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A Cauchy problem for u; — Au=4? with 0 <p < 1.
Asymptotic behaviour of solutions.

J. AGUIRRE(!) AND M. EscoBEDO(?)

RESUME. — Nous prouvons ’existence, 'unicité et la régularité de solu-
tions globales pour le probléme de Cauchy

ur — Au=uP dans (0,00) x R"
4(0,z) = uo(z) >0 dans R"
u>0 dans (0,00) x R™

avec donnée initiale non identiquement nulle dans un ensemble assez large de
fonctions. On démontre que ces solutions sont toutes bornées inférieurement
par ((1 — p)t)}/(1=P), On prouve finalement existence de solutions auto-
similaires décrivant le comportement asymptotique des solutions lorsque ¢
va 3 Pinfini.

ABSTRACT.— We prove existence, uniqueness and regularity of global
solutions for the Cauchy problem

ut — Au = u? in (0,00) x R"™
u(0,z) = uo(z) >0 in R"
u>0 in (0,00) x R"™

for a large class of non identically null initial data. Solutions are shown to

1 —
be uniformly above ((1 - p)t) a P). Finally the existence of self-similar

solutions (not necessarely radial) describing the asymptotic behaviour of
solutions as ¢ goes to infinity is shown.

§ 1. Introduction and Main Results

Consider the following Cauchy problem :
uy— Au=[u|P"lu  in (0,00) x R"
u(z,0) = u,(z) in R™ (P)
u>0 in R™

(1) Dpto de Matematica Aplicada, Universidad del Pais Vasco, aptdo 644, Bilbao - Spain
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where 0 < p < 1.

When looking for existence (local and global), uniqueness and regularity
results, several remarks are in order. The first one is about uniqueness. If the
initial data u, is identicaly zero, there is a continuum of nonnegative space
independent solutions, namely the null solution and the family of solutions.

u (t,z) = ((1-p)(t - r)+)1/(1_p),‘r >0 (0.1)

The second one is about regularity. Let k be the integer part of 1/(1 — p)
if it is not an integer, and [1/(1 — p)] — 1 if it is. Then u, is of class C* in
[0, 00), but is not of classe C! in (7 — ¢,00) for any I > k and € > 0. That is,
even with a C initial value (u, = 0), solutions are only C*.

This lack of uniqueness and regularity is due to the fact that the function
u? is not Lipschitz in any interval of the form [0,¢) for 0 < p <1 and € > 0.
However, when the initial value is not identically zero, we are able to prove
uniqueness and regularity of solutions of (P). The difficulties coming from
the nonlinear term not being Lipschitz are overcome by a uniform lower
estimate on the growth of the solutions given by the following.

LEMMA .— Denote by S(t) the semigroup of the heat equation on R™.
Let u be a nonnegative function on (0,T) x R*(T > O fized) and u, a
nonnegative function on R™ not sdentically null such that

t
u(t,z) > S(t)uo +/ S(t — s)uP(s,.)ds

o

makes sense and holds on R™. Then

u(t,z) > (1 -p)t)/("P) for0<t<T and z€R"™ (0.2)

Inequality (0.2) seems to mean that diffusion in the sublinear case is
unifom all the way up to infinity, which is not the case for the linear and
superlinear case. On the other hand, it is clear from (0.2) that even for an
initial data with compact support there is no solution u of (P) such that
u(t,.) belongs to LY(R") for t > 0 and 1 < ¢ < oo. However if the initial
value u, is such that pu, belongs to L%°(R") where p is a weight function
of the form :

plz) = (1+]s)~ 0<a

or
p(z) = ezp(—a|z|’) 0<,0<B <2
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A Cauchy problem for u; — Au = u? with0 < p < 1.
it is easy to see that for any ¢t > 0, p(z)S(t)u, € L*°. Then defining
E,(R")=E,={u:R" >R | pu€ L*(R")}

problem (P) can be solved for u, € E,, and the solution is such that
u(t,.) € E, for all t > 0.

Let us recall now some known results about problem (P) when p > 1.
If 1 < p <1+ 2/n, any solution of (P) blows up in a finite time ([5]) and
the same holds for p = 1+ 2/n ([1], (8], [10], [12]). When p > 1 + 2/n,
positive global solutions of (P) exist ([3], [7], [11]). For 0 < p < 1 we prove
in sections 1 and 2 the following.

THEOREM .— For any nonnegative u, € E, there is a mild global
solution u of (P) such that

i) u € C((0,00) x R™) N L2.[(0, 00); E,)

loc
i) For all t > 0,1 < ¢ < n, 8u/dz; € C(R") and V,ou €
Li3.[(e,00); E)] Ve>0
#1) lim; Lo u(t,z) = uo(z) a.e. z € R™

Moreover if u, is not identically zero, this solution is unique and is in
C°[(0,00) X R"].

By mild solution we understand that u verifies the integral equation

t

u(t) = S(t)u, + / S(t — s)uP(s)ds.

o

In section 3 we study the asymptotic behaviour of solutions of (P) as
t goes to infinity. Consider the corresponding problem with the nonlinear
term having the so called “good sign” :

ut— Au=—|u[P"'u in (0,00) x R™
u(z,0) = u,(z) in R® (P')
©u>0 in (0,00) x R™

If1<p<1+2/nandu, € L?(R") the asymptotic behaviour of the
solution is given by the so called self-similar solutions, i.e. solutions invariant
under the transformations :

ur(t,z) = A7/ =Py (X%, Az) VA > 0.
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These solutions are of the form :

u(t,z) =t~V f(z//F) (0.3)

where f satisfies :

- Af - e VS ==l - 1f
>0

(0.4)

More precisely, if the initial value u, of problem (P’) is radial and a is

defined by :
a= lim |z|¥(P~Vy,(z)
|z]—+00

where a = +o00 is allowed, then the solution u of (P') satisfies :

lim ¢/@=D]lu(t,.) — ¢~/ 1o (/VE) oo = 0

t—o0

where f, is the unique radial nonnegative solution of (0.4) satisfying :

lim |z|¥®Vf(z) =a

|2|—o0

(see [4], [6])-
If0<p<1landu, € LIR"), 1< g < oo, then there is a T > 0 such
that ¥ =0 on (T,00) x R™. If p =1 then

tlim eft™/?u(t,z) = (4w)‘"/2/uo(y)dy
—00

uniformly on compact subsets of R ([6]). In our case where the nonlinear
term has the “bag sign”, when 1+2/n < p < (n+2)/(n—2) and u, satisfies :

/ (Iuo(2)[? + |Vuo(z)|?)el** dz < 0

it has been shown ([9]) that there is a sequence (t,) going to infinity and a
solution f of

—Af - 5e VI =P - 1S
f>0
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such that
Jim, 164/ altn,) — 1(2/VER) oo = 0

i.e., u(tn,z) is close to a self-similar solution t;l/(p_l)f(z/\/t,,j.

In the sublinear case 0 < p < 1, the results of sections 1 and 2 show the
existence of a family of self-similar solutions

W(t,z) =t =P f(z/\/2)

belonging to L [(0, 00); E,] with p(z) = (1 + |z|)~2/(1=P) and with initial

value W(0,z) any homogeneous function of degree 2/(1 — p) lying in E,.
Inequality (0.2) and (0.3) yield in that case

f(z) > (1 —p)/(-P) Vz € R"
if W(0, z) is not identically null. If W(0,z) = 0, then
f@)=1-pY0P  VreRrr
Asuming W (0, z) to be continuous it is proved that :
Jina 1£(ro)r=2/ (=P} — W (0,0)| 1o (s-1) = O

where for z € R™ we have written £ = ro and 0 = z/|z| € S*L.

Finally, the asymptotic behaviour of the solutions of (P) for a certain
class of initial values is given in the following.

THEOREM .— Let u, € E, be such that for a given p € C(S™1)
. —2/(1—
rl_lf{.lo luo(ro)r=2(1=P) _ ()| peo (sm-1y =0

and let u be the solution of (P) with initial data u,. If W, s the self-similar
solution of (P) such that :

We(0,2) = |a[*/ Py (z/|2|)
then for any compact K C R™ we have :

lim ¢~ =P)|lu(t,.) — Wo(t,.)| e (1) = O

where Kt = {(t,z)|z/vt € K}.
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Notations.— All integrals will be with respect to Lebesgue measure,
and all functions wil be asumed to be measurable. When no explicit domain
of integration is indicated, it is to be understood that it is all of R . S (¢)
will denote the semigroup of the heat equation on R", that is, if u is a
function on R", such that for all € > 0 there is a C. > 0 for which :

lu(z)] < Cee_el’cla

then for t > 0 and z € R™

S(t)u(z) = (4mt)="/2 / e~la=v /4ty () gy,

We denote by p(z) a fixed weight function belonging to one of the families
pa@) = (1 +]z)™* 0<a

or
Pap(z) = exp(—alz|’) 0<a,0< B <2

For this p we define E, = {u:R" > R | pu € L® (R™)}. Endowed with
the norm ||u|, = ||pu|co it becomes a Banach space. It is easily seen that

P z+y) <p z)p!(y) Vz,y € R"

(where p~! = 1/p) so that
S (@) = )™/ [ ety )y
=ﬂ_—n'/2/ e—‘ylzp‘l(a:+2\/t_y)dy

and therefore
5(t)p~!(z) < p(t)p™ (2)

where

p(t) = n"/? / e~ =1 (2v/2y) dy

is a positive continuous and increasing function on [0, o0) such that ¢(0) =
1. If we define for m € N

Pm(t) =/ e~ |ylp~™ (2v/2y) dy
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A Cauchy problem for ut — Au = uP with0 < p < 1.
then ¢y, is an increasing and continuous function on [0, 00). Finally, p will
be a fixed number, 0 < p < 1, and we let ¢ =1/(1 - p).
§ 1. Existence
This section is devoted to the proof of the existence of nonnegative

solutions u(t, z) of the integral equation :

ult,z) = s(e)ua(z)+/:s(:-s)uv(s,z).is 1)

for u, > 0. Functions satisfying (1.1) are called mild solutions of the
semilinear parabolic Cauchy problem :

Uy — Au = uP in (0,00) x R™ (12)
u(z,0) = u,(z) >0 inR" )

It will be shown in section 2 that such solutions are in fact classical under
rather weak conditions on the initial value u,.

LEMMA (1.3).— Let g be a non decreasing Lipschitz function with
9(0) = 0. For each u, € E, there is a unique mild solution u of :

us—Au=g(u) in(0,00) X R"

w(0,2) =to(z) inR" 4

such that u € L§Z,[(0,00); E,).

Moreover, if u and v are two mild solutions of (1.4) with initial values
u, and v, respectively satisfying u, > v,, then :

u(t,z) > v(t,z) Vt>0, VzeR".
In particular, if uo > 0 then u > 0.

Proof .—Let u, be any element of E, and T > 0 fixed. For u in
L*[(0,T); E,) define :

Fu(t,z) = S(t)uo + /t S(t - s)g(u(s))ds Vi € (0,T), Vz € R
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F maps L®[(0,T); E,} into itself since for all u € L*((0,T); E,]*
|Fu(t,z)] < (47::)""“/ el P Aty ()| dy
¢ 2
+ / (4ms)~n/2 / eV g (u(t — 5,))ldyds
o
t
< ool S5~ @) 4 zop lula ), [ 5(e = o)™ )
< p(t)lluollop™(2) + ktio(t) sup fuls,)lop™" (2)
0<e<T
where k is the Lipschitz constant of g. It follows that :
sup_ [|Fu(t, )l < o(T){llwoll, + kT sup [u(t, )} (L5)
o05t<T ot<T

and therefore Fu is defined almost everywhere and belongs to
L>[(0,T); E,].

We will prove next that for ¢ small enough, F is a contraction. To see
this let u and v be two elements of L*((0,T); E,]. Then for all t € (0,T)
and z€ R™ :

|Fu(t,z) - Fu(t,z)| < Ir./‘J S(t - 8))(u — v)(s)lds
t
<k sup =)ol S0 ) (o
<ktp(t) sup (= o))l 47 (=)
and then :

sup [|Fu(t,.) = Fo(t,)ll, < kTo(T) sup (v —v)(t, ),
0<t<T 0<t<T

If we chose T so that kT'w(T) < 1, F is a contraction, and by Banach’s
fixed point theorem there is a unique u belonging to L*((0,T); E,] such
that

t
u(t) = S(O)uo+ /O S(t - s)au(s))ds.

Next we prove that u is defined for all ¢ > 0. In fact, the interval of existence
of the solution depends on g and p but not on u,, so that the solution can
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be continued as long as it does not blow up. But this can not happen since,
by (1.6), (1.5) and Gronwall’s lemma :

lu(t, Mo < ©(T)lluoll,** Ve € (0,T)
whenever u is defined on (0,T). This also proves that u belongs to

L2 [(0,00); E,). Now suppose that u and v belong to L [(0,00); E,] and
are such that :

u(t) = S(t)uo + /0 S(t - 5)g(u(s))ds

o(t) =S(t)vo+/0 S(t — 5)g(v(s))ds

with
uo € Ep, v, € Ep, uo > v,.

Then :
(o= 9)(0) = SO0~ ue) + [ 50t - 9)la(v(s)) — o(u(s))ds

< [ st lotwle) ~slulelsds
<k [ 56 9ole) — u(o)ds

since g is non decrasing and Lipschitz with constant k. It follows that :
s <k [ 5= lo(0) - (o)l ods

and for allt >0

o=@l <k [ plt- )| (v—u) (5) s < k (1) / o) ()] ds

and by Gronwall’s lemma ||(v — u)4(¢)||, is null for any ¢ so that u > v.
Now, we solve problem (1.2) by using an approximation procedure and

the existence and comparison result given in the previous lemma.

THEOREM (1.7).— For every nonnegative function u, € E, there is at
least a mild nonnegative solution u of (1.2) in the space L§S,[(0,00); E,].

loc
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Proof .— Let (gn) be a sequence of nondecreasing Lipschitz functions
such that g,(0) = 0 and gn(r) = r? Vr > 1/2n, and consider the problems :

us — Au = gn(u) in (0,00) x R™
u(z,0) = uo(z) +1/n  in R™. (1.8)x

By lemma (1.3) for each n there is a unique nonnegative mild solution
up € L2 [(0,00); E,| satisfying

t

un(t) = S(t){u, +1/n} + /(; S(t — s)gn(un(s))ds (1.9)

Since u, > 0, it follows that u,(t) > S(t)(vo+1/n) > 1/n. Nowif n > m
we have by construction that g,(u) = gm(u) if v > 1/2m. Since up, > 1/m,
it follows that u,, and u,, are mild solutions of the same equation with initial
data u, +1/m and u, + 1/n respectively. By lemma (1.3), u,, > u,, and for
almost every (t,z) € (0,00) X R"™, (un(t,z)) is a lower bounded decreasing
sequence of real numbers. Thus we can define :

u(t,z) = lim un(t,z) a.e. in (0,00) x R"

n—oo

By (1.9) and the fact that u, > 1/n:

un(t,z) = S(t)u, + % + /t

(47rs)"/2/e"'”‘y|2/4tuﬁ(t—s,y)dyds (1.10)
0

for almost every (t,z) € (0,00) X R™. As n goes to infinity, the left hand side
converges to u(z,t). As for the right hand side, we have that the integrand
converges monotonically to (41s)"/2e~12-¥I*/4typ(t — 5 y). Since :

t t
/0 S(t — 8)([u1(s)]?)ds = /0 S(t — s)g1(u1(s))ds

t
<k sup [lus(e)llos™ (@) [ ot~ o)ds < o
0<s<LT 0

it follows from the monotone convergence theorem that :
t

u(t) = S(t)us + / S(t — s)u(s)ds

0

and since 0 < u < u; we have that u belongs to L. (0,00), E,].

- 184 -



A Cauchy problem for u; — Au =u? with0<p < 1.

We give now a partial regularity result and postpone until section 2 the
proof that mild solutions of (1.4) are in fact classical solutions.

THEOREM (1 11).— Letu € L§; [(0 oo}, E,| bc a mild solution of (1.2).
Then :
1) u € C[(0,00) x R"]
)Vt >0, 1<i<n, du/dz(t,.) € C(R")
1) Ve > 0 Vou € L [(€, 00); E)p]
iv) limy_o u(t, z) = u,(z) for a.e. z € R".

If u, € C(R") the convergence is uniform on compact subsets of R™.

Proof .— Let uy = S(t)u, and uy = f(: S(t — s)uP(s)ds. By the standard
theory of the linear heat equation, u; € C°[(0,00) x R"] and can be
differentiated under the integral sign. Thenfor0<e<tand1<i<n:

[Ouy/dzi(t, z)| < (47rt)_"/2/e"lz_ylz/“(la:; —yi|/2t)u,(y)dy
< Clluallt™/* [ ¥yl (z-+ 2vEy) dy

<G @luoll 2 [ Wyl (o) dy

proving iii) for u;. It is also a classical result that as ¢ goes to zero, S (t)uo(z)
converges a.e. to u, if u, € L°°(R"), the convergence being uniform on
compact sets when u, € C(R"). For u, € E, we write u, = f + g where f
is bounded with compact support and g € E, vanishes on the support of f.
Then a straighforward argument proves iv) for u;.

Let’s consider now uz. We prove first that ua(t,z) converges to zero
uniformly on compact subsets of R™ as t — 0. In fact

t
uz(t,:l:)-——/ (47rs)_"/2/ e"lz_”lz/“up(t—s,y)dyds
0
t
< sup [lu(a)l, P / (4ms)="/2 / e 1=V /40,0 (y) dyds
o<
< sup [Ju(s)[? 72 / [ 57 o+ 2viy) dyas

o<
<p” 1( Jto(t) oiggt[llu(S)llp]"
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where we have used that p™? < p~ ! sincep<1and0<p<1.

We claim next that duz/dz; exits and can be obtained by differentiation
under the integral sign. As before, S(t — s)u”(s) can be differentiated under
the integral sign. Thus

0/02:5(t = w2 ()] < 52 sup [[u(@)” [ ole~"572 (o + 2/55)dy
0<s<t
<572 (a)pu(s) sup [u(e)l, )

Since this last expression is integrable on [0, t] uniformly for z on compact
sets, the claim follows. Finally we have :

t
|Ouz/dzi| < / |8/8z;S(t — s)uP(s)|ds
0

t
<7 @) sup (@), [ 5 Vpa(s)ds
0<s<t 0
proving iii) (in fact uy verifies iii) on (0, 00), not only on (¢, c0)).

Next we prove that duy/dz; is continuous on R". In fact, for any
z,ZER" :

t
|Ouz/8z;(t, z) — Qua/dz:i(t,E)| < / (2s) "1 (4ms) /2
0
X / |e_|’_”|2/4’(z.' - yi) — e~ IF-v*/4(z; _ y))| uP(t — s,y)dyds.

As z tends to T, the integrand in the right hand side converges to 0 almost
everywhere. Arguing as before, it is easely seen that for z and Z in a
compact subset of R" it is uniformly bounded by an integrable function.
The dominated convergence theorem proves then that the left hand side
converges to zero.

To see i) we will prove something more, namely, that as a function on
(0,00) with values in C(R"), u is continuous, that is, for any ¢ > 0 and
any compact K of R™ :

lim [ua(t, ) — us(F, )1z a0y = O (1.12)

To see this let z € R". Then :
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|u2(t,z) - uz(f, I)I S
T aror
< / (4r(t — )"/ / |~ I==VI/A(t=0) _ ~le=3I*/4G) |42 (s, y)dyds
(o]
t 2
+/ (47r(t—.s))_"/z‘/e"l“’_"I /4= yP (s, y)dyds
T

T

+ / (47 ~ 8)) ™/ — (4 (¢ — )) 7|
0]

X / e~ 1=V /4(=0)yp (5, y)dyds

<Cp!(z) sup (|u(s)l,I”

t -
X // |e—lvl2 - e—(t—S)IyI’/(t—a)'p—l(g (t — s)y)dyds
0

+574(2) sup [Ju(@), 171t =7 [ 5 (2vEg)dy

+07 (@) sup [lu(@)l, ) [ 1= (- 9/t - )]
X /e"”‘zp_l(Z\/fy)dyds

and once again by the dominated convergence theorem we have (1.12) for
any compact subset of R™.

Remark (1.13).— Using the same method it is easy to see that if Vu,
belongs to E, then V,u belongs to L{2 [(0,00); E,].

Remark (1.14).— All the results in this section remain true if we consider
a more general class of weight functions p satisfying :

i) 1 > p(z) > Cexp(—A|z|?) Vz € R™ and some positive constants A
and C.

if) S(t)p~" is defined on R™ for any t > 0 and S(t)p~1(z) < p(t)p~!(z)
for some locally bounded .

iii) the function

p1(t) = /e—lylzlylﬂ"@\ftv)dv

is locally bounded.
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§ 2. Uniqueness and regularity

Since u? is not a Lipschitz function for 0 < p < 1, a uniqueness result
for (1.2) is not obvious. In fact, if u, = 0, there is a continuum of space
independent solutions, namely the trivial solution © = 0 and the family

u(t) = (L-p)(t—1)4)? 720 (2.1

where, here and in all the following, ¢ = 1/(1 — p).

If u, > ¢ for some constant ¢ > 0, the same is true for the solution u,
which then satisfies :

us — Au=g(v) in (0,00) X R"
u(0) = u, in R®

for some C* function g, uniqueness being guaranteed in that case. The case
when u, > 0 is not bounded away from zero, for instance if u, is of compact
support, can be treated by means of a uniform lower estimate for the growth
of the solution (lemma (2.2)). This inequality and its corollaries will then
be used to prove the uniqueness and regularity results of this section and
the asymptotic behaviour of solutions of (1.2) given in the next one.

LEMMA (2.2).— Let u, be a non identically null, nonnegative function
on R™, T >0, and u a nonnegative function on (0,T) x R" such that, for
anyt in (0,T) and any z in R™ :

u(t,z) > S(t)uo + /0 S(t - s)u?(s)ds. (2.3)

Then :
u(t,z) >'((1-p)t)? Vte(0,T), Vz€R". (2.4)

Proof .— We will consider first the case when, for any z € R" and for
some positive constants ¢ and a, u,(z) is greater of equal than ce~2l=*, Use
will be made of the identity :

S(#)(e®)(z) = (1 + 4at)~™/* exp{—a|z|?/(1 + 4at)}
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Since u > 0, (2.3) implies :

u(t,z) > S(t)uo(z) > S(t)(ce™*)(2) =
c(1 + 4at)~"*/? exp{—a|z|*/(1 + 4at)}.

Substituting this for u in (2.3) and using that u, > 0 we get :
t
u> c"/ (14 4as)™"P/2S(t — s){—apl.|*/(1 + 4as)}(z)ds
0

t
= c"’/ 1+ 4as)"(1"”)/2(1 + 4as + 4ap(t — s))_"/2
0

ex aplz/* ds
Pl 1 4as + 4ap(t — s)
> cP t(1 + 4at)"/% exp(—ap|z|?/(1 + 4apt))

where we have used that 1+4at < 1+4as+4ap(t—s) < 1+4atfor0<s<t
and 0 < p < 1. Substituting again this estimate in (2.3) we obtain :

u>c? /(; sP(1 + 4as)~"P/25(t — s){—ap®|.1*/(1 + 4apt)}(z)ds

t
= c?’ / sP[(1 + 4aps)/(1 + 4as)?]"™2(1 + 4aps + 4ap*(t — s))~"/?
0

2 2
exp {— ap”|z| ds
1+ 4aps + 4ap?(t — s)
> ¢ (14 p) H1+P(1 + dapt) /2 exp{—ap®|z|2/(1 + 4ap’t)}

since as before 1 + 4ap®t < 1 + 4aps + 4ap®(t — s) < 1 + 4apt and
(1+4aps)/(1 +4as)P >1for0<s<tand0<p<1.

Iterating this procedure, an easy induction shows that for k € N :
u> cpk+lc(k)t1+”+"'+pk (1 + 4ap®t)™"/2 exp(—ap*|z|?/(1 + 4ap*t)) (2.5)
where
c(k) =1 +p+.tp) . (L+p+ .. +p )P (14+p) 7"
Taking logarithms we obtain :

log ¢(k) = — zk:p""' log(zj: pj)

h=0

k
> log(1—p) ) _ p*7 > qlog(1 - p)
i=1
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and thus
c(k) > (1 - p).

Using this estimate in (2.5) and letting k go to infinity we obtain the
desired result. For the general case, take 0 < ¢, < T and define for
0<t<T-—t,v(t) = u(t, + t). By the semigroup property of S, and
since u > 0, it is easely seen that :

v(t) > S(t)v, +/; S(t —s)vP(s)d

where :
2
vo(8) = S(to)uo > ce~1*" vz e R"

for certain positive constants ¢ and a (depending on u, and t,). It follows
from the previous part that if 0 <t +t, < T then

u(t+to,z) > ((1—p)t)? VzeR™

Then given any ¢t > 0 we have for all € > 0 small enough and allz € R™ :

ut,z) = ule+ (t —¢),z) 2 [(1 - p)(t — )]

and thus :
u(t,z) > (1 —p)t)? Vt>0, Vz€R".

Strict inequality for ¢ > O follows now from (2.3) and the fact that if
uo # 0 then S(t)u,(z) > 0for t > 0and z € R".

COROLLARY (2.6).— All nontrivial nonnegative mild solutions of (1.2)
with u, = 0 in L [(0,00); E,] are given by the family (2.1).

Proof .— Let w € Lj? [(0,00); E,] be a mild solution of (1.4) with u, = 0.
Then w is continuous on (0,00) X R™ and :

w(t) =/0 S(t—s)wP(ds) w>0.

Then ,
o ®)llos < [ [l(s) ool ds

and therefore :
lw(®)llo < ((1 - p)2)%.
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Suppose that w is not identically null. Then thereisat > 0 and z in R"
such that w(t,z) > 0. Define 7 = inf {t > 0 | w(t, z) > 0 for some z € R"}.
By the diffusion property of the heat equation, w(t,z) > 0 for any z in R
and any ¢ greater than 7. Given any ¢ > 7 let W(t,z) = w(t+%,z). We have :

W~ Aw=wP in (0,00) x R"
w(0) = w(t,z) in R".

By lemma (2.2) we have for t >0 and z € R"
w(E+4,2) > ((1—p)t)?
and therefore, for allt >0, > 7 and z € R"
w(t,z) > (1 —p)(t —7)+)?
which implies :

w(t,z) > ((1-p)(t—1)4)? Vt>0, VzeR"

(2.7)

Choose now ¢ < 7 and define w(t, z) = w(t+t¢, z) for (t,z) € (0,00) x R™.

w satisfies :
w; — Aw = w? in (0,00) x R™
w(0) =w(t,z)=0
and then
w(t+t,z) <((1-p)t)? Vt>0, VzeR"
so that

wt,z) < ((1-p)(t -t)+)? Vt>0, VzeR"
Since this holds for all ¢ < r one concludes that :
w(t,z) <((1-p)(t—7)4)? Vt>0, VzeR"

Finally this and (2.7) give that w = u,.

Uniqueness of the solution of (1.4) when u, is not identically null will be
proved now as a corollory of the next theorem, which is a comparison result

that will be used throughout the rest of the paper.

THEOREM (2.8).— Let u,v € L35.[(0,00); E,] be nonnegative and such

that for allt >0
t

u(t) > S(t)u, +/O S(t — s)uP(s)ds = U(t)

- 191 -



J. Aguirre and M. Escobedo

o(t) < S(t)v, +/0 S(t - s)oP(s)ds = V (2)

where
UoyVo €E Epy 420,20, u,#0.

Then
u(t) >v(t) VE>0.

Proof .— Let g(t) = v(t) — u(t). We want to prove g, (t) = 0. We have

() < S0 —uo) + [ 5(t=)67(s) —w7()ds
< / S(t - 8)(v7(s) — uP(s))+ds
< / S(t - 8)lg+ (s))Pds

and then

t

t
04(t) < / S(t — 5)lg+ (s)]Pds < p™ () / g+ (oIPeo(t — s)ds

from where

t

lox (Ol < / o+ ()]l Pt — s)ds < w() / (g (s)l,]7ds.

It follows that for 0 <t < T
lg+@lle < [p(T)(1 - Pt (2:9)
On the other hand, by the mean value theorem
vP(s,z) — uP(s,z) = p(v(s, z) — u(s,z))o?? (2.10)
for some 6 between v(s,z) and u(s,z). If v(s,z) < u(s,z) both sides of
(2.10) are negative. If v(s,z) > u(s,z) then 8 > u(s,z) > ((1 — p)s)?. It

follows that
(v7(s) — uP($))+ < pas™(0(s) — u(s))+ (2.11)
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and

t t
9+(t) < pq /0 s718(t — 8)g+(s)ds < p™(z)0(T)pq /0 57 lg+(s)lpds.
(2.12)

Observe that by (2.9) s~!||g+(s)||, is integrable on (0,T). We finally
obtain

t
lo+®)ll, < pa(T) / 5™ lg(s)]|ds (2.13)

If we definefor0<t<T

10 =pae(m) [ o low (o)lds
inequality (2.13) can be rewritten as
F'(0)/1() S pgp(T)t™"  0<t<T
Given any € > O we havefor e <t < T
f(t) < ePee(T) f(e)tPae(T), (2.14)

But by the definition of f and by (2.9)

€
19 = pae(T) [ s la+(9)lds
€
<pao(T)F0(1- )t [ 54
0
= po(T)" (1 - p)e’.
Carrying this into (2.14) we obtain
f(t) < Ced(1=pe(T))ypae(T) (2.15)
where C is a constant independent of ¢ and #. Since ©(0) =1 and ¢ is
continuous, we can choose T > 0 such that 1 — pp(T) > 0. It follows then
from (2.15) that f =0 on (0,7). Thus we have proved
v(t,z) <wu(t,z) V(tz)e (0,T) x R (2.16)
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It is clear from the proof that T depends only on p and p and not on u, v
or the initial data u,, v,. Define u'(t) = u(t + T'/2) and v'(t) = v(t + T/2).
Then

() =u(t+T/2) > U +T/2) = S{)U(T/2) + /0 t S(t — s)u'P(s)ds
V() =v(t +T/2) <V (t+T/2) = S{)V(T/2) + /0 tS(t — s)v'P(s)ds

and by (2.16) V(T'/2) < U(T/2). Therefore we can appy the same reasoning
to get that (2.16) holds on (0,37 /2) x R™. Repeating the argument we finish
the proof of the theorem.

Remark (2.17).— The conditions of theorem (2.8) are satisfied if for

instance
—Au>uP u(0

—Av<v? (0

)
)

u, v>0 , >0 su0¢0

We deduce now from theorem (2.8) three corollaries. The first one
is about uniqueness of solutions of (1.2), the second about continuous
dependence and the last one is an inequality that will be crucial in the
investigation of the asymptotic behaviour of solutions of (1.2).

COROLLARY (2.18).— For any nonnegative u, in E,,u, # 0, the
solution of (1.2) whose ezistence is proved in theorem (1.7) is unique.

Proof .— It is an inmediate consequence of the previous theorem.

COROLLARY (2.19).— Let E, 4 ={u € E, | u >0, u # 0}. Then

i) the maping taking w, € E,. to the unique mild solution u €
L37.[(0,00); E,] of (1.2) is concave, i.e., given uo,v, € Ep, 1 and 0 < v < 1,
let u,v and w be the unique solutions of (1.2) with initial data u,, v, and
Wo = YUo + (1 — ¥)v, respectively. Then

w(t, z) > yu(t,z) + (1 — ¥)v(t, z)

11) for each (t,z) € (0,00) X R™ the map taking u, € E, 1 to u(t,z) is
continuous on E, | with the topology inherited from E,,.
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Proof .— Since 0 < p < 1 we have yu? + (1 — 4)v? < (yu + (1 — 4)v)P.
Then

wt) = S(t)we + /0 S(t - s)w?(s)ds
Tl + (L= 2)o(0) = S@wo+ [ 56 P (5) + (1~ 7)o (o)) ds

t
< S(Ouo+ [ 5= 5)((rule) + (1~ )o(e))?)ds
and by remark (2.17) to theorem (2.8)
Yu(t) + (1 - 7)v(t) < w(t)

proving i).

ii) is now a consequence of classical convex analysis (see [2]).

COROLLARY (2.20).— Let u,, v, wo € E, 1 be such that w, < uo+ v,
and let u,v,w be the unique mild solutions of (1.2) with initial data u,,vo, w,
respectively. Then

w(t) < u(t) + ;;(t) —(1=p)t)? Vt>0 (2.21)

Proof .— First of all we show that w < u + v. In fact we have

w(t) = S(t)w, +/0 S(t — s)wP(s)ds

u(t) + v(t) = S()(uo + vo) + /0 S(t — 5)(uP(s) + vP(s))ds

> S(t)uo + [ 5= 5)((u(6) +o(s)7)ds

and w < u + v follows from theorem (2.8).

Next we prove (2.21) when u, < w,,v, < w, and u, + v, — wo # 0. The
proof is based on lemma (2.2) and the inequality

P+ yP -2 > (z+y—2)P
which holds when
0<z<z,0<y<z,z<z+y
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as can be easely seen by reducing it to the case z = 1. We have then

t

Wt v—w= S(E)(uo+v0— wo) +/0 S(t - 8)(uP(s) + vP(s) — wP(s))ds

> S(t)(wo + vo — wo) + /0 S(t—s)((u(s) + v(s) — w(s))P)ds

and (2.21) follows now from lemma (2.2).

Consider now the case w, = u, + v,. Since v, > 0 is not identically null,
there is a set A C R" of positive measure such that w, — u, > 0 on A.
For 0 < e <1let u,e = uo+ €(wo — uo)Xa Where x4 is the characteristic
function of A. Then u,¢, vo,w, fall into the case treated above. Denoting
by uf(t) the unique solution in L [(0,00); E,] of (1.2) with initial data
U, We have

w(t) < u(t) + v(t) - (1 - P)O)". (2.22)

But since u, € E, 4 and u, . converges to u, in the norm of E, as €
goes to zero, it follows from ii) of corollary (2.19) that u®(¢,z) converges to
u(t, ). Since (2.22) holds for all € > 0, passing to the limit as ¢ — 0 proves
the result. The remaining cases follow now easely.

We finish this section by proving that solutions of (1.2) are in fact classical

solutions.

THEOREM (2.23).— Let u € L [(0,00); Ey] be a nonnegative mild
solution of (1.2) with u, # 0. Then u € C*[(0,00) x R"] and is a classical
solution of (1.2).

Proof .— We already know that for ¢ > 0 and 1 < 7 < n, du/dz;(t,.)
exists and is continuous on R". We will show that the same is true for
9%u/dz;0zj,1 < i,5 < n. Let € > 0 be given and let v(t) = u(t +¢€), vo =
u(€). Then

t
o(t) = S(t)vo + /0 S(t—s)oP(s)ds  t>0 (2.24)

v(t) > (L—p)t)? t>0 (2.25)

Since S(t)v, € C*[(0,00) x R"] we will just consider the second
summand of the right hand side of (2.24), that will be denoted by 7. We know
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that 8v/dz; exists, is continuous on R™ and can be obtained differentiating
under the integral sign. Thus

0v/dz; = p/ot S(t — s)vP~1(s)dv/0zi(s)ds

and by (2.25)
|vP~18v/dz;| < pe!|0v/dz;]

It follows from theorem (1.11) that v?~!(s)dv/dz; € Lis [(0,0); Ep).

Arguing as in the mentioned theorem we get that v has continuous second
derivatives with respect to the space variables and that they are also in
L3 [(0,00); E,]. We prove next that ¥ has continuous third derivatives with
respect to the space variables. We start from

t
9%5/9z:9z, = p / S(t — 5)((p — 1)vP~2(s)v/0z:dv z;
0
+ vP~1(s)0%v/3z,0z;)ds
and observe that

vP~%(5)0v/dz;0v/z; € Lyp [(0,00); Ea
vP~1(s)0%v/0z:0z; € L5 . [(0,00); Ep]

Arguing again as in theorem (1.11) and taking into account the fact that

p2(t) =/C_[y'2|y|p‘2(\ﬁy)dy

is locally bounded, we conclude that ¥ has continuous third derivatives with
respect to the z variables. Using the same method and the fact that for all
positive integers m the function

©m(t) =/e"”'21ylp""(\/iy)dy

is locally bounded we obtain that for any positive integer m,v has

derivatives of order m with respect to space variables and they are in
L3 [(0,00); Epm-1].
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Finally, a standard argument will show that v has derivatives of all orders
with respect to ¢t and that v; — Av = v?,

§ 3. Asymptotic Behaviour

We determine in this section the asymptotic behaviour of solutions of
(1.2) for a large class of initial conditions. As stated in the introduction, the
asymptotic behaviour of global solutions of an evolution equation is given
in many cases by the self- similar solutions of the equation. The equation
we are studying is

ug — Au=u? (3.1)

It is invariant under the one parameter group of transformations

ux(t, z) = A7 294 (A%, Az) (3.2)

A solution of (3.1) is called self- similar if it is also invariant under (3.2),
that is, if
Wi(t,z) = A 2W (2%, Az) (3.3)

or equivalently if

W (t,2) = 15 (x/ V)

where f(z) = W (1, z) satisfies the elliptic equation
~Af- 3z Vf=|fPT - ——f (35)
2 1-p )

The existence of nonnegative self-similar solutions of (3.1) is usually
shown by proving that (3.5) admits nonnegative solutions. In our case it
is an easy consequence of the results in previous sections.

From now on the weight function p will be taken to be p(z) = (1+]z|)~29.
We define & = {p € L®(S"!) | ¢ > 0 ae., p # 0}. Given p € I the
function |z|?%p(z/|z|) belongs to E, and is homogeneous of degree 2¢. We
denote by W, the unique solution in L{? [(0,00); E,] of (1.2) with initial
data |z|29p(z/|z|).

THEOREM (3.6).— For all p € £, W, is a self similar solution of (3.1).

Conversely, if W € L5 [(0,00); E,] is a self-similar solution of (3.1) such
that W (t,z) converges for all z € R™ to a function w, € E, as t goes to 0,

then w, is homogeneous of degree 2q.
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Proof . —If W is the solution of (3.1) with initial data wo(z) =
|z|2%p(z/|z|), then W) (¢, z) = A~29W (A%, Az) satisfies

(Wa)e — AW = (Wi)P
Wx(0,z) = A™29W (0, Az) = w,(z)
and by uniqueness Wy = W.
Conversely, if W is as stated in the theorem, then for all A > 0

W (t,z) = W(t,z) = A2TW (A\%¢, Az).

Letting t — 0 we finally get w,(z) = A~2%w,(Az) as desired.

Given ¢ € X we let f,(z) = W,(1,z), so that w,(t,z) = t9f,(z/V1).
By the results of the previous sections, f, is of class C* on R™, verifies
equation (3.5) and for any z € R" the map taking f to f,(z) is continuous
from ¥ into R. The behaviour at infinity of the functions f, is described in
the next lemma.

LEMMA (3.7).— Let p € ENC(S™1). Then

lim ||r=22f,(ra) — (o)L (sn-1) =0 (3.8)

r—00
Proof .— f,(x) = t~IW,(t,z/v/t) where W, is the solution of (1.2) with
initial value |z|2%p(z/|z|). Taking ¢t = |z|~2 we get
|2l 7 fo (2) = W (Il 2, 2/ |2]).
Therefore for all o € S™~! and for all r > 0
7 fp(r0) — p(0)| = Wy (r~?,0) = W, (0,0)]

and (3.8) follows by iv) of theorem (1.11).

We can now describe the asymptotic behaviour of solutions of (1.2).

THEOREM (3.9).— Let u, be a nonnegative locally bounded function on
R"™ such that there exists o € LN C(S™ 1) for which

lim [[r~2%uy(ro| — p(0)|| L (s»-1) =0 (3.10)

r—+00
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Then u, € E,, and if u is the unique solution of (1.2) with u, as initial
data, for any compact K C R"™ we have

Jim t79u(t, ) = Wo(t, )|l e (k) =0
where Kt = {(t,z) |z/vt € K}.

Proof .— By (3.10) and the local boundedness of u, it is clear that
u, € E,. Moreover, u, # 0 since p # 0, so that u is well defined. Let
6 > 0 be given. By (3.10) there exists R > 0 such that if |z| > R

uo(2) < |z[*(p(z/|2]) + 6)
and by lemma (3.7) there is R’ > 0 such that if |z| > R’
|21 ((z/|2]) + 6) < fpras(2)

Thus if |z| > max(R, R') we have

uo(2) < fot26(2)
and then there exists C > 0 (depending on §) such that

uo(z) < fot26(z) +C  VzeR" (3.11)

It follows from corollary (2.20) that
u(t,z) < Wepas(1+t,2) + (L—p)t +CYP) - (1 +p)t)?  (3.12)

since clearly the unique solutions of (1.2) with initial values f,425 and C’
are Wy 425(1 +¢,z) and ((1 — p)t + C17P) respectively.

Arguing in a similar way to obtain a lower estimate, we see that for all
z large enough (3.10) implies

|z|*((z/|2]) - 6)+) < uo(z)
and by lemma (3.7)

fo-26) < |z*(o(z/2]) — 26)+) + 6) < |2]*(o(z/l2]) — 6)+).
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Thus, there exists C’ > 0 (depending on §) such that
flo-26), Stuo(z)+C' VzeR"
and then by corollory (2.20) '
Wip-26)(L +t,2) S uft,2) + (1= p)t + CP)1 — (1 p)e)?  (3.13)

Multiplying both sides of (3.12) by t=7 and substracting f,(z/v?) we
obtain ‘
Etu(t,3)~Fp (/VE) < (141/0)% fpsa6(2/V T D)~ Fo e/ Vi) Holt) (3.14)
where g(t) = t79{((1 — p)t + C'"P)? — ((1 — p)t)?} = Os(1/t) as t — oo.
Let t = A? and z//t = z. Then (3.14) can be rewritten as

ur(1,2) = fo(2) < for26(2) = fulz) +05(A~2) + 0N fpi25(2) (3.15)

with Z = z + 0(A~2)z. By the mean value theorem

fo+26(2) = fot+25(2) + O(A™2)Vfpy26(3) - 2
for some 2 between z and 2.

If 0 < 6 <1, the set (fo425) is bounded in I. It is then easy to see,
using the estimates of theorem (1.11) that the family (V f,425) is uniformly
bounded on compact subsets of R", so that (f,4+25) is equicontinuous on
compact subsets of R". Let K C R" be compact. If z € K and A > 1, then
Z and Z remain in a fixed compact set. It follows that

fo+26(2) = for25(2) + 05,k (A73)

and
ur(1,2) - fo(2) < fo+25(2) — fo(2) + 05,k (A72). (3.16)

Given any € > 0, by the equicontinuity of (f,+25) on compact subsets of
R™ and the continuity of f,425(2) as a function of 6, there is a § > 0 such
that

fo+25(2) — fo(2) < €/2.

For this 6, there is a A > 1 such that if A > A the second summand in
the right hand side of (3.16) is smaller than ¢/2. So we have proved that for
any € > 0 there is a A > 1 such that

uxr(l,2) - fo(2) <e VA>A, VzeK. (3.17)
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Starting from (3.13) the same reasoning yields a A’ > 1 such that
ur(l,2) — fo(z2) > —e VA> A, VzEK. (3.18)

Letting again ¢ = A% and z = z/+/%, we get from (3.17) and (3.18) that
for any € > O there is a T' > 0 such that

t9 |u(t,z) — Wo(t,z)|<e Vt>T,VzeK® (3.19)
- proving the theorem.

Note - After completion of the manuscript, the authors learned from
J.L.VAzQUEZ he had obtained similar results for the initial- boundary
problem on a bounded domain. (Work made in colaboration and as yet
unpublished).
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