u(x) = φ(x) (that is, φ “touches” u at x, from above or below depending
the case) and that x is either a strict global maxima or minima.

Next, we would like to provide an equivalent notion of solution for which
we can get rid of the viscosity evaluation on the nonlocal operator and work
directly with the function u. For this purpose, we introduce the subset of
functions u of SC(Γ) such that the nonlocal operator Iu may be evaluated
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at x ∈ Γ (with possibly infinite value),

Fx =
{
u ∈ SC(Γ) :

lim
δ↓0

Ii[Bc
δ(x)]u(x) ∈ [−∞,+∞],

for all i such that x ∈ Ei

}
. (3.2)

If limδ↓0 Ii[Bc
δ(x)]u(x) ∈ [−∞,+∞] for some i, we denote it by Iiu(x).

Notice that in the case of interest x = O, u ∈ FO if Iiu(O) exists for all i.
Lemma 3.2. — Assume (2.7). Let u ∈ USC(Γ) (resp. LSC(Γ)) and

φ ∈ C0,1(Γ) such that u−φ has a local maximum (resp. minimum) at x ∈ Ei

for some i. Then u ∈ Fx and Iiu(x) ∈ [−∞,+∞) (resp. (−∞,+∞]).
Proof. — We follow the lines of [17, Lemma 3.3]. We only prove the first

statement when u ∈ USC(Γ), the proof when u ∈ LSC(Γ) being similar.
Assume that u − φ has a local maximum at x ∈ Ei in Bδ0(x) for some
1 ⩽ i ⩽ N , δ0 > 0 and φ ∈ C0,1(Γ) with u(x) = φ(x). We have

u(z) − φ(z) ⩽ u(x) − φ(x) = 0, z ∈ Bδ0(x).

Denote wδ = φχBδ(x) +uχBc
δ

(x), where χA is the indicator function of A.
Notice that for each j,

Iijwδ(x) = Iij [Bδ(x)]φ(x) + Iij [Bc
δ(x)]u(x),

is well-defined and finite for each δ ∈ (0, δ0), and it is nonincreasing as δ → 0.

Since wδ0 − wδ ⩾ 0 in Γ and it is nondecreasing with δ, using monotone
convergence theorem we get

lim
δ↓0

Iij(wδ0 − wδ)(x) ∈ (0,+∞],

meanwhile, since u ∈ C0,1(Γ) and using (2.7), by dominated convergence
theorem we have

lim
δ↓0

Iij [Bδ(x)]φ(x) = 0.

Thus, writing
Iij [Bc

δ(x)]u(x) = −Iij(wδ0 − wδ)(x) + Iijwδ0(x) − Iij [Bδ(x)]φ(x),
we get

lim
δ↓0

Iij [Bc
δ(x)]u(x) ∈ [−∞,+∞)

for all j, from which u ∈ Fx. □

In order to state the equivalent definition of viscosity solutions we need
to introduce sub/superdifferentials and the term (3.1) with δ = 0.

Given an interval I ⊂ R and a function u : I → R, we recall that p ∈ R
is in the superdifferential D+

I u(x0) of u at x0 ∈ I if
u(x) ⩽ u(x0)+p (x−x0)+o(|x−x0|) for all x in an I-neighborhood of x0.
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In the case of junctions, we say that p = (p1, . . . , pN ) is in the superdiffer-
ential D+

Γ u(O) of u at O if, for each 1 ⩽ i ⩽ N , we have

ui(xi) ⩽ u(O) + pixi + o(xi) for all xi in an J i-neighborhood of 0.

Similarly to the classical case, if p ∈ D+
Γ u(O), then there exists a function

φ ∈ C1(Γ) such that φxi(O) = pi and u−φ has a local maximum at O. The
above definitions can be stated for the subdifferential D−

Γ u(O).

We denote Gi(u, p, x) = limδ↓0 G
δ
i (u, p, x) whenever the limit exists in

R ∪ {−∞,+∞} and meets the value

Gi(u, p, x) := λu(x) − Iiu(x) +Hi(x, p). (3.3)

Notice that the nonlocal term decides whether Gi(u, p, x) ∈ R or not. It is
the case when u is smooth enough at x (Lemma 2.2) but, in general, infinite
values are possible.

Lemma 3.3. — A function u ∈ USC(Γ) is a viscosity subsolution to
problem (2.12)–(2.13)–(2.14) at the point x ∈ Γ if and only if

Gi(u, pi, x) ⩽ 0 if x ∈ Ei, pi ∈ D+
Ji
ui(xi),

min

 min
1⩽i⩽N

Gi(u, pi, O),
∑

1⩽i⩽N

−pi −B

 ⩽ 0 if x = O, p ∈ D+
Γ u(O),

min{Gi(u, pi, x), u(x) − hi} ⩽ 0 if x = vi, pi ∈ D+
Ji
ui(ai).

The same equivalence holds for a LSC supersolution with usual adaptations
(opposite inequalities, “min” replaced with “max” and the superdifferential
D+ is replaced with the subdifferential D−).

Proof. — We only provide the proof for subsolutions at x = O, the other
cases being similar or simpler.

Assume that u is a subsolution at O in the sense of Definition 3.1. Let
p ∈ D+

Γ u(O). There exists φ ∈ C1(Γ) such that u− φ has a local maximum
at O with φxi(O) = pi for all i. From Lemma 3.2, u ∈ FO and −Iiu(O) ∈
(−∞,+∞] for all i. Using the subsolution characterization of Definition 3.1
at x = O, we have that, either

∑
i −φxi

(O)−B ⩽ 0, or, for every δ > 0, there
exists 1 ⩽ i ⩽ N , i = i(δ), such that Gδ

i (u, φ, φxi
(O), O) ⩽ 0. In the first

case, we conclude that
∑

i −pi −B ⩽ 0 since φxi(O) = pi. We now suppose
that the second case holds. Since there is a finite number of edges, there exists
1 ⩽ i0 ⩽ N and a subsequence δk ↓ 0 such that Gδk

i0
(u, φ, φxi0

(O), O) ⩽ 0.
Since u ∈ FO, we can send δk to 0 in the previous inequality to obtain
Gi0(u, φxi0

(O), O) ⩽ 0, which is the expected inequality in Lemma 3.3. Note
that, in this case, we obtain that −Ii0u(O) is finite.
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Conversely, assume that u satisfies the inequality of Lemma 3.3 at
x = O. Let φ ∈ C1(Γ) such that u − φ has a global maximum at O. Then
p := (φx1(O), . . . , φxN

(O)) ∈ D+
Γ u(O). If

∑
i −φxi(O) − B ⩽ 0, then the

viscosity inequality for the subsolution at x = O in Definition 3.1 holds and
we are done. Otherwise, there exists i such that Gi(u, φxi0

(O), O) ⩽ 0. In
particular, from Lemma 3.2, −Iiu(O) is finite. Then, for all δ > 0, we have

Gδ
i (u, φ, φxi

(O), O)
= Gi(u, φxi0

(O), O)Iiu(O) − Ii[Bc
δ(O)]u(O) − Ii[Bδ(O)]φ(O)

⩽ Ii[Bδ(O)]u(O) − Ii[Bδ(O)]φ(O) ⩽ 0,
the last inequality coming from the fact that, O being a maximum of u−φ, we
have u−u(O) ⩽ φ−φ(O) in Bδ(O), hence Ii[Bδ(O)]u(O) ⩽ Ii[Bδ(O)]φ(O).
We conclude that u is a subsolution in the sense of Definition 3.1. □

Finally, the above definitions can be extended to second-order equations
like (1.5), with test functions φ ∈ C2(Γ). Moreover, every classical solution
to the problem, that is, a function C2(Γ) such that (2.12) or (1.5) comple-
mented by (2.13)–(2.14) holds pointwisely, is a viscosity solution in both
senses above.

4. Existence for the Kirchhoff-type problem on a junction

Let θ ∈ R and ϵ ∈ (0, 1). The purpose of this section is to construct a
function uϵ ∈ C(Γ) solving the viscous Dirichlet problem

λu− ϵuxixi
− Iiu+Hi(x, uxi

) = 0 on Ei, 1 ⩽ i ⩽ N,

u(O) = θ,

ui(ai) = hi, 1 ⩽ i ⩽ N.

(4.1)

The boundary condition at ai is considered fixed since it coincides with
the boundary condition of the original problem. The more careful analysis
is performed on the dependence of the solution in terms of θ, since we will
require to fix it appropriately to find a solution satisfying the Kirchhoff
condition at O.

We start by constructing viscosity sub- and supersolutions to (4.1), which
achieve the boundary conditions pointwisely.

We fix α ∈ (0, 1), and, for all L, δ > 0, we define

ψL,δ(x) =
{
L
(
x− x1+α

)
, for 0 < x ⩽ δ,

ψL,δ(δ) for x > δ,
(4.2)
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and we introduce

C0 := 1
min{λ, 1}

(
max

1⩽i⩽N, x∈Ji

|Hi(x, 0)| + |θ| + max
1⩽i⩽N

|hi|
)
. (4.3)

Lemma 4.1. — Under the assumption (2.15), there exist L, δ depending
on the data, and Lϵ, δϵ depending on the data and the ellipticity constant ϵ,
such that the functions ψ+, ψ− : Γ → R defined by

ψ+
i (x) = min{C0, θ + ψL,δ(x), hi + ψL,δ(ai − x)}, x ∈ J i,

ψ−
i (x) = max{−C0, θ − ψLϵ,δϵ

(x), hi − ψLϵ,δϵ
(ai − x)}, x ∈ J i,

are continuous viscosity supersolution and subsolution, respectively, of (4.1),
satisfying ψ±(O) = θ and ψ±

i (ai) = hi.

Proof. — Throughout the proof, we systematically identify Ei with J i,
x with xi, and ψ with ψi.

At first, notice that the constant functions x ∈ Γ 7→ ±C0, where C0
is defined by (4.3), are obviously supersolution and subsolution of (4.1),
respectively. But they do not satisfy the boundary condition pointwisely.

We divide the proof in several parts.

Supersolution property for ψ+. — Since the minimum of supersolutions
is still a supersolution, it is enough to prove that, for 1 ⩽ i ⩽ N , both
θ + ψL,δ(x) and hi + ψL,δ(ai − x) are supersolutions in J i for L enough
large and δ enough small. The two proofs being similar, we concentrate on
θ + ψL,δ(x).

For simplicity, we write ψ for ψL,δ. Straightforward computations drive
us to

ψx(x) = L(1 − (1 + α)xα), ψxx(x) = −L(1 + α)αxα−1, x ∈ [0, δ).

Set δ < (2(1 +α))−1/α and δ < mini ai. Then, we have L/2 ⩽ ψx(x) ⩽ L
for x ∈ [0, δ) and Lδ/2 ⩽ ψ(x) = ψ(δ) ⩽ Lδ for x ∈ [δ, ai]. In particular, ψ is
nondecreasing and Lipschitz continuous with constant L in each J i.

Now we estimate the nonlocal operators. Let x ∈ Ei with xi ∈ J i ∩ [0, δ].
We have that

|Iiiψ(x)| ⩽
∫

Ji∩{ρ(x,γi(z))⩽δ}
|ψi(z) − ψ(x)|νii(x, ρ(x, γi(z))) dz

+
∫

Ji∩{ρ(x,γi(z))>δ}
|ψi(z) − ψ(x)|νii(x, ρ(x, γi(z))) dz
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⩽ ΛL
∫ xi+δ

0
|xi − z||xi − z|−1−σ dz

+ Λψ(δ)1−σ

∫ ai

xi+δ

(L|xi − z|)σ|xi − z|−1−σ dz

⩽ ΛL
∫ xi+δ

0
|xi − z|−σ dz + ΛLδ1−σ

∫ ai

δ

|xi − z|−1 dz

⩽ ΛL
(

21−σ

1 − σ
+ log ai − log δ

)
δ1−σ.

For 1 ⩽ j ⩽ N , j ̸= i, similarly we have

|Iijψ(x)| ⩽
∫

Jj∩{ρ(x,γj(z))⩽2δ}
|ψj(z) − ψi(xi)|νij(x, ρ(x, γj(z))) dz

+
∫

Jj∩{ρ(x,γj(z))>2δ}
|ψj(z) − ψi(xi)|νij(x, ρ(x, γj(z))) dz

⩽ ΛL
∫ 2δ−xi

0
|xi + z|−σ dz + ΛLδ1−σ

∫ aj

δ

|xi + z|−1 dz

⩽ ΛL
(

21−σ

1 − σ
+ log ai − log δ

)
δ1−σ.

We summarize the nonlocal estimates as

|Iiψ(x)| ⩽ Cσ(1 + |log δ|)Lδ1−σ, 1 ⩽ i ⩽ N, (4.4)

where Cσ > 0 depending on the data is of order (1 − σ)−1 as σ → 1− but
remains stable as σ → 0+.

We use the notation Gδ
i , Gi of Section 3, adding the vanishing viscosity

term accordingly.

From the above computations together with the coercivity assumption
in (2.6), for all i and all x ∈ Ji ∩ (0, δ), we have

Gi(θ + ψ,ψxi
(x), x)

= λ(θ + ψ) − ϵψxixi
− Iiψ(x) +Hi(x, ψxi

(x))

⩾ λθ + ϵL(1 + α)αxα−1 − Cσ(1 + |log δ|)Lδ1−σ + C−1
H

L

2 − CH .

Since σ < 1, it is possible to choose δ possibly smaller in order to

Cσ(1 + |log δ|)δ1−σ ⩽
1

4CH
. (4.5)

Under this choice, and taking L ⩾ 8C2
H , we obtain

Gi(θ + ψ,ψxi(x), x) ⩾ λθ + 1
8CH

L on Ji ∩ (0, δ).
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Choosing L > 8CHλ|θ|, the left-hand side of the above inequality is nonneg-
ative, from which θ + ψ is a viscosity supersolution in Ji ∩ (0, δ).

Similar computations yield that hi + ψ(ai − x) is a supersolution on
(ai − δ, ai), choosing L large and δ small enough. Enlarging L if necessary,
we can assume that

θ + ψ(δ), hi + ψL(δ) ⩾ C0.

Then, the value C0 is active in the min defining ψ+ on (δ, ai − δ), from
which we infer the viscosity inequality on the full interval Ji. Thus, ψ+ is a
viscosity supersolution for the problem with ψ+(O) = θ and ψ+

i (ai) = hi.

Subsolution property for ψ−. — As, for the construction of the superso-
lution, the property that a maximum of subsolutions is a subsolution allows
to check the subsolution property for θ − ψ(x) and hi − ψ(ai − x) in J i

separately. Here also, the computations being similar, we make them in the
case of θ − ψ(x).

Recalling (4.4), for all x ∈ Ji ∩ (0, δ) we have

Gi(θ − ψ,−ψxi
(x), x)

= λ(θ − ψ) − ϵψxixi − Iiψ(x) +Hi(x,−ψxi)
⩽ λθ − ϵL(α+ 1)αxα−1 + Cσ(1 + |log δ|)Lδα−1 + CH(1 + L)
⩽ λθ + CH + L

(
−ϵ(α+ 1)αxα−1 + Cσ(1 + |log δ|)Lδα−1 + CH

)
.

Here, we need to use the ellipticity of the PDE (4.7), which will provide a
subsolution depending on ϵ. We first choose δ satisfying (4.5) and then

δ = δϵ ⩽

(
ϵ(1 + α)α

(4CH)−1 + CH + 1

) 1
1−α

,

yielding

Gi(θ − ψ,−ψxi
(x), x) ⩽ λθ + CH − L, x ∈ Ji ∩ (0, δϵ).

Choosing L ⩾ λ|θ| +CH , the left-hand side of the above inequality becomes
nonpositive. Therefore θ − ψ is subsolution in (0, δϵ). Similar computations
can be made with hi − ψ on (ai − δϵ, ai).

Enlarging L = Lϵ ⩾ 2δ−1
ϵ (θ + C0), we get

θ − ψ(δ), hi − ψ(δ) ⩽ −C0,

from which, as before, we get ψ−
i is a viscosity subsolution for the problem

on Γ, with ψ−(O) = θ and ψ−
i (ai) = hi. □

Thanks to the above lemma, the existence of a unique viscosity solution
to (4.1) is an immediate consequence of Perron’s method and comparison
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principles for this type of Dirichlet problem on Γ, see Theorem B.3 in Ap-
pendix B.

However, we give an alternative proof, which consists, roughly speaking,
to construct a solution branch by branch. The proof uses only Theorem B.3
in the very particular case of the nonlocal Dirichlet problem censored to a
unique interval,{

λu− ϵuxx − Iu+H(x, ux) = 0 on (0, 1),
u(0) = a, u(1) = b,

(4.6)

where Iu = Iiiu with Γ = Ji = (0, 1) (in the sense of Section 2.4). We think
that our proof below has its own interest since it is constructive once we can
solve (4.6) efficiently.

Let us turn to our construction. For η ∈ (0, 1), for each 1 ⩽ i, j ⩽ N and
x ∈ Ei, r > 0, we consider the modified kernel

νη
ij(x, r) = min

{
η−1, νij(x, r)

}
,

and the nonlocal operator Iη
i defined as in (2.9) but taking into account

this kernel. It is easy to see that νη
ij(x, ρ(x, z)) dzj is a bounded measure

on Jj , which satisfies (2.7) with the same constants Λ, σ, independently of η.
Moreover, if u ∈ C0,γ(Γ), γ > σ, then we have Iηu → Iu uniformly in Γ as
η → 0 (the proof is similar to the one of Lemma 2.2).

We consider the following approximate problem
λuϵ,η − ϵuϵ,η

xixi
− Iη

i u
ϵ,η +Hi(x, uϵ,η

xi
) = 0 on Ei, 1 ⩽ i ⩽ N,

uϵ,η(O) = θ,

uϵ,η
i (ai) = hi, 1 ⩽ i ⩽ N.

(4.7)

Lemma 4.2. — Under the assumption (2.15), there exists a viscosity so-
lution uϵ,η ∈ C(Γ) to problem (4.7), and we have the estimate

∥uϵ,η∥L∞(Γ) ⩽ C0, (4.8)
where C0 is defined in (4.3).

Proof. — Since νη
ij are bounded measures, we can set

λη
ij(x) :=

∫
Jj

νη
ij(x, ρ(x, z)) dzj for x ∈ Ei,

from which we can write

Iη
iju(x) =

∫
Jj

uj(zj)νη
ij(x, ρ(x, z)) dzj − λη

ij(x)ui(x). (4.9)

We construct the solution of the problem (4.7) as the uniform limit of
a sequence {uk}k that we define inductively as follows. After relabeling the
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set of indices 1 ⩽ i ⩽ N if necessary, we split it as {1, . . . , N ′, N ′ +1, . . . , N}
such that, for all N ′ + 1 ⩽ i ⩽ N , Iη

i = Iη
ii is censored to Ei, in other words,

λη
ij(x) = 0, for all x ∈ Ei.

For each N ′ + 1 ⩽ i ⩽ N , we solve the censored Dirichlet problem{
λu− ϵuxixi

− Iη
iiu(x) +Hi(x, uxi

) = 0 in Ji,

u(0) = θ, u(ai) = hi,
(4.10)

which has a unique viscosity solution ui ∈ C([0, ai]) in view of Theorem B.3.
For all k ∈ N and N ′ + 1 ⩽ i ⩽ N , we set uk

i := ui.

Now we deal with the edges 1 ⩽ i ⩽ N ′. We initialize the sequence
{uk

i }k,1⩽i⩽N ′ with affine functions u0
i ∈ C(J i) taking values u0

i (0) = θ,
u0

i (ai) = hi for each 1 ⩽ i ⩽ N ′. This concludes the definition of u0 ∈ C(Γ).

For k ⩾ 0 and uk already defined, using again Theorem B.3, we construct
uk+1

i ∈ C(J i), 1 ⩽ i ⩽ N ′ as the unique solution to the censored Dirichlet
problem{

Λη
i (x)u− ϵuxixi

− Iη
iiu(x) −

∑
j ̸=i f

k
ij(x) +Hi(x, uxi

) = 0 in Ji,

u(0) = θ, u(ai) = hi,

(4.11)
where we have denoted

Λη
i (x) = λ+ λη

i (x) := λ+
∑
j ̸=i

λη
ij(x),

fk
ij(x) =

∫
Jj

uk
j (zj)νη

ij(x, ρ(x, z)) dzj , j ̸= i.

In the construction of each uk+1
i , we only require the information of the

continuous functions uk the functions fk
ij . Notice that fk

ij is continuous by
Lebesgue theorem.

The key step on the proof is the following.

Claim. — There exists λ∗ ∈ (0, 1) such that, for all k large enough we
have

max
1⩽i⩽N

∥∥uk
i

∥∥
L∞(Ji) ⩽ C0, (4.12)∥∥uk+1

i − uk
i

∥∥
L∞(Ji) ⩽ λ∗∥∥uk − uk−1∥∥

L∞(Γ), for all 1 ⩽ i ⩽ N, (4.13)

where C0 is the constant in (4.3).

(4.12). — For k = 0 this is evident, as well as for each uk
i with N ′ + 1 ⩽

i ⩽ N by the comparison principle Lemma B.1 for (4.10). If the bound is
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true for uk, then we have that for each 1 ⩽ i ⩽ N ′, uk+1
i is a viscosity

subsolution to
Λη

i u− ϵuxixi
− Iη

iiu+Hi(x, uxi
) ⩽ C0λ

η
i (x) in Ji,

with its respective boundary conditions. From here, recalling that Λη
i =

λ + λη
i , it is easy to see that the constant function equal to C0 in Ji is a

supersolution for the problem solved by uk+1
i , from which uk+1

i ⩽ C0. The
lower bound can be found in the same way, and (4.12) follows. Notice that
the estimate in (4.12) does not depend neither on k, ϵ nor on η.

(4.13). — Notice that this inequality trivially holds for N ′ + 1 ⩽ i ⩽ N

since in that case we have uk+1
i = uk

i for all k ⩾ 0. Thus, we concentrate on
the case 1 ⩽ i ⩽ N ′.

For each k, denote wk
i = uk+1

i −uk
i ∈ C(J i). Under the Lipschitz assump-

tion on H in (2.6), wk
i solves the problem{

Λη
iw

k − ϵwk
xixi

− Iη
iiw

k − CH

∣∣wk
xi

∣∣ ⩽ λη
i

∥∥wk−1
∥∥

L∞(Γ), in Ji,

wk(0) = wk(ai) = 0,
see [5, Lemma 5.3] or [7, Lemma 3.7]. Denote

λ∗ = max
1⩽i⩽N ′

max
x∈Ji

λη
i (x)

Λη
i (x) ∈ (0, 1).

It is easy to see that the constant function x 7→ λ∗∥wk−1∥L∞(Γ) is a super-
solution for the problem solved by wk

i , from which by comparison we get
wk

i ⩽ λ∗∥∥wk−1∥∥
L∞(Γ) in J i,

and since a lower bound can be established in the same way, we arrive at∥∥wk
i

∥∥
L∞(Ji) ⩽ λ∗∥∥wk−1∥∥

L∞(Γ),

which concludes (4.13).

Thus, we can pass to the limit as k → +∞ in (4.11), and by stability
properties of viscosity solutions we arrive at a solution to (4.7). □

We now deduce the well-posedness of (4.1) from the above lemma and
give properties of the solution.

Proposition 4.3. — Assume (2.15). For each θ ∈ R, there exists a
unique viscosity solution uϵ ∈ C(Γ) to problem (4.1). For each 1 ⩽ i ⩽ N ,
we have:

(i) There exist L, δ > 0, not depending on ϵ, such that
uϵ

i(x) ⩽ θ + Lx, x ∈ [0, δ], (4.14)
uϵ

i(x) ⩽ hi + L(ai − x), x ∈ [ai − δ, ai]. (4.15)
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(ii) There exist Lϵ, δϵ > 0 such that

θ − Lϵx ⩽ uϵ
i(x), x ∈ [0, δϵ], (4.16)

hi − Lϵ(ai − x) ⩽ uϵ
i(x), x ∈ [ai − δϵ, ai]. (4.17)

(iii) For every r > 0, there exists Cr > 0, independent of ϵ, such that

|uϵ
i(x) − uϵ

i(y)| ⩽ Cr|x− y|, x, y ∈ [r, ai − r]. (4.18)

If Cϵ = max{L,Lϵ, Cδ∧δϵ
}, then

|uϵ
i(x) − uϵ

i(y)| ⩽ Cϵ|x− y|, x, y ∈ J i. (4.19)

(iv) uϵ ∈ C2,1−σ(Γ).
(v) The map θ ∈ R 7→ uϵ ∈ C2,α(Γ) is continuous for all α < 1 − σ.

Proof of Proposition 4.3. — Let uϵ,η be the solution found in Lemma 4.2.
In what follows, we are going to prove that this solution satisfies the estimates
given in the statement of this proposition, and that these estimates are
independent of η. Thus, the results for the problem (4.1) follow by Ascoli
theorem and stability, sending η → 0. The uniqueness of uϵ comes from
Lemma B.1.

(i)–(ii). — The proofs of the barriers are a direct application of the com-
parison principle Lemma B.1, which yields ψ− ⩽ uϵ,η ⩽ ψ+ in Γ, where ψ±

are the sub and supersolution constructed in Lemma 4.1. Notice that (4.16)
and (4.17) depend on the ellipticity constant ϵ since ψ− depend on ϵ in
Lemma 4.1.

(iii) Lipschitz estimates.

Step 1: There exists K0 = K0(N,λ,Λ, σ, CH , C0, oscΓ{uϵ,η}) such that,
for any x0 ∈ Γ and φ(x) = Kρ(x, x0) with K > K0,

sup
x∈Γ

{uϵ,η(x) − uϵ,η(x0) − φ(x)} (4.20)

is achieved either at x = x0, or at a vertex x ∈ V. Let us underline that
this claim relies on the coercivity of the Hamiltonian and does not depend
neither on the ellipticity constant ϵ nor on η since uϵ,η and oscΓ{uϵ,η} are
bounded independently of ϵ, η.

We prove the claim, assuming without loss of generality, that x ∈ Ei and
x ̸= x0. It follows that we can use φ as a test-function for the subsolution
uϵ of (4.1) at x. For any ϱ > 0 we have

Gϱ
i (uϵ,η, φ, φxi

(x), x) ⩽ 0. (4.21)
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We estimate the different terms: we have

uϵ,η(x) ⩾ −C0,

H(x, φxi
(x)) ⩾ C−1

H |φxi
(x)| − CH = C−1

H K − CH ,

and

φxixi
(x) = 0.

On the other hand, we have

|Ii[Bc
ϱ(x)]uϵ(x)| ⩽ oscΓ{uϵ,η}

N∑
j=1

∫
Jj∩{ρ(γj(z),x)⩾ϱ}

νη
ij(x, ρ(γj(z), x)) dz

⩽ Λ oscΓ{uϵ,η}
N∑

j=1

∫
Jj∩{ρ(γj(z),x)⩾ϱ}

ρ(γj(z), x)−1−σ dz

⩽ 2 oscΓ{uϵ,η}NΛσ−1ϱ−σ,

and using that φ is K-Lipschitz, we have

|Ii[Bϱ(x)]φ(x)| ⩽
N∑

j=1

∫
Jj∩{ρ(γj(z),x)<ϱ}

|φj(z) − φ(x)|νη
ij(x, ρ(γj(z), x)) dz

⩽ KΛ
N∑

j=1

∫
Jj∩{ρ(γj(z),x)<ϱ}

ρ(γj(z), x)−σ dz

⩽
NKΛϱ1−σ

1 − σ
.

Plugging these estimates into the viscosity inequality (4.21), we arrive at

C−1
H K ⩽ 2 oscΓ{uϵ,η}NΛσ−1ϱ−σ + NKΛϱ1−σ

1 − σ
+ CH + λC0.

At this point, we fix ϱ small enough in order that NΛϱ1−σ

1−σ ⩽
C−1

H

2 , from which
we get

C−1
H K

2 ⩽ 2 oscΓ{uϵ,η}NΛσ−1ϱ−σ + CH + λC0.

Therefore, choosing K ⩾ K0, with

K0 := 2CH

(
2 oscΓ{uϵ,η}NΛσ−1ϱ−σ + CH + λC0

)
+ 1,

we reach a contradiction with (4.21).
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Step 2: Interior Lipschitz estimates. — Let 1 ⩽ i ⩽ N , r > 0 and
x0 ∈ Ei such that (x0)i ∈ [r, ai − r]. We consider

K > max
{

4C0

r
,K0

}
, (4.22)

with K0 as in Step 1.

The supremum in (4.20) is nonnegative and it is achieved at some x ∈ Γ
such that

Kρ(x, x0) ⩽ uϵ,η(x) − uϵ,η(x0) ⩽ 2C0, (4.23)
from which, by the choice of K, we conclude that xi ∈ Ji ∩ [r/2, ai − r/2].
Thanks to the claim, we get x = x0 and therefore the supremum is 0. Since
x0 is arbitrary in the set of points at distance at least r to the vertices,
we conclude the interior Lipschitz estimates (4.18).

Step 3: Lipschitz estimates near the vertices and global Lipschitz esti-
mates. — These estimates rely on the barriers and will concentrate on O,
the estimates near other vertices being similar.

Consider the constants L, δ, Lϵ, δϵ appearing in (4.14)–(4.15)–(4.16) and
(4.17) and now choose

K > max
{
L,Lϵ,

4C0

δϵ
,K0

}
and x0 ∈ Γ ∩Bδϵ/2(O) in (4.20).

From (4.23) and the choice of K, we obtain that the maximum in (4.20)
is achieved at x ∈ Bδϵ

(O). From the claim in Step 1, we have that either
x = x0 and in this case we are done since the maximum is 0, or x = O. In
this latter case, using the barriers (4.14) and (4.16), it follows that

uϵ,η(O) − uϵ,η(x0) −Kρ(O, x0) ⩽ (max{L,Lϵ} −K)ρ(O, x0) ⩽ 0,

and the maximum is also 0. This proves the Lipschitz estimates near the
vertices.

Putting the previous results together, we conclude for the global Lipschitz
bound (4.19) (depending on ϵ since the barriers (ii) depend on ϵ, but not
depending on η since νη

ij satisfies (2.7) uniformly wrt η).

Let us mention that the proofs of the Lipschitz estimates work readily
when u is a USC viscosity subsolution of (4.1). In fact, Steps 1 and 2 do not
rely on the ellipticity constant ϵ in (4.1), so we can take ϵ = 0 in (4.1), or
consider (2.12)–(2.13)–(2.14), see Lemma 5.2 below. Step 3 needs the whole
set of barriers (4.14)–(4.15)–(4.16)–(4.17), and the last two may be lost when
the ellipticity vanishes.
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(iv): C2,1−σ regularity. — The function uϵ,η
i is a continuous viscosity

solution of

−ϵuϵ,η
xixi

= f := −λuϵ,η
i + Iη

i u
ϵ,η
i −Hi

(
x, uϵ,η

xi

)
in (0, ai). (4.24)

Since uϵ,η
i is Cϵ-Lipschitz continuous on [0, ai], thanks to Lemma 2.2, we

obtain that f ∈ L∞([0, ai]) and the L∞ bound depends on C0 and the
Lipschitz constant Cϵ of uϵ,η

i . Therefore, by Han–Lin [25, Theorem 5.22],
we obtain that uϵ,η

i ∈ W 2,p
loc ([0, ai]) for all 1 < p < ∞. By Sobolev in-

equalities (see e.g., Evans [21, Theorem 6, p. 270]), it follows that uϵ,η
i ∈

C1,γ([0, ai]) for all γ < 1. It means that one can upgrade the regularity of f
in (4.24): from Lemma 2.2 once again and since Hi is Lipschitz continuous,
we get that f ∈ C0,1−σ([0, ai]). Thus uϵ,η

xixi
∈ C0,1−σ([0, ai]) and we conclude

uϵ,η
i ∈ C2,1−σ([0, ai]) as desired. Note that ∥uϵ,η

i ∥C2,1−σ(Ji) depends on the
L∞ bound (4.8) and the Lipschitz constant Cϵ of uϵ,η

i (see (4.19)).

All the above estimates are independent of η, from which we can pass to
the limit as η → 0 in problem (4.7) and conclude the existence of a solution
uϵ to (4.1) by stability. Reproducing the arguments above, we obtain that
uϵ

i ∈ C2,1−σ([0, ai]).

(v): Continuous dependence with respect to θ. — Let θn → θ and de-
note uϵ,n

i the associated solution of (4.1) in J i. By (ii), the family {uϵ,n
i }n is

uniformly bounded as n → ∞. Since uϵ,n
i ∈ C2,1−σ(J i) with a C2,1−σ norm

depending only on |θn| through the L∞ bound and the Lipschitz constant of
uϵ

i , it follows that ∥uϵ,n∥C2,1−σ(Ji) is bounded with respect to n. By Ascoli
theorem, we can extract a subsequence still denoted by {uϵ,n

i }, such that
uϵ,n

i → uϵ
i in C2,α(J i) for 0 < α < 1 − σ, and such a function uϵ

i must
satisfy (4.1) with pointwise Dirichlet condition thanks to (i)–(ii). By unique-
ness of the solution of (4.1), all the subsequences converge to the same limit
from which we infer that the whole sequence uϵ,n

i converges to the solution
of (4.7) associated with θ. This proves the result. □

The following is the existence result for the original Kirchhoff-type equa-
tion.

Theorem 4.4. — Under assumption (2.15), there exists a viscosity so-
lution u ∈ C(Γ) for the Kirchhoff problem (2.12)–(2.14)–(2.13). Moreover,
u ∈ C0,γ(Γ) for any γ ∈ (0, 1), and is locally Lipschitz continuous in
Γ \ {vi}1⩽i⩽N .
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Proof of Theorem 4.4. — We divide the proof in several steps.

Step 1: Getting the Kirchhoff condition. — For θ ∈ R, denote by uϵ,θ ∈
C2,1−σ(Γ) the unique solution of (4.1) associated with θ given by Proposi-
tion 4.3. At this point we follow the arguments of Ohavi [33]. Let

F (θ) =
N∑

i=1
−uϵ,θ

xi
(O) −B,

and p = (pi)1⩽i⩽N be any vector in RN such that

N∑
i=1

−pi = B.

Define U ∈ C2(Γ) by Ui(x) := θ + pixi for x ∈ Ei, 1 ⩽ i ⩽ N . We have

Gi(U,Uxi(x), x) = λ(θ + pix) − IiU(x) +Hi(x, pi), (4.25)

with

|IiU(x)| =

∣∣∣∣∣
∫

Ji

pi(z − xi)νii(x, ρ(x, γi(z))) dz

+
∑
j ̸=i

∫
Jj

(pjz − pixi)νij(x, ρ(x, γj(z))) dz

∣∣∣∣∣
⩽ Λ|p|

∫
Ji

|z − xi|−σ dz +
∑
j ̸=i

∫
Jj

(xi + z)−σ dz


⩽

(2a)1−σNΛ|p|
1 − σ

,

and |Hi(x, pi)| ⩽ CH(1 + |pi|) ⩽ CH(1 + |p|). Here we have adopted the
notation |p| for the Euclidean norm of p ∈ RN and a = maxi ai.

We claim that, if θ = θ+ is large enough, then U is a supersolution
of (4.1). Indeed, from (4.25), for x ∈ Ei, we have

Gi(U,Uxi(x), x) ⩾ λ(θ+ − a|p|) − (2a)1−σNΛ|p|
1 − σ

− CH(1 + |p|) ⩾ 0,

provided θ+ ⩾ a|p|+λ−1((2a)1−σ(1−σ)−1ΛN |p|+CH(1+|p|). If, in addition,
θ+ ⩾ a|p|+maxi |hi|, then U(O) = θ+ and Ui(ai) = θ++piai ⩾ hi. Therefore
the boundary conditions at the vertices are satisfied. Notice that θ+ does
not depend on ϵ.
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By Lemma B.1, we can compare the solution uϵ,θ+ to (4.1) associated
with θ+ with U to obtain that, for all 1 ⩽ i ⩽ N and x ∈ J i,

uϵ,θ+

i (x) ⩽ Ui(x) = θ+ + pix = uϵ,θ+

i (O) + pix,

from which we deduce
uϵ,θ+

xi
(O) ⩽ pi.

Then

F (θ+) =
N∑

i=1
−uϵ,θ+

xi
(O) −B ⩾

N∑
i=1

−pi −B = 0.

In the same way, if we consider θ = θ− adequate (say, negative and large
in absolute value), then U is a subsolution of (4.1). Similarly, we obtain that
the solution uϵ,θ− to problem (4.1) satisfies

F (θ−) =
N∑

i=1
−uϵ,θ−

xi
(O) −B ⩽

N∑
i=1

−pi −B = 0.

Then, by continuity of θ 7→ F (θ) (Proposition 4.3(v)), there exists
θϵ ∈ [θ−, θ+] such that the associated solution uϵ,θϵ to problem (4.1) sat-
isfies

F (θϵ) = 0, (4.26)
which is the Kirchhoff condition (2.13).

Step 2: The family {uϵ,θϵ}ϵ is uniformly Lipschitz continuous on a neigh-
borhood of O. — We will take profit of the Kirchhoff condition. At first,
since θ± do not depend on ϵ, the value θϵ is bounded from above and be-
low uniformly with respect to ϵ. Thus, it follows that uϵ := uϵ,θϵ is uni-
formly bounded with respect to ϵ, with L∞-bounds given by C0 in (4.3)
with |θ| = max{|θ+|, |θ−|}.

Let 0 < δ < min1⩽i⩽N |ai| and consider

Γδ := {x ∈ Γ : ρ(x,vi) > δ, 1 ⩽ i ⩽ N} = Γ \
⋃

1⩽i⩽N

B(vi, δ). (4.27)

Our goal is to prove that uϵ is Lipschitz continuous in Γδ uniformly with
respect to ϵ.

We proceed as in the proof of Proposition 4.3(iii) borrowing some argu-
ments of [6, Proposition 6.3]. Let x0 ∈ Γδ ∩ Ei and consider the maximum
as in (4.20), that is

sup
x∈Γ

{uϵ(x) − uϵ(x0) − φ(x)} (4.28)
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but this time with the modified function φ = φi defined by

φi(x) =
{
Kρ(x, x0) if x ∈ Ei

Kρ(O, x0) + Lρ(x,O) if x ∈ Ej , j ̸= i,

for K,L ⩾ K0, where K0 is defined in the proof of Proposition 4.3(iii) and
does not depend on ϵ. With a straightforward adaptation of the proof of
Proposition 4.3(iii), we obtain that (4.28) is achieved at x = x0 or at a
vertex. On the one hand, if x = x0, then the maximum (4.28) is 0, from
which we get the Lipschitz estimates on Γδ.

On the other hand, up to enlarge K,L in order that K,L ⩾ 4∥uϵ∥∞/δ,
we have ρ(x, x0) ⩽ δ/2 and therefore x cannot be equal to any exterior
vertex vi, 1 ⩽ i ⩽ N .

It remains to prove that the case x = O ̸= x0 is not possible either. If
x = O, then, using that uϵ is a classical (hence, viscosity) solution to the
Kirchhoff problem, we have ∑

1⩽j⩽N

−φi
xj

(O) ⩽ B.

A direct computation shows that
φi

xi
(O) = −K, φi

xj
(O) = L, for all j ̸= i,

from which the Kirchhoff condition reads
K − (N − 1)L ⩽ B.

and from here, fixed L as above and enlarging K, we get a contradiction.

Finally, taking K,L ⩾ max{K0, 4∥uϵ∥∞/δ} and K > (N − 1)L+B, the
maximum (4.28) is 0. Since, this is true for all x0 ∈ Γδ, we obtain that uϵ is
Lipschitz continuous in Γδ, with a constant max{K,L} depending on δ but
independent of ϵ.

Step 3: Sending ϵ to 0. — In the previous steps, we have obtained that
uϵ := uϵ,θϵ is bounded independently of ϵ on Γ, and uniformly Lipschitz con-
tinuous in Γδ for every δ > 0 small enough. Denote Γ̊ = Γ \ {vi}1⩽i⩽N . By
Ascoli theorem and a diagonal process, we can extract a subsequence {uϵ}ϵ

(not relabeled) which converges locally uniformly to some u ∈ C (̊Γ), which
is locally Lipchitz continuous in Γ̊ (notice that we loose both the Lipschitz
continuity and the barriers on {vi}1⩽i⩽N when ϵ → 0). Thanks to the coer-
civity assumption (2.6)(iii), from [12, Theorem 2.1], we have u ∈ C0,γ (̊Γ) for
any γ ∈ (0, 1), with finite Hölder seminorm in Γ̊ ([12, Theorem 2.1] is applied
with m = 1 and θ = 0, yielding γ0 = 1). It follows that u can be extended
by continuity up to the ends of the edges into a function (still called u) in
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C0,γ(Γ). By standard stability for viscosity solutions, u is a viscosity solution
of (2.12) in each edge Ei. It remains to establish the boundary conditions.

We first prove that u satisfies the generalized Kirchhoff condition at O.
We only check the subsolution property since the proof for the supersolution
is similar. If ϕ ∈ C2(Γ) is such that u− ϕ has a strict maximum point at O,
by uniform convergence of uϵ in a neighborhood of O, there exists a sequence
xϵ → O of local maximum points of uϵ − ϕ. If xϵ = O along a subsequence
ϵ → 0, we use the classical Kirchhoff condition for uϵ to conclude that

B = −
∑

1⩽i⩽N

uϵ
xi

(O) ⩾ −
∑

1⩽i⩽N

ϕxi
(O),

from which the Kirchhoff condition is satisfied by u. On the other hand, if
xϵ ∈ Γ \ {O} for all ϵ small, then we can assume that there exists i such that
xϵ ∈ Ei for all ϵ (up to subsequences). It follows Gδ

i (uϵ, ϕ, ϕxi(xϵ), xϵ) ⩽ 0
and, since ϕi ∈ C1(J i) and uϵ → u uniformly as ϵ → 0, we can pass to the
limit in the inequality to get Gδ

i (u, ϕ, ϕxi(O), O) ⩽ 0 and conclude that the
generalized Kirchhoff condition holds.

We turn to the Dirichlet condition at vi. Since the barrier (4.15) from
above is independent of ϵ, we can pass to the limit ϵ → 0 in the equality
uϵ

i(x) ⩽ hi +L(ai −x) to obtain ui(x) ⩽ hi +L(ai −x) for 0 ⩽ x < ai. Then,
sending x → a−

i and recalling that u is extended by continuity at ai, we get
ui(ai) ⩽ hi. Therefore, the boundary condition for subsolutions is satisfied
pointwisely.

For the supersolution property at vi, the barrier from below depend on
ϵ and we cannot conclude in the same way. Consider ϕ ∈ C2(Γ) such that
u−ϕ has a strict minimum point at vi. For every ϵ > 0, let xϵ be a minimum
of uϵ − ϕ on Γ, which by standard arguments is in Ei, i.e.,

uϵ
i(x) − ϕi(x) ⩾ uϵ

i(xϵ) − ϕi(xϵ), x ∈ J i. (4.29)

By (4.8), we can extract a subsequence (still denoted ϵ) such that xϵ →
x0 ∈ J i and uϵ

i(xϵ) → ℓ ∈ [−C0, C0]. If x0 ̸= ai, then, thanks to the lo-
cal uniform convergence in [0, ai), passing to the limit in (4.29), we obtain
ui(x) − ϕi(x) ⩾ ui(x0) − ϕi(x0) for all x ∈ J i, which is a contradiction with
the strict minimum at ai. Therefore xϵ → ai. Sending ϵ → 0 in (4.29) for
0 ⩽ x < ai, we have ui(x) − ϕi(x) ⩾ ℓ − ϕi(ai). Then, letting x → a−

i ,
we obtain

ui(ai) ⩾ lim
ϵ→0

uϵ
i(xϵ) = ℓ. (4.30)

If xϵ = ai along a subsequence, then, using that uϵ satisfies the Dirichlet
condition pointwisely at vi, yields at the limit ui(ai) ⩾ ℓ ⩾ hi. In this case
u satisfies also the condition pointwisely. Now we deal with the case when
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xϵ < ai for all ϵ. Writing the viscosity supersolution inequality for uϵ, we get

Gδ
i (uϵ, ϕ, ϕxi

(xϵ), xϵ)
= λuϵ

i(xϵ) − Ii[Bc
δ(xϵ)]uϵ(xϵ) − Ii[Bδ(xϵ)]ϕ(xϵ) +Hi(xϵ, ϕxi

(xϵ)) ⩾ 0.

We want to pass to the limit ϵ → 0 in the above inequality. On the one hand,
by Lebesgue theorem, using (2.7) and (4.30), we have

lim
ϵ→0

λuϵ
i(xϵ) − Ii[Bc

δ(xϵ)]uϵ(xϵ)

= λℓ−
∑

1⩽j⩽N

∫
{zj∈Jj :ρ(vi,γj(z))⩾δ}

[uj(z) − ℓ]νij(vi, ρ(vi, γj(z))) dz

⩽ λui(ai) −
∑

1⩽j⩽N

∫
{zj∈Jj :ρ(vi,γj(z))⩾δ}

[uj(z) − ui(ai)]νij(vi, ρ(vi, γj(z))) dz

= λui(ai) − Ii[Bc
δ(vi)]u(vi).

On the other hand, thanks to the smoothness of ϕ, the convergence of the
other terms is obvious, and we arrive finally at Gδ

i (u, ϕ, ϕxi(vi),vi) ⩾ 0,
which proves that the generalized Dirichlet condition holds at vi.

Hence, we have concluded the existence of u ∈ C0,γ(Γ) for any γ ∈ (0, 1),
solution of the Kirchhoff problem (2.12)–(2.13)–(2.14). □

Remark 4.5.

(i) Using the same global sub/supersolutions for the Kirchhoff–Dirichlet
problem in Step 1 in the proof above, we can complement the stan-
dard Perron’s method with the strong comparison principle given by
Theorem 5.1 below, and directly obtain the existence and uniqueness
of the generalized Kirchhoff problem (2.12)–(2.13)–(2.14) at once.

(ii) Since all the subsolutions we use to have the estimates from below,
namely (4.16)–(4.17), depend on ϵ, we may have a loss of bound-
ary conditions at the vertices when passing to the limit ϵ → 0.
This comes from the fact that there is no enough ellipticity in the
nonlocal term to counterbalance the coercivity of the Hamiltonian
in absence of classical diffusion. At the junction O, the Kirchhoff
condition allows to recover some control from below and to prove
that the solution uϵ is Lipschitz continuous uniformly in ϵ, provid-
ing a continuous limit u at O. In contrast, at the boundary point,
the limit u may be discontinuous. But thanks to Hölder regularity
results for coercive equations, we can extend it by continuity up
to the boundary into a function satisfying the generalized Dirichlet
boundary conditions (see [10] for related discussions).
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5. Uniqueness for the Kirchhoff-type problem on a junction

The comparison result is the following:

Theorem 5.1. — Assume (2.15). Let u ∈ USC(Γ) be a viscosity subso-
lution and v ∈ LSC(Γ) be a viscosity supersolution to the problem (2.12)–
(2.13)–(2.14). Then, u ⩽ v on Γ.

In particular, there exists a unique continuous viscosity solution u ∈
C0,1(Γδ) to the problem, which coincides with the solution found in The-
orem 4.4 (recall that Γδ is defined by (4.27)).

Lemma 5.2. — Let u ∈ USC(Γ) be a bounded viscosity subsolution
of (2.12)–(2.13). Then u is Lipschitz continuous on Γδ for some δ > 0.

Proof. — We follow the proof of the Lipschitz estimates in Proposi-
tion 4.3(iii). Steps 1 and 2 work readily for any USC viscosity subsolution
of (2.12)–(2.13)–(2.14); they rely only on the coercivity of the Hamiltonian
and do not depend on the ellipticity constant in the equation.

Nevertheless, we cannot follow the proof of Step 3 since the barriers
from below are not true anymore due to the degeneracy of the equation.
To recover the Lipschitz estimate at the junction point, we revisit the proof
of the uniform Lipschitz estimates near the junction in Theorem 4.4. It
is enough to prove that the maximum in (4.28), with uϵ = u subsolution
to (2.12)–(2.13) and x0 ∈ Γδ ∩ Ei for some i, cannot be achieved at x = O
for K,L large enough.

Indeed, we first notice, as a direct consequence of Step 1 in the proof
of Proposition 4.3(iii), and the choice of K ⩾ K0, that the PDE (2.12)
cannot hold at x = O for subsolutions, i.e., Gδ

i (u, φ, φxi
(0), O) > 0 for any

1 ⩽ i ⩽ N . We then prove that the Kirchhoff condition at O does not hold
neither for large K,L exactly as in Step 2 of the proof of Theorem 4.4. Thus,
the maximum in (4.28) holds in the interior of the branch, from which the
result holds by the choice of K,L. □

In order to prove Theorem 5.1, we first have to examine the viscosity
inequalities which are satisfied at the junction on each branch in terms of
sub- and superdifferential of the solutions (see [8, 31]).

To do so, for each i, we define

pi = lim sup
xi→0+

ui(xi) − ui(0)
xi

, p
i

= lim inf
xi→0+

ui(xi) − ui(0)
xi

,

qi = lim sup
xi→0+

vi(xi) − vi(0)
xi

, q
i

= lim inf
xi→0+

vi(xi) − vi(0)
xi

.
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Notice that, if D+ui(0) ̸= ∅, then pi < +∞, meanwhile, if D−vi(0) ̸= ∅,
then q

i
> −∞. And both cases happen if eitherD+

Γ u(O) ̸= ∅ orD−
Γ v(O) ̸= ∅.

Lemma 5.3. — Let u ∈ USC(Γ) (respectively v ∈ LSC(Γ)) be a bounded
viscosity subsolution (respectively supersolution) of (2.12)–(2.13) such that
D+

Γ u(O) ̸= ∅ (respectively D−
Γ u(O) ̸= ∅). Then:

(i) If pi is finite, then D+ui(0) = [pi,+∞), Iiu(O) ∈ R and
Gi(u, pi, O) ⩽ 0.

Similarly, if q
i

is finite, then D−vi(0) = (−∞, q
i
], Iiv(O) ∈ R and

Gi(v, qi
, O) ⩾ 0.

(ii) If, in addition, u is C0,σ+ε in an Γ-neighborhood of O for some
ε > 0, then we have

Gi(u, p,O) ⩽ 0 for all p ∈ (p
i
, pi), (5.1)

and the inequality holds for p = p
i

and/or p = pi if some is finite.
Similarly, if v is C0,σ+ε in an Γ-neighborhood of O for some ε > 0,
then we have

Gi(v, q, O) ⩾ 0 for all q ∈ (q
i
, qi),

and the inequality holds for q = q
i

and/or q = qi if some is finite.

Part (i) of Lemma 5.3 is a basic result: it is the nonlocal analogue to [8,
Proposition 2.10, p. 84] and it does not require any additional regularity.
On the contrary, part (ii) is a more sophisticated result inspired from Lions
and Souganidis [30, 31] (see also [8, Lemma 15.1, p. 258]) and it is also
surprising because none of the p ∈ (p

i
, pi) is in D+ui(0) and none of the q ∈

(q
i
, qi) is in D−vi(0). Unfortunately, we were unable to obtain this stronger

result without the additional regularity we impose; of course, the difficulty
was to take into account the nonlocal term. This additional assumption is
automatically satisfied by subsolutions since they are Lipschitz continuous
by Lemma 5.2 but it is not the case for supersolutions. For this reason, in the
comparison proof, we can use result (ii) for subsolutions but only result (i)
for supersolutions.

Proof. — We first prove (i). We provide the proof for supersolutions, the
one for subsolutions follows from the same arguments.

Since D−
Γ v(O) ̸= ∅, there exists a function φ ∈ C1(Γ) such that v−φ has

a minimum at O. It is possible to choose φ in order that the minimum is
global over Γ and strict at O. Using that q

i
is finite, we have that D−vi(0) =

(−∞, q
i
] (see [8, Proposition 2.10, p. 84]), and, up to a modification of φ

in Ei, we can take φ such that φxi
(O) = q

i
.
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Now, for ϵ > 0, we consider the perturbed test-function φε given on Ej ,
1 ⩽ j ⩽ N , by

φε
j(xj) = φj(xj) + δijϵxj ,

where δij is the usual Kronecker symbol.

We claim that there exists a sequence xε ∈ Ei of global minimum points
for v−φε, and this sequence tends to O. The existence of a sequence of global
minimum points xε ∈ Γ, which tends to O, is given by standard arguments
since O is a global, strict minimum point of v − φ on Γ.

It remains to prove that xε ∈ Ei. In fact, if xε ∈ Ej with j ̸= i, then we
have v(xε) − φε(xε) = v(xε) − φ(xε) > v(O) − φ(O) = v(O) − φε(O) by the
strict minimum property. Thus, xε ∈ Ei. If xε = O along a subsequence, for
each x ∈ Ei we have

vi(xi) − φε
i (xi) = vi(xi) − φi(xi) − ϵxi ⩾ vi(0) − φi(0),

from which we deduce

vi(xi) ⩾ vi(0) + (φi(xi) + ϵxi − φi(0)) ⩾ vi(0) + (q
i
+ ϵ)xi + o(xi),

and q
i
+ ϵ ∈ D−vi(0), which contradicts the maximality of q

i
in the subdif-

ferential of vi at 0. It ends the proof of the claim.

It follows that we can write the viscosity inequality for the supersolution
at xε ∈ Ei, and since the testing is global, for all δ > 0, we have

Gδ
i (v, φε, q

i
+ ϵ, xε) ⩾ 0.

Using that v ∈ LSC(Γ), we have v(xε) → v(O) by standard arguments.
Adding that φε is Lipschitz continuous with a constant bounded uniformly
with respect to ϵ, we can control the nonlocal terms Ii[Bδ(xε)]φε(xε) and
Ii[Bc

δ(xε)]v(xε) with dominated convergence theorem, for all fixed δ > 0. It
allows to pass to the limit xε → 0 in the previous inequality to obtain

Gδ
i (v, φ, q

i
, O) ⩾ 0.

By Lemma 3.2, v ∈ FO and we can send δ ↓ 0 to conclude that Gi(v, qi
, O)⩾ 0

holds. As a by-product, we have that Iiv(O) is finite.

Now we turn to the proof of (ii) which is strongly inspired by [8, Lemma
15.1, p. 258]. We concentrate on the subsolution’s case, the proof for super-
solution being similar. Since D+

Γ u(O) ̸= ∅, we know, by Lemma 3.2, that
u ∈ FO and we can find φ ∈ C1(Γ) such that u − φ achieves a maximum
at O. We can even assume that u(O) = φ(O).

We fix 1 ⩽ i ⩽ N . We first assume that p
i
< pi and we take any p ∈

(p
i
, pi). By definition of p

i
, pi, there exists sequences 0 < ak < bk converging
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to 0 such that
ui(bk) − ui(0) ⩽ (p

i
+ k−1)bk, ui(ak) − ui(0) ⩾ (pi − k−1)ak. (5.2)

For k large enough, in order to have p
i
+k−1 < p < pi −k−1, we consider

the function
yi ∈ [0, bk] 7−→ χ(yi) := ui(yi) − ui(0) − pyi.

We have χ(0) = 0, χ(bk) < 0 and χ(ak) > 0 and therefore the function
χ has a maximum points yk ∈ (0, bk). Of course, yk → 0 and, by classical
arguments, ui(yk) → ui(0).

Modifying the function φ by setting φi(y) = ui(0)+py on the branch Ei,
we obtain that u − φ has a local maximum inside the branch Ei at γi(yk).
Since u is (σ+ε)-Hölder continuous, we use Lemmas 2.2 and 3.3 to arrive at

Gi(u, p, γi(yk)) ⩽ 0,
and since Gi is continuous, using Lemma 2.2 again we conclude that

Gi(u, p,O) ⩽ 0.

When p
i

is finite (respectively pi is finite) with p
i
< pi, the same inequal-

ity holds for p = p
i

(respectively p = pi) by continuity, letting p tend to
p

i
(respectively to pi). Finally, when p

i
and pi are finite with p = p

i
= pi,

we are brought back to case (i). □

Proof of Theorem 5.1. — By contradiction, we assume that
sup

Γ
{u− v} > 0.

Since Γ is compact, the supremum is attained at some point x0 ∈ Γ.

If x0 ∈ Γ \ V, where V is the set of vertices, then the proof follows
standard arguments in the viscosity theory. If x0 = vi for some i, then the
proof follows the boundary analysis presented in [36, 37], which is possible
since u ∈ Cγ(Γ) for all γ ∈ (0, 1). So, we consider only the case x0 = O,
that is

max
Γ

{u− v} = (u− v)(O) =: M > 0,

which concentrates the main difficulties. We follow closely the lines of [31],
see also [8, Section 15.3].

At first, notice that u is Lipschitz continuous on Γδ for some δ > 0 by
Lemma 5.2. From Lemma 2.2, we obtain that Iiu(O) ∈ R for all i. Next,
since u is touching v from below at O, from Lemma 3.2, we obtain that
v ∈ FO and

−∞ < Iiu(O) ⩽ Iiv(O) ⩽ +∞, for all i. (5.3)

– 874 –



Nonlocal Hamilton–Jacobi Equations on a network

Using the Lipschitz continuity of u, we can apply Lemma 5.3(ii) to u and
then Lemma 5.3(i) to v. Since O is a maximum point of u− v, we also have

−∞ < p
i
⩽ pi < +∞ and p

i
⩽ q

i
⩽ +∞ for all i.

We divide the analysis in two cases.

Case 1: There exists i such that q
i
⩽ pi. — We have q

i
is finite. From

Lemma 5.3(ii), since q
i

∈ [p
i
, pi], we infer

Gi(u, qi
, O) = λu(O) −

∑
1⩽j⩽N

∫
Jj

[uj(z) − u(O)]νij(O, z) dz +Hi(O, qi
) ⩽ 0,

and from Lemma 5.3(i), we have

Gi(v, qi
, O) = λv(O) −

∑
1⩽j⩽N

∫
Jj

[vj(z) − v(O)]νij(O, z) dz +Hi(O, qi
) ⩾ 0,

where both nonlocal terms are finite.

Subtracting both inequalities, we arrive at

λM ⩽
∑

1⩽j⩽N

∫
Jj

[(uj − vj)(z) −M ]νij(O, z) dz,

and since O is the maximum point of u− v on Γ, we arrive at 0 < λM ⩽ 0,
which is a contradiction. This concludes this case.

Case 2: For all i, pi < q
i
⩽ +∞. — In this case, we cannot apply

directly Lemma 5.3(ii) for q
i

as above since q
i

̸∈ [p
i
, pi].

For each i, we define

r ∈ [pi, qi
] 7−→ Ui(r) := λ

u(O) + v(O)
2 − Iiu(O) +Hi(O, r).

By Lemma 5.3(i), we have

Ui(pi) = Gi(u, pi, O) − λ
M

2 < 0.

Meanwhile, if q
i
< +∞, then, by Lemma 5.3(i), we have that Iiv(O) is

finite, and

Ui(qi
) = Gi(u, qi

, O) − λ
M

2 ⩾ Gi(v, qi
, O) + λ

M

2 > 0.

If q
i

= +∞, then, thanks to the coercivity of Hi at +∞, we can find q̂i > pi

such that
Ui(q̂i) = Gi(u, q̂i, O) − λ

M

2 > 0.
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By continuity of Ui, there exists ri ∈ (pi, qi
) (or in (pi, q̂i) in the case

q
i

= +∞) such that
Ui(ri) = 0 for all i,

hence
Gi(u, ri, O) = Ui(ri) + λ

M

2 > 0, for all 1 ⩽ i ⩽ N.

Using the continuity of Hi, it follows that there exists ϱ > 0 small enough
such that pi < ri − ϱ ∈ D+ui(O) and

Gi(u, ri − ϱ,O) > 0 for all i.
Then, the Kirchhoff condition at x = O is activated in the viscosity inequality
of Lemma 3.3, from which∑

i

−(ri − ρ) =
∑

i

−ri +Nρ ⩽ B. (5.4)

On the other hand,

Gi(v, ri, O) ⩽ Gi(u, ri, O) − λM = Ui(ri) − λ
M

2 < 0 for all i, (5.5)

where we recall that Gi(v, ri, O) may be −∞ (see (5.3)). Since ri < q
i
, we

have ri ∈ D−vi(O) and therefore the viscosity inequality of Lemma 3.3 at
x = O for supersolution implies again that the Kirchhoff condition holds,
that is ∑

i

−ri ⩾ B,

which contradicts (5.4). This concludes Case 2 and the proof of the compar-
ison. □

6. Other classes of boundary conditions

In this section we briefly discuss some possible extensions of our results
for other boundary conditions on the exterior vertices {vi}1⩽i⩽N .

The key point here is that the arguments around the junction point O
can be isolated from the boundary conditions imposed on the exterior ver-
tices {vi}1⩽i⩽N . For instance, Lipschitz regularity of subsolutions and/or
local barriers around at the junction point O can be performed in the same
way by localizing the analysis on the set Γδ in (4.27). Analogously, the local
analysis on each of these boundary points {vi}1⩽i⩽N when other type of
boundary conditions are imposed is not substantially modified by the Kirch-
hoff condition on the junction point O. This remark is valid both for the
arguments presented in Sections 4–5.
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Since a precise presentation of the result would very demanding and
would enlarge too much the manuscript, we provide the main ideas of other
boundary conditions, referring to the articles where the main ideas to address
the problems can be found.

6.1. Unbounded edges

It is possible to assume that for some 1 ⩽ i ⩽ N , ai = +∞, and con-
clude the existence and uniqueness of a bounded solution for the problem,
provided the datas are bounded, that is, supx∈Ei

|Hi(x, 0)| < +∞, following
the approach in [11, Theorem 3].

6.2. Exterior data

For a given subset I ⊂ {1, . . . , N} and i ∈ I, let 0 < Ai ⩽ +∞ with
ai < Ai, Eout

i = {xei : x ∈ [ai, Ai]} where ei := vi/ai, and gi ∈ Cb(Eout
i )

(the “exterior datas”). Then, we define a new nonlocal operator with the
formula (2.9) with an extended domain of integration, by replacing Ji with
J∗

i = (0, Ai) for i ∈ I. We complemented (2.12)–(2.13) with (2.14) for i ∈
{1, . . . , N} \ I and the exterior condition

u(x) = gi(x), x ∈ Ec
i , i ∈ I.

In this case, the arguments in [37, Theorem 2.1] can be adapted to conclude
the existence and uniqueness of a viscosity solution.

6.3. State-constraint conditions

Instead of (2.14), we can impose the state-constraint boundary condition

λu(vi) − Iiu(vi) +Hi(vi, uxi(vi)) ⩾ 0,

where the inequality is understood in the viscosity sense: for each ϕ ∈
C1(Γ) such that u − ϕ has a minimum point constrained to Ei at vi, then
Gδ

i (u, ϕ, ϕxi
(vi),vi) ⩾ 0 (see (2.3) and Definition (3.1) for the notations).

Here, it is possible to follow the arguments discussed in [14, Proposition 4.1]
to provide a strong comparison principle for problems with this type of
boundary conditions.
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6.4. Neumann boundary conditions

Instead of (2.14), we can impose the Neumann boundary condition

uxi(vi) = 0,

where the boundary condition is understood in the generalized (viscosity)
sense, see [20]. The current setting fits into the assumptions considered by
Ghilli [23, Theorem 3.1], to conclude the well-posedness of the problem.

7. The problem on a network

7.1. Problem set-up

In this section we address the problem on a general connected network,
that is, in the presence of more than one junction point. Most of the basic
definitions and notations were already presented in the introduction, and we
complement it here for sake of clarity.

We consider a nonempty, finite set of vertices V ⊂ Rd and a finite set
of edges E ∈ E, which are straight lines joining a pair of vertices. More
specifically, for each edge E ∈ E, there exists exactly two vertices v1,v2 ∈ V
such that E ∩ V = {v1,v2} and

E =
{

v1 + t
v2 − v1

|v2 − v1|
: t ∈ JE

}
, (7.1)

where JE = (0, aE) ⊂ R, aE = |v1 − v2| is the length of the edge E and E
for the closure of the subset E in Rd. We assume that, for any E1, E2 ∈ E,
if E1 ̸= E2, then E1 ∩ E2 = ∅; this means that, if E1, E2 have a common
point, this is necessarely a vertex.

A network Γ ⊂ Rd is the set

Γ =
⋃

E∈E

E.

We parametrize the network Γ by arc length in the following way (Notice
that it is not exclusive). We label the vertices, namely V = {vi}card(V)

i=1 .
Therefore, for each E ∈ E, there exist a unique pair of indices i, j with i < j
such that

E =
{

vi + t
vj − vi

aE
: t ∈ JE

}
,
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and we denote γE(t) = vi + t
vj−vi

aE
, the parametrization of the (closure) of

the edge E.

We treat the case of connected networks, that is, for each pair of vertices
v1,v2 ∈ V, there exists a finite set of edges {Ei}k

i=1 connecting them, i.e.,
such that E1 contains v1, Ek contains v2, and Ei ∩ Ei+1 ̸= ∅. Therefore
α := E1 ∪ · · · ∪ Ek is connected with respect to the usual topology in Rd.
Such an α is called a path between v1 and v2.

Given two points x, y ∈ Γ, the geodesic distance ρ(x, y) between x and y
is defined by

ρ(x, y) = inf{length(α) : α is a path between x and y}.

For each v ∈ V, we denote by Inc(v) the set of the incident edges to v,
that is the edges E ∈ E such that γE(0) = v or γE(aE) = v. The vertices
are divided according to their nature in terms of its role in the equation.
We write V = Vi ∪ Vb, where v ∈ Vi are like junction points (where we
will impose a Kirchhoff condition), and v ∈ Vb are like boundary vertices
(where we will impose Dirichlet boundary conditions, or possibly, another
boundary condition, see Section 6).

We define the function spaces as in Section 2.2 with straightforward adap-
tations. In particular, given E ∈ E, for each x ∈ E we denote xE ∈ JE such
that γE(xE) = x. In this setting, for u : Γ → R, we denote uE : JE → R
as uE(t) = u(γE(t)), which can be equivalently written as u(x) = uE(xE).
When u ∈ C1(Γ), we write

ux(x) = u′
E(xE) for x ∈ E, E ∈ E,

and we extend the derivative at the vertices by setting, if E ∈ Inc(v),

uxE
(v) = lim

x→v,x∈E
ux(x).

Then we define the inward derivative of u at v with respect to E as

∂Eu(v) = lim
x→v,x∈E

u(x) − u(v)
ρ(x,v) . (7.2)

Be careful, ∂Eu(v) and uxE
(v) do not always coincide as it was the case for

junctions when v = O. More precisely, defining the index of incidence of v
with respect to E ∈ Inc(v) as

iE(v) =
{

+1 if v = γE(0),
−1 if v = γE(aE),

we have
uxE

(v) = iE(v)∂Eu(v). (7.3)
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Next, we introduce the terms involved in (1.1) and the assumptions of
each one. These conditions, together with the previous definitions and as-
sumptions, are going to be the standing ones throughout this section.

We start with the Hamiltonian H. We intend it as a collection {HE}E∈E
with HE ∈ C(E × R), satisfying (2.6), which reads here,{

C−1
H |p| − CH ⩽ HE(x, p) ⩽ CH(1 + |p|),

|HE(x, p) −HE(y, q)| ⩽ CH

(
(1 + |p| ∧ |q|)|x− y| + |p− q|

)
,

(7.4)

for all x, y ∈ E,E ∈ E, p, q ∈ R.

For u ∈ SC(Γ), E ∈ E and x ∈ E, we set

IEu(x) =
∑
F ∈E

∫
JF

[uF (z) − u(x)]νEF (x, ρ(x, γF (z))) dz. (7.5)

The kernels νEF satisfy condition (2.7), that is there exist Λ > 0 and
σ ∈ (0, 1) such that{

0 ⩽ νEF (x, t) ⩽ Λt−(1+σ),

|νEF (x, t) − νEF (y, t)| ⩽ Λ|x− y|t−(1+σ),
(7.6)

for each E,F ∈ E, x, y ∈ E, and t > 0.

We then fix some Bv ∈ R for each v ∈ Vi and hv ∈ R for each v ∈ Vb to
state the Kirchhoff and Dirichlet boundary conditions in (1.1).

Before defining the solutions of (1.1), we extend the notations of the
beginning to Section 3 to the network case.

Given φ ∈ SC(Γ), E ∈ E, A ⊆ Γ measurable, and x ∈ E, we write

IE [A]φ(x) :=
∑
F ∈E

∫
{z∈F ∩A}

[φ(z) − φ(x)]νEF (x, ρ(x, z)) dz,

which is the natural extension of the nonlocal operator defined in (2.9)–
(2.10)–(2.11).

Then, for viscosity evaluation, given u ∈ SC(Γ), φ ∈ C1(Γ), δ > 0,
E ∈ E, x ∈ E and p ∈ R, we write

Gδ
E(u, φ, p, x) := λu(x) − IE [Bc

δ(x)]u(x) − IE [Bδ(x)]φ(x) +HE(x, p).
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Definition 7.1. — We say that u ∈ USC(Γ) is a viscosity subsolution
to Problem (1.1) if, for each x ∈ Γ, each δ > 0 and each φ ∈ C1(Γ) such
that x is a maximum point of u− φ in Bδ(x), we have

Gδ
E(u, φ, φx(x), x) ⩽ 0 if x ∈ E,

min

 min
E∈Inc(x)

Gδ
E(u, φ, φxE

(x), x),
∑

E∈Inc(x)

−∂Eφ(x) −Bx

 ⩽ 0 if x ∈ Vi,

min
{

min
E∈Inc(x)

Gδ
E(u, φ, φxE

(x), x), u(x) − hx

}
⩽ 0 if x ∈ Vb.

We say that u ∈ LSC(Γ) is a viscosity supersolution to Problem (1.1) if,
for each x ∈ Γ, each δ > 0 and each φ ∈ C1(Γ) such that x is a minimum
point of u− φ in Bδ(x), we have

Gδ
E(u, φ, φx(x), x) ⩾ 0 if x ∈ E,

max

 max
E∈Inc(x)

Gδ
E(u, φ, φxE

(x), x),
∑

E∈Inc(x)

−∂Eφ(x) −Bx

 ⩾ 0 if x ∈ Vi,

max
{

max
E∈Inc(x)

Gδ
E(u, φ, φxE

(x), x), u(x) − hx

}
⩾ 0 if x ∈ Vb.

A viscosity solution is a continuous function on Γ which is simultaneously
a viscosity sub and supersolution in the sense above.

Remark 7.2. — The definition depends on the parametrization we choose
at the beginning, which is close to what is done in Siconolfi [35]. Notice that,
even in the case of a junction, the parametrization is not canonical, see for
instance [26] and [31].

Finally, since we also use a vanishing viscosity approach for the existence
in networks, for functions u ∈ C2(Γ), we define uxx(x) := u′′

E(xE) for x ∈ E,
E ∈ E. For the second-derivative at a vertex v ∈ V, we denote

uxExE
(v) = lim

x→v,x∈E
uxx(x).

7.2. Well-possedness on a general network

We have the following result, analogous to Proposition 4.3.
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Proposition 7.3. — Let λ > 0, {HE}E∈E satisfies (7.4), {IE}E∈E sat-
isfies (7.6), and let {hv}v∈Vb

, {θv}v∈Vi
⊂ R be given. Then, for each ϵ > 0,

there exists a unique viscosity solution uϵ ∈ C(Γ) to the problem

λu− ϵuxx − IEu(x) +HE(x, ux) = 0 on E, E ∈ E, (7.7)

complemented by Dirichlet conditions

u(v) = hv for v ∈ Vb, u(v) = θv for v ∈ Vi. (7.8)

The solution enjoys analogous estimates as the ones presented in Propo-
sition 4.3.

We stress on the fact that the construction of our solution on a junction
in Lemma 4.2 is based on the well-posedness of the PDE in an interval with
Dirichlet condition at the two end points (see Appendix B). It follows that
the proof of Proposition 7.3 follow same lines as the proof of Lemma 4.2 and
Proposition 4.3 with minor changes.

The main result of this section is the following

Theorem 7.4. — Assume λ > 0, {HE}E∈E satisfies (7.4), {IE}E∈E sat-
isfies (7.6), {hv}v∈Vb

, {Bv}v∈Vi
⊂ R are given.

Then, there exists a unique viscosity solution u ∈ C(Γ) for the gen-
eral Kirchhoff problem (1.1) on Γ. This solution is Lipschitz continuous in
Γ \
⋃

v∈Vb
B(v, δ) for all δ > 0.

Proof. — We follow here the ideas of Theorem 4.4, adapted to the general
network setting. The main difference here is to prove the existence of a family
Θ := {θv}v∈Vi

for which the Kirchhoff condition∑
E∈Inc(v)

−∂Eu
ϵ,Θ(v) = Bv (7.9)

holds pointwisely for the solution uϵ,Θ of (7.7)–(7.8).

We set B = maxv∈Vi
|Bv| + 1 and define ψ0 ∈ C2[0, 1] such that ψ0(x) =

ψ0(1 − x) for all x ∈ [0, 1], non-increasing in [0, 1/2], with ψ0(x) = −Bx if
x ∈ [0, 1/8] and ψ0(x) = −3B/16 if x ∈ [1/4, 1/2]. Notice this function is
such that ∥ψ0∥C2[0,1] ⩽ C0B for some universal constant C0 > 0.

Then, we define the function Ψ ∈ C2(Γ) by

ΨE(xE) = aEψ0(a−1
E xE), for xE ∈ JE , E ∈ E.

Notice that ∥Ψ∥C2(Γ) ⩽ a−1C0B, where a = minE∈E |aE |, and, for each
v ∈ V, we have Ψ(v) = 0.
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With similar computations as in the proof of Theorem 4.4, we obtain
that, for each E ∈ E and x ∈ E,

|HE(x,Ψx(x))| ⩽ CH(1 + C0B),

|IEΨ(x)| ⩽ 2Λ card(E)2C0B

1 − σ
,

|ϵΨxx(x)| ⩽ a−1C0B, ϵ ∈ (0, 1),

and, for θ+ large enough in terms of the above estimates, h = maxv∈Vi
|hv|

and λ, the function

Ψ+(x) = θ+ + Ψ(x), x ∈ Γ

is a viscosity supersolution of (7.7)–(7.8), for all θv ∈ [−θ+, θ+].

Now, we enumerate the set of interior vertices, writing Vi = {v1,v2, . . . ,
vNi

} (assuming for instance that the interior vertices are labelled first in the
starting parametrization) and Θ = (θ1, . . . , θNi

), where Ni = card(Vi) ⩾ 1.
For Θ ∈ [−θ+, θ+]Ni , let uϵ,Θ ∈ C2,1−σ(Γ) be the unique solution of (7.7)–
(7.8) given by Proposition 7.3, and define the functions

Θ ∈
[
−θ+, θ+]Ni 7−→ Fj(Θ) =

∑
E∈Inc(vj)

−∂Eu
ϵ,Θ(vj) −Bvj , 1 ⩽ j ⩽ Ni.

For Θ ∈ [−θ+, θ+]Ni , we denote Θj,+ the vector Θ where the coordinate
θj is replaced by θ+. By comparison (Lemma B.1 and Remark B.2), we have
uϵ,Θj,+

⩽ Ψ+ on Γ. Since Ψ+(vj) = θ+ = uϵ,Θj,+(vj), it follows

∂Eu
ϵ,Θj,+

(vj) ⩽ ∂EΨ+(vj) = ψ′
0(0) = −B, for all E ∈ Inc(vj),

leading to

Fj(Θj,+) =
∑

E∈Inc(vj)

−∂Eu
ϵ,Θj,+

(vj) −Bvj
⩾ card(Inc(vj))|B| −Bvj

> 0,

for all j and all Θ.

Similarly, Ψ−(x) = θ− − Ψ(x) with θ− = −θ+ is a viscosity subsolution
for the same problem, from which we conclude that Fj(Θj,−) < 0 for all j
and all Θ.

We are in position to apply Poincaré–Miranda theorem (see [29]) to the
family Fj , 1 ⩽ j ⩽ Ni, in [−θ+, θ+]Ni . It yields the existence of Θ∗ ∈
[−θ+, θ+]Ni such that Fj(Θ∗) = 0 for all j.

Then, the Kirchhoff condition (7.9) is satisfied for the solution uϵ,Θ∗

of (7.7)–(7.8), from which we conclude that uϵ,Θ∗ is a solution to (1.1) with
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the vanishing viscosity term. By similar arguments as in the proof of Theo-
rem 4.4, we can send ϵ → 0 in the vanishing viscosity problem and obtain a
solution u ∈ C(Γ) to (1.1), which is locally Lipschitz continuous in Γ \ Vb.

The proof of uniqueness follows readily the one of Theorem 5.1 since,
arguing by contradiction, we are brought back to the case when a positive
maximum is achieved at a vertex v ∈ Vi and we can argue locally as in the
junction case. □

Collecting the results in the paper, we obtain the following well-posedness
for viscous nonlocal Hamilton–Jacobi with Kirchhoff conditions on general
networks. This result has its own interest.

Theorem 7.5. — Assume hypotheses of Theorem 7.4 hold, and consider
families {fE}E∈E, {µE}E∈E such that{

0 ⩽ µ ⩽ µE ∈ C(E),
∣∣√µE(x) −

√
µE(y)

∣∣ ⩽ Cµ|x− y|x, y ∈ E,

fE ∈ C(E).

Then, there exists a viscosity solution u ∈ C(Γ) to the problem
λu− µ(x)uxx − Iu(x) +H(x, ux) = f(x), x ∈ Γ \ V,∑

E∈Inc(v) −∂Eu(v) = Bv, v ∈ Vi,

u(v) = hv, v ∈ Vb,

(7.10)

which is Lipschitz continuous in a neighborhood of each vertex v ∈ Vi.

Moreover, if the equation is strictly elliptic (i.e., µ > 0 in (B.2)), then
there exists a unique classical solution u ∈ C2,1−σ(Γ), which satisfies the
conditions at the vertices pointwisely.

Proof. — The first part of Theorem 7.5 is a straightforward adaptation
of Proposition 4.3 and Theorem 4.4 to the case of general networks. The
only difference is that we argue on (4.1) by replacing the diffusion −εuxExE

by −(ε+ µE)uxExE
in the edges E, E ∈ E.

When the equation is strictly elliptic, the existence of a C2,1−σ(Γ) so-
lution is directly given by Proposition 4.3 and Steps 1–2 of the proof of
Theorem 4.4, arguing directly on the PDE in (7.10) without adding ϵ to the
diffusion.

The proof of the uniqueness of the classical solution is an easy adaptation
of [2, Lemma 3.6] or [19]. We provide it to be self-contained.

Consider two solutions u, v ∈ C2,1−σ(Γ) of (7.10). Assume by contradic-
tion that δ := maxΓ u− v > 0.
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If the maximum is achieved inside a branch at x0 ∈ E\V, then we perform
a classical proof of the maximum principle. More precisely, the PDE in (7.10)
holds pointwisely both for u and v at x0. Using that (u − v)(x0) = δ > 0,
ux(x0) = vx(x0), uxx(x0) ⩽ vxx(x0) and Iu(x0) ⩽ Iv(x0), by subtracting
the inequality, we reach a contradiction.

It follows that the maximum is necessarily achieved at a vertex. Since the
Dirichlet condition holds pointwisely, x0 cannot be a boundary vertex, thus
x0 ∈ Vi.

By maximality, we have (u − v)(x) ⩽ (u − v)(x0) for all x ∈ Γ. Hence,
∂Eu(x0) ⩽ ∂Ev(x0) for all E ∈ Inc(x0). From the Kirchhoff conditions at
x0, we get

∑
E∈Inc(x0)(∂Eu(x0) − ∂Eu(x0)) = 0. We finally obtain

∂Eu(x0) = ∂Ev(x0) for all E ∈ Inc(x0). (7.11)

Let E ∈ Inc(x0) and x ∈ E. Writing the PDEs at x for u and v, we infer

µ(x)(uxx(x) − vxx(x))
= λ(u− v)(x) − IEu(x) + IEv(x) +HE(x, ux(x)) −HE(x, vx(x)).

Sending x → x0, we have λ(u − v)(x) → λδ > 0, −IEu(x) + IEv(x) →
−IEu(x0) + IEv(x0) ⩾ 0 by Lemma 2.2 and maximality of x0, and

HE(x, ux(x)) −HE(x, vx(x)) −→ 0
since

lim
x→x0,
x∈E

ux(x) = uxE
(x0) = iE(x0)∂Eu(x0)

= iE(x0)∂Ev(x0) = vxE
(x0) = lim

x→x0,
x∈E

vx(x)

by (7.3) and (7.11). We finally obtain that µ(x0)(uxExE
(x0)−vxExE

(x0)) > 0
with uxE

(x0) = vxE
(x0). Therefore, the function u − v is strictly convex

in a neighborhood of x0 in the edge E, with a minimum at x0, which
contradicts the fact that x0 is a maximum of u − v. This ends the proof
of Theorem 7.5. □

8. On flux limited solutions

We want to make the link between the solutions of the Kirchhoff prob-
lem (2.12)–(2.13) and flux limited solutions introduced in [8, 26, 31]. For the
sake of simplicity of notations, we come back to the simpler case of a junc-
tion, see Section 2 for the setting and Section 3 for the definition of viscosity
solutions.
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We start by giving a precise definition of flux limited solutions in our
context.

At first, we need to add an extra quasiconvexity assumption on H, fol-
lowing [26]. Throughout this section, we assume:

Quasiconvexity Assumption 8.1. —
(i) H satisfies (2.6),
(ii) For all 1 ⩽ i ⩽ N , x ∈ Ei, there exists p0

i = p0
i (x) such that the

map p 7→ Hi(x, p) is nonincreasing in (−∞, p0
i ), and nondecreasing

in (p0
i ,+∞).

Under this assumption, we can define the nondecreasing and nonincreas-
ing parts of Hi, respectively, by

H−
i (x, p) =

{
Hi(x, p0

i (x)) if p ⩽ p0
i (x),

Hi(x, p) if p ⩾ p0
i (x),

H+
i (x, p)a =

{
Hi(x, p) if p ⩽ p0

i (x),

Hi(x, p0
i (x)) if p ⩾ p0

i (x).

(8.1)

Notice that
Hi(x, p) = max

{
H−

i (x, p), H+
i (x, p)

}
. (8.2)

Following the notations (3.1) and (3.3) and recalling the definition of Fx

introduced in (3.2), for every u ∈ SC(Γ), φ ∈ C1(Γ), δ ∈ (0, 1), x ∈ Ei and
p ∈ R, we denote

G±,δ
i (u, φ, p, x) := λu(x) − Ii[Bc

δ(x)]u(x) − Ii[Bδ(x)]φ(x) +H±
i (x, p), (8.3)

and, for u ∈ Fx,

G±
i (u, p, x) := lim

δ↓0
G±,δ

i (u, φ, p, x) = λu(x) − Iiu(x) +H±
i (x, p). (8.4)

As for (3.3), this latter quantity is well-defined in [−∞,+∞] and does
not depend on the function φ chosen for computing the limit. When we can
touch an USC function from above or a LSC function from below, we have
more precise estimates, see Lemma 3.2. When u is Hölder continuous, Iiu(x)
is well-defined in R (see Lemma 3.3) and so G±

i (u, p, x).

Next we introduce the so-called flux limiter. Here we follow the approach
presented in [8, Section 16.4] but, due to the nonlocal nature of our problem,
the definition is more involved.
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Definition 8.2 (Flux limiter). — Let B ∈ R be given. For every u ∈
SC(Γ), φ ∈ C1(Γ) and δ ∈ (0, 1),

FL−,δ(u, φ,O) := min
p1,...,pN ∈R

max
{

max
1⩽i⩽N

G−,δ
i (u, φ, pi, O),

N∑
i=1

−pi −B

}
.

For u ∈ FO, the flux limiter operator is defined by

FL−(u,O)

= min
p1,...,pN ∈R

max
{

max
1⩽i⩽N

G−
i (u, pi, O),

N∑
i=1

−pi −B

}
∈ [−∞,+∞].

These definitions make sense. Indeed,
∑N

j=1 −pj − B → −∞ whereas,
when they are finite, G−,δ

i (u, φ, pi, O), G−
i (u, pi, O) → +∞ as pi → +∞,

thus the minima are well-defined. See the related [8, Lemma 5.3.1] for details.

We are now in position to define the viscosity flux limited (FL) solutions.

Definition 8.3. — We say that u ∈ USC(Γ) is a viscosity FL subsolu-
tion to problem (2.12)–(2.14) if, for each function φ ∈ C1(Γ) such that u−φ
has a local maximum at x ∈ Γ, for each δ > 0, we have

Gδ
i (u, φ, φxi

(x), x) ⩽ 0 if x ∈ Ei,

max
{

max
1⩽i⩽N

G+,δ
i (u, φ, φxi(O), O), FL−,δ(u, φ,O)

}
⩽ 0 if x = O,

min
{
Gδ

i (u, φ, φxi
(x), x), u(x) − hi

}
⩽ 0 if x = vi.

We say that u ∈ LSC(Γ) is a viscosity FL supersolution to problem
(2.12)–(2.14) if, for each function φ ∈ C1(Γ) such that u − φ has a local
minimum at x ∈ Γ, for each δ > 0, we have

Gδ
i (u, φ, φxi

(x), x) ⩾ 0 if x ∈ Ei,

max
{

max
1⩽i⩽N

G+,δ
i (u, φ, φxi

(O), O), FL−,δ(u, φ,O)
}

⩾ 0 if x = O,

max
{
Gδ

i (u, φ, φxi
(x), x), u(x) − hi

}
⩾ 0 if x = vi.

A viscosity solution is a continuous function on Γ which is simultaneously
a viscosity sub and supersolution in the sense above.

We give an equivalent definition for the FL solutions. We concentrate in
the case of a junction point, the other cases being similar.
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Proposition 8.4. — An u ∈ USC(Γ) (resp. LSC(Γ)) is a viscosity FL
subsolution (resp. supersolution) to problem (2.12)–(2.14) if and only if the
viscosity inequality at x = O is replaced with

max
{

max
1⩽i⩽N

G+
i (u, pi, O), FL−(u,O)

}
⩽ 0 (resp. ⩾ 0), (8.5)

for every p = (p1, . . . , pN ) ∈ D+
Γ u(O) (resp. p ∈ D−

Γ u(O)).

Proof. — We focus on the proof for subsolutions. Let p ∈ D+
Γ u(O). There

exists φ ∈ C1(Γ) such that O is a local maximum point of u − φ, and
φxi

(O) = pi for each i.

Since u is a subsolution in the sense of Definition 8.3, we have for all
δ > 0 small enough that

G+,δ
i (u, φ, pi, O) ⩽ 0, for all i,

and

FL−,δ(u, φ,O) ⩽ 0. (8.6)

From the first set of inequalities and Lemma 3.2, we infer Iiu(O) =
limδ→0 Ii[Bδ(O)c]u(O) ∈ R for all i, and taking limit as δ → 0 we arrive at

G+
i (u, pi, O) ⩽ 0, for all i.

On the other hand, from (8.6) and the definition of FL−,δ(u, φ,O), we
see that for all δ > 0, there exists qδ ∈ RN such that

max
{

max
1⩽i⩽N

{
G−,δ

i (u, φ, qδ
i , O)

}
,

N∑
i=1

−qδ
i −B

}
⩽ 0.

Using that H−
i (O, p) → +∞ as p → +∞, and since we already know that

Iiu(O) is finite, we infer that there exists C > 0 not depending on δ such that
qδ

i ⩽ C for all i and all δ small. Using this and the fact that
∑N

i=1 −qδ
i ⩽ B,

we conclude that, enlarging C if necessary, we have |qδ
i | ⩽ C for all i and δ

small. Thus, for each i, there exists q̃i ∈ R such that, taking subsequences, we
have qδ

i → q̃i as δ → 0. Taking limit as δ → 0, we arrive at FL−(u,O) ⩽ 0,
which concludes this case.

Now we deal with the converse. Assume u is a subsolution in the sense
of (8.5). Let φ ∈ C1(Γ) be a test function such that u − φ has a local
maximum at O. Then, p ∈ RN such that pi = φxi

(O), 1 ⩽ i ⩽ N , belongs
to D+

Γ u(O). By (8.5), we have

G+
i (u, pi, O) ⩽ 0 for 1 ⩽ i ⩽ N and FL−(u,O) ⩽ 0. (8.7)

– 888 –



Nonlocal Hamilton–Jacobi Equations on a network

Since u is touched from above, we have Iiu(O) ∈ [−∞,+∞) by Lemma 3.2,
and thus, the above inequalities imply that Iiu(O) ∈ R.

Using that u− φ has a local maximum at O, we readily have

Iiu(O) = Ii[Bc
δ(O)]u(O) + Ii[Bδ(O)]u(O)

⩽ Ii[Bc
δ(O)]u(O) + Ii[Bδ(O)]φ(O),

and using these inequalities into (8.7) we conclude the viscosity inequality
for subsolutions in the sense of Definition 8.3.

For supersolution, the proof is similar to the one above complemented
with Lemma 3.2 for functions touched from below by C0,1 functions. The
arguments are slightly simpler since we require that only one expression
inside the maximum is nonnegative to get the viscosity inequality. □

8.1. Kirchhoff solutions are flux limiter solutions.

Theorem 8.5. — For any B ∈ R, a viscosity subsolution (resp. superso-
lution) to the Kirchhoff problem (2.12)–(2.14)–(2.13) is a viscosity FL subso-
lution (resp. supersolution) for the flux limiter introduced in Definition 8.2.

Proof. — The only difference in Definitions 3.1 and 8.3 is at the junction
point O.

Subsolution case. — In this case we can assume that u is Lipschitz con-
tinuous at the junction, see Lemma 5.2.

Let p = (p1, . . . , pN ) ∈ D+
Γ u(O). We want to prove that

max
{

max
i
G+

i (u, pi, O), FL−(u,O)
}
⩽ 0.

We start by proving that for all i, we have G+
i (u, pi, O) ⩽ 0. Since p ∈

D+
Γ u(O), there exists φ ∈ C1(Γ) such that O is a strict maximum point of

u − φ and φxi(O) = pi. Using that O is a strict maximum point of u − φ,
for all ϵ ∈ (0, 1) small enough, we have that for all i, the function

xi 7−→ ui(xi) −
(
φi(xi) + ϵx−β

i

)
, xi ∈ Ji,

attains its maximum at some point xϵ ∈ Ji, and this point is such that
xϵ → 0+, and ui(xϵ) − φi(xϵ) → u(O) − φ(O) as ϵ → 0. Hence, we can use
the viscosity inequality for subsolutions on Ji, and since u is Lipschitz, from
Lemma 3.3, we have

Gi

(
u, pi − βϵx−β−1

ϵ , γi(xϵ)
)
⩽ 0.
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From (8.2), it follows
G+

i

(
u, pi − βϵx−β−1

ϵ , γi(xϵ)
)
⩽ 0,

and since p 7→ G+
i (u, p, x) is nonincreasing, we arrive at

G+
i (u, pi, γi(xϵ)) ⩽ 0.

Taking the limit ϵ → 0, by continuity of the map x 7→ G+
i (u, p, x) (see

Lemma 2.2), we conclude the asserted inequality.

Thus, it remains to prove that FL−(u,O) ⩽ 0. For this, a simple gener-
alization of [8, Lemma 5.3.1] implies the existence of a (p̃1, . . . , p̃N ) ∈ RN

such that, for all i we have

FL−(u,O) = G−
i (u, p̃i, O) =

N∑
i=1

−p̃i −B. (8.8)

Now, for each ϵ ∈ (0, 1), consider the function ψ ∈ C1(Γ) given by
ψi(xi) = p̃ixi + ϵ−1x2

i , 1 ⩽ i ⩽ N. By boundedness of u, for all ϵ small
enough we have the existence of a maximum point xϵ ∈ Γ to u−ψ such that
xϵ → O as ϵ → 0.

If there is a subsequence ϵ → 0 such that xϵ ∈ Ei for some i, then by the
viscosity inequality inside the edge we have

Gi(u, p̃i + 2ϵ−1xϵ, xϵ) ⩽ 0,
which implies, thanks to (8.2),

G−
i (u, p̃i + 2ϵ−1xϵ, xϵ) ⩽ 0,

and, since p 7→ G−
i (u, p, x) is nondecreasing, we obtain

G−
i (u, p̃i, xϵ) ⩽ 0.

Sending ϵ → 0 and using (8.8), we arrive at
FL−(u,O) = G−

i (u, p̃i, O) ⩽ 0.

If xϵ = O for all ϵ, writing the subsolution inequality at xϵ = O in
Lemma 3.3, we obtain that, either Gi(u, p̃i, O) ⩽ 0 for some i, or

∑N
j=1 −p̃j −

B ⩽ 0. In both cases, using (8.2) and (8.8), we obtain FL−(u,O) ⩽ 0, which
concludes the proof of the subsolution case.

Supersolution case. — Here we cannot assume u is Lipschitz continuous.

Thanks to Proposition 8.4, it is enough to prove that, for all p = (p1, . . . ,
pN ) ∈ D−

Γ u(O), we have

max
{

max
1⩽i⩽N

G+
i (u, pi, O), FL−(u,O)

}
⩾ 0. (8.9)
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If D−
Γ u(O) = ∅ or FL−(u,O) ⩾ 0, then we are done. Therefore, in the

rest of the proof, we assume that D−
Γ u(O) ̸= ∅ (and a fortiori D+

Ji
ui(0) ̸= ∅

for all i) and
FL−(u,O) < 0. (8.10)

From the fact that the subdifferential is non empty, we can deduce two
things.

At first, from Lemma 3.2, −Iiu(O), hence Gi(u, pi, O) and G±
i (u, pi, O),

is in [−∞,∞) for all i. We define the subset A of “active indices” i, for which
they are finite.

Secondly, from [8, Proposition 2.5.4], the set D−
Ji
ui(0) is a nonempty

interval, either

D−
Ji
ui(0) = R, or p

i
= lim inf

x→0+

ui(x) − ui(0)
x

is finite and D−
Ji
ui(0) = (−∞, p

i
].

Now, we divide the proof in two cases showing that the first one yields
(8.9) as desired, whereas the second one leads to a contradiction.

Case 1: There exists i such that, for all p ∈ D−
Ji
ui(0), Gi(u, p,O) ⩾ 0. —

In this case, we have that i ∈ A.

If p0
i (O) ∈ D−

Ji
ui(0) (see (8.1)), then Gi(u, p0

i (O), O) = G+
i (u, p0

i (O),
O) ⩾ 0. Since G+

i (u, p0
i (O), O) = minp∈RG

+
i (u, p,O), we conclude that (8.9)

holds true.

If p0
i (O) ̸∈ D−

Ji
ui(0), then p0

i (O) > p
i

∈ D−
Ji
ui(0), thus Gi(u, pi

, O) =
G+

i (u, p
i
, O) ⩾ 0. Using that H+

i (O, ·) is nonincreasing, we obtain that
G+

i (u, p,O) ⩾ 0 for all p ∈ D−
Ji
ui(0), and (8.9) also holds true. The proof is

done in this case.

Case 2: For all i, there exists pi ∈ D−
Ji
ui(O) such that:

Gi(u, pi, O) < 0. (8.11)

We claim that, in this case, all indices i are active. To prove the claim,
let us fix p = (p1, . . . , pN ) ∈ D−

Γ u(O) such that the inequalities (8.11) hold.

At first, if there exists i0 such that Gi0(u, pi0 , O) = −∞, i.e., i0 ̸∈ A,
and D−

Ji0
ui0(O) = R then we can increase pi0 in order that we still have

Gi0(u, pi0 , O) = −∞ and moreover the Kirchhoff condition is negative, i.e.,∑N
i=1 −pi−B < 0. Putting this together with (8.11), we obtain that u cannot

be a Kirchhoff subsolution at O, which is a contradiction.
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Secondly, if there exists i0 such that

Gi0(u, pi0 , O) = −∞ and D−
Ji0
ui0(O) = (−∞, p

i0
],

then we also reach a contradiction since, by Lemma 5.3 we should have
Gi0(u, pi0 , O) ⩾ 0.

Therefore, all the indices are active. Taking into account (8.10), from
Definition 8.2 of the flux limiter and [8, Lemma 5.3.1], we infer the existence
of p̃ = (p̃1, . . . , p̃N ) ∈ RN such that

FL−(u,O) = G−
i (u, p̃i, O) =

N∑
i=1

−p̃i −B < 0 for all i. (8.12)

From (8.2) and (8.11), G+
i (u, pi, O) < 0 for all i. Since pi ⩽ p

i
and

p 7→ H+
i (O, p) is nonincreasing, we get G+

i (u, p
i
, O) < 0. Since Gi(u, pi

, O) ⩾
0 from Lemma 5.3, necessarily

G−
i (u, p

i
, O) ⩾ 0 for all i.

Using that G−
i (u, p̃i, O) < 0 and p 7→ H−

i (O, p) is nondecreasing, we infer
that p

i
is in the increasing part of H−

i , and therefore p̃i < p
i
. It follows that

we can find p∗
i ∈ (p̃i, pi

), thus p∗
i ∈ D−

Ji
ui(0), such that p∗

i is in the increasing
part of H−

i and

Gi(u, p∗
i , O) = G−

i (u, p∗
i , O) < 0 for all i. (8.13)

At the end, we have constructed p∗ = (p∗
1, . . . , p

∗
N ) ∈ D−

Γ u(O) such that
G−

i (u, p∗
i , O) < 0 for all i. In addition, since p∗

i > p̃i, (8.12) implies
N∑

i=1
−p∗

i −B <

N∑
i=1

−p̃i −B < 0. (8.14)

Finally, (8.13) and (8.14) contradict the fact that u is a Kirchhoff super-
solution at O. This concludes the proof of Theorem 8.5. □

8.2. Flux limiter solutions are Kirchhoff solutions.

Theorem 8.6. — For any B ∈ R, a viscosity FL subsolution (resp.
supersolution) is a viscosity subsolution (resp. supersolution) to the Kirchhoff
problem (2.12)–(2.14)–(2.13).

Proof of Theorem 8.6. — We again concentrate on the junction point O.
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Subsolution case. — Let p = (p1, . . . , pN ) ∈ D+
Γ u(O). We want to prove

that

min
{

min
1⩽i⩽N

Gi(u, pi, O),
N∑

i=1
−pi −B

}
⩽ 0, (8.15)

knowing that

max
{

max
1⩽i⩽N

G+
i (u, pi, O), FL−(u,O)

}
⩽ 0.

In particular, taking into account Lemma 3.2, all the nonlocal terms are
finite.

Assume that
∑N

i=1 −pi > B. The flux limited condition FL−(u,O) ⩽ 0
together with [8, Lemma 5.3.1] implies the existence of (p̃1, . . . , p̃N ) such
that

FL−(u,O) = G−
i (u, p̃i, O) =

∑
i

−p̃i −B ⩽ 0 for all i.

In particular, we have
∑

i −pi >
∑

i −p̃i, from which there exists an index
i0 such that pi0 < p̃i0 . Since p 7→ H−

i (O, p) is nondecreasing, we have that
G−

i0
(u, pi0 , O) ⩽ 0. The inequality for the FL subsolution also provides the

inequality G+
i0

(u, pi0 , O) ⩽ 0. Finally, we obtain Gi0(u, pi0 , O) ⩽ 0, from
which we conclude that (8.15) holds.

Supersolution case. — Let p = (p1, . . . , pN ) ∈ D+
Γ u(O). We want to

prove that

max
{

max
1⩽i⩽N

Gi(u, pi, O),
N∑

i=1
−pi −B

}
⩾ 0,

knowing that

max
{

max
1⩽i⩽N

G+
i (u, pi, O), FL−(u,O)

}
⩾ 0.

The above inequality means that, either there exists an index i such that
G+

i (u, pi, O) ⩾ 0,
or FL−(u,O) ⩾ 0. In the first case, we get the conclusion since Gi ⩾ G+

i . In
the second case, [8, Lemma 5.3.1] implies the existence of (p̃1, . . . , p̃N ) such
that

FL−(u,O) = G−
i (u, p̃i, O) =

∑
i

−p̃i −B ⩾ 0 for all i.

If
∑N

i=1 −pi < B, then, as before, there exists i0 such that p̃i0 < pi0 , from
which

0 ⩽ G−
i0

(u, p̃i0 , O) ⩽ G−
i0

(u, pi0 , O) ⩽ Gi0(u, pi0 , O),
and the result follows. □
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Appendix A. Proof of Lemma 2.2

This subsection is completely devoted to the proof of Lemma 2.2.

Let x, y ∈ Ei. We have that

Iiu(x) − Iiu(y) =
N∑

j=1
Iiju(x) − Iiju(y).

In what follows, we identify x, y, z ∈ Ei and xi, yi, zi ∈ [0, ai]. Assume
x ⩽ y. Then, we see that

Iiiu(x) − Iiiu(y) = −
∫ −x

−y

[ui(x+ z) − ui(x)]νii(x, |z|) dz

+
∫ ai−y

−x

[ui(x+ z) − ui(x)]νii(x, |z|) dz

−
∫ ai−y

−x

[ui(y + z) − ui(y)]νii(y, |z|) dz

+
∫ ai−x

ai−y

[ui(y + z) − ui(y)]νii(y, |z|) dz

=: I1 + I2 + I3 + I4.

The terms I1 and I4 can be estimated similarly. For the first term, using
the Hölder continuity of ui and the inequality

yα − xα ⩽ (y − x)α for 0 ⩽ x ⩽ y and α ∈ [0, 1],

we have

−
∫ −x

−y

[ui(x+ z) − ui(x)]νii(x, |z|) dz ⩽ Λ[ui]C0,γ (Ji)

∫ −x

−y

|z|γ−1−σ dz

⩽
Λ

γ − σ
[u]C0,γ (Γ)|x− y|γ−σ.

We obtain the same estimate for I4.

Next, we estimate

I2 + I3 =
∫ ai−y

−x

[ui(x+ z) − ui(x)](νii(x, |z|) − νii(y, |z|)) dz

+
∫ ai−y

−x

[ui(x+ z) − ui(x) − (ui(y + z) − ui(y))]νii(y, |z|) dz

=: I5 + I6.
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For I5, using Hölder estimates of ui and the Lipschitz assumption on ν, we
see that

I5 ⩽ 2Λ|x− y|[ui]C0,γ (Ji)

∫ ai−y

−x

|z|γ−1−σ dz ⩽ CΛ∥u∥Cγ |x− y|,

where C > 0 is a constant just depending on σ, γ and ai.

For I6, we write [−x, ai−y] = A∪B with A = [−x, ai−y]∩[−|x−y|, |x−y|]
and B = [−x, ai − y] \ A. We take profit of the Hölder regularity of u,
that is,

ui(x+ z) − ui(x) − (ui(y + z) − ui(y))
⩽ 2[u]C0,γ (Γ)|z|γ for z ∈ A,

ui(x+ z) − ui(x) − (ui(y + z) − ui(y))
⩽ 2[u]C0,γ (Γ)|x− y|γ for z ∈ B.

(A.1)

to obtain, thanks to the assumptions on ν,

I6 ⩽ 2Λ[u]C0,γ (Γ)

(∫
A

|z|γ−1−σ dz + |x− y|γ
∫

B

|z|−1−σ dz
)

⩽ CΛ[u]C0,γ (Γ)|x− y|γ−σ,

for some C > 0 just depending on σ, γ and ai.

Since the argument are symmetric in x and y, we conclude that

|Iiiu(x) − Iiiu(y)| ⩽ CΛ[u]C0,γ (Γ)|x− y|γ−σ.

For j ̸= i, since for x, y ∈ Ei and z ∈ Ej , we have ρ(x, z) = xi + zj ,
ρ(y, z) = yi + zj , by definition we obtain

Iiju(x) − Iiju(y) =
∫ aj+xi

xi

[uj(zj − xi) − ui(xi)]νij(xi, zj) dzj

−
∫ aj+yi

yi

[uj(zj − yi) − ui(yi)]νij(yi, zj) dzj , (A.2)

and from here we follow the same estimates as above, noticing that now,
thanks to (2.4) and (2.5), the estimate (A.1) reads

ui(zj − xi) − ui(xi) − (ui(zj − yi) − ui(yi))
⩽ 22−γ [u]C0,γ (Γ)|zj |γ for z ∈ A. □
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Appendix B. Well-posedness for censored problems

We prove here the comparison principle for the Dirichlet problem
λu− µi(x)uxixi

− Iiu+Hi(x, uxi
) = fi(x) on Ei, 1 ⩽ i ⩽ N,

u(O) = θ,

ui(ai) = hi, 1 ⩽ i ⩽ N,

(B.1)

on a junction Γ when the sub and supersolution are ordered at the vertices.

The PDE (B.1) is a little more general than (4.1). We will assume that
the datas satisfy (2.15) and, in addition, for all 1 ⩽ i ⩽ N ,

0 ⩽ µ ⩽ µi ∈ C(J i),∣∣√µi(x) −
√
µi(y)

∣∣ ⩽ Cµ|x− y|, x, y ∈ J i,

fi ∈ C(J i).
(B.2)

Lemma B.1. — Assume Γ is a junction with N ⩾ 1 edges. Assume
that (2.15) and (B.2) hold and θ ∈ R. Let u ∈ USC(Γ) be a viscosity subso-
lution and v ∈ LSC(Γ) be a viscosity supersolution of (B.1) such that u ⩽ v
on V = {vi}1⩽i⩽N ∪ {O}. Then u ⩽ v on Γ.

Remark B.2. — For the sake of notations, we present the proof in the
case of a junction. But it applies readily to the case of a general network
(up to use the tedious notations of Section 7). Indeed, since u ⩽ v at the
vertices, a positive maximum of u−v cannot be achieved at the vertices and
we can localize the following proof by contradiction inside one particular
edge. Moreover, all the nonlocal estimates are done edge by edge, and do
not depend on the special structure of the network.

Proof. — By contradiction, we assume
M := max

Γ
{u− v} > 0.

Then, doubling variables, by standard arguments in the viscosity solu-
tion’s theory, we have the function

Φ(x, y) = u(x) − v(y) − α−2ρ(x, y)2, x, y ∈ Γ,
attains its maximum at some point (x, y) (which depends upon α) such that

α−2ρ(x, y)2 −→ 0, u(x) − v(y) −→ M, as α −→ 0. (B.3)

In particular, up to subsequences (not relabeled), we have x, y → x̂ ∈ Γ
as α → 0. Since (x, y) 7→ u(x) − v(y) is upper semi continuous on Γ × Γ and
u−v ⩽ 0 on the vertices V, there exists δ0 > 0 such that ρ(x,V), ρ(y,V) ⩾ δ0
for all α small enough. Thus, without loss of generality we may assume that
x, y ∈ Ei for some fixed index i, for all α small.

– 896 –



Nonlocal Hamilton–Jacobi Equations on a network

Now, denoting ϕ(x, y) = α−2|x − y|2 and p = Dxϕ(x, y) = −Dyϕ(x, y),
we use [11, Corollary 1] to infer the existence of ϱ > 0 such that, for all
ϱ < ϱ, there exists Xϱ, Yϱ ∈ R such that, for all δ > 0 small enough, we have
the viscosity inequalities

λu(x) − µi(x)Xϱ − Ii[Bδ(x)]ϕ(·, y)(x) − Ii[Bc
δ(x)]u(x) +Hi(x, p)

⩽ fi(x) + α−2oϱ(1),

λv(y) − µi(y)Yϱ + Ii[Bδ(y)]ϕ(x, ·)(y) − Ii[Bc
δ(y)]v(y) +Hi(y, p)

⩾ fi(y) + α−2oϱ(1),

where Xϱ, Yϱ are such that[
Xϱ 0
0 −Yϱ

]
⩽ D2

(x,y)ϕ(x, y) + oϱ(1),

and where oϱ(1) → 0 as ϱ → 0 uniformly with respect to the other parame-
ters. Taking into account (B.2) for ai and following the classical arguments
in [20] on the matrix inequality above, we see that

µi(x)Xϱ − µi(y)Yϱ ⩽ 3C2
µα

−2ρ(x, y) + oϱ(1) ⩽ oα(1) + oϱ(1)

for all ϱ.

On the other hand, by the assumptions (2.6), (B.2) on Hi, fi, and the
asymptotic properties of the maximum point (x, y), we have

−Hi(x, p) +Hi(y, p) + fi(x) − fi(y) ⩽ oα(1).

To estimate the nonlocal terms, we first assume 0 < δ < δ0/2, from which
Bδ(x), Bδ(y) ⊂ Ei for all α small. Using the smoothness of ϕ and (2.7),
we have

|Ii[Bδ]ϕ(·, y)(x)|, |Ii[Bδ]ϕ(x, ·)(y)| ⩽ CΛα−2δ1−σ,

for some C > 0 just depending on σ.

Subtracting the viscosity inequalities and using the above estimates, we
arrive at

λM − α−2O(δ1−σ) − oα(1) − α−2oϱ(1) ⩽ I, (B.4)

where we have denoted

I := Ii[Bc
δ(x)]u(x) − Ii[Bc

δ(y)]v(y).
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It remains to estimate this term. If x = y along a subsequence α → 0,
we have

I =
∑
j ̸=i

∫
Jj

[uj(z) − vj(z) − (ui(x) − vi(x))]νij(x, ρ(x, z)) dz

+
∫

Ji\Bδ(x)
[ui(z) − vi(z) − (ui(x) − vi(x))]νii(x, |x− z|) dz.

Since Φ(x, x) ⩾ Φ(z, z) for all z ∈ Γ, we obtain that I ⩽ 0. Replacing it
into (B.4) and sending ϱ → 0, δ → 0 and α → 0, we arrive at a contradiction
with the fact that M > 0.

In the case x ̸= y, we divide the analysis depending on which edge
we integrate.

For j ̸= i, following (A.2), we write

Iiju(x) − Iijv(y) =
∫ aj+x

x

[uj(z − x) − ui(x)]νij(x, z) dz

−
∫ aj+y

y

[vj(z − y) − vi(x)]νij(y, z) dz.

Without loss of generality, we can assume x < y. As we already mentioned,
there exists δ0 > 0 such that δ0 < x for all α. Hence, by the boundedness of
u, v, we have∣∣∣∣∣

∫ y

x

[uj(z − x) − ui(x)]νij(x, z) dz

∣∣∣∣∣ ⩽ CΛ∥u∥∞δ
−σ
0 |x− y| = oα(1),∣∣∣∣∣

∫ aj+y

aj+x

[vj(z − y) − vi(y)]νij(y, z) dz

∣∣∣∣∣ ⩽ CΛ∥v∥∞δ
−σ
0 |x− y| = oα(1),

(B.5)

since |x− y| → 0 as α → 0. It follows

Iiju(x) − Iijv(y)

=
∫ aj+x

y

[uj(z − x) − vj(z − y) − (ui(x) − vi(y))]νij(x, z) dz

+
∫ aj+x

y

[vj(z − y) − vi(y)](νij(x, z) − νij(y, z)) dz + oα(1).
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Using that (x, y) is maximum point of Φ, we see that

Iiju(x) − Iijv(y)

⩽
∫ aj+x

y

[vj(z − y) − vi(y)](νij(x, z) − νij(y, z)) dz + oα(1),

and by the continuity assumption on the kernels and the fact that we are
integrating away the origin, we conclude that

Iiju(x) − Iijv(y) ⩽ CΛ∥v∥∞|x− y| + oα(1) = oα(1).

In order to estimate the same term for j = i, we need to be careful since
we require an estimate independent of δ. Recalling δ < δ0/2, we can write

Iii[Bc
δ(x)]u(x) − Iii[Bc

δ(y)]v(y)

=
(∫ −δ

−x

+
∫ ai−x

δ

)
(ui(x+ z) − ui(x))νii(x, z) dz

−

(∫ −δ

−y

+
∫ ai−y

δ

)
(vi(y + z) − vi(x))νii(y, z) dz.

We then perform the same measure decomposition as in [9]. For t > 0, we
consider the kernels

ν̃ii(t) = min{νii(x, t), νii(y, t)},
ν+

ii (t) = νii(x, t) − ν̃ii(t),
ν−

ii (t) = ν̃ii(t) − νii(y, t),

from which, assuming without loss of generality x < y, denoting A =
(−x,−δ) ∪ (δ, ai − y), and using similar estimates as in (B.5), we have

Iii[Bc
δ(x)]u(x) − Iii[Bc

δ(y)]v(y)

= oα(1) +
∫

A

[ui(x+ z) − vi(y + z) − (ui(x) − vi(y))]ν̃ii(z) dz

+
∫

A

[ui(x+ z) − ui(x)]ν+
ii (z) dz −

∫
A

[vi(y + z) − vi(y)]ν−
ii (z) dz.

Using that ν̃ii is nonnegative and the fact that (x, y) is maximum point of Φ,
we get

Iii[Bc
δ(x)]u(x) − Iii[Bc

δ(y)]v(y)

⩽ oα(1) +
∫

A

[ui(x+ z) − ui(x)]ν+
ii (z) dz −

∫
A

[vi(y + z) − vi(y)]ν−
ii (z) dz

=: oα(1) + I1 + I2.
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The estimates of I1 and I2 are similar, thus we concentrate on I1. Taking
0 < δ < min{|x− y|, δ0/2}, we use the fact that, by maximality of (x, y) the
following inequality holds

ui(x+ z) − ui(x) ⩽ α−2(2|x− y||z| + |z|2), z ∈ A ⊂ (−x, ai − x).
Denote A1 = {z ∈ A : |z| ⩽ |x−y|} and A2 = A\A1. Since ν+

ii is nonnegative,
we can write

I1 ⩽α−2
∫

A1

[
2|x− y| |z| + |z|2

]
ν+

ii (z) dz + 2∥u∥∞

∫
A2

ν+
ii (z) dz.

At this point, we notice that by the assumptions (2.7) on ν we have

ν+
ii (z) ⩽ Λ|x− y||z|−(1+σ),

from which we conclude that
I1 ⩽ Λα−2|x− y|3−σ

(
2(1 − σ)−1 + (2 − σ)−1)+ 4Λσ−1∥u∥∞|x− y|1−σ.

Thus, in view of (B.3), we obtain I1 ⩽ oα(1), and similarly, I2 ⩽ oα(1).

Putting these estimates into (B.4) yields
λM − α−2δ1−σ − oα(1) − α−2oϱ(1) ⩽ 0.

Letting ϱ → 0, δ → 0 and finally α → 0, we reach a contradiction. This
concludes the result. □

Theorem B.3. — Assume Γ is a junction with N ⩾ 1 edges. Assume
that (2.15) and (B.2) hold with µ > 0, and θ ∈ R. Then, there exists a unique
continuous viscosity solution u ∈ C(Γ) to the problem (B.1) satisfying the
Dirichlet boundary conditions pointwisely.

Proof. — From Lemma 4.1, there exist continuous sub- and supersolu-
tion ψ−, ψ+ to (B.1) satisfying the boundary condition pointwisely (the
adaptation of Lemma 4.1 to (B.1) when the equation is strictly elliptic is
straightforward). By Perron’s method, we infer the existence of a (possibly
discontinuous) viscosity solution u to (B.1) satisfying ψ− ⩽ u ⩽ ψ+ on Γ.
Applying Lemma B.1 with the subsolution u∗ and the supersolution u∗ sat-
isfying u∗ = u∗ on V, we conclude that u∗ ⩽ u∗. Thus u is a continuous
viscosity solution to (B.1), which is unique, thanks again to Lemma B.1. □
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