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Asymptotic behaviour of a viscoplastic bingham fluid
in porous media with periodic structure

ALAIN BRILLARD(D

RESUME. — Un fluide de BINGHAM viscoplastique et incompressible cir-
cule lentement dans un milieux poreux 2. contenant une répartition
e—périodique d’inclusions identiques. On étudie le comportement asympto-
tique de la vitesse @i du fluide, solution de

Hl(n))N 2/ Z(Cu(“))zd:c+g/ (Z(e (@)Y 2 de
+év(a,)(@) - / f-idz)
Qe

lorsque le paramétre ¢ tend vers 0. Les lois limites de BRINKMAN et de
DARCY sont obtenues par des méthodes d’épi-convergence.

ABSTRACT.— A viscoplastic Bingham fluid slowly flows in a porous me-

dium . containing an e—periodic distribution of identical inclusions. We
study the behaviour of the velocity #@., solution of the minimization pro-

blem
mn a e (@ /
oz / Z(e.,( )?dz +g / ‘(Z( i3 (D)) ?dz
+5v(n,)(ﬁ')—/ f-dde
Q.

when the parameter € goes to 0. Epi-convergence methods are systematically
used in order to derive the nonlinear BRINKMAN and DARCY limit laws,
according to the size of the inclusions.

(1) Faculté des Sciences et Techniques, 4 Rue des Fréres Lumiére, 68093 Mulhouse Cedex,
France

- 37 -



A. Brillard

1. Introduction

Let Q be a bounded open and smooth subset of RN (N =2o0r3) and T
be a smooth open subset of the unit ball B(1) of RN. The porous medium
Q. is equal to

=\U T,

where T,; is a rs—homothetlc of T disposed at the center z.; of the i—th
e—cell Y;; of a rectangular e~mesh covering 2 :

Figure 1

(notice that the number I(e) of solid inclusions T.; is equivalent to
Vol ()/e"). The problem we are interested in is the behaviour of the
solution @, of the minimization problem [7]

(Fe () - /f i dz), (1)

uE(H‘(Q))”

where f belongs to (L2(2))" (f represents the exterior forces) and F* is
the functional defined on (Ha(Q))" by

@) = 5 [ Yleu@Pda+ g [ (Cles(@? da+ bvian(@.

1
ei;(#) being the deformation (symmetric) tensor : E(Dj u; +D; uj), g being
a nonnegative real, éy(q,) denoting the indicator function of the closed

subspace V() of (H3 ()N

N
V(Q) = {@ € (Hy(Q)/divii = ) D; u; = 0in Q}.

=1
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Asymptotic behaviour of a viscoplastic bingham fluid in porous media

The coeflicient ¢ is equal to 0 for newtonian fluids and is strictly positive
for Bingham fluids. The case ¢ = 0, has been studied in [2], [5], [9], [11],
" [12]. Let P®@, be the canonical extension of @, taking the value 0 on the
inclusions (thanks to the no-slip condition on the boundary of the solid
inclusions T,;), then the asymptotic behaviour of the fluid is described in
the following Theorem :
THEOREM 1.1.— (Brinkman’s law : case g = 0) [5], [11]
Suppose that : lin%)(re/e) = 0. Then the sequence (P.t.)e converges in
the weak topology of (HE(Q))N to the solution @ of
—A17;+Mﬁ5=—gradp:;+f" in Q,
divig =0 in Q,
=0 on 01,
where M i3 the symmetric matriz given by :
for every k,lin {1,...,N} :

ij

—tim | 2 (e () |
My = lim (—N / g, et dx) G
W¥ being the solution of the local minimization problem :
Min / Y (@) da, @)
B(e/s\T. 5; |
W = € on 0B(e/4)
@ =0 on IT.,
divd = 0 in B(e/4)\Ts,
o € (HY(B(e/4)Y

(€ 18 the k™ canonical vector of RV).

Remark 1.2.—

1 ~ From the definition (3) of the matrix M, we infer the existence of a
critical size r¢ of the inclusions :

c_|Cé€® ifN=3, (CeR™™
¢ |exp(—=Ce™?) if N =2,

r

such that
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A. Brillard

a) if liII(l)('I‘e /ré) = 0, then the matrix M is null and @j is the solution of
the Stokes problem in .
b) if zi_r_’r(l)(rz/rg) = 400, then @} is equal to 0 (the fluid is at rest in ).
c)if lin(l) (re/r¢) belongs to RT*, then Brinkman’s law contains a “strange
&~

term” My, which depends on the size and shape of the inclusions, through
the capacity problem (4).

2 — The solution @§ of Brinkman’s law is the solution of the following
minimization problem :

Min (F*(&@) - /Q f-ida),

(Hg ()N

where F* is the functional defined on (HE(Q))V by :
N | . 1 o
F*(u) = —2- / Z(eij(U))z dz + —2~ Z/ Myjugupdz + 5V(g)(u). (5)
@ ki V&

In [5], thanks to the use of epi-convergence methods, have been given :
the behaviour of the dissipation energy of the fluid, the convergence of the
internal pressure (in some duality sense), the convergence of the solution
of the Stokes evolution problem, the convergence of the spectra, some
indications about first-order correctors.

In the next paragraph of the present work, the asymptotic behaviour
of a Bingham fluid (g > 0), slowly flowing in the above-described porous
medium, will be studied in the situation : lin}) (refe) =0.

&=
We will prove that the asymptotic velocity @, of the Bingham fluid is

the solution of the minimization problem : Min (F(¥) — / fu dz),
Fe(HL(@Q)N a

where F is the functional defined on (H3(Q))N by

L1 12 1
F(@)= E/Qizj(eij(u)) dz + 5;/QMHW u dz

49 [[(S(es(@P 1 do +bvia)(@)
In this non-newtonian case, the limit functional F still contains the “strange

term” % Z / My ug vy dz, where M is the matrix given by (3). The non-
[TIRaL

newtonian term g /( § (e:;())?)"/? dz, appearing in the functional F*(2)
Q <
ij
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Asymptotic behaviour of a viscoplastic bingham fluid in porous media

and also in the limit functional F, does not alter this strange term. The
proof of this result, presented in Theorem 2.1 is based on the two following
arguments :

— the explicit computation of the solution (w¥, a¥) of (4) when T is equal
to the unit ball B(1) (see [5]), or the existence of pointwise estimates on this
solution when T is a smooth subset of B(1) (see [11]). These computations
or estimates imply that for every smooth divergence-free function # in
(Hg ()N, there exists a sequence (P¢3?), converging to ¢ in the weak
topology of (H3(2))N and such that :

lim % /n ;ww:’))z dz = F*(5),
im ei; (TON)V? gy = ei;(1))4)Y? dz
fm f, (et a 9/9@( S22 d

(see Proposition 2.3),

~ the lower semicontinuity, with respect to the weak topology of
(Hy(2))N of this non-newtonian term.

Then, we study the behaviour of the solution of the evolution problem
associated to (1) (see Proposition 2.4).

In the last part of this paragraph, we consider the case of a coeflicient

g depending on ¢. We prove that, either the Bingham fluid has a linear

asymptotic behaviour (when liII(I] 9(¢) = 0), either the sequence (P°d,),
£—

converges to ( very fastly (when Iin(1) 9(e) = +00) (see Remark 2.5).
£—

The particular case r, = ae(0<a<1/ 2) has been studied, for newtonian
fluids, through the method of asymptotic expansions in (2, 9, 12] and by
means of epi-convergence methods in [5].

THEOREM 1.3.— (Darcy’s law, case g=0)

Suppose r, = q¢ 0 < ac< 1/2). Then, the sequence (%Peﬂ',)

converges in the weak topology of (LAY to the function @}

G EHQ) = {ue L)Y [ divIi=0inQ, 7 7 =0 o a0},

Ui = K(~ gradp} + §),
Uy €
(7 is the outer normal to o),

where K is the symmetric positive definite matriz given by :
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for every k,l in {1,...,N} :

K“=/ ___Ze,-j(z"k) eij(7) dy =/ _Z'k-ady,

\a

#* being the solution of the minimization problem :

Min 3] Ses@ra- [ rada).
2 Y\aT T Y\aT

ZY — periodic
Z=0onaT
divZ =0 in Y\daT

Remark 1.4.— 7 is the solution of the following minimization problem :

Min ( [ itaendz- [ 7 -adx),

where j is the function defined from RY into R by :
1
N yv_ 1 -1
Vn€ R :j(n) =3 EH (K™ Jkunx me.

An elementary computation shows that the function j may be written in
the following form :

¢ERN

+K“117-(17—/ _?gdy)) ,
Y\aT

where Z% is the Y —periodic function equal to Z & 2*. Notice that Zg is the
k

. . 1 -
vne RN : j(n) = Min (5 [ YCENET
a ‘]

solution of :

. 1 z
Min (‘2' /Y\a_f%:(eij(g))z dy_/y\ﬁ 2'§di‘/) . (6)

ZY — periodic
Z=0onaT L
divZ =0in Y\aT



Asymptotic behaviour of a viscoplastic bingham fluid in porous media

This case : . = ae(0 < a < 1/2) leads, for a Bingham fluid (that is when
g is strictly positive and changed into € g, through a dimension analysis of
the coefficients [10]) to a nonlinear Darcy’s law :

{171 = Ao (f — grad p1),
i, € H(Q),

where A, is the function from R into RY equal to :
RNY S RN

Ao -
ol e S / A dy,
Y\eT

Z¢ being the solution of the minimization problem :

. 1 . 2\1/2
Min (’2- L\ﬁizj(eij(Z))Zdy+g-/Y\ﬁ(%-:(eij(é')) ) / dy—

Z'Y — periodic —/ 7€ dy)

(compare to (6)).

This result has been partially proved in [10], by means of asymptotic
expansions of the solution @, of (1). The purpose of the third part of the
present work is to furnish a different proof of this nonlinear Darcy’s law, by
means of epi-convergence methods.

We shall first prove that (¢ ™2 P°#, ), is a bounded sequence in (L%(Q))V.
Noticing that 2P, is the solution of a minimization problem :

Min (Ge@)- [ f-@d
(H @) ( ) /9 foa x) ’
where
ef e ~ — —
6@ =5 [ Ses(@) do+ ey [ (Fewl@)P/2ds +bviay (@),
i i

the nonlinear Darcy’s law will be derived from the computation of the epi-
limit G of the sequence (G¢). in the weak topology of (LZ(Q))V :
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G(@) = /Q jo(i(z)) dz — /,, F-idz,  with

. . 1
Vn € RN : jo(n) = Mig, (5 /y\;fzij:(eij(?))” dy+
+g /Y \_T(Z(eij(fe))z)l/ 2 dy+

+A6‘n-(n—/ _Z% dy)) ~

aT

The last part of this study deals with the convergence of the internal pressure
of the Bingham fluid. Thanks to Tartar’s idea [13], we shall prove the
existence of an extension P, of the internal pressure p, of the fluid, such
that (P,)e converges in the strong topology of L%(Q)/R, to a function p,.
We conjecture that this function p, is in fact equal to the limit pressure p;,
appearing in the nonlinear Darcy’s limit law.

Let us now recall the main properties of epi-convergence, which will be
used throughout this study.

DEFINITION 1.5 [1], [6]. —

Let (X,7) be a metric vector space and (F*®), a sequence of functionals
from X into R. Then, (F®). epi-converges to F, in the topology T, if

VeeX:(r- limi(x’lf F)(z) = (7 — limsup F¢)(z) = F(z),
e e—0
where : (7 — lir_ni(x)lf F)(z) = %\/11)11 lim i(l)’lf Fé(z.),
(r = limsup F*)(z) = (Mi)n lim sup F*(z.),
e—0 Te)e e—0
(ze)e being any sequence converging to x, in the topology 7.

Equivalently, this equality is satisfied if the two following assertions are

fulfilled

for every z in X, there exists a sequence (z2), (M
T—converging to z, such that limsup F*(z?) < F(z),
e—0
for every z in X and for every sequence (z.). (8)

T—converging to z : lim iglf Fé(zc) > F(z).

This variational convergence is well-fitted to the asymptotic analysis of
minimization problems :
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Asymptotic behaviour of a viscoplastic bingham fluid in porous media

THEOREM 1.6 ([1] Theorem 1.10). —
Suppose that (F¢), epi-converges to F, in the topology T and let T, be an
o.—minimizer of F°, that is : F*(T,.) < Iél;(; F¢(z) + o., with lir% o, = 0.
z &~
Suppose, moreover, that the sequence (Z.). is T—relatively compact.

Then, for every T—converging subsequence (Ter)er of (Te)e, with T =

lim 77
&' —0

F(z) = A{(m F(z).
and moreover lim0 F¢(z.) = F(Z).
&l —

The next result shows the stability of epi-convergence, with respect to
continuous perturbations.

PropPOSITION 1.7 (1] Theorem 2.15.). —

Suppose that (F*). epi-converges to F, in the topology 7 and G 1is
continuous for this topology 7. Then (F° 4+ G). epi-converges to F + G
in the topology T.

NOTATIONS :

L*(Q), H;(Q) are the classical function spaces, while (L*(Q))N and
(H3 ()N consist of vector-valued functions whose components belong to

L2(Q) or HA(Q).

V(Q) is the space of smooth divergence-free functions :

N
V(Q) = {@ € C3°(Q)/divii =Y Diu; =0in Q},

=1

V(92) is dense in V() for the topology of (H(Q))Y and in H(Q) for the
topology of (L*(2))N, where

V(Q)={# € (HY{(Q))N/divi = 0in Q}, ,
H(Q)={d € (L*¥(Q))N/divi = 0inQand @ - 7 = 0on N, where#
is the outer normal to the (smooth) boundary 0Q}.

0 if z belongs to A,
400 elsewhere.

1if z belongs to A,
0 elsewhere.

64 is the indicator function of the set A : §4(z) = '
X 4 is the characteristic function of the set A : y4(z) = I
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N
For every z in L}(Y) (Y is the unit cell [—% , -;—] of RY), ¥ denotes the

'zv=/Yz(y) dy.

A function z defined on Y is called Y—periodic if it takes the same values
on the opposite sides of Y.

mean value of zonY

II. Asymptotic behaviour of the solution i, of (1) when
g >0 and lir%(rs/e) =0
&—

P*® denotes the canonical extension operator from (H3(Q.))" into
(Hs ()" -
7 on £,

P = 6onU Te;.
%

From the strict positivity of g, Poincare and Korn’s inequalities in Q [7],
one first deduces from (1), that (P*i, ), is bounded in (H(Q))V.

THEOREM 2.1.

The sequence (P°i,), (canonical extension of the solution of (1)) conver-
ges in the weak topology of (HL(Q))N to the solution i@y of :

Min _(F(%) - /f i dr),

TE(HI ()N

where F is the functional defined by

o 1 o 1
F@ = [ Ses(@ds +53 [ Muuewda+
+9 [ (les@) e + bvia(@),

i

(9)

M being the symmetric matriz given by (§).
Moreover, the dissipation energy of the fluid :

), Dot de v [ (e i

‘l]

— 46 -



Asymptotic behaviour of a viscoplastic bingham fluid in porous media

converges to the energy of the asymptotic fluid :

1 R 1 o )

'2'/92(&7'@0))2 dm+§/(l;Mu(uo)k (#o); dz+g /Q(E(e..j(u()))z)l/z de
1 T

This Theorem 2.1 is a straightforward consequence of the following result,

THEOREM 2.2.

The sequence (F°). of functionals defined by (2) epi-converges to the
functional F' defined by (9), in the weak topology of (HH(Q)N,
through theorem 1.6, since
— the functional F' is convex and strictly coercive on (Ha(€))V (hence the

minimizer of F is unique and the whole sequence (P, ), converges to ),

— the functional : @ — / f - ¥ dz, is continuous for the weak topology of
Q
(Hy @)Y,
Proof of Theorem 2.2 :

Noticing that V(Q) is a closed subspace of (H3(Q))N, for the weak
topology of this space, one proves that for every ¥ in (H(Q))Y, which
* is not divergence-free in § :

((w—(Hé(ﬂ))N)—lirfng F)(#) = ((w~(Hs(2))") ~lim inf F*)(7) = +oo.

In order to prove Theorem 2.2, one has to verify the assertions (7) and (8)
which take the special form :

For every 7 in V(§), there exists a sequence (P*?),, converging in the weak
topology of (HY(2) to ¥, with #° in V(€Q.), such that

lim sup F*(39) < F(?), (10)
&e—0
for every ¥ in V() and for every sequence (P*7,). converging to ¥ in the
weak topology of (H3(Q))V, with &, in V(Q.) :
limi(r)lf Fe(v,) > F(0). (11)
Suppose first that ay is finite, with
lir%(rce“3) if N =3,
&
anN = . 5'2 (12)

im ——— if N =2.
¢=0 |logre|
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The verification of (10) and (11) is a consequence of the following Proposi-
tion, the technical proof of which being postponed in Appendix 1 :

PROPOSITION 2.3.— Suppose that ¥ belongs to V() and ay is finite.
Then, there ezists a function ©° in V(Q,) satisfying

a) (P3°). converges to ¥ in the weak topology of (HL(Q))V.

b) (/ Z(e,](f)‘o)) dm) converges to

/ E(;u'(]f"))? dz + Z/ My v vy dz.

c) the're ezists ¢ constant C independant of U such that for every @ in V(Q)
and for every sequence (P°W,.), converging to W, in the weak topology of

(HY(Q)VN, with @, in V(Q,) :

hmmf/ Ze,,(ve)e,](we) d:c>/Ze,_,(17)e.J(w)d:v

z 3]
—CIIwII(Lz(n))N 9l (z2cay -

) (/ﬂz(;(eﬁ(ig)y)l/z d:c) converges to A(%;(eij(m)z)l/zdz.

€

Let us prove (10) for a smooth divergence-free function ¥ in V().
Proposition 2.3 a), b) and d) imply the existence of (P*%?), converging
to ¥ in the weak topology of (HZ())" and such that :

lim F*(3%) = F(7).

Therefore, (10) is proved for a smooth divergence-free function @ in V().

If 7 belongs to V(£2), there exists a sequence (¥ )n of smooth divergence-
free functions in V(Q), converging to # in the strong topology of (H(Q2))N.
For every n, Proposition 2.3 guarantees the existence of (P*(7,)2). conver-
ging to ¥, in the weak topology of (Hz(2))", such that :

lil’I‘l) F‘(({r’n)g) = F(¥y).
Hence

limsup limsup F¢((7,)) < F(%),
e~—0

n—-00
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Asymptotic behaviour of a viscoplastic bingham fluid in porous media

thanks to the continuity of F, with respect to the strong topology of
(H3(Q))N. Using the diagonalization argument of Corollary 1.16. [1], one
derives the existence of a subsequence (n(¢)), growing to +oo such that :

lim sup F*(((¢))?) < F(9),
e—0

and ((P*(Tn(e))e)e converges to  in the weak topology of (H{(2))N. Take
g = (Tn(e))? : (10) is proved for 7' in V(£2) (and an finite).

Let us now prove (11) when ay is finite : take ¥ in V/(Q), (P*%.). (resp.
(Un)n) converging to ¥ in the weak (resp. strong) topology of (Ha(Q))V, 7.
in V(Qe), ¥n in V().

. . € [~ 1 : . A 2
hgri}gfo (ve) 2 51‘?1351f/n‘ Eij:(eu(vf)) dz+
+ liminf/ > (e:i(#:)))/ do
stmigt [ (S (o)
1. . ~ \01\2
> Ehmmf/Q E (€ij((7n)))* dz+

e—0 G
+ limint /ﬂ ‘ Z e:i((5)2) €5 (T — (3,)7) da+
+glimigt [ (St /2 ae
Thanks to Proposition 2. 3. b) and c), one obtains
liminf F*(7,) > % /Q %:(e,.j(an))z dz + %; /9 Myt (3n)x (5 )1 do+
+[ 3 €isBn)eis (5 =) ds = Clalaaae 17~ Falasan +
+g ligiigxf/(;

Moreover the functional

7= [(Clen(@)) 2 de
e

(D_(eis()))'/* da.

is convex and continuous for the strong topology of (Hy(2))", hence lower
semicontinuous for the weak topology of this space.
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Let n go to +o00, and use the property of (v,), : (11) is proved.
Suppose finally that ay is equal to +o0.
Observe first that for every # in V(Q) and for every « in R** :

FE(0) 2 Fylv),

where F. is the functional F*° corresponding to the case ay = a and
T = B(1). From the properties of the matrix M, one immediately deduces

((w = (Hs(@)") - lim sup F*)(?) = ((w — (Hs(@)Y) — liminf F*)(7) =

Olfv—O(ae)mQ
+o0 if 7 is not equal to 0 in .

This ends the proof of Theorem 2.2.

Let us conclude this paragraph, giving the convergence of the solution of
the evolution problems.

PROPOSITION 2.4.— Take Ty in RY*, (f.)e (resp. (Ze)e) a sequence
converging to f in L*(0, To; (L*(Q)N) (resp. to 7 in (L*(Q))N). Then the
sequence (P°U.(.,.))e of extensions of the solution U, of
e \ oFe(@.) 5 f in]0, To[x,

Ue(.,t) € V(Q,) fort >0,
te(z,0) = 7,
converges in the strong topology of L2(0, To; (L2(Q))N) to the solution iy of

o
% +OF(20) 3 fo,

Uo(.,t) € V(Q) fort > 0,
o(z,0) = 7.

Moreover . )
0 — -
/ 1 TR |
0 at at e—0
Proof of Proposition 2.4.
See [1] Theorem 3.74.
Remark 2.5.— In this section, we have supposed g to be a constant. Let

us now consider the case of a coefficient g equal to some function g(¢), that
is

P = 5 f, Ses@ e 9 [ (D@ s+ vt (3
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Asymptotic behaviour of a viscoplastic bingham fluid in porous media

1-1If lin(l) g(¢) = 0, then one immediately proves, with the arguments
&—

developped in the proof of Theorem 2.2, that (F*), epi-converges in the
weak topology of (Hy(2))V, to the functional F* defined by (5). In this
case, the (weakly) non-newtonian fluid has a linear asymptotic behaviour.

2-1If lin'(xj g(e) = 400 and if fbelongs to (C°(Q))V, for example, then
((9(e))? P*i.). converges to 0, in the strong topology of (Hg (2))" for every
integer p. Indeed, observe first that :
/ > (e(Poi.))? do +g(€)/(Z(e.’j(P€d;))2)‘/2 de =
= / f Pei, dzx.
Q
Since (P°#.), is bounded in (H3 ()", one proves that

/(Z(e;,-(P‘zl‘,))z)l/2 dz | converges to 0. Therefore (see (15]) (Pei.).

&

converges to 0 in the appropriate space LD((), hence in (LY(Q)N and
finally in (H3(Q))V. The preceding equality implies that (g(c) Pei,).
converges to 0 in LD() and in (L' (Q))N.

Multiply the preceding equality by g(e). One now proves that
((9(e))? P2a.). converges to ( in (L' (2))" and in (Hg(Q))N. The assertion
is proved in a recurrent way.

ITI. The case ¢ >0 and r, = ae(0<a<1/2):
The nonlinear Darcy’s law.

Notice first that in the present case, the coefficient g has to be changed
into ge [10]. Let us denote . the solution of the minimization problem

: 1 . _ 3 .

(13)
—/ﬂf“-adx>

According to the results obtained in Theorem 2.2, (P*i.). converges to 0
in the weak topology (and in fact the strong topology) of (Hj(R2))", since
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ap is equal to 400, in this case. The purpose of this pé,ragraph is to study.
the rate of convergence.

LEMMA 3.1.— The sequence (¢~ 2P°{,). is bounded in (LZ(Q))V.

€~2P°i, is the solution of the minimization problem

a'E(II"'(Q))"'(G (@)~ / f’U 4z)
where G° is the functional defined on (L3(Q))V by

. 2
=5 D) deeg / (e et Buian(®. (14

Proof of Lemma 8.1

The first assertion follows from (13), thanks to Korn’s inequality in ,
the positivity of g and the following estimate of Poincaré’s inequality in .,
the proof of which is trivial :

LEMMA 3.2.— There ezists a strictly positive constant C such that :

Yu € HY(Y),u=0 on aT:/ uzdng/ | grad u|? dy,
Y\aT Y\eT

Yu € H'(Y.),u=0o0n T, : / _uldr < Cez/ _ |grad uf? dz,
Y\T, \T.

Yu € Hp () :/ ulde < C€2/ | grad u)? dz.
Q. Q.

In order to describe the limit of the sequence (¢ 2P*%,),, in the weak
topology of (L%(2))V, one has to compute the epi-limit G of the sequence

(G®)e in this topology. Notice that the functional : ¥ — / f - vdz
Q

is continuous for the weak topology of (L*(Q))" (see Theorem 1.6 and

Proposition 1.7).

From the divergence-free condition contained in G, one first deduces that
the domain of G in contained in H(R), the closure of V(2), with respect
to the (weak) topology of (L())". Hence, one has to prove the following
assertions, deduced from (7) and (8) :

for every ¥ in H (), there exists a sequence (P*¥, o). converging to ¢ in the
weak topology of (L(Q))N, with @, ¢ in V(£.), such that

limsup G*(7.p) < G(?), (15)
e—0

- 52 -



Asymptotic behaviour of a viscoplastic bingham fluid in porous media

for every ¥ in H(2) and for every sequence (P°%,), converging to ¥ in the

weak topology of (L%())¥, with @, in V() :
limiéxf G*(v.) = G(9). (16)

The verification of (15) and (16) requires the local character of G° and the
density of the set of piecewise constant functions in (LZ(Q))N :

DEFINITION 3.3.— A function @ in (L%(Q))Y is called piecewise constant
if there ezists a finite family (Rp)1<p<p(a) of smooth open subsets of Q, with
Q\U Q, negligible, such that @ is a constant @, on §1,.

P

The verification of (15) and (16) also requires the study of the local
minimization problem :

For every ¢ in RV, let Z¢ be the solution of

i 1
Min (5 /Y - Y (ei(5) dy+ (17)

aT ij

+9/Y\ﬁ(izj(eij(5))2)l/2dy ~¢ E‘)

ZY —periodic
div Z=0onY
7=0on aT

N N
Let Ap be the function : (R — R )

¢ — Z
The properties of Ay are summarized in the following Lemma :

LEMMA 3.4.— (see [10] and Appendiz 2)
a) For every X in RV, there ezists €()\) in RN such that : Ag(£E(N)) = \.
b) this £()) is not unigue, but if & and & belong to A7 () :

1 g 2 g 2\1/2
2 /Y\ﬁ %:(e-‘j(%)) dy+g /Y \ﬁ(}i;(ezj(é«'el))’) 2 dy =

1/2
1 / - 2 —
= = e;i(Z dy+g/ eij(Ze,))? dy,
D) T %:( J( 52)) YT (%:( J( 62)) Y
c) there exist two constants ¢, C independant of € such that :
e <At -E<CIE]?, (0<c<C)
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d) there ezist a symmetric matriz valued function mg and a function g
verifying

Y (me)ii =0.

D (me)ij(me)ij < lae. in Y,
tj

1/2

D (me)ijeii(Ze) = | D (eii(Ze))? ae. inY,
iy ij
~Y Djeij(7%) — g Y Dj(mg)ij = —Dige + & in Y.
J j
Let us denote by jg the function from RY into R defined by
. 1 / el 2
J =3 eij(ZAg 1)) dy+
o(n) 2 Y\ﬁzij:( ]( 0 )

) (18)
+g/;/\a_T (Z(eij(i'Ao"ln))z)l/ dy.

(this is justified by Lemma 3.4 b)).

From (17) and Lemma 3.4 c), one immediately infers that j, has a
quadratic growth, namely : jo(n) < C + C'|n|>(0 £ C, C"). Moreover, an
elementary computation (deduced from (17)) proves that jo is convex.

Consequently, the functional / jo(#(z)) dz is well-defined on (L%(Q))V.
Q
Moreover, this functional G is convex and continuous, with respect to the
strong topology of (LZ(Q))V.
Verification of (15) with G(?) = / Jo(9(z)) dz.
Q

Take any v in H(Q). Let (¥,,)n be any sequence of piecewise constant
functions converging to ¥ in the strong topology of (L*(Q))N :
Un = Unp on Qpp(1 < p < p(n)), with Q\UQ,, negligible. For every p
P
Lemma 3.4 implies the existence of an Y —periodic function Zs,,) such

that the mean value ?5(,7”) is equal to Unp. Then we define Z§; y as the

Y. —periodic function equal to Z¢(s,,) (—) in Y, and e—periodically extented
€

in Qpp.
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Lemma 4.1 of [12] implies that (£, ))e converges in the weak topology

of (L*(Qmp))Y to Zg(s,,) = Trp-
The main difficulty of the problem is to gather all these dlﬁ'erent
Y. —periodic functions z7 Z¢(3,,)- Lhis may be done in the following way.

First, define Y, as the set {z € Q/d(z, IQUUINp) < €}.
3

€ r, .
"""“ 1 |0]0]0}|0]0
7| |o]olojo]ec|olojo]o]o
7Tol6lolololo]ololo|olofololo] /
\{ lolo]olo]ofolo]olo]ofo]o] ¥
—~ | ”_V‘.—-*/
Figure2

Let Z,. be the solution of the Stokes problem in ), with boundary
conditions equal either to 0 (on O or on the boundary of the pieces of
inclusions included in }7,) or Z,, ) (on 082, N 93 ,).

One verifies that the sequence (¢||Znc||g2(z.))~ ). converges to 0, when
€ converges to 0. Then, one deduces, as in Lemma 3.2, that the sequence
(1Znell(L2(z.))» )e converges to 0.

B 0 Dap\Ee,

Finally, we define : ¥, .0 = 3
Zne in X,.

Trivially U0 belongs to V(£2,) and (P°¥pc,0). converges to U, in the
weak topology of (L%(Q))N. The computation of G*(#, ) is quite trivial,
since

G*(Un,e0) < Z / Z(e,,(ze(v”))) dz

+69/ . (2::%<fzm,>>>2)m s
—/‘ ;(e.,(zne)) dz+€g/ (;(e;j(é’,w)fy/z de
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Hence, from the definition of z§; , and (18) :
&(Fnp)

lim sup G*(n,e0) < /Q Go(Fnp) dz = /Q jo(Tn(z)) dz = G(5).
P np

e—0

Therefore :
limsup limsup G*(Tpc0) < G(7).
e—0

n—-+4oco

The diagonalization argument of Corollary 1.16 [1] implies the existence of
a subsequence (n(¢)), growing to +oo such that (P*Ty(c),,0)e converges to
#, in the weak topology of (L%(2))", and

lim sup Ge(l_"n(c),e,ﬂ) < G(U)
&—0

(15) is proved, taking ¥ 0 = Un(e),c,0-
Verification of (16) with : G(¢) = / Jo(9(z)) dz.
Q

Choose any ¢ in H(2). Let (¥ )n be any sequence of piecewise constant
functions in Q, converging to ¥ in the strong topology of (LZ(Q)N : &, = np
in Qp, with Q\ UQ,, negligible.

P

Suppose that (P*7,), converges to ¥ in the weak topology of (L%(Q))V,
with ¥, in V(Q,). We may suppose that :

limsup G*(¥.) < +o0,

e—0

otherwise, (16) is trivially true.

For every p, we choose a smooth function 0,, in C§° (Qn,) satisfying
0 < 0,p <1, and we write :

CAEDY {3 JARICTCH

np - ij

teg [ (o (en(@))) 0ny dw}
: ; {67 /Q Y (ii(Fez,,)* Dup de

np ,‘j
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e /a (D _(€ii(Fea,))")/* Dup da

i

+e / Y €ii(Faaa))eii(Te = Z5(a,,)) Bnp dz

Qnp iy

+ eg/ QO (€ii(7)))/? bnp de
np 45

P

np ,]

From the definition of 753, ), the smoothness of 0np and the definition of
jo (18), we derive :

}E»r(l) (Z / Z(C'J(zg(aw))) Brp dz

np ']

+€Q/Q (Z(eij(?g(a,.,,)))2)1/2 0np d‘”)
np  ij
S [ o b
p Yne

From Lemma 3.4. d) and the smoothness of 0,,,, we derive :

lim inf { / > €ii(Fea)€ii(Te = Z5(z,,)) Bup do

Lnp L]

teg [ (T (@) 0oy do
np  ij
- e:i(Z 2\1/2 o A
= \/Q,,p(%:( ]( f(vnp))) ) w Pd }
23 [, ) (5 ) O

Let @np increase to the characteristic function Xa,, of Qup :

lim inf G*(7.) > > {/ o(Tnp) d +/ E(Tnp) (7 — a,,,,)dm}.
e Qnp Q"P

4

> /ﬂ jolFa) do + /ﬂ E(Fa) (7 — ) da.
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Let n increase to +oo : (16) is proved, thanks to the continuity of G, with
respect to the strong topology of (L%(Q))".

Finally, we have proved :

THEOREM 3.5.— The sequence (G®). of functionals defined by (14) epi-
converges in the weak topology of (LZ(Q))N to the functional G defined on
(LX) by -

6(@) = [ o)) de + Suia(3),
where jo i3 defined by (18).
Through Theorem 1.6, we deduce of Theorem 3.5 :

COROLLARY 3.6.— There ezists a function p; in L*(Q)/R such that
1
the sequence (6—2- Peﬁ'e) converges in the weak topology of (LX(Q))N to

Ao(f -grad p1)

Moreover,

(%/ﬂ;(eq(zxm)y dz + gfn(zi;(eii(Peﬁs)Y)lﬂ da:)

converges to

13

1/ . )
= €ii(Z5_gra dy+
/n(‘z Y\ET",Z]-( HFgesa )

+g/ eii(Z5_gra N4y ) dx.
Y\G_T_(‘{;( 3G graa p))")

Remark 3.7.— J.L. LioNs and E. SANCHEZ-FALENCIA proved in [10] that
p1 is not unique in L?*(Q)/R. In fact, if ¢ is sufficiently small, A, £ is equal
to 0. (see [10] 4.3). However, two determinations of the limit pressure p;
provide the same mean velocity (see Appendix 2).

Remark 3.8.— In the case N = 2, the construction of the test function
Ue o satisfying (15) may be done in the following way. First, one deduces
from Lemma 2.5 of [14], through a trivial change of scale, the following
property of Y. —periodic, divergence-free functions.
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LEMMA 3.9.— For every Y,—periodic, divergence-free function z in
(L*(Y2)), there ezists an Y,—periodic function 7 in H'(Y.) verifying :

curl z = (D2 ?,—Dl ?) =7Zin },5,

1zl 22vey < Celllzaryy2 5 lgrad Zllz2¢rayy2 < CllAllecvyes

where C is a constant independant of € and 7.

We also need the following restriction operator R® :

PROPOSITION 3.10 [13].— There ezists a linear restriction operator R®
from (HE Q)N into (HY(Q))N satisfying :

a) for every @ in (HE(Qe))N : R*P*dl = @ (P® is the canonical eztension
operator),

b) R{(V(Q)) C V(),
b) there ezists a constant C independant of € and @ in (HLH Q)N such that

IRl 22~ < Cllillzz(@))™ + Cell grad | 12q)v
—) C b -
| grad Re“”(Lz(Q.))N2 < ?”“”(U(Q))N +C| gf"”d””(m(n))lv2

And then we define :

Vg0 = R° (curl(z EE(,-;W)XQ,,, mnc)) )
p

where E‘E(ﬁ"p) is the function associated to the Y, —periodic, divergence-free

function Z§,,, ), by Lemma 3.9 and 05, is a smooth function in Ci(Q) and
identically equal to 1in Q\Z,.

IV — Convergence of the internal pressure when
re=ae(0<a<l/2)

THEOREM 4.1.— There exists an eztension P, of the internal pressure

of the Bingham fluid, such that (P,). converges, in the strong topology of
L} (Q)/R.
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Proof of Theorem 4.1.

Through Proposition 3.10b), define (as in [13]) grad P, the element of
(H™YH(Q))N satisfying :

< grad p,, ¥ >=< gradp,, R°@ >

for every @ in (HL(Q))V.

From (13), one deduces the following estimate :

| grad pellg-1(a.))~ < Ce.

Then Proposition 3.10c) implies the boundedness of (grad p,). in
H@).

As in [13], we then prove the convergence of (P, )e, in the strong topology
of the quotient space L*(Q)/R, to some limit point p;. We conjecture that
this limit point ps is, in fact, one “limit pressure” appearing in the limit law
established in Corollary 3.6 (see Remark 3.7).

APPENDIX 1: The proof of Proposition 2.83.

Let us first mention the following property of the divergence-free func-
tions (which is an immediate consequence of Theorem 4.9 of [11], see also

[14)) :

PROPOSITION A.l.— a) Suppose N = 3 : for every divergence-free
function @ in (L*(B(r)))3, there ezists a divergence-free function W in
(HY(B(r)))? satisfying

W-A=0 on 0B(r) (7 13 the outer normal to OB(r)),

curl @ =@ in B(r),

@l L2 B < Crlidllz s

Il grad Dllz2(B(rypye < Cliwllz2cmirmye

b) Suppose N = 2 : for every divergence-free function @ in (L?(B(r)))?,
there exists a function @ in H'(B(r)) satisfying :

w=0 on dB(r),

curl @=w in B(r),

1@l 2By < C rllwllz2(Br))2s

| grad @l z2(B(ryyy> < Cll@l(L2(B(r)))2>
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where C' is a constant independant of r(r > 0) and 7.

Let us now prove the Proposition 2.3. Suppose that T is equal to B(1)
and define

a@—ziﬁwwmwmumﬂm@mﬂmeﬁmxu%
() inY;;\B(/4)

where z; is the center of Y,; and B'(£/4) (the i—tke cell and the t—th ball),
7.; is the divergence-free function associated to () — 9(x¢;) in Bi(r2/?), by
Proposition A.1, §,; is a cut-off function in C>(€; [0,1]) whose support is
contained in B* (rf/3> and identically equal to 1 in B(r.).

ve(2)=

In the present case, the solution (¥, q¥) of the minimization problem

(4) is computable in terms of radial functions (see [5]). The assertions of
Proposition 2.3 are immediate consequences of these computations.

When T is a smooth open subset of the unit ball B(1) of RN, one has
to modify the test functions o2, given in (19), in order to use the following

pointwise estimates on the solution (wWE, g¥) of (4) :

PROPOSITION A.2 ([11] Lemma 2.2).— for every s.(s. < €) and ¢
(c>0), there ezists a constant C such that

if N =3 : for every z in B(s.) verifying d(z,T.) > c r,

> —k < Te . . —k Te .
lek we(x)l —_— Cd(l', Tg) ? lthE(‘l‘)l S Cd(m, T€)27
DiD;i¥(2)| < C——5 1gk(2)] < O—Te
, D]we ($)I —= Cd(x,Te);; ’ IQE ($)I — Cd($,T€)2

if N =2 : for every z in B(s.) verifying d(z, T.) > ezp (—c|log re[1/?)
|logd(z,T.)| + 1

> ok <
6 = (o)) < O1RE T e

D (2 1 :
NS C g i Ty

1

1
.D,'.D'_‘k SCeo— .|k <Ceorrorour
PPN C g it i 194 < s

Define :
P(z) = |7(=) =3, rot'(ﬁf,,-l/)si) (@)vr(zer) = 1ot (Vifes) () in B (e /4),
¥(z)in Yoi\B(e/4),
where 1.; is a cut-off function whose support is contained in B* (E — %)
and identically equal to 1 in B (% - 7“2_5)’
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~k

— .

W, ; is associated to the divergence-free function €} — ¥ in B (% - %’)
by Proposition A.1l.

The assertions of Proposition 2.3 are quite immediate consequences of
these pointwise estimates.

APPENDIX 2 : Proof of Lemma 3.4
Let us first prove some properties of the function Ay :

1) Ay is monotone in the sense that for every ¢; and & in RN :

(Aols — Aoka) - (&1 —€2) 2 0.

From (17) we derive :

fyrotestGeentEezi)dv e [ (S (e

-0 f ety 2 6 (Fo - )
) (0)

and a similar inequality where §; and £, are exchanged. Add these two
inequalities :

(Aodr — Aoka) - (&1 —&2) 2 /Y\_TZ(C’:'J'(E& ~Z,) dy.  (21)

and the monotonicity of Ag is proved.

2) Ay is continuous. This property of Ay may be proved through an
epi-convergence argument : let He be the functional associated to (17).

Let (£,)n be any sequence converging to £ in RY. One trivially proves
that (Hg, ). epi-converges to He in the strong topology of (H(Y))V.

Theorem 1.6 then implies that (%, )n converges to Z¢ in this topology.
Hence, (Ao(én))n converges to Agé.
3) 1l Al - = .

) (fim Aot €/le] = +oo

We introduce 2 the solution of the following minimization problem :
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. 1 i~
Min (5 L\Zﬁ izj(eij(z))z dy—¢- z) . (22)

Z Y —periodic
zZ = 6 on aT
divZ=0inY

Notice that Z% Z¢ depends linearly on ¢, that is : 2y = Z &k 2%, where Z3 is

the solution of (22) with £ = €.
From (17), one derives

/ 2 (es(Z) dy +g / (Z(eu(zs))2)l/2dy Fe <
=32 /Y\ﬁ %:(e,-,-(z'g))my * g/y\ﬁ(%:(e”(é?)f)l/zdy —€- 7.

Hence, from Lemma 3.4 d), which has been proved by Lions and Sanchez-
Palencia in [10], and from (22), one derives :

1 o 1 —
5/, ey < - / i e
+o [ eGP
And finally, using (21)
i e (7N 2dy — (N2 2 4y
Aok €2 /Y \ﬁ;( S(E)Rdy — 2 /Y \ﬁ@(e.]( D) 2y, (23)

These three properties of Ay prove that Ay is maximal monotone and onto
(see [3]), and Lemma 3.4 a) is proved.

Lemma 3.4 b) is a consequence of (17), since }el = }&.

Lemma 3.4 c) is a consequence of (23) and following inequality which is
deduced from (22) :

L\a Z(eu(zs)) dy—¢- Zg / Z(G,J(Lf)) dy — €& - zf

< §A0§ & —Agk- € (see (21)).
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