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Asymptotic analysis of incompressible and
viscous fluid flow through porous media.
Brinkman’s law via epi-convergence methods.

ALAIN BRILLARD (1)

RESUME. — On étudie le comportement asymptotique, lorsque ¢ tend vers
0, d’un fluide visqueux et incompressible, s’écoulant lentement dans un
milieu poreux contenant une répartition e-périodique d’inclusions identiques
et de taille r¢ (lim¢—o(re/¢) = 0). Une nouvelle justification de la loi
de Brinkman est obtenue i I'aide des techniques d’épi-convergence. Les
fonctions test construites apportent quelques précisions sur le comportement
asymptotique de la pression interne du fluide.

ABSTRACT.— The asymptotic behaviour, when ¢ converges to 0, of a vis-
cous and incompressible fluid, slowly flowing in a porous medium containing
an e-periodic distribution of identical inclusions of size r, (lime—o(re/ €) =
0), is described. An improved justification of Brinkman’s law is obtained,
via epi-convergence methods. Some indications concerning the behaviour of
the internal pressure of the fluid are derived from the given test functions.

§ 1. Introduction

The purpose of this work is to give a mathematical justification via epi-
convergence methods, of Brinkman’s law which describes the asymptotic
behaviour of a viscous and incompressible fluid flowing through porous
media with periodic structures. Let 1 be an open bounded and smooth
subset of R¥ (N = 2or 3) and T be a smooth subset of the unit ball

B(1) of RV, The porous medium {1 is defined, for € strictly positive by
e = 0\ U'_ Tw where (J; Te; is a cloud of e-periodically distributed
identical r-homothetics of T'(0 < re < ¢/2)

(1) Faculté des Sciences et Techniques, 4 rue des Fréres Lumidre - 68093 Mulhouse Cédex

- 225 -



A. Brillard

IO N

AN
L _olo] \

IR
o|aloleolo
/la]o]e]olelr]/
5!
Q

QIQ|0|0|9Q
QIO|O|QO|O| O
QI O|O|Q|O|O

ol I La
7

r

The total number I(e) of inclusions is equivalent to Vol(12)/eV.

A) Fluid flow through porous media

An incompressible and viscous fluid flows slowly in the porous medium
{1, under the action of external forces f{f belongs to (L?(£2))¥). Moreover,
the fluid is supposed to stick to the fixed boundary 31 and to the boundary
of the inclusions 8T,;. Therefore, the velocity @, of the fluid is the solution
of the Stokes equation in {1, with Dirichlet boundary conditions on 911,
(for simplicity, the viscosity coefficient has been normalized to 1)

dive,=0 in Q1 (1)

{ —Aw, = —grad p + f inQ. (pe is the internal pressure)
€ =
0 on 80, = 30U (U; 9T«)-

In [10], Marchenko and Hrouslov proved the following result concerning
the behaviour of @, when the parameter € goes to 0 (see also [8,9]).

THEOREM 1.1.— Suppose lim._,o %= = 0. Then the sequence (P* Ue)e Of
canonical extensions of U (taking the valuc 0 on the inclusions), converges
in the weak topology of (H2(N))N to the solution &, of Brinkman’s law

—-At,+ M iio=—gradpo+f in (],
divii, =0 in Q, 2)
i, € (Hy()V.
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Asymptotic analysis of incompressible

where M is the positive symmetric matriz defined by :
for every k,L in {1,...,N}

€e—0 \ €

Mie = lim (iN / grad w*. grad w‘fdz) , (3)
B(¢/4\T.

wE being the solution of the local problem

—AwE = grad ¢* in B(e/4)\Te,
divwk =0 in B(e/4)\T., @)
Wk =0 on 9T,

W* = & on dB(e/4) (& is the k** canonical vector of RY).

Marchenko and Hrouslov’s proof consists essentially to build, for every
smooth divergence-free function # in (H!(2))V, a divergence-free function
72 in (H2(0))V, such that

i) the sequence (P%#?) of canonical extensions of #?, taking the value 0
on the inclusions, converges to ¥ in the weak topology of (H!(0))V,

ii) lim ( / grad .. grad o7 dx) = / grad @,. grad vdz+
€—0 ne 0
+ Z / Mie(@,)k vedz,
ke '8

and then to use the density of smooth divergence-free functions in the closed
subspace V(1) of (H2(12))¥ containing the divergence-free functions. (See
Remark 2.11. later on).

The purpose of the first part of this work is to prove this Theorem 1.1.
by means of epi-convergence theory. Let us now present this variational
convergence.

B) Epi-convergence
DEFINITION 1.2 [2], [6].— Let (X,7) be a metric vector space and (F*).
a sequence of functionals fl'_om X into R. Then, (F¢). epi -converges to a
functional F from X into R if
Vz € X : (r — lim, F¢)(z) = (r — lim, F¢)(z) = F(z), (5)
€—0 €—0
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where
(r—lim, F)(z) = min lim Fé(z.),
€—0 zeLpp £e—0
(r—1lim,F)(z) = min [im F%(z.).
€—0 Ze E%d z €—0

This equality (5) is satisfied if and only if the two assertions are fullfilled

Vz € X,3 zg—’;; z : lim F¥(s?) < F(s), (6)
€~ €=

Vze X,Y zeLov:z: : lim Fé(z) > F(z). (7)
€= €—0

This variational convergence is well-fitted to the asymptotic analysis of
minimization problems, since we have the following result.

THEOREM 1.3.— (/2] Theorem 1.10). Suppose (F€) epi.-converges to
F. Let (0c)e be a sequence converging to O and for every €, Z. a o.-minimizer
of F¢, that is

Fé(z,) < i;l(f F¢(z) + o,

Then, for every T-converging subsequence (Te')e of (Te), with T = llim0 Ter 2
e —
2) = min F
F(z) = mig F(z),

and moreover
llin%) F¢ (o) = F(%).
€' —

Notice that the topology 7 is not a priori imposed but must be choosen
so that  the sequence (z,). is 7-relatively compact.

The next result shows the stability of epi-convergence with respect to
continuous perturbations.

PROPOSITION 1.4.— (/2] Theorem 2.15). Suppose (F€)¢ epi.-converges
to F and G is 7-continuous on X. Then (F¢+ G). epi,-converges to F +G.

Our approach improves on Marchenko and Hrouslov’s proof in two
directions :

i) The test function o appearing in (6) is a little simpler than their test
function, when T is equal to B(1). This is a consequence of the explicit
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computation of the solution (w¥,gF) of the local problem (4) given in the
Appendix.

ii) The use of this theoretical framework, that is epi-convergence, which
is related to the G-convergence of the linked operators (see [2,6]), simulta-
neously furnishes :

1) the behaviour of the kinetic energy of the fluid,

2) the convergence of the solution of the Stokes evolution problem in
porous media,

3) the convergence of the spectra of the linked operators,

4) some indications about first-order correctors. (see [4] for these results).

C) Convergence of the internal pressure

Theorem 1.1 asserts the convergence of a trivial extension P¢@, of the
solution @. of (1) in the fixed space (H!(Q))", equiped with its weak
topology. Then, the problem, which immediately raises is : does there exists
an extension of the dual variable grad p., (grad p. belongs to (H~*(02))")
which converges to grad p, in the fixed space (H~1(02))¥ ?

In [13], Tartar solved this problem in the case : r = Xe (0 < X < 1/2).
His proof is based on the explicit construction of a linear, continuous,
restriction operator R from (H}(0))" into (H!(2))" such that, for every
vin (Hy ()"

lintl) < gradp,, R*¢' >=< grad p,,v > . (8)
€—

Then R**(grad p), which is still a gradient (see theorem 3.1. later on),
converges in the weak (and in fact strong) topology of (H~1(f2))V.

In the present case, that is when lim,_,o(r¢/€) = 0, we did not succeed in
such a construction : nevertheless, we shall present in part III of this study,
two operators R; (5 = 1,3)

Ri : Xi=(Hy @)V n(Cc' @)Y - (H; ()",

R§ : Xs = (H; (@) n(c°(@)" — (H; ()Y,
such that for every ¥ in X ( =1,3) :

lil% < grad p., R; v' >=<grad po, 7> .
€—>
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Hence, the extension R;-' (grad p.) (which is not yet a gradient) converges
to grad p, in the fixed space Xjs (X is the dual space of Xj).

The proofs crucially require the smoothness of ¥ in Xj.

D) Notations
The following spaces or notations are used throughout this study
C°(0Q1) is the space of continuous functions in 1,

C'(Q) is the subspace of C°(Q1) consisting of all functions whose first
partial derivatives are bounded and uniformly continuous in Q [1],

C3°(N) is the space of smooth functions in 1. These functions have
continous partial derivatives of any order in {1 and a compact support in 2,

(L%(Q))N is the space of Lebesgue measurable vector-valued functions
whose components are square-integrable in 0,

(H*(Q))V is the Sobolev space of Lebesgue measurable vector-valued
functions in (L%())V, with derivatives (in the distributional sense) in
L*(Q) [1),

W11(Q) is the Sobolev space of functions in L'(f2) with derivatives in
L(Q) [1], its dual space is denoted by W—1°(02),

V(Q) is the set of smooth, divergence-free vector-valued functions in 2 :
V() = {Z e (c2(M)N /div & =0 in Q}.

V(1) is the completion of V(1) with respect to the strong topology of

(H @) = V(Q) = {@e (B ()" /div & = 0 in O} [7],[14];

N
Y is the unit cube of RYN : [—%, %] , while Y is its e-homothetic.

The characteristic function of a set A is denoted by x4 :

1 if z belongs to A,

xa(z) = 0 otherwise.

The indicator function of a set A is a denoted by I4 :

0 if = belongs to A,
+o00 otherwise.

IA(:L') =
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Let H be a convex function defined on a locally convex space V (with
dual space V'), the subdifferential operator dH is defined by

OH(u) ={uv' € V'/veV :H(v) > H(u)+ < uv',v—u >}.

Let me finally express my thanks to H. Attouch for his constant encour-
agement and more specially for the duality approach in part III, and to F.
Murat for stimulating discussions.

§ II. Brinkman’s law

We suppose here that the common size r. of the identical inclusions T;
satisfies
Te

lim — =0.
e—0 €

If P¢ is the canonical imbedding from (H}(02))" into (H!(2))" :

« in 0,

Péi=|~.
0in |J; T,

the extension P*@, of ., solution of (1), satisfies

LEMMA 2.1.— a) P¢i, is the solution of :

(H‘(ﬂ))"( @ - /fudz)

where F* is defined on (H!(Q))N by
1
F(@) =1 /ﬂ | grad @2dz + Iy (q,) () ©)

b) The sequence (PSie)e>o 18 bounded in (H2(N))N and relatively com-
pact in the weak topology of (H2(02))V.

Proof of Lemma 2.1. — a) is an immediate consequence of (1).

b) From a) we infer
/ |grad P |%dz < / f-P@.dz.
Q ' Q
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Poincaré’s inequality [1] implies the existence of a constant C( f.0) such
that

IPe&ell a2 oy~ < C(F,9).
Our main result is

THEOREM 2.2.— a) The sequence (F¢). defined by (9) epiy_(u: (a))~-
converges to the functional F defined on (H}(0))N by

1 1
F(@) = 5/ |gradﬁ,‘|2d:c+ 3 Z/ My puruedz + Iy (q)(4), (10)
o) TRAL

where M is the matriz given by (3).

b) Let f be any element of (L(Q))V, then the sequence (Piic)e, where
Pt is the canonical extension of the solution @, of (1), converges in the
weak topology of (HL(Q))N to the solution &, of the minimization problem

(H?(lgi)ﬂ' (F(u) - /nf.udz),
that 1s, the solution @, of Brinkman’s law (2).

Moreover, the sequence ( fﬂ |gradue|2dz) of kinetic energies of the
fluid, converges to fn | grad @,|2dz + Y, fn Mio(%,) k(%5) edz.

Let us precise the limit problem (2).

Remark 2.3.— Trivially the matrix M, given in (3), depends on the size
r. and the shape of the inclusions. Indeed, there exists a critical size r¢ of
the inclusions

c_lce if N =3,
" |exp(—Ce?) if N=2, (C € R**),

such that

1) if lim¢_o(re/rS) = 0, the matrix M is null and @, is the solution of the
Stokes problem in 1. The inclusions are too small to perturb the fluid
flow;

2) if lime_o(re/r) = +00, @, is equal to 0. In this case, (P¢&.), converges
to 0 in the strong topology of (H!(f2))¥. Notice that the present
condition on r. is fulfilled when r. is equivalent to € (for a detailed
study of this important case, which leads to Darcy’s law, we refer to

[4]’ [8]’ [9]’ [12]);
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3) if lime—o(re/r¢) belongs to R**, the limit law (2) contains a “strange
term”, in the terminology of [5], which takes the more precise values :

e if N = 3, for every k and £ in {1,...,N}
My = a3/ grad w*. grad w'dz,
RS
where w* is the solution of

min / |grad w|?dz,
wE(H,; (R*)®, JRS\T
div @=0 In RS,
@=& on T,

— -3
ag = El_%(ree )s

oif N = 2 and if re = Aexp(—%), there exists a constant Cy
depending only on u such that Mix = Ci (see the computation
of the local solution w* in the Appendix and Lemma 2.4. of [3]).

Proof of Theorem 2.2. — Assertion b) is a consequence of assertion a)
thanks to :

i) the continuity, for the weak topology of (HZ(f2))V, at least, of the
“perturbation”

©— / f-i@dz (see Proposition 1.4.)
o

ii) the strict convexity and the coerciveness of the functional F (which
imply that :

e the solution @, of the limit minimization problem (2) is unique,

o the whole sequence (P*#.). converges to i,, in the weak topology
of (H; (2))V),

iii) the properties of the epi-convergence recalled in Theorem 1.3.

For the proof of assertion a), notice first that V() is a closed subspace
of (H}(Q))¥, for the weak topology of (H}(2))N. Then for every ¢ in
(HX(Q))N, which is not divergence-free in 2, one derives

(r ~ Tm, F)(9) = (+ — Tim, F*)(9) = +oo,

€e—0 €—0

where 7 denotes the weak topology of (H2(f2))V.
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Hence, one has only to deal with divergence-free functions and more
precisely to prove the special form of assertions (6) and (7)

Vi e V(ﬂ),EIP‘z';’;’—w—-(E%lL 7, % V() : Tm F@) < F@, (1)
€— €—

, e w=(HY @)Y A
Vi e V(Q),VPo 22 L 5 5 e v(Qe) : lim FUE.) > F(5).  (12)

e—0 €e—0

Before introducing the appropriate test function ¢ satisfying (11), we

need the following property of divergence-free functions

THEOREM 2.4.— See Theorem 4.9. of [10] p. 236 (see also [14]). Let

1 be any bounded open and smooth subset of R® and w be any divergence-
free function in (L#(2))3. Then, there ezists a divergence-free function W in
(HY(N))® such that

W.A =0 on 3N, (7 is the outer normal to the boundary an)

curl W= in Q,

1wl (22 (@y)e £ C(O)|D]| (22(0))2
where C (1) is a constant independant of w in (L%(0))3.

When 1 is a ball BLr), we have the more precise estimates on the
divergence-free function w defined in the Theorem 2.4.

PROPOSITION 2.5.— If N =3 : for every divergence-free function W in
(L3(B(r)))3, there exists a divergence-free function w in (H(B(r)))® such
that .

w.7 =0 on 3B(r),

curl @ = W in B(r),

@]l 22 (B(ryyye < Corlldll(z2(B(r)))*>

Il grad @l (z2(B(ry)ye < Cllwllz2(B(r)))e
where C 15 a constant independant of r and w.

If N =2 for every divergence-free function w in (L2(B(r)))2, there ezists
a function @ in H(B(r)) such that

@ =0 on 8B(r),

curl ® = o in B(r),

|@llz2(B(ry) < Corll@ll(z2(B(r)))2

| grad @] (z2(B(r)))2 < CllWll(L2(B(r)))?
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Proof of Proposition 2.5. — Suppose N = 3. Consider : w,(y) = w(ry) %
for y in B(1). w, is divergence-free in B(1) and belongs to (L?(B(1)))3.
From theorem 2.4., there exists a function %, such that

W,.7 =0 on 8B(1)
curl @, = W, in B(1)

@l a2 (B 1)y < CBQ))IDr |l (z2(B (1))

Then take i defined by : w(z) = 177'(-:-)7‘ Suppose N = 2. Consider the
function (w,0) and apply the preceding argument.

The proof of the assertion a) of the Theorem 2.2. will be divided in three
steps :

17*t gtep — Verification of (11) when ay is finite, with

_ |limesore/e® if N =3,

N = lime_o 1/(e?| logre]) if N = 2, (13)

2"4 gtep - Verification of (12) when ay is finite.
374 gtep — an is equal to +oo.

17t gtep

Let us first suppose that ' is in V(1) and denote

72(z) = | 7(2) — a6 — 7¥())ve(ze) — curl($eibe) (=) in BY(e/4)\ T,
(z) in Ye;\B*(e/4), (14)

where

Z¢; is the center of the ball B‘(e/4) and the center of Yg;,
3’5,- is the function associated to ¥(.) — ¥(z¢;) in Bt (,3/3)
by Proposition 2.5
dei is a cut-off function with support in B*(r2/3)
and equal to 1 in B (re) : (15)
bei(z) = de(|z — zei]) With
¢e in C*([0,1];[0,1]),
e has its support in [0,r2/3],
@¢ is equal to 1 in [0,r].
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The properties of ¥¢ are summarized in the following proposition.

PROPOSITION 2.6.— For any ¥ in V(1Q), let 42 be the function defined
by (14). Then, o7 belongs to V(Q).

If an is finite, where ay is given by (13), then

(P¢9?)e converges to ¥ in the weak topology of (HZ(Q))N. Moreover
lime_,o F¢(v?) = F (), where F is the limit functional given by (10).

Let us admit, for a while, these properties and show how (11) may be
proved. For a smooth divergence-free function # in V(Q), (14) furnishes a
test function 92 such that (11) is fulfilled.

If ¥ belongs to V(11), choose any sequence (¥,)n of smooth divergence-
free functions converging to #' in the strong topology of (H!(Q))". For every
n, (14) furnishes a divergence-free function (¥,)? such that

—(H} ()N
(Pe(ffn)i) w—(H, (1)) T,

e—0

lim F*((7,)°) = F(7a).

€e—0

Therefore
S, lim FE(@:)2) = F@),

since F is continuous, for the strong topology of (H2(1))V.

The diagonalization argument of Corollary 1.16. of 2] implies the exis-
tence of a subsequence (P¢(¥p(¢))2)e such that

w—(H (@)
_—

3

(Pe('-"n(e))z) 0
Z-i_i;i)Fc((b.‘n(e))z) < F(ﬁ)

(11) is proved, taking 47 = (¥n(¢))?, for this general divergence-free function

v.

Proof of Proposition 2.6. — A trivial computation proves that ¥? belongs
to V(). Notice, moreover, that

XU‘Y“'\B"(E/4)('-}._‘D‘:) =6 ’ (16)

From Lemma 4.1. of [12], one derives that (xU Y.i\Bi(e/4))« CONVerges in
the weak topology of L?(12) to the non null constant Vol(Y\ B(1/4)). Then,

- 236 -



Asymptotic analysis of incompressible

as soon as (P¢?), is bounded in (H2(12))¥, (16) implies the convergence
mentionned in Proposition 2.6. In order to prove that (P¢¥?), is bounded
in (H}(Q))N, we first deduce from the estimates of Proposition 2.5. the

~ convergence
e—(H ()Y =
———_—-—}0

€e—0

Y curl (peives) (17)

(notice that this term guarantees that o7 belongs to (H2(f2))"). Then we
use the properties of the solution W "k glven in Proposition A.l. (see the
Appendix).

From the convergence (17), we derive
Fe(92) = / |grad ]2 dz+
+ = Vk(Tei)ve(Zei) / grad o, gra.d wtdz + o
2 Z % Bi(e/4)

with 0 .—5 0.

Thanks to the regularity of ¥, one derives
Fe(97) =—;-/ |grad ]2 dz+
o]

1 1
+ E%kavgdz(-e—lv—/

grad w . grad wtd:c) + o,
B(e/4)

and Proposition 2.6. is proved.
2"d gtep : Verification of (12) when ay is finite.
Let us first study the case : T = B(1).

PROPOSITION 2.7.— Suppose that T s equal to B(1) and ay is finite.
Then, there exists a constant C such that, for every ¥ in V(Q), for every &
in V(Q) and for every sequence (P*i). converging to @ in the weak topology
of (HX(Q))N, with @, in V(1)

lim grad v7. grad €. dz > / grad ¢'. grad 4dz—
e—0JQ, Q

= Clloll 2y~ 1€l (z2 (ay)y~-

(12) is a trivial consequence of Proposition 2.7. Indeed, choose ' in (V (1),
a sequence (¥n)n of smooth functions in V(f2), converging to ¥ in the strong
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topology of (H!(0))" and (P*¥.). a sequence converging to ¥ in the weak
topology of (H(Q))¥, with ¥, in V(Q2.).

Fé(0e) > F€((9a)0)+ < OF((¥n)2), ¥e — (Vn)e >,

where (v,)? is associated to ¥, by (14) and

< AF((V2)2), Ve — (Fn)e >= / grad ((¢,)?2) . grad (v — (¥n)2)dz.

Proposition 2.6. and Proposition 2.7. imply

lim F4(3.) > F(7.) + / grad 7, . grad (7 — 5,)dz—
e—0 Q

= C||Fall 22y~ IV — Unll(z2(ay)~-

Let n go to +oo0 : (12) is proved.
Proof of Proposition 2.7. — Thanks to (17), one proves

/ grad ¢7 . grad @, dz = / grad ¢ grad 4dz + E Z vk (Zes) X
a ik

X / grad tb'f .grad @.dz + o
Bi(e/4)
with lim._,0 0 = 0, and, in fact

/ grad 97 .grad €dz = / grad ¥ . grad idz + Z E vk(Zes) X
a ik

aat
X £ — g,V )Uedoe(z) + oc
‘/88"(5/4)( ov € ) E( )

where 7 is the outer normal to 8B*(¢/4). In order to pass to the limit in the
last term of the preceding equality (18), we first use an idea suggested to
me by H.Attouch and based on the following interpolation Lemma, whose
proof is immediate.

(18)

LEMMA 2.8.— For every function v in Cl(ﬁ), there erists a function
v} in C}(Q) (at least) such that

v} (z) = v(ze) in B(e/4) for every i =1 to I(e),
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| grad vZ||(z=(q)» < C(N) || grad v||(Le(a))~¥(C(N) s a constant in-
dependant of v in Cl( ) and € but depending on the dimension N),

v*) converges in the strong topology of L*(0) to v.
€

Hence (18) may be written in the following form

/ grad 97 .grad@.dz = / grad ¢ . grad udz +

D3] BN R IR B RS

83‘(6/4)

where (vi)? is associated to v by Lemma 2.8.
Therefore, Proposition 2.7. is a consequence of the convergences men-

tionned in Lemma 2.8. and Proposition A.1.

Remark 2.9.— The proof of Theorem 2.2., which is actually complete
for the case T' = B(1) (and ay finite), is partially based on the convergence

of the term
Bw
Z( ov ) 8B(¢/4)

for the strong topology of (H~1(12))V. This convergence is obtained in the
Appendix thanks to the explicit computation of the solution (w¥, ¢¥) of (4).
In the study of the asymptotic behaviour of the solutlon u. of the Laplace
problem [5],

— Auc=f in 0,

ue € H)(Qe),

the convergence, in the strong topology of H “I(Q), of the boundary term

;0w /ov , where w, is the solution of the corresponding local
BB"(e/4)
problem
—Aw, =0 in B(e/4),
we=0 on 90Tk,
we=1 on dB(e/4),

was proved for any smooth subset T' of B(1).

The case of a general inclusion T' was deduced of the case T = B(1),
through a maximum principle argument and Lemma 2.8. of [5].
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In the present case of the Stokes system, a maximum principle seems
unavailable. This is the reason why, for a general inclusion T', we have to
slightly modify the test function 7.

Let us introduce for #' in V(0Q), the function ¥}

_‘1 v(z) — ), curl (17')':3/)5;) (z)vk(zes) — curl (Teidei) ()
Ve (z) = in B(¢/4)\Ti, (19)
v(z) in Yeg\B"(e/4),

where 1); is a cut-off function with support in B*(§ — %¢) and equal to 1 in
B(& - ),

T—zg|+Z\ ]
Yei(z) = ¢(%) with ¢ in C*([0,1];[0,1]),
2
% has its support in [0,1/2] and (20)
1 is equal to 1 in [0,1/4],
~k )
W,; is the function associated to & — w¥ in B*($ — &) by Proposition

2.5.

7} is a slight modification of 4? in the sense that

PROPOSITION 2.10.— 7 belongs to V(11.).
Suppose that ay is finite. Then for every v in V()

(P*3!)e converges, in the weak topology of (H:(Q))V, to ¥,
lim F¢(P%4}) = F(9).
€

There erxists a constant C such that for every @ in V(Q1) and every
sequence (Ptic)e converging to & in the weak topology of (H(Q))N, with
e tn V(Q)

lim gra.dﬁ'e1 .grad €.dz 2/ grad ¢ .grad 4dz—
e—0JQ, Q

= C|19l (23~ 1€l (£2 )y~ -

The proof of (12) when T is a subset of B(1) is easily deduced of
Proposition 2.10.
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Proof of Proposition 2.10 .— The first three assertions of Proposition
2.10. may be proved in the same way as the corresponding assertions of
Proposition 2.6.

Let us prove the last assertion concerning #1.

/ grad ¢! .grad d.dz = / grad ' . grad @dz+
Q. 0]

~k

+ Vi (zes grad (curl W, ;¢¢) .

sz: (#6) [ oy &4 i)
.grad @dz + o,

with lim¢_.0 0. = 0 (17).

The original point in this proof is to pass to the limit in the last term of
the preceding equality. Denote A, this term, which may be written, thanks
to (4) and the estimates of Proposition 2.5. as

A= ; Z:vk(zci) L . qf grad YW dz—
I ) €3
=Y wi(za) / Atei(Eh — T*)iedz—
ko Cei

— Z Z uk(zﬂ‘) / grad(é'k - U-)‘f) grad "/Jcia‘edz + 0,
k Cei

where Cos is the set B*(§ — 3 )\B(5 - ).

The pointwise estimates obtained by Marchenko and Hrouslov on ok, g*

-,

and the derivatives of wf (see Proposition A.l)) imply the existence of a
constant C independant of ¢, ¥ and @ such that

Iim |A| < C|19l]zacay» 1@l 2oy

and Proposition 2.10. is proved.

374 step — a, = +o0.

For every ¢’ in (H!(02))¥, one observes that

F(v) 2 Fg(9),
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where F§ is the functional defined by (9) in the case ay = K and T = B(1).
Therefore, for every K in Rt and for every ¢ in (H}(Q2))¥

(r ~ T, F)(3) 2 (+ — lim, F)@) 2 (7 ~ im, FiQ)(9)
(r=w- (H:(n))N)
and for every ¢ in V(1)

(r — lim, F*)(9) > sup(r — lim, F§)(7)

€0 €—o0
1 1
> sup —/ |gra.dt7|2d:c+-— E /(Mx)kgvkutdz .

From Remark 2.3. one derives

— lim, F* 1 24z + K
(r — lim, F€)(9) 251,tp{2 n|gradt')'| dz + 2 % n(Ml)kgvkvedz}.

€—0
If ¥ is equal to O, then

(r — Tim, F) @) = (r — lim, F)(0) = 0.

€—o €~0

It ¥ is different from 0 (almost everywhere) then
(r - Tim, F(3) > (r - lim, F*)() = +oo.
€—0

€—0

Remark 2.11.— The convergence of (P°@), to the solution @, of (2),
may be obtained without epi-convergence methods. For #' in V(1) and ay
finite, one immediately proves

lim(/ grad @ .gra.dﬁfdz—/ f. t')':dz) =/ grad @, .grad vdz +
e—oNq, Q. Q

+Z-/‘;Mk¢(ﬁo)kv¢dz—./nf. vdz
ke

(or lim (/ grad @, .grad vldz — f t':'eldz) = / grad @, .grad vdz +
Q. ) Q

€—0
+) / Mice(@) kvedz — / f. Udz)
ke /0 Q
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where 47 (resp. ¥} ) is associated to ¥ by (14) (resp. (19)).

However, we pointed out, in the introduction, the advantage of epi-
convergence methods.

Remark 2.12.— In the constructions (14) or (19), the values vi(z¢;) (or
¥(z:)) may be changed into

1 1 )
BT oo " (o BT oo ")

§ III. Convergence of the internal pressure
When re = Ae(0 < A < 1/2), Tartar proved in [13] the following result :

THEOREM 3.1.— There ezists a linear operator R¢ from (H2(Q))N into
(HL(2))N, such that :

R1) For every v in (H(0))N, REP% = v,
R2) For every ¥ in V (), RV belongs to V (Q),
R3) There ezists a strictly positive constant C such that for every v in

(Hs ()N

1B (22 @y» < Cllellzaqayw + Cell grad 8| 1z gy wa

. C
|lgrad R ﬂl(L’(n))N’ < ?“‘7”@9(0))" +C| gra.dﬂ'(La(n))Nz.

Let (@e,pe) the solution of the Stokes problem (1) with r, = Ae.

Let P, be the element of L?(0)/R such that for every ¥ in (HL(Q))N,
< gradp,, v >=< gradp., R*0’' > (this is justified by R2)). Then (gradp,).
converges in the strong topology of (H'(Q))N to gradp, and (P,)c con-
verges in the strong topology of L*(1)/R to p,.

Notice that for every #'in (H2(2))¥ :
< R**(grad p.), ¥ >=< gradp,,v > — < grad p,, v >,
€

In this case R** (grad p.) is an extension of grad p, (R1)) and is still a
gradient! The construction of R¢, given in [13], Lemma 3, is made through

the change of scale z = ey, and then requires the equality re = Ae, for some
Ain ]0,1/2[.
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In the present case, that is when lim._.,(r¢/€) = 0, such a construction
seems impossible. Nevertheless, the purpose of this paragraph is to present
two restriction operators Rf, defined on two subspaces X; of (H, ()l
consisting of sufficiently smooth functions in (H!(02))¥, such that for every
vin Xj :

lin}’ < grad p, R;¥ >= (lim < R;*(grad p), ¥ >) =< gradp,, v’ > .
— €—0

A) T is equal to B(1), X1 = (H()) n(C'(N))¥, ay is finite

One of the main difficulties in the construction of the test function 7
(14), was to preserve the divergence-free condition. In the present study,
this condition has no more to be satisfied. A first idea is to simplify the last
term of (14) and will be used later on. But, following Murat’s sugestion,
[11], a simpler expresssion may be used.

THEOREM 3.2.— Let RS be the linear operator from X into (HL(Q))N
defined by

Vie X, Riv(z Z (z)vi(z) (21)

Then,
a) for every ¥ in (HL(Q))N

(K N
Rf'—"w (H, (2)) g,

€0
b) for every ¥ in X, :
< gradp., R{7 > — < grad p,, 7 >
€—!
Proof of Theorem 3.2.
a) is a consequence of Proposition A.1.

b)
< gradp, R{v' > = / grad @, .grad ( Zu‘;‘fuk)dz+
0. A

+ | F. () wku)dz.
Q. k .
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An integration by parts in the right term of the preceding equality implies
using (4)

< grad pe, R{v' >= — Z Z/ qfﬁ'c grad vidz+ -
i k i(e/4)

duE Ly
’ z.: zk: /;B-'(e/4) ( 5~ OT) o doc(a)+

+ Z / grad & grad vku';'fdx - E / grad u';’f grad v ¥ dz+
k Q. k e

+Z/ f . wrds.
kS

An appropriate choice of ¢¥ (so that XU;Bs (e /4)\Tﬂ.q2‘)€ converges to 0, in
the weak topology of L?(Q2) (see Lemma A.4)), Theorem 2.2 and Proposition
A.1 imply

lin{l) < grad p., R{v' > = / grad @, .grad vdz + Z/ Mie(%@o) pvedz—
e Q ke /0

- / f .vdz
Q

=< grad p,, v > .

Remark 3.3.— 1) In the construction (21) of R, the preservation of the
divergence-free condition is violated. Indeed, the following choice of space
and restriction operator preserves this condition

X, ={ve X1/projy (q) ¥ belongs to X;},
E; ¥= R{ (projy (q)%) + (projy (. (#))2.

where proj denotes the usual projection on a closed subspace of a Hilbert
space. Nevertheless, from a physical viewpoint, it seems unnecessary to
extend grad p. into a gradient (or something close to a gradient) since
the fluid fills Q. only.

2) In fact, from the construction (21) of the restriction operator R§, one
obtains the following result [11] :

If there exists p, in L2(02)/R such that Peja, = pe (in L*(Q)/R), and (p,).
is bounded in L?(0)/R, then (P,). converges to p, in the weak topology of
L*(n)/R.
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However, we did not yet obtain such uniform estimates on the pressure
Pe.

B) T is the ball B(1), X3 = (H}(0))¥ n(C°())" and ay is finite

THEOREM 3.4.— Let R§ be the linear operator from X3 into (H}(Q2))N
defined by

7(z) — (& — GE(2))ve(zes) —
Vi€ X3 : RSi(z) = —(¥(z) - 5(zei))Bei(z)  in Bi(e/4), (22)
9(z) in Y4\B(e/4),

where ¢¢; is the cut-off function defined in (15) (pei has its support in
B‘(re/ ) and is equal to 1 in B¥(r.)).

Then
Vi€ Xz <gradp., R3v > — < grad p,, ¥ >
€~

Proof of Theorem 3.4. — Let us first suppose that v’ belongs to X;. Then

LEMMA 3.5.— For every ¥ in X, P*R§7—— Hl(ﬂ))”

There ezists a quantity o, which converges to 0 whcn € goes to 0 such
that for every ¥ in X,

Il Z(’?() - '—"(zei))‘ﬁei"(li‘(n))"’ < o|| grad l-"“(L«w(n))N’

Proof of Lemma 38.5. — As in Prop. 2.6.,‘we only need to show that
(P¢R§v). is bounded in (H!())N. Using the regularity of ¥ (in X;) and
Prop. A.1, we have only to study the last term of (22).

One immediately verifies :

Z/s (e/4) |grad 1% ($ei) dz < || grad 9[F, gy Z/ i(r 2/s)

and also

> /B g 17 ~ )| rad e < Ol grad 1. gyp0n

(E et/ / 215 lgrad¢ci|2d$).
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A trivial computation of the last term in the preceding inequality ends
the proof of Lemma 3.5.

Let us come back to the proof of Theorem 3.4.
If ¥ belongs to X, one derives, using (4), Proposition A.1 and Lemma
3.5.

< gradpe, RS ¥ > =/ grad @ grad ¢ dz+/ f.vdz+
. o}

D»Y/

8Bi (c/4)

)uevk (zei)doe(z) + 0c(2)

(23)
with |oe(¥)| < oc(|| grad 71| (Lo (q)yv2 + |1l (2= (2))%)-
For ¥ in X}, (23) gives

< gradp., R3¥ > —/ grad @, . gradi?dz-{-/ fvdz+
Q. Q

+2%

qe )"evekdo'c(z) + 0. (f-;)
aB-(e/4)

grad @,.grad vdz + / f vdz+

+Z/ M %,vidz,
E Ja

where M;, is the k** column vector of the matrix M (3).

c—»O

If ¥ belongs to X3, there exists a sequence (), of functions in X

converging to ¥ in the strong topology of (H2(2))V and the topology of
(L*=(0))N. Then

< grad pe, R3V >=< gradp., R30n > + < gradpe, R§(¥ — vn) >,

And one immediately verifies that
| < grad pe, R5(¥ — #a) > | < C([|V'~ &nl| (2 (a))~ + ¥ — Onll (z= (2))#)-
C) T is a general subset of B(1) and ay is finite

THEOREM 3.6.— The conclusions of Theorems 8.2 and 8.4 are valid in
this case, simply changing (21) or the second term of (22) into

Y (6 — 5 (2)) ik (ze) s (),
k

where ¢ 18 the cut-off function defined in (20).
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Appendix
Properties of the solution (w*,g¥) of (4)

The solution w* of (4) may be extended by &x on Y,\B(e/4) and then -
e-periodically in R¥. The function obtained in this way will be still denoted
by w¥. Trivially, the function w* restricted to  is in (H*(Q))¥.

We have summarized in the next Proposition the properties of this

(extended) function wE.

PROPOSITION A.l.— a) If ay is finite (see (13)), then the sequence
(WF)e converges to & in the weak topology of (H(Q))N.
b) If an is finite and if T is equal to B(1), then the sequence

at
(;(7’7 ) aB‘(e/4))¢

converges in the strong topology of (H~1(Q))N to the k** column vector of
the matriz M defined by (8).

¢) [10] If ay is finite but if T is a general model inclusion, then there
exzists an appropriate choice of ¥ (so that ¢*, which is defined up to
an additive constant, vanishes at one point (at least) in C¢; = B‘(ﬁ -
%) \B‘(% - 52*'-)) such that the following pointwise estimates are true : for
every sc(se < €) and for every c(c > 0), there exists a constant C such that

if N =3 : for every z in B(s) verifying : d(z,T) > ¢ r,
|6k — @¢|(z) < Caomy 5 ID: WE(2) < Colye
|D:D;¥|(z) < Cqrzlrys 5 la¥l(2) < Cliyr

if N =2 : for every z in B(sc) verifying : d(z,Te) > exp(—e(|logre)*/?),

- - log d(=z,T. . 7
lek - wfl(z) <C € o:;,.! +2 ’ |D.wf|(z) < Cllogrgll;.‘liz,Tgi
| D; D;wk|(z) < Cmr}ﬂ';"ﬁ)‘f i laf (=)l < Cilogr.lldiz.TJ'

Proof of Proposition A.1. — a) From the definition of the (extended)
function w¥, one derives

XUsYui\Bi (¢/4) €k — 9F) =0 in 0.
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Then, as soon as the sequence (w%*), is bounded in.(H(f1))", and then
relatively compact in the strong topology of (L%(01))¥, the convergence

announced in a) is proved, since Xu;Y.;\Bi(e/s) ) converges in the weak

topology of L?(f2) to the non null constant Vol(Y'\ B(1/4)). Moreover, from
(4), one deduces

/ | grad w¥|2dz </ | grad w**|?dz,
B(e/4)\T. B(e/4)\T.

where w§* is the solution of the same local problem (4) but for T = B(1).
Therefore, we have only to prove that if T is equal to B(1) and if ay is
finite, then (w%*), is bounded in (H'(Q))". As in [5] (Theorem 2.2.), this
is a consequence of the explicit computation of w** given in the following

PROPOSITION A.2.— Suppose that N = 3 and denote by p the quantity
(2% + y? + 2%)Y/2. Then

u—;:*(z’y, z) = curl (0,-—fe(p)2, fe(l’)y)» q:*(xvy,z) = gc(p)z in B(€/4)7
with . s .
fe(p) = Aep® + Bep™ + Cep™' + D,
ge(P) = 204, + 206/’_37
A., B¢, C¢ and D, being four positive quantities.

Moreover, A, is equivalent to r. €2 (in the sense that €3 Ac/re converges
to a constant in R**, when ¢ goes to 0), B, is equivalent to r3, C. is
equivalent to r. and D, is equivalent to 1. The two solutions w?* and w3*
are given by

(@2)1 (2, 2) = (F1*)2(9, 2, 2) 5 (52*)a(z,y,2) = (G1*)1 (v, 2, 2),
(@2*)3(2,9,2) = (62*)3(v,7,2) ; ¢2*(2,9,2) = q* (v, , 2)

(@*)1(z, v, 2) = (52*)s(2,y,2) 5 (F2*)2(2,y,2) = (@] ) (2,9, 2)
(@2*)3(z,9,2) = (F2*)1(2,4,2) 5 ¢**(z,v,2) = ¢**(2,v, 7).

Suppose N = 2 and let p be the quantity (z2 + y2)V/2. There ezist four
positive quantities a¢, b., ¢ and d. such that

ol (z,y) = curl (Re(P)y), ¢2*(z,y) = ke(p)z in B(e/4),

where ' '
he(p) = acp® + Bep™2 + cslogp + de

ke(ﬁ) = 8a, — 2cep_2
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Moreover, a. is equivalent to (€2 log(e/re)) ™!, be is equivalent to
r2/(log(e/re)), ce is equivalent to (log(e/re))~! and d. is equivalent to
€(re) 3. The function W2* is defined by

€

(@) 1(z,y) = (91*)2(y,2) 5 (52*)2(2,9) = (F2*)1(ys2) 5
02*(z,9) = ¢.* (v, 2)-

Proof of Proposition A.2. see [4]. — Let us come back to the proof of
Proposition A.1.

b) is the consequence of the above computations through the following
‘Lemma, extending a result of [5] (Lemma 2.3.) and proved in the same way.

LEMMA A.3.— Let 5: be the Dirac mass uniformly distributed on
OBi(e/4). Then

— 7T

Z 5:‘9_W loo(n)

If N =3, denote pe; = ((z — es)? + (¥ — Yei)? + (2 — 2ei)2) /2, then the
three sequences

—u.:)2 . —
Z (:c Ic;) 6‘ , Z e(y ;Ies) 6; , Z e(z Zet) 6;
R pet i Pes e 3 CI €
converge in the strong topology of W—1:%°(0) to x/3. The three sequences

(E e(z - zﬂjz(.y = Yei) 6:) (Z (z— zn — Zi) 6‘) ,

I €t

(y yec)(z"zﬂ) {
(= 6)5

converge to O in the strong topology of W—1:(0).
If N =2, denote pe; = ((£—Zei)? + (¥ — Yei)2) V2, then the two sequences

z —ze)? = vei)?
(Ze( Pfi ) 5‘) and (Ze(y p: ) 5¢)

converge in the strong topology of W—1°°(Q) to = /2. The sequence

(Z € (z - zei)zgy — Yei) 5:)

T €t
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converges to 0 in the strong topology of W—1:°(Q).

Finally, we mention the following result concerning the pressure ¢* in (4).
This result is useful in the study of the behaviour of the internal pressure
of the fluid (Theorem 3.2).

LEMMA A.4.— Suppose T is equal to B(1) and ay s finite. Then the
sequence (Xu.-B-'(e/.i)\T,;Qf) , which is bounded in L%(Q), converges in the
weak topology of this space to a constant.

Proof of Lemma A.4. — Take ¥ in (C$°(0))" and compute, using (4)

/ gra.dw grad(Zw v dz—Z/ y
i(e 4)

i D7)
+2‘.:,/53i(€/4)( v qe )vdoc(z).

E w, .grad vg) dz+
)

Then

z / grad w¥ . grad wlvedz + Z / grad w¥ grad vpwtdz =
y
- Z / '(¢/4) zt:w .grad v¢) dz
+ Z /

qfﬁ) do.(z).
8Bi (e/4)

From the regularity of ¥ and the definition of the matrix M (3), one
derives, using Proposition A.1.

Z/ Muv;dz:/ qk div ﬁ'dx-}-Z/ Mipvedz,

where ¢* is a limit point of the sequence (Xu B'(e/4)\T¢.qe) , in the weak

topology of L? (92) (the existence of ¢* is a consequence of the computations
given in Proposition A.2).

- 251 -



A. Brillard

Références

[1] ADAMS (R.A.).— Sobolev Spaces. — Academic Press, 1975.

[2] ATTOoUCH (H.).— Variational convergence for functions and operators. Applicable
Mathematics series.— Pitman (London), 1984.

(3] ArToucH (H.), and PicARD (C.).— Variational inequalities with varying obsta-
cles; the general form of the limit problem, J.Functional Analysis, t. 50 (3), 1983,
p. 329-386.

[4] BRILLARD (A.).— Ecoulement d’un fluide incompressible dans un milieu poreux. —
Publication Avamac (Perpignan), 198s.

[5] CiloraNEscu (D.), and MURAT (F.).— Un terme étrange venu d’ailleurs, Collége
de France Seminar. Research Notes in Maths, t. 60, 70 Pitman (London), 1982.

[6] DE GioRrGI (E.).— Convergence problems for functionals and operators. Proc. Int.
Congress on “Recent Methods in Nonlinear Analysis” Rome 1978 De Giorgi,
Magenes, Mosco Eds. Pitagora Editrice (Bologna) 1979.

[7] LADYZHENSKAYA (O.A.).— The mathematical theory of viscous incompressible
flow.— Gordon and Breach (New York), 1963.

[8] LEVY (T.).— Loi de Darcy ou loi de Brinkman?, C.R.A.S. série II, t. 292, 1981,
p. 871-874.

[9] LEVY (T.). — Fluid flow through an array of fixed particles, Int. J. Engin. Sci., t. 21
n°l, 1983, p. 11-23.

[10] MARCHENKO, HROUSLOV .— Problémes aux limites dans des domaines aux
frontiéres finement granulées.— in russian. Naukova Dumka (Kiev), 1974.

[11] MURAT (F.).— Oral communication—1985.

[12] SANCHEZ-PALENCIA (E.). — Non-homogeneous media and vibration theory.— Lec-
tures Notes in Physics n®127. Springer-Verlag (Berlin), 1g8o.

[13] TARTAR (L.).— Incompressible fluid flow in a porous medium. Convergence of the
homogenisation process.— Appendix in the preceding reference [12].

[14] TEMAM (R.).— Navier-Stokes equations.— North Holland (Amsterdam), 1977.

Brinkman’s law may be found in the original paper.

BRINKMAN (H.C.).— A calculation of the viscous force exerted by a flowing fluid
on a dense swarm of particles, Appli. Sci. Res., t. A1, 1947, p. 27-34.

(Manuscrit regu le 26 mai 1986)

- 252 -



