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On the regular solutions for some classes of
Navier-Stokes equations

Y. EBIHARA® and L.A. MEDEIROS(?

RESUME.—On démontre l’existence et 1'unicité de solutions réguliers
pour un systéme de Navier-Stokes. A 1’aide d’une hypothése raisonnable
sur Paccroissement du terme non-homogéne, on analyse le comportement
asymptotique de la solution obtenue. On utilise la méthode de pénalisation
de Ebihara associée aux approximations de Galerkin.

ABSTRACT.—In this paper we obtain regular solutions of the Navier-
Stokes equations. We shall work in a suitable space of functions where
we have uniqueness. Under reasonable assumptions on the growth of the
nonhomogeneous term, we obtain the asymptotic behavior of the solutions
as t — +o00. Our approach is based on Ebihara’s penalizer and the Galerkin
approximations.

0. Introduction

In LioNs [7], TARTAR [12] and TEMAM [13], we can find a methodic study
about the weak solutions of the Navier-Stokes equations (1.1}, for space
dimension n. The uniqueness for the solution of (1.1) in this weak class was
proved by LioNs-PRODE [6], when n = 2. For n > 3 and more restriction
on the solutions, there exists some results on the uniqueness in LioNs [7]
(see Remark 1.2 after Proposition 1.3, Section 1, of this paper) SERRIN
[11]). Concerning the regularity of weak solutions we can refer in Gica (3],
RAUTMANN [10], (Cite their references). Some topics are shown in LERAY
[4], Lions [8]. Our objective in this paper is to prove the existence and
uniqueness of regular solutions for the Navier-Stokes equations and certain
growth of these solutions. OQur notations follow Lions [7] and MizoHATA [9].
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814-01 - Japan
(2) Instituto de Matematica - UFRJ, C.P. 68530, CEP 21944, Rio de Janeiro, R.J. - Brasil
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Y. Ebihara and L.A. Medeiros

We can summarize the content of this paper as follows. It contains
three sections. The section one is dedicated to fix the notations, to define
the concept of regular solutions of the Navier-Stokes system, called (m)-
solutions, to obtain certain properties and the uniqueness. At the end of this
section we announce the main results, that is, four theorems which will be
proved in sections two and three. In the section two, we prove theorems one
and two by the Galerkin method. The first one is about the existence of local
(m)-solutins of the Navier-Stokes equations and the second theorem about
global solutions. Finally in the section three, using an argument of EBIHARA
[2], that is, Galerkin method plus a certain penalty term, we prove the
last two theorems, which the first, theorem three, gives certain asymptotic
behavior of the (m)-solutions. The theorem four gives a characterization of
the set of initial data for a particular type of forcing term of the system.

1. Preliminaries and statement of the results

Let © be a bounded open set in R", n > 2, with sufficiently smooth
boundary I and 0 < T < oco. We represent by @ the cylinder Q x [0, T]
and by Y the lateral boundary of @, that is, ' x [0, T[. By u = u(z,t), we
represent the velocity vector

u = (ulau27" ’ 7un)7
with u; = u;(z,t), defined on @, with values in reals R.
We use the notations :
Ou 6u1 a'u2 Bu,.)

?3?=M=(u,l’u'2"”’u:‘)= (W’—QT’.“’—EZ—
Au:(AulvAu%"'aAun)

n
u-V = E uj -2 and (u - V)u is the vector which the i-th component is
z.
j=1 I

i A
= Oz
The Navier-Stokes equations are :

Ou; z Ou; s oP
5 —vAu,+Jz=; uj E = fi(z,t) — e,
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Regular solutions of Navier-Stokes system
1=1,2,---,n
divu =0.in Q.

The initial and boundary conditions are :

ui(z,0) =uo(z) inQ

u; =0 on X

The problem is that for given f = (f1, f2,° -+, fn) and uo = (Uo1, %02, "+,

“++,Uon) find the vector velocity u = (ui,us,-:-,un) and the pressure
p: Q@ — R, satisfying the Navier-Stokes equations, the initial and boundary

conditions. Note that v > 0 is the viscosity. In the vector notation, the
Navier-Stokes equations can be written as follows :

%—vAu+(u~V)u=f—VP in @

diveu=0 in Q (1.1)
u(z,0) =u, in Q
u=0 on X

We need some functional spaces to formulate our problem about (1.1).
Let {w;} be a Stokes system, that is,
—Awj = /\ij' + VP, diij =0 in 9, w,~|): =0 (] =1,2,-- )

Since ¥ is smooth enough, we may assume that {w;} are smooth, say, if
T is in C*class, then {w;} are functions in H*-class (See [13, p.39]), and
they are orthonormal in [L?(2)]". By Vi we represent the space of linear

combinations of first wy,ws, -, wx and V = Jzo, Vi. And we define
o0 o0
Ve=(v= Zc_iw_,-;z}\ﬂcj-lz < oo
= =

This is a closure of V by a topology of inner-product and norm

o <]
(u,v)e = Ez\fcjdj, lul? = (u,u)e, £=1,2,--- (1.2)
J=l

u=chwj, v=Zdjw,~ ev.
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In a standard manner, by H*(Q)(H*(Q)) we represent the Sobolev space
of order k € N, and by (-,-), [L?(Q)]"-inner product.

Remark 1.1.—We can prove that in V the norm in (1.2) and the
Sobolev norm || - ||l¢ of [H4(Q)]" are equivalent. For each £,V is a closed

subspace of [H'(Q) N HY(Q)]*. Note that, we understand the relation for
v € [HY Q)" w =15, cjw; € Vi,

J=

k
(v,w)e = Zc,-/\f(v,wj), £=1,2,.--

J=1
= (Pi[v], w)e
because v = Pi[v] + v' (Pi[v] € Vir, v' € Vi+) where Py is a projection from

[L*(R)]" into Vi and V;* is an orthogonal space of Vi in [L3(2)]". Then we
see that

(1.3)

|(v,w)e| < Const [|v|e|wle,
|Pi[v]le < v(©)]lv]le

for v € [HY(Q) N HYQ)]", w € Vy, for some v(£) > 0. We sometimes use
this number v(£). Therefore we can assert :

For u,v,w eV,
|((u . V)v,w)el < Const ||(u - V)vl|e|wle

14
< Const [ule|v]esilw]e (ﬂz[g]—i-l) (1.4)

by applying Sobolev lemma. Here after we put Wy = [HY(Q)NH*(Q)]", k =
1,2,--.

We also use the well known notation L?(0,T, X), C*(0,t; X) for a Banach
space X,1 < p < o0, k non negative integers. For k = 0 we write C(0,T; X).
Now we are in condition to give the definition of solution for (1.1).
DEFINITION 1.1.— Let m be a positive integer. A function u(z,t): Q —
R i3 said to be an (m)-solutions for (1.1) in [0, T, if it satisfies :
(i) u(:c,t) € LOO(O,T; V,,,.H)
Ou
= (z.t (0,4 Vim
2 (2) € L2(0,t5Vim)
(i) for every v € V, we have :
Ou(t
(290 + o (u(e),v), + () - Dutt),v) = (£(8)v)
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Regular solutions of Navier-Stokes system

a.e. int € [0,T
(111) u(0) = u,.
By Lions [7], we know that when f € L%(0,T; L*(f)) if there exists a

function u(t) € L%(0,T;V1) N L*=(0,t;V,) such that for any v € V;, we
have :

P40 ) 4 ofu(t) o), + (ult) Trute)0) = (0 0),

in the distributional sense in [0, T'[, then we obtain a function p(z,t) € L%(Q)
which satisfies

—gt—u—vVu+(u-V)u=f—Vp

in the distributional sense in Q.

Note that p(z,t) and p(z,t) plus a constant in § solve the problem. This
means that p(z,t) + p,(t) is the general solution for (z,t) in Q.

So we have :

PROPOSITION 1.1.— Let m > [g] +2 and f € L®(0,T; Wp—1). If there

ezists an (m)-solution u(zx,t) for (1.1) in [0,T|, then we get a function
p(z,t) such that Vp € L®(0,T; [H™ (Q)]") and

a—u—vVu+(u-V)u=f—-Vp
ot
a.e. in Q.

Proof .— From our definition of the (m)-solution u(z,¢) and the Sobo-
lev embedding theorems, we obtain a function p(z,t) which satisfies the
equality :

Ou

ot
a.e. in Q. Since the left hand side belongs to L> (0, T; [H™~1(2)]") it proves
the Proposition 1.1.

vVWu+t(u-Viu— f=Vp

PROPOSITION 1.2.— Let m > [g] +3 and f € C(0,T; Wp—3). If there

ezists an (m)-solution u(x,t) for (1.1) in [0, T[, then we obtain a function
p(z,t) such that Vp € C(0,T;[H™ 2(Q)]"), and :

ou _

5 vVu-i—(u-V)u:f—-Vp
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in Q.

Proof .— If we show that u'(t) € C(0,T;Vmm-2), then the assertion will
hold applying Sobolev embedding theorems.

We know from the definition of u(z,t) that it belongs to C(0,¢:V,;). In
fact, we have, for 0 <t, s<T:

lu(t) — u(8)|m < I/ d§| < sup |%Im [t —s].

0<E<T
Thus, for a.e. t,s € [0,T], and r < m — 1, we have :
(2 0,u)_+v(u(®),u) 4, + @OV, u(E),
= (f(t)7u(s)),.7

because u(t) is the form u(t) = 3272, u;j(t)w;.

Since u(t) is Lipschitz continuous from [0,7] in Vp,, as we have proved
above, we have :

(v, u—(t—-'-—’%—_—@)r - (v,u'(f))r ash—0

for a.e. tin [0,T[ and r < m for v € V.

Therefore, we can see that for a.e. t,s € [0, T[, we obtain :

(a«égt),alé(:)) ( (1), 24 ))m*
((u(t) Dutt) au(s)) (f( ) Bu(S))r,

forr <m-—1.

Now, we show for k =m — 2 and a.e. t € [0, T :

u'(8) = ()} + ((u(s) - V)u(s),w'(s)) o
((ut) - V)u(®), u'(®) , — (F(s),'(s) — w'(8))
< C{ls =8|+ 1£(5) - FS)lle}- (1.5)

-82-



Regular solutions of Navier-Stokes system

We get for a.e. t,s € [0, T,
[u'(s) = w'(B)[} = lu'(s)[F — 2(w'(s), w'(2)), + W' ()[R
= o () ¥(9)) gy — (86 - V() U (5)) + (51,0 (5),
+ 2v(u(s), u'(t)) ke T 2((u(s) - V)u(s),w'(t)), — 2(f(s),u'(t)),
= (W) ®) gy — (W) - V)ul®), W), + (FERUD),
= v(u(s) = u(t),u'(t)) 4y, +v(u(s),v'(t) = v'(s)) 4,
+ ((u(s) - V)u(s) — (u(t) - V)u(t),u'(t),
+ ((u(s) - V)u(s), w'(t) — w'(s))  + (f(s),u'(s) — w'(2)),
+ (f(t) = f(s), ¥/ (2)) -
Here we know that :
|v(u(3) —u(t), u'(t))k_Hl < Clu(s) - u(t)lm|u'(t)|m_2 < C|t - s,
v(u(s), u'(t) — u'(s)) k41 = v{ (u(s), u'(t)) k41— (u(s), u'(s)) k+1}
= v{—v(u(t),u(s))k 12— ((w(®) - V)u(®),u()) oy + (F(),u(9)) 1y
v(u(s), u(9)) 445 + ((u(9) - V)u(8),u(9)) 1, = (F(5),u(s)) +1},

therefore
,v(u(s), u'(t) — u'(s)) k+1| < v2|(u(s) — u(t),u(s)) |k+2
+ 0] (u() - V)u(t) = (u(s) - V)u(5),(5)) |
+ o[ (f(t) = £(3),u(s)) 44|
< C{Jt = sl + 1f(s) = F®)llm-2 }
and
|(£®) = £(3), ') | < CIF®) = F()llm—2-
Further, we get :
((u(s) - V)u(s),u'®)), — ((u(s) - V)u(s),u'(s)),
= ((u(s) — u(t) - V)u(s), u'(t))k + ((u(?) - V) (u(s) - u(t)),u'(t))k
+ ((u(?) - V)u(t),u'(t))k = ((u(s)- V)u(s),u'(s))k.
Therefore, from these facts, we get :
Iu'(s) - u'(t)li + ((u(s) - V)u(s), u'(s))k = ((u(®) - V)u(?), u'(t)),c
— (f(s),w'(s) = w'(t)), S C{ls = t| + | f(s) = f®)llx}
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which proves the inequality (1.5).

Thus, if we change the situation of s and ¢, we should have :

|u'(®) — w'(s)]} + ((u(t) - 9)u(®), o' (1)),
— ((w(s) - V)u(s),u'(s)) , — (f(£),u'(t) — w'(3)),
< C{lt - s|+ 1 £(t) — £(3)llm—2}

Consequently, adding these two last inequalities, we obtain :

2|u'(t) — o' (s)|; + (F(t) = f(s),u'(s) — w'(t)),
< 2C{|t - s| + | £(t) = £(8)lm=2},

and then,

w'() — u'(8)[Tn—y < C{lt — 5| + 1f(t) = F()Im—2}, (1.6)
for a.e. t,s € [0, T

Now, for any t, € [0, T, there exists a sequence (t,) in [0, T such that
lmy oty = to, u'(ty) € Vm—2. From the inequality (1.5) it follows that
(w'(ty)) is a Cauchy sequence in Vin—3. So we have the limit (u'(2,)) =
lim, oo 4'(t,) € Vin—2, and the limit dose not depend on the choice of the
sequence (t,). Therefore, we can say u'(t) € C(0,T; Vim—2).

Then, from the continuity of u(t), f(t), we have :

(w'(),v) + v(u(?), v)1 + ((u(t) - V),v) = (f(t),v)

for all t € [0,T] and v € V. From this we obtain the condition of the
Proposition 1.2.

Q.ED.

PROPOSITION 1.3.— Under the same assumptions as in Proposition 1.1,
we can not have two different (m)-solutions for (1.1) in [0, T].

Proof .— If there exist two (m)-solutions u(t), #(t), then w(t) = u(t) —
u(t) should satisfy a.e. in [0, T :

(5 W)+ olw®F + (v V)u = @ V) 0(0) = 0.
Here we know :

|(u-V)u—(2-V),w)| = |((w «Vu—(a- V)w,w)l
< Voo [w]2 + [Gloo| Vwlo|w|o < C(Jwl3 + |w]s - |w],)
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because u, @ € L>®(0,T; Vm+1)-

We obtain ) o

1 oo
(5 lw®P) +olw®f < C(wl2 + lwlilwl,).
Thus,
(lw(®)]?)' € clw|? a.e. in t € [0, T].
Since w(0) = 0, we get w(t) =0 in [0, T7.
Q.E.D.

Remark 1.2.— In the case of n = 2 we have uniqueness for (1.1) when the

solution u belongs to the weak class L2(0,T;V;) N L°°(0,T;V,) as proved

by Lions-Probi [6]. In LioNs [7] p.84, he proved that if n > 3 and the weak
solutions u belong to :

L*(0,T; V1) N L™(0,T; V,) N L (0, T; [L*(Q)]"),

for 2/s + n/r < 1, we have also uniqueness for the weak solutions for
the Navier-Stokes equations (1.1). It is important to observe that the
assumptions of the Proposition 1.3 implies that our (m)-solutions belong
to the above Lions class. So, the proof of Proposition 1.3 follows also from
this Lions result.

Now we state our assertions.

THEOREM 1.— Let m > [n/2] + 2, uo € V42, f(t) € C(0,00; Wp),
f'(t) € C(0,00; Win_1). Then, there ezists a positive number § and a unique
function u(z,t) which 1s an (m)-solutions of (1.1) in [0, 8[.

Corollary of Theorem 1.—1If m > [n/2] + 3, the function u in Theorem
1 satisfies (1.1) for all (z,t) in Q.

THEOREM 2. — Under the same assumptions as in Theorem 1, we assume

f(t) € L(0,00; Wy, ). Then, if
ok + [ 15Ol
13 small enough, the function u(t) ezists in [0, oo[.

THEOREM 3.— Under the same assumptions as in Theorem 1, we assume

C

1Ol < g5
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for some constants C > 0, a > 0. Then we have a function u(z,t) and
positive real numbers 0 < Ty < Ty < 400 such that :

u(@,t) € Lf3,(0,00; Vimet1)

u'(z,t) € L3 (0,00, V),

and u(z,t) is an (m)-solution for (1,1) in [0,Ty[, and u(z,t) solves (i) of
Definition 1.1 in the interval [T, +oo[. Moreover :

~

C
[u(t)lm < atoe

holds, for some C >0 and large t.

THEOREM 4.— Let m > [n/2]42, f(z,t) = Vg(z) forg € B (). Then,
we have a set W C V41 such that if 4, € W there ezists an (m)-solution
u(z,t) for (1.1) in [0, 00 with initial condition u(z,0) = u,(x). The set W
18 not bounded in V4.

Remark 1.3.— Note that u € Li° (0,00; H) means u € L*>(0,T; H) for
any 0 < T < oo.

2. Galerkin approximation scheme

In this section we prove the Theorems 1 and 2. We get for u, € V42 2
sequence (a;)jeN of real numbers such that
J
Uoj = z a;w; converges to u, strongly in V42 (2.1)

i=1

For each j € N, we define u;(t) = E,‘Ll xji(t)wi, which belongs to the
space Vj [wi,ws, -, w;]. The approximated Galerkin scheme consists in
determining x;; such that u; is a solution of :

(uj(),v) +v(uj(®),v); + ((w() - V)uj(t),v)
= (f(t),v) foreachv € V; (2.2)
u;(0) = uo;
We know from the standard theory of ordinary differential equations that

uj(t), given as a solution of the ordinary differential system, exists in some

interval [0, §;[.
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To obtain a priori estimates, we put :

u- V u -
Co= sup MVt 6 gy (8.
uEVn |ul2, 0<t<T
u

Then C, > 0 is well defined because m > [n/2] + 2. In the following, u ()
means the solution of (2.2).

LEMMA 2.1.— It holds that :

Cr
.2 -
2 luo,)lm'{" Co CT
|uj(t)| < Cr - C.’
—_ .12 — o
1 c.(|uo,|,,,+ Ca)t

forte [O,Ej[, where

_ (a(m— 1)00)2 F 2 Or\™!
C* = —'—4'0—,6] = mm{C.([uojL" + 'a:) ,T}.

Proof.—1In (2.2); we take v = E{zl x3i(t)ATw; in [0, ;. So we get :

(3 1) + olus g + (w366 9)us0), us0))
= (f(0), ui(t)) (23)

We know that from Remark 1.1,

l((u,-(n : V)uj(t),u,(t)),,.i < v(m = Du;®lma || (w5(8) - V)0,
< y(m = 1)Colu;(t) lma |u(t) 2.
|(£@®),u;8)), | < ¥(m = Dl @)l metr | FE)lm—1-

Then, substituting in (2.3) we obtain :

(‘uj(t)lfn)l < C*(Col'u]‘(t)lfn + CT)Z’
for each t € [0, 6;].

Solving this differential inequality, we get the assertion of Lemma 2.1.
Q.E.D.
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From Lemma 2.1 and definition (2.1), choosing T > 0 large enough, we
know that for small y > 0, there exists j, € N such that :
6, = : <5, i2j
w = Cr jr J =2 Jo-
O o2 hal
(lu [+ pt+ e )

Thus we have proved :

sup sup |u;(t)|% < C < oo. (2.4)
J2Jo t€[0,8,]

LEMMA 2.2.— It holds that :

sup sup |uj(t)|%41 < C < o0 (2.5)
323 t€[0,6,]

sup sup [|uj(t)|5, <C <o (2.6)
J2Jo t€[0,6,]

Proof .— To obtain (2.5) we take v = Y°7_, Xi(1)ATw; in (2.2);. Then
we have :
t 2 v 2 ! U
s + (31 ) + (ws®) - V)us(),wj(0),,
= (f(t)’ ufj (t))m,
for 0 <t < 6,.
So by the estimate (2.4), we obtain :

(Blsun) < (10500) - DOl + 17O
< Clui(@)5lui(B)mss + CIFD)I
or ,
(3 [w@®ss) < Clus®Fgs + CUFOI- 27)
Applying Gronwall inequality to (2.7) we obtain (2.5).

To get (2.6) we differentiate the equation (2.2); with respect to t, and do
v =310 X'jg(t))\}"w;. We have then :

(SR + ol
+ ((uj(t) - V)uit) + (u;(2) - V)uji(t),w5(#)) ,
= (F'(®), u3(1)) (2.8)
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for 0 <t < é,.
We have :

,((u;(t) : v)u,-(t),ug(t)),,,] < Clui(®)l5 lui(t)lmr

< Cl (0P, (2:9)
| (i) V)uj®), w(®) ] < ClusElm s B m bt 2t
< CIE)lm 5 (Bl (2.10)

By (2.9), (2.10), the inequality (2.8) can be transformed in the following :
(luj(t)5)" < C + Cluj(®)% , 0t <6, (2.11)
From (2.11) we get :

[Wj(t)7m < C+ Cluj(0)]7 , 0t <6, (2.12)

If we have boundedness of {Iu’j(O)lm} independent of j € N, then we
obtain the assertion (2.6).

In fact, let ¢ goes to zero in (2.2);. We get :
(u;(O), 'U) + 'U(uoj, v)l + ((uoj : V)uoja 'v) = (f(O),v),
for all v € Vj. Doing v = {=1 X;i(0)Aw; in this equation, we obtain :

[w5(0)17 + (w0, u5(0)) 4y + (0 - Vuoj, u(0))
= (f(t)1 u;(O))m

So, we get :

[45(0)m < Vltojlm+2[u5(0)lm + Cll(uos - V)thojlm [15(0)m +
+ Cllf(O)llm |4’ (0)]m

or
[45(0)lm < vltojlmt2 + Clutojlm|tojlmts + Cf(O)lm < C < 00. (2.13)

From (2.12) and (2.13) we obtain the estimates (2.6) of Lemma 2.2.
Q.E.D.
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By the condition (2.6) of Lemma 2.2, we get :
luj(t) —uj(s)|m < Clt—s[,0<t, s <6, (2.14)

Consequently, applying compactness argument (cf. [1,7]) to the results in
Lemmas 2.1 and 2.2, we have a subsequence of (u j(t))j en such that :

u;(t) — u(t) weak star in L°°(0,8,; Vm+1)

u;(t) — u(t) strongly in Vy, for every t € [0,6,]

uj(t) — u'(t) weak star in L*°(0,8, : Vm)
as j — oo, and from (2.14), the limit u(t) satisfies :

|u(t) — u(s)|m < Clt—s|, 0< ¢, s <6,
that is, u(t) is Lipschitz continuous in [0, §,], with values in Vp,.
From this, u(t) satisfies, for a.e. t € [0,6,] the equation :
(w' (1), ) +v(u(t),v), + ((u(t) - V)u(t),v) = (f(t),v) (2.15)

forallve V. '

Therefore, the function u(t) in an (m)-solution for (1.1) in [0, 6,]. Thus
we have proved Theorem 1.

For the proof of Theorem 2, it is sufficient to prove the following :

LEMMA 2.3.— If u,, f satisfy :

ol + 27(m) ( I ||f(t)||mdt) &<(z), e

where . v
i sup 2= DI Velmoy
2EVm 41 |t m |v|mt1
u#0

then, for large j, we have :

v
luj()|m < o t € [0, 00[.

Proof .— In fact, if u,, f satisfy (2.16), we know that :

tesl%, + 27(m) ( s IIf(t)!Imdt) &<(&)
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holds for large j, by (2.1). Therefore, in the existence interval [0, §;[ we get :
1 '
(3 5O + ol @ + (50 - 9)us(0), 050, = (£ 5(0),,

hence
(lui(#)12)" < 20uj(®)|ria {—v + Culuj(®)lm } + 27 (m)FOllm |2(E)lm-

Integrating from 0 to ¢ this inequality, in the existence interval, we have :
\ t
s <2 [ () {0 + Calus(o)m s

t
+250m) [ 1Al s +
Here, if we have a time t* € (0, ;) such that
* v v *

then at ¢t = t* we should have :

(&) <2 Ws®b{-v+Cilus(®ln
1 29(m) / 1F@llm 25)mclt + 20512,

< luoifa + 23(m) ( / IIf(t)II?ndt) &

which is a contradiction. This proves the Lemma 2.3.

Q.E.D.

From this estimate we get as in previous argument :

sup sup {lui(®)lm+1 |U3(t)|m} < o0,
230 0Kt<T

for every fixed T > 0.

Then, applying Proposition 1.3, uniqueness, we have the proof of Theo-
rem 2.

3. Galerkin approximation scheme with penalty term

In this section we prove the Theorems 3, 4. For this purpose, putting
{Ai,wi}ien and (u,i)ien the same sequences as in Section 2, we set, for
€e>0,

ui(t) = Y x§i(twi,

=1
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as a solution of the system :
(@50 ,v) + v (s, v), + ((5(t) - V)us(t),)

K — [ué(t)3,
+ eF(—e’—()l—)(ui(t)’v) = (f(t),v) (3.1)
for each v € Vj

u;(0) = uoj
In (3.1) the function F(£) satisfies the conditions :
F(¢) € C'(0,00)

F) > ﬁiﬂ’ € €]0,6,( for some A >0, 8>1,0<6,<1

(3.2)
F'(¢) <0, for £ >0
F(§)=1, for£> 1
The constant K in (3.1) is chosen for u, such that
luol?, < K. (3.3)

We have :
LEMMA 3.1.— For large j, (j 2 j,), it holds that :

lu$(t)IZ, < K, for >0.

Proof .— For large j we have that uj(t) exists in some interval [0, 6¢], from
(2.1) and (3.3), since it holds that |u,;|2, < K for large j, and therefore the
system (3.1) has no singularities near ¢ = 0.

Now, doing v = ‘Z=1 5i(t)ATw; in (3.1), we get :
(5 WSO+ olus(uss + (w50 - V)us(o),us(1),,
— Jus(t)|?
rer(E1E0m) e, = (10,050,

Hence, as in a previous manner,

(3 (o) + sy + P (E50m) sy,

< Clui®lm+ll(w5() - VIu§®lm+r + ClfF Ollm|u§()lm
Clu(®O)lm+1[u5(B)5 + ClFEm [5(8)|m-
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Therefore,
. us 2
(ug(o)’ + e (X L50mY ey,
< Clu§(®)lm + CIF@)llm|u5 () lm-

Here, if we have a time t;, (0 < t; < 6;), such that
|u§-(t1)|?n =K, |u§(t)|?,, <K, 0<t<t,

then we see that

(GH) > 0.

t=t1

It follows, from the above inequality, that

Jim [(|u;(t)|3n)’ + eF(K_—h:;(i)—‘ﬂ'-) |u§~(t)|3n]

< lim {Cluz(t)l;‘n + Cllf(t)llmluj-(t)lm}
= CK?* + C||f()|lmVK < +oo.

However, the left hand side of (3.4) should be +o00 from (3.2);. Thus, we
cannot have such ¢;. This implies our assertion of Lemma, 3.1.

Q.ED.
From Lemma 3.1, we know that u}(t) exists in [0, oo[ for each € > 0, j >
Jo-
Remark 3.1.— This type of argument was used by the first time by
Ebihara [2].

LEMMA 3.2.— For every fized T > 0, we have :

sup sup |uj(t)lm+1 <C(t) (3.5)
J>Jo 0Kt<T

sup sup l(u‘(t)) l <C(T) (3.6)
j>jo 0<t<T

€<e¢, :

for some €, > 0.
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Proof .— We may omit the subindexe, j of u ](t) representing the function
by u(t). This procedure makes the notation better. Now, to prove (3. 5) we
dov=Y7, (x5 (@) A w; in (3.1); and we get

(5 lOfugs) + IO () D) U0
~ [u(®)L%, _

ep(Fm) (), u),,,, = (F0,4(0) -

Then
(5 ORss) + vl + e (ELOmY ey
< Clu()lm2lw(®)lms1[6()lm + Clu@lms2ll 7 )llm-

Therefore, we get

(W) ) < CEON(BRry + CIFDIE,

Thus, we have (3.5) of Lemma 3.2.

For the proof of (3 6), we differentiate both sides of (3.1); and after we
dov=31, (XJ,(t)) A"w;. Then we obtain :

(5 WOR) + ol @ + (@0 V)u®) + @(®) - Vw'),u'),,
er (Bl (1), vy, - 2 (KO0 (), u10),)?
= (f®,0'®),,-

Here, from (3.2), we know that

en (K10 o, —op (K210 (o, 00),)7 2 0

.. Therefore, we have :

(5 WOR) + ol ()
< OO (Ol + Ol Ol Olmss
+ CIFOllm )l

then,
1
(5 @) < CROR +ClIFOllm , 0<t<T.

— 04—



Regular solutions of Navier-Stokes system

Thus, if we prove the boundedness of {|(u* ](0)) |m} we have the proof
of the estimate (3.6).

In fact, let ¢t — 0 in (3.1);. We get :
((u;(O))',v) + v(uoj,v)1 + ((Uoj . V)uoj,v)
K — lu.:2
wer (Elaln) (,,,0) = (£(0),0).
€
From (3.2), we can see that we have :

K — |uojlmy _ P>
F(_—e—)_l’ (0<e<e, J2Jo)

Therefore, if we take v = 37_, (xj,(O)) AM™w; we obtain :

1(u5(0) I7 = (£(0), (u5(0))"),,, = v(wos, (5(0))") o1y
= ((woss (45(0)) ) = €(toss (45(0)) )
CIf(O)llm + vluojlm+z + |tojlm|tojlm+1
+ eltiojlm) 1(#5(0)) lm-
This implies the boundedeness of {[(u;(O))'|m}, which proves (3.6) of

Lemma 3.2.

Q.E.D.

From the estimation in Lemmas 3.1, we get, for each fixed ¢, (0 < € < ¢,),
a function u¢(t) = Y o, (u*(t), w;i)w; which satisfies :

((u(t) € L{2,(0,00, Vma1); (u5(t))" € Li2 (0, 00; Vim)
((uf(®)",v) +v(us(t),v), + ((us(t) - V)us(t),v)
e F(K_-IZL%) (u(8),0) = ((t),v) (3.7)
a.e,t>0, foreveryveV
ué(0) = u,
At the same time, we know that :
|u€(t)|3, < K, for every t > 0 (3.8)
0gup [u(t)m+1 S C(T) < o0 (3.9)
sup ](ue(t)) lm S C(T) < 00 (3.10)
0<e<e,
[uf(t) —u(8)|m <C(T) |t —s|, 0<¢t, s<T, (3.11)
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for each T > 0.

LLEMMA 3.3.—

S L3 2
sup eF(é——m) <C(T) < oo. (3.12)
0<e<e, €

Proof .—In (3.7) we take v = Y io; A" (u*(t), w;)w; and we obtain

(@) 00 + ol g + (W50 - V() w40),,
e (B0 ez, = (100,000 , » e t>0

Therefore,

— 1€ 2
CF(I{ i’: (t)!m)lue(t)'?n

S 1@ ®)) lmlu(@)lm + lu () ps + Clu @) (lma
+ CllFOll[u(D)]m
<C(T),0<t<T.

Hence, if [u®(¢)|m < K/2, then,

GF(K— It:‘(t)lfn)

— 3

and if |u¢(¢)|3, > K/2, thon
K — us(t)? 2
EF(———-—-———e ) < = C(T), 0<t<T,
which proves Lemma 3.3.
Q.E.D.

Therefore, it follows frcm (3.8) to (3.12), that we obtain u(z,t), x(¢) such
that :

u®(-,t) — u(-,t) weak star in L*°(0,T; Vin41), (3.13)
ug(-,t) — uy(-, t) weak star in L°>(0,t; V), (3.14)
u(+,t) — u(-,t) strongly in C(0,T; V), (3.15)
I Py 2
eF(Ml—'—"-) — x(t) weak star in L*°(0,T), (3.16)
€
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and x(t) > 0 a.e. in [0, T for every T > 0,

(at;it),v) +v(u(t),v), + ((u(t) - V)u(t),v)
+ x(®)(u(t),v) = (f(t),v)
a.e. for t > 0 and for each v € V,
u(O) = U, (318)
Here we know that :

lu(t)|?, < K, for all ¢ in [0, oo[.

We have : if |u(t,)|2, < K — 8 (0 < 8 < K), then x(t) =0 at t =t,. In
fact, by the strong convergence u(t) — u(t) in C(0,T; Vy) and

luf(t,))2, < K — g for small € (e < ¢,),

e K~ Wl _ o
eF(—————) < eF(Ee-) —+0ase— 0.

p <
Now, we prove Theorem 3.

From (3.17) we get for a.e. t in [0,00] :

(3 W) +olu(@)nss + () - V)u®) u(®),, + xlu(o),

= (f(t)’ u(t)) m
(3 [OR) + olu®)lrs < CUFDllm (Ol + Clu) (B,
that is,
(5 @) < ClFWInmvVE +CK®.
Therefore,

t
WO, < fuolts + CVE [ 1£(5)lmds + CK?t
[1]
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From this, we can find T} > 0 such that :

t
uol?, + c\/z?/ Nf(Nmds + CK* < K , 0<t< T}
0

This implies|u(t)|%, < K, 0 < t < T, therefore it follows that x(t) = 0
a.e.int € [0, T3]

In the next step, we do v = u(t) in (3.17) and we get for a.e. t € [0, T :
1 '
(3 [@R) + olu®)f + XOWOE = (F0),u()-
Therefore, .
E(l’u(t)lg)' +volu(®)f3 < [F(®)lolu(t)lo,
where v, is a positive constant such that v,|u(t)|2 < v|u(t)|?. Thus

C,

(|u(t)| ) +Uo‘u(t)|o .<_ |f(t)[0 - (:l_—-l-—t—)a_

From this inequality we obtain :

|u(t)| < g~ Yol {lu,,[o +C, / (1 T oo }

c
T, 20,
(L+1t)

or

lu(t)lo <

holds for some positive constant 6, applying 1’Hospital Theorem. Next we
get

(3 WOR) + ol + ((ut) - V)u®), u(®),, + xOOL,
= (f®)u(d),,
Then
(5 o)z
< =0lu(®)fner + |((20) - V)u(®), u(®) .| + CUFE) mlu(®)lm

< =vlu(®)mss + Cll (ut) - V)u@llmtr [u(®)ms1 + CFE)l|m 6] m
< —vlu(®)mss + Colu(®)lmta [u(®)|m[w(®)lmt1 + Call fE)llm | (w(E)]m
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for some Cy > 0.
Here, we know that there exists p,, (0 < p, < 1), such that
[ulm—1lulm < ||z |ulmt1,
for all 4 € Vin+1, by using generalized Schwarz inequality :
(u, )k < Julk—1lulesr, k=1,2,---.

Therefore, we have :

(lu@)z)
< 2lu(®)a { v + Calu(®)IE [u@®i } +2Cs | fE)llm 4l
Cro

< 2O { ~v + O e K 4 26517 Ollm )l

Thus, we get T > 0 such that :

~p,,
G K<

v ~
At TS50 TSV

Therefore, if t > T we get :

(lu@®I7)" < —vlu@®)fats + 2G5 FE)llm [u(E)lm »

and we have :

C

() + 5 1O < 266l F O < s+ ¢2 T

by assumption.

Thus

v s ~ t—% —T)
u(t)|m < e~ F@T) uTm+C/ ﬂ—-—ds
ju(e) {l @+ [ o

or R
c ~
Dim < 72, t 2
WOl < s 2 T,

for some positive constant 6, applying I’Hopital Theorem.
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This implies that there exists Ty > 0 such that :
(T lm = tolm , [u)lf < |uff <K, t>Tp . (3.19)

Since [u(t)|?, < K, t € [Ty, 00[, we get x(t) = 0 for ¢ € [T, 4+00[. This shows
that u(t) solves (i) of the Definition 1.1 in [T%, oo[.
We finally prove Theorem 4.
ol
Since f(z,t) = Vg(z), g € H (Q)N H™(Q), for any v € V, (f,v)r = 0,
k = 0,1,2,---,m, holds. Therefore, in this case, the function u(z,t)

constructed by the system (3.1) and (3.7) should satisfy all the properties
from (3.31) to (3.16) and solves :

(22,0) + v(u(®)0), + (@) V)81

+ x(t) (u(t),v) =0 (3.20)
veEV, ae. t>0
u(0) = u,

In particular as in (3.19), we can find T > 0 such that u(T') € V41 and
[ T)lm = tolm , [u(t)i < luolf < K, ¢ >T. (3.21)

So, obtaining x(t) = 0 for t > T, u(t) solves :

(%tii,v) + (u(®),v), + ((u(t) - V)u(t),v) =0

foreachveV,ae int>T.

Therefore, if we put :
W = {u(T) € Vimt1;to € Vg2 },

where u(t) is the function constructed by our scheme and u(T) is the datum
given by (3.21), we can see that W is the desired set for the proof of Theorem
4. In fact, W is not bounded in V41 because u, € V42 has no restriction
on the size of its norm and U(t) = u(t+ T') solves, in our sense, the system :

(50) + o), + (U - V)VE),0) =0

ae.int>0 (3.22)
U(0) = w(T)
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which proves Theorem 4.

Q.E.D.
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