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Bifurcation problems
for nonlinear elliptic variational inequalities

MARCO DEGIOVANNI(D

RESUME. — On étudie un probléme de bifurcation variationnelle associé
a des fonctionnelles non régulieres. On prouve un théoréme général de
bifurcation de la premiére valeur propre. On donne aussi un résultat de
bifurcation pour les valeurs propres successives et un résultat de multiplicité.

On montre une application aux inéquations variationnelles elliptiques du
second ordre.

ABSTRACT.— A problem of variational bifurcation associated with non-
smooth functionals is studied. A general bifurcation theorem for the first
eigenvalue is proved. Also the bifurcation from higher eigenvalues and

a multiplicity result are given. An application to second order elliptic
variational inequalities is shown.

1. Introduction

Eigenvalue problems for nonlinear elliptic variational inequalities of the

form
(Mu)eRxK (11)
<Auhv—u>2A<Lu,v—u> VveK )

where K is a convex subset of some functional space, A a nonlinear potential
operator and L a symmetric linear operator, have been considered by several

authors (see [3, 4, 8, 9, 19, 20, 23, 24, 25, 29, 30, 31, 32, 33, 36, 37, 40, 41,
12)).

Some of them ([19, 20, 24, 29, 30, 31, 32, 33, 37, 42]) treat the bifurcation
problem, which is the study, under the further assumptions that 0 € K and
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A(0) = 0, of the real numbers Ao such that the pair (Ao,0) accumulates
solutions (A, u) of (1.1) with u # 0.

As in the case of equations [22], it is true under reasonable assumptions
that every Ao of bifurcation for (1.1) is an eigenvalue of the “linearized”
problem

{(A,u)eRxKo

<A'OQu,v—u>2A<Lu,v—u> YweK, (12)

namely (Ao, u) satisfies (1.2) for some u # 0, where K is the convex cone
defined as the closure of U0 tK.
t>

About the converse, which is also true for equations [22], only partial
results are available.

The problem has mainly two difficulties. If we use the variational ap-
proach, which yields the sharpest results in the case of equations, we have
to apply critical point theory to the potential of A constrained on the sets

Kn {u : %(Lu]u) = +p? }, which are not smooth. A further difficulty comes

1
from the fact that the convex set K and the manifolds ¢ u : -2—(Lu|u) = :i:pz}
may be “tangent” in a sense that has been precised in [8, 9].
The first difficulty can be overcome by considering only the (at most)

1
two eigenvalues of (1.2) which correspond to minimize { u + §(AI(0)“‘“)}

on the sets Ko N {u : %(Lulu) = :{:1}, as it is done in [19, 20, 29, 37]. The

second one by assuming that K is a convex cone. Infact, if K is a convex
1

cone, K and {u : §(Lu|u) = :i:pz} are never tangent. Actually, in [19, 20,

24, 30, 31, 32, 33, 37, 42] the set K is supposed to be a convex one. In [29]
this condition is not required, but an extra assumption is imposed in order
to avoid tangency.

Our first purpose is to give a general bifurcation result (Theorems
3.21 and 4.14) for the eigenvalues of (1.2) corresponding to minimize

1
{u — —;—(A'(O)ulu)} on KN {u — 5(Lu|u) = il}. The crucial point is the
following : if A is a potential of 4, p, — 0 and K and {u : %(Lulu) = ;tpﬁ}

are tangent at some up, then A(ua)/pi — +o0o. Therefore the possible
tangency points does not interact with the minimization technique. Then

- 216 -



Bifurcation problems for nonlinear elliptic variational inequalities

it is possible to apply the generalized theorems on Lagrange multipliers
contained in (8, 9].

Another purpose is to provide a bifurcation result for all eigenvalues of
(1.2) under the assumption that Ky is a linear space (Theorems 3.29 and
4.16). In this case the main tool is contituted by the techniques of critical
point theory for nonsmooth functions developed in [11, 13, 18, 27]. These
last results are obtained as particular cases of more general theorems (3.20
and 4.13) involving a topological assumption on the éigenvalue of (1.2) under
consideration.

In the case in which Kj is under a linear space, also a multiplicity result
is given (Theorems 3.30 and 4.18) for simple eigenvalues.

In section 3 we develop an abstract theory of variational bifurcation for
nonsmooth functions. The main results were announced in [15, 16, 17] in
the case in which L is the identity map.

In section 4 we show an application to some nonlinear elliptic variational
inequalities of second order (in which L is the identity map). An application
to elasticity, in which L is not the identity map, is contained in [14].

2. Some recalls of nonsmooth analysis

In this section we recall some notions and results of nonsmooth analysis
8,9, 11, 13, 18, 27] which will be used later. For the elementary notions of
homotopy theory involved here, the reader is referred to [38].

Throughout this section H will denote a real Hilbert space. The scalar
product, norm and metric of H will be denoter by (:|-), | - | and dg
respectively, while B(u,r) will denote the open ball of center u and radius r.

Let W be an open subset of H and
f: W — RU {+o00}
a function. We set

D(f)={ueW : f(u) < +o0};
Ve € RU {+0}, f¢={u€D(f): f(u)<c}

For every u in D(f) let us denote by 8~ f(u) the (possibly empty) set of a's

in H such that
tmming £V = F) = (el —w) o

v—u Iv _ u]
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We set also 07 f(u) = 0, Yu € W\D(f) and
DO fl={ueW: 0 f(u)#0}.
Since 87 f(u) is convex and closed, for every u in D(9™ f) we can denote
by grad™ f(u) the element of 0~ f(u) having minimal norm.

If W = H and f is convex, the notion of 9 f coincides with the usual
notion of subdifferential in convex analysis. If ¢ : W — R is Fréchet
differentiable at u € W, then 07 (f + ¢)(u) = 07 f(u) + grad g(u).

DEFINITION 2.1.— A point u € W s said to be critical from below for
f, if 0€ 07 f(u). A real number c is said to be critical from below for f, if
there exists u € W such that 0 € 0~ f(u), f(u) = c.

DEFINITION 2.2.— The function f is said to have a ¢-monotone subdif-

ferential of order two, if there exists a continuous function X : (D(f)) x
R? — R* such that

(a—=Blu—v) = =X(u,v, f(u), F(©))(1 + |af* +B*)u - of
whenever u,v € D(8™f), o € 8™ f(u), B € 07 f(v).

DEFINITION 2.3.— Let ¢ be a real number. The function f is said to
verify the Palais-Smale condition at level ¢ (or, briefly, (PS).), if for every
sequence (up) m D(O7 f) with liin grad™ f(ug) = 0, li’rln f(ur) = ¢, there
ezists a subsequence (up,) converging to an element of W.

Remark 2.4.— Let us assume that f is lower semicontinuous and has a
p-monotone subdifferential of order two. Then the set
{c € R : ¢ is not critical from below for f and (PS), holds } is open
in R.

Proof .— See {13, Remark 4.2].

Besides the metric dy induced by H, it is convenient to consider on D(f)
also the graph metric d* defined by

d*(u,v) = |u — | + [ f(u) = f(v)|. (239)

However, when the metric is not specified, we mean that D(f) is endowed
with the metric dy.

THEOREM 2.6.— Let us suppose that f is lower semicontinuous and has
a p-monotone subdifferential of order two. Let —oo < a L b < +o00.
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Then the pair (f°, f*) endowed with the metric d* is homotopically
equivalent to the pair (f b, f*) endowed with the metric dy. In particular,
f* is a weak deformation retract of f b with respect to the metric d* if and
only if the same fact occurs in the metric dy.

Proof .— See [13, Theorem 3.18].

As in classical critical point theory, also in the nonsmooth case an
important tool is constituted by the deformation lemma (see [27, Lemma
3.10]). Here we recall a version taken from [13].

LEMMA 2.7.— Let us suppose that f is lower semicontinuous and has a

p-monotone subdifferential of order two. Let —co < a < b < +4o00. Let us
assume that

i) for every c in [a,b], ¢ is not critical from below for f;
it) for every ¢ in [a,b], f€ is closed in H ;

ii1) for every ¢ in [a,b], the function f verifies (PS),.
Then f° is a weak deformation retract of f°.

Proof . — If we consider the metric d*, we result is contained in [13,
Lemma 4.4]. For the metric dig we can apply Theorem 2.6.

DEFINITION 2.8.— A real number c is said to be essential for f, if there
ezists two sequences (ar) in ] — oo, c[ and (by) in ]Jc, +oo[ converging to ¢
such that :

i) Vk € N, ay and by are not critical from below for f;

i) Vk € N, the set f°* is not a weak deformation retract of f**, endowed
with the metric d*.

If A is a subset of H, we define a function I4 : H — RU {400} by

0 u€ A

Talw) = {+oo ue H\A

Forevery uin A,07I4(u) is a closed convex cone (in some sense, the outward
normal cone to A at u).

Remark 2.9.— If M is a hypersurface in H of class C*, we have for every
uin M
07 In(u) = {Av(u) : A € R}
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where v(u) is a normal unit vector to M at u.

DEFINITION 2.10.— Let A and B be two subsets of H and u € ANB.
Then A and B are said to be (outwardly) tangent at u, if

0~ I(u) N —(8~ In(u)) # {0}.

Remark 2.11.— Let A be a subset of H, C a convex subset of H and
u € ANC. Then A and C are not tangent at u if and only if

Vv € 07 I4(u)\{0}, 3w € C : (v|jw—u) <0.

THEOREM 2.12.— Let M be a hypersurface in W of class C* and
f:W-oRU{+o0}

a lower semicontinuous function such that, for some continuous function

g: D(f)—R,

f() 2 f(u) + (alv — u) — g(u)lo - uf*

whenever c € W,u € D(9™ f), a € 8~ f(u).

Let ug € D(f) N M and let us assume that D(f) and M are not tangent
at Ug.

Then we have

9™ (f + Int)(uo) = 0~ f(uo) + 0™ Ing(uo).

Proof.— See [8, Theorem 1.13 and Remark 1.12;].

Finally, let us recall the notion of I-convergence (epiconvergence in the
language of [1]) from [12].

DEFINITION 2.13.— Let X be a topological space and
g+ X 5 RU{+00} (heN :=NU/{x})
a sequence of functions. We say that
Joo =7 (X) liingh
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is the following facts hold :

i) for every u in X, for every sequence (up) in X converging to u, we
have

goo(u) < limhinf gn(un);

it) for every u in X there ezists a sequence (uy) in X converging to u
such that

goo(u) = lim gn(un).

From now on in this section we shall consider a sequence of functions

frn: H->RU{+o0} (heN)

DEFINITION 2.14.— The sequence (f1) 13 said to be equicoercive, if for
every real number c the closure of the set

U{ueH: fo(u)<c}
heN
is compact.

Remark 2.15.— Let us suppose that (fr) is equicoercive and that
foo=T7(H) lilrln fr. Then for every real number c the set fS is compact.

Therefore the closure of the set U_f; is compact.
hE€EN

THEOREM 2.16.— Let us suppose that
i) for every h in N, fi is lower semicontinuous;

i) there ezists a continuous function

2
X : ( U__D(fh)) x R? - R*
heEN
such that

(a—Blu—v)>
2 =x(u, v, fau), ()1 + |af® + |87 |u — v?

whenever h € N, u,v € D(0™ fr), a € 0~ fa(u), B € 9™ fu(v);
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1v) the sequence (fr) is equicoercive.

Let —00 < a £ b < +o0 and let us assume that a and b are not critical
from below for f.

Then there exists ho € N such that for every h > ho the pair (f}, ff) is
homotopically equivalent to the pair (f%,, f2.).

Proof.— By Remark 2.15 we can apply [13, Theorem 5.12 and Remark
5.13].

We conclude this section by proving a result which will play an essential
role in the study of bifurcation.

THUEOREM 2.17.— Let M be a hypersurface in H of class C’ll(')lc.
Let us suppose that

a) M is a closed subset of H and for every h in N, fr is lower semicon-
tinuous;

b) there exists ¢ in RY such that for every h in N the function
{u— fa(u) + qul?} is convez;

) foo =T (H)lim fu;
d) the sequence (fn + Iar) is equicoercive;
e) for every u in D(foo) N M, D(feo) and M are not tangent at u.

Then there ezists a sequence ()?h) of functions fh : H—-RU {4}
(h € N) with the following properties :

i) foo = foo; YR EN, fi > fn;
i) Vh € N, Yu,v € H, fiy(u) = fa(v) and |u| = |v| imply fa(u) = fulv);

##i) Vi € N, f is lower semicontinuous ;

w)Vh € N, the function {u — fh(u) + qlu|?} is convez;

v) foo=r_(H)1i’1;nfh;

vi) Vh e N,Vu € D(fi) N M, D(f;) and M are not tangent at u;

1) if (un) is @ sequence in M with lim sup f4(us) < 400, we have
h

Faun) = falun), 0 Fuun) = 0~ falun)

eventually as h — +o0.
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Moreover, if we set f;, = fh + Ipns Yh € N, the following facts hold :
viti) Vh € N, ﬁ, is lower semicontinuous;

iz) there ezists a continuous function

Po : ( U_D(fh)) xR — RY
heN
such that

Fu(w) = Fa(w) + (alv — ) = wo(u, Fu(u))(1 + |a)|o — ul?

whenever h € N, v € Hyu € D(0™f1), a € a'ﬁ(u);

in particular, there ezists a continuous function
2
X ( U_D(ﬁ,)) x R? » Rt
heEN
such that
(a— Blu—v) >
2 =X(u, v, Fa(w), Fu(@)(1 + laf? + |8[)u — vf?

whenever h € N, u,v € D(a_fg), o€ a-fh(“)aﬁ € 3_)?;;(”);
z) foo =F_(H)1i£nfh;

zi) the sequence (ﬂ) 18 equicoercive.

Proof .— For every h € N, we set

ey = inf {fa(u) : v € D(fr) N M, D(fr) and M are tangent at u} with
the convention inf @ = +oo.

First of all we claim that

lilrln chp = +o00.

Indeed, by contradiction, we could find a subsequence (f3,) and a sequence
(ux) in H such that ux € D(f, )N M, D(fp,) and M are tangent at u; and
sup fu (k) < +oo.
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By equicoercivity, up to a subsequence (uj) converges to some u in M.
Moreover by I-convergence u € D(fo). By Remark 2.11
Vk e N, Jv € B’IM(uk)\{O} : Vw € D(fhk), (vklw - uk) >0

We can suppose that |vi| = 1. Because of Remark 2.9, up to a subsequence
(vi) converges to some v € &~ Ip(u) with |v| = 1. Again by Remark 2.11
and assumption e) there exists w € D(foo) such that (v|w —u) < 0. Let
(wi) be a sequence converging to w with lilrcn Fre(wk) = foo(w). Then we
have

wi € D(fh), (vklwr —ur) <0
eventually as k — +o0, which is a contradiction.

Now for every h € N, let 9, : R = R U {400} be an increasing lower
semicontinuous convex function such that

Vz <ecp—1, Un(z)=ax;
Vz €ler — L,en[, « L In(z) < o0
Vz > cp, Ip(z) = +oo.

We set foo = foo and VA € N,

~ o [ O(Fu(w) +alul?) — alul* e D()
fh(u)-{+';o" nenm

Then properties i), ii), iii), iv and v) are immediate.

Let us prove vi). Let h € N, u € D(fh) N M and v € 07 In(u)\{0}.
Since fr(u) < cn — gqlul® < cp, there exists w € D(f3) with (v|w — u) < 0.
Then, if t €]0,1] is sufficiently small, we have (u + t(w — u)) € D(ﬁ,) and
(v|u + t{w — u) —u < 0. By Remark 2.11, D(ﬁ,) and M are not tangent at
u.

Let us prove vii). Since fr = fr, by assumption d) we have that, up
to a subsequence, (up) converges to some u in M. Then it is obvious
that fh(uh) = fa(un) eventually as h — +o0o. Since f;, > fr, we have
8™ fr(un) C a_ﬁ(uh) eventually as h — +o0o. On the other hand for large
h

fr(v) + gl < en —1

whenever v € B(us,1) and fr(v) < fa(un)+ 1. Therefore, if h is sufficiently
large, we have fr(v) = fn(v) whenever v € B(un,1) and fr(v) < fa(us)+1.
In particular 07 fa(un) C 07 fr(un).
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NowwesechEﬁ,ﬁ,=ﬁ,+Im.

Property viii) is obvious. Since ﬁ 2 fr + Ipp z1) follows from d).

Let us remark that by iv) we have

Fa(v) 2 Fu(w) + (alv — u) — qlo — uf? (2.18)

whenever h € N, u € D(8™ f3), @ € 8~ fi(uw).

Let us prove x). Since M is closed, by v) we have only to prove that
Yu € H, I(up) converging to u with hmfh(uh) = foo(u) Actually it is

sufficient to show that Yu € D(foo) NM,Vr,e >0, 3hg € N :Vh > hg,
inf{fh(v): v € B(u,r) N M} < Foo(u) + €.
Let r,e > 0 and let v € 87 Ips(u) with |v| = 1. By iv), vi),

Remarks 2.9 and 2.11.— there exist ut, v~ € D(foo) such that
vjut —u) > 0, (v[u” — u) < 0. By substituting u® with (su® + (1 = s)u)
for some small s in ]0,1], we can also assume that glu™ — v~ |2 < 2¢,
Foolu?) < Foo(t) + €/2 and that for every v* in a neighborhood of u*

(tvt + (1 —t)v= € M N B(u,r) for some t € [0, 1].
+ +

Let (uf) and (uj) be two sequences in H such that li’{nuh = u
h’rlnﬁl(u,df) = foo(u®). Then
(thuf + (1 —tp)uy ) € M N B(u,r) for some ¢, € [0,1]

eventually as h — +o0o and by iv) we have

)

Fultnf + (1= tw)uy) <
< tafa(uf) + (1 = th) faluy ) + ta(l — ta)qluf — uy | <
< thfh(u',:) + (1 - th)fh(u;) +e/2 < foo(u) + €.
Finally, let us prove ix). By paracompactness and partition of unity, it is
sufficient to show that for every (u,T) € U D(ﬁ)) xR there exist € > 0,

- heN
K € R such that

Fa() 2 fa(w) + (alv — u) = K(1 + |al)o — uf?

whenever h € N, v € H, uw € D(O™f3), @ € 8~ fr(w), Ju— < u|l < e,
falu)- < z| < e.
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By contradiction, we could find (%, T) and sequences (hg), (uk), (vi), k)
such that

T (08) < Fan () + (eklvr — u) — k(L + |ax])|or — url?,

ay € 0™ fa, (ur), lug — 7 < 1/k, | fa, (ux) — 7| < 1/k.
Up to a subsequence, we have that 1ilrcn hi = ho € N. By lower

semicontinuity and T-convergence, we deduce that @ € D(f.,) N M. By
iii), vi) and (2.18) we can apply Theorem 2.12 obtaining ar = Bk +n: with
Br € 8 F(ur), nk € 0~ Ing(us).
We claim that

_md
1+ ol
Of course we can assume that ke # 0. By Remark 2.9, up to a subsequence
(mx/|nk|) converges to some v € 07 Ip(%) with |v| = 1. By vi) and Remark
2.11 there exists w € D(fh,,) such that (v]w —w) < 0. By T-convergence,
there exists (wy) converging to w with hm fhk(wk) = fhw(w) By (2.18) we
conclude that

lim sup < +o0.

Frn(wi) > Fao(ur) + (ak — nilwe — ug) — glok — ul?

7] (|V | wk —m;) 2

> —Fa (wi) + Fro (ur) + (aklwr — ug) — glok — uxf?

which gives the result.

namely

Now we remark that vy # ur and

s L8/ DIk = )|
k |Uk - 'U'klz

< +o0,

because M is of class Cl1 t

Then, taking into account (2.18), we conclude that

—Fru(0r) + Fre (ur) + (Br + nilox — uk)
< (1 + laxD)lok — ual?
< 4ok — ukl® + [(mefor — wi)| _

- (1 + ok |)|ve — ukl?
g Inel 1w/ Ine]) vk — i)l
T 14 ok 1+ ekl lvg — ug|?
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which is absurd.
We point out that a property like ix) was already proved in (8, Theorem
1.13] for a single function f. )

3. Variational bifurcation for nonsmooth functions

Throughout this section we keep the notations of §2. We shall consider a
real Hilbert space H, a convex open subset W of H with 0 € W, a function

f:W = RU {+oo}

such that
f(0)=0, 0€9f(0) (3.1)

and a symmetric bounded linear operator
L:H—- H.
Our purpose is to study the set of the pairs (A, u) such that

(MLu)eRXW
{ ALu € 0~ f(u) (3.2)

Because of (3.1), for every X in R the pair (), 0) satisfies (3.2).

DEFINITION 3.3.— A real number X\ 1s said to be of bifurcation for (3.2),
if there ezists a sequence ((An,upr)) or solutions of (3.2) with up # 0 and

li}rln(/\h,uh) =(A,0).

As in the case of smooth functions f (see [22]), we want to compare
the bifurcation values with the eigenvalues of some “linearized” problem.

In order to carry out such a program, we make the following further
assumptions on f :

(A1) the function f is lower semicontinuous on W and there ezists
9 € RY such that the function {u — f(u) + qlu|?} is convez on W ;

(A2) there ezists a function fo : H — R U {400} such that for every
sequence (py) in ]0,1] converging to zero, we have

fo=T"(H)lim f,,
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where ¥p €]0,1], f, : H — R U {400} is defined by

_ % f(pu) pueW
folu) = {+00 pu € H\W

PROPOSITION 3.4.— Let p €]0,1]. Then the following facts
hold :

i) f, is lower semicontinuous on H and the function
{u > fo(u) + q|u|*} is convez on H ;

i) Yo € H, Yu € D(9™ f,), Ya € 07 fo(u), we havé
Fo(v) 2 fp(u) + (alv — v) — gl —u*;

iii) f,(0) =0, 0 € 0 £,(0);
w) Yu, a € H, we have
w € D(8™f,) and a € 0™ fo(u) & pu € D(O™ f) and pa € 0™ f(pu);

v) for every sequence.(pp) in ]0,1] converging to p, we have

fo= F—(H)li{nfm.-

Proof .— Properties 1), iii), iv) and v) are immediate consequences of the
definition of f,. Property ii) is an easy consequence of propery i).

PROPOSITION 3.5.— Let (pr) be a sequence in [0,1], (up) and (an)
two sequences in H. Let us suppose that (pn) converges to p € [0,1],
(up) converges to u € H, (ap) converges weakly to o € H and that
ap € 07 f,, (ur), Vh € N. Then we have

o € 07 fo(w),  folw) =lim fiy(un):

PROPOSITION 3.6.— The following facts hold :

1) fo is lower semicontinuous on H and the function
{u —> fo(u) + qlu|?} is convez on H;

it) Yv € H, Yu € D(0™ fy), Va € 8™ fo(u), we have
fo(v) 2 fo(u) + (afv — u) = glv —ul?;
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i) Vs >0, Vu € H, fo(su) = s fo(u);

v) Vs >0, Vu € D(0™ fo), Va € 07 fo(u), sa € 07 (su);

vi) Yu € D(3™ fy), Va € 97 fo(u), (alu) = 2fo(u).

Proof 3.5 and 3.6.— Property (3.6); is a simple consequence of Propo-

sition (3.4); and the definition of I'-convergence; property (3.6); is an easy
consequence of (3.6);.

Let us prove Proposition 3.5. By Proposition 3.4;; and (3.6);; we have
Yo € H, fo,(v) = for(ur) + (anlv —us) — glv — upn|?.
By (A2) and Proposition 3.4, we can choose v = zj,, where li}{n zp = u and
1i'1;n foun(z1) = fo(u), obta;ning
fo(u) 2 lim sup f,, (u).
By the definition of I'-convergence we conclude that
£o(w) = lign fy ().

Now Vw € H we choose v = wj, where 1i’1;nw,, = w, liixlnf,,,, (wn) = fp(w),

obtaining

Vw € H, fo(w) 2 fp(u) + (alw —u) = glw — uf?,
which implies & € 97 f,(u).
Property (3.6):ii is a consequence of Propositions (3.4)i;; and 3.5.

Let us prove (3.6);y. Let (pn) be a sequence in ]0, 1] converging to zero
and let (us) be a sequence such that li’{n up = u, li’rln fon(un) = fo(u).

Since

fs"Ph (suh) = szfph (uh)7

li’rln s pp =0, li’r'n Sup = Su,
by (A2) we have
fo(su) < limhinf fo-1p, (sun) = 8% fo(u).
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For the same reason

fo(u) = fo(s™'(su)) < 572 fo(su).
Therefore (3.6);,, is proved.

Property (3.6)y is an easy consequence of (3.6);y.
Finally, let us prove (3.6)y;. By (3.6)vi we have

(alu) < liminf fo(u + tu) — fo(u) -
t—0+ t
= liminf(2 + ) fo(u) = 2fo(w).

On the other hand

) < tim
() < Bmdat

Pt =Fo) _ g

The function fo(u) introduced in (A2) plays the role of the quadratic

form 3 f"(0)(u,u) in the smooth case. In the following it will be convenient
to consider also the “linearized” problem

(Mu)eRx H
{ ALu € 0™ fo(u) (3.7)

Remark 3.8.— For every X in R the set

{u e H: MLue a—fo(u)}

is a closed cone.

Proof.—1t is a consequence of Propositions 3.5 and (3.6),.

It is not true, in general, that {u € H : ALu € 8~ fo(u)} is convex. Take,
for instance, H = W = R?, f(z,y) = (z* + y*)!/? and L the identity map.
Then (3.1), (A1) and (A2) are satisfied with fo(z,y) = (z* +y*)*/2, but for
A = V2 we have

{ue H: Au€d fo(u)}={(z,y) eR?: 2® =y}
and for A = 2 we have
{u€H: ALu€d fo(u)} = {(z,y) € R* : 2y = 0}.
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DEFINITION 3.9.— A real number X is said to be an eigenvalue of (3.7),
if the pair A, u) satisfies (8.7) for some u # 0.

Remark 3.10.— If (A, u) satisfies (3.7), then fo(u) = %,\(Luh,‘),

Proof . —1It is a consequence of Proposition (3.6),;.

Now it is convenient to introduce the sets
1
Mt ={ueH: §(L“l“) =1},
1
M- ={ueH: 5(Lu|u) = -1},

which are hypersurfaces in H of class C* and closed subsets of H.

According to Remark 2.9, we have for every u in M*,

0 Ing+(u) = {ALu: A € R}.

PROPOSITION 3.11.— For every u € D(fo) N M¥, D(fo) and M* are
not tangent at u.

Proof.—Let u € D(fo) N Mt. The set D(fo) is a convex cone by
Proposition (3.6); and (3.6)y. If we take ut = 2u, u~ =0, we have

(Luut —uw) =2, (Lulu™ —u) = -2.

By remark 2.11 D(fo) and M+ are not tangent at u. The same argument
works for M.

PROPOSITION 3.12.— Given a A € R, let us consider the following facts :

i) (M u) satisfies (3.7) for some u with (Lulu) > 0;

i) X 1s critical from below for (fo+ Ipg+);

1) (A, u) satisfies (3.7) for some u with (Lu|u) < 0;

w) =X is critical from below for (fo + Ing-).

Then we have
i) & ii) ;
i) & iv).
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Proof .— By Propositions (3.6);, (3.6); and 3.11 we can apply Theorem
2.12, obtaining for every v in D(fo) N M,

™ (fo + Ine+)(v) = {a@ = ALv : @ € 8™ fo(v), X € R} (3.13)

Now let us prove that i) => ii). Let (\,u) be a solution of (3.7) with

(Lulu) > 0 and let
1 -1/2
v= (-2-(Lu|u)) u.

By Remark 3.8 ALv € 97 fo(v). Moreover v € M* and (fo + In+)(v) = A
by Remark 3.10. By (3.13) we conclude that 0 € 87 (fo + In+)(v).

Let us prove that ii) = i). Let v € M™T be such that fo(v) = A
0 € 07 (fo + In+)(v). Of course (Lv|v) > 0. By (3.13) there exists p € R
such that uLv € 8~ fo(v). By Remark 3.10 we conclude that A = fo(v) = p.

The proof that iii) « iv) is analogous.

THEOREM 3.14.— Let us assume that for every sequence (up) in W\{0}
with

= =0, suplua|f(un) < +oo
h
the sequence (up/|unl) has a convergent subsequence.

Then every A of bifurcation for (3.2) is an eigenvalue of (3.7).

Proof .—Let ((Ar,unr)) be a sequence as in Definition 3.3 and let p» =
|un|,vn = un/|un|- By proposition (3.4);y.

}\I;Lvh € 07 fo, (vn).
Moreover by Proposition (3.4);; and (3.4);i
0= Fpr(0) > fo(vn) — AnéLonlor) — gqloal*
Since |vi| = 1, we have

sup [un|~2 f(un) = sup fo, (vn) < +00.
h h

Therefore, up to a subsequence, (vy) converges to some v in H with |v| =1.

By Proposition 3.5 we conclude that
ALv € 87 fo(v).
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The converse is not true, in general. Let us take the following counter-
example from [30].

Let H=R* W = B(0,1), f : W — RU {400} defined by

1.2 2 2
z,y) = 58" +y*—zy* z2>0
f@y) { + elsewhere

and L the identity map. Then all the assumptions of Theorem 3.14 are
satisfied with

12 2
z, — 51 + y T Z 0
fo(=,y) { 400 elsewhere

On the other hand A = 2 is an isolated eigenvalue of (3.7) which is not of
bifurcation for (3.2).

From our point of view, the feature of this example is that A, which is

critieal from below for (fo + Ips+) by Proposition 3.12, is not essential for
(fo 4+ In+) in the sense of Definition 2.8.

Roughly speaking, the first purpose of this section is to show that, if
X € R is an eigenvalue of (3.7) and ) is essential for (fo + Ip+) or —A is
essential for (fy + Ips-), then A is of bifurcation for (3.2). On the contrary,
we shall not treat the eigenvalues A such that

Yu € H,ALu € 0~ fo(u) = (Luju) = 0.
First of all let us consider the following compactness assumptions :
(A3%) for every sequence (up) in W with %(Luh]uh) €]0,1] and
sx}llp!(Luhluh)r'lf(uh) < 400
the sequence (|Lup|up)|~*/?uy) has a convergent subsequence;
(A37) for every sequence (up) in W with %(Luhluh) € [-1,0[ and

S\,llP\(Luhluh)l—lf(Uh) < +oo

the sequence (|(Lug|up)|™*/?u)) has a convergent subsequence.

If L is the identity map of H, hypothesis (A3*) implies the compactness
assumption made in Theorem 3.14.
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PROPOSITION 3.15.— Condition (A3") (tesp. (A37)) holds if and onlyif

for every sequence (py) in 10, 1] the sequence (f,, +Inm+) (resp. (for +1Im-))
18 equicoercive.

Proof .— Let (A3%) hold. Let ¢ € R and let (ux) be a sequence in M*
with f,, (ux) < ¢ for some sequence (ki) in N.

If we set vy = pp, u, we have

S(Loulow) = %%, [(Loxlon)|™ F(06) = 5 o, (8) < /2

By (A3%), (uk) has a convergent subsequence.

Now let us assume that for every sequence (pr) in ]0,1] the sequence
(fon + Ingt) is equicoercive.

1/2
Let (un) be a sequence as in (A3%). Let p, = (%I(Luhluh)l) and
vp = ur/pn. Then v, € MT and

sup fop (vn) = 2sup |(Lulua)| ™ f(un) < +oo,
Therefore (v),) has a convergent subsequence.

PROPOSITION 3.16.— Let (A8") (resp. (A3~)) hold. Then for every c
in R the set (fo +IM+)c(resp. (fo + IM-)C) 18 compact.

Proof.—Let (pn) be a sequence in ]0,1] converging to zero and let
poo = 0. By Propositions (3.4);, (3.6);, (A2), (A3%) and Proposition 3.11,
we can apply Theorem 2.17 to the sequence ( f,, ) and the hypersurface M*.
Then ( fo+1I M:t) is the I'-limit of some equicoercive sequence of functions
by Theorem (2.17);, (2.17)x and (2.17)4;. By Remark 2.15 the thesis follows.

From now on we restrict our attention to the eigenvalues A such that
ALu € 07 fo(u) for some u with (Lu|u) # 0. For sake of simplicity, we
shall consider only eigenvalues A such that ALv € 8~ f(u) for some u with

(Lu|u) > 0. By changing L in —L and X in —\, we can always reduce
ourselves to this case.

PROPOSITION 3.17.— Let (A8%) hold and let A € R. Let us assume that
E :={u€H : ALu € h™ fo(u)} is convezr and that (Luo|uo) > 0 for some
ug € E. Then the set {u € E : |u| =1} is compact and we have

min{(Lu|u) : u € E,|u| =1} > 0.
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Proof .— By proposition (3.6);, Yu € ENM™, fo(u) = A. By Proposition
3.16 EN M™ is compact, hence bounded.

We claim that Vu € E\{0}, (Lu|u) > 0. By contradiction, let v € E\{0}

with (Lv|v) < 0. Since uo and v are linearly independent, we have

lllrln (Dréltlgl I(1 = t)huo + thv|) = +oc0.

Since E is a cone by Remark 3.8, eventually as A — oo we can find
wy, € ENMY of the form wy, = (1 — tp)hug + tyhv for some tp € [0,1].
Then li’rln |wp| = 400, which is a contradiction.

To conclude the pfoof, it is sufficient to remark that the map
EnM* > {u€eE: |u=1})

u ——u/|u|

is a homeomorphism.

COROLLARY 3.18.— Let either (ASt) or (AS™) hold and let us assume

that for every X in R the set {u € H : ALu € 3~ fy(u)} is convez. Then
the sets

{AeR : (\u)) satisfies (8.7) for some u with (Lulu) > 0}
and
{A € R : (A u) satisfies (3.7) for some u with (Lu|u) < 0}

are disjoint.

Proof .— By changing L in —L, we can suppose that (A3*) holds. Then
the thesis follows from Proposition 3.17.

LEMMA 3.19.— Let (A8") hold and let A € R. Then the following facts

are equivalent :

i) there ezists po >0, {X\,: 0<p<pe} CR,
{up : 0< p < po} CW such that

1
Vp €]0, po], ApLu, € 97 f(u,) and E(L“ph‘p) = p’;
}’IEE(AIH uﬂ) = (A7 0)1 pl_i.rg+ f(up)/P2 = }‘;
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i1) for every sequence (pi) in J0, 1] converging to zero, there ezists hy €
N, {An:h2h}CR, {up:h>he}C MY such that

Vh > hg, ApLup € 6_fph (uh);
li,rlnf,,h (un) = X;

111) for every € > 0 and for every sequence (py) in |0,1] converging to zero,
there exists ho € N,{\p : h > ho} CR, {un : h > ho} C M7 such that

Vh > ho, ApLuy € a”f,,,,(uh) and A —e < f,,,.(uh) <X+e.

Proof .— Let us prove that ii) = i). First of all let (p),(An) and (up) be
as in i1). We claim that li’rln A=A

In fact by Proposition 3.15, up to a subsequence (up) converges to some u
in MT. By (A2) we conclude that u € D( fo). Again by (A2) and Proposition
(8.6)iv, for every s > 0 we can find a sequence (wp,) converging to su with
li,rln fon(wr) = fo(su) = s% fo(u). By proposition (3.4);; we have

M(Lunlwn = wn) < fop(wh) = Fou (un) + glwn — ual®.
On the other hand
1i,{n(Luh|wh —up) = (s — D(Lufu) =2(s — 1),
lim (Fpp(10n) = Fon () = 6 fo(w) = ),
li’xln lwp — us)? = (s — 1)%|ul?
Since we can choose s in ]0,1[ and in ]1, 4+00[, we conclude first of all that

limsup |Ap] < +o0.
h

By Proposition 3.5 we deduce that fo(u) = A. Therefore, because of the
arbitrary of s,

11'r.n A=A

Moreover, if we set v, = ppup, we have, taking also into account Proposition

(3'4)iv )

1
Vh > ho, AnLvp € 07 f(vn) and E(Lvh|vh) =p3,
lillln()‘h)vh) = (’\70)’1"{11 f(vh)/P?, = A
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Now, arguing by contradiction, it is easy to see that ii) = i).

The proof that iii) = ii) is trivial. Let us prove that i) = iii). Let pg, A,
and u, be as in i) and let (pr) be a sequence in ]0,1] converging to 0. We

have pp, €0, po] eventually as h — oo. Then A,, and vy = u,,/ps have the
required properties.

Now we can give the main result in this section.

THEOREM 3.20.— Let (ASt) hold and let A € R be essential for
(fot In+)-

Then X\ is an eigenvalue of (8.7) and of bifurcation for (3.2). More
precisely, there ezists pg > 0,{}, : 0 < p < po} C R, {u, : 0 < p <
po} CW such that

1
Vp €10, po), ApLu, € 07 f(u,) and §(Lup|u,,) = p%;
pli%l+(Ap7up) = (X, 0), pl_l_fgl+ f(up)/p™ = A

Proof.—Let (ar) and (bx) be as in Definition 2.8. We want to apply
Lemma 3.19 verifying the condition (3.19);;. Therefore let us consider € > 0

and a sequence (pp) in ]0,1] converging to 0. Let us set poo = 0 and let
FeNbesuchthat A\—e <ar <bp < A+e.

By Propositions 3.4;, 3.5;, 3.15, (A2) and Proposition 3.11, we can apply
Theorem 2.17 to the sequence (f,,) and the hypersurface M+ Let (fh) and
( fh) be the sequences given by Theorem 2.17.

By (2 17)1 foo = foo + I+ = fo+ Ing+. By (2 17)vma (2 17)1x’
(2.17)x and (2.17)x; we can apply Theorem 2.16 to the sequence (fh) with
a = ag,b = by. Let hy € N be such that VA > ho, the pair ( W fak) is
homotopically equivalent to the pair ((fo + Ing+ )b, (fo+ Ing+)™).

Then Vh > hy, f’,:“ is not a weak deformation retract of f,";“ . Because of lo-
wer semicontinuity and equicoercivity, we can apply the deformation lemma

2.7, obtaining that Vh > hg, Ju, € D(ﬂ) such that 0 € 8~ f4(us), ax <
fu(un) < by. In particular up € M.

By (2. 17),,,, (2.17)y; and (2.18) we can apply Theorem 2.12, obtaining

MLup € 9~ fh(uh) for some A, € R. Since fh(uh) < bk, by (2.17)vii we
conclude that

AnLun € 07 fp, (un), ar < fou(un) < b
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eventually as b — +o00. Therefore condition (3.19);; is fulfilled.

Finally, let us show that A is an eigenvah%e, of (3.7). Let po, A, and u,
be given by (3.19);. If we set v, = u,/p, we have v, € M* and \,Lv, €
0~ fp(v,) by Proposition 3.4iy. By Proposition 3.15 (v, ) converges to some

v € MT along some sequence (p},) converging to zero. By Proposition 3.5
we conclude that

ALv € 3—f0(v).

Now we wish to consider two cases in which the condition that ) is essential
for (fo + Ip+) is not explicitely required.

The first one concerns the bifurcation from the “first eigenvalue” which
has been studied, in a different framework, also in [29, 37]. A difference
with respect to {37] is that in our situation the set D(f) is not requested
to be a cone. On the other hand in [29] a further assumption is imposed,
in order to avoid the tangency between D(f,) and M¥. In our approach
we take advantage of the property (essentially proved in Theorem 2.17)

taht, if D(f,,) and M¥* are tangent at some uj and (pp) — 0, then
(fph(uh)) — Foo.

THEOREM 3.21.— Let assumption (AST) hold and let us suppose that
fo(u) < 400 for some u with (Lulu) > 0.

Then X := }éli fo is achieved, \ is an eigenvalue of (3.7) and of

bifurcation for (8.2). More precisely, all the thesis of Theorem 3.20 holds.

Proof .— By Proposition 3.6;, we have that D(fy) N Mt # 0, so that
A= irhllf (fo + IM+) < 4oc0. By Proposition 3.16 we conclude that A € R

and the infimum is achieved. Of course A is critical from below for (f o+] M+).
By Proposition 3.12 X is an eigenvalue of (3.7).

To conclude the proof, we want to apply Lemma 3.19 verifying the
condition (3.19);i. Let (pr) be a sequence in 0, 1] converging to zero and let
Poo = 0. As in the proof of Theorem 2.10, we can apply Theorem 2.17 to
the sequence (f,,) and the hypersurface M, obtaining two sequences of

functions (ﬁ) and (fh) Of course A = m}iln foor
By (2.17)x it is readily seen that
Ugn fo > limhsup (irl_llf fh)

On the other hand, by (2.17)vii and (2.17)xi the infima at the right hand
side are achieved at some uj, € H with 0 € 0~ fi(us). Again by (2.17)x and
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(2.17)xi we get
hrn Fa(up) = mm o = A

Now, as in the proof of Theorem 3.20, we conclude that A\pLup € 8~ f;.(u,,)
for some A\, € R and that 07 f,,(up) = 8~ fh(uh) for(up) = f;,(u;,)

eventually as h — oo.

In the second case, concerning the situation in which fy is a “quadratic
form” in some generalized sense, we can give a bifurcation result also for

higher eigenvalues of (3.7). We need a quite standard lemma on linear
operators.

LEMMA 3.22.— 'Let X be a real Hilbert space and B, K : X — X two
symmetric bounded operators such that BK = KB Let M = {u € X :

SBu) =1}, Qow) = 5(Kulw), Q(w) = Slul? = Qo(u) and let us
assume that M is nonempty an(l sequentially weakly closed in X,Qom 18
sequentially weakly continuous and
i Quar(w) = +oo,
if M i3 not bounded. Let \ be a critical value of Q‘M.
Then there ezists €9 > 0 such that :
i) Qim has no critical values in [A — €9, A + €0]\{A};

it) for every € €]0,¢€0], there does not exist any deformation

He Q)M % [0,1] = (Quar)* of (Qa)™* into (Qu)*™*
ii1) the linear space {u € X : u — Ku = ABu} has finite dimension.
Moreover if {u € X : u — lu = ABu} has dimension one and e 1s
o critical point of Qam with Q(e) = A, then for every ¢ €]0,c0] the set

(QlM)’\_e N{u € X : (ule) > 0} is not a weak retract of (Q|M))H'€ Nn{ue
X : (ule) > 0}.

Proof.—Let A =1I— K. Evidently AB = BA. First of all we claim that
for every 1, z2 € (kerB)t and for every u,us € X,

Au; = Bz; = (z1|u2) = (z2|uy). (3.23)

Infact, by the resolution of the identity associated with B, we can define
a sequence of symmetric bounded linear operators Cj, : X — X such that

BC, =CprB, ACh = CrA and
Vz € (kerB)*, im CyBz = «
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in the weak topology of X.
In particular,
h}rln(C'th,Iu]) = (:B,“Uj).
Since (CrBziluz) = (CrAuiluz) = (u1|CrAuz) = (u1|ChBzs), (3.23)
follows.

Let us remark that (KerA) N (KerB) = {0}. Infact, KerB and (KerB)*
are invariant for A. Let v € M N (KerB)L. If v € (Ker4) N (KerB), we
have u + mv € M and Q(u + mv) = Q(u) Vm € N. Therefore the sequence
(u + mv) is bounded, hence v = 0.

Now we claim that, if A\;, Ay € R, uj,us € X, Au; = \;Bu; and A\ # Xy,
we have (uj|uz) = 0.

Infact, let u; = v; + w; with v; € kerB, w; € (kerB)J‘. Then Av; =
XiBv; = 0, which implies v; = 0. By (3.23) we conclude that (u;|ug) = 0.

Let A = {p¢ € R: Au = pBu for some u € X with (Bu|u) > 0} which is
also the set of the critical values of Q|as.

Let us remark that AN]—oo, A] is finite. Infact, by contradiction, if (A4) is
a sequence of distinct values in AN]— o0, ] and uj, € M, Aup = Ay Buy, we
have Q(ur) = Ap < A. Up to a subsequence, (up) converges to some u € M
in the weak topology of X and (Q(up)) converges to Q(u). Therefore (up)
converges to u in the strong topology of X. This is absurd, as u # 0 and
the u},s are pairwise orthogonal.

Let AN] — 00, A] = {A1,..., A} with Ay < ... < Ay = ) and let
Vi={ueX:Au= \Bu} fori=1,...,h. Evidently )\; = m}inQ.

The subspaces V; are pairwise orthogonal. Moreover V;NM is sequentially
weakly compact, hence bounded. An obvious adaptation of the proof of

Proposition 3.17 shows that V; has finite dimension and (Bu|u) >0, Vue€
Vi\{0}. Let

V=V®..0WV, Y=V

Since B and A leave invariant each V;, the same property holds for V and
Y. Moreover (Bulu) >0 Vu € V\{0}.

We claim that (Ayly) = M(Byly) Yy € Y. Infact, let y € Y and let
v € V1 N M. Without loss of generality, we can assume that %(By|y) <l

Let s € R be such that %(Byly) + s? = 1. Then y + sv € M, so that
1 1 A1
M = 5(A®y + sv)ly + sv) = 5(Ayly) + A — 5 (Byly)-
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Now let g9 b h that A1 < A — A i .
ow let g¢ be suc at Apoy < €0 < +50<1{4n%r}1,Q

Evidently @ has no critical value in [A — o, A — o]\ {A}.
Let ¢ €]0, 0]

Since V has finite dimension, M NV is not contractible in X\Y. It is
readily seen that

MNV c (@)t c X\Y.
Therefore (@a) T is not contractible in X\Y.

Let e € M N V4. It is easy to show that X\{y +se:y € Y,;s > 0} is
contractible in X\Y We claim that (QIM))‘ € C X\{y+se:y€Y,s >0}.

Infact, let us assume that y + se € M. From —(Byly) + 52 =1 we deduce
that

QU+ s¢) = S(Auly) + Xn = (Buly) 2 M,
since
L (Ayly) + M — S (Byly) 2
M Qs = A)5(Buly) i (Byly) > 0
Mo+ (n = M)3(Buly) i (Buly) <0
Therefore there does not exist any deformation
H o (Q) e x [0,1] = X\Y of (Qm)** into (Qar)*~°.

Now let us assume that V}, has dimension one and let V' =V, & ... ® V,_,

Since V' has finite dimension, M N V' is not contractible in {u € X :
ule) 2 0\{y + se:y € Y,s > 0}.

On the other hand, Vu € M NV'Q(u) < A1, so that

MOV C(@Qum)* ™ N{u€ X :(ule) >0} C
C{ueX:(ule)>20}\{y+se:y€Y,s>0}.

In particular, M NV’ is not contractible in (Q‘M)’\—‘ N{u € X : (ule) > 0}.
On the contrary,

K(u,t))(te + (1 — t)u)/[%(B(te +(1=t)u)lte + (1 — t)u)]/?
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defines a contraction of M NV in (Qm) ¢ N {u € X : (ule) > 0}.
Therefore (Q|M)’\+£ N{u € X : (ule) > 0} is not a weak retract of
Q)N {u € X : (ule) 2 0}.
Let us denote by C the set of the ¢’s in R such that the function
fu — folw) + 5=

c —
folu) + —
The set C is not empty. Infact ]2¢, +0o[C C by Proposition 3.6;.

If c € C and u € H, let us denote by ¢tu the minimum point of the

function {v +— fo(v) + givl2 — (v|u)}. Evidently

|u|?>} is convex for some ¢ > 0 (in particular,

£ |u[> > 0 Vu € H by Proposition 3.6;;).

Yu e H, (u-—citu)€ 0 fo(itu); (324)
Yu € D(0™ fo), Va €90 fo(u), u=r1ii(a+ cu). (3.25)

THEOREM 3.26.— Let (A3T) hold and let us assume that

Vu,v € H, fo(u+v)+ fo(u—v)=2f(u)+ 2fo(v) (3.27)
and that
citL = Leiy, (3.28)
for some c € C.

Then every value )\, which is critical from below for A(fo + Ipg+), is also
essential for (fo + Ing+). Moreover, {u € H : ALu € 87 fo(u)} is a linear
subspace of H of finite dimension.

Proof.—Let ¢ € C be such that (3.28) holds. Combining Proposition
3.61, 3.6;y and (3.27), we deduce that D(fo) is a linear subspace of H.

Moreover, we can define a scalar product ((:|)) on D(fo) by
VYu,v € D(fo), ((ulv)) = %(Zfo(u +v) +clu+v|?> —2fo(u—v)—clu—v*)

so that the embedding i : (D(fo), - |l) = (H,|-|) is continuous, where |||
is the norm associated with ((:|-))-

By the lower semicontinuity of fo, the space (D(fo), ((-'))) is complete,
hence a Hilbert space. Moreover is : H — D(fo) is the adjoint map of the
embedding ¢.
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Let us define two symmetric bounded linear operators K, B : D(f,) —
D(fo) by K = cizi, B =12Li. It is readily seen that

Vu€ DUl 5(((T — Kyulw) = fow),  (Bulu)) = (Lulu).
By (3.28) BK = K B.

If we set M := {u € D(fo): é((Bu,Iu)) =1} = M* N D(fo),
Qo(u) = %((Kulu)) = %Iulz, because of (A3%) M is sequentially weakly

closed in D(fo), Qo|m is sequentially weakly continuous and

’ 1lim fo(u) = +o0,
uulebl

if M is not bounded.
Now we claim that for every (A, u) in R x D(fo),

ALu € 9™ fo(u) & u — Ku = ABu.
Infact, by (3.24) and (3.25), A\Lu € 9™ fo(u) & u = i;(ALu + cu) &
u—ciiu = Mpu & v — Ku = ABu.

By Proposition 3.12 A € R is critical from below for (fo + Ip+) if and
only if A is a critical value of Q.

Moreover, the norm || - | and the graph metric d* associated with fo
(see (2.5)) induce on D(fo) the same topology and Vb € R, (fo + I+ ) =
(Q]M)b

Applying Lemma 3.22, the thesis follows.

THEOREM 3.29. — Let us assume that (AST), (8.27) and (3.28) hold and
let X € R be an eigenvalue of (3.7).

Then X is of bifurcation for (8.2). More precisely, all the thesis of
Theorem 8.20 holds.

Proof .—1t is sufficient to combine Proposition 3.12 and Theorem 3.26
with Theorem 3.20.

In the case in which the function f is smooth, several multiplicity results

are known for bifurcation (see 7, 21, 26, 34, 35]). Here we give a first result
for simple eigenvalues.
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THEOREM 3.30.— Let us assume that (ASY), (8.27) and (3.28) hold
and let A € R, e € MY be such that \Le € 07 fo(e). Let us suppose that
{v € H : \Lu € 0™ fo(u)}, which is a linear space by Theorem 3.26, has

dimension one.
Then there exist pg > 0, {/\2") :0< p<po,i=12} CR, {uf,") : 0p < po,
i =1,2} C W such that
Vp €10,p0), Vi=1,2,2X9Lul) € 07 f(ul?)
1 i, G 2
and §(Lu£,)|us,')) = p%;
O DY — - Y/ ,2 — )
p{LI(I)l'*'(/\p 7up ) - (A’ 0)’ plir(rll_‘_ f(up )/P Aa
i Oy, — _ i @) = —
lim u,’/p = e,pl_l’r(r)1+up /p=—e.

p—0t

Proof .— First of all it is sufficient to show that there exist po > 0,
{X:0<p<p} CR, {u,:0<p<pe} CW such that

Vp €10, pol, AL, € 8™ £(u,) and 3(Lu,lup) = 7%
Tim, O up) = (00), lim, f(u)/6* = X
Er€+up/p =e.
Let © = {u € H : (ule). > 0}, 0L = {u € H : (ule) = 0} and let
g=f+Is: W > RU{+x}.

We want to apply Theorem 3.20 with the function f substituted by g. It
is readily seen that g(0) = 0, 0 € 8~ ¢(0), g is lower semicontinuous and the
function {u +—— g(u)+¢|u|?)} is convex. Moreover, if we define g, according
to the assumption (A2) and we set go = fo + Iz, we claim that

go = r_(h) hhm 9en

for every sequence (py) in ]0, 1] converging to zero.

Infact, since £ is closed, by (A2) we have only to verify that for every
u € D(fo) N T there exists a sequence (uz) in T converging to u with

limhsup fon(un) < fo(u).
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Let (wy) be a sequence converging to u with (f,,(ws)) converging to fo(u).
If wy € I, let us set up = wy. Otherwise, let up € O be defined by

un = (le*wn — (wnle)e)/lel* — (wale)).
It is readily seen that (uz) converges to u and, by Proposition 3.4;,

limhsup For(un) < fo(u).

Finally, since g > f, condition (A3%) is satisfied by g.
Let ((:|)) be the scalar product on D(fo) and K, B : D(fo) — D(fo) the

symmetric bounded linear operators defined in the proof of Theorem 3.26.
We know that X is a critical value of fu on the submanifold M of D(fo).
Let again g be given by Lemma 3.22.

It is readily seen that (I — K)i*e = ABi%e. Therefore ||¢/|?i%e = |e|?e. In
particular,

{u € D(fo) : ((ule)) = 0} = D(fo) N %
Then for every b € R,

(go+ In+)’ = (form)? N'Z,

Moreover the norm || - || and the metric d* associated with go induce on
D(go) the same topology. By Lemma 3.22, X is essential for (go + Ips+).

Let po, A, and u, be obtained by applying Theorem 3.20 to the function
g- By (A3%1), along some sequence (pr) conveging to zero we have that

(up/p) converges to some v € M™T. Since 0~ g and 0~ f agree on ;], the
proof will be conclued if we show that v = e.

Let us argue by contradiction. By Propositions 3.4;y and 3.5, A\Lv €
9 go(v) = 07 (fo + Ig)(v). Since v # e it must be v € . A fortiori
ALv € 07(fo + Iss)(v). Since e and —e belong to D(fo), by Remark 2.11
D(fo) and OF are not tangent at v.

Therefore, by Theorem 2.12  ALv —pe € 8~ fo(v) for some u € R. Since
v#e, it is u# 0.

By (3.25) we have v = i3(ALv — pe + cv), namely (I — K)v = ABv — pi’e.
Then

ulel” = X(Bvle)) — (I - K)vle)) =
= A(v|Be)) — ((vI(I - K)e)) =0,
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hence p = 0, which is a contradiction.

4. Bifurcation for elliptic variational inequalities

We want to show an application of the results of the previous section to
elliptic variational inequalities of the form

(M u) € R x (KN LX(Q))

Jo (Ei,j a;;DiuD;j(v — u) + aou(v — u) + g(z,u)(v — u)) dr > (41
> A fqu(v—u)dz VveK

More precisely, let  be a bounded open subset of R™ and let us assume

that
(H1) for ¢, = 1,...,n, a;j € L*(R), aij = a;; and there exists v > 0

such that
V¢ € R™, Zaijﬁifj > VZfizi
i i

(H2) g € LP(Q) for some p >n/2ifn > 2 ay € L}(Q) if n=1;

(H3) g¢:Q xR — R is a Caratheodory function such that for almost
every ¢ € )

lim
s—0

9(z,8) _,
s
and such that

lg(2, 9)| < ax(z)n(s)ls|,
(9(z,51) — g(x,52))(s1 — 82) 2
2 —ay(2)(n(s1) +n(s2))(s1 = s2)°

where n : R — R¥ is continuous and a; € L?(Q) for some p > n/2ifn > 2,
a; € L'(Q)ifn =1,
(H4) XK is the set

{u € WiA(Q) : ¢1(z) < U(z) < pa(z) quasi-everywhere in Q)

where ¢ :  — [—00,0] is quasi-upper semicontinuous,
w2 + & — [0,+00] is quasi-lower semicontinuous and for every u in

WOI’Z(Q), tildew : Q — R is the quasi-continuous function defined
quasi-everywhere by

7(X) = lim, m(Ble,o)™ [ )y

B-z,p)
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(4.2) Remark.— Some comments are in order :

)Ifg: QxR — Ris of class C* and ¢(z,0) =0, D,g(z,0) = 0, then
hypothesis (H3) is automatically satisfied;

i) If o1 : & — [-00,0] and @2 : & — [0,+00] are two Borel func-
tions, then (see [2, Theorem 3.2]) there exist a quasi-upper semicontinuous
function $; : @ — [—00,0] and a quasi-lower semicontinuous function
3y : @ — [0, +o00] such that

{u e WH(Q) : Bi(z) < U(z) < Pa(z) quasi-everywhere in Q} =
= {u e Wp3(Q) : p1(z) < u(x) < p2(z) quasi-everywhere in Q}.

Our aim is to study the pairs (A, u) satisfying (4.1). Because of (H3),
g(z,0) = 0. Therefore for every A in R, the pair (),0) verifies (4.1).

(4.3) DEFINITION A real number A is said to be of bifurcation for (4.1),
if there exists a sequence ((Ax, ur)) of solutions of (4.1) with up # 0 and

imAs =2, lmua=0 in L(Q).

Let ( : R — [~2,2] be a smooth increasing function such that |('(s)| <
1Vs € R and {(s) = sVs € [-1,1]. We set g(z,s) = g(z,{(s)),G(z,s) =
/ §(z,7)dr.

0

Then g satisfies the hypothesis (H3) with the function 7 substituted by

the constant 7 = max{n(s) : —2 < s < 2}.

Let (H,(+|')) denote the space L%*(2) endowed with the usual scalar
product and let f, fo : H — R U {+00} be defined by

fu) = Jo (—;— YijaijDiuDju + jaou® + 5(z,u)) dz, veK
+o0 u € H\K

iy = { Jo (3 SijaiiDauDju + Jaou?) dz, we Ko
+o0 w € H\Ko

where Ky is the closure in Wo1 ’2(9) of the set ( Utso tK).
Evidently, Ky is a closed convex cone.

Finally, let us set fo(u) = p~2f(pu) for p > 0, v € H.

LEMMA 4.4.— Let X be a normed space, g : X — R a continuous
convez function and K a closed convez subset of X with 0 € K. Let K,
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denote the closure of (Uiso tK). Then for every sequence (pp) in ]0,+00|
conerging to zero, we have

(9+ Iice) = T™(Xw)lim (g + I-1x)
where X,, denotes the space X endowed with the weak topology.

Proof.— Let (p1) be a sequence in ]0, +-00[ converging to zero. If (u) is
a sequence in X weakly converging to u and (g + I ot x)(up) <c€ER,we
have up € p; 'K and g(us) < c.

Therefore u € Ky and (g + IKO)(u) =g(u)<ec

Now let u € X. We have to prove that there exists a sequence (us) weakly
converging to u with

(9 + Inco) (w) > lim sup (9 + -1 i) (un)-

To this aim, it is enough to show that for every u € K, for every r,e > 0,
there exists hg € N such that for every h > ho,

inf{g(v) : v € (p;'K)N B(u,r)} < g(u) +e.

This last fact is obvious, as we can find v € UtK such that v €
t>0

B(u,r),9(v) < g(u) +e.

PROPOSITION 4.5.— The following facts hold :

i) f is lower semicontinuous and the function {u — f(u)+ qlul*} s
convez for some ¢ € Rt ;

i1) for every sequence (pp) in ]0,+00[ converging to zero, we have
fo=T"(H) li,rlnfp,.;
111) for every sequence (up) in H\{0} with
sup lup| "2 f(ur) < +o0
h

the sequence (un/|un|) has a convergent subsequence;
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i) for every X € R,v € K, we have Au € 37 f(u) if and only if

/9 (EaijDiUDj(U —u) + aou(v — u) + (2, u)(v — u))dz >

i,j

> ,\/ u(v — u)dz, Vv € K;
Q
v) for every A € R,u € Ky, we have Au € 07 fo(u) if and only if
/ (Za,-_,-D,—uD,'(v —u) + aou(v — u))dz >
&

> A / u( — u)dz, Vo € Ko.
Q

Proof.— By (H1), (H2) and (H3), we have for every u € Wy3(R),

flu) > %/ (vldul® + aou® + ay7u’)dz >
Q
(4.6)

> 2/ |Du|2d$—const./ u’dz
4 Q Q

Therefore, in order to get the lower semicontinuity of f in the strong
topology of L?(Q), it is sufficient to prove the sequential lower semicon-
tinuity of f in the weak topology of Wol 2(Q)

For every u in K we have
~ 1 .
f(u) = L % Za,-jD,-uDjuda: + /ﬂ (G(.’L‘,u) + Ealﬁu2bzg)dx+
1)

+l/(ao — a17)uldz.
2 Ja

Now the first two terms are continuous in the strong topology of W '2(Q)
and convex. The third term is sequentially continuous in the weak topology
of W, 2(§)). We deduce that f is sequentially weakly lower semicontinuous in
W, #(Q). Moreover, it is readily seen that the function {u — f(u) +qlu|%.}
is convex for some ¢ € R¥.

Let us prove ii). Let (pi) be a sequence in. ]0, +oo[ converging to zero.
By (4.6) it is enough to prove the I'-convergence in the weak topology of

W, 2(Q).
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Because of (H2) and (H3), we have

lim (l/ aguﬁdw+p;2/ é(x,phuh)da:) = lj apuldz
ho\2Jg Q 2 Ja

whenever (up) is a sequence weakly converging in Wy'*(2) to u. Then
property ii) follows from Lemma 4.4.

Property iii) is an immediate consequence of Rellich’s theorem. Infact, if
vy = up/|upl, we have by (4.6)

E/ |Dvy|?dx — const. =
4 Ja

= |un|™? (%/ | Dun|*dz — const. / uidz) < lug|™2 f(un).
Q Q

To prove iv), it is sufficient to see that for every u € K,a € H, we have
a € 97 f(u) if and only if

/Q (z: a;;DiuD;(v — u) + agu(v — u) + gz, u)(v - u)> dz >

> / a(v — u)dz, Vv € K.
Q

Since the function {u — g¢|u|?} is Fréchet differentiable in L?($2), we have
0~ (f +al- I*)(u) = 8 f(u) + 2qu.

Taking into account the convexity of {u — f(u)+ glu|*}, we conclude that
a € 07 f(u) if and only if

i SO0 =) a0 = WP = S g

> (o + 2qulv — u) Yv € K,

which amounts to stating iv).
The proof of v) is similar.

According to the abstract theory of section 3, we shall consider

()\, u) e R xKp
(ZaijDiuDj(’U —u) + aou(v — u))dx
Q <

i,J

\Y

4.7
> AQu(v — u)de Yv € K
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as the “linearized” problem associated with (4.1).

DEFINITION 4.8.— A real number X\ is said to be an eigenvalue of (4.7),
if the pair (A, u) satisfies (4.7) for some u # 0.

PROPOSITION 4.9.— Let u € Wy*(Q). Then u € Ko if and only if
i(z) > 0 quasi-everywhere in 7 (0) and u(z) < 0 quasi-everywhere in
¢71(0). Moreover Ko = {0} if and only if o1 and @y are zero quasi-
everywhere in §2.

"Proof .—Let u € Ko and let (up) be a sequence in U tK converging to
>0
u in the strong topology of W, 2(Q) Of course Ux(z) > 0 quasi-everywhere

in 71(0) and %x(z) < 0 quasi-everywhere in 5 (0). Up to a subsequence,
() converges to U pointwise quasi-everywhere, hence the thesis.

Let us prove the converse. To see that u € Ko, it is enough to show that
ut and —u~ belong to Kg. Let us consider —u~, the argument for u™ being
similar. Since %~ (z) = 0 quasi-everywhere in 7' (0), (max{he;, —u"}) is
a decreasing sequence of nonpositive quasi-upper semicontinuous functions
converging to —u~ pointwise quasi-everywhere. By [10, Lemma 1.6] there
exists a sequence (v3) in Wy'?(Q) converging to —u~ in the strong topology
of Wy ’Z(Q) with ¥, > hei quasi-everywhere in 2. Without loss of generality,
we can assume v < 0. Since v, € U tK, the thesis follows.

>0

It is clear that Ko = {0} if ¢o; and ¢, are zero quasi-everywhere. Let
us suppose that Ko = {0}. By[10, Lemma 1.5], there exists a decreasing
sequence (wp) in WOI’Z(Q) such that (Wx) converges to ¢ pointwise quasi-
everywhere. Without loss of generality we can suppose w, < 0. Since
w, € K C Kg, we have w, = 0, so that ¢i(z) = 0 quasi-everywhere.
In an analogous way we can see that 2(z) = 0 quasi-everywhere in Q.

THEOREM 4.10. — Let A be a real number. If X is of bifurcation for (4.1),
then X is an eigenvalue of (4.7).

Proof .—Let ((An,un)) be a sequence as in Definition 4.3. Then (up)
converges to zero also in L2(Q) and by Proposition 4.5;, we have Ajup €
0™ f(ug) eventually as h — oo. Combining Proposition 4.5 with Theorem
3.14 (with L equal to the identity map), the thesis follows.

DEFINITION 4.11.— An eigenvalue X of (4.7) is said to be essential, if
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there exists two sequences (ai) in ] — 0o, A[ and (bg) in |\, 400 converging
to A such that

i) for every k € N, ar and bi are not eigenvalues of (4.7);
i1) for every k € N, the set

1 2 1 2
{u e K, / ulde =1, 2/ ( E'-,j a,D uDJu+aou )dm ak}

s not a weak deformation retract of the set

1 1
Ko : = 2de =1, = i;DiuD; 2)d. <b}
{ue 0 2/Qua, ,2/5;(;]-(1] u,u+aou)x_k
endowed with the strong topology of W2 (Q).

LEMMA 4.12.— There ezists a continuous function ¢ : R — R* such
that for every (A\,u) in R x K satisfying

/Q (Z aijDiuDj(v — u) + aou(v — u) + §(z,u)(v - u))d:c >

> )\/ u(v — u)dz, W € K,
Q
we have u € L*() and

llull Loy < c(M)lull2(a)-

Proof .— 1t is sufficient to remark that, if we set

u—k foru>k
up =<0 for |u| < k,
u+k foru<-—k
then the function u — ux belongs to K, so that

/ (ZangiuDjuk + apuug + @'(x,u)uk)dz < /\/ uudz.
Q Q

4

Since |g(z,u)| < a1(z)7|u|, the argument of [39, Theorem 4.1 and Remark
4.2] works also in this case.
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THEOREM 4.13.— Let A be a real number. If X is an essential eigenvalue
of (4.7), then X is of bifurcation for (4.1). More precisely, there ezist
po>0,{} : 0 < p<p} CR,{u, : 0<p<p} cK such that

(Apyup) satisfies (4.1), %Au%dm = p? and

lim u, =0 in L and in Wl(Q),
p—0+

ph_}})l-" Ap = pl_l.%l+ 2—P7./9 (?A;a.,D,u,,DJup + aoup) dz = A

Proof . — Let M = {u e LY(Q) : —12—/ ulde = 1}. It is readily seen that
Q

D(fo+1Im)C Wy2(Q) and the graph metric d* associated with (fo+1Inm)
induces on D (fo +IM) the strong topology of WOI'Z(Q). By Proposition 3.12
) is essential for (fo + Iar).

By Proposition 4.5 we can apply Theorem 3.20. Since {u,/p : 0 < p <
po} is bounded in L*(Q2) and

plif{)l_'_ f(up)/P2 = A;

by (4.6) we deduce that {u,/p : 0 < p < po} is bounded also in Wy'?(Q).
In particular

lim u, =0 in Wy'2(Q).

p—0+

Moreover, as in the proof of Proposition 4.5;; we have

Jim, 07 [ Gaup)de = Yim o7 [ Glesp(up/p))de =0,

so that

1
lim — ijDiup,Dju, + u2>dac=z\‘

Finally, by Lemma, 4.12
pl_i_.r[r)l+ u, = 0in L(Q)
so that (A, u,) satisfies (4.1) eventually as p — 07.
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We do not know whether all eigenvalues of (4.7) are essential. Similarly,
we do not know whether all eigenvalues of (4.7) are of bifurcation for (4.1).

Now we shall consider two particular situations in which the condition
that the eigenvalue is essential is not explicitely required.

The first one concerns the bifurcation from the first eigenvalue. If the
set K is a cone (that is ¢o; takes only the values —00,0 and ¢, takes only
the values 0, +00) and the nonlinearity g has a more controlled growth, the
problem has already been treated in [37]. On the other hand, for a fourth
order variational inequality, the problem has been treated in [29], provided
that ¢; and ¢, satisfy a further condition.

THEOREM 4.14. — Let us assume that 1 and @2 are not both zero quasi-
everywhere. Then

1 1
A=1 - E i:D; U+ 2 )dz : Ky, = 2z =1
mf{ / ( - aijDiuDju + aou ) T : u € Ko, 2 / u“dzr }

is achieved, \ 1s an eigenvalue of (4.7) (the first eigenvalue) and X is of
bifurcation for (4.1). More precisely, all the thesis of Theorem 4.18 holds.

Proof .— By Proposition 4.9 we have Ko # {0}. Therefore it is sufficient
to apply Theorem 3.21 arguing as in the proof of Theorem 4.13.

In the second situation, concerning the case in which fy behaves like a
quadratic form, we can give a bifurcation result also for higher eigenvalues.

PROPOSITION 4.15.— Let us assume that the set
{z€Q : pi(x) =0,02(2) >0U{z € Q : p1(z) <0,p2(z) =0}
has null capacity. Then every eigenvalue of (4.7) is essential. Moreover, for
every X in R the set {u € Ko : (A u) satisfies (4.7) } is a linear subspace
of W33(Q) of finite dimension.
Proof .— By Proposition 4.9 Kj is a linear subspace of H, so that
Vu, v € H, fo(u+v) + folu — v) = 2fo(u) + 2fo(v).

If we apply Theorem 3.26 with L equal to the identity map, the thesis
follows.

- 254 -



Bifurcation problems for nonlinear elliptic variational inequalities

THEOREM 4.16.— Let us assume that the set
{zeQ: pi(z)=0,p2(z) >0} U{z € Q: p1(z) <0, p2(z) =0}

has null capacity. Then every eigenvalue A of (4.7) is of bifurcation for
(4.1). More precisely, all the thesis of Theorem 4.13 holds.

Proof .— It is sufficient to apply Theorem 3.29.

Remark 4.17.— Let us suppose that there exists an open subset ' of Q
such that

¢1 = 2 = 0 quasi-everywhere in Q/Q';
@1 < 0 and @, > 0 quasi-everywhere in Q'.

Then the assumption of Theorem 4.16 is satisfied and the eigenvalues of
(4.7) are exactly the eigenvalues of the linear problem

(M u) € R x WHE(Q)

- Zi,j D;(a;iju) + agu = A\u

Finally we give a multiplicity result for simple eigenvalues. We point out
that much more is known for equations (see [5, 6, 7, 21, 26, 28, 34, 35]).

THEOREM 4.18.— Let us assume that the set
{e€Q: 01(x) =0, p2(z) >0} U{z €Q : p1(2) <0, p2(z) =0}

has null capacity. Let A be an eigenvalue of (4.7) such that {u € Ko : (A, u)
satisfies (4.7)} has dimension one and let (X, e) be a solution of (4.7) with

5 e’dz = 1. Then there exist po > o0,
2Ja

(MM 0<p<p, h=121CR
{u 1 0<p<po, h=1,2} CK

such that (z\i,h),usjh)) satisfies (4.1), %/ |u£,h)|2da: = p? and
Q

lim_u(® =0 in L®(Q) and in W)*(Q),

p—ot
lim AP =
p—o” g
- L 1 h (h) h) 2
= i [ (C asDal Dl aulu )iz =
: (1) — : 2 — : 1,2
pl_lf(!)l+ u,’[p=e, pli>r(1)1+ uE, V/p=—ein Wy ().
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Proof.— Let us apply Theorem 3.30. We have only to remark that
Theorem 3.30 gives

; @)/, = i @ /)y = —
plifon*_ul’ /p=c¢, pl_lle_,_up /p €
in L*(Q).

On the other hand by Remark 3.10

%/{; (Za;jD;eD,-e+aoez)dm =\
i,

and, as in the proof of Theorem 4.13,

: 1 o b
p i Bhnpes 57 /9 (ZjaijDius, YDjul® + ao|ulM?)dz = \.

Therefore the convergence holds also in Wg'3(Q).
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