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Continuity of spectrum and spectral radius
in algebras of operators

LAURA BurLanNDO)

RESUME.— Dans cet article nous étudions la continuité spectrale dans
I’algebre des opérateurs linéaires et continus sur un espace de Banach. Plu-
sieurs nouvelles conditions suffisantes (la plupart d’elles sont aussi néces-
saires au moins dans le cas particulier d’un espace de Hilbert séparable)
pour la continuité des fonctions spectre et rayon spectrale sont étudiées et
comparées a celles déja connues. Des exemples sont donnés aussi pour étu-
dier les liaisons parmi toutes ces conditions. Deux sous-ensembles (qui au
moins dans le cas d’un espace de Hilbert séparable ne sont pas propres) de
I’ensemble des points de continuité ds fonctions spectre et rayon spectrale
sont définis. Nous étudions les propriétés algébriques et topologiques de ces
ensembles.

ABSTRACT.— This paper deals with spectral continuity in the algebra of
linear and continuous operators on a Banach space. Several new sufficient
conditions (most of which are also necessary, at least in the particular case
of a separable Hilbert space) for the continuity of the spectrum and spectral
radius functions are studied and compared with the already known ones.
Examples are given to specify the connections between these conditions.
Two subsets (which, at least in the case of a separable Hilbert space, are
not proper) of the sets of the continuity points of the spectrum and spectral
radius functions are introduced, by means of two of the conditions above,
and algebraic and topological properties of theirs are studied.

Introduction

The continuity points of the spectrum and spectral radius functions
in the algebra of linear and continuous operators on a separable Hilbert
space have been recently characterized by CoNnway and MoRReL ([CM]).

(1) Istituto di Matematica dell’ Universita di Genova Via L. B. Alberti 4 16132 Genova
Italy
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A different characterization of the continuity points of spectrum has been
given afterwards by the authors of [AFHV].

Both the conditions given by [CM] and [AFHV] for the continuity of
spectrum with respect to the Hausdorff metric at the operator A require
that the union of the union of all trivial components of a convenient subset
of the spectrum and the set pf_ p(A) of the semi-Fredholm points of A with
nonzero index is dense in the spectrum of A. The two characterizations differ

in the subset of the spectrum whose trivial components are considered (see
[CM], 3.1 and [AFHV], Th. 14. 15).

Both the conditions given by [CM] for the continuity of the spectral
radius function at the operator A require that the maximum of the su-
premum B(A) of the modulus function on pE_p(A4) and sup{inf{|Al: A €
w}:w is a component of 7} (where 7 is a convenient subset of the spectrum
) coincides with the spectral radius of A. The two characterizations differ

in the subset of the spectrum whose components are considered (see [CM],
2.5 and 2.6).

These four conditions, which characterize the continuity points of spec-
trum and spectral radius in the case of a separable Hilbert space, are at
least sufficient for the continuity of the two spectral functions for any Ba-
nach space (see [CM], §4, [AFHV], page 277, and Corollary 1. 15 and Corol-
lary 2.13 of this paper). The authors of [AFHV] suspect that they are also
necessary for any Banach space (see [AFHV], page 313).

In this paper I give new conditions which ensure the continuity of the
spectrum and spectral radius functions in the algebra of all linear and
continuous operators on a Banach space and I investigate systematically

their reciprocal connnections and their relationships with the conditions of
[CM] and [AFHV].

In Section 1 I introduce a subset opm(A) of the spectrum o(A) of an
operator A whose union with the set o9(A) of all normal eigenvalues of
A is contained in the subset defined by [CM] and coincides with it in
the particular case of a Hilbert space (see Definition 1.2). I study the
connections between the unions of all trivial components of seven different
subsets of o(A) (among which a(A)\pa;_F(A), om(A) U 03(A) and the
two sets introduced in [CM] and [AFHV]) and prove that there are some
relationships of inclusion and three chains can be constructed (see Theorem
1.6). In particular, if I'; (A) denotes the union of all trivial components of
a(A)\psE_ p(A), T'o(A) denotes the union of all trivial components of the set
introduced in [AFHV], T';(A4) denotes the union of all trivial components
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Continuity of spectrum and spectral radius

of the set introduced in [CM] and T's(A) denotes the union of all trivial
components of om(A) U 05(4), T1(4) C To(4) C I2(4) C T4(A) and
all the other three unions of trivial components contain I';(A) and are
contained in I'y(A4). By means of several examples, I show that none of the
inclusions enunciated in Theorem 1.6 can be inverted. Moreover, I prove
that, for any of the seven subsets above of o(A), the union of the union of
its trivial components and p=_(A) coincides with I';(4)U p,E__ p(A) or with
T4(4) U pE_1(4) and, if T4(4) U p3_p(4) = o(4), also T1(4) U pi-_p(4)
and T'y(A) U p=_L(A) coincide (see Theorem 1.13). Hence I have obtained
five new sufficient conditions for the continuity of spectrum at the point A,
which are equivalent to the two already known ones and therefore are also

necessary, at least in the case of a separable Hilbert space (see Corollary
1.15).

In Section 2 I study the connections between the suprema of the sets of
the infima of the modulus function on the components of the seven subsets
above of o(A). Several inequalities can be established and three chains
can be constructed (see Theorem 2.2). In particular, if 65(A) and é;(A4)
denote the suprema introduced in [CM] (where 65(A) coincides with the
supremum §(A) defined in [CM]) and 62(A) coincides with the supremum
80(A) defined in [CM]) and if we put 84(A) = sup{inf{|A|:A € w} :
w is a component of om(A4) U 09(A)}, 65(A) < 82(A) < 64(A). By means
of several examples, I prove that none of the inequalities enunciated in
Theorem 2.2 can be inverted. Moreover, I prove that the maxima of 3(A)
and any of the seven suprema above can assume at most two values, the
maximum of which is §;,(4) V B(A) = 64(A) V B(A) = 65(A) V B(A) (see
Theorem 2.12). In this way, I have obtained five new sufficient conditions
for the continuity of the spectral radius function at the point A , two of
which are equivalent to the two already known ones and therefore are also
necessary, at least in the case of a separable Hilbert space (see Corollary
2.13). An example proves that the remaining three conditions are not
necessary for the continuity of spectral radius, even in a separable Hilbert
space (see Example 2.14).

In Section 3 I introduce a subset ) ,(X) (defined by the equivalent
conditions of Corollary 1.15) of the continuity points of spectrum and
a subset Ro(X) (defined by the equivalent conditions iv), v), vi) and
vii) of Corollary 2.13) of the continuity points of spectral radius in the
algebra of all linear and continuous operators on a Banach space X, with
Y o(X) C Ro(X). Both subsets are not proper, at least in the case of
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a Hilbert separable space. I study algebraic and topological properties of
Y o(X) and Ro(X) and compare them with another sets, a subset 7(X)
of 3 (X) and a subset 7(X) of Ro(X), that I have already defined in a
previous paper ([B]) by means of topological conditions on the spectrum.

Acknowledgement: my special thanks to Professor Cecconi, who was
so kind to discuss with me about the results of this paper.

0.

We shall denote the norm by the symbol || || in any normed space.

If X is a complex nonzero Banach space, for any z € X and for any
€ > O let Bx(z,¢) denote the set of all points of X whose distance from
z is smaller than e. We shall denote by L.(X) the algebra of all linear and
continuous operators on X, by L.(X) the ideal of compact operators of
L.(X) and by Ix the identity of L.(X).

By a continuous projection on X we shall mean an operator P € L.(X)
such that P? = P. Obviously, Ix — P is a projetion too, Im P = ker(Ix — P)
(we shall always use the symbol Im to denote the range of a function), so
that Im P is closed, and X = Im P @ ker P (where the symbol & means
algebraic direct sum). For any A € L.(X), we shall denote the spectrum of
A by o(A), the spectral radius of A by r(A) and C\o(A) (where the symbol
C denotes the complex plane) by p(A). We recall that: o(A) is compact and
nonempty, the resolvent function:

X € p(A) — R\ A) = (M x — A)7! € L(X)

is analytic, r(A) = limp— [|A"||!/", the peripheral spectrum of A is the
set of all points of 0(A) whose modulus is equal to r(A) and a spectral set
of A is a subset of its spectrum that is both open and closed in the relative
topology of o(A).

Let p,—r(A) denote the semi-Fredholm domain of A, that is the set of all
points A € C such that AIx — A is a semi-Fredholm operator (see [Ka], page
230). For any n € Z U {—o00, +00}, let p?_p(A) denote the set of all points
A € ps—r(A) such that ind (AIx — A) = n (where, for any semi-Fredholm
operator T € L.(X), ind T denotes the semi-Fredholm index of T, see [Ka],
IV, (5.1)). From the stability of semi- Fredholm index (see [Ka], IV, 5.17)
it follows that p?_(A) is open for any n € Z U {—00, +00}. Consequently,
if we put

P p(4) = {) € po—r(4) : ind (Mx — 4) # 0},
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Continuity of spectrum and spectral radius

also p_p(A) and p,—r(A) are open subsets of C. It is immediate to remark
that p(A) C p?_(A) and, consequently, pE n(4) C o(A) (so that, as o(A)
is closed, also p%_.(4) C o(A)).

We shall denote by o5(A) the set of all normal eigenvalues of A, that is
the set of all isolated points of ¢(A) for which the corresponding spectral

projection (see [TL], page 321) has finite-dimentional range. From [Ka], IV,
5.28 it follows that og(A) C ps—r(A).

We recall that, for any A € ps—p(A), there exists a neighborhood U of A,
contained in p,—p(A), such that dim ker(ulx —A) and dim X/Im (pIx—A)
are constant for 4 € U\{\} (see [Ka], IV, 5.31). Therefore, since p?_g(A4)
is open for any n € Z U {—00,+0}, 03(4) C p3_p(4).

We also recall that any isolated point of o(A) which belongs to p,_r(A)
belongs to 03(A), too (see [Ka], IV, 5.28 and 5.10). Hence o(A)Np)_p(A) =
ap(4) U (3(4) N py_p(4)).

We shall denote C\p,—r(A) with os_p(A). Since ps_r(A) is open and
ps—r(A) D p(A), it follows that o,_p(A) is closed and o,_r(A4) C o(A).
Since ps—p(A) N 80(4) C pd_p(A4) by [Ka], IV, 5.31, it follows that
d0(A) C 0s—F(A) U )(A). Hence g,—p(A) Uog(A) is nonempty.

IfQ : Lo(X) — L(X)/Lce(X) is the canonical map, we shall denote
by 0.(A) the essential spectruth of A (that is the spectrum of Q(A) in
the Calkin algebra Lo(X)/Lcc(X)), by o1e(A) the left essential spectrum
of A (that is the left spectrum of Q(A) in L¢(X)/Lce(X) and by ore(A)
the right essential spectrum of A (that is the right spectrum of Q(A) in
Lo(X)/Le(X)). Obviously, 0.(A), 0]o(A) and ore(A) are compact subsets
of C and 0.(A) = 01c(A) U ore(A). We recall that C\o.(A) coincides with
the Fredholm domain of A, that is Unezps r(A) (see [CPY], (3.2. 8)) Hence
0e(A) = 0s—p(A) U p;°%(4) U p72%.(A). Since p;°%(A) and p}°%(A) are
open subsets of C, it follows that do.(A) C 05—r(A). From [CPY], (4.3.4)
it follows that (C\oje(4)) U (C\ore(4)) C ps—r(A). Hence o,_r(A) C
01e(A) N ore(A). The opposite inclusion is not always satisfied in a generic

Banach space (see for instance, in this paper, Example 1.1), whereas from
[CPY], (4.3.4) it follows immediatly that o,_p(4) = 0}o(4) N are(A) if X
is a Hilbert space.

"Since
Gar(4) C 016(4) Nore(A) C 0.(A4) = 7u-p(A) U p725(A) U p}5(4),
it follows that
0e(4) = (016(4) N ore(4)) U p723(4) U p?3(4)
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and
(916(4) Nore(A))\os—r(A4) C p;°F(A) U pio3(A).

Let K¢ denote the set of all compact nonempty subsets of the complex
plane, endowed with the Hausdorff metric. We put

Z(X) = {T € LX) : the spectrum function 0 : L (X) — K is
continuous at T},

R(X) = {T € Lc(X) : the spectral radius function r : Lo(X) — [0, 4o0)

is continuous at T},

7(X) = {T € L(X) : any neighborhood of the peripheral spectrum of T
contains a nonempty spectral set of T'} (see [B], 1.1) and

7(X) = {T € L(X) : any open set in the relative topology of o(T')}
contains a nonempty spectral set of T'}

(see [B], 2.1). Obviously, B(X) C B(X) and 7(X) C m(X).

If, for any topological space W and for any w € W, Cy,(W) denotes
the component of W which contains w, for any 4 € L, (X) we put
¥(4) = {X € o(4) : Cx(0(4)) = {A}} (see [B], 2.3) and p(4) = {) €
o(4) : Cx(0(4)) C {r € C : [N < |u| < r(A)}} (see [B], 1.3). We
recall that 7(X) = {4 € L(X) : o(A) = ¢(A)} (see [B], 2.4) and
m(X) = {A € L(X) : sup{lp| : p € p(A)} = r(A)} (see [B], 1.5). From
[M], 2.1 and 2.2 it follows that 7(X) C R(X) and 7(X) C Z(X).

Finally we recall that, if X is complex infinite-dimentional Hilbert space,
for any compact nonempty subset K of the complex plane and for any
orthonormal basis E of X there exists A € L.(X), diagonal with respect to
E (and therefore normal), such that o(4) = K (see [Ha), Prob.46, in which
only the case of a separable Hilbert space is treated; the general case follows
immediately).

1.

Let X be a complex nonzero Banach space and let A € L. (X). From
[CPY], (4.3.4) it follows that

C\ore(A) C {A € p,—r(4) : dimX/Im (AIx — A) < 400}

and
C\o1e(A) C {A € ps—F(A) : dimker(A\Ix — A) < +o0}.
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Pietsch, in the example at pages 366 and 367 of [P], has shown that
in a non-reflexive Banach space there may exist a semi-Fredholm operator
with finite-dimensional null space (resp., finite-codimensional range) whose
range (resp., null space) is not the range of a continuous projection. Hence,
by [CPY], (4.3.4), none of the two inclusions above can be inverted. The
following example, inspired by the one of Pietsch, shows that even in
a reflexive space none of the two inclusions above can be inverted and
01e(A) Nore(A) is not always contained in o, r(A).

ExaMPLE 1.1 .—Let us consider the complex Banach space £, (where
p € (0,2) U (2,+00)). Since p # 2, there exists a closed subspace X of £,
such that X is not the range of any continuous projection on £, (see [Kd],
31.3, (6)).

£, x £, is a Banach space with respect to the canonical norm defined by
l(z, )l = |zl + ||ly|| for any (x,y) € €, x £,, and obviously X x £, is a
closed subspace of £, x £,,.

If {en}nen denotes the canonical basis of £,, that is e, = (6uk)ren for
any n € N, it is not difficult to verify that the operator T : £, — £, x £,

(where, for any z = (Zn)neN € €p, Tz = (EnGN T2n€ns ) neN w2n+16,.)) is
an isomorphism of Banach spaces. If we define A(z,y) = (0, T Yz, y)) for
any (z,y) € X x £,, it follows that the operator A : X x £, — X x £, is
linear and continuous, ker A = {0} and

Im A= {0} x T7}(X x £,) = Im A.
Consequently A is a semi-Fredholm operator and, moreover,
0€ {\ € ps—rF(A) : dimker(Alxxe, — A) < +o00} =
= {A € p,_F(A*) : dim (X X E,,)*/Im (’\I(Xxl,)' - A*) < +OO}

(where A* is the adjoint of A, see [Ka], IV, 5.13).

Nevertheless, we prove that 0 € g1,(A) (so that, as, since p € (1, +00),
X x £, is reflexive, 0 € ore(A*), too, and none of the two inclusions above
can be inverted).

We prove that Im A is not the range of any continuous projection on
X x £,. Suppose that there exists a projection P € L.(X x £,) such that

Im P=Im A = {0} x T7Y(X x £,).
For any k =1, 2, we define the linear and continuous operators
Pe:bpxly— €, and Ji: €, — £, x4,

-11-
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in the following way:
Pi(z1,22) = x4 for any (z1,22) € £, X £y .
and

Jiz = (61x%, b2ix) for any z € £,.
If we put Q = PLTP,PJ,T~1J,, it follows that Q € L¢(¢,) and

Im Q C P,TPy(ImP) = PT(T~(X x £,)) = Pi(X x £,) = X.
Moreover, for any = € X, as (0,77(z,0)) € ImP it follows that

Qz = L TP,PJ, T }(z,0) =

= P\TP,P(0,T"}(z,0)) =

= P TP(0,T7!(2,0)) =

= PTT Y(z,0) =

= Py(z,0) =

=z, =
Consequently, since Qz € X for any z € £, and Qz = z for any z € X, Q
is a continuous projection on £, and Im Q = X. This is a contradiction, as

X is not the range of any continuous projection on £,. Therefore Im 4 is
not the range of any continuous projection on X x £,.

From [CPY], (4.3.4) it follows that 0 € g},(A).

Obviously, since Im A has not complementary closed subspace,
X x ¢, / ImA is infinite-dimensional, so that, by the inclusions above,
0 € Ure(A), too.

We have thus proved that

0 € (016(4) N ore(A))\os—r(A4)0

If X is a complex nonzero Banach space and A € L.(X), let ['o(A) denote
the set of all points A € o(A) such that {A} is a component of

AN @ (nez (@1 (4))

and let I';(A) denote the set of all points A € 0(A) such that ) is a compo-
nent of (g1e(A4) N ore(A)) Uop(A). We recall two recent characterizations of
> (X) for a separable Hilbert space, that will be useful afterwards.

—-12-



Continuity of spectrum and spectral radius

THEOREM (1) ([CM], 3.1).— Let X be a complez nonzero separable Hil-
bert space and let A € Lo(X); then A € Y (X) iff o(A) = pE_p(A) UT,(4).
o

The condition 0(A4) = pT_p(A) UT2(A) is at least sufficient for member-
ship in Y (X) for any complex nonzero Banach space X. In fact, even if
ps—rF(A) does not always coincide with o1c(A) N ore(4), the equality

O'e(A) = (Ule(A) n Ure(A)) u pc_—F(A) U p-a*-—o%(A)

is anyway satisfied in any Banach space, so that Conway and Morrel’s
proof of the sufficiency of the condition above for membership in }(X) can
be repeated without alterations in the general case of a complex nonzero
Banach space.

THEOREM (2) ([AFHV], Th. 14.15).— Let X be a compler nonzero
separable Hilbert space and let A € L(X); then A € Y (X) iff 0(A) =
pE H(A)UTy(4).0 '

We take the opportunity of remarking that in [AFHV], Th. 14.15 the
proof the sufficiency of the condition above for membership in ) (X),
in order to avoid pathological examples like S @ 0 on l; & Iz, should
be stated more exactly by observing that, if D(Aj,€/2) does not contain
any component of g(A), it contains anyway a component of g.(A), so
that Corollary 1.6 can still be applied (see [He], Cor.16). This part of
the proof of Theorem 14.15 can be extended, without further alterations,
to the general case of a complex nonzero Banach space. Therefore, if
X is a complex nonzero Banach space and A € L.(X), the condition
o(A) = pE_p(A) UTo(A) is at least sufficient membership in Y (X).

DEFINITION 1.2.— Let X be a complez nonzero Banach space and let
A€ L(X). We define

X(A) = {) € 01e(A4) N 01e(A) : Cr(01e(A) N ore(A)) N0s-F(4) = B}
and om(A) = 0s—p(A) U x(A).

We remark that x(A4) N os—r(A) = @ and that o,_r(4) C on(4) C
01e(A) N ore(4) (so that, if X is a Hilbert space, 0,—r(4) = om(4) =
01e(A) N ore(A).

THEOREM 1.3.— Let X be a complezx nonzero Banach space and let
A € L(X); then Cr(om(A)) = Cr(0s-r(A)) for any X € o,_r(A) and
Ca(om(4)) = Cr(01e(A) N 01e(A)) for any A € x(A).

-13 -
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Proof .— For any A € x(A), since o,n(A4) C Cx(016(A)N0re(4)) it follows
that

Cx(om(A)) € Cr(01c(A) N ore(4)).

In addition, since A € x(A4) and C, (me(A) n a,e(A)) = Cx(ale(A) N a,e(A))
for any p € Cx(01e(4) N 0:e(A)), it follows that Cy(a1e(4) N ore(4)) C
X(A4) C am(4), so that Cx(01e(A) N 01e(A4)) C Cr(om(A)). Therefore

CA (O'Ie(A) n Ure(A)) = Cz\ (am(A)) for any AE X(A)

For any A € 0,—r(A), since 0,_p(A) C om(A) C 01e(4) N 0re(A) it follows
that

Ci(os.-r(A4)) C Ca(om(A4)) C Ca(01(4) N ore(4)).
Moreover, since A € 0,—p(A), 05—r(A) N Ca(01e(A) N 0re(A4)) # 0, so that
Cx(01e(A)Nare(A)) Nx(A) = 0. It follows that Cx(om(4))Nx(A) = 0. Hence
Cx(om(A)) C 0s—r(A) and, consequently, Ci(om(A)) C Ci(os-r(4)).
Therefore Cx(om(A4)) = Cr(0s—r(A)) for any X € o,_r(A).

DEFINITION 1.4.— Let X be a complez nonzero Banach space and let
A€ L(X). We define

T1(4) = { € o(A)\pE_p(4) : CA(o(A\pE_p(4)) = {A}},

I3(A) = {A € 0,—r(A) Uo)(A) : Cx(0,—r(A) UoI(A)) = {A}},

F4(A) = {A € om(A) U0)(A) : Ca(om(A) Uod(A)) = {A}},
and

Ts(4) = {A € 0.(A) UoS(A) : Ca(c(4) Uad(A)) = {A}}. O

We remark that I';(A) C o(A) for any j = 0,...,5 and, if X is a
Hilbert space, I'2(4) = T'3(A) = T4(A) for any A € LX) (because
0s—r(A) = 01e(A) Nore(A) = om(A) in a Hilbert space).

LEMMA 1.5.— Let X be a locally compact Hausdorff space and let C be
a nonempty connected compact subset of X. Then C is a component of X
ioff there exists an open subset U of X such that C is a component of U.

Proof .— Obviously, if C' is a component of X and we put U = X, it
follows that U is an open subset of X and C is a component of U.

Conversely, suppose that there exist an open subset U of X such that
C is a component of U. Since X is a locally compact Hausdorff space and
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C is compact, compact neighborhoods of C are a neighborhood base of C.

Therefore there exists a compact subset V' of X such that C' C 13' cVcU.s
Since C is a component of U, C is also a component of V. Since V is a

compact Hausdorff space and C C 10/, from [Hy], 2.4, Th. 2.15 it follows
that there exists an open and closed set W in the relative topology of V'

such that C C W C V..

Since V is compact and X is a Hausdorff space, V is closed, so that W
is a closed subset of X. Moreover, since W is open in the relative topology

of V and is contained in Io/', W is open also in the relative topology of I;, 50

that, as obviously I; is open in X, W is an open subset of X.

Hence there exists an open and closed subset W of X such that C C
W C U. If D denotes the component of X that contains C, it follows that
D Cc W C U. Consequently, D is a component of U, so that, as also C is a
component of U, D = C. Therefore C is a component of X. O

THEOREM 1.6.— Let X be a complez nonzero Banach space and let
A € L(X). Then

I'1(A) Cc ¢(4) C Ts(A) C T (A) c Ty(A) for any j=2,3

and

T'1(A) C To(A) C T's(A);

MOTE0VET,
F4(A) = Fz(A) U Pa(A) and PI(A) = 'lb(A) n Fo(A)

Proof .— Since o(A)\pE_;(A) is open in the relative topology of (4),
from Lemma 1.5 it follows that I'y(A4) C 4 (A).

We prove that $(A) C ge(A4) U op(4).
Since pZ_L(A) C 3(A), it follows that

$(A) N pa-r(4) C pS-p(4) N o(4) = o (A) U (ph-p(4) N 3(4))

Hence %(A) N p,—r(A) = 03(A), and therefore $(4) C 0,—r(4) Uap(4) C
0.(A) U op(A). Consequently, for any A € 3(4),

X € Ca(0e(4) Uod(4)) C Cr(a(4)) = {A},
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so that A € T's(A).
Hence ¥(A) C T's5(A).
We prove that

I's(A) cT;(A) forany j=2,3.

Let A € T's(A); then Cx(de(4) U gp(A)) = {A}, so that A € do.(A) U
0p(A) C 0s—F(A) Uoy(A). Since 0,_r(A) C 015(A) Nore(4) C ge(4) and
Ca(0e(A)Uap(A)) = {1}, it follows that

Cx(0.-r(4) U op(A)) = Cx((01¢(4) Nore(A)) Uop(4)) = {A},

and therefore A € I'y(A) N T'3(A).

We prove that
T2(A) UT3(A) =Ty (A).

For any X € op(A), X is isolated in 0(4), so that, as om(4) Uod(A4) C
a(A), A is isolated in o (A) U ag(A), too. Consequently,

Ca(om(4) U oy(4)) = {A}

and therefore

A € T4 (A4).

For any A € T3(A)\og(4), A € o,-r(4) and Ci(o,—r(4)) = {A}.
Consequently, by Theorem 1.3, Cx(on(A4)) = {)}, so that also

Ci(om(A) Uop(4)) = {A}.

Therefore
A € T'y(4).

For any A € T2(A)\I'3(4), A € (01(4) Nore(A)\os—F(A) and
Cx((01¢(4) Nore(4)) U ap(4)) = {2},
so that, obviously, Cx(01e(A4)Nore(A)) = {A}. Since A € o,_r(A), it follows
that X € x(A) C om(A) C 01(A)Nore(4) and hence Cr(om(A)) = {A}, so
that also Ca(om(A4) Uop(4)) = {A}.
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Therefore

A € Ty(A).

We have thus proved that

T2(A) UT3(A) C Ty (A).

Conversely, for any A € T4(A), if A € 0,—r(A) U op(A) it follows that
A € Ci(o,-rF(A) U ag(A)) C Ca(om(A) U ag(A)) = {A}.
Consequently,
Croa-r(A)UaR(4)) = (A}

and therefore

A € T3(A).
If, instead, A € x(A), from Theorem 1.3 it follows that
{A} = Ca(om(4) Uop(4)) =
=Cx(om(4)) =

= Cx (016(4) N ore(4)) =
= Cs ((016(4) Nore(4)) U o3(4))

so that A € T'y(4).

Therefore
F4(A) C Pz(A) U F3(A)

We have thus proved that
' (4) c¥(A4) CcT's(A) cTj(A) cTy(A) forany j=2,3

and
T4(A) = [5(A) UT5(A).

Now we prove that I';(4) C T'g(A).
We define

s(4) = ((ANE £(A)) U (U (‘p:_;m) \p::_F<A))) :

n€Z
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Since o(A)\p=_p(4) C s(4) C o(A), it follows that a(A)\p_,I_F(A) =

s(A)\pZ_p(A). Therefore o(A)\pE_-(A) is open in the relative topology
of s(A).

We remark that

s(4) = ( (CVEL@)u ( U ‘p:_;_(A))) n

n€Z

n(o(A)\( U p::.F(A)))
n€Z\{0}

(because p0_ L(A)\p_p(4) C o(A)\pE 7(A)); therefore s(A) is the inter-
section between an open and a closed subset of the complex plane and,
consequently, it is a Hausdorff locally compact space. Hence from Lemma

1.5 it follows that I'; (4) C To(A).

We have proved that I'1(4) C T'o(A) N¢p(A). Since p?_(A4) \p?_p(4) C

o(A)\p;_p(4) and p}_r(4) C 5(4) (s0 that pj_p(4) NY(A) = B) for any
n € Z\{0}, it follows that

To(4) N $(4) C o(A)\pE £ (4).
Consequently,
Cx ((ANPER(4)) = (A} forany e To(4)Ny(a),

so that T'o(4) N ¥(A) C T'1(A). Hence T'1(A) = Ty(4) N y(A).
Finally we prove that
FO(A) C Fs(A)

Obviously
To(4) N ((A\Er(4) € Ti(4) C Ts(A).

For any n € Z,
[4 o
Pe-r(A)Noe(4) = p7_p(A) \p;-r(A);

o
consequently, p7_p(A) \p;_r(4) is open in the relative topology of o.(A),

(4
so that any trivial component of p?_5(A) \p?_r(A) is also a component of
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0c(A) (and therefore it is a component of o.(A) U 65(4), too) by Lemma
1.5.

Hence

To(4) N (U (“p:_;(A'") \p:.F(A))) C Ts(4).

n€Z

We have thus proved that

I'o(A) CTs(A4). O

We shall prove that none of the inclusions enunciated in Theorem 1.6 can
be inverted.

First of all, we prove that, in general, there is not any relationship of
inclusion between ¥(A) and T'o(A).

LEMMA 1.7.— Let X and Y be Banach spaces, let S € L(X) and let
T € L(Y). Then the operator S®T € L(X ®Y) is semi-Fredholm iff S
and T are semi-Fredholm and { ind S, ind T } # {—o00,+00}; moreover, if
SOT s a semi-Fredholm operator, ind (S®T)=1ind § + ind T.

Proof .— We define A = S @ T. From [TL], V, 5.2 it follows that
kerA = kerS @ kerT and Im A = Im S @ Im T (so that the vector space
(X ®@Y)/Im A is algebrically isomorphic to the vector space X/Im S @
Y/Im T). It is not difficult to verify that Im A is closed if and only if both
Im $ and Im T are closed. Therfore A is a semi-Fredholm operator if and
only if Im S and Im T are closed and either ker § and ker T are finite-
dimensional or X/Im S and Y/Im T are finite-dimensional. Hence A is a
semi-Fredholm operator if and only if S and T are semi-Fredholm operators
and {ind S,ind T} # {—o00,+00}.

In addition, from the equalities enunciated above it follows that, if A is
a semi-Fredholm operator, ind A =ind $+ind 7.0

The following example shows that I'o(A) is not always contained in 1(4).

Example 1.8 .— We denote by S the unilateral left shift operator on £,
and by 0 the null operator on £;. Let us consider the operator A = S0 €
Lc (2 & £2). From [TL], V, 5.4 it follows that 6(A) = 0(S)Ua(0) = Bc(0,1)
(see [Ha), Sol. 67). Therefore, since obviously Bc(0, 1) is connected, #(A4) =
0.

We prove that I'g(A4) # 0.
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We recall that C\0B¢(0,1) = p,—r(S) and ind (M, — §) = 1 for any
A € Bc(0,1) (see [Ka], IV, 5.24). Since Mg, — 4 = (A, — S) ® Ao,
for any A € C and 0 is not a semi-Fredholm operator, from Lemma 1.7
it follows that o,—r(4) = C\ ({0} UdBc(0,1)) and ind (AMlg,ge, — A) =
ind (M, — §) =1 for any X € Bg(0,1)\{0}.

Therefore p,- p(4) = p}_p(A) = Bc(0,1)\{0} and pd_p(4) = p(4) =
C\Bc(0,1), so that

(V@) U (U (pTZ(T)\p:_F(A))) -

ne€zZ

- <pg_F(A) \pg_F(A)> U (p:_p(A) \pi_F(A)) =

= P ) \ehr(4) =
= Bc(0,1)\(Bo(0,1)\{0}) =
= {0}.

Consequently, T'o(A) = {0} #0. O

Since T'9(A) is not always contained in ¥(A4), I'1(4) C ¥(4) and
To(A) C T's(A), it follows that I'g(A) is not always contained in T';(A)
and I's(A) is not always contained in 1(A).

The following example proves that 1(A) is not always contained in T'y(4).

ExaMPLE 1.9. — We denote by S unilateral left shift on ¢3. Let us consider
the complex Hilbert space

X = {(Zn)neN : Tn € {3 for any n € N and (||zp]|)nen € €2} ;
the norm in X is defined in the following way :

1/2
l(@n)nen]l = ( > umP)

neN

for any (zn)nen € X. Since ||S|| = 1, the sequence
((1/2")e, + (1/2742)S™) o
of linear and continuous operators on ¢, is bounded in norm, so that
(((1/2™M)Ie, + (1/27%2)8™ ) 20) Lo € X
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for any (z,)neN € X and the linear operator
A: X—X

(where A(zn)aen = (((1/2")e, +(1/2712)S™¥!) 2,) oy for any
(zn)neN € X) is continuous.

For any n € N, we define two closed subspaces of X,
Yo={(zk)keN € X : 2z =0 ifk#n}
(which obviously is isomorphic to £;) and
Xn={(zx)reN €X : zx =0 forany k=0,...,n},
and two linear and continuous operators,
T. : Y, — Y,
(where Tp(énkz)ken = (6nk ((1/27)1¢, + (1/27F2)SnH1) z) e for any z €

32) and
A, X, — X,

(where Apz = Az for any z € X,,).
Obviously, for any n € N, X = (kél} Yk) ®Xnand A = ( ) Tk) @ An.
=0 k=0

Moreover, since 0(S) = Bc(0,1) and pl_¢(S) = Be(0,1) (see [Ka), IV,
5.24), it follows that

o(Tn) = o ((1/2™)1e, + (1/2"*?)S™*1) = Bo(1/27,1/27+2)
and, as

S+ _ §expi® I, = :ﬁo (S _ 51/(n+1)expi(6+2k1r)/(n+1)Ilz)

for any § > 0 and for any § € [0,27), p?tL(S™*!) = Bg(0,1) (see
(CPY], (3:2.7)) (so that p™#A(Ta) = pi¥L (1/27)I,, + (1/247)$+1) =
Bg(1/27,1/2712),

It is not difficult to verify that the balls Bc(1/27,1/27+2), n € N, are
pairwise disjoint.
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For any n € N, since 4y = 0 for any ¥ = 0,...,n and for any
(zk)ken € X, it follows that

+ o0

1/2
lA(zi)ken|l = ( > I/2M) e, +(1/2'°+2)5"+1)wk!|2) <

k=n+1
< (sup{|I(1/2")Ie, + (1/2%42)S*H : & > n}) [I(za)ken | <
< (/2™ + (1/2"*) (zk)renll =
= (5/2"*?)||(zk)ren|
for any (zx)ken € Xn.

Therfore ||A,|| < 5/2"+3 and, consequently, 0(A,) C Bc(0,5/2+3).

It is not difficult to verify that Bc(0,5/27+3) N Bo(1/27,1/27+2) = §);
therefore Bc(1/27,1/27+2) C p(A.) N (ﬂ:—:o p(Tk)). From Lemma 1.7 it
follows that Bg(1/2",1/272) C p"t1(A).

By [TL], V,5.4,

o(4) = (O U(Tk)> Ue(4n) = (L"J Bc(1/2",1/2"+2)) Uo(4n)

k=0 k=0

for any n € N; therefore
| Bc(1/2%,1/2%+2) c o(4) c Bc(0,5/27+%) | J

kEN
(s

keN

for any n € N. Since 5/2"+3 Y 0, it follows that
n—1T00

o(A) = {O}U < U Bc(1/2n,1/2n+2)) — U Bo(1/27,1/27+2).

neEN neEN

Consequently, p?_p(A) = 0 for any negative integer n,

p_p(4) = Bo(1/2"1,1/2") = 77 o (A)

for any positive integer n and

ps-r(4) = p(4) = C\ <{0} U ( U Bo(1/27, 1/2"“))) = ps-r(4).

neEN
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Therefore

pE p(4) = |J Bco(1/2",1/2"%%),
nEN

so that o(4) = ps;_F(A) and

(@)U (U (e @ \p:_F(A))) =0.

n€zZ
Hence TI'g(A) = @, whereas, obviously, ¥(A) = {0}. Therefore ¥(A) is not
contained in T'o(4).

Since (A) is not always contained in T'¢(4), I'1(A) C To(A) and
P(A) C T's(A), it follows that (A) is not always contained in I';(A4) and
I'5(A) is not always contained in T'o(A).

We prove that, generally speaking, neither I'z(A) nor I'3(A) are contained
in Fs(A)

ExaMPLE 1.10 .— We consider the complex Hilbert space £, and the
linear and continuous operator A : £ — £; (where, if {€,}nen denotes
the canonical basis of {3, that is en = (6nk)ren for any n € N, A(zy)nen =
EnEN Tnezn for any (mn)nGN € 4y )

Obviously, ||Az|| = ||z|| for any z € 3, so that ||A|| = 1 and o(A4) C
Bc(0,1). In addition, for any A € Bo(0,1) and for any z € £,

| (Me, — A) || 2 [|Az|| = [Mll2]| = (1 = [ADll<(|.

Consequently, AIy, — A is one-to-one and Im(AI,, — A) is closed for any
A € Bo(0,1) (see [TL),IV,5.9), so that Bo(0,1) C ps—r(4).

Since the function:
A € ps—r(A) — ind (A, — A) € [—00, +00]

is locally constant (see [Ka], IV, 5.17) and B¢(0,1) is connected, it follows
that
ind (A, — A) = ind A for any A € Bg(0,1).

We consider two closed subspaces of £5,
X1 ={(zn)neN € €2 : 22,41 =0 for any n € N}

and
X2 = {(%n)nen € €3 : 2, =0 for any n € N}.
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It is not difficult to verify that Im A = X, and £; = X;®X>. Since obviously
£2/Im A = £3/X, is isomorphic to X3, which is infinite-dimensional, it
follows that ind A = —o0.

Therefore 0(4) = Bo(0,1), p;%(A) = Bo(0,1), o,—r(A) = 8Bc(0,1)
and o.(A) = Bc(0,1).

Let us consider the operator A ® 0 on ¢; @ £, (where 0 is the null
operator on ¢3). By [TL], V,5.4, o(A & 0) = o(A) U{0} = Bc(0,1). Since
ps—r(0) = C\{0} = p(0), from Lemma 1.7 it follows that

p°%(A @ 0) = Bc(0,1)\{0}

and

o,-r(4®0) = {0} 0Bc(0,1).

Therfore 0.(A @ 0) = Bg(0,1), so that I's(A © 0) = 0.

Since €,®¢; is a Hilbert space, it follows that I'2(A®0) = I's(A®0) = {0}.
Hence neither I';(A @ 0) nor I'3(A & 0) are contained in I's(A @ 0).

We prove that, in general, there is not any relationship of inclusion
between I';(A) and I'3(A).

The following example shows that I';(A) is not always contained in I'3(A4).

ExaMPLE 1.11 .— Let us consider the complex Banach space £oo X oo,
with the canonical norm of the product (||(z,y)l| = llz|| + |lyl| for any
(z,y) € Lo X £s), and the operator

H : b — oo X Lo

(where H(Zn)aeN = ((22n)neN, (T2n+1)nen) for any (zn)nen € foo).
Obviously H is an isomorphism of Banach spaces, and

15 (@, y)ll = llz]| v [ly]l for any (2,y) € loo X Loo.
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If we consider the complex Banach space cg X £oo and define the linear and
continuous operator
A cogXloo — co XLl

(where 'A(:c, y) = (0, H™!(z,y)) for any (z,y) € co X £x), it follows that

Az Il = 1 (2, )l < li(= )l

for any (z,y) € co X £co, so that ||A]| < 1. Consequently, 0(4) C Bc(0,1).
In addition, for any A € Bc(0,1),

[(Meoxtee = ANz Y| = (A2, Ay = H (2, 9))]| 2
2 [|Ay = H (z,9)ll 2 |H (2 9)ll - IMllyll 2
2 [H™ (zw)ll = A=l v vl =
= (1= DIl v il 2 (@ = [AD/2)(l=ll + llyll) =
= ((1 =D/l )l
for any (z,y) € co X foo. Therefore ker(Alcoxe,, — A) = {0} and

Im (Al,xe,, — A) is closed for any A € Bg(0,1) (see [TL], IV, 5.9) and,
consequently, Bc(0,1) C p,—r(4).

Since the function:
X € ps—r(A) — ind (M¢oxt,, — A) € [—00, +00]

is locally constant (see [Ka), IV, 5.17) and Bg(0, 1) is connected, it follows
that
ind (Moxe,, — A) = ind A for any A € Bg(0,1).

We remark that Im A is not the range of any continuous projection on co X £
(see [P), example at pages 366 and 367); consequently, (co X £o)/Im A is
infinite-dimensional.

Therefore o(A) = Bc(0,1) and p, °%(A) = Bc(0,1).
It follows that o,_r(A)|J op(A) = dBc(0,1), and therefore I'3(A4) = 0.
We prove that T'2(A4) # 0.
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Since ImA is not the range of any continuous projection on ¢y X £, .and
o X £o/Im A is infinite-dimentional, from [CPY], (4.3.4) it follows that
0 € 01e(A4) () ore(A), so that

a1e(4)() ore(4) D {0} JaBc(0,1).

We prove that o),(A)( ore(4) = {0} J8Bc(0,1).

For any A € Bo(0,1)\{0}, Im (MLeyxee, — 4) = {(2,y) € co X foo :
there exist u € co and v € £ such that Au =z and Av — H~1(u,v) =y} =
= {(z,y) € cox Lo : there exists v € £oo such that \v—H~!(z/), v)=y} =
= {((Zn)neN;(Yn)neN) € co X Lo : there exists (vn)neN € £o such that
AVzn = Zn /A = y2n and Avapy1 — Un = Yon4; for any n € N}.

We remark that, for any positive odd integer k, there exist k € N\{0}
and n € N such that h = 2¥+1n 4 2k _ 1,

In fact, if we put k = max{m € N : h +1 is divided by 2™}, it follows
that £ € N\{0} (because & + 1 is even) and there exists n € N such that
h+ 1 = 2%(2n + 1); consequently, h = 2¥+15 + 2% — 1. It is not difficult
to verify that the function f from (N\{0}) x N onto 2N + 1, defined by
f((k,n)) = 28+1n 4+ 2% — 1 for any (k,n) € (N\{0}) x N, is one-to-one.
Obviously, also the function g : (k,n) e Nx N — 25+ 1 2k _ 1 ¢ N is
one-to-one and onto, and 2N = g({0} x N).

By induction on k, it is not difficult to verify that, if Avy, — z,, /A = Y2n
and Avznt1 = vn = Y2n+1 for any n € N (where (22)neN € co and (yn)nen,
(Vn)neN € Loo ), Vartrpqga_y = (1/AF+2) (-‘Bn + ’\Z;o /\jy2:'+1n+2i—1) for
any (k,n) € N x N.

We remark that, as |A| < 1, (Z;___o Myg j’"))keN converges for any
n € N and for any (yn)neN € oo

If (zm)meN € co, (Ym )meN € £oo and also the sequence (Vm )meN (defined
by : vg(km = (1/A*2) (20 + A T}g Myy(im ) for any (k,n) € N x N)
belongs to £u, since 1/|A[F+2 LT +o00 it follows that Ef:; MysGimy =
—zn/Aforanyne N.
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Conversely, if (2 )neN € co and (¥n)neN € £ are such that

+o00 )
Z MYg(jm) = —Zn/A
Jj=0

for any n € N and the sequence (vn)nen is defined as above, it is not
difficult to verify that Aves — Zn /A = y2n and Mzp41 — U = Yan41 for any
neN.

Moreover, for any (k,n) € N x N,

k
vgce,ml = (1/IAF¥2) 20 + 33" Myg(n)
j=0

400
= (/M) =2 Y Mygiim
y=k+1

+o0
S/ DT I lygiml <
J=k+1

<

+o00 .
< Mymdmenll | D I ) 7IAF* =

J=k+1
= [|l(ym)menll (IN**1/(1 = [AD) /IA[**? =
= [l(ym)menll/(1 = |A]).
We have thus proved that Im (Megxe,, — A) = {((Zn)neN, (Yn)nen) €
coXfoo : 310 Myy(jm) = —2a/A for any n € N} for any A € Bo(0,1)\{0}.

Let A € Bc(0,1)\{0}. For any z = (zn)neN € co and for any
Y = (Yn)neN € Lo, we define p;i)(z,y) = —zp,/) — Zf:f Mygny and
Pyny1(Z,Y) = Yan41 for any n € N.
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Since [p5) (2, y)| < [lell/IM + Alllyll/(1 = IA]) for any n € N, it follows
that

(59, ¥))nen € Loo
and
10, w))nenll < (el + Iyl)/IAIQ = 1]
Consequently, the linear operator Py : cp X €oo — Co X loo ( where
Py(z,y) = (z, (psl’\)(z’y)) nEN) for any (z,y) € co X £o ) is continuous
and ||Pal| <1+ 1/|A|(1 — |A]). Moreover, since, for any (z,y) € co X £oo,

ZA’ P (@ 9) =M, y) +fop,(, (@) =

+o0
=—2n/A =) Nysiim + Z MYg(im) = —Zn/A

for any n € N, it follows that Im Px C Im (Al xe,, — A). Therefore,

since, for a.ny (z, y) € Im(Alexe,, — A) and for any n € N, pg,, (z,y) =

—Zn /A = 3153 Myg(im) = Yg(o,m) = Y2n, Pa(z,y) = (2,y) for any (z,y) €
Im (Aleoxe,, — A). Consequently, Py is a continuous projection on ¢y X £
and Im Py =Im (Al xe,, — 4), so that A € g1o(A) (see [CPY], (4.3.4)).

We have thus proved that
{0} U aBC(O, 1) = G’Ie(A) n Ure(A) = (Ule(A) n O're(A)) 8] Ug(A)

Hence

r,(A)={0}#90. O
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Since I';(A) is not always contained in I's(A) and T'z(4) C F4(A), it follows
that T'y(A) is not always contained in I'3(A4). :

" The following example shows that Ts (A) is not always contained in I'z(A4).

ExaMmpPLE 1.12 .—Let K be a compact nonempty connected subset of
the complex plane and let (A;)neN be a sequence of elements of K such
that {An}nen = K.

We consider the complex Banach space £oo (N, €0 X £oo) = {(Zn)neN :
Tp € ¢p X oo for any n € N and sup{||z.|| : » € N} < 400}, with the
canonical supremum norm. Since K is compact, the sequence (Ap)nen is
bounded, so that, if A is the operator of Example 1.11 and § € Ry is such
that é > diam K,

((Anleoxte + 6A4)Tn)pen € Loo(N,co X £oo)

and [|(AnLeoxc,. + 6A02n)pen | < (141l + supneny a2 nenel for any
(zn)neN € &,O(N,cQ X Loo ).

Consequently, the linear operator T : £oo(IN, o X £oo) — £oo(IN, o0 X £oo)
(where T(zn)neN = ((Anlcoxes, + 6A)zn)nen for any

(zn)neN € Loo(N,co X £50)) is continuous.

For any n € N, we consider two closed subspaces of £oo(IN, co X £oo),

= {(zk)reN € Loo(N,c0 X o) : zx =0 if k #n}

and

Yo = {(zr)keN € £oo(N,co X £eo) @ T4 = 0},

Obviously X, is isomorphic to ¢y X £ and, since both X,, and Y,, are
invariant under T, from [TL], V, 5.4 it follows that, if T,, denotes the
restriction of T to X,

o(T) 2 o(Tn) = 0 (Anleoxte +64) = Bc(An, 6),

(see Example 1.11 and [TL], V, 3.4).
Therefore o(T) D U, en Bo(An, 6).

We put K; = {\ € C : dist (A, K) < §}; it is not difficult to verify that
K; = U,en Bc(An,6) C o(T) and that K; is connected.

We prove that

C\K; = {X € C : dist (A\,K) > 6} C p(T).
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For any A € C\K, there exists € > 0 such that |A — \,| > 6(1 +¢)
for any n € N . Since |[A — A,|/6 > 1 + ¢ for any n € N, it follows that
dist ((A — An)/8, 0(A)) = dist ((A = X,)/6, Bo(0,1)) > ¢ for any n € N.

Therefore, by [DS], VII, 6.11, sup{||R((A — Ax)/8, A)|| : n € N} < 400,
so that ((1/6)R((A—An)/8, A)zn)neN € Loo(N, o X £so) for any (7, )nen €
£oo(N, co X €oo) and the linear operator

Fy : £oo(N,co X £oo) — £oo(N,co X £oo)
(whereF\(zn)neN = ((1/8)R((A — An)/6, A)zn)neN for any (zp)nen €
£oo(N, ¢ X £oo)) is continuous.

It is not difficult to verify that F (AIloo(N,coxlm) - T) = Ij (N,coxto) =
(’\Iloe(N,CoXloo) - T) F) for any A € C\Kl.

Therefore C\K; C p(T) and R()\,T) = F), for any A € C\Kj.
We have thus proved that

O(T) = Kl.

We put Ko = {A € C : sup{|\ — p| : p € K} < 6}; obviously, Kj is
open and contained in K; and, as diam K < 6§, K C Kp. It is not difficult
to verify that K is a convex set.

We prove that
K, C Ps—F(T)-

We recall that ||(uleoxe,, — A)z|| = (1 = |u|)||z]|/2 for any = € co X Lo
and for any p € Bc(0,1) (see Example 1.11). For any A € Ky, there exists
€ € (0,1) such that sup{|A — \,| : n € N} < §(1 —¢€); consequently, for any
(xn)nEN € Zoo(N’ co X eoo)a

Il (Moo (,coxt0) = T) (Zn)nen |l =
= 6[[((((A = An)/ ) eoxtoe — A)Tn)nen|| =
= §sup{||((A = An)/8)coxtee — A)zn|l : n € N} >
2 6sup{((1 — [A = An|/6)/2)||lzn]| : n € N} =
= sup{((§ — |A = An|)/2)l|zn]l : n € N} 2
> (6e/2)sup{||zn]| : n € N} =
= (8¢/2)[|(zn)nen|-

Therefore ker (Al (N,coxte) — T) = {0} and Im(Aly (N coxto) — T) is
closed for any A € Ky and, consequently, Ko C po—r(T).
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For any X\ € Kj, since (¢o X £oo)/Im (A — An)/6)Icoxe., — A) is infinite-
dimensional (see Example 1.11) and obviously it is isomorphic to a subspace
£oo(N, co X Loo)/Im (Mo, (N coxtea) = T)

for any n € N, it follows that
é'oo(N, cg X loo)/Im (/\Itw(N,coxtW) - T)

is infinite-dimensional, so that ind (Al (N,coxt.) — T) = —00.
Hence
Ko C p,Z5(T).
We prove that
K C 01e(A) N ore(A).

For any A € C, we prove that, if Im (Al;_(N,coxe.,) — T) is the range of
a continuous projection on £oo(N, co X £oo), Im (((A — An)/6)Icoxe,, — A) is
the range of a continuous projection on ¢y X £, for any n € N.

Suppose that Im (’\Itw(N,coxlw) - T) is the range of a continuous pro-
jection P on £oo(N, co X £oo).

For any n € N, we define the operators
Pyt £oo(N,co X £og) — € X £oo

and
Jn i o X Lo — Lo(N,co X £)

in the following way: Pn(Zr)reN = zn for any (zx)reN € Loo(N,co X £uo)
and Jp,z = (6gn2)ken for any = € ¢y X Loo.

Obviously, PpJn = Icoxe.,,
Pr(Im (M., (N,coxter) = T)) CIm((A = Xa)/8)Lcoxe., — A)
and
Tn(Im (A = An)/8) ey xto, — A)) C Im (Mg (N,coxte) = T) -

If we consider the linear and continuous operator P,PJ, on ¢y X oo, it
follows that

ImP,PJ, C Po( ImP) C Im ((A — An)/8) ey xe. — A).
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Moreover, for any z € Im (((A — An)/8)Icoxe., — 4),
Ine € Im (ALp (N coxter) = T 5

so that
P,PJ,z = P,J,z = z.

Therefore P, PJ, is a continuous projection and

InPaPJ, = Im (A = An)/8) oo, — A).

We have thus proved that, if Im (AIlm(NyCOXteo) - T) is the range of a
continuous projection on £oo(N,co X £eo), Im(((A — An)/8)Ioxe,, — A) is
the range of a continuous projection on ¢y x £o, for any n € N.

Since Im 4 is not the range of any continuous projection on cg X £o (see
Example 1.11), it follows that Im (/\nftm(N,coxtw) — T)) is not the range of
any continuous projection on £o(N, ¢y X £o) for any n € N, so that, since
{An}nen C Ko C p;55(T), {An}nen C 01o(T) Nore(T) by [CPY], (4.3.4).

Therefore
01e(T) Nore(T) D {An}nen = K.

We prove that
Ko n O'Ie(T) n O're(T) =K.

Let A € Ko\K. For any n € N, we put p,, = (A=Xn)/6. Since X € Ko\K,
it follows that |un| > (1/6) dist (A, K) > 0 for any n € N and there exists
€ € (0,1) such that |u,| <1 —¢ for any n € N.

Obviously,

Im (Mo, (N coxt0) = T) C
C {(zn)neN € Loo(N,co X £oo) : Tn € Im (pnleyxe,, — A) for any n € N};

we prove that the equality holds.

Let (zn)neN € £oo(N, o X £oo) be such that z, € Im (pnleoxe,, — A) for
any n € N.

For any n € N, there exists y, € co X £o such that

Tn = (/‘nICoXloo — A) Yn,
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so that (see Example 1.11)

leall 2 (1 = leal)/2llynll 2 (¢/2)llynll

and, consequently, ||lyx|| < (2/¢)||(zk)ren||.
Therefore (yn)neN € Loo(IN,co X £oo).

In addition,

()‘Iloo(N,coxtw) - T) (yn/é)nGN = ((ﬂnIco Xloo — A)yn)neN = (xn)nGN,

so that
(xn)neN € Im (’\Ilm(N,co xloo) — T) .

Therefore

Im (Mo, (N,coxt0) = T) = |
= {(Zn)neN € Loo(N, o X L) : ZTn € Im (pnlcoxe,, — A) for any n € N}.

For any n € N, we define the continuous projection P, on cg X £, like
in Example 1.11. We recall that

1Punll £ 1+ 1/pnl(1 = lunl) < 1+ 6/e dist (X, K)

for any n € N (see Example 1.11).

Consequently, (P.,Tn)neN € £oo(N,co X £s) for any (zn)nen €
Loo(N, ¢ X £o) and the linear operator

P : lo(N,co X £oo) — Loo(N,co X £oo)

(where P(zn)neN = (Pu,Tn)neN for any (zn)neN € foo(N,co X £oo) )
is a continuous projection. Moreover, since obviously Pr = z for any
z € Im (M, (N,coxte) — T) and Py, 2, € Im (pnleoxe,, — A) foranyn € N
and for any (zx)reN € £oo(N,co X £o) (see Example 1.11), it follows that
Im P=Im (AItoo(NyCOX‘oo) - T)

We have thus proved that Im (/\Itw(N,coxtm) —T) is the range of a
continuous projection on £o(N, ¢o X £o) for any A € Ko\ K. Consequently,
by [CPY], (4.3.4), Ko\K C C\oo(T).

Therefore
Ko N Gle(T) n Gre(T) =K.
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We prove that
Ki\K, C 0,—r(T).

Let A € K1\Ko. If there exists n € N such that |\ — \,| = 6, since
(A = Xn)/é € 0Bc(0,1) = o,_F(A) (see Example 1.11) it follows that
the operator T, defined before is not a semi-Fredholm element of LX)
Consequently, A € 0,—r(T) by Lemma 1.7.

If, instead, |A — As| # 6 for any n € N, since inf{|]A — u| : p €
K} <6 <sup{|A—p| : p € K} and K is compact and connected, it
follows that there exists ux € K\{An}nen such that |\ — x| = 6. Since
(A = pa)/6 € 3Bc(0,1) = do(A) (see Example 1.11), by [TL], V, 4.1 there
exists a sequence (wn)nen of elements of ¢y X £oo such that ||w,|| = 1 for
any n € N and (((A — pa)/6)Icoxe,, — A)wn converges to 0 as n — +oo.
Since py € K, there exists a subsequence (An;)jen of (An)nen such that

Ap;, — .
™ p—too Hx

Hence

(ML (Ncoxtes) = T) (Skn;wj)ken =
= (6""; ((ua = ’\n,' Me, xloo T 5((()‘ - ll,\)/5)Ico Xloo — A))wf)keN

converges to zero as j — +o00.

Besides, ||(6kn;wj)llten = |lwj|| = 1 for any j € N and, as A — A,| # 6
for any n € N, (A = An)/8)Icoxe,, — A is one-to-one for any n € N
(see Example 1.11). Consequently, Al (N,coxt.,) — T is one-to-one, so that
Im(AI; (N,coxt..) — T) is not closed (see [TL], IV, 5.9).

Therefore
AE o, F(T)
We have thus proved that

K; \I(o C U,_F(T).

Hence o(T) = Ki, p,°¢(T) = Ko, 05-F(T) = K1\Ko, 01o(T)Nore(T) =
K U (K1\Ko).

Suppose now that K does not consists of a single point.
Let yo € K and let X be an infinite-dimensional Banach space. We

consider the linear and continuous operator T @ polx on £oo(N, o X oo ) DX .
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From [TL], V, 5.4 it follows that o(T @ polx) = o(T) Uo(pelx) = K;.
Moreover, by Lemma 1.7, p;°% (T & polIx) = Ko\{o} and
0s—F (T ® polx) = {po} U (K1\Ko).

We prove that, for any A € Ko\{go}, Im (/\Igw(N,%x,&)@x —T & polx)
is the range of a continuous projection on £oo(N,co X £o) ® X if and
only if Im (’\Itw(N,coxtm) - T) is the range of a continuous projection on
EOO(N, co X Eoo)

Let A € Ko\{po}. From [TL], V, 5.2 it follows that
Im (Mo, (N coxto)ox = T ® proIx) = Im (M (N coxte) — T) @ X.
Therefore, obviously, if

Im (AI‘OO(N»CO Xloo) — T)

is the range of a continuous projection @ on £o(N,co X £),

Im (M. (N coxtor)ox — T ® polx)
is the range of the continuous projection Q @ Ix on £oo(N,co X £oo) @ X.
Conversely, it is not difficult to verify that, if
Im (Alp (N,coxto)ox — T @ polx)
is the range of a continuous projection P on £s(N, ¢ X £og) @ X and
J 1 Loo(N,co X o) — Loo(N,co X £oo) B X

and

Q : Loo(N,co X loo) X — £oo(N,co X £oo)

are the natural maps,

Im (’\Iloo(N,Coxloo) — T)
is the range of the continuous projection QPJ on £o(N, cp X £oo).
Therefore, since Ko\{zo} = p,°%(T & polIx) C p,°%(T), from [CPY],
(4.3.4) it follows that
(Ko\{#o}) N01e(T & polx) Nore(T ® polx) =

= (Ko\{#o}) N 01e(T & poIx) =

= (Ko\{ro}) No1e(T) =

= (Ko\{#o}) N 01o(T) N ore(T) =

= Ko\{no}-
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Hence o(T @ polIx) = K1, p;°3(T ® polx) = Ko\{to}, 04— (T ® poIx) =
{[to} U (KI\K()) and Gle(T (&) [LoIX) N Gre(T ($5) /J:oIX) =KU (K]\Ko)

Since 05— F(T @ polx)N Ko = {po} and K, is an open set, it follows that
{0} is a component of o, (T & poIx). Hence yo € L3(T & polx).

Since po € K C 01(T @ poIx)Nore(T D polx), K is connected and does
not consist of a single point, it follows that

Cuo((01e(T & poIx) Nore(T & polx)) U op(T & polx)) 2 {po},

so that po & I'y(T & polx).
Therefore I'3(T @ polx) is not contained in I'y(T & polx). O

Since I'3(A) is not always contained in I';(A4) and T'3(4) C Ty4(A), it
follows that I';(A) is not always contained in I';(A4).

We remark that Example 1.8, Example 1.9 and Example 1.10 have been
given in Hilbert spaces, whereas necessarily the spaces of Example 1.11 and
Example 1.12 are not Hilbert, as I';(A), I's(4) and I'y(A) coincide in a
Hilbert space.

THEOREM 1.13.— Let X be a complez nonzero Banach space and let
A € Le(X). Then $(A)Up;p(A) = To(A)Up;_p(4) = T1(A)UpE 4(4) C
T2(4)Up;p(A) = T3(4)Ups_ p(A) = Ta(A)UpE 4(4) = Ts(A)Upi_p(4);
moreover, if 0(A) = [3(A) U pE_ L(A), all the sets above coincide.

Proof .— From Theorem 1.6 it follows that I';(4) U pT_(4) C %(4) U
UpiZp(4) C Ts(4) U p;_p(4) C T5(4) U pE p(A) C Tu(4) U pE 4(A) for
any j = 2,3 and T3 (4) U pE_1(4) C To(4) UpZ n(4) C Ts(4) U pE_L(4).

We prove that

T4(A)\pE p(4) C T5(4).

Since 04-r(4) C om(4) C 0u(A) = Gu-r(4) U p73(4) U pt3(4),
it follows that om(A\P;_p(4) = or(A\pTp(4) = oe(A)\oZ (4).
Therefore, by Lemma 1.5, Cx(0e(A)) = {A} for any X € O'm(A)\psz_F(A)
such that Ca(om(A4)) = {A}. It follows immediately that

T4(A)\p7_p(A) C T's(A).

Therefore T'y(A4) U p¥_n(A) C T's(4) U pE_;(A) and, consequently, T'3(A) U
Upi=p(4) = Ta(4) U i p(4) = Ta(4) U " p(4) = Ts(A) U 5 p(A).
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Obviously, ¢(A)\p,I_F(A) c I'(A).

Since p?_p(A) C p=_ p(A) for any n € Z\{0} and p°_.(4) C o(A)\
\p ,;E_ r(A), it follows that

((a(A)\p?_F(A)) U (U (Fe@ \p:LF(A)))) \PE£(4) =

n€Z
= o(A)\pE_£(4)

and, consequently, Fo(A)\p?_ r(A) C T1(4).

Therefore

(4) U ¥ p(A) = To(4) U pE p(4) = T1(4) U pE £ (4).

We prove that, if

o(A) =T3(A)UpE £(4), T3(4)\pE p(4) CT1(4).

We remark that (3(A)npg_F(A)) N (b p(A) UT3(4)) = 0. Conse-
quently, if T'3(A) U p_(A4) is dense in o(A), 3(4) N p°_p(A) = @ and
therefore, since o(A4) N pI_gp(4) = (3(A) ﬂpg_F(A)) U ap(4), o(4) =
0s—r(A) U 03(A) U pE p(A). It follows immediately that a(A)\m =
(6s-r(A) Uad(A4)) \m, and therefore Fs(A)\m C T (A).

We have thus proved that, if o(4) = I's(4) U pT_p(A) (which is equi-
valent to o(4) = T3(A)Up; p(4), o(4) = Tu(A)UpE o(4), o(4) = =

F5(A) u p:t—F(A)’ ‘[)(A) u pa—F(A) = FJ(A) u ps-—F(A) for a'ny] = 0’ “ee 75'
a

We remark that, if I's(4) U p=_o(4) S o(4), $(4) U pT_p(A) may be
strictly contained in I's(A). The following is an example.

EXAMPLE 1.14 .— Let us consider the complex Hilbert space £2(Z) and
the linear and continuous operator

U : Zznen €l(Z) — Z Tnen—1 € €2(Z)
n€Z nez\{o0}
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(where {en}nen denotes the canonical basis of 02(Z)). We recall that
o(U) = Bc(0,1), 05-r(U) = 8Bc(0,1) and Bg(0,1) C p°_ p(U) (see [Ka],
IV, 5.25).

If 0 denotes the null operator on ¢2(Z), we consider the linear and
continuous operator U @ 0 on £3(Z) & £3(Z). From [TL], V, 5.4 and
Lemma 1.7 it follows that o(U @ 0) = Bc(0,1), o,—r(U ® 0) = {0} U
8Bc(0,1) and Bc(0,1\{0} C pO_p(U @ 0). Therefore p (U @ 0) =
= 0 and 0.(U & 0) = {0} U 8Bc(0,1). Consequently, I's(U @ 0) = {0}
and (U ©0) = 0, so that (U & 0) U p¥ (U §0) =0 C {0} = I's(U @ 0).
]

The following result is an immediate consequence of Theorem 1.13,
Theorem (1), Theorem (2) and of the remarks after Theorem (1) and
Theorem (2).

COROLLARY 1.15.— Let X be a complez nonzero Banach space and let
A € Lo(X). Then the following conditions are equivalent:

D) o(4) = pE p(A) Up(4);

i) o(4) = p;p(A) UTo(4);
i) o(4) = p;_p(4) UT1(A);
iv)  o(4) = p;_p(4) UTy(4);

v)  o(4) = pi_p(4) UTs(4);
vi)  o(4) = pT_p(4) UT4(4);
vii)  o(4) = pE L(A) UTs(A).

The equivalent conditions i), ii), iii), iv), v), vi) and vii) imply the
following condition :

viii) A € Z(X).
Besides, if X is a Hilbert separable space, all the conditions i), ii), iii),

iv), v), vi), vii) and viii) are equivalent. O
2.

If X is a complex nonzero Banach space and A € L.(X), we put
65(A) = sup{inf{[A| : A € w} : w is a component of o.(4) U op(A)},
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65(A) = sup{inf{|A| : A € w} : w is a component of (0,(A) N ore(4)) U
Uop(A)} and B(A) = sup{|A| : X € pE p(A)} (f pE p(4) = 0, we put
A(4) =0). ' ‘

We recall two recent characterizations of R(X) for a separable Hilbert
space, that will be useful afterwards.

THEOREM (3) ([CM], 2.6 and 2.5).— Let X be a complez nonzero
separable Hilbert space and let A € L(X); then A € R(X) iff r(A) =
= B(A)V 8(A). O

THEOREM (4) ([CM], 2.6 and [AFHV], Th. 14.1).— Let X be a complex
nonzero separable Hilbert space and let A € L.(X); then A € R(X) iff
r(A) = B(A) Vv és(A). O

We remark that the proof of the sufficiency of the condition r(4) =
= B(A) V 85(A) for membership in R(X), given in [AFHV], Th. 14.1, can
be repeated without alterations in the general case of a complex nonzero
Banach space. Therefore the condition r(A4) = B(A) V 85(A) is at least

sufficient for membership in R(X) for any complex nonzero Banach space
X.

DEFINITION 2.1.— Let X be a complez nonzero Banach space and let
A€ L(X). We define:

6¢(A) = sup{|A| : X € p(4)},
80(A) = sup{inf{|A| : X € w}: w is a component of (a(A)\paI_F(A)) U

(Unea (Fe@ i) )3

(f (AR D) U (Unes (P02 r(4)) ) =8, we pu
60(A) = 0)7

01(A) ='sup{inf{|A| : A € w}: w is a component of a(A)\pf_F(A)}

(tf U(A)\pa—F(A) = ﬁ} we put 6 (A) = 0))

63(A) = sup{inf{|A| : A € w}: w is a component of o,_r(A) U op(A)}
and

64(A) = sup{inf{|A| : A € w}: w is @ component of o,,(A) U o9(A)} .0

We remark that 6,(A) = sup{inf{|\| : A\ € w}: w is a component of
o(A)}, 6.(A) < r(A), §;(A) < r(A) for any j = 0,...,5 and, if X is
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a Hilbert space, 63(A) = 83(A) = 64(A) (because o5_p(4A) = op(4) =
01e(A) Nore(A) in a Hilbert space).

THEOREM 2.2.— Let X be a complez nonzero Banach space and let
A € L(X). Then 6,(A) < 65(A) < §;(A) < 64(A) for any j = 2,3 and
81(A) < 8p(A); moreover, 84(A) = 83(A) V 63(A).

Proof.—1In [CM], 2.4 the inequality 6.(A) < 65(A) is proved in the
case of a separable Hilbert space. Since 90(4) C 0,-r(A4) U 0p(4) C
(01e(A) Nore(A)) U 09(A) in any Banach space, the proof of [CM], 2.4
can be extended to the general case of a complex nonzero Banach space,
without alterations. Therefore 6.(A4) < 85(A).

We prove that §5(A) < §;(A) for any j = 2,3.

Let C be a component of ge(A4) U o3(A). If C Nop(A) # 8, it follows
that C consists of a single point of ¢)(A), so that C is also a component
of 0,-r(A) U 05(A) and (01,(A) Nore(4)) U 05(A) and, consequently,
8;(A) > inf{{u| : p € C} for any j = 2,3. If, instead, C' C o.(A), C is
a component of o.(A4) and therefore, by [C], III, 21 B.8, 8C C do.(4) C
0s-r(A) C 015(A) N gre(A). Hence there exists A € C N o,_p(4) C
C N o1e(A) Nore(A). Since 0,-r(A) C 016(A) N ore(A) C g.(A), it follows
that Cx(0s—r(A) U 0p(A4)) C Cx((01¢(4) N ore(A)) U gp(A4)) C C and,
consequently, as §3(A) > inf{|y| : p € Cx(ds—F(A) Uop(A))} and 6,(4) >
inf{|p| : 1 € Ca((01e(A) Nore(4)) Uop(A)}, 65(A) 2 inf{|p| : p € C} for
any j = 2,3.

Hence 6;(A) > sup{inf{|y| : p € w}: w is a component of g.(A4) U
0p(A)} = 85(A) for any j = 2,3.

Since any component of o,_p(A) is a componet of ¢,,(A) (see Theo-
rem 1.3) and the points of )(A) are isolated in o(4), it follows obviously

We prove that
62(A4) < 84(A).

Let C be a component of (0)o(A) N ore(A4)) U 03(A). Since, by Defini-
tion 1.2, any component of (0},(A) Nore(A)) has nonempty intersection
with on(A), it follows that C N (0m(A) U 05(4)) # 0. Consequently, C
contains a component D of o,(A) U op(A), so that 6,(A) > inf{|A| : A €
D} > inf{|\| : A€ C}.

Hence 84(A) 2> sup{inf{|\] : A € w} : w is a component of
(01e(A) Nore(A)) Uod(A)} = 82(A).
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We prove that
) 54(A) = 62(A) \ 53(A)
We have proved that §2(A)V 83(A) < 84(A). Since any component of ,,(A4)
which is not a component of o,—p(A) is a component of o},(A) N ore(A)
(see Theorem 1.3), and the points of 03(A) are isolated in o(A), it follows
that 6,(A) = sup{inf{|u| : p € w} : w is a component of om(A)U0I(4)} <
62(A) \% 53(A)
Therefore
64(4) = 62(4) V 83(A).

We prove that
61(A4) < 6(A).

We put

(4) = ((NE-@) U (U (7@ \p';_F(A>)>

n€zZ

[
and we recall that, as p?_p(4) M pE_ p(4) =0,

o(4) = (a(A)\p,I_F(m)U( U (_p:_Z<A'>\p:.F<A))).

n€ezZ\{0}

Hence, s(A)\p,;_F(A) = a(A)\p,I_F(A) and

s(A)n( U p':_E(A)') - U (p::.;m") \p;'_pu)).

n€Z\{0} n€Z\{0}

Therefore a(A)\p%_ r(A) is both open and closed in s(4) and, consequently,
any component of a(A)\p,I_ r(A) is a component of s(4). Since o(4) =
pE_p(A) implies 6;(A) = 0 < 80(A) (see Definition 2.1), it follows that
61(A4) < é(A). O

We shall prove that none of the inequalities enunciated in Theorem 2.2
can be inverted.

First of all we prove that, generally speaking, there is not any relationship
between the chains §,(4) < &(A4) < §;(A) < 64(A4) (G = 2,3) and
61(A) < 8o (A).
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The following example shows that §o(A) may be strictely smaller than
8.(4A).

ExampLE 2.3 .—We denote by S the unilateral left shift operator

on £; and by 0 the null operator on ;. Let us consider the operator
A=0@ (2L, + S) € L(l2 @ L2).

From [TL], V, 5.4 it follows that o(A4) = ¢(0)U(2I, +S) = {0}UBG(2,1)
(see [Ha), Sol. 67 and [TL], V, 3.4). Hence the components of o(A) are {0}
and Bg(2,1), so that 6,(A) =inf{|)A| : A € Bo(2,1)} =1.

Since ps-r(S) N o(S) = pi_p(S) = Bo(0,1) (see [Ka], IV, 5.24), it
follows that ps—r(2Ie, + S) N 021y, + S) = pl_p(2Ie, + S) = Bo(2,1).
Consequently, since 0 is not a semi-Fredholm operator, p,—r(4) N o(A) =
pi_r(A) = Bo(2,1) by Lemma 1.7 and therefore

(c(NeEr @) U (U (Fr@ \p:_F(A))) - (o).

n€Z

Hence 60(A) =0 < 1 = 6.(A).

The following example shows that §,(A) may be strictly smaller than
51(A).

ExampLe 2.4 .—Let T € L({2) be such that o(T) = [2,3]. Since
Pi_p(T) C 5(T) = B and p2_p(T)No(T) = (p3_p(T) N 3(T)) UR(T) = 0,
it follows that o(T) = o,—r(T).

We denote by S the unilateral left shift operator on £;. Let us consider
the operator A = (I, + S)@® T € Lc(¢2 @ £3). From [TL], V, 5.4 it follows
that o(A) = o(Is, + S)Ua(T) = Bo(1,1)U[2, 3] (see [Ha), Sol. 67 and [TL),
V, 3.4).

Moreover, since p,—r(S) N o(S) = pl_p(S) = Bc(0,1) (see [Ka], IV,
5.24), and therefore p,—p(Is, + S)No(Iy, + S) = p!_p(Is, + S) = Be(1,1),
from Lemma 1.7 it follows that p,_p(A4) No(A) = pl_p(4) = Be(1,1).
Hence o(A)\p o(4) = o(A\pl_p(A) = (2,3], so that 6;(A) = inf{|}] :
Ae(2,3]}=2.

Since ¢; is a Hilbert space, 64(A) = 62(4) = 8(A) = sup{inf{|}] :
A € w} : wis a component of g,_p(A) U o9(A)}. Since p,—r(4) N
o0(A) = Bo(1,1) and there are no isolated points in o(A), it follows
that o,_p(4) U 05(A) = 8Bc(1,1) U [2,3], which is connected. Hence
§4(A) = inf{|)| : A € 8Bo(1,1)U[2,3]} = 0 < 2 = 6:(4). O
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The following example proves that 6;(A) does not always coincide with
So(A).

EXAMPLE 2.5.-— Let A € L.(£,®¥2) denote the operator of Example 2.3.
We recall that o(4) = {0} U Bo(2,1) and p,—r(A) N o(A) = pi_p(4) =
Bg(2,1). Let us consider the operator

Ad 2I¢2 € Lc(ez Y 2% 82)

From [TL], V, 5.4 and Lemma 1.7 it follows that o(A @ 2I,,) = g(4A) U
o(2I;,) = {0}UBc(2,1) and ps— p(AD2I, )N (AD2Is,) = pl_p(AD2I,,) =
Bo(2,1)\{2}.

Hence
o(A & 21, )\pE p(A ® 21,) = {0}
and .
Pi-r(A®2I1,)\p,_r(A®2I1,) = {2},
so that

(c4@2L\oE (A 02L,))

U (U (p:—F(A © 2Il:) \p:—-—F(A & 2Ilz))) = {0, 2}
n€zZ
Consequently, 6,(A @ 2I;,) =0< 2= 60(A D 2I,,). 0

We remark that the direct sum with the null operator in Example 2.3
and Example 2.5 prevents the sets

((aNeE () U (U C :_;(A"')"\p:'_F(A>))

nezZ

and, respectively, oc(A®2I,, )\pf_ (A & 2I,,) from being empty. Hence, the
inequality 6o(A) < 6.(A) in Example 2.3 and the inequality §;(A & 2I,) <
80(A®2I,,) in Example 2.5 are intrinsic and do not depend on the arbitrary
definitions which make 6; and 8¢ equal to zero in the case of the related sets
being empty (see Definition 2.1).

The following example proves that é6,(A) does not always coincide with

85(A).

EXAMPLE 2.6 .— Let us consider the unilateral left shift operator S
on f3. We recall that o(S) = Bg(0,1), ps-r(S) = C\0Bc(0,1) and
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pl_g(S) = Bc(0,1) (see [Kal, IV, 5.24), so that ¢.(S) = dBc(0,1) and
03(8) = 0. Hence 6.(5) =0 <1 =65(5). O :

85(A) may be strictly smaller than 6,(A) and 63(A). The following is an
example.

EXAMPLE 2.7 .— Let us consider the operator A € L.({;) of Example
1.10. We recall that 0(A) = ¢.(A) = Bc(0,1) and 0,_r(A4) = 0Bc(0,1).

Therefore §5(A) = inf{|A| : A € Bg(0,1)} = 0. Since ¢; is a Hilbert
space, it follows that §2(A) = 63(A4) = inf{|A| : A € 0Bc(0,1)} =1>0=
85(A). O

An example of an operator A such that 6.(A4) < 65(A) < §2(A) is given
in [CM], page 183.

Now we prove that, generally speaking, there is not any relationship of
inequality between 62(A) and 83(A).

The following example proves that 63(A) may be strictly smaller than
82(A).

EXaMPLE 2.8 .—Let A € L.(cp X £x) denote the operator of Exam-
ple 1.11. We recall that 0(A} = Bg(0,1), 0,—r(A) = 0Bc(0,1) and
01e(A) Nore(A) = {0} UABc(0,1).

Let us consider the linear and continuous operator I;oxe, + A. It
is not difficult to verify that o(Ieoxe,, + A) = 1 + 0(A4) = Be(1,1),
0s—F(leoxts, + A) = 14 0,-r(A) = 8Bc¢(1,1) and Ule(ICoXloo + 4)nN
- ore(leoxte, + A) = 1+ (01fA) Nore(A)) = {1} U 8Bc(1,1). Hence
83(Leoxe,, + A) =inf{|A] : A € 0Bc(1,1)} =0 < 1 = 82(Leoxes, + A)-

LEMMA 2.9.— Let X be a normed real space such that dim X > 1 and let
K be a convez subset of X, bounded if 1°{ # 0. Then OK 1is path-connected.

Proof . —If f{ # 0, 0K = K and consequently dK is convex. Hence, in
particular, K is path-connected.

If, instead, there exists ug € K, K is bounded. We put M = sup{||z| :
¢ € K}. For any v € 8Bx(0,1) and for any A € (M + |luol], +00),
lluo + Av|| = |A] — jjuoll > M, so that up + Av ¢ K.

We define the function ¢ : dBx(0,1) — (0, M + |luo||] (where e(v) =
sup{\ € (0,400) : ug + Av € K} for any v € 0Bx(0,1)). Obviously,
uo + €(v)v € 0K for any v € Bx(0,1).
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Since uo € I% , it is not difficult to verify that, for any v € K,
ug + s(u —ug) € K for any s € [0,1). Therefore {to + Av : A €
- [0,4+00)} N 8K = {uo + e(v)v} for any v € Bx(0,1) and, obviously,
e((u — ug)/||u — uol|) = ||u — uo|| for any u € OK.

We prove that ¢ is a continuous function.

Suppose that u € dBx(0,1) and (un)neN is a sequence of elements of
0Bx(0,1) such that u, W U Since €(un) € [0, M + ||uo||] for any n € N,

there exists a subsequence (un; )jeN of (un)nen and 1 € [0, M + ||uol|] such

that e(un; ) converges to  as j — +o0. Hence ug +¢&(un; Jun; W U0 +nu,

so that, since ug + €(un; )un; € 0K for any j € N, also up + nu € 0K.
Consequently, 0 < n = e(u).

We have thus proved that, for any sequence (un)nen in 0Bx(0,1) which
converges to u € dBx(0,1), there exists a subsequence (uyn;)jeN such that
€(un;) converges to £(u) as j — +oo. Therefore € is continuous.

Since dimX > 1, X\{0} is path-connected. Hence, for any (u,v) €
0K x 0K, there exists a continuous function v : [0,1] — X\{0} such that
v(0) = u — uo and 4(1) = v — uo. Since ¢ is continuous, also the function
p : [0,1] — 0K (where p(t) = uo + (1(0)/I1()) € /I for any
tv(€)[0,1]) is continuous. Moreover, p(0) = uo + €((v — uo)/||u — uo||)(u —
uo)/|lw — uol| = uo + v —uo = u and p(1) = uo + &((v — uo)/|v — uol[)(v —
uo)/||v — uo|| = uo +v —ug =v.

Hence 0K is path-connected. O

LEMMA 2.10.— Let X be a normed real space such that dimX > 1, let

K, be a connected subset of X and let Ky be an open, bounded and convez
subset of X, such that Ko C K. Then K31\ Ky is connected.

Proof . —If Ky = 0, the thesis is immediate.

If Ko # @, since Ky is bounded and X is connected it follows that
0Ky # 0. Moreover, 9K, is path-connnected by Lemma 2.9 and, as K
is open and Ko C K1, 0Ky C K1\ Ko.

Let Fy and F, be two closed sets in the relative topology of K;\Kj such
that FiNF; = @ and F1UF,; = K, \Kj. Since 8K is connected and contained
in K;\ Ko, there exists j € {1,2} such that K, C Fj. It is not restrictive to
suppose that 0Ky C Fy. We define G; = FyUK and G, = F;. Since K, \ Ko
is closed in the relative topology of K, also Fy and F, are closed in the
relative topology of K;. Consequently, G; and G; are closed in the relative
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topology of K. Moreover, G; N G2 = 0 (because F; N F; = 0, F, C K;\K,
and 0Ky C Fl) and GiUG, = LU R Ufo = (Kl\Ko) U—I?O = K. Since
G1 # @ and K, is connected, it follows that F; =Gy =0. Hence K1\ Ky is -
connected. 00

The following example shows that §2(A4) may be strictly smaller than
83(A).

ExAaMPLE 2.11 .—Let K be a nonempty connected compact subset of
the complex plane such that dist(0,K) + max{|A\| : A € K} > diamK
(which implies that 0 ¢ K) and let § € R4 be such that diamK < § <
dist(0, K) + max{|\| : A € K}.

We define Ko = {A € C : sup{[A—p| : p € K} < §} and
K, = {X € C : dist(\,K) < §}, like in Example 1.12. We recall that
K Cc Ky C K, K is convex and K is connected.

Hence, since K is open, Ko C K, K; is closed and the complex plane
is a 2-dimensional real normed space, K;\K) is connected by Lemma, 2.10.

Since K C Ko, K is open and closed in the relative topology of
(K1\Ko)UK. Therefore the components of K U(K;\Ky) are K and K;\ K.

We prove that
inf{|A| : A€ Ki\Ko} <inf{|)\| : A € K}.

If dist(0,K) > 6, let A € K be such that |A\] = dist(0,K). Then
A = (XA = X8/|A])| = 6, so that A — Aé/|\| € K;1\Ko. Moreover, inf{|u| :
p € Ki\Ko} < |A=A6/[A|| = |A| =6 < |A| = dist(0, K) = inf{|u| : u € K}.

If dist(0, K) < 6 < max{|\] : A € K}, 0 € K;\Kp, so that inf{|u| : p €
Ki\Ko} =0<inf{|]) : A € K}.

If max{|u| : p € K} < é, let A € K be such that |A\| = max{|u| : p €
K}. Then 0 < 6 — |A| < dist(0,K) and |X + A& — |A])/|A]| = 6, so that
A= X6/IA| € K1\Ko. Moreover, inf{|u| : u € K;\Ko} < |A = A§/|A|| =
§ — |\ < dist(0, K) = inf{|u| : p € K}

Suppose now that K is not contained in dBg(0,dist(0, K)), let uo € K
be such that |xo| > dist(0, K) and let X be an infinite-dimensional Banach
space.

We define the operator
T : Lo(N,co X £oo) — £oo(N,co X £og)
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like in Example 1.12. We recall that o(T ® polx) = K1, p, p(T ® polx) =
Ko\{no}, 04-F(T @ polIx) = {no} U (K1\Ko) and

01e(T @ polx) Nore(T ® polx) = K U (K1\Ko)

(see Example 1.12). Hence o9(T @ polx) = 0 and 6;(T @ polIx) = inf{|A] :
A € K} = dist(0, K).

Since po € K, the components of o, (T ® polx) are {so} and K;\ K.
Hence 63(T @ polx) = |po| > dist(0, K) = 6(T @ polx). O

We remark that Example 2.3, Example 2.4, Example 2.5, Example 2.6
and Example 2.7 have been given in Hilbert spaces, whereas necessarily the

spaces of Example 2.8 and Example 2.11 are not Hilbert, as §;(A), 83(A)
and 84(A) coincide in a Hilbert space.

Obviously, Example 2.8 and Example 2.11 prove also that none of the
two inequalities §2(A4) < 64(A) and 63(A) < 84(A) can be inverted in a
generic Banach space, since 84(A) = §2(A) V §3(A) (see Theorem 2.2).

THEOREM 2.12.— Let X be a complez nonzero Banach space and let
A € LX). Then 8.(A) V B(A) = &(A) V B(A) = &(A) Vv B(4) <
82(A) V B(A) = 83(A) V B(A) = 84(A) V B(A) = 65(A) V B(A).

Proof .— From Theorem 2.2 it follows that §.(A)VB(A) < 85(A)VA(A) <
5;(A)VB(4) < 8i(A)VB(A) for any j = 2,3 and &,(A)VA(4) < Sa(A)VA(A).

We prove that, if 65(A) > B(A) Vsup{|A| : A € 05(A)}, 64(A) < 65(A).

Let C be a component of o,(A) such that inf{|]A\| : A € C} >
B(A) Vsup{|A| : X € gp(A4)}. Hence C'N psI_F(A) = 0. Since o},(4) N
ore(A) C g4—p(A) U pF25(A) U p;°%(A), it follows that C C o,—r(A) and
therefore C is a component of o,_r(A) and of a,_F(A)\p_,I_ r(A). Since
ae(A)\pzs_F(A) = a,_F(A)\p,I__F(A), C is a component of o.(A) (and hence
also of 0.(A4) U op(A)) by Lemma 1.5, so that é5(4) > inf{[A| : A e C}.
Therefore 84(A) < 85(A).

It follows immediately that
65(A) V B(A) = 84(A) V B(A) = 83(A) V B(A) = 62(4) V B(A).

Since any component C of o(A) such that inf{|A| : A € C} > B(A) is also
a component of 0(A)\pE_(A), it follows that 6,(4)V B(4) < 6:(4)V B(4).
We prove that, if §o(A4) > B(A), do(A4) < b.(A).
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Let C be a component of

@uﬂﬁJMDU(U@iAMvLAMO

nezZ

such that inf{|]A\] : A € C} > B(A). Then C C o(4A)\{} € C
dist(/\,psz_F(A)) < inf{|p| : p € C}—pB(A)}, which is closed and contained
in o(A)\pE p(4). Consequently, C is closed and it is a component of

o(A)\pE_p(A), so that, by Lemma 1.5, C is a component of o(A). Hence
6«(A) 2 inf{|)| : X € C}, and therefore 6,(4) > §o(A).

It folllows immediately that §o(A) V B(A) < 6.(4) V B(A).
We have thus proved that

6(A)V B(A) = 60(A) V B(A) = 6:(A) V B(A) < 62(A) V B(A) =
=63(A) V B(A) = 84(A) v B(A) = 85(A) V B(4). O

The following result is an immediate consequence of Theorem 2.12,
Theorem (3), Theorem (4) and of the remarks after Theorem (4).

COROLLARY 2.13.— Let X be a complez nonzero Banach space and let
A € L(X). Then the following conditions are equivalent:
) r(4) =6(4)V B(A);
i)  r(4) =6(4)VB(A);
i)  r(A) =6:1(A4) Vv B(A).
The equivalent conditions i), ii) and iii) imply the following conditions,
which are equivalent:
) r(4) = 8(4) V A(A);
v) r(4) =68(4) Vv B(4);
vi)  r(A4) = 8(4) Vv B(A);
vil)  r(A) =85(A) V B(A).

The equivalent conditions iv), v), vi) and vii) imply the following condi-
tion:

viii) A€ R(X).

Besides, if X 1s a Hilbert separable space, the conditions iv), v), vi), vii)
and viii) are equivalent. O
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We remark that the conditions i), ii) and iii) are not equivalent to the
conditions iv), v), vi), vii) and viii). Here is an example.

EXAMPLE 2.14 .— Let us consider the complex Banach space ¢2(Z) and
the linear and continuous operator

U . ez(Z) — 62(Z)

of Example 1.14. We recall that o(U) = B¢(0,1), 0,-r(U) = 0Bc(0,1)
and p3_p(U) = po_r(U) = C\0Bo (0, 1)

Since pE L(U) = 0, B(U) = 0. Moreover, 6,(U) = 0 and §(U) = 1.
Hence 6,(U)VB(U) =0 < 1=6(U)VB({U) =r(U), so that conditions iv),
v), vi), vii) and viii) are satisfied, whereas conditions i), ii), and iii) are not
satisfied. O

We have thus proved that the inequality of Theorem 2.12 may be strict

and that the conditions i), ii) and iii) are not necessary for membership in
R(X), even if X is a separable Hilbert space.

DEFINITION 3.1.— Let X be a complez nonzero Banach space. We define
Ro(X) = {4 € Le(X) : r(4) = &(A) V B(4)}

and

Zo(X) = {4 € L(X) : o(4) = p3_p(4) Up(4)}.

By Corollary 1.15 and Corollary 2.13, Ro(X) C R(X), Zo(X) C Z(X)
and , if X is a separable Hilbert space, Ro(X) = R(X) and £o(X) = Z(X).
Therefore it is interesting to study algebraic and topological properties of
Ry(X) and Zo(X).

We recall that, if X is a Hilbert space and A € L(X) is normal,
ker(AIx — A) = ker(Ax — A*) for any A € C (so that p=_p(A) = 0) and, for
any A € 0(A)Npl_r(A), X is a pole of first order of the resolvent (see [TL],
V1.3, Prob.9), so that, since o(4) N p3_p(4) = (6(4) N pd_p(A)) U ad(4),
A € 03(A). Therefore 0(A) = 05—r(A)Uop(A). Hence, if N(X) denotes the
set of all linear, continuous and normal operators on X, Ro(X) N N(X) =
(X)) N N(X) and Zo(X) N N(X) = 7(X) N N(X) (see [B],1.5 and 2.4).
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If X is a complex nonzero Banach space, since, for any A € L.(X),
¥(A) C I'3(A) (see Theorem 1.6) and A € #(X) if and only if r(A4) = 6.(4)
(see [B], 1.5), which implies r(A) = 63(A) (see Corollary.2.13), it follows
that 7(X) C Zo(X) C Ro(X) and 7(X) C Ro(X). It is immediate to remark
that both Ro(X) and Xo(X) are closed with respect to the product with
a complex number. The following example shows that, generally speaking,
7(X) and Ro(X) are not invariant under translation (so that they are not
always vector subspaces of L.(X)).

ExaMPLE 3.2.—Let X be a complex infinite-dimensional Hilbert space
and let A € L.(X) be such that 0(A) = 8Bc(0,1). Then §.(A) =1 = r(A),
so that A € m(X) C Ro(X).

Nevertheless, we prove that Ix + A € Ro(X).

Since p_p(4) C 3(4) = 0 and p3_p(4) N o(4) = (p3_£(4) N O(4)) U
op(A) = 0, it follows that o,_p(A4) = dBc(0,1). Consequently,
pE p(Ix + A) = 0 and o,_p(Ix + A) = dBc(1,1) = o(Ix + A), so that
B(Ix + A) = 0 = 65(Ix + A).

Therefore (Ix + A) V 83(Ix + A) = 0 < 2 = r(Ix + A), so that
Ix + A € Ro(X) (and hence it does not belong to 7(X), either). O

Example 3.2 proves also that 7(X) is not always contained in ¥o(X).
Hence, since, for instance, the unilateral left shift operator on £, (see [Ka],
IV, 5.24) belongs obviously to X¢(€2)\n(£2), there is not any relationship
of inclusion, generally speaking, between (X ) and n(X). Since 7(X) C
m(X), 7(X) C Zo(X), o(X) C Ro(X) and 7(X) C Ro(X) it follows that,
generally speaking, 7(X) C Xo(X), 7(X) € n(X), n(X) € Ro(X) and
So(X) G Ro(X).

From [B], 2.13 it follows that, in particular, 7(X) is invariant under
translation. It is easy to verify that ¥¢(X) is invariant under translation,
too. The following example shows that 7(X) and Xo(X) are not always
vector subspaces of L¢(X) (a counterexample for 7(X) has been already
given in [B], 3.1).

ExaMPLE 3.3 .—Let us consider the complex Hilbert space £2(Z). We
denote by {en}nez the canonical basis of £2(Z). We define two linear and
continuous operators on {2(Z),

To : Z Znen € £3(Z) — Z Tanezn+1 € £2(Z)
nezZ nezZ
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and
Ty : Z-xnen € 6(Z) — Z Ton—1€2n € £2(Z).
nez nez

Since T = TZ = 0, it follows that o(To) = o(Ty) = {0} and hence Tp and
T, belong to T(Ez(Z)) C 20(@2(2))

We put T = Ty + Ty. It is not difficult to verify that T(zn)nez =
Y onez Tnen41 for any (za)nez € £2(Z). We prove that T & To(£2(Z)) (so
that it does not belong to 7(¢2(Z)), either).

We recall that o(T) = 8Bc(0,1) (see [Ha], Sol. 68). Consequently,
#(T) = 0 and, as o(T) = 0, p=_o(T) = 0. Therefore

T ¢ 0(£:(2))0

We remark that, genrally speaking, 7(X), 7(X), £o(X) and Ro(X) are
neither open nor closed subsets of L.(X). In [B], remarks after 3.3, we proved
that, if X is an infinite-dimensional complex Hilbert space, 7(X) and 7(X)
are not closed subsets of L.(X). Since Ro(X)NN(X) = n(X)NN(X), such
a proof can be used to show also that neither ¥o(X) nor Ro(X) are closed
subsets of L (X).

[B], 3.4 proves that, if X is infinite-dimensional Hilbert space, 7(X)
and n(X) are not open subsets of L.(X). Since it is not restrictive to
suppose that the operator A, defined in the proof of [B], 3.4, is diagonal, and
Ry(X)N N(X) = n(X) N N(X), it follows that neither Xo(X) nor Ro(X)
are open subsets of L (X).

Let X be a complex nonzero Banach space.

From [B], 3.8 and 3.11 it follows that 7(X) and, respectively, 7(X) are
Gs-sets.

We shall show that also Ro(X) and Xo(X) are Gs-sets.

We recall that the function 8 : LX) — [0,+00) is lower semi-
continuous (the proof follows easily from the stability of semi-Fredholm
index, see [Ka], IV, 5.17). We recall also that the function
85 : Le(X) — [0,+00) is lower semi-continuous (the proof of [CM], 2.2 can
be extended without alterations to the general case of a complex nonzero
Banach space).

THEOREM 3.4.— Let X be a complez nonzero Banach space. Then
Ro(X) i3 a Gs-set.
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Proof .— Since § and 85 are lower semi-continuous, also 8V 65 is a lower
semi-continuous function. Hence AV §3 = §V 85 (see Theorem 2.12) is lower
semi-continuous.

Since the spectral radius function is upper semi-continuous (see [R],
(1.6.16)), it follows that the function r — BV 8 : L(X) — [0,+00) is
upper semi-continuous. Therefore (r — 8V §3)71([0,1/n)) is an open subset
of L.(X) for any positive integer n and, consequently,

+o0
(= BV 8)7([0,1/n)) = (r = BV 65)"*({0}) = Ro(X)

n=1

(see Definition 3.1) is a Gs-set. O

DEFINITION 3.5.— Let X be a complez nonzero Banach space and let
e € Ry. We define Zf,e)(X) = {A € LX) : for any X € a(A), if
Bc(\e) N pE p(A) =0, Bo() ) contains a nonempty spectral set of A}.
O

LEMMA 3.6.— Let X be a complez nonzero Banach space and lete € R,
Then Egs)(X) i3 an open subset of L (X).
Proof.—Let A € £{7(X). If we define
oe = {X € o(4) : dist (), p¥_p(4)) > ¢},

it follows that, for any A € 0., Be(),€) contains a nonempty spectral
set ax of A; since ay is closed, there exists n(\) € (0,e) such that
ay C BC()‘v 7’(’\))

Since obviously

o(4) C U Behvo|U

AepE_p(4)
UYeec U Beho|U ( U Bo(r,e - 17(,\)))
Aept p(4) A€o,

and o(A) is compact, there exist A1,...,Ap € pf_F(A) and pty1,...,tm € O¢
such that

o(A) C (0 Bo(Ak,e)) U (O Be(pk,€ — n(pk))) .
k=1

k=1
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By [R], (1.6.16), [Ka], IV,5.17, [M], 1.3 and [Hy], Th. 2.15, there exists § > 0
such that, for any T € By (x)(4,9),

o(T) C (0 BC(/\k,e)) U (0 Bo(pk, € — n(m))) ;
k=1

k=1

Ak € pf_F(T) for any k =1,...,n and Bc(uj,n(p;j)) contains a nonempty
spectral set of T for any j = 1,...,m.

Let T € By (x)(4,6) and let A € o(T).

If A € Uro; Bc(Ax,€), since Ay € pE p(T) for any k = 1,...,n it
follows that Bg(),€) N pE_ p(A) # 0. If there exists k € {1,...,m} such
that A € Be(pk,e — n(pk)), it follows that Be(uk,n(px)) C Bo(),e)
and therefore, since Be(uk,n(pk)) contains a nonempty spectral set of T,
Bg(), €) contains a nonempty spectral set of T'. Hence T' € Eg”(x )

We have thus proved that 23‘)()( ) is open.O

LEMMA 3.7.— Let X be a complez nonzero Banach space. Then To(X) =
+o00 E(I/n)(X)
n=1 <0 4

Proof .— From [HY], 2.4, Th. 2.15 it follows immediately that £o(X) C
25 55m 0.

Conversely, let A € N ESI/ ")(X )- Let U be an open subset of C such
that UNo(A) # 0 and UNpE L(A4) = 0. It follows that Be(u, 6) contains a
nonempty spectral set of A for any p € UNo(A) and for any § > 0, so that,
in particular, U contains a nonempty spectral set o of A. Let P denote the
spectral projection associated with « (see [TL], page 321) and let 4y denote
the restriction of A to the invariant subspace Im P. Since 0(Ag) = a (see
[TL],V,9.2), a is a spectral set of A and a C U, it follows that Bc(p,§)
contains a nonempty spectral set of Ay for any p € o and for any § > 0.
Hence Ag € 7(ImP) and, consequently, ¥(4g) = 0(A4¢) = a. Since « is
open in 0(A), from Lemma 1.5 it follows that (Ao) C 1(A). Hence, since
a c U, Unyp(4) #0.

Therefore p¥_.(A)U(A) is dense in o(A) and, consequently, A € So(X)O

The following result is an immediate consequence of Lemma 3.6 and
Lemma 3.7.

THEOREM 3.8.— Let X be a complez nonzero Banach space. Then
Yo(X) i3 a Gg-set. O
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We remark that if, for any complex nonzero Banach space X, as the
authors of [AFHV] suspect (see [AFHV], page 313), condition ii) of Corollary
1.15 is also necessary for membership in E(X), so that £(X) = £o(X), and
condition vii) of Corollary 2.13 is also necessary for membership in R(X),
so that Ro(X) = R(X), Theorem 3.4 and Theorem 3.8 are an immediate
consequence of [AFHV], Proposition 14.5. In [B] an example is given to prove
that 7(X) is not always closed with respect to powers (see [B], 1.10). Since
it is not restrictive to suppose the operator A of [B], 1.10 to be normal, it
follows that, generally speaking, Ro(X) is not closed with respect to powers,
either (so that, in particular, Ro(X) is not always closed with respect to the
product of the algebra L.(X)).

We recall that 7(X) is invariant under holomorphic functions (see [B],
2.13) and, consequently, it is also closed with respect to powers, whereas
it is not always closed with respect to the product of the algebra L.(X)
(see [B], 2.14). The behaviour of £o(X) with respect to powers and, more
generally, holomorphic functions, will be the subject of a future paper.

Réference

[AFHV] ApostoL (C.) FiaLkow (L.A.) HERRERO (D.A.) and VoicuLEscU (D.).— Appro-
ximation of Hilbert space operators, Volume II. — Research Notes in Mathematics
102, Pitman, Boston, 1984.

[B] BURLANDO (L.).— On two subsets of a Banach algebra that are related to the
continuity of spectrum and spectral radius, Linear Algebra Appl., t. 84, 1986,
p. 251-269.
[C] CECH (E.).— Topological Spaces.— John Wiley & Sons, London, 1966.
[CM] ConwaYy (J.B.) and MORREL (B.B.).— Operators that are points of spectral
continuity, Integral Equations and Operator Theory, t. 2, 1979, p. 174-198.

[CPY] CarADUS (S.R.) PFAFFENBERGER (W.E.) and Yoop (B.).— Calkin Algebras and
Algebras of Operators on Banach Spaces.— Lecture Notes in Pure and Applied
Mathematics 9, Dekker, New York, 1974.

[DS] DunFoRrD (N.) and SCHWARTZ (J.T.).— Linear Operators I. — Interscience, New
York, 1958.

[Ha] HaALMOs (P.R.).— A Hilbert Space Problem Book.— Van Nostrand, Princeton,
1967.

[He] HERRERO (D.A.).— Approximation of Hilbert space operators, volume I.— Re-
search Notes in Mathematics 72, Pitman, Boston, 1982.

[HY] HockING (J.G.) and YOUNG (G.S.).— Topology.— Addison-Wesley, Reading
(Massachusetts), 1961.

[Ka] KaTo (T.).— Perturbation theory for linear operators. — Springer, Berlin, 1966.
[K5] KOTHE (G.).— Topological vectors spaces I.— Springer, Berlin, 1969.

- 53—



L. Burlando
[M] MurpHY (G.J.).— Continuity of the spectrum and spectral radius, Proc. Amer
Math. Soc., t. 82, 1981, p. 619-621.

[P] PieTscH (A.).— Zur Theorie der o-Transformationen in lokalkonvexen Vektorrau
men, Math. Nachr., t. 21, 1960, p. 347-369.

[R] RickART (C.E.).— General Theory of Banach Algebras.— Van Nostrand, Prince-
ton, 1g6o.

[TL] TaYLOR (A.E) and Lay (D.C.).— Introduction to Functional Analysis.— second
edition John Wiley & Sons, New York, 1980.

(Manuscrit regu le 20 janvier 1987)

—54 —



