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A new method of exact controllability in short time
and applications

ViLMos KoMORNIK™*) ()

RESUME. — On introduit une méthode nouvelle, générale et constructive
pour obtenir des estimations optimales ou presque optimales du temps de
controlabilité exacte des systémes d’évolution linéaires. La méthode est basée
sur la méthode d’unicité hilbertienne (HUM) introduite par J.-L. Lions et
sur une méthode d’estimation due a A. Haraux. On applique cette méthode
pour plusieurs problémes concrets concernant 1’équation des ondes et de
diverses modéles de plaques.

ABSTRACT.— We introduce a new general and constructive method which
allows us to obtain the best or almost the best estimates of the time
of exact controllability of linear evolution systems. The method is based
on the Hilbert Uniqueness Method of J.-L. Lions and on an estimation
method introduced by A. Haraux. Our method is applied for several concrete
problems related to the wave equation and to various plate models.

0. Introduction

In order to motivate the investigations of the present paper, consider
the following typical problem : let 2 be a regular, bounded domain in
RN(N > 1) with boundary T, let T be a positive number and consider
the system

y'—Ay=0 in Qx(0,7),

(0.1) y(0) =y° and y'(0) =y,
y=v on I'x(0,T)

(*) The results of this paper were obtained while the author was visiting the Université
de Savoie (Chambery) and the Université de Bordeaux I

(1) Ebtvés Lorand University, Department of Analysis, H-1088 Budapest, Mluzeum krt.
6-8, Hungary
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We recall the following exact controllability result due to L.F. Ho [1]
and J.-L. Lions [2] : there exists a positive number Ty such that if T > Ty,
then for every initial data (y°,y") € L%(Q) x H™!(Q) there exists a control
v € L*(0,T;T) driving the system (0.1) to rest at time T i. e. such that the
solution of (0.1) satisfies y(7') = y'(T) = 0.

According to the Hilbert Uniqueness Method introduced in J.-L. Lions
[1], this result was a consequence of the following a priori estimates concer-
ning the homogeneous system

Z"—Az=0 in QxR
(0.2) 2(0) =2° and 2'(0) = 2%,
z=0 on T'xR:

there exists a positive number Ty such that if ' > Tp, then for every initial
data (2°,2') € (H3(Q) N Hy () x H3 () the solution of (0.2) satisfies the

inequalities
c Jo|IV2°2 + |22z < fOT Jr 18yz|*dldt

(03) S CfQ IVZ°I2 + |21I2d$

where 9,z denotes the normal derivative of z and where c and C' are positive
constants, independent of the choice of (z°,z').

The estimates (0.3) were proven by a multiplier method. This provided
an explicit value for Tp. This value was not the best one; several methods
were developed to improve the value of Tj in this and similar problems. The
main purpose of this paper is to introduce a new general and constructive
method which allows one to obtain the best or almost the best value of Ty
in most exact controllability problems.

Let us explain briefly the main ideas of this method. The first observation
is that (0.3) holds under a weaker assumption on T if the initial data belong
to a suitable subspace of finite codimension of (H2(Q) N Hg(Q)) x Hy ().

To make this more precise, let us denote by 7; < 12 < ... the eigenvalues
of —A in H3(Q) N HY(Q), let Z1, Za, ... be the corresponding eigenspaces
and let w1, ws, . .. be a sequence of the numbers +(n;)!/2, +(n2)"/%,.. .. Tt is
well-known that every solution of (0.2) may be written in the form

(0.4) 2(t) =) zjetit

i1
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with suitable vector coefficients z;. Furthermore, introducing in H2(Q)Nn

H}(Q) the norm
1/2
Ioll= [ vofae)
Q

1/2
o] = ( / |ayv|2dr) ,
r r

(0.3) may be written in the form

T
el < / 2(®)Pdt < C 3 [l

i>1 i>1

and the semi norm

Now the multiplier methode allows us to prove the following result : there
exists a positive number Tj(< Tp) such that for every T > T} there is a
positive integer k and there are positive constants ¢ and C such that (0.5)
holds for all solutions z(t) of (0.2) satisfying z; = 0, Vj > k.

The second observation is that (0.5) then extends automatically for all
solutions of (0.2), without the assumption z; = 0, V; < k (with possibly
different constants ¢ and C). Indeed, imagine for the moment that the
coeflicients z; in (0.4) are not vectors scalars. Then (0.5) means that the
system of exponential functions e’“i* is a Riesz basis (in its closed linear
hull) on the interval (0, T). It is well-known from the theory of nonharmonic
Fourier series that if we have a Riesz basis of exponential functions on an
interval (0, T) and if we enlarge it with a finite number of new exponential
functions, then the resulting system will be a Riesz basis on every interval
with length greater than T'; cf. e. g. R. M. Young [1]. Recently, in order to
prove some interior controllability theorems, an elementary proof was given
for this result by A. Haraux [1] and, fortunately, this proof may easily be
adapted to the more general case with vector coefficients. This proves (0.3)
for all T > Tj.

The plan of this paper is the following :
In section 1 we prove the basic abstract results of the new method.

In section 2 we introduce our method by improving two results of J.-
L. Lions [2] concerning the wave equation. First we show that lower-
order terms of the evolution equation do not affect in general the time of
exact controllability. Secondly we give an application to a problem with
a “strenghtened morm”; this is a typical situation for example in exact
controllability problems with Neumann action.
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Let us mention that the results of this section may also be obtained
(at least if the boundary of the domain and the potential function is very
smooth) by a powerful method of C. Bardos, G. Lebeau and J. Rauch [1]
(based on microlocal analysis) developed for hyperbolic systems.

Sections 3 and 4 are devoted to two problems raised in J. Lagnese and
J.-L. Lions [1]. Section 3 is devoted to the exact controllability of Kirchoff
plates. We prove the convergence of the optimal exact control functions
when the uniform thickness of the plate tends to zero. In Section 4 we prove
the uniform ezact controllability of Mindlin-Timoshenko plates with respect
to the shear modulus.

Other applications are given in V. Komornik [5], [6].

The author is grateful to A. Haraux, J.-L. Lions and E. Zuazua for fruitful
discussions.

1. Norm estimates

1.1.— Formulation of the results

Let H and V be two real or complex, infinite-dimensional Hilbert spaces
with a dense and continuous imbedding V' C H. Identifying H with its
(anti)dual H' we obtain V. C H C V"

Let a(u,v) be continuous, symmetric (rep. hermitian) bilinear form on V.
Then there exists a unique bounded linear operator A' : V' — V' such that
a(u,v) =< A'u,v > , Vu, v € V. Let us introduce in H the operator A
given by D(A) := {v € V|4'v € H}, Av:= A'v for all v € D(A).

Assume that there exist two positive constants ag and a; such that

(L.1) a(v,v) 2 aollvll}; — arllvllf, Yo €V,

and let s be an arbitrary nonnegative real number. Let us introduce for
brevity the notation

W?* := D((A + a1, 1)**'/?) x D((A + a1 I)*).

Then it is well-known (cf. J.-L. Lions and E. Magenes [1]) that for every
initial data (u°,u') € W* the Cauchy problem

u"+Au=0 in R,

(1.2) u(0) =v° and u'(0)=u?
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has a unique solution u = u(t) in C(R; D((A + a; 1)**/?)) N CY(R; D((A +
a11)?)). (The equation in (1.2) is understood in the following sense :

d?/dt*(u(t),v)n + a(u(t),v) =0 in D'(R), Yo € V.
Furthermore, we have the conservation of energy :

E(u®,u') == (1/2([lu* |} + a(uo, uo))

(1) |= (A/2)(Ilw' Ol + a(u(t), u(t)), VE€ R

Let p be a semi norm on W?. For every compact interval I C R we may
define a new semi norm on W* by the formula

(1.4) (u®ud) o ( /I p(u(t), ' (1))?de) /2

The purpose of this section is to find conditions ensuring that this semi
norm is equivalent to (or stronger than) the norm

(1.5) (u®,ul) = (lull} + llu |5

induced by V x H on W°.

Let us assume that the imbedding V C H i3 compact. Then the eigenvalue
problem

(1.6) z € Vya(z,v) =n(z,v)g, Vv €V
has an infinite sequence of eigenvalues
(1.7) (—a1 <)m <M <...,n; — oo,

and a corresponding sequence Zi,Zj,... of pairwise orthogonal (in H),
finite-dimensional eigenspaces whose orthogonal direct sum is equal to H.

For every positive integer k, let us denote by W the subspace of W*
consisting of those elements (u,v), for which both u and v are orthogonal in
H to the subspaces Z; for all j < k. (If £ = 1, then W = W?*.) It is clear
that if (u°,u') € W, then the solution of (1.2) satisfies (u(t),u'(t)) € W}
for all t € R.

We shall prove the following result.
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THEOREM A.— Let by be a positive integer. Assume that for every
integer k > ko there 1s ¢ compact interval I C R and there are positive
constants ¢ and C} such that

cr(llully + llut < fy, p(u(t),w'(2))*dt

1.8
(49 < Cu(lluslly + I lEy), V(o ut) € W,

Assume also that for every positive integer k < ko there is a compact
interval Iy C R and there are positive constants cr and Cy such that

cr(llwlly + llutliF) < fy, p(u(t), w'(2))%dt

1.9
(1.9) < Culllu 3+ ), M(w®,u) € Ze x 24

Let us denote by |Ii| the lengh of Ix and set

To = mf{l[k| t k 2 ko}

Then for every compact interval I C R of length > Tp, there are two
positive constants ¢ and C such that

(2 + ) < fy p(au(t), w'(8))?dt
(1.10) < Ol + ]2, V(us,ul) € W,

Morcover, if we denote by k the least positive integer k > ko such that
[Ix| < |I|, then the constants ¢ and C may be chosen to be continuous
functions of the numbers ¢j,Cj,n; and of the end-points of the intervals I;
forj=1,...,k. O

Remark 1.1.— It is clear if condition (1.8) is satisfied for some positive
integer k, then it is satisfied automatically for every greater value of k with
the same interval and the same constant. In the applications, however, we
shall usually obtain a sequence |Ii| of decreasing length : |I;| > |I2| >

a

Remark 1.2.— Let us emphasize that Ty does not depend on Iy for
k < ko. In fact, as we shall see later (cf. Proposition C), if (1.9) is satisfied for
some compact interval I, then it is satisfied for every compact subinterval
of R (with different constants c, (in general). 0O

Remark 1.3.— Theorem A implies in particular that for |I| > Ty the semi
norm (1.4) is in fact a norm. As a consequence, we obtain the following
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uniqueness theorem : if u(?) is a solution of the system (1.2) such that
p(u(t),u'(t)) vanishes in some interval of lenght > Tj, then u(t) vanishes
identically on R. O

Remark 1.4.— The last assertion of the theorem will follow from the
constructive character of the proof; hence we shall obtain explicit constants
¢ and C. This will be important when dealing with systems depending on
a parameter, cf Section 3 below.

Remark 1.5.— If k is a positive integer such that the corresponding
eigenvalue 7 is positive, then the natural norm of V x H is equivalent
to the square root of the energy (1.3) on the subspace W (and therefore
also on its subspace Z; x Zj). In this case we may (and we shall) replace
lu®l|2 + |lut ||} by E(u°,u')in (1.8) and (1.9). O
We shall encounter several problems where the right side estimate of
condition (1.8) of Theorem A will not be satisfied. (This will occur for

example when we “strenghten” the semi norm p.) Then we shall apply the
following result.

THEOREM B.— Let k be a positive integer. Assume that for every integer
k > ko there is a compact interval I C R and a positive constant ¢ such
that the solution of (1.2) satisfies

Jr, p(u(®), v (8))%dt > ex(lull}, + llwtl1Z),

(1.11)
Y(u®,ut) € W

Assume also that for every positive integer k < k¢ there i3 a compact
interval I, C R such that

(1.12) /I p(u(t),u'(®)2dt >0, W(u®,ul) € Zk x Ze\{(0,0)}.

Set
To = lnf{lIk| : k Z ko}

Then for every compact interval I C R of length > Ty, there is a positive
constant ¢ such that

(1.13) /I p(u(t), ' (0)%dt > el + W |3),  V(usul) € WP, O
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Remark 1.6.— Remark that T, does not depend on |Ii| for k < k.
Indeed, as we shall see in Proposition C below, if (1.12) is satisfied for some

compact interval Iy, then it is satisfied for every compact subinterval of
R. O

Remark 1.7.— We have the same uniqueness theorem as in Remark
13. O

Remark 1.8.— We remark that the proof of Theorem B, given below, is
not constructive. As a consequence, we do not obtain explicitly a constant
c satisfying (1.13). O

Remark 1.9.—1If i > 0 for some k, then we may (and we shall) replace
lv®]|2 + ||u*||% by E(u°,u') in the corresponding condition (1.11). O

Let us note that the real case of both theorems follows easily from
the complex one by a standard complexification argument. Indeed, let us
introduce the complexification H v, W Wk, a(.,.) by the usual way (cf.
P. R. Halmos [1]), and define on W?* a semi norm 7 by the formula

B(u°,v°), (uh,01)) = (p(u®, u')? + p(v°, 01)?)!/?

It is easy to verify that if the hypotheses of Theorem A or Theorem B
are satisfied in the real case, then the corresponding conditions are satisfied
in the complexified case, too. Applying the corresponding theorem in the
complex case, our conclusion contains the desired real estimate (1.10) or
(1.13) as a special case.

In view of this remark we shall restric ourselves in the sequel to the
complex case.

Finally we shall prove the following result which permits to replace condi-
tion (1.9) of Theorem A or condition (1.12) of Theorem B by a stationary
condition. Here we denote by p the complexification of p. (Naturally, p = p
in the complex case.)

PROPOSITION C.— Let k be a positive integer. If there is a compact
interval I C R such that

/Ip(u(t),u((t))2dt >0, VY(u,u')€ Zp x Z\{(0,0)}.

then
plv, iwv) #0, Vv e Z;\{0}
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where  w= ()Y if >0 and w= i(—=me)Y? if i < 0.

Conversely, if this last property is satisfied, then for every compact
interval I C R there exist two positive constants ¢ and C satisfying

(llully + lwtl3) < Jp p(u(t), w'(t))?dt
< Cllwlly + 1t 1), Y(u®,u?) € Ze x Zi. O

In subscction 1.2 we prove Theorem A in the special case where all
the eigenvalues are positive. This is sufficient for many applications of
the present paper. Our proof is essentially a vector extension of a method
introduced in A. Haraux [1]. The proof of Theorem A in the general case is
given in Subsection 1.3. Subsection 1.4 is devoted to the proof of Theorem
B, and Proposition C is proved in Subsection 1.5.

I.2. —Proof of theorem A when all the eigenvalues are positive
First of all, in this case we may (and we shall) take a; = 0 in (1.1).

In order to simplify the calculations we set
wyjo1 = —wyj = ()%, Xojo1 = Xg5=2;, j=1,2,...

Then for every (u°,u') € W* the solution u = u(t) of (1.2) is represented
by a unique convergent (in C(R; D(A**'/?))n C'(R; D(A*))) series

(1.14) u(t) = Zujei”jt , uj € X;.
j21

Conversely, every such function is a solution of (1.2) for some initial data
(u®,u') e W°.
In the sequel by solution we shall mean an arbitrary function u €

C(R; D(A**'/%)) N C*(R; D(A®)) of the form (1.14).
We shall use for brevity the notation

(1.15) o]l = a(v,0)/?  wevV

It is easy to verify that the norm (||u°||? + lu13,)*/? is equivalent to

1/2

> luslf?

i21
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We may (and we shall) therefore replace ||u°||3 + |lu'||3 by Z llu;||? in
j21
(1.8) - (1.10).

We have the following lemma.

LEMMA 1.10.— Assume that for some integer k > 2 and for some positive
numbers T and d; we have

T
(1.16) [ oo, w2 4 Y s P
-T ik
for all solutions u(t) such that uy =us = ... = up—1 = 0.

Then for every € > 0 there is a positive constant dy such that

T+e

(1.17) R COR O EE S
~T-e ik

for all solutions u(t) with uy =up =... =ug_2 =0.

The constant d2 dépends only on dy, € and on min {|jw; —wr_1| : j > k}.

Proof .—Let u(t) be an arbitrary solution satisfying u; = u; = ... =
ug_z = 0. Let us introduce, following A. Haraux [1], the auxiliary function

&

v(t) = u(t) — 21—8/ e~ iwr-1%y(t 4 s)ds, t € R.

-

An easy calculation shows that

o(t) = Z (1 - i‘.‘l(‘"l__‘_"_’f;lf) ujeit

ik (wj - wk_l)e
so that we may apply the estimate (1.16) for v(t). Since

B sin(wj — wg—1)e

(1.18) 1 (w; —on1)e

#0,V; >k
and .

sin(w; —wr—1)e 50 as jooo,
(wj —wk..l)e

there existes a positive constant d3, independent of the choice of u(t), such
that

T
(1.19) [ COROT T N

ik

- 424 -



A new method of exact controllability in short time and applications

On the other hand, from the definition of v(t) we deduce the estimates

T T
/ p(u(2), o' ())2dt < 2 / p(u(t), ' (£))dt
T T

+2 /_i (51; /ip(u(t+s)), u'(t+s))ds)2dt

T
< 2[_Tp(u(t),u'(t))2dt
T T
+—i— /_T/_sp(u(t+s),u'(t+s))2dsdt

T+e
<4  pu e

Combining with (1.19), the lemma follows by taking d; = d1ds/4 O

Next we prove the following simple lemma.

LEMMA 1.11.— Let k be a positive integer.

a) Assume that for some compact interval I C R and for some positive
constant ¢ we have

/ p(u(t), w'(§)dt < ¢ 3 |, V(u®,ut) € Wy,

1 i>1

Then the same inequality holds for every compact interval I C R with a
suitable positive constant ¢ depending on |I|.

b) Assume that for some compact interval I C R and for some positive
constant ¢ we have

/p(U(t),U'(t))zdt > ey llujll?, V(ue,ut) € W
I ¢
j21

Then the same inequality holds for every compact interval I C R having at
least the same length as the above one, with the same constant c.

Proof .—1It is sufficient to prove the lemma for the translates of the
interval I; the general case of a) hence follows by the triangle inequality,
while the general case of b) is then obvious.

If for example the inequality in a) is satisfied for some interval I = [a, }],
then for every s € R on the interval I' = [a + s,b + s] we have

/ p(u(t),u'())*dt = /p(u(t + 8))%u'(t + 5))2dt.
r I
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Applying our hypothesis we obtain
[ pue) w2t < 3 e eul, Vi, ut) € W,
Il

j21
Since |e*i®| = 1, thise yields the desired inequality for I' with the same
constant c.

The proof of the case b) is analogous. O
Now it is easy to establish the following proposition.
LEMMA 1.12.— Assume that for some integer m > 2 and for some

positive numbers T, dy and dy we have
T

1200 G Y lulPs [ puou0fd < d Y )
j21 =T i>1
for all solutions u(t) such that uy = ... = upm—1 = 0, and for all solutions

u(t) such that uj =0 for all j #m — 1.

Then for every € > 0 there exist two positive constants ds and ds such
that

(1.21) ds Y Jlus|? < /

j21 -

T+e

T_ep(U(t),u'(t))zdt <ds ) llujll”

i
for all solutions u(t) such thatu; = ... =up_2=0

Furthermore, ds and dg depend only on T, €, dy, dsy and on min{jw; —
Wm-1| : > m}.

Proof .— Given a solution u = u(t) with u; = ... = U2 = 0, let us put
for brevity

u(t) = -1 giwm-1t

ub(t) =u(t) —u’(t) = Z ujei“”'t

jzm

T 1/2
lulo = (/;Tp(u(t),U’(t))zdt> ;

Te 1/2
|u|e=< / _ep(u(t),u'u))zdt) ,

and

1/2
llulle = | D llusll? :
i>1
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Using the triangle inequality, (1.20) and applying Lemma 1.10 we obtain
that
el < flu®fle + [l
< d7 2 lutlo + ]l
< 7% (lulo + [u'lo) + [l
< a2 ((ulo + 42wl + [l
<dPlulo 4+ dy 1+ a2l
< (d1—1/2 +d2_1/2 +d1_l/2di/2d;l/2)!u|¢
i. e. the left side inequality of (1.21) is satisfied with

The right side inequality of (1.21) follows easily from (1.20), first applying
the triangle inequality for the semi norm |- |, and then using Lemma 1.11.
We may take for example

d5=(2+€/T)d4 0

Finally we need the following variant of Lemma 1.11 :
LEMMA 1.13.— Let k be a positive integer. Assume that there ezists a
compact interval I C R and positive constants dy, dg such that

(1.22) drlux|* < /Ip(u(t),U'(t))zdt < dg|lux®

for all solutions u(t) with uj = 0 for all j # k. Then the same inequality
holds for every compact interval I' C R instead of I, with suitable positive
constants dy and dj.

Proof .—Since w; € R, Vj > 1, the function p(u(t),u'(t)) is in fact
independant of ¢ :

p(u(t), u'(t)) = p(uk, iwkur), Vt € R.

Hence, if I' C R is an arbitrary compact interval, then the desired inequality
holds with d7 = (|I'|/|I|)ds and dy = (|I'|/|I|)ds. O

Now we turn to the proof of the theorem. Let n > kq be the least integer
satisfying |I,| < |I|. It follows from (1.8) and from Lemma 1.11 that for
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every compact interval J C R of length |J| > |I| there exist two positive
constants ¢ and C such that

(1.23) e Jlusll? < / p(u(t), ()2t < C 3 [lus 2

i>1 1 i>1

for all solutions u(t) satisfyingu; = ... = ugp—o = 0. If n = 1, then Theorem
A follows by taking J = I.

If n > 1, then we apply Lemma 1.12 with m = 2n—1 and with T' > |I,,|/2
arbitrary. Condition (1.20) is satisfied by (1.23), (1.8), (1.9) and Lemma 1.13
(we use (1.8) if m —1 > ko and (1.9) if m — 1 < ko). Applying Lemma 1.13
and then using Lemma 1.11 we find that for every compact interval J C R
of length |J| > |I,], the estimates (1.23) hold for all solutions u(t) satisfying
U1 = ... = ugn—3 = 0 (the constants ¢, C are not necessarily the same as

before).

Repeating this argument 2n — 3 times we obtain that for every compact
interval J C R of length | J| > |I,,], the estimates (1.23) hold for all solutions.
Putting J = I hence the estimates (1.10) of Theorem A follow

The last assertion of Theorem A follows from the analysis of the explicit
constants obtained during the proof 0O

1.3. —Proof of theorem A in the general case
We shall use the following notations : if 5 = 0 for some j', then set
wr =wz2 =0,X; =X, =27,
wyjr = —wajpg = i(—n;)/%, Xojy1 = Xojpa = 2Z; if j<j'
and
wyjo1 = —wpj = ()%, Xojoy = Xo5=2; if j>j'.
If all the eigenvalues are different from zero, then let j' be the first index

such that 7 > 0 and set

W1 = w2 =0, Xl =X2"—"{0},
wojp1 = —wajpr = (-2, Xojuu =2; if j<j'

and

wyjpr = —wajpr = )%, Xojyr = Xojoo = 2Z; if 25

Let us note that
(1.24) S :=sup{|lmw;| : j >1} < |m|'/? < .
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Using this notation, there is a one-to-one correspondance between the
elements (u°,u') of W* and the convergent series of the form

(1.25) u(t)=u1+u2t+2ujei“ft, u; € Xj
j23

in C(R; D((A + a1 I)**Y/?)) n C*(R; D((A + a11)?%)), the latter being the
solution of (1.2). In the sequel by solution we shall mean an arbitrary
function u € C(R; D((A + a1 I)***/?)) N C*(R; D((A + a11)*)) of the form
(1.25). Introducing in V the norm |[v]| = (a(v,v) 4 a1 ||v|%)*/? (cf. (1.15)),
we have again the equivalence of

lu®llf + lutll} and > Jlus®.
i>1

The proof of Theorem A in the general case follows the same line as in
the special case considered before :

Lemma 1.10 remains valid with the only modification that d; depends
now also on S (cf. (1.24)). There are two small changes in the proof :

- Since the numbers w; are not necessarily real, (1.18) is not obvious.
However, thanks to (1.24), it is satisfied if we choose € > 0 sufficiently
small.

2Se

— In the last estimates of the proof we obtain the factor 2 + 2¢2°¢ instead

of 4; hence (1.17) follows with dy = d;d3/(2 + 2¢%5°).

Lemma 1.11 remains valid, too, with the only change that the constants
¢ now depend on L. In case a) we obtain the inequality

[, Pt @7 < clllu + uaslP + 3 s

j22
< ce®Sl(Jluy + ugs|? + E flu;12),
j22

while in case b) we have
[, @7 2 el + uaslP + 3 et

j22

> ce?S1el([luy + ugs||? + Z [Juj12)-
Jj22
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Therefore it is sufficient to find two positive constants ¢’ and ¢” such that

¢ (lua)l® + Nluzll?) < llug + uas|? + [Juzlf?
< "(luall® + lluall®), Vur,uz € X3 = X;.

This is satisfied for example if we take

d=1/(4s +4) and " =2s*+2

(to obtain ¢ we may distinguish the cases |lui]| > 2|s| |luz|]] and
lluall < 2[s]  [luall.)

Lemma 1.12 and its proof remain valid except that we have to write
ust instead of uze*“?! everywhere. Again, since we apply Lemma 1.10, the
constants ds, dg will now depend also on S.

Finally, Lemma 1.13 remains valid, too, but the proof is slightly different
if wy, is imaginary. If k # 2, then we have the formula

p(u(t),w'(8)) = e"*|p(us, iwrux), Vt € R

whence the desired inequality follows easily with

d; = (/ e‘zsltldt//ezs]tldt>d7
! I

dy = ( / e*Sitld/ / e'zs“ldt)ds.
! I

The case k = 2 is more technical. Clearly it is sufficient to find two positive,
continuous real functions defined in {(a,b) € R? : a < b} such that

F(a,b)(p(u2,0)2 + p(0,u2)?) < [7 plu(t), w'(t))2dt
< g(a,b)(p(u2,0)? + p(0,u2)?), Yuz € Xz, u(t) = uat.

and

(1.26)

The right side of (1.26) follows at once from the triangle inequality and
from the Cauchy-Schwary inequality. We have

b b
/ p(u(t), w'(£))2dt < 2 / £p(us,0) + p(0, up)?dt

b
<2 / 1+ £2dt(p(uz, 0)° + p(0,u2)?),
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whence the right side inequality of (1.26) is satisfied with
b
g(a,b) = 2/ 1+ t2dt.
a

To prove the reverse inequality first we write the inequality
szp(uZa 0)2 S 2P(U2t, u2)2 + 2p(u2(t + 3)7 U2)2, 37t € Ry
this may be obtained again by applying the triangle inequality and the

Cauchy-schwarz inequality. Choosing s = (b — a)/2 and integrating by ¢
from a to a + s we find

b
(1.27) p(u2,0)2 <16(b—a)™® / p(u(t),u'(t))*dt.

Next we write the inequality
p(Oa u2)2 S 2p(”2t7 u2)2 + 2t2p(u2,0)27 t € R.

Integrating by ¢ from a to b and then using (1.27) we obtain

3 _ g3 b
(1.28) p(0,u2)? < (Z_—z_a + %%—_—EF) / p(u(t), u'(t))*dt.

The left side inequality of (1.26) now follows from (1.27) and (1.28) by
taking

3 _ g3\~
f(avb)=(lﬁ(b_a)_3+b-2-a+%(bb—a)3) o

1.4.— Proof of theorem B

We use the same notations as in the preceeding subsection. First we
note that condition (1.12) implies in fact condition (1.9) because Zy x Z; if
finite-dimensional. Using this remark, we may repeat the proof of Theorem
A, replacing Lemma 1.12 by the following one :

LEMMA 1.14.— Assume that for some integer m > 2 and for some
positive numbers T and d; we have

(1.20) Y]

i1 -

T
p(ut), u'(1))2dt
T
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for all solutions u(t) such that uy = ... = up_y = 0, and for all solutions
u(t) such that u; =0 for all j #m — 1.

Then for every € > O there ezists a positive constant ds such that

T+e
(1.30) a3l < [ ptu(e) (o)
J'Zl —T-—¢
for all solutions u(t) such that uy = ... =up—y = 0.

Proof .— Let us denote by Y (resp. by Yb) the vector space of all solutions
satisfying 3 = ... = Upm—z = 0 (resp. u; = ... = Uy,—; = 0) and let
Y* be finite-dimensional vector space of all solutions satisfying u; = 0 for
all j # m — 1. Then Y is the direct sum of Y* and Y?°. Given u € Y
arbitrarily, we introduce the same notations u®, u®, |ulo, |ule, ||u|l« as in the
proof Lemma 1.12. (If m = 3, then according to the preceeding subsection
we set u®(t) = usyt instead of uze™?’.) Then we have the decomposition
u=u+ub, u eY? ubevt.

Let us observe that the semi norm |- |. is in fact a norm on Y. Indeed,
if u € Y and |u|l. = 0, then applying Lemma 1.10 to (1.29) we obtain
lu®]l+ < |u|e whence u® = 0 and u = u®.

Now applying (1.29) for v = u® we find ||u|l« = ||[u®]]« =0 i.e. u=0.

We shall prove the lemma by contradiction. Assuming that (1.30) does
not hold, in view of Lemma 1.10 there exists a sequence (un)n>1 C Y such
that, using the decompositions u, = uj + uf,, ul €Y, ud € Y?, we have

(1.31) lutlle =1, Vn2>1,
(1.32) [tnle =0

and

(1.33) lubll« = 0

Being Y finite-dimensional, we may also assume (taking a subsequence
if needed) that (uj) converges :

(1.34) llu? = ufls — 0
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Since | - | is also a norm on the finite-dimensional space Y%, (1.34) implies
that

(1.35) lup —u?le — 0

From (1.32) and (1.35) we conclude that u® belongs to the closure of Y*
with respect to the norm |- |, in Y. Our hypothesis (1.29) implies that

a2 ||o]ls < |lv]le, Vo € YP.

This inequality extends by continuity for all v € Y in the closure of Y with
respect to | - |.. In particular we have

P u® + o flu < Jut + e, V> 1.

Using (1.32), (1.33), (1.35) and letting n —, we obtain that ||u®|. = 1.

On the other hand, it follows at once from (1.31) and (1.34) that
|lu®||l« = 1. This contradiction proves the lemma. 0O

1.5.— Proof of proposition C

Applying the same complexification argument as for Theorems A and B,
it is sufficient to consider the complex case.

The first part of the proposition is immediate. Assume that there is a
compact interval I C R such that

(136) [ pu(®),w () > 0, Y0 £ (u*,ut) € Zi x 2,
I

and let 0 # v € Z; be given arbitrarily. Applying (1.36) with u(t) = vetivt
and using the obvious identity

/p(u(t), u'(t))%dt = / leXit|2dt p(v, tiwv)?
I I
we obtain

(1.37) p(v, £iwv) > 0.

Conversely, assuming that (1.37) holds for all 0 # v € Z4, it is sufficient to
prove that (u°,u') € Zy x Z; and /p(u(t),u'(t))zdt = 0imply u® = u! = 0.
I
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Indeed, being Z; x Z; finite-dimensional, then there exist two positive
constants ¢ and C such that

cllull} + llu' 1) < /Ip(u(t),t/(t))zdt
< C(lwl Iy + llut 7)), Y(u®,u') € Zi x Z¢.

Consider first the case 7y # 0. Then u(t) has the form

u(t) = ve' + we ™" v and w e Zy,
and from the hypothesis / p(u(t),u'(t))%dt = 0 we deduce that
I

p(ve™! +we ™! jw(ve™t —we)) =0, Vt € I.

Using the homogenity of p and applying the triangle inequality hence we
obtain
p(v(e2zwt _ 62““), iwv(ehwt _ eZ:us)) =0

for all t,s € I. Choosing t, s such that e?*“! —¢2*? = 0, using the homogenity
of p and finally applying (1.37) we obtain v = 0. We may prove by the same
way that w = 0. Hence u(t) =0 and u® = u! = 0.

Consider now the case nx = 0. Then u(t) has the form
u(t)=vt+w,v and w € Z;.
Repeating the above argument now we obtain
(1.38) p(vt+w,v)=0,Vtel

and
p(v(t —s),0) =0, Vt,s e I.

Choosing t # s, using the homogenity of p and applying (1.37) we obtain
v = 0. Substituting this result into (1.38) we obtain p(w,0) = 0 whence,
using (1.37) again, w = 0. Hence u(t) =0 and u®* =u' = 0. O
2. Applications to the exact controllability of the wave equation

The main purpose of this section is to introduce the new estimation
method. We shall improve some results obtained in J. -L. Lions [2], [3].
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In the first subsection pure Dirichlet action is considered. We show that
Theorem A allows us to treat equations containing a potential term by
constructive way. The same method may be applied in other situations as
well, to prove that the lower-order terms in the evolution equation do not
change the minimal time of exact controllability, cf. V. Komornik [5], [6].

In the second subsection pure Neumann action is considered. In this case
the “natural” semi norm p is not a norm; this motivates the introduction

of strenghtened norms. This is a typical situation for the application of
Theorem B.

2.1.— A problem with a lower order term

Let © be a non-empty, bounded, connected open set in RN(N =1,2,...)
having a boundary T of class C?, and denote by v(z) = (11(z),...,vn(z))
the unit normal vector to I', directed towards the exterior of . Fix a point
z° € RN arbitrarily and set

'y ={z €Tl : m(z) v(z) >0},

F_={z el : m(z) v(z) L0},
and

Ry = sup{|m(z)| : = €T},

where m(z) = z — 2°, z € RV, and - denotes the scalar product in RV.
Let ¢:Q — R’ be a function satisfying

geLP(N) with p>N if N>2 and

(21) with p>2 if N=1

Then, applying the Sobolev imbedding theorem and the interpolational
inequality, there are positive constants ag, a; such that

(2.2) / [Vu|? + qudz > / ao|Vul? — ayuldz, Yu € H}(Q)
Q Q

Consider the following system :

u'—Au+qu=0 in Q xR,
(2.3) u(0) =u° and u/(0)=wu! in Q,
u=0 on I'xR.

~ 435 -



Vilmos Komornik

(As usual, we write u',u" for Ou/dt, 8%u/0t%). It is well-known that for
every initial date (u®,u') € (H%(Q) N HY(R)) x Hy(), (2.3) has a unique
solution

u € C(R; H2(Q) n H(Q)) N C(R; HA(Q)).

The purpose of this subsection is to prove the following estimate :

THEOREM 2.1.— Assume (2.1), (2.2) end let I C R be a compact
interval of length |I| > 2Ry. Then there ezist two positive constants ¢ and C
such that for every (u°,u') € (H*(Q) N H(N)) x Hy(Q), solution of (2.3)
satisfies the following inequalities :

(2.4) C(”“""%{(}(Q) +lut ”%2(9)) < f[ fr+(6yu)2dl"dt

< C("“"“%é(n) + Nulll"iz(m)- a
(In (2.4) Oyu denotes the normal derivative of u.)

Remark 2.2.— In the special case ¢ = 0 these estimates were obtained
by L. F. Ho [1] under a stronger hypothesis on |I|, and then by J. -L.
Lions [2] under the above hypothesis |I| > 2Ry, using a non-constructive
compactness-uniqueness argument. Later a constructive proof was given in
V. Komornik [1], [2] (cf. also J.-L. Lions [3]). The case ¢ > 0 of Theorem
2.1 was proved earlier in V. Komornik and E. Zuazua [2], using an indirect
argument. Applying the same method, E. Zuazua (3] proved also a variant
of Theorem 2.1, under the assumption ¢ € L®(Q2 x I). O

Remark 2.3.— Applying HUM as in J.-L. Lions [2], [3], Theorem 2.1
implies the exact controllability of the system

y' —Ay+gqy=0 in Qx(0,7T),
(25) y(0)=y° and y'(0)=y' inQ,

y=0 on I'_x(0,T) and y=v on Iy x(0,T)
in the following sense : if T > 2Ry, then for every initial data (¥°,y") €
L*() x H™}(Q) we can find a corresponding control v € L*(T'y x (0,T))
driving the system (2.5) to rest in time T, i. e. such that y(T) = y'(T) = 0.
For the presentation of the HUM method (Hilbert Uniqueness Method) we
refer to J.-L. Lions [1], [2], [3]. O

Proof of Theorem 2.1.— We are going to apply Theorem A with V' =

HY(Q),H = L*(Q), a(u,v) = / Vu- Vv +quv dz, s =1/2 and
Q

p(u®,ul) = <'/F+(6,,u)2dI‘)l/2 ;
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the integer ko will be chosen later. Then we introduce the eigenvalues n,
the eigenspaces Zi, the spaces W 1/2, W,: /% and the energy E according to
the general scheme described in Subsection 1.1. We have in particular

E = B(u;t) = (1/2)/(u')2 +Vuf? + quldz, WteR.
Q

It follows from (2.1) and (2.2) that the bilinear form a(u,v) is continuous
on V and satisfies the condition (1.1).

To prove the properties (1.8) and (1.9) we adapt the method in J.-L.
Lions [2], [3], with an extra argument if we cannot choose a; = 0 in (2.2).

First we choose an arbitrary function A € C*(€; RN) such that h = v
on I'. Multiplying the equation (2.3) by k- Vu and integrating by parts on
I' x J where J C R is an arbitrary compact interval, we obtain easily the
estimates

/J p(ut), ' (£))2dt < C'(u2 + a2,
Y(u®,ul) € W1/2

with a constant C' depending on J. In particular, the right side inequalities
in (1.8) and (1.9) are satisfied for every compact interval Iy.

To prove the reverse inequality we replace the multiplier h - Vu by
2m - Vu + (N — 1)u. We obtain for every T > 0 the identity

/0 ) /F (m - v)|0,u|*dTdt

- [/Q(Zm Vu+ (N = Du)u'ds

T
+/ / [u'|? + |Vul|*dzdt
o Ja

T
+/ / qu(2m - Vu + (N — 1)u)dzdt.
o Ja

T

(2.6) 0

Let k be a positive integer and assume that (u®,u') € W,:/Z. In the
following estimates 0(1) and 0(1) will denote diverse constants depending
only on k (i. e. independent of ¢ € R and of the choice of (u°,u') € Wkllz)
and being bounded resp. converting to zero as ¥ — oo. Furthermore, in order
to simplify the notations we shall write ||-||« instead of ||-||z«(q) , Vr € [1,00].
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We needs some inequalities. First, it follows from (2.1), applying the
inequalities of Sobolev and Poincaré, that there exists a constant rq >
2p/(p — 2) satisfying

(2.7) llull« £ o(1)||Vull2, Vr € [1,70].

Applying (2.7) to the right side of the inequality (Holder)

(2.8) ‘ / quidzr
Q

and using the definition of n; we find

< lallpllullzp /o2y -

nk/ uldr < / |Vu|? 4+ quidz < 0(1)/ |Vul?dz
Q Q Q

whence

(2.9) llellz < o(1)][Vull2.

Interpolating between (2.7) and (2.9) we deduce

(2.10) lull2p/(p—2) = o(1)||Vull2,

and then combining (2.7), (2.8), (2.10) we obtain

(1—0(1))/ |Vu|?dz < / |Vul? + qulde
Q Q

< (1+0(1)) Jg [Vul?dz.

(2.11)

Let us finally recall the inequality
(212)  [2m- Vu+ (N = Dulls < |2m - Vulls < 2Ro||Vullz

obtained in V. Komornik [1], [2].
Using (2.10) and (2.12) in (2.6) we obtain the following estimate :

R, / ' / (8,u)?dTdt
o Jry
> —2Ro([[Vu(T)|l2llw'(T)ll2 + [Vu(0)||2/lu'(0)]l2)

T T
N2 2 —0 u 2 .
+/0 /Q(u) + |Vu|*dz dt (1)/0 IVu(?)|2dt
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Using (2.11) and the definition of the energy hence we conclude that
T
Ry / / (8,u)?dl’dt > 2T(1 — 0(1))E — 4Ro(1 + o(1))E
0 ry
ie.

(2.13) /0 ) /r (8,u)2dTdt > (2/Ro)(T — 2Ry — o(1))E.

Since np — o0, in view of Remark 1.5 (2.13) implies the existence of a
positive integer ko such that the left side inequality in (1.8) is satisfied for
all k > ko. Consequently, the hypothesis (1.8) of Theorem A is satisfied
with a sequence of intervals I such that T = 2Ry.

Finally we prove that hypothesis (1.9) of Theorem A is satisfied for all
k < ko. According to Proposition C, it is sufficient to verify that v € Z;
and €r, |8,v]2dT’ = 0 imply v = 0. In other words, it is sufficient to prove
that the problem
—Vo+gqu=mv in

v=0 on T
8,v=0 on T4

has no nontrivial solutions in Hj (). This is, however, a well-known unique
continuation theorem, cf. e.g. C.E. Kenig, A. Ruiz and C.D. Sogge [1].

We may therefore apply Theorem A and hence Theorem 2.1 follows. 0O
Remark 2.4.— The application of inequality (2.12) has simplified the
proof, but its use is not necessary. Therefore the above method may be also

applied in other problems of this type where we do not have an inequality
analogous to (2.12). O

Remark 2.2.bis.— For ¢ > 0 Theorem 2.1 was proven earlier in V.
Komornik and E. Zuazua [2] by an indirect compactness-uniqueness ar-
gument. Applying this method E. Zuazua [3] proved a variant of Theorem
2.1 under the assumption ¢ € L*¥(I x Q). 0O

2.2.— A problem with a strenghtened norm

Consider here instead of (2.3) the following system :
u'—Au=0 in xR,
(2.14) u(0) =v° and u'(0)=wu! inQ,
u=0 on I'xR.
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It is well-known that for every initial data (u°,u') € H%*(Q) x H}(Q)
satistying the compatibility condition 8,u° = 0 on T', (2.14) has a unique
solution in

C(R; H*(Q)) N C'(R; H'())
Fix z° € RY arbitrarily and introduce the same notations I';,T'_, m(z),
Ry as in the preceeding subsection. We shall prove the following theorem.

THEOREM 2.5.— Let I’y be an arbitrary subset of positive measure in
T and let I C R be an arbitrary compact interval of length |I| > 2R,.
Then there ezists a positive constant ¢ such that for every initial data
(u®,u') € H*(Q)xHY(Q), 8,u®* =0 on T, the solution of (2.14) satisfies
the following inequality :

f / |u'|2dTdt + / / |Vul2dT dt
1Jry 1Jr_

(2.15)
J [ wtar ez o + 1 1) 0
o

Remark 2.6.—In the special case I’y = I' Theorem 2.5 was proven in
J.-L. Lions [2], by an indirect argument. It was later improved in V. Komor-
nik [1], [2] by taking T'¢ = 'y and by giving a constructive proof; cf. also
J.-L. Lions [3].

Remark 2.7.— Applying HUM we may deduce from Theorem 2.5 the
exact controllability of the system

y'"—Ay=0 in Qx(0,T),
y(0)=y° and y'(0)=y' in Q,
Gy=v on I x(0,T)

in suitable function spaces if T > 2Ry, cf. J.-L. Lions [2], [3]. O
Proof of Theorem 2.5.— We shall apply Theorem B with H = L*(Q),
V = HY(Q), a(u,v) = / Vu-Vvde,s=1/2, kg =2 and
Q

1/2
p(u®,ul) = (/ |u1|2d1"+/ |Vu°|2d1"+/ |u°]2d1") .
Ty r- o

The energy of the solutions is now given by the formula
E = Bluit) = (1/2) [ WO + [Vu(t)fd.
Q
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We recall the following identity obtained by the same multiplier
2m - Vu + (N — 1)u as in the preceeding subsection :

/OT /P(m V)W = [Vul2)dT dt
(2.16) - [ /Q (2m- Y+ (N — Dup'de]

T
+/ / [u'|? + |Vul?dz dt.
o Ja :

Let k > 2 be an arbitrary integer and assume that (u°,u') € W,:/ %, Then
we obtain easily from this identity the following estimate :

T T
/ / |u'[2dT dt + / / Vu|2dT dt
(2.17) o Jry o Jr.

> (2/Ro)(T — 2Ry — (N — 1)y Y/?)E.

If T > 2R, then for k sufficiently large the factor of E is positive.
Furthermore, for k arbitrary, the factor of E is positive again if T is
sufficiently large. Finally it is clear that in the present case we have n; > 0,
Vk > 2. Using Remark 1.9 we conclude that the hypothesis (1.11) of
Theorem B is satisfied with a sequence intervals I} such that Ty, = 2R,.

0

Now we verify the condition (1.12). Since ky = 2 and n; = 0, in view of
Proposition C it is sufficient to prove that

p(v,0) #0, VO#veEZ.

This is easy to verify. Indeed, the elements of Z, are the constant
functions. If v is a non-zero constant function, then we have

1/2
p(v,0) = (/ vzdl") = |v|meas(Ty) > 0
To
since T is of positive measure in A by hypothesis. This proves (1.12).
We may apply Theorem B and hence Theorem 2.5 follows. 0O
3. Applications to the exact controllability of Kirchoff plates

Our standard reference in this (and in the next) section is J. Lagnese and
J.-L. Lions [1], referred in the sequel by [LL]; it contains also the physical
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interpretation of the models considered below. The purpose of this section
is to complete the results of [LL] concerning the exact controllability of the
Kirchoff plate models.

Let © be a non-empty, bounded domain in R? having a boundary T of
class C?, let T be a positive number and fix a point zo € R? arbitrarily. We
introduce the same notations v(z) = (v1(z),v2(z)), m(z) =2z —2°, 4, T'—
and Ry as in the preceeding section. After recaling, the state equation of a
Kirchoff plate is given by

(3.1) w' —R?Aw" + A’w=0 in Qx(0,T)

where h denotes the width of the plate, and we have the usual initial
conditions

(3.2) w(0) =w®° and w'(0)=w' in Q.

Following [LL], three kinds of boundary conditions will be considered,
given by (3.3), (3.4) and (3.5), respectively (we shall denote the normal
derivative by 9,) :

w=0,w=0 on I'_x(0,T),

3.3
(33) w=0 and Gw=v on Iy x(0,T),

w=Aw=0 on I'_x(0,T),

34
(34) w=vy and Aw=wv, on I} x(0,T),

w=0 and Jyw=ve on Ty x(0,T),
(3.5) Aw+(1—-p)Byw=v; on TI'_ x(0,T),
OyAw + (1 — p)Byw — h29,w" = v, on T_ x (0,T);

in the last case p denotes the Poisson’s ratio and Byw, Bow are given by

(3.6) Biw = 211150, 8w — V202w — V2P w,

(3.7) Bow = 8. [(v} — v2)818yw + vyv2(02w — 8} w))

where 71 = (—vq,11).

Our main goal is to prove the convergence of the optimal exact control
functions v (respectively v;) if A — 0..
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3.1.— The first case

We shall consider in this subsection the system (3.1), (3.2), (3.3). Let us
denote by a the least positive constant satisfying the condition

(3.8) / > (8i0r2)?dz < o / (Az)dz, ¥z € HX(Q).

ik=1 Q
We are going to prove the following theorems :

THEOREM 3.1.— Assume that T > aRgh. Then for every initial data
(w°,w') € H3 () x L*() there ezists a control v € L*(T x (0, T)) such that
the solution of (8.1), (3.2), (5.3) satisfies w(T) =w'(T)=0 in Q. 0O

Theorem 3.1 will be proved by the HUM method. Hence we obtain in
particular that among the control functions v there is a unique one, denoted
by va, which minimizes the integral

T
/ /vzaT dt.
o Jr

THEOREM 3.2.— Let T > 0 and (W% w' € HZ(Q) x L%(Q) be given
arbitraly. Then vy — v in L*(T x (0,T)) weakly as h —» 0. O

Remark 3.3.— The case h = 0 of Theorem 3.1 was already proven earlier
(by a nonconstructive way) by E. Zuazua [2]. O

Remark 3.4.— Theorems 3.1 and 3.2 were proven earlier in [LL] under
stronger hypotheseson T. O

For the proof of these theorems consider, following [LL], the homogeneous
system (3.1), (3.2) and

(3.9) w=0w=0 on I'x(0,T).
For every (w°,w') € HZ(Q) x H(Q) this system has a unique solution in
C([0,T}; H3(R)) N C'([0,T); Hi(Q)). Defining the energy of the solution
by
(3.10) E=(1/2) / (W'")? + R? VW' + (Aw)? dz,

Q
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it is independent of t € [0, T].

According to HUM, Theorem 3.1 will be proven if we establish the
estimates '

(3.11) cE < /OT/F(Aw)zdth

for all initial date (w’ w!) from some dense subspace of HZ(R) x Hi(Q),
where ¢ is a positive constant, depending on T(> aRyh) but independent
of the choice of (w°,w').

Furthermore, Theorem 3.2 will follow from the same estimates (3.11) if
we prove that ¢ may be chosen uniformly with respect to A — 0. Thus both
theorems will follow from the following stronger result :

THEOREM 3.5.— Fiz a positive number ho satisfying T > aRgho. Then
there are two positive constants ¢ and C such that for every 0 < h < hy and
for every (W0, w') € (HA(Q) N HZ()) x HE(Q) the solution of (3.1), (3.2),
(3.9) satisfies the inequalities

T
(3.12) cE < / / (Aw)*dT" dt < CE.
0 r

Proof.— We are going to apply Theorem A with the following choice :
we take H = L?(Q) if h = 0 and H = H}(Q) if b > 0, endowed with the

norm
1/2
Iolla = ([ o+ w2IVoPaz)
Q

and we set V = H3(Q), a(u,v) = / AulAvdz, s =1/2, kg =1 and
Q

sty = ( [ (Aw°)2dr)1/2.

We introduce the notations n; and Z; (§ > 1) as in Theorem A (they depend
on h); note that n; > 0.

Let k € C*(Q; R) be arbitrary function such that k = v on T'. Multiplying
the equation (3.1) by k- Vw and integrating by parts on Q x (0,T'), it is easy
to obtain the right side inequality of (3.12) with a constant C, independent
of h € [0, ho]; cf. [LL]. In other words, using also Remark 1.5, the right side
inequality (1.8) in Theorem A is satisfied.
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To prove the reverse inequality, let us recall the following basic identity
from [LL] :

| /OT/I"(m - v)(Aw)?dl dt

T
(3.13) =2TE + / / 2(w')?dz dt
0 Q

T
+ [/ W'(2m - Vw —w) + h?Vu' - V(2m - Vw — w)dz] ;
Q . 0

this is obtained by the same multiplier method as above, using instead of k
the multiplier 2m - Vw — w.

If (W w') e W,:/ ? for some integer k > 1, then we have
(3.14) /(Aw)zdz > e / w? + h?|Vw|?dz, ¥t € [0, T].
Q Q

We also need the following estimates :
(3.15) IVwllz < ng /| Aw]lz , V¢ € [0,T).

For proving this we remark that

/ |Vw|?dz = -/ wAwdz < ||w||2||Aw]z ;
Q Q

dividing by /(Aw)zdx = ||Aw||3 and applying (3.14), hence (3.15) follows.
Q
Furthermore, using (3.8) and (3.15) we obtain

/9 V(2m - Voo — w)[2dz = 22: /Q (Bw)?

=1
2 2 2
+4(6.-w) ( Z mkaka,'w) +4 ( Z m,ﬁ,ﬁ,-w) dz
k=1 k=1
< (5'* + 49 *aRy + 40® RE) | Aw| 2
1. e.

V(2m - Vw — w)||2
(3.16) V(2m - V. |

< (ne"? + 407 *aRo + 402 R2) || A2
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From (3.14)-(3.16) we deduce for every t € [0, T] the following estimates :
I/ W'(2m - Vw — w) + B2Vw' - V(2m - Vw — w)dz|
Q

< ' l2(2Rome 4+ g ) A
+R?|V lo(n " + 4n M aRo + 40> B2 A,
< (2R0n;1/4 +n;1/2+
h(’7k—1/2 + 417;1/4aRo +4a2R§)1/2)E.
Using these estimates we conclude from (3.13) that
T
/ / (Aw)?dT dt > (2/Ro)(T — 2Ron; M/* — n*/?
(3.17) o Jr
—11(17,:1/2 + 4n;l/4aRo +4a?RHVE.

Here the eigenvalues 7 depend on h. Using the variational characteriza-
tion of the eigenvalues it is easy to show that the eigenvalues are decreasing
functions of h > 0. Let us denote by #j; the eigenvalue n; corresponding to
h = he. Then it follows from (3.17) that the hypothesis (1.9) of Theorem A
is satisfied for example by choosing

I = [0,2R 2 + 5,7 4 m( T
+477, YV aRy + 4a® RE)V? 4 1/,

and cx = 2/(Rok) (cf. Remark 1.5).

Let us observe that It and ¢ are both independent of h € [0, hy]. We
may therefore apply Theorem A (observe that condition (1.9) is now empty
) and Theorem 3.5 follows. 0O

3.2.— The second case

This subsection is devoted to the study of exact controllability of the
system (3.1), (3.2) and (3.4). The following two theorems will be proved :

THEOREM 3.6.— Assume that T > Roh. Then for every intitial data
(w®,w') € L*(Q)x H~(Q) there ezist control functions vy € L*(T+x(0,T))
and v; € (H*(0,T; L*(Ty)))' such that the solution of (3.1), (3.2) and (3.4)
satisfies w(T) =w'(T)=0in Q. O

The controls vg,v; will be consl;ructed by HUM; let us denote these
special controls by vo,n and vy .
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THEOREM 3.7.— Let T > 0 and (W% w') € L%(Q) x H™1(R) be given
arbitrarily. Then von — wvoo in L*(Ty x (0,T)) and vy — vig in
(H?*(0,T; L*(T4)) weakly as h —0. O

Remark 3.8.— Theorems 3.6 and 3.7 were proven in [LL] under stronger
hypotheses on T. 0O

Similarly to the preceeding subsection, both theorems will follow from
estimates stated below concerning the homogeneous system (3.1), (3.2) and

(3.18) w=Aw=0 on I'x(0,T).

Set H = H}(Q) if h = 0 and H = H%(Q) N H}(Q) if h > 0, the norm of
H being defined by

lolla = (/ﬂ [Vol* + hz(Av)zdw)llz,

and set V = {v € H}Q) : v = Av = 0 on T'}. Then for every
(w®,w') € V x H the system (3.1), (3.2), (3.18) admits a unique solution
w € C([0,T); V)N CY([0, T); H). If we define its energy by

(3.19) E=(1/2) / V' [2 + h2(Aw'Y? + |V Aw|?dz,
Q

then E does not depend on ¢ € [0, T).
Let us introduce on V the bounded, symmetric, coercive bilinear form
a(u,v) = / VAu - VAvdz and then the operator A and the spaces W*

Q
associated to H,V and a(u,v) as in section 1.

THEOREM 3.9. — Fiz a positive number hg with T > Rohgo. Then there are
two positive constants ¢ and C' such that for every h € [0, ho] and for every
(w®,w') € W2 the solution of (3.1), (3.2), (5.18) satisfies the estimates

T
(3.20) cE < / / (8,w')? + (8, Aw)?dTdt < CE.
1] r

Proof .— We shall apply Theorem A with H, V, a(u,v) as defined above
and with s =1/2, kg = 1 and

o) = ([ @ty + <a,Aw°>2dr)l/2.
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According to the notations of Theorem A, we denote by 7; and Z; the
eigenvalues and the eigenspaces of the eigenvalue problem

(3.21) // VAu - VAvdzr = 17/ Vu - Vv + h?AuAvdz,
. Q Q

YweV

We apply the multiplier method as in [LL]. Multiplying (3.1) by & - Vw
where k € C*(Q; R) and k = v on T, we obtain easily the right side estimate
in (3.20) with C independent of h € [0, ko).

Secondly, multiplying (3.1) by 2m - VAw + Aw, we obtain the following
basic identity :

/oT /F(m v)((8yw')? + (8, Aw)?)dT" dt
T
02)  |=-[ [@ - rau)en Vau+ sl

0

T
+2TE + / / 2|Vuw'|2dz dt.
0 Q

Assume that (w0 w!) € W,:/ 2 for some k > 1. Then we have

/ |VAw|2dz > rn,/ |Vw|? + h?(Aw)?dz,
(3.23) o o

vt € [0,T].

Observe that the eigenvalue problem

/Vu-Vvd:c:u/uvda:, Yo € H} ()
Q Q

has the same eigenspaces as (3.21), and the corresponding eigenvalues u;
are related to the s as follows :

(3.24) ni = /(1 + h?p;).

In particular, (3.24) implies that

(3.25) wi 2y
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Using (3.19, (3.23), (3.25) and the inequality (cf. [LL])
|2m - VAw + Aw||2 < ||2m - VAw]|l2

of the type considered in V. Komornik [1], the second integral in (3.23) may
be estimated as follows :

| / (w' = B2 Aw")(2m - VAW + Aw)dz|
Q
< (lw'll2 + | Aw"|2)]12m - VAw]l2
< (g 2IV@ 12 + B2 Aw'[12)2Ro | V AWz
< (h+2n;"*)RoR.
Using this inequality, from (3.22) we conclude that
T
/ / (8,w')2dT dt > (2/Ro)(T — Roh
0 r

—2Ron; '/*)E.

(3.26)

Let us denote by i the eigenvalue 7 corresponding to h = hg. Then
Nk > 7k and so (3.26) remains valid if we replace ni by 7. It follows that
the hypothesis (1.9) of Theorem A is satisfied with

It = [0, Roh + 2Rofi, */* +1/k]

and

¢k = 2/(Rok).
Applying Theorem A, Theorem 3.9 follows. O

3.3.— The third case if I'_ # §

Now we turn to the study of the system (3.1), (3.2) and (3.5). We shall
assume here that

(3.27) T_+#0
and
(3.28) T, nT_=4.

The assumption (3.28) is made in order to avoid some lack of regularity of
the solutions; for problems of this type we refer to P. Grisvard [1] and also
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to V. Komornik and E. Zuazua [1], [2]. The case where (3.27) is not satisfied
will be considered in the next subsection.

First we introduce some notations. Let H be the Hilbert space L*(Q) if
h=0and {ve H(Q):v=00nT_}if h > 0, equipped in both cases with

the norm
1/2
lolla = (/ v? +h2|Vv[2d:v) .
Q

Let V be the subspace of the Hilbert space H?(Q2) defined by
V={veH}Q):v=08,y=0 on TI_},
and for u,v € V let us set

a(u,v) = Budlv + BZudlv
+u(3udlv + 02ud?v) + 2(1 — p)8,8,ud, v

a(u,v):/ﬂa(u,v)d:c.

We recall that a(u,v) is a continuous, symetric, coercive bilinear form on
V. Let b the smallest constant satisfying

2
(3.29) / 3" (8i0rv)?dz < ba(v,v), Vo € V.
i,k=1
Let us also introduce the spaces W* as in Section 1.

Aw+(1—-p)Biw=0 on Iy x(0,T),
(3.30) 8,Aw + (1 — p)Baw — h?9,w" =0 on T4 x(0,T),
w=0w=0 on I'_x(0,T)

where Bj, B, are defined by (3.6), (3.7). Given (w®,w!) € V x H arbitrarily,
this system has a unique solution

weC([0, T V)N Cl([oa T); H);
furthermore, defining its energy by
(3.31) E= (1/2)‘/’(@")2 + R?|VW'|2dz + (1/2)a(w, w),
Q
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it does not depend on t € [0, T.

We shall prove the following estimate :

THEOREM 3.10. — Assume that T > 2bRoh. Then there exists a positive
constant ¢ such that for every (w°,w') € W/2, the solution of (3.1), (2.2)
and (3.30) satisfies the inequality

T
(3.32) / / (@) + RV PT dt > o(Jw°)% + i) O
o Jry

Remark 3.11.— Theorem 3.10 improves an earlier result obtained in
[LL], by weakening the assumption on T. Applying HUM as in [LL], it
follows that the system (3.1), (3.2), (3.5) is exactly controllable (in suitable
function classes) for every T' > 2bRoh. O

Remark 3.12.— Contrary to [LL], under this weaker assumption on T
we are not able to prove the existence of a constant ¢ in (3.32) which is
independent of A — 0. Therefore we cannot prove the convergence of the
optimal controls as h - 0. 0O

Proof of Theorem 3.10.— We shall apply Theorem B with H,V, a(u,v)
as defined above, with s = 1/2, kg = 1 and with

1/2
p(w’,w!) = (/ (W) + h2|Vw1|2dI‘> .
Ly

We introduce the notations n; and Z; (§ > 1) as in Theorem B. Our starting
point is the identity.

/(;T /r‘_ (m - v)(Aw)?drl dt

T
/o /I: (m - v)(@') + R?*|VW'|? — a(w,w))dT dt

(3.33) i

[/ W'(2m - Vw —w) + kYW - V(2m - Vw — w)d:v]
Q 0

T
+2TFE + / / 2(w')?dz dt,
0 Q
proven in [LL] by multiplying the equation (3.1) by 2m - Vw — w.
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Fix a positive integer k arbitrarily and assume that (w°,w!) € W,: /2,
Then we have

(3.34) a(w,w) > 7]1:/ w? + K2|Vw|?dz, Vt € [0,T).
Q

Furthermore, interpolating between the spaces L(£2) and H?(2) we obtain
(3.35) [Vl < By 4a(w,w)!/2, ¥t € [0, T

where B is a constant independent of k, w and t.

Using (3.29) and (3.35) we deduce, as in subsection 3.1, the following
estimates :
l(2m - Vo — w)|lz < (B*n;*/* + 4BbRyn;

(3.36)
+4b? R2) 2 a(w,w)V/2.

From (3.34)-(3.36) we conclude that for every t € [0,T],
| / Ww'(2m - Vw —w) + B2V’ - V(2m - Vw — w)dz|

Q
< [l l2(2Ro B + g )a(w, )2
+h2||Vw'||2(B*n;*? + 4BbRon; M * + 462 R2) 2 a(w, w)!/?
< (2Ro B /* 401

+h(B2n; ' + 4BbRon; /* + 40 R2)1/?)E.
Using this inequality we obtain from (3.33) the following estimate :

T
/0 p(w,w')2dt > (2/ Ro)(T — 2Ro B % =y V2

h(B?n;/? + 4BbRon;M* + 45?R2)'/?)E.

(3.37)

Hence, using Remark 1.5 and the positivity of 7; we obtain that the
hypothesis (1.11) of Theorem B is satisfied with a sequence Iy such that
To = 2bRgh.

Since kg = 1, the condition (1.12) is empty.
We may therefore apply Theorem B.and Theorem 3.10 follows. O
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3.4.— The third case if I'_ =
We consider now the system (3.1), (3.2) and

Aw+(1-p)Biw=0 on I x(0,7T),

(3.38)
G Aw+ (1= p)Bew — h%29,w" =0 on T x (0,T)

where By, B, are defined by (3.6), (3.7), and we assume that (3.39) m-v>0
on I

Let H be the Hilbert space L*(2) if h = 0 and H(Q) if k > 0, equipped
with the norm

lvllg = (/Q v? + hlevI";dz)l/z

and set V = H?(Q). We introduce the same bilinear form a(u,v) as in the
preceeding subsection. We remark that

(3.40) a(u,v) > ,u/‘;(Av)?dx +(1- p)/Q |Vo|idz, Yo € V.

It follows that condition (1.1) is satisfied.

Introducing the corresponding notations of Section 1, (3.40) implies that
m = 0 and Z; consists of the constant functions. Let us denote by b the
least positive constant such that

2
/ Z (0i0kv)?dz < b%a(v,v)
k=1

for all v € V, orthogonal to Z; in H.

Let T’y be an arbitrary subset of positive measure in I. We shall prove
the following result :

THEOREM 3.13. — Assume that T > 2bRoh. Then there ezists a positive
constant ¢ such that for every (w° w') € W/2, the solution of (3.1), (5.2)
and (3.88) satifies the inequality

T T
/ ‘/(w')2 + R?|Vw'|2dT dt +/ / w?dldt
(3.41) o Jr 0o Jrg

2 ([} + llw' 1 o

Remark 3.14.— In [LL] Theorem 3.13 was proved under a stronger
hypothesis T > Ty > 0 with Ty independent of k. Applying HUM, Theorem
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3.13 implies the exact controllability of the system (3.1), (3.2), (3.5) in
suitable function spaces if T' > 2bRoh. O

Proof of Theorem §.13.— We shall apply Theorem B with H,V,a(u,v)
as defined above, s = 1/2, ky = 2 and with

P’ w’) = (/r(w‘Y + h?|Vw! [2dT + /Fo(wo)z(ﬂ,)l/z

We have now instead of (3.33) the following identity :

T
/0 /I:(m V) (w')? + K| VW' |? — a(w,w))dT dt
T

= [/ w'(2m - Vw — w) + K2Vw' - V(2m - Vw — w)da:]
Q 0

T
+2TE + / / 2(w")?dz dt
o Ja
where E is defined by (3.31).

If (,w!) € W,:/ % for some k > 2, then n; > 0 and the calculations of
Subsection 3.3 remain valid. We obtain

T
/ / (@')? + K|V PdT dt > (2/Ro)(T — 2Ro By /%
0 T

~ni/* — h(B?n; /" + 4BbRon " + 45 RE)'/7)E;

hence the condition (1.11) of Theorem B is satisfied with a sequence of
intervals I such that Ty = 2bRyh.

On other hand, condition (1.12) follows at once from the definition of 'y
and from the structure of Z;. Indeed, we have obviously

p(w,0)? = / w?dl' = meas(Ty)w?, Yw € Z,
To

implying (1.12) in view of Proposition C.
Applying Theorem B, hence Theorem 3.13 follows. O
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4. Applications to the exact controllability of Mindlin -
Timoshenko plates

The purpose of this section is to prove the uniform exact controllability of
some Mindlin — Timoshenko plate models with respect to the shear modulus.
As in Section 3, our standard reference is J. Lagnese and J.-L. Lions [1],
referred to by [LL] in the sequel; it contains also the interpretation of the
models considered below.

Let Q be a non-empty, bounded domain in R? having a boundary I' of
class C? and let ' = T UT; be a partition of I'. In order to ensure sufficient
regularity of the solutions of the systems considered in this section, we
assume that

(4.1) T,NT, =0

In this section we shall use for brevity the following notation : we write
Vf = (fz, fy); the normal and tangential derivatives of a function f will be
denoted by 9, f and 3, f, respectively.

In the first subsection we shall study the exact controllability of the
following system (modelling a plate clamped along I'y) :

h3 1- 1+

Bt = D(bee 4 L300 + T, ) 4 K 400 =0,
4.2 h? 1- 1+ .
( ) %QO" —-D((Pyy + 2 'u()azz: + B H"J’z:y) +Ix(<p+wy) =0,

phu’ — K((wz + %)z +(wy +¢)y) =0 in Qx(0,T),

1-—
D(Vﬂ/"z + pripy + —':2_&(1/«'y' + <Pz)1/2) = vy,

1-—
(4'3) D(V2‘Py + protp, + _2—”(‘/)11 + ‘Pt)Vl) = vy,
K(w., + V]'lﬁ + Vz(,D) =9v3 On Fl X (O,T),
(44) 1/) = hl, P = hz, w = h3 on Fo X (0, T),

6 [FQh KO = wO=¢ pO=,
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where p, h, u, D, ,K, T are suitable positive constants and u < 1/2.

In the second subsection we shall study the exact controllability of the
system (4.2), (4.3), (4.5) and

1-—
D(Vld’z + pripy + Tﬂ('/)y + ‘Pz)VZ) = hy,

1—
(4'6) : D(Vzﬂoy + pvaths + _21"(1/’:1 + Soz)Vl) = hy,

w=nhy on Ty x(0,T),

modelling a plate hinged along I'y. (In fact we shall treat also the case where
Fo = w)

We shall restrict ourselves to the proof of suitable a priori estimates. The
corresponding exact controllability theorems may then be deduced by HUM
as described for the cases considered here in [LL].

4.1.— Clamped plates

Let us assume that
4.7 To#0

Consider the homogeneous system (4.2), (4.5),

1-—
D(V1¢z + pripy + Tu("/’y + ‘Pz)VZ) =0,

1—

(4.8) D(V2<Py + pvops + "'2_#("/’31 + ‘PI)VI) =0,
K(w, + 19 +129)=0 on Ty x(0,T),

and

(4.9) p=p=w=0 on Tyx(0,T),

Fix a point (2°,4°) € R? arbitrarily and set

m(z,y) = (¢ —2° -y —¢°), (z,y) € R?,

Ry = sup{|m(z,y)| : (z,y) €T},

Ly ={(z,y) €T : m(z,y)-v(z,y) >0},

' ={(z,y) €T : m(z,y) v(z,y) <0}.
We shall prove the following theorem :
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THEOREM 4.1.— There ezists a constant Ty, independent of K, such
that if T > Ty, then every sufficiently smooth solution of (4.2), (4.5), (4-8),
(4.9) satisfies the inequality

T
/ / ¢'2 + 4,9'2 +w 2dTdt
0 nry

T
+/ / ¥+ % + 97 + 97 +widldt
0 rynr_

T
+ [ [ e utarar
[} Foﬂr+ .
> c(JI(¥°, ‘Po,""0)“%}11(3'2))a + |I(¢1"P1,wl)”%L2(Q))3);
here ¢ denotes a positive constant depending on K but independent of the
initial data. O

(4.10)

Remark 4.2.— As we shall see, the precise assumption on the smoothness
of the solution is that the initial data belong to the space W'/? defined
below. 0O

Remark 4.3.— In [LL] the estimates (4.10) were proven under a stronger
assumption of the form T > To(K) with To(K) - co as K —oco. 0O

Remark 4.4.— We note that in the special case I'; = { the reverse
inequality of (4.10) is also true. O

Remark 4.5.— Theorem 4.1 implies the following exact controllability
theorem (cf. [LL]) :

if T > Tp, then for every initial data ((¢°, ¢°% w%), (¥}, 0" W) €V x H
there are control functions hy, hs, h3 and vy, vz, v3 driving the system (4.2)
~ (4.5) to rest in time T'. The controls h; belong to L*(Ty x (0, T)) and the
controls v; have the structure v; = ¢! + 82¢; where ¢; € L2(0,T; H(I';)) N
HY0,T;L*T:)). O

Proof of Theorem 4.1.—Let H be the Hilbert space (L?(Q2))® endowed
with the norm

”(1/” P w)"H = C(!l), (p,w)l/z
where
(i) = b [ (120" + ) + widady

and let us introduce the Hilbert space

V=({veH'(®) :v=0 on Lo}’

- 457 -



Vilmos Komornik

considered as a subspace of H!(Q)3. For (¥, ¢,w), (zz, @,w) € V we set (cf.
[LL)D).

ao(($,0), (#,3) = D / (s +93)(B= + Fy)

+ 255 Wy — 02y — Fo)dedy,
al((d)a ') w)’ ({/;7 S’Ev a))
=D [ (b e )P+ Be) + (¢ +0)(F + By )dady,
a(($,0,w), (%, 3,3)) = ao(($,%9), (%, 7))
+-Ka1(("/’a ) w), ("Z’ 3’575)%
aO("/’,‘P) = aO(("/’i 90) = aO(('(/),(P)y('ll), ‘P))’

dl(d’, (2] w) = a(("/"’ Soaw)v ("/), ‘va)'

Using the Korn inequality it is easy to verify that the bilinear form af(-, -) has
the property (1.1) of Section 1. Let us introduce the corresponding notations
W?*, E,Wg,nk, Zi of Section 1. The system (1.2) is then equivalent to (4.2),
(4.5), (4.8), (4.9). Furthermore, the Korn inequality shows also that n; > 0.

We are going to apply Theorem B with s = 1/2, kg = 1 and the semi
norm p being defined by

p(¥°, 9% w?), (¥, ¢!, w))?

= [ @)+
Flﬂr+

+ / (WO + () + (B2)? + () + (wd)?dT
I Y p) A

+ / (0 + (¢2)? + (w2)2dT
TonlCy

Fix the positive ¢ (to be precised later). We recall from [LL] the following
identity, valid for all solutions with initial data in wi/2 .

T 2
2 [ [ o[ 5@ + )+ @) ara
T —
_% Ll (m- V){D [¢i + (P?, + 2uzpy + IT#("»by + ‘Pz)z]
+K[(Y +we)’ + (0 + wy)’]}dl“dt
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ST -

T T
=(1- 2e)ph/ /(w’)zdxdydt + 5/ (¥, ', w'dt
- Jo Ja 0

; ﬂ(ugzbz —v19,)?| + Kwldldt

T T
+(1 - 6)/ ao(v, p)dt + eK/ / w? +w? — p? — P drdydt
0 o Ja

2
+ [ph/ %(gb'm -V +¢'m - Vo) + w'm - Vwdzdy
Q .

T
+(1 - 6) / Y'Y + o pdzdy + eph/ w wdxdy]
0

As it was shown in [LL], this identity implies the following inequality :

T
(Rof2) [ (,00), (9
T
Z/(; {(1 —2€)ph/(l(w')2d:cdy+sc(¢’,<p’,w’)

K
+(1— € = 2Kn7 ¢ ao(h, 0) + %alw,v,w)}dt B

where ¢’ and ¢ are positive constants, independent of K, T and .

Now we observe that if the initial data belong to W,: /2 for some positive
integer k, then the same reasoning yields the stronger estimate by replacing
n1 by ni in the above inequality; furthermore the constants ¢', ¢” do not
depend on k. Chosing ex = 1/(2 +2Jc'n; ") this gives

T
/0 P((h,0,w), (', ', w"))?dt > (2/Ro)(exT — ¢")E.

In view of Remark 1.5 condition (1.11) of Theorem B is therefore satisfied
with a sequence of intervals I such that T, = 2/c".

Since kg = 1, condition (1.12) is now empty. We may apply Theorem
B and Theorem 4.1 follows because (4. 10) is a special case of the estimate
(1.13). - : :

4.2. —Hinged plates
Let us fix a positive number v satisfying v < (1 — 1)/2 and consider the
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system (4.2), (4.5),

14
Yy + (B +7)er + T‘u(% — 1y =0,
. 14
(411) vt (1 + Ve + S E (s = )1 =0,
wy+nY+e=0 on T x(0,T),
1+
P, + (;u + 7)901- + ‘—éﬁ(‘Pz - 1/)11)”2 =0,
14+
(4'12) Pv — (l‘ + ’Y)")b'r - ‘2—ﬂ(‘Pz - "/’y)yl =0,

w=0 on Ty x (O,T).

Fix (z°,y°) € R? arbitrarily and introduce the same notations m(z,y),
Ry, T4, T'_ as in Subsection 4.1. Let I'; be an arbitrary subset of positive
measure in I,

We shall prove the following result :

THEOREM 4.6. — There exists a constant Ty, independent of K, such that
if T > To, then every sufficiently smooth solution of (4.2), (4.5), (4.11),
(4-12) satisfies the inequality

T T
/ ¥+ 2dTdt + / / w 2dTdt
0 Ty 1} iy

T T
+[ [ wrovvtega [ [ s
0 ) 0 hinr.

T T
+/ / w2dldt + / P2 +¢? + 22ddt
0 Tonly4 0 ) Y
2 c(l(%°, 9% @ Ta ayys + N @1 012 (0ye)

where ¢ i3 a positive constant depending on K but independent of initial
data. O

(4.13)

Remark 4.7.— The precise assumption on the smoothness of the solution
is that the initial data belong to the space W/? defined below. 0O

Remark 4.8.— In [LL] the estimates (4.13) were proven under a stronger
assumption of the form T' > Ty(K) with To(K) — oo as K — oo, and with
r,=r. o
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Remark 4.9.— In Theorem 4.6 the case 'y = 0 is not excluded ; however,
this is no more a “hinged” plate. 0O

Remark 4.10.— Theorem 4.6 implies the exact controllability of the
system (4.2), (4.3), (4.5), (4.6) in suitable function spaces; cf. [LL]. O

Proof of Theorem 4.6.— Let H be the Hilbert space (L*(R2))? endowed
with the same norm as in the preceeding subsection and let V' be the
subspace of (H(Q2))® defined by

V={9%p,w)e(HN)® : w=0 on To}.

Let us define the bilinear and quadratic forms ag, a; as in the preceeding
subsection. Furthermore, fix a positive number v satisfying v < (1 — u)/2
and set

a((d)) ‘P)) (‘Z’ 6)) = aO((d)’ 30)1 (12;7 (IZ))
++D /Q 1/):% + Soy{/)vz - "pyﬂzz - ‘P::'{/;ydz dy,
ao(¢, ()0) = ao((¢7 <P)? (¢7 30))

and

a((¢7 Saaw)’ ({p", G,G)) = aO((¢7 ()0)7 (12;/: SZ))

+K(11 (("bv ‘P,w), ({[y 6,5))

(a(:,-) is not the same bilinear form as in Subsection 4.1). It is easy to
verify, using Korn’s inequality, that a(-,-) has property (1.1). Introducing
the corresponding general notations of Section 1, it is clear that the system
(1.2) is now equivalent to (4.2), (4.5), (4.11), (4.12). Also, it is easy to show
that 73 = 0 and

(414) Zl = {(61,62, —C1T — CY — C3) P €,C2,C3 € R}

We shall apply Theorem B with s =1/2, ky = 2 and
p((¥°,¢°,0°), (¥, ¢, w'))?

-_-/ 1/;12 +<p’2dI‘+/ w'2dT
I‘+ I‘lnl‘.,.

+/ ¢2+<p2+¢3+<p3dr‘+/ w2dl
r_ rynr_
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+/ Wil + [ % + % + widT.
Tonl+ T2

Let € be a positive number (to be precised later) and consider a solution
of (4.2), (4.5), (4.11) and (4.12) with initial data in W?'/2. We recall the
following identity from [LL] :

2 [ me )| B + (%) (7] ava

2 “m-v) (92 + 63+ 2oy + 1520, + )
+21(way — by vt - 5 [ ' [ m - + et

-3/ ' [ oI 402+ o T

3 [0 o[ + Kl

= (1—2¢)ph /0 g /n (w')?dzdydt + ¢ /0 Tc(¢’,<p’,w’)dt

+(1-¢) /oTao(¢,¢)dt+eK/0T/nw§+w§—¢2 — p2dedydt

2
+ [ph/ %(Wm VY + ¢'m - V) +w'm - Vwdzdy
Q

3 T
+(1 - e)% /ﬂ Y'Y + ¢'pdzdy + eph ,/9 w'wd:cdy] .

0

Contrary to the case of the clamped plates, this identity does not yield
directly an estimate of the type (4.13). Indeed, in the proof of Theorem 4.1
the Poincaré inequality is used and here no such inequalities are available
because 17; = 0. This difficulty was solved in [LL] by strenghtening the semi
norm p and applying an extra argument of the type used in V. Komornik
[, (21

Now we give a simpler method. First we observe that if the initial data
belong to W,:/ ? for some k > 2, then the proof of Theorem 4.1 may be
easily adapted, using an inequality of Poincaré-Wirtinger type instead of
the Poincaré inequality. This leads to the estimate

T
/0 P((,0,0), (', ¢, "))2dt > (2/ Ro)(exT — ")E
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where € = 1/(2 + 2K¢'ng!) and ¢, ¢" do not depend on k, K and 7. It
follows that condition (1.11) of Theorem B is satisfied. (The choice kg = 2
is important here : for ¥ = 1 the corresponding condition does not follow
by this way.)

We have to verify also condition (1.12) for k¥ = 1. Let (¢,p,w) =
(€1,€2, —€1Z — €2y — ¢3) be an arbitrary non-zero element of Z; (cf. (4.14).
Since I'y is of positive measure, we have

p((¢’ <p’w)7 (07 07 0))2
> / G+ e+ (c1z+ oy +c3)’dl >0
T,

Using Proposition C hence condition (1.12) follows. We may apply Theorem
B and this completes the proof of Theorem 4.6 because (4.13) is a special
case of (1.13). O
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