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GLOBAL BEHAVIOUR AND SYMMETRY PROPERTIES OF
SINGULAR SOLUTIONS OF NONLINEAR ELLIPTIC EQUATIONS

Laurent Véron (1)

(1) Département de Mathématiques, Faculté des Sciences, Parc de Grandmont, 37200 Tours.

Résumé : Nous étudions le comportement des solutions de (E) : Au = g(u) dans un domaine
extérieur £2, lorsque g est une fonction croissante. Si g ne s’annulle qu'en 0 et
u(x) = o(l x1), I xI N-2 u(x) admet une limite isotrope quand x tend vers I’infini. Quand g se
comporte asymptotiquement comme une fonction puissance nous recherchons a quelle condition
sur cette puissance toutes les solutions de (E) dans IRN - %0} sont a symétrie sphérique. Sous
des hypothéses plus restrictives portant sur g nous montrons I'unicité d’une solution de (E) avec

une singularité donnée en 0.

Summary : We investigate the behaviour of any solution of (E) : Au =g(u) in some exterior domain
2, where g is a nondecreasing function. If g vanishes only at 0 and u(x) = o(l x), | N2 u(x)
admits an isotropic limit when x tends to infinity. When g has a power-like growth we study under
what condition on”that power all the solutions of (E) in IRN - { 0 } are spherically symmetric.
Under a more restrictive assumption on g we prove the uniqueness of a solution of (E) with a

prescribed singularity at 0.

INTRODUCTION

This paper deals with the study of some local and global qualitative properties of any

solution of the equation

(E) —Au+g(u) =0,
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in some exterior domain §2 of IRN, where g is a nondecreasing function defined on IR. More pre-

cisely we shall investigate the three following problems

(n What is the asymptotic behaviour of u(x) when x tends to infinity ?

(1 If we suppose that 2 = IRN - { O} and that u is possibly singular at 0, is u spherically
symmetric ?

() When any possibly singular solution of (E) in IRN - { 0} is uniquely determined ?

As that type of equation appeared in the modelisation of many physical phenomena,
it has been intensively studied in supposing first that u is positive and radial and g(u) = u9. For
example the Thomas-Fermi theory of interaction among atoms leads, as a first approximation, to
the following differential equation (see [12], and [9])

(0.1) Pu b,

dr2 r dr
The singularities and the asymptotic behaviour of any solution of (0.1) are now well known (see
[12] and [9] ). Recently some new results concerning the asymptotic behaviour and the descrip-
tion of the isolated singularities of non positive solutions of (E) when g(u) = i ul 971y has been
given in [14] and [16] . Those results where strongly linked to the existence of a very simple solu-
tions of (E) in IRN ~{0} if 1 <q<N—[j§ :

0.2) ullx) = [(i) (2 _n >]”(q—” 1x1=2/a),

N+1
Moreover when 1 < q < an infinite family of non-isotropic solutions of (E) was obtained

under the following form
—9/(a— X
(0.3) - ulx) = Ix172/a" 1)y (=),
where v is any non constant solution of
-1 2 N~-1
(0.4) —ASN_1v+|qu v=(—)(—=N)v onS

g-1 gl

ASN_1 being the Laplace-Beltrami operator on SN~1.

However, as a physical law is just an approximation of a phenomena, it is natural to
replace the exactitude of the definition of g by a less restrictive assumption if we want to take into

account some secondary effects, for example g(r) ~ ¢ r9 (g =3 in the Relativistic Thomas-
r > +oo
Fermi Theory). So we no longer have explicit solutions of the equation (E), but in using some of
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the methods introduced in [5] and [16] we can give answers to the three problems

(1) Suppose g vanishes only at 0 and u(x) = o(l x|) or g vanishes at 0 and  lim u(x) =0, then

IxIN-2 u(x) converges to some real number vy as x tends to infinity. Ix]=> oo
(1) Suppose g satisfies
(0.5) liminf ig(r)l/ Iri NFD/IN-T) 2 4 o
Irl—=>+4 o0
or
(0.6) (g(r) —g(s))(r—s) =c Irsl 2N/(N-1) _ d Ir-sl 2, for c,d >0,
or
N+1
lim  (g(r)—cr9 (@) (N+1)/2 0, forsome1<q<—,
g
r—>+oo N-1
(0.7)
lim sup g(r)/r<+e and u=0;
r->0F
then any solution u of (E) in IRN - { Of is spherically symmetric.
(111) Suppose g vanishes only at 0 and
_ N
(0.8) lim  (g(r)—c rq)r_(q IN/2 _ 0, forsome 1<q<—,
r—>-+oo N-2

then any solution u of (E) in IRN - { 0 § is uniquely determined by its isotropic singularity at 0.

52
If we réplace A by L =Z aij P a strongly elliptic operator with constant coef-
ij X; 0;
ficient all our results remain true provided | x| is replaced by some (_Z Q::X:X )1/ 2, the coeffi-

ij7i%

l
cients o being obtained after the diagonalisation of the matrix (;(aij + a{ji) ).

Results concerning symmetry and singularities of positive solutions of equations of
type (E) when g(r) = — r9 have been given in [7] and in [8] . For general g, symmetry of positive
regular solutions vanishing for | x|=R is also given in [8] .

The contents of our work is the following :

1. Behaviour at infinity.
2. Spherically symmetric solutions.

3. Uniqueness of solutions.
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1. -BEHAVIOUR AT INFINITY

In this paragraph § is an exterior domain (that is 0 Q is compact) of IRN, N =3,
and g is a nondecreasing function defined on IR and vanishing at 0. The equation we consider is

the following
(1.1) —Au + g(u) =0.

For the sake of simplicity we prefer to deal with 2 solutions of (1.1) in Q, so we shall suppose
that g is Holder continuous although our results remain true when g is discontinuous and u is a
¢! solution of (1.1) in D(£2).

1 t
When f (j(t))_]/zdt < + oo, where j(t) = j g(s)ds, any solution of (1.1)
-1 0
vanishing in some weak sense at infinity has a compact support (see [1] ).

When g(u) = | ul -1 u, q = 1, the behaviour of any solution u of (1.1) has been given
by Veronin [14] :

(i) ifq=1,Ixl (N-1)/2 exp( I xl) u(x) converges to some non isotropic limit,

N _
(i) if1<q <ﬁ andu=0, 1x12/(a-1) u(x) converges to 0 or

2 . 2q 1/(a-1) _
<(‘q‘:1‘) (E-—]_N)> —Qq,n,
N+1

N _
(iii) if ~ <Q<N—_2 , 1x12/a-1) u(x) converges toOori!Zq’N ,

N—2>N—2
V2

N _ _
(iv) if q :ﬁ , Ixl N-2 (Log I xI )(N 2)/2 u(x) converges toOori(

N _
(v) ifg> N2’ i x| N2 u(x) converges to some arbitrary real number.

Moreover, when q > 1 and when u vanishes at infinity, the hypothesis on g can be weakened and

replaced by lim g(r)/irl9 T r=c>o0.
r->0

Our main result which generalises strongly the last one of [14] is

THEOREM 1.1. Suppose u is a 2 solution of (1.1) in Q and

(i) either lim ‘u(x)/1x1=0 and g vanishes only at 0,
[xl—>+ o0

(i) or lim u(x)=0.
[ x|+ o0
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Then | xIN72 u(x) converges to some real number when x tends to infinity.

We call (r,0) the spherical coordinates in RN = IR x sNT ang u(r) the average of
u(r,0) on SN and we suppose that { x I IxI>R } C Q. The following estimate is fundamen-

tal.

PROPOSITION 1.1. There exists a constant C(N) such that if the hypotheses of Theorem 1.1 are
fulfilled the following estimate holds

(1.2) lu(r,.) —u(r) I L°°(SN—1) < ..
1 (N-1)/2r r 1-N —

log—

p

forany R<p<r.

We first need the L version of (1.2)
LEMMA 1.1. Suppose u € Cz(SZ) is a solution of (1.1) such that  lim u(x) / IxI=0, then
I x| = + o0

_ r 1-N —
(1.3) lu(r,) —a(r) I 125N <) TuR)-uR) L2(sNT)

forany R<r.

Proof. If ASN_1 is the Laplace-Beltrami operator on sN-1 , the function u satisfies

au_{_lA ()
— — —u: u,
or 2 SN 8

2y N1
(1.4) .=
ar2 r

in [R,+ o) X sN=1 averaging (1.4) we obtain

0 N-1 0 1
(1.5)[ = (u=u)(u—u)do +—f — (u=u)(u—u)do —— — A(u~u)(u—u)de >0,
GN-1 ar rJN-1 O r2 JoN-1

as
f (g(u) - 5(0)) (u-T)do = ] (&(@) - (@) (u-u)do + f (8(@) - 3() (u-3)do ..
SN—1 SN—1 SN*‘]
= f(g(U) —g(u)) (u—u)de>0.

Moreover —A_N—p (u=u)(u—d)do > (N-1) (u—ﬁ)2 do as u is the projection of u
N-1 S GN-T1
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on the first eigenspace of — ASN_1 and N-1 is the second eigenvalue of —ASN_1 (see [3]), so we

deduce

2

0 N-1 0 N-1 _

(1.6) —_ (u—ﬁ)(u—ﬁ)do+—/ — (u—t)(u—u)do —— (u—u)2d0>0.
GN-1 ar2 rJGN-1 ar 2 JN-1

We set w(r) = ( / (u—ﬁ)z(r,a)df>1/2 and we have when w #0 :
N-1
S

dw 0 dw 0
W— = f — (u-T)(u-T)do, —l < ( f (— (u—U))2d0>1/2 and
dr SN_1 or dl' SN_;I or

2
a - - d“w
— (u—t)(u—u)do<w — . If we setl"={r> R :w(r)>0§,we get
GN-1 ar2 dr?
d?w N-1 dw N-1
(1.7) T w>o,
dr2 r r r2

on I'. By the maximum principle w cannot assume a strictly positive maximum value, so the set T’

can only be of two types
(i) T'=(R,T), T finite and w(r) =0 on (T,+ =),

(i) T'=(R,T) YU (T’,+),and w(T) =w(T’) =0 if T-and T’ are finite.

Let us consider now the following differential equation
(1.8) — t— — —— y=0.

That equation admits two linearly independant solutions

(1.9) ¢1(r) =r and ¢2(r) =N,
- r 1-N
Now we set x[/e(r) =er + lu(R,.) —u(R) I L2(SN‘1) (E) , €20.Asy_satisfies (1.8), we
have
116 d2 ) )+N—1 d )N w130
(1.10) ;E(W Ve —r—;(w ¢€T2—Wll’e)/,

on I'. If we are in the first case or in the second when T <+ oo, we take € =0 and we deduce by

the maximum principle that 0 < w(r) < \l/o(r) on (R,T), which is (1.3). In the second case with
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T =+, 0ron (T",+ =), we take € >0.As lim w(r)/r=0,w— ¥ is non positive at the end
r—->+4 oo
points of the interval, so w — ¢ ¢ remains non positive. Making € > 0 we deduce w < wo which

ends the proof.

Remark 1.1. In Lemma 1.1 we need not assume g(0) =0 (see Theorem 2.1 for an application of

this method).
Wesetu™ = Max(u,0), u =Max(~u,0) and we have

LEMMA 1.2. Under the assumptions of Theorem 1.1 we have

Ixl 2-N
(1.11) ut(x) < (-g- ) 1utR,) sy
_ IxI 2-N  _
(1.12) 0 <U)T ITR Y o

for any x such that | x1=> R.

Proof. Multiplying (1.4) by u and integrating over sN-1 yields
d2 o NAd 5

(1.13) — u“do + — — u“do>0.
a2 JN-1 rodr Jon-1

By the maximum principle r f u2(r,o)d0 is asymptotically monotone so there exists

N—-1
S
Y E RT U ; + °°} such that lim  lu(r,.) | 22 N-1 =72 isNT 1 From the estimate (1.3)
r—>+ o L (S )
and the continuity of r > u(r), either lim  U(r)=yor lim Tr)=—vyand lim u(r,.) =
r—>-+ oo r—>+ oo r->+oo

lim  G(r) in L2sNT).
r—> -+ oo

We first suppose that v = 0 (which is an hypothesis if  lim u(x)=0)and set pa
I x>+ o0

convex function vanishing on (- % ,0), increasing on (0,+ =) and such that 0 < p’< 1. We set

Ixl 2-N

0+(x) = ( -R— ) I u+(R,.) I L°°(SN_]) . 0Yisa positive harmonic function and we have
2.+ +
d<6 N—-1 dé 1

1.14 —_—t— — +— A 0T <o),

(1-14) a2t dr 2 TN <g()

As we have

(1.15) —f A N—1w—0™) p(u-oT)do>0,
gN-1 3
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and
52 52

(1.16) — puoN)=puot) — @uo™),
ar2 ar?

we deduce from the monotonicity of g that

2
d N-1 d

(1.17) —_ p(u-0 Ndo +— — p(u-91)do > 0.
d? JN-1 rodr JoN-1

The function rH/N : p(u(r,o) —9+(r))do vanishes at R and as p(u—®+) < (u—6+)+, we have :
GN-

lim p(u(r,0) — 0+(r))do = 0. By the maximum principle p(u—0+)da <0,
r—> + oo SN—1 SN_1

— X -
which is (1.11). In considering 6 (x) = — (-E) lu (R,) I Lo N—1)’ we obtain (1.12) in the

(S

same way.

We suppose now that 4 > 0 (so g vanishes only at 0) and, for example, lim u(r) =1.

The function p(6™—u)do satisfies r=>+eo

d2 _ N-1 d _
(1.18) —_ p(6 —u)do +— — p(6 —u)do=0;
dr? JoN-1 rodr JoN-1

it vanishes at R and as p(0 —u) < p(6—u) + | u—ul , we deduce from (1.3) that

lim p(6™(r) — u(r,0))do = 0. By the maximum principle we get (1.12) which implies

that u(x) is bounded below on {x [IxI=R }
Asg(r) = g () — o by . .
sg(r)=g"(r)—g (r),wesetg N(r) =min(N,g"), N > 0 and we have in averaging (1.4)

2 -
d20  N-1 da _
(1.19) —+— — > gl -g ().
. dr2 r dr

Butg (u)=g (u)and lim u(r,.)=0in L2(SN_1). As u is bounded below,
r—> 4+ oo

lim g (u) =0. On the other hand, by Lebesgue’s Theorem, lim g?\](u) = g}:(y) =
r > + oo r—> + o

IsNT) min(N,g(y)) =a > 0. There exists R’ > R such that
d%G  N-1 du
(1.20) =
dr2 r dr

V

a
2
on (R’,+ ). Integrating (1.20) twice yields

a
(1.21) u(r)=>— 2+ cr2N +c,
2N
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on (R’,+ %) which contradicts the fact that lim u(x) / IxI=0. So v =0 which ends the

proof. Ixl >+ e

LEMMA 1.3. Suppose g is a continuous nondecreasing function vanishing at 0 ; then for any p >0

and any real a there exists a unique function v twice continuously differentiable satisfying

2

d“v  N-1dv

—2+ - =g(V) on (p)+ °°)r

dr r dr
(1.22)

v(p) =a, lim sup (N2 Iv(r) <+ oo,

r—=>-+oo
Proof. Uniqueness : Consider the following change of variable and unknown
N2 2N
1.23 s=——  v(r)=rc""" w(s).
(1.23) — (5
The function w satisfies
) 4-N N
d“w _ _ w
(1.24) 2 — = (N2N2 N2y ).
dS2 S(N—Z)

Suppose W is another solution of (1.24) with the same initial data, then

d2
2 ~
(1.25) ¢ — lw—w [>0,
ds2
N—2
. ~ . . . p
so the function s = | w — w | (s) is nonnegative, convex, vanishes at > and
. 1 ~ s =
lim — Iw(s) —w(s) I=0, so it is identically zero.
s>+o0 3

Existerice : For any T > p set vT the solution of the following two points problem

2
d VT N"‘] dV-I—
— — =g

v
2 r dr T)

on (p,T),
dr

(1.26)

VT(p) =a, VT(T) =0.

The function vy exists and is unique ; moreover | le decreases. Thanks to the uniqueness of the
solution of (1.26), the function T . | vy(r)1 is nondecreasing for any r > p. As IvT(r)I < lal
dvT d2vT
and g is continuous, we deduce in integrating (1.26) that d— and —— remain bounded on every
r
dr
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compact interval of [p,T) ; so v-l-(r) converges uniformly on every compact interval to some c?

function v, as T tends to + °. Moreover | v-|-| is majorized by the function ¥ defined on [p,+ =)

by ¥(r) = | al (which satisfies (1.22) with g = 0). So N2 v(r) remains bounded on

[0,+ =) and (1.22) is satisfied.

(22
r

LEMMA 1.4. Forany p > 0 and o € L2(SN_1) there exists a unique function w € L™ ((p,+ ) ;
L2SNT) N COto,+ ) 5 L2SNT)) N C2((o,+ =) x SNT) satistying

2 b A N-1w=0 on (p,+°°)XSN—1,
(1.27)

w(p,.)=al.) on sN-1

Moreover there exists a constant C = C(N) such that the following estimate holds

s
log—
P

(1.28) leos,.) | <cfi + 1 \N1r2 laf) |
. ye LOO<SN—]) . L2(SN—1)

forany s> p.

Proof. For the uniqueness set @ a solution of (1.27) taking the value a for s = p. We have :

2
0 ~ ~ ~
s2 — (w— w){w—w)do>0. Hence s - (w-— w)z(s,o)do is a convex func-

tion. As it is bounded it is nonincreasing.

For the existence we set t = log s and ¢(t,6) = w(s,0). The function ¢ satisfies on

(log p,+ )

2
26 o 1
(1.29) 96_%, A Noq $=0.

is the semigroup of contractions of L2(SN—1) generated by

If (T(t))t>0 i

1/2
1 1
- (- A Nt , it is easy to check that exp((t — log p)/2) T(t — log p)a satisfies

the equation (1.29) with initial data @ and is bounded ; so it is ¢.

1
0) . We have
the following hilbertian direct sum : I-2(SN—1) =H ® Hg, and both H() and H’ are invariant

under (T(t))t> 0

Set Hy the subspace of. L2(SN—1) of constant functions and H’ = (H
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2
u 1 N 2
As u{—— —— A N—qu)do=> u“do, for any u€ H’,
N1 \4 g2 S 4(N-2)2 JsN

the restriction T'(t) of T(t) to H’ satisfies (see [4] )

(1.30) T 1 1) S xPNIENA) ul 2 g

) )’

for any u € H’: Moreover we have the following regularizing effect (see [15] )

, 1,(N-1)2
(1.31) IT(t)u | Lo=(gN-1) <SC +7) hul 2681

for any u € L2(SN—1) and any t > 0. In combining (1.30) and (1.31), and using the semigroup
property, we have forany u€H’,;anyt>0and any e >0 :
1 (N-1)/2

<Cc(1 +e_t) exp(—t(1—€)N/(2N—4)) lu | L2(SN—]) .

1
a(o)do). We have
IsN=1

(1:32) 1700 Ny

Now we write a = ag t+ a’ with o € H0 and o’ €H’ (and in fact o=
(1.33) T(t)a= T(t)oz0 + T(t)e’ ;

2
but T(t)ay = exp(—t/2)ay, . In taking e =— in (1.32) we get
% 0 N

N-1)/2

1 (N=
(1.34) I T(t)e I L°°(SN—1 <C(1 +?) exp(—t/2) la ll L2(SN—1) .

)

In replacing t by log s — log p, we obtain (1.28).

Proof of Proposition 1.1. Consider the change of variable and unknown

. l_N—2 2N
(1.35) s= , u(r,o) =r<""" y(s,0).
—, ulro) (5,0)
The function v satisfies
4 N
(1.36) 2, 1, (N-2N2 N2 g T
. §< — v=(N— —_—
N—-1 S g ’
‘ a2 (N2)2 S s(N-2)
RN—Z
in [ —, + o) X SNT et y be the solution (from Lemma 1.3) of
2 4-N N
d<y 9 N— y
s2 — = (N-2)N72 N2 8( ) on(p’,+ ), p’>R,
452 s(N-2)
(1.37)

y(p’)=a , vy bounded.
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We set w =v —y and we have for s = p’
4N N
92 1 N N
(1.38) 2 —+ —— A N w=(N2N2 N2y
32 (N-2)2

v _ y
2

(g( N/(v—-y) if v#y,

where h=
0 if v=y.

The function h is nonnegative as g is nondecreasing. If w7 is the solution of (1.27) taking the
value (v(p’,.) — al)+ fors=p’, wtis nonnegative and satisfies
5 4 4N N
0“w 1 5 N—
(1.39) 2 + —— A g 0T <NNTZ N2 ot
a2 (N-2)

Introducing the nondecreasing convex function p as we have done it in Lemma 1.2, we

2
d
get 2 — p(w — w+)(s,0)do >0 ; hence w < w?. In the same way w is minorized on
d SN'—1
(p’,+ =) by the solution w of (1.27) taking the value —(v(p,.) —a)™ for s =p’. Combining those
estimates with (1.28) we get

(1 .4’0) " V(S)') - Y(S) " L°°(SN‘—1) S

log —

’

<cf1 + (N-1)r2 Iv(e’,) —a l
’” L2(SN.—1) .

In averaging (1.40) we deduce

(1.41) lv(s,.) = v(s) Il LN(SN—1) < 2C<1 +

_ r
We take now a = v(p’), s = 7 p = > and apply (1.3) between R and p, we get (1.2).

Remark 1.2. We can deduce from Lemma 1.1 a first property of symmetry of the solutions of
(1.1) : suppose g is a monotone nondecreasing function and u is a C2 solution of (1.1) satisfying

lim  u(x)/ IxI=0./fuis spherically symmetric on { x I IxI=R } then it remains spherically
| x| >+ o0

symmetric on {x x> R}.
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Proof of Theorem 1.1. In Proposition 1.1 we take r = 2p and make r - + o, In taking the nota-

tions of the transformation (1.35) we get

(1.42) 5 _I)IT- _ lv(s,.) =v(s) I Lw(SN_1) =0.

As { v(s) } is bounded, there exists a sequence s, > + o such that v(sn) converges to some number

cwhenn—>+ oo,

C
If C>0 (or C <O in the same way) there exists some ng such that v(sn,.) > — for
n= no (it is a consequence of (1.42)). If we apply the maximum principle to the function v in

the spherical shell (sno,sn) x sN-1 , we deduce that v(s,0) = 0 in that shell and therefore in
— _ d2v
(sn0,+ ) X SN in averaging (1.36) on SN"T we deduce 2 — =0 fors> sno. Hence v is
ds
convex and, as it is bounded, it converges when s goes to + oo, The only admissible limit is C and

finally lim v(s,.)=Cin L°°(SN_1).
§—>+ o '

IfC=0then tim lv(s.) Il N—1, = 0, otherwise there would exist a sequence
s > + oo L (S )

sp, >+ and € > 0 such that | v(s;‘,.) I L°°(SN_]) > e for s, > s’no and there would exist a se-
extracted from s_ and a number A, | Al >§, such that lim V(s;l’) =\. Applying

s )

”

quence s,

what have been done when C # 0, we would have lim  v(s,.)=\in L°°(SN_1), which contra-

A § > + o0
dicts lim V(s )=0.
sn >+ o0

2. - SPHERICALLY SYMMETRIC SOLUTIONS

In this paragraph g is a continuous nondecreasing function defined on IR (not necessa-

rily vanishing at 0) and we still consider the equation

(2.1) —~Au+g(u)=0;

but the equation is taken in D’(IRN - {0 } ) and u may have a singularity at 0. The following
result is fundamental and its proof is very similar to the one of Lemma 1.1 (comparison of w with

€pq + e’¢2 , € € >0).

THEOREM 2.1. Suppose u € C2(IRN - ; 0 ; ) is a solution of (2.1) in D'(IRN - {0 } ) such that
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i) r|_i)m+w 1 hu(r,) () I |_2(SN—1)=0'

i) r|i:)n0 N y(r,) — () | 2sN1) =

where (r,0) € IRT x SN are the spherical coordinates in IRN and u(r) =

1
f u(r,0)do,
| SN—-T | SN—1

The following «universal» estimate on u when g has an asymptotic growth corres-

then u is spherically symmetric.

ponding to a power greater than 1 is originated in [5] .
LEMMA 2.1. Suppose g satisfies, for some q > 1,
lim inf g(r)/r9>0,
r—> + oo

(2.2)

lim sup g(r)/ Irl9<0,
r—> 4+ oo

and u € C2(IRN ~{0}) is a solution of (2.1) in D'(IRN —{0}) ; then
(2.3) lux)l<cIxi~2/@) 1 p,
for x # 0, where C and D depend on g and N.

Proof. From the hypothesis (2.2) there exist two constants A and B > 0 such that

g(r)=>Ar9-B onr>0,
(2.4)

g)<-Alrl9+8B on r<0,
which yields
(2.5) -Au+Aud<B a.e.on {x |u(x)>0}.

. 1
Forx,#0 setG={x€lRN, [x —xnl<—= Ix I}and consider the function
0 0'<37 %o

1
V(X):)\(Z |X0|2—|x—x0|2)_2/(q_1)+u,
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where A and u are to be determined in order that
(2.6) -Av+AVI>B,

in G. For simplification set v(r) = )\(R2 - r2)—2/(q~1) + u. We have in G

2
_ 2NR 2 +1
—av+ A ARZ - )20l @ ) ana T S8 C N2 T )21 a0,
q-1 g1 q-1
2N +1 1/(g—1 _ B 1/
Set f=max ( —, 4 d )andwetake)\=(£-) @ )RZ/(q 1)andu=(—'&) q,soweget

(2.6). 1 (g1)?
By Kato’s inequality (see [10] ) we have as in [5]
ot s ot .
(2.7) Alu—=v)" >sign" (u-v)Alu-v)=0 inD’(G),
in D’(G). Moreover (u — v)+ vanishes in some neighbourhood of 9G, so (u — v)+ =0in G and
168.1/(a=1)  _o/(q- B 1/q
(2.8) ulxg) <vlxg) = (=) Ixg1 /@71 4 ( ~)
In the same way u(xg) = - v(xo).

From that result we get

THEOREM 2.2. Suppose g satisfies

lim inf g(r)/r(NH)/(N_]) =+ oo
r—>-+ oo

(2.9)

lim sup g(r)/ Irl (N+1)/(N-1) =—oo,

r——oo
and u € C2(IRN - {0 ’) satisfies (2.1) in D’(IRN - { 0}) ; then u is spherically symmetric.
Proof. From (2.9), for any n >0, there exists B,, = 0 such that

g(r) = ar(NH1/(N-1) _ B, forr=0,

(2.10)

g(r)<-n Irl(r\H'”/(N_])+Bn forr<o0.
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166 1/@1) | 1N, (B (N-1)/(N+1)

From (2.8) we get lu(x)I<(—) + (=) , for x # 0, which
n n
— - 168 1/(q—-1
implies lim sup N1 u(r,.) —u(r) 1 L2(SN_1) <2 —E) @ ). Letting n = + o we obtain
n

r>0

the condition ii) of Theorem 2.1 ; as for the condition i) it is an immediate consequence of (2.3).

+1
When the rate of growth of g at infinity is of order N—T , it is not enough to make a

hypothesis on g but we have to make it on g’ and we get :
THEOREM 2.3. Suppose g satisfies
(2.11) (g(r) —g(s))(r —s) > C 1r—sI 2NN-1) _p( 2

for some C>0,D =0 and all r and s real. If u € C2(IRN - iO }) is a solution of (2.1) in
D’(IRN - { 0 }), then u is spherically symmetric.

We first need the following result
LEMMA 2.2. Under the hypotheses of Theorem 2.3, we have

-— r -
(2.12) u(r) =30 1 2, 6n1) < 7 Tu(R) —TRID 5

for 0<r<R.
Proof. The function u satisfies
(2]3) —_t— — +— ASN_] u=g(u),

in (0,+ =) X SN=T we set y(r,0) = (N1 u(r,0). From Lemma 2.1 y is bounded on every compact
or [0,+ %) X SN=1 and it satisfies

2
0 Yy 1-N ay N-1 1 N-1 1-N
(2.14) —t——t —y+t—=ANg Y= gl y).
ar2 r2 or r2 r2 5
Now we set’
rN
(2.15) S:i ’ V(S)O) = Y(rpo) .

The function v satisfies
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5
(2.16) (NS)2 3—2! + (N-1)v + ASN_1 v= (Ns)(N'H)/N g((NS)(F—N)/N v,
0s

n (0,4 =) X SN_1. If Vis the average of v on N1 e get, as in Lemma 1.1,

2
(2.17) (Ns)2'/‘N : :Sz (v=v)(v .v)da>0

hence s & | v(s,.) — V(s) 52(SN 1) is convex. As it is bounded, it admits a limit when s = 0.

From (2.11) we get

(2.18) (Ns) —--'/\_1 (v= v)2da>Cf_ (v—V)2N/(N_1)do—D(Ns)lefN_1(v-—V)2da.

S

As / lv—vI 2N/N-1) 46 > C’(/ (v— V)z do>N/(N—1), we see in integrating (2.18)
SN—1 SN'—T

twice that the only admissible limit for | v —v | 52(5"“1) is 0. From (2.17) we also deduce that
the function's & [ (v=V)(s,.) | L2(SN_1) is convex (see the proof of Lemma 1.1). As it vanishes

at O we get, for0<s<o:

(2.19) Iv(s,.) = v(s) I 2( N— ]) ~ 2 v(o,.) = V(o) I L2(SN_1) ,
which is (2.12).

Remark 2.1. The assumption of monotonicity on g can be avoided for obtaining estimates of the

type (2.12) : if we suppose that g satisfies
(2.20) (g(r) —g(s)) (r=s)=C Ir—s9F1 —D(r—s)2,

for some Cand D >0, q >

and all r and s real, we first deduce from Lemma 2.1 the boun-

dedness of | xI 2/(a1) u(x) on every compact of IRN. With the change of variable of Lemma 2.2

of [16] we obtain the following estimate

29/(q-1)—N

(2.21) lu(r,) -u®) I 5 sN- 1 +dré< (— R) (lu(R,.)—a(R) I L2(SN—1) +dRY)

L=(
forr<R,

where d depends on D and a > 0. If we suppose moreover that g is differentiable and satisfies

(2.22) lg(rl<c Ir197 +p,
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for some C’ and D’ > 0 and all r, then we can obtain as in the Appendix of [16]

(2.23) rIi_r:10 lu(r,.) —a(r) 1 Lw(SN—]) =0.

Such a relation can be used for proving that the isolated singularities of the solutions of (2.1)

are radial.

Proof of the Theorem 2.3. From Lemma 1.1, we have for any p <r,

r 1-N
(2.24) lhu(r,.) —a(r) I 1. <(=) lu(p,.) —u(p) I 1.3
and from the Lemma 2.2, Ilim I u(p,.) — ule) I 5 N—1, = O, which implies
p >0 LA(S™ )

I u(r,.) —a(r) I L2(SN_1) =0 for all r > 0 and ends the proof.
N+1 . . . .
When 1<q <-N—1 there exist non spherically symmetric solutions of
(2.25) ~Au+ lul9 Ty =0,

in IRN - { 0 } For example if v is a non constant solution of the equation

_ 2 2 -
(2.26) A v VST = () (2N onsNT
S g1 g-1 _
, 2 2q - .
(such a solution exists as ( s ) (—1 — N) > N-1 which is the second eigenvalue of—ASN_1)
q- q-
—2/(q-1) X i i : ; :
then x + | x| v( ﬁ) is a non isotropic solution of (2.25). However such a solution
X

cannot keep a constant sign, so we shall restrict ourself to positive solutions of (2.1). Our first

result is an extension of Theorem 1.1 of [16] .
PROPOSITION 2.1. Suppose g satisfies

i) lim g(r)/9=c,
r—> -+ oo

(2.27)

i) lim sup g(r)/r <+ oo
r—>0f

N -
for some ¢ > 0and 1<q <E and S is an open subset of IRN containing 0. If u € CZ(Q - 0)

is @ non negative solution of (2.1) in D’(SX — 0 ) then we have the following alternative
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i) either lim |x|2/(q—1)u(x)= (( 2 )(ﬁﬁN)>1/(q_1)’

x=>0 c(q—-1 ) q—1
i) or lim 1xIN72 u(x) =y for somey=0.
x=>0

Proof. We shall just sketch it as it is not far from the proof of Theorem 1.1 of [16] (at least in its
first part). Moreover we need not suppose that g is nondecreasing. The two assertions are distinct
according | x| N2 u(x) is bounded or not near 0.

Part 7 : | xIN"2 u(x) is bounded in some neighbourhood of 0 (and we can even suppose that u
has not a constant sign if | g(r)|/ Ir19 is bounded when r - — ). We make the change of variable

(1.35) of Proposition 1.1 and we deduce from Lemma 6.4 of [16] that lim N2 u(r,.) =

u(r) | L°°(SN—1) =0. We end the proof as in Theorem 1.1 of [16] . r>0
Part 2 : 1 xI1N72 u(x) is unbounded near 0. If we write (2.1) as follows
g(u
(2.28) —Au+(—)u=0,
u
g(u) -2 . . . .
we deduce from (2.27) and Lemma 2.1 that — < C Ix|™“ + D. Using Trudinger’s estimates in

u —
Harnack inequalities as in the Lemma 1.4 of [16], we deduce that lim | xI N-2 u(x) =+ oo,
x—=>0

For any ¢’ > c there exists p > 0 such that g(u(x)) < c¢’(u(x))9 on {x | Ix|<p}, O

—Au + ¢’'u9 >0 on such a shell. For any a > 0 set Va the solution of

—Ava+c’vg=0 for0< IxI<p,

(2.29)
lim leN—zva(x)=a, Vo{X)= min u(x) forIxl=p.
x=>0 Ixl=p

Such a solution exists (see Lemma 1.6 of [16] ). Moreover, from the maximum principle,

vo(X) < u(x) for any x with 0 < | x| < p. When a goes to + oo, vo(x) increases and converges to

Voo(X) and
(2.30) lim 1x12/(@ 1)y (x) = (( 2 )(ﬁ_N)>1/(q—1)’
x>0 c'(q-1) g1

from [16] . If we set

(231) fz=(( 2 )(ﬁw))”(q—”.

c(g-1) " g-1
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and make ¢’ Vv ¢, we deduce lim inf | x| 2/(q—])u(x) = Q. Now suppose lim sup |x|2/(q_1)u(x)>2.
x>0 x>0

There exist a sequence x, = 0 and €’ > & such that  lim I X! 2/(q_])u(xn) = Q. Set
n—>+ o

vn(x) = |xn| 2/(q_”u( Ixnlx) ; v, satisfies
(2.32) — v, (x) + |xn|2q/(q—1) g |xn|—2/(q—1)vn(x)) =0 in RN fo}.

By compactness there exists a subsequence ny and a function v such that vnk(x) converges to

v(x) uniformly on every compact of IRN —{Ot, and v satisfies
(2.33) ~Av+ovd=0 in IRN ~{o}.

From Lemma 1.4 of [16] there exist two constants K > 0 and 7 > 0 such that the following
inequality holds for any R >0 and any 0 < IxI< R/

(2.34) vix) < Ix172/0a1) (1 4k (%)T).

Making R = + o we deduce v(x) < £ | x| ~2(a=1) for x #0. For any € > 0 there exists nkO such
that forn, =n, and Ix|=1
k kO

2/(q-1) _
(2.35) |xnk| u( lxnklx) vix) < e.
X
If we take x = | and make e~ + oo we deduce £’ — £ < € which contradicts £’ > € ; so
X
n
L= = lim |x|2/(q—1)u(x).

x—>0

N-+1
THEOREM 2.4. Suppose g is defined on IRT and satisfies for some ¢ > 0 and some 1 < g<—

i) lim (g(r) - crq)rm(N+‘l )(q—] )/2 = 0,
r—> -+ oo
(2.36)
ii) lim sup g(r)/r <+ oo,
r->ot

Ifu€ C2(IRN - {O }) is @ non negative solution of (2.1) in D’(IRN - f 0 }), it is spherically sym-

metric.

Before proving that result we introduce the generalised Sommerfeld exponant 7 (see
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[12] and [16] ) which is the positive root of the equation

+1 2
(2.37) x2- (22N X-Z(—q—N 0.
g1 q-1

We have the following result which will also be used in Section 3,

N 1
PROPOSITION 2.2. Suppose q and p are two real numbers such that 1 < q < —2— 0<p< qT T

and g is defined on IRY and satisfies for some ¢ >0

(2.38) lim  (g(r) —crN)rP 9 =0.

r—> oo

Ifue C2(IRN - {0 }) is a positive solution of (2. I) in D’ IRN - { 0}) satisfying

lim 1xl2/(a1) u(x) = & (defined in (2.31), then for any € > 0 there exist p > 0 and k =0
x>0
such that

(2.39) le—Ix1 2@ Dy 1<e 1x12P/(@1) 4y 12/l
forany 0< IxI<p.

Proof. First we shall prove that for any € > 0, there exist p > 0 and k = 0 such that the following
inequality holds for any 0 < I x|<p :

(2.40) u(x) <2 Ix1 2@ ) (14¢0 |x|2p/(q—1)) K

Step 1. We set ¢(x) =2 | x| —2/(g1) and we define as in the Proposition A.4 of [5]
¢(x) = Max(¥(x), u(x)). From Kato’s inequality we get

Ap= al (w+u+ ly—ul) > (A\I/+Au) +15 sign(Y—u)A(Y—u).
As 8 = e, we get A¢>15(cwq+g<u)+sign<w—u)(cw“-g(u», or
(2.41) A¢ > Min(cg9 g(0)).
Moreover there exists D > 0 such that
(2.42) g(8(x)) = c(¢(x))9 — D(g(x)) 9P,

for0<IxI<T1.
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Step 2. Set w(r,0) = 2/ (g1 )¢(r,o) and w(r) its average on sN=1 We have w(r,0) =%

and

2
G} 1 +3\ ow 1 c _ _ 1= a—
(2.43) haTI <N—.q___>._+_ ASN—] w>—2 (w9 T_od 1)_Dr2r>/(q 1) 2,07P

ar2 r g-1/)or 2 r

As w is bounded on {x o< IxI<1 z we deduce in averaging (2.43) that

9
d 1 +3\ dw —1)—
(2.44) AL N —>-D, r2p/ (a—1) 2
a2 T g-1/ dr

2q+H)(@1)N
for 0 <r <1, Dy being a constant. Now we set s = and V(s) = w(r). We have
2(q+1)/(g=1) N

>, o 02

(2.45) —+Dys" >0,
2
ds
, q-1 . . 2p
on {s10<s<——————) whereD, isnon negative and § = ————————— . Hence the
2(q+1)-N(g-1) 2(q+1)-N(g-1)
D)

function s + V(s) + 20-1) & is convex (ors = v(s) + Dz(s log s—s) if @ = 1) which implies that

<|

(s) <V(0) + s D3, where D5 dependson 6, q, N and u(1) ; so there exists a constant A such that
(2.46) ) <er 2@ 4 p 20/ )N
for 0 <r < 1. Moreover that relation is true for any 0 <p.

Step 3. We set w(r) =8 r—z/(q_1)(1+e/!2 r2p/(q—1)) and we claim that we can find o
such that

(2.47) —Aw + g(w) =0,

on { x0<ixI<o } . For a given 8 > 0, there exists o’ > 0 such that g(w(r)) = c(w(r))¥ -
§(w(r))97P for 0<r<o’. We get

do__ 2 o Aa+D/(a1) 4 o P2 (2p--1)/(a-1)
dr g1 g-1

)

d’w _2(q+1) o r2al(a-1) o 2P)2ema ) op-q)(a-1)
dr? (q—1)2 (q—1)2

)

cewd = cgd 20/ (a=1) (1 4¢g 2P/ (a=1))d > 00 =20/ (a7 1) (144 ¢g r2P/(a-1)y
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§wIP =5 Q47P(1 + ¢/ r2P/(a~1)yaP 2(pa)/(a-1),

So we get

~Aw+ cwd—850dP>— ( P 2p1)pa7l) | 2(N-1) il ) r2(p—a)/(g-1)...
(a-1)? g

+ce 0@ Tqr2(pal(a=1) 5 g4P(q 4 ¢/g 20/ (a=1)ya-p (2(p-a)/(a-1),

And the right hand side of that inequality can be written as

36[2 (.z_q_ -N) + (2 f_] -N) (—) _(._)2] —8097P (1 +¢/0 r2p/(q—1))q_p§r2(p—q/(q—1),
q- q- a-

2
and, as 0 < —? < 7 , the coefficient of € is positive. So we first choose 04 such that
q-
(1+¢/2 ¢2p/ (a1 ))q—p < 2for 0<r< g, . We then choose § such that
_ 2q +1 2p 2p 2
2699 P<e|2(——N)+ (29 —N) (—=)-(=) |,
g-1 qg-1 g-1 qg-1

and then we take 0 = min(ay , 0’), which implies (2.47).

Step 4. We follow now the end of the proof of Proposition A.4 of [5] . Set

k= Max ¢(x). As g is nondecreasing we have
Ixl=0

(2.48) — Alw+k) + g(w+k) =0,
on {x 0<IxI<a } - Let £ be a sequence of smooth functions such that

1
1  forlxl>—
n

Enlx) = , 0<f <1, lAE I<Kn2,

1
0 forlxl<—
2n
Let 6 be a smooth nondecreasing function vanishing on (= =,0], strictly positive on (0,+ =) and

such that 6 =1 on [1, + ) and set j(t) = f 6(s)ds. We have from Steps 1 and 3, in setting
Q={x|0<|xl<a}, 0
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(2.49) / V(u—w) . V£ 0(u—wk)dx +/ | V(u—wk)| 2 Enﬂ’(u—w—k)dx
Q Q

+f (g(u) —glwtk))E, 6 (u—w—k)dx < 0.
Q
As V(u—w—k) 8(u—w—k) = Vj(u—w—k), so we get

f |V (u—w—k)| 2 En()’(u—w—k)dx +/ (g(u) —g(w+k)£n0’(u—w~k)dx <.
Q Q

f j(uwk)AZ, dx < Kn? / i(u—wk)dx.
O 1 1

— < IxI<—
2n n

But ju—w—k) < jlu~w) < j(o—2 | x| —2/(q—1)) < ¢ -2 |xl ~2/(a=1) and from Step 2,
0<o() —er 2@ g a2d@)N fro<r<.

2q

+1 _ —
So we get : Kn2 /; ju—w—k)dx < KA 2 D Asn—>+o we get by Fatou’s
Lemma —< IxI<
2n

1
n

(2.50) / | V(u—cw—k)| 4 6’ (u—w—k)dx +f (g(u) — g(w+k))6’ (u—w—k)dx <O,
Q Q

which implies that both terms are 0. If we make 6(r) > T we deduce that V(u—w—k)+: 0ae.

But (u—oo—k)+ vanishes on 952 so it is identically 0 and we have
(2.51) u(x) <® |x|_2/(q—]) (1+¢€/2 1xl 2p/(q—1)) +k,
for 0 < | xI< o, which is (2.40).

For proving the reverse inequality
(2.52) ux) =2 1xI 2@ g — g 1x1 2P/ (@ 1))
we do the same in introducing ¢, (x) =Min(¥(x), u(x)) which satisfies
(2.53) ' A¢q < Mas(c ¢‘11 8(07)).
With the same change of variable we obtain by concavity

(2.54) a(r) > e 2@ 1) _ o 20/ (@ T)-N



Global behaviour and symmetry 25

for 0 <r < 1. We then construct a subsolution w(r) = £ r_2/(q_1)(1 —€/% r2p(g ])) for the
equation (2.1) (the only slight change being in the estimation of (<u1(r))q where we have :
(w1(r))q < r—2q/(q—1)(1 - q’¢/® r2p/(q—1)) where 1 < g’ < g but g — g’ can be as small as

we want in restricting r). We end the proof as in the Step 4.

Proof of the Theorem 2.4. From (2.36) and Lemma 2.1 any solution of (2.1) is bounded at infi-

nity. So, if lim |Ix| N-2 u(x) =1, we deduce from Theorem 2.1 that u is spherically symmetric.
x>0
— 2 2
Now suppose that lim I x| 2/(q-1) u(x) = 2. We have A B (N+1) > 0, and
x>0 q-1 g1

g+1 2 +1 +1 2
(=—=N) - (29—-—N) (-q——N)—2(~-i - N) < 0, so we have (2.39) and

g1 g1 q-1 g1
@) 4 ugr,) - () e 2@ N/@ NN 4 o 2(071) for 0 <1 < p. S0 we
deduce

. N-1 -

(2.55) limsup r Tu(r,) —u() I oo, N—1, < 26

Making e — 0 we obtain lim N1 u(r,.) —u(r) I o N—1, =0 and then we conclude with
Theorem 2.1.
Remark 2.2. The following nonlinear Liouville-Hadamard type result is a consequence of Theorem

2.1 :a C2 solution u of (2.1) in IRN such that u(x) =o( Ixl) ( Ixl—> o) isaconstant.

3. - UNIQUENESS OF SOLUTIONS

In that part we shall still suppose that g is a continuous nondecreasing function defi-
ned on IR (Holder continuous as we want to deal with strong solutions) and we consider the

equation
(3.1) —Au+g(u) =0,

taken into D’(IRN —{O &) and we investigate under what assumption on g is a (possibly singular)
solution of (3.1) uniquely determined. If u is a solution of (3.1) and 6 € 0(n), u © 9 is also a solu-
tion of (3.1) ; so if u is uniquely determined, u must be spherically symmetric. The following

easy-to-prove result is the key-stone of this section.

THEOREM 3.1. Suppose uq and u, belonging to C2(IRN - ;O }) are two solutions of (3.1) in
D'(IRN ~{0}). I they satisty
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. . N—2 —
l) lim r “ U-l (r,.) - u2(r,.) " 2,eN-1\ — 0,
r>0 LS )
(3.2)
ii) lim luq(r,.)— uz(r,.) I 5 N-1,=0,
r—>+oo 1 L*(S )
then uq = Uy.
Proof. We make the change of variable
N2 2-N
(3.3) s= vy ui(r,a)=r vi(r,o), i=1,2.
The function v; satisfies
a2y, v,
i 1 _ _
(3.4) 2 4 A N-1Y%;= (N-z)(4“N)/(N 2) N/(N-2) g(-—l—— ),
a2 (N-2)2 S(N-2)
82
in (0, + o) X SN=T 1 we set w =Vvq ~V,, then we get : s2 N-1\Zs o.)w do = 0 which implies
S - S
that he function s & [ w(s,.) |l L2(SN—]) is convex. As it vanishes at 0 and satisfies
1
lim —1lw(s,.) |l _1. =0, it is identically 0.
s —> + o S Lz(sN 1)

As a consequence we have the following
COROLLARY 3.1. Suppose g vanishes only at 0 and satisfies
) tim inf g™V N"2 >

r—>+ oo

(3.5)

i) lim sup g(r)/lrIN/(N~2)< 0.

r—>—oo

Then the only u € C2(IRN - % O}) satisfying (3.1) in D'(IRN - { 0}) is the zero function.

Proof. From a result of Brezis and Veron [6] the function u can be extended to whole IRN into

a C2 function. Moreover from Lemma 2.1 and Theorem 1.1, | x| N-2 u(x) admits a limit when

| x| goes to + o=. Applying Theorem 3.1 to u and 0, we get u =0.

Remark 3.1. The assumption g—1 (0) = 0 can be cancelled if we consider the solutions of (3.1)
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vanishing in some sense at infinity, for example such that lim  llu(r,.) I

=0. Some
N...

2
L
other conditions are discussed in [1]. (

N
When the growth of g at infinity is comparable to some power q with 1<q <N—2,

there exist two types of isotropic singularities at 0. We deduce from Proposition 2.1 and Theo-

rems 1.1 and 3.1.
COROLLARY 3.2. Suppose g vanishes only at 0 and satisfies

(3.6) lim lg(r)!/ Irl9=c¢,
Irl=>+ o0

N
for some ¢ >0 and 1 <q<—— . /fu € c2(IRN -{0}) is a solution of (3.1) in D'IRN - { 0})

such that | x| N72 u(x) remains bounded in some neighbourhood of 0, then u is uniquely deter-

x| N2

mined by the value of y=lim u(x).

x—=>0
In fact in Corollary 3.2, we have not only the uniqueness with respect to the singula-

rity at 0, but also the existence, as a consequence of

N
LEMMA 3.1. Suppose g vanishes at 0 and satisfies (3.6) for some ¢ > 0 and some 1 < g< ﬁ .
Then for any vy there exists a unique u € C2(O, + o) satisfying

d%u  N-1 du .
—+_—_g(u):0 on(OJ+°°))
dr2 r o dr
(3.7)
lim N2 u(r)=%, lim u(r)=0.
r-0 r—>+oo
rN—2

and u(r) = 2N v(s), then (3.7) is equivalent to

Proof. If we set s =

2
2 L (N NN NIN-2) (Y )0 oo 4 e,

d52 (N—2)S
(3.8)
. 1
lim v(s)=v, lim — v(s)=0.
s=>0 s>+oo S

The uniqueness comes from the same argument of convexity as the one of Lemma 1.3. For the
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existence, we consider for any € > 0 the solution v, (coming also from the Lemma 1.3) of the

equation
(s+¢)2 -d-zﬁ— (N-2) ANV (N-2) (g NIIN-2) ") on (0, + =)
ds2 (N-2)(s+e) S
(3.9)
ve(0)=v, lim lvf(s)=0.
s>+ o0 S

As the function s - Ive(s)l is convex it is nonincreasing. From (3.6) we have
(3.10) lg(r)I<clrl9+d,

for any r and some ¢, d > 0 ; so we have for any 0 <s<T

dv, dv, T
311 | — @) | <|—m]+K f (o+e)NN-21a-2 1y 94 (4N (N-2-2)g,
ds ds s
d2v€ dve
But as | Vel <y, | g(ve)l is bounded and it is the same with —— and - on any interval
(o, + ), & > 0. Integrating again (3.11) yields ds ’
(312)  Ivgt) v () 1< Ay (t-s) + Ag((t+e) N (N"270 — (o1 N/ (N2 4

Ag((e+eN (N72) (51N (N2

for 0 <s <t < T. As the functions t + NVIN=270 00 ¢ 1 (NIN72) e uniformly continuous
on [0,T+1], the set of functions (v le € (0,1]) is equicontinuous on [0,T] . Using Arzela Ascoli
theorem and the diagonal process, there exists a continuous function v on [0,+ ) and a sequence

€, 0 such that Ve converges to v on [0,T], for any T > 0. The function v satisfies the equation
n

(3.8), is nonincreasing and v(o) =¥. ~

Remark 3.1. 1f we define U on IRN — {O} by u(x) =u( | x|), where u satisfies (3.7), one can see

that U is a solution of
(3.13) —Au+g(u)=(N-2) 1SN Ty 5,
in D’(IRN), unique if g vanishes only; at 0.

N
THEOREM 3.2. Suppose g vanishes only at 0 and satisfies for some ¢ > 0 and some 1 < q < KI——Q
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(3~14) lim (g(r) —-C rq)r_N (q_-l )/2 =0.
r—>+ oo
Then there exists only one u € C2(IRN - { 0}) solution of (3.1) such that
lim lezl(q—”u(x):gg'
x—=>0

Proof. Existence : For any v > 0 set u, the solution of (3.7) on (0, + %). From the Lemma 2.1,

there exist A and B > 0 such that

Y

A
3.15) 0<u,(r) < —— +8B,
( Y r2/(a-1)
l,N'—2
for any r > 0 and y > 0. Setting s = and u,y(r) =2 N v,y(s), the function v satisfies the

equation (3.8) with initial data y and vanishes at + . From the uniqueness, for any s > 0, the

function y v,y(s) is nondecreasind and as

A
(3.16) 0<v,(s) < + B,
Y — —
((Nﬁz)s)Q/(q 1)(N-2)
it converges as y —> + o to some function v,, satisfying (3.8). Setting u_(r) = 2N Voo(s) the

function u,, satisfies (3.7) and lim N2 Uoo(r) =+ o0, If u(x) = uo( I xI), u satisfies (3.1) and,
r->0
from the Proposition 2.1, lim  |x|2/(a=1) u(x) =2.
x=>0

Uniqueness : Set uq and u, two solutions of (3.1) such that lim xi2/(a-1) ui(x) =9
N x=>0
fori=1,2. We apply the Proposition 2.2 with p=gq P (q—1) and we get from (2.39)

(3.17) 112107 (4 () —up() < 26 1x1 2@ DF2N 4y 2 (a1)

which implies lim | x| N-2 uy (x) — uy(x)1=0. As uq and u, vanishes at infinity we deduce
x—=>0
up =uy from the Theorem 3.1.

Remark 3.2. When g(r) =c Irl 971 ¢ the solution u of Theorem 3.2 is

(3.18) u(x) =2 1x1~2/(a=1)
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