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Résumé : Dans ce papier, 2 la suite de C. Foias et de R. Temam [ 4 ], nous démontrons les pro-
priétés génériques de I’ensemble des solutions des équations stationnaires de I’hydromagnétisme
avec viscosité et diffusivité magnétique. L’outil important utilisé est le théoréme de Sard dans sa

version en dimension infinie due a Smale.

Summary : In this paper, following C. Foias and R. Temam [ 4 ], we have proved generic proper-
ties of the set of solutions of stationary hydromagnetic equations with viscosity and magnetic

diffusivity. The main tool used is Smale’s infinite-dimensional version of Sard’s theorem.

INTRODUCTION

In this paper we study the structure of the set of stationary solutions of equations for
viscous incompressible conducting fluid with diffusivity in the presence of a magnetic field. The
boundary condition for the velocity field is assumed to be homogeneous. We consider the follo-
wing system of equations governing the stationary hydromagnetic flows :

n n

(0.1) -vAu+ .21 u;D;u —.21 B,D;B+ grad p="fin ©
1= 1=

n n
(0.2) -\AB+ '21 u;D;B —Z] B.D.u =0in Q
|= l=
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(0.3) div.u=o, div.B=0o inQ
(0.4) u=0,B=¢,onT, where¢.n=oonT.
Here € is an open bounded set of R", n =2 or 3, and I is its boundary. D;=29 / dx; and p de-

notes the total pressure. u and B are the velocity and magnetic fields.

Without loss of generality, we take A = v. The problem is reduced to the functional
equation in u and B. We denote by S(f,¢,v) the set of squtions{u,B} of the problem (0.1) - (0.4).

The methods of proving the properties of S(f,¢,v) rely on those in C. Foias and
R. Temam [4].
In section 1, we prove general properties of S(f,¢,).
In section 2, we prove a generic property. The proof is based on an infinite-dimensional version

of Sard’s theorem due to Smale and some results developed in Section 1.

The case with nonhomogeneous boundary condition for velocity field can be trea-
ted as in [4] .

Notations are as in [4] .

1. GENERAL PROPERTIES OF THE SET S(f,¢,»)

Regarding I, the boundary of €2, we assume that

(1.1) T is a manifold of class C" of dimension n — 1 and §2is locally located on one side of I"

(r =2 unless otherwise specified).
(1.2) I" has a finite number of connected components.

Let v ={u€@(ﬂ)", div.u=o}
V =closure of #’in H;(Q)
={ueHl(Q)/div.u=o}
W={UEL@(Q)n/C“V. u=o,u.n=oon 1"}
W, = closure of %"in H*(Q2)

W, =W, W =H.
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Then H =closure of #"in L2(Q)
={u/u€L2(9)n, div.u=o, u.n=o onl‘}.
We have the following continuous injections :
VCHCV,
W, CWCHCW CW,.
1.1. - The Homogeneous Hydromagnetic Problem.

Given f and ¢, to find u, B and p such that

n n

(1.3) -vAu+ E uiDiu—Z B;D;B+gradp=f in Q
i=1 i=1
n n

(1.4) -vAB+ ), uiDiB_Z B.D.u =0in Q
i=1 i=1

(1.5) div.u=o, div.B=0 inQ

(1.6) u=o, B=¢ onI"'whereB.n=¢.n=oonT.

We assume that f € H) (R2), the dual space of Hl(Q) and ¢ is given in H1/2(l") (the space of
traces of functions in H! (£2)) with

(1.7) / ¢.7"dl'=o
r

n being the unit outward normal on I". Then (1.7) is implied by (1.6).

One can find & ([7], [11]) with € H! (R2), div.® =0,% = ¢ on I'. Hence the pro-
blem (1.3) - (1.6) is equivalent to finding {u, B }, B=B-®, solution of

n n
~vAu+ )] uDu-3 BDB-3 & DB
i= i=1 i=1
n — —
(1.8) -2, BD®+gradp=FinQ

i=1

n n n
-vAB+ ), uDB+ Y uD®- > BDu
i=1 i=1 i=1

n
(1.9) -> PDu=vAd inQ
i=1
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(1.10) div.u=o, div.B=0o inQ
(1.11) u=o, B=o onT
where
_ n
(1.12) f=f+ '21 ®.D;®
|=

In variational form, (1.8)—(1.11) become : to find u €V and B EV such that

v((u,v)) + b(u,u,v) = b(B,B,v) — b(®,B,v) — b(B,®,v) = (fv) forallvevV

" »((B,c)) + b(u,B,c) + b(u,®,c) — b(B,u,c) —b(®,u,c) =—v((®,c)) forallc€ V.
Equivalently,

(1.13) vAu +%B(u,u) ~B(BB) ~B(®B) ~B(B,P) =T

(1.14) vAB +%B(u,B) +B(u, ) ~HB(B,u) ~B(®,u) =vAP

SBis bilinear and A is linear
Let S(f,¢,») be the set of solutions {u,—B'} of the problem (1.8)—(1.11) or (1.13)-

(1.14). We now list some properties of this set which are easy consequences of wellknown results.

THEOREM 1.1. Let (1.1) and (1.2) hold for . Let f be given in H1(Q) and ¢ in H/2(T) with

(1.15) f ¢.ndl'=0, i=1,2,...k
.

i
which is satisfied by (1.6).

Then
(P1) S(f,¢,v) is not empty
(P2) S(f,¢,v) is closed and bounded in H! () x H1(Q) and compact in
L2(@) x L),
(1.16) luB 1< oy for all {u,B} €S(f,0,v)

where 0, =0 (f,0,v,92) depends on f,6,v,50.
(P3) S(f,¢,v) is reduced to one point (uniqueness) if
(1.17) v—Cq 0, (f,p,v) > O

C1 depends on §)
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(P,) IFEEL2(Q) and ¢ € HIA(D), then
S(f,e,v) CH2(Q) x H2(Q) (regularity).

Here | u,B | 1 s the product normon V x V defined, as usual, as ( | u I% + 1B |2])1/2
which is equivalent to the norm |l {u,B} P=luly+IBl;. (1.18)

Proof. The proof for (P1 ), the existence of solution {u,B} is given by easily extending the standard
proof for existence for a single equation, say, Navier-Stokes equation ( [6], [8] ). See also [5],
in which existence is proved assuming (1.15) as the boundary condition.

The crucial step in the proof is to show that choice of above ® can be made so that

1
(1.19) b(u,®B) <= vl ul. IBI forall u,BEH(®)

H1-norm of & depends on ¢ and . (1)
We now prove (1.16) :

We take the scalar product of (1.13) with u and (1.14) with B. Then we get

(1.20) v lull2=b(B,®,u) - b(P,B,u) - b(B,B,u) = (Fu)
and
(1.21) v 1B 12 b(B,uB) + b(u, ®,B) - b(®,u,B) =—v((® B))

since b(u,u,u) oandb(u,B,B) =o.

Also because b(u,v,w) = —b(u,w,v), we get on adding (1.20) and (1.21)

»(lu 124 1B 12) - b(B,®,u) + b(u, ®,B) = (Tu) - »(($,B))

(1) Inequality (1.19) can be proved as follows using arguments as in [6] , p. 109 :
By Theo. 1.1. [5], ¢ € H'/2 and L $Tdl=o0 Vi implies¢=curl F Iy,
i
FEH2(Q). ie. ®lp=curlFIp.
Then as in [6] , we can write ® = curl (b$), ¢ constructed in [6] .
Thus following [6], p. 109, we get

"/Q uy @By dx [<CylBI [z(/ﬂlgradul2dx>”2+(c2(p) ||u||2)”2]

(where C2(p) >0asp—0)
S Bl (e.C3+Cylo)) Nul
choose € & p so small that e . C3 + C4(p)< % and (1.19) follows.
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So, by using (1.19), we have

— — — 1 - 1 -
le{u,B}II2< Il IIu|I+vII<I>lI.IIBll+;v||ul|.lIBII+;vIIuII.IIBII

- — 1 -
< IfI.lIuII+C2v|IBIl +;v(l|ul|2+IIBII2)
a2 b2
sincea.b < —+—
2 2

1 2= -
Hence; v ||{u,B} e < (If I+C3 v) | {u,B}ll using (1.18)
C3 depends on ¢.

o2
So I {u,B-®} = 1{uB} I <= (ITI+Cyv)and (1.16) follows.
v

The closedness of S in H1(Q) X H1(Q) is elementary. Compactness of S in
L2(SZ) X L2(SZ) follows by Rellich Lemma applied to product space. For compactness result
for Navier-Stokes (stationary) equation, see [6] .

Uniqueness (P3) is standard by using estimates made above. (cf. [8], [11] for single
equation).

Lastly, regularity (P4) follows by the arguments given in [4], by applying them to
product-case (cf. [6], [11] ).

Hereafter we assume that
(1.22) fEH,  €HI2(T) and satisfies (1.13).
From [5], it follows that the function & can be chosen in H2(Q) with

div.® =0, P=¢ on '
(1.23)
and satisfying (1.19).

& can be chosen with

|4>|2<0<I¢|H3/2(F),1>

where o(s,v) is increasing with respect to s, decreasing with respect to ». Thus @ remains bounded
in H2(R) when ¢ remains bounded in H3/2(T) (1.24)

Same thing holds for oi(f,¢,v) which appear in this following sections. They remain
bounded when (f,¢) remain bounded in H X H3/2(I‘).
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1.2. - A Priori Estimates
LEMMA 1.1.S(f,¢,») is bounded and closed in
H2(Q) x H2(Q).

Proof. We have, from (1.13) and (1.14), the inequalities
vIAul < |B(uu) 1+ |BB,B) |+ | B(P,B) |+ | BB,®) I+ I,
v IAB | < | % (u,B) |+ | B(u, ) |+ | BB,u) |+ | B(Pu) | +vIADI
By Lemma 1.1 [4] and remark thereafter,
1B(uy) 1< clul341v134

1Buv) I< clviy luly

and also
< clul2 |v|1.
Hence
viAul <cf lul3/* 1u134+cy1813/4 151304
+eyl@l, 1B+ Tl
and

) ) 5/4 R 3/4 ) ) IR 5/4 3/4 ’
VIABl<c4lu|1 IB 15 +c5|<I>l2|u|1+c6|Bl1 lul2 +c7V|<I>|2

We have

(1.25) Coluly<IAul<Cylul, YueD,
Also from (1.16),
IBl;=I1B-®l, < 1Bl + 1@l <o, + 121, =0,(fg)

Also
|U I-I < 00 < U-I(f,¢,V)

Hence we get

viAul<Ci ot iau 341+ cy ¥4 1AB 134 4 cyoy 101, + 1T

95
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and
vIABI <Cj o34 1AB 134+ 512150, +cg. oA dtrcpriel,
Adding these two inequalities,
v (1Aul+1AB 1)< C o34 (1au 134+ 1AB134) +1T1+ C5 0y 121

Applying Young’s inequality,

5
C.o v
ol iau13t <81+ —lAul
3 2
and v 5
54 5134 - %79 .Y AR
C407 " IABI <-L1 4+ _1ABI
3 2
14
Hence
- Cso? - v —_
p(1Aul+1AB) < + IF1+Cs0y 1 @1y +=(lAul+1ABI)
3 2
14
so—V—I{AuAE}I<C (ﬁ+|f_|+a . 1®1.,) using (1.18).
2 ? 9 V3 1 2
Hence

5

- C o -

I{Au,AB}l<_l_0_(_1§ + 11+ 0;. 1®1))=0,(f99) .
14

Using (1.25) again,

and S(f.¢,») is bounded in H2(Q) x H2(Q).

Since the set is closed in H! () x H1(Q) and injection of H2(Q) >H! (R2) is dense
and continuous, it is closed in Hz(ﬂ) X H2(Q). The lemma is proved:

Before we state next lemma, we introduce, together with Pm of [4] , one more pro-

jection operator Pr: as follows : There are eigen vectors 5 in WS such that
*®
((Cj’c))s = ?xj (ci,c) VceEW,
{ci} then form basis of W, and hence basis of W N L@ . wn (L"Q)"=Wifn < 4.

Also injection of W, —> H is compact, so {ci} form basis of H. Then we may assume
that

o <A <A< . and N> em¥? m>1;

)

¢ is a constant depending only on 2.
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Then P:;1 , m = 1, denotes the orthogonal projection onto the space spanned by c1,02,...,cj,
either in H, W or W',

LEMMA 1.2. There exists a constant 03 depending on £, ¢, Q, v such that if

(1.26) Ant1 > 03, Mg > 03

(m to be chosen max. of mq, my with )‘m1+1 > ogand >\:12+1 > 03) then for every pair
{u,B} , {v,c} belonging to S(f, ¢, v), we have

(127)  HuB}-{ve}l=lu-vI+IB=cl <o, (IP_(u=v) I+ P} (B=c) )
(1.28) I{AuABY - {AvAc}I < oy (1AP_(u=v) I+ 1AP" (B~0) I)
where o 4 /s simply related to 03.
Proof. We have from (0.1),

»((u,0)) + b(u,u,0) — b(B,B,0) = (f,0)

v((v,0)) + b(v,v,0) —b(c,c,0) =(f8) VOEV

or
(1.29) v((w,08)) + b(u,u,8) — b(v,v,0) —b(B,B,8) + b(c,c,8)=0
where
w=u—-vE DA'
Similarly, from (0.2),
(1.30) v((F,¥)) + b(u,B,¥) —b(v,c,¥) —b(B,u,¥) +b(cv,¥)=0 VY EW
where
F=B-Ce& DA‘
Let

*

*
Qm=!="Pm> Qu=1-Ppy

and put §=Q w in (1.29), ¥=Q_ F in (1.30).
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Then (1.29) gives
2__ -
v QW I “==b(uu,Qpw) + b(v,v,Q,W) + b(B,8,Q;,W) b(c,c,QpW)
== b(u,w,QW) —b(w,v QW) + b(B, F,.Quw) + b(F,c,Q,W)
(1.31)
== b(u)me,Qmw) - b(me)v)Qmw) - b(Qmw)V)Qmw)
* * * *
+b(B,PF,.Q W) + b(B,QpF:QmW) + b(PF.c,.QmW) + b(QpyF:c,QmW)
where we have used properties of b and that
(PpW,QpW) =o.
Similar arrangements in (1.30) give
v 1QF 12==b(Py,w,B,QpF) - b(Q,W,B,QupF) ~ b(v,PF,QpF) + b(B,P,,W,QpF)
(1.32)
* * * * *
+b(B, QW,.QF) + b(P,F.v.QF) + b(Qp,F:%QppF)
Using Lemma 1.1 [4], (1.31) gives
p1Qwi2<Cyq (luly+ Ivi) IQuw il 1P wl
+Cyp QW vy, 1Quwl
(1.33)
#Cy3 (1BIy+1cly) IPLFIIQuwl
+Cp4 (1Bly+1cly) IQuF 1 1Quw
and (1.32) gives
* 2 * * *
v 1QFI1“<Cys IB 1, [P W I IQF I+ Cyg lviy IPF lLIQF I
*
(1.34) +C17IB|2IQmw|.IIQmF I

* *
+Cig v iy 1QuF L IQUFI

By Lemma 1.1, lul,, Iv l,,1B Iy, lelyareall bounded by 05(f, ¢, V).
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Hence by (1.33),
v 1Q w2 <Cgoy (1P wi+1Q wl)lIQ wi
+Cpq 0y (1P FI+1Q F 1) IQwl
and by (1.34),
v IQuF 12 < Cyy oy (1P wi+IQwl)IQrFI
+Cpp 0y (IPIF I+ 1QrF 1) IQ F I
Adding these two inequalities, we get
p(1Quw 12+ 1Q F12) <oy.Cop (1Q wl+IQrFI).
(1P wl+1Q w i+ IPIFI+1Q F 1)
or using equivalent product norm,

v 1{Qw.QnF 112 <oy Co HQ wQ FH x (1{P wPrF I+ 1{Q wQlF})

Hence

* * *
(1.35) v I{QuwQnF 1 <0y.Cop (1{P wp F}I+1{Q wQiF})
Also we have

-1/2

1Qu0 1< Mpyy) 20Q 01 voev

and
* * 12 A

Qv 1< Ay ) 21Q 01 vyew

So,

{Quo.omv} 1< max {12 212 g 0,05 v}

. =1/2
Let this max. be )‘m+1 .
Hence,
* --'] 2 *
(1.36) {om0.omy b <212 L i{q 6,05 v}

Then (1.35) gives

C o

_ 2472 * *

<’ —1/2—> 1{Quw.QmFHI< Cpy 0y 1{P WP F}I
Am¥
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If (1.26) holds with

2C,,.0,\2
24°72
o S| —
3 < 14 >

then
2C,,.0
1/2 12 o242
Am_‘_] > 03/ > )
or
C2-% v
1/2 2
A
*1
So m
v * *
;II{Qmw,QmF} I< Cpy.05 {P WP F}I
Hence

H{owonF} 1 <ol/2i{p wprF}I
Then (1.36) gives
1QwQmF | <N HZ . ol/2 1{p wprF}I
<oy 1{P_wprF}I

(03 chosen such that > 1)
and so 112
— * 2 * 2
I{w,rli=(1{p wp F}12+1{Q wQ F}1?)

<(1+ 032)1/2 I{me,P:‘nF } |

1/2

<(1+0d) " 1{p, )Py (B}

which gives (1.27) by using equivalent norms.
We now prove (1.28) : Replacing § by A Qw in (1.29) and ¥ by A Q:;] F in (1.30), we get
2__ -
v IAQuw I “=-b(uu,A Q,w) +b(v,v,AQ w) + b(B,B, A QW) —b(c,c,A QW)
= (as before)
(1.37) =- b(me,u,A QW) — b(Qmw,u,A QW — b(v,me,A Qmw)
* *
~b(v, QWA QW) + b(PrF,BA Q. w) + b(Qp F,B,A Q)

+b(c,PrF,AQ_w)+b(c,Q F,AQ_w)
m m m m
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*
< Cy5.05. (IAP wi+1Q wi+ AP FI+IQ FI).IAQwI

similar to (1.33) ; and similar to (1.32) and (1.34) we get
(138) ¥ IAQ F12<Cor.on (IAP Wi+ 1Q wl+IAP*FI+IQ FI).IAQ F!
: m =26 72 m m m m : m

Here we have used Lemma 1.1 [4] and (1.25).

Hence on adding respective sides of (1.37) and (1.38), and using (1.18),
* * *
(139) v {AQWAQ F}I<Cy.0. (I{AP wAPTF}I+1{Q wQrF}I)
We have similar to (1.36),

1{Quo.Qmut 1 < X 12 . 1{a0,Av}1 veyeD,.

Hence
Cyy.0
2792 . *
(;— 7 )l{AQmw,AQmF}I<c27.02|{Ame,APmF}|
Am+1
choose 2
2(Cyy +Cor) . 0y
03=
v
SO
14 * *
S HAQwA QI <Cpy oy {AP wAPLFI
or
2CHyy.0
. 2792 *
I{AQwAQ F}I< - I{ap wAP Fli
12 *
<o21{AP, wAP F}I
Then

I{AWAF}I < (1+05)"2 1{AP, wAPF} I

and we get (1.28).

1.3. - Other Properties of S(f, ¢, v)

We are now in a position to prove
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THEOREM 1.2. (PS) : S(f, @, v) is a compact subset of
H2(Q) x H2(Q).

(P6) : S(f, @, v) is homeomorphic to a compact subset of R™ x RM, m suffi-
ciently large so that (1.26) is satisfied.

Proof. By using lemma 1.2 above, proof of [4] can directly be extended in this case, using pro-

duct spaces.

2. GENERIC PROPERTIES

We set
(2.1) E, ={u€H2(Q),div.u=o, u=o onI‘}
(2.2) E,={BE€H%(Q),div.B=0Bn=0 onT}
Let E =E1 X E2.
Set F=F, x F,

F] =H x H
(2.3)

F2={¢€H3/2(I‘),¢. n=o0 on I‘}.
Then/ ¢.ndl'=o0,i=1,...,k is automatically satisfied.
I

i
&:E-F,

(2.4) &(u,B) = {Vﬂf u+ AB(uu)— %(BB),v.d B+ H(u,B)— #(B,u) ;B ll" }

where Hu= —Py A u, Py the projector in L?'(Q.) onto H.

We now prove

THEOREM 2.1. We assume that  C R", n =23 satisfying (1.1), (1,2). Then, for every v > o

(P7) : There exists a dense open set ® C F, such that for every (f, 0, $) €O,
the set S(f, ¢, v) is finite.
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For every connected component ®a of ©, the number of elements in S(f, ¢, v) for
(f,0,¢) € ©,, is constant and every solution is a C *function of (f, 0, ¢).

Proof. We apply Sard-Smale theorem ( [4], [9] ) with E, F, & given as above. Clearly & is C”and
its Fréchet derivative is given by

< &'(u,B), (v,c) >

(2.5) = , ' Clp
- AB(B,c)— A(v,B) + % (v,B) — B (B,c)

&'(u,B) € £ (E,F) has the form A + K,

A(v,c)={vLQ¢v, v.dcc |p}»

K(v,c) = {,@(u,c) + AB(v,u) — B(B,c) — %(v,B), Bluc) + B(v,B) - B(v,u) = B(Bc), 0}

That A is an isomorphism from E to F follows from the classical result on Stoke’s problem applied
to product space. Also Z is bilinear continuous on H2'(Q) X H1(Q) and on H! (Q) x Hz(ﬂ)
with values in L2(Q) or H. Hence foru€E{, BEE,,

(v,c) > ZB(u,c) + B(vu) - B(Bc)— AB(v,B)
and
(v,c) > B(u,c) + B(v,B) - B(v,u) — HB(B,c)

are linear continuous mappings from H! x H! into H. Hence

(v,c) *{@(u,c) + AB(v,u) — #B(B,c) — AB(v,B), B(uc)+ B(v,B) - B(v,u) - .@(B,c)}

is linear continuous from H1 X H] intoH x H.

K'is therefore compact. Hence dim. Ker. K and dim. Coker K are both finite and they are equal.
For A, being isomorphism, both these dimensions are zero. Hence we conclude that &'(u,B) is

a Fredholm operator of index zero.

Hence by Smale’s theorem, the set © of regular values {f, 0,¢} of & is dense in F and
S(f, ¢, v) is descrete in E for all (f, 0, ¢) in ©. Since by (PS), S(f, ¢, v) is compact in E, it is finite.

The proof of openness of © and the last part of the theorem can be given in this case

by easily extending the proof given in [4], p. 161-162.
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