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Periodic solutions
of quadratic Lagrangian systems on p-convex sets

ANNAMARIA CaniNo(1)

RESUME. — On prouve l'existence d'une infinité de solutions pério-
diques pour un systéme lagrangien quadratique sur une certaine classe
d’ensembles non réguliers, c’est-a-dire les ensembles p-convexes. On
emploie des méthodes variationnelles en analyse non linéaire et non

réguliére.

ABSTRACT. — We prove the existence of infinitely many periodic solu-
tions for a quadratic Lagrangian system on a certain class of non-smooth
sets, namely the p-convex sets. We use variational methods in non-smooth
nonlinear analysis.

Introduction

If M is a compact submanifold without boundary in R™ and N, M
denotes the normal subspace to M at z, the study of the Lagrangian system

d
o (VvL(s,‘y,‘y')) - VeL(s,7,7') € N,Y(S)M
has been carried out in [1], where the existence of infinitely many periodic
solutions v is proved under quite general assumptions.

The corresponding problem on manifolds with boundary has been treated
in [18], where the existence of a periodic solution is proved and in [5], where
the existence of infinitely many periodic solutions is shown. The feature of
unilateral constraints (cf. [6], 7], [14], [15], [16], [17], [18]) is that, even if
the manifold M is of class C, the corresponding variational problem does
not have a smooth structure.

(1) Dipartimento di Matematica, Universita della Calabria, 87036-Arcavacata di
Rende, CS (Italy)
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For this reason, it seems to be natural to allow for the set M itself a
certain kind of irregularity. The aim of the paper is to treat the case in
which M is a p-convex set (see Def. 1.3) and L is quadratic with respect to
v, namely

(a(s, qQv, v) -V(s,q).

N =

L(s,q,v) =

The particular case a = Id, V = 0, which leads to the study of geodesics,
was already treated in [2] and [3].

The main tools are the techniques of non-smooth nonlinear analysis
developed in [8], [9], [10] and [11]. Actually, the main part of the paper, the
second section, is devoted to the proof that these techniques can be applied
to our situation.

1. Recalls of non-smooth analysis and the main result

We will recall some notions of non-smooth analysis as developed in [6],
(7], [8], [9], [11].

From now on, H will be a real Hilbert space, | - | and (-, - ) its norm and
scalar product, respectively.

Ifu€ Handr >0, weset B(u,r)={ve H||v—u|<r}.
DEFINITION 1.1.— (see also [6] and [9]) Let Q be an open subset of H
and f:Q — RU{+oc0} a map.
We set
D(f) = {v € Q| f(u) < +oo} .

Let u belong to D(f). The function f is said to be subdifferentiable at u if
there exists a € H such that

liminf ) = fW) — (@, 0=v)

vou |v — uj
We denote by 8~ f(u) the (possibly empty) set of such a’s and we set
D(d™ f) = {u € D(f) | 8~ f(u) # 0} .
It is easy to check that 8~ f(u) is convez and closed ¥V u € D(f).

- 38—



Periodic solutions of quadratic Lagrangian systems on p-convex sets

If w € D(0 f), grad™ f(u) will denote the element of minimal norm of
0~ f(u).
Moreover, let M be a subset of H. We denote by Ips the function:
0 ueEM
T(u) = {+oo ue H\ M.
It is easy to check that 0~ Ips(u) is a closed conver coneVue M.

We will call (outward) normal cone to M at u the set 8~ Ips(u) and
tangent cone to M at u its negative polar (B‘IM(u))’, i.e.,

(07 Im(uw)) ={veH|(v,w)<0,Vwe 0 Ipr(u)}.

Remark 1.2. — Let us suppose that g : 2 — IR is Fréchet differentiable
at u € Q. Then:

87 (f +g)(u) # 0 if and only if 8~ f(u) # 0

and
87 (f+9)(u) = {a+gradg(u) |« €07 f(u) }.

Let us introduce the class of p-convex sets as defined in [2] and [3]. An
other characterization of this class is in [4].

DEFINITION 1.3. — A subset M of H is said to be a p-convez set if there
exists a continuous function p: M — R such that

(a, v — u) < p(u)|a |v -u|2

whenever u, v € M and a € 8~ Ipz(u).

Examples of p-convex sets are the following ones:

(1) The Cllo’cl-submanifolds (possibly with boundary) of H;

(2) The convex subsets of H;

(3) The images under a Cllo’:- diffeomorphism of convex sets;

(4) The subset of R™ : {z | max|z;] <1, 3" 2? > 1} (note that it is not
included in the classes (1), (2), (3)).
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Now, we can state the main result of the paper.

Let M be a p-convex subset of R™ and let L : IR x R™ x R®™ — R be a
Lagrangian of the form

L(s,q,v) = % (a(s, q)v, v) - V(s,q)

where a, V are of class C2 on R x R and the matrix a(s,q) is symmetric
and positive definite, that is there exists a constant v > 0 such that

(a(s,q)v, v) > V['v]z, VseR,VgqgveR" (1.1)
Moreover, let us suppose that a and V are 1-periodic in the first variable:
a(s+1,q)=a(s,q); V(s+1,q)=V(sq) (1.2)

THEOREM 1.4.— Let us suppose that M is compact, connected and
noncontractible in itself and that either

a) 71(M) has infinitely many conjugacy classes
or
b) m1(M) has a finite number of elements.
Then, there ezists a sequence {yp}p C W2 (R; R™) such thatV h € N
i) g is 1-periodic and v,(s) € M

ood . '
i1) a‘(va(S, ‘Yh,‘Y},z)) — VgL(s,7h,74) €0 Ing(vp) ae. in )0, 1]
i) imp o fy L(3,7h,7}) ds = +o0.

In order to apply the critical point theory for non-smooth functionals
some other notions and results have to be recalled.

DEFINITION 1.5. — Let Q be an open subset of H and f : @ — RU{+0c0}
a function. A point w € D(f) si said to be a lower critical point for f if
0 € 07 f(u); c €R is said to be a critical value of f if there exists u € D(f)
such that
0€0™ f(u) and f(u)=c.

DEFINITION 1.6. — (see also (8], [11]) Let Q be an open subset of H. A
function f : Q@ — RU {400} is said to have a p-monotone subdifferential of
order two if there ezists a continuous function

x: D(f)? xR? - Rt
such that
(a _:31 u - ’U) Z —X(u,’l), f(u)1 f(’l))) (1 + |C¥|2 + Ilglz)lu - vlz

—40 -



Periodic solutions of quadratic Lagrangian systems on p-convex sets

whenever

u,v€E D@ f), a€d f(u) and B€d f(v).

The notion of p-convex set is actually a particular case of the previous
notion. In fact, it turns out (see [2]) that a subset M of H is p-convex if
and only if Ips has a p-monotone subdifferential of order two.

THEOREM 1.7.— (see [10]) Let f : H — R U {+oo} be a lower

semicontinuous function with a p-monotone subdifferential of order two.
We set

d*(u,v) = |lu—v| + |f(u) - f(v)| y Yu,veD(f).
Let us suppose that:
i) infg f > —o0

1) every sequence (uh)h C D(3™f) with supy, f(up) < +oo and
limy grad™ f(up) = 0 has a subsequence converging in H.

Then, f has at least cat (D(f) , d*) = +o0, then
sup{f(v) |u € D(~f), 0 € 3" f(u)} = +oo.

Let M be a p-convex subset of H.

DEFINITION 1.8.— Let us denote by A the set of u's € H with the two
properties:

i) bp(u, M) < 1 where bp(u, M) =  limsup 2p(w)|u— w]|.
|lu—w|—d(u,M)
weM
)31 >0 such that MN{v € H ||v—u|<r} is closed in H and not
empty.

Obviously, M C A and:

PROPOSITION 1.9. — (see prop. 2.9 in [2]) Let M C H be p-convez and
locally closed. Then A is open and V u € A there ezists one and only one
w € M such that |u — w| = d(u, M).

Moreover, if we set w(u) = w, then

i) (v—n(u)) € 87 Ipg(n(u)) and 2p(m(u))|u—n(u)| <1, Vue A
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i) |7r(u1) - W(uz)l < (1 - p(1r(u,1)) lul - r(ul)l +

~ p(x(u2)) [u2 ~ 7(w2)]) " fur ~ wal,
Y uy, ug € 2
ii) (tr(u) + (1—t)u) € 4,Yuec 4, Vie[0,1].

Remark 1.10.— Let us set A = {u €A 4p(m(u))|u — w(u)| < 1}.
Then A is an open set containing M and, by proposition 1.9ii), r: 4 - M
is Lipschitz continuous of constant two.

PROPOSITION 1.11.— (see prop. 2.2 in [2]) Let M C H be p-convez.
If {uh}h C M 1is a sequence converging to u € M and {ah}h C H isa
sequence converging weakly to a with ap € 87 Ipr(up), then a € 0~ Ipg(u).

PROPOSITION 1.12. — (see prop. 2.121in [2]) Let M C H be locally closed
and p-convez. Then

m(u+tv) —u

m =Pyv, YueM and VveEH
t—0t 1

where Py, is the projection on the tangent cone to M at u.

PRrROPOSITION 1.13.— Let M C H be locally closed and p-convez. Let
{uh}h be a sequence in M converging tou € M and let 7 € (B_IM(u))_
Then

].i}];nPuhT: T.

Proof.— Since {Puh"}h is bounded, up to a subsequence {Puhr}h is
weakly convergent to some £ € H. Since (7 — Py, 7) € 07 Ipr(up), by
proposition 1.11 we have (7 — §) € 8~ Ip(u). Therefore (r —§, 1) < 0,
which implies || < |€|, hence

Iimir}tlf | Py, 7| > |7].

From the equality
[rf? = |Puy 2 + 7 = Puy 7

the thesis follows. O
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2. The variational structure of the problem

In this section, we want to supply our problem, that is the research
of periodic orbits of the considered Lagrangian system, with a variational
structure. Our aim is to characterize such periodic orbits as lower critical
points of the functional

f:L%0,1; R") = RU{+oc0}

defined in the following way:

1 1
() = %/0 (a(s, 77" 7') ds—/o V(s,7)ds y€X
too v € L2(0,1; R*)\ X

where the space of the admissible paths is:
X = {‘y € W1'2(0, LR™) |v(s) e M, ~(0) = 7(1)} .

Since M is compact, we shall assume the function p of definition 1.3 to be
constant.

Moreover, if v € W'2(0, 1; IR™) with ¥(s) € M and § € L%(0, 1; R™), we
set

(P46)(8) = Py(5)8(s)

where PAY(’) is the projection on the tangent cone to M at ¥(s), according
to the scalar product

(u, v)s = (a(s,y(s))u, v) .

Let us also denote by 7, the projection on M according to the scalar product
(u, v)s. By remark 1.8 and the assumptions on a, there exists an open set A
containing M such that each =, is defined on A and is Lipschitz continuous
of constant 2.

Let us begin with a regularity result.

THEOREM 2.1.— Let us take vy € X. If 0~ f(v) # 0 then
v € W20, ;R™), ~4(0) =+_(1)
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and
I‘y"(s)[ < const(l + |a(s)| + '7'(3)12) ae. , Yaed f(v).
Moreover, if 0 € 8~ f(v) then v € W2>(0, 1; R™).
For the proof of this theorem, we need some lemmas.

LEMMA 2.2.— Let us take § € W12(0,1; R") and v € wl2(0,1; R
such thaty(s) e M,V s€ [0, 1].

Then the following facts hold:

. ms(y +t6) -y
o) tim ZIZET — ps, vseo,1]
and
t6) —
]_imsup 7""(—7+)_1 < 0
t—0t t Leo

b) for every sufficiently smallt > 0, we have
ms(y +t6) € W1’2(0, 1; R™)
and a.e. in]0, 1]

(7r,(7 + t6))"s < !7'+t6'|s+const|(7+t6)—7r,(7+t6)| (1+|~/'|+t[6'|)
¢) lim, (ms(y +16)) =+ in L2(0,1; R™).
t—

Proof. — a) First of all, let us remark that P, is measurable. By
proposition 1.12, we have

t8) —
m 208 =Y _ 5
t—0+ t
and, also
1) — té —
Ts(y +18) — v <2 v+ Y S2l6! (2.2.1)
t 3 t 8 ¢
Then, by (2.2.1), we get
mr+¥) -7 < const ___71',(7 +8) =7
t = t .
< const 2]6' <
3
< const |§] (2.2.2)

so, the proof of a) is over.
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b) Let us consider the two scalar products
(u,v)st_ = (As;u, v) = (a(si, ‘y(si))u, v) , 1=1,2.

For every u € A, let w,; = 7,5, u the projection of u according to the scalar
product (u, v)s_, t =1, 2. We want to prove that

2
lws, — ws, | < > |u — ws, [|As; — Agy |- (2.2.3)

Let us observe that, by proposition 1.9, u — w,, € 9] Ipf(ws, ), that is

U— Wy, , W, —V
lim inf (v = woy ) we =0, >0. (2.2.4)
v—u, veEM "w,,1 - vlsl

Passing to the usual metric in R?, (2.2.4) is equivalent to

lim inf (A-’l (u) — Agy (ws,), Wey — v)
v—u, veEM |w,1 — vl

>0. (2.2.5)

By (2.2.5), it is easy to deduce that
Asy (u) — Agy (wsy) € 07 Ing(ws, ) -

Analogously,
Asy (u) — Agy (ws,) € 07 Ina(ws,) -

Since M is a p-convex set, we have:

(A31 (v) — Ay, (ws,) - Asy(u) + Ay (wsy) , wsy — wsz) >
2-p (IA-’I (u) - Ay (ws, )l + |A82 (u) — A, (w82)|) lws, — Ws, |2' (2'2'6)

On the other hand, we have

(A-u (u) — Asy (ws,) — A, (u) + Agy(wsy), ws, — wsz) <
< (A31 (u) — Asy () + Asy (ws,) — A, (ws; ) wsy —~ w-’z) +
+ (A5l (ws;) — Agy (wsy) , ws, — wsz) <

< ((A-’l — Ay )(u—wsy), wsy — w-’z) - [w~’1 — Ws, i_i . (2‘2'7)
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By (2.2.6) and (2.2.7), we obtain

2
[w"l — Wsy 8 +

= p([Aar (8) = Ay (wa,)] + [Aeg (1) = Ay (105,)]) [0y — we, 2 <
S u— wey | [Asy — Asy | |lwsy — ws, ]
By hypothesis (1.1), it follows
2
|w,1 — W, lal > 1/’11),1 — Ws, '2
and then

[ = 2 (400 (0) = Ay (wa)| + |43 (0) = Ay (wsy)]) ] T = w5, <
< Iu - w82| iA-n - A82| lw-ﬂ - w-’z] . (2'2'8)

By substituting A with a smaller open set containing M, we can assume
that

[V = P (|40 (0) = Ay (wer)| + [ Aeg (0) = Ay (w23)])] > 5,

hence (2.2.3) follows.

Now, let us consider 31, s» €]0, 1[. We have

|7ay (v +26) (1) — oy (v + t6)(32)|ﬂ
|82 — 51},
[1!'_,1 (v +t8)(s1) — msy (v + t6)(:;2)[$1
|s2 — 31,31
N |7r,1 (v +t6)(s2) — msp (v + tiS)(sz)L1

|32 - 31 |.91

By i) and ii) of proposition 1.9, we have

(v +26)(s1) — (7 + 26)(s2)],,
D

|7ay (v + t8)(s1) — sy (v + 28)(s2)],, <

where
D= (1 = p|(y +16)(s1) — may (7 +18)(s1)],, +

—p|(r +16)(s2) = 7oy (v + t6)(52)),,) -
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Hence
[0y (1 + 18)(s1) — 1y (v + 88)(32)], <

8 —

< const (|7(s1) — ¥(s2)| +[8(s1) — ¥(s2)|) -

Moreover, by applying (2.2.3), we get

|7y (7 + 6)(s2) — 7y (7 + 16)(s2)],, <

< % (v + t8)(s2) — Ty (7 + 6)(s2)] |a(s1,7(s51)) — a(s2,7(s2))| <
< const|(7 +16)(s2) — 7sy (v + t6)(s2)| (52 — 51| + |7(s2) —7(s1)|) <
< const (|sy — 81| + |7(32) - 7(31)]) .

Therefore
ms(y +t6) € Wh2(0,1; R™)

and we have a.e. in )0, 1]

o |7a1 (7 +16)(s1) — 7o, (v +16)(s2)]
S, oz —s1l,.

< |(7 +18)/(s1)],, <

~(1-2p|(r + t8)(s1) = m (r +88) (o), )
(v +16)'(s1)],, +
+ const |(y + 26)(s1) — s, (v +t8)(s1) || (v + t6)'(s1)| (2.2.9)

IN

and

im I7'r,1 (v + t6)(32) — Ty (7 + t6)(32)|31

s2— |32 - 31!31

< const szli_rfls1 |(v + t6)(s2) — may (v + t6)(s2)| x

< (]32 - 81[ [+ ’7(32)| —7(31)|) <
82 — 81
< const |(y + t6)(s1) — 74, (v + t6)(s1)| (14 |¥'(s1)]) - (2.2.10)
Hence we have a.e. in ]0, 1]

‘(Tr,('y + t¢5))"s <Y+ t6'L + const|(y + t8) — ms(y + t6)| (1 + |o'| +¢]6"]).
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c) In L2(0,1; R™) we can consider the following scalar product

1 1
(n,€) = /0 a(s,7(s)) n(s)€(s) ds = /0 (n(s), (s)), ds

Since, by a) my(y + 1) — ¥ in L™ and (my(y + t6))’ is bounded in
L?(0,1;R™) as t — 0, we have that

(ms( +168))" weakly converges to 7' in L%(0,1; R™). (2.2.11)
Moreover

lim+’(7 +6) — ms(v + t6)| = 0 uniformly on [0, 1],
t—0

and by b) we have

Hmsup/ l s 7+t6

t—0

f |7’| ds. (2.2.12)
Combining (2.2.11) and (2.2.12), we get

ll'm+ (ms(y +t6))/ =+"in LZ(O, L, R™).0O

t—0

LEMMA 2.3.— Let us take § € W12(0, 1; R™) and v € W1'2(0, 1; IR™)
such that y(s) e M,V s€ [0, 1].

Then

ﬁminfl{%Al(a(s,y)(7+t5)l’ (7+t5)') ds +
—% /01 (als, M) (ms(r +18), (maly +16))") ds} >

1
> —const/ Y'1(1+17'])16 — Py6|ds. (2.3.1)
0

Proof.— Let us fix t > 0 and let us take the path v + t6. If ¢ is small,
(y+1t8)(s)e A, Vse[0,1].
By lemma 2.2 b), we have =,(y + t§) € W1:2(0,1; M) and
1

5/01% {l(‘r +t8)'|% - ’(”s(‘r +t5))']j} ds >

1
> %/ < {—const|(‘y+t6)— oy +16) 2 (1 + || + ¢]6"))
0

— const |(y + t8)'||(v +t8) — ms(y + t6)| (1 + |+'| +t|6']) } ds.
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Combining lemma 2.2 ¢) with Lebesgue theorem, we get:

2
}dsz
s

. 1t 2 '
i [

1
> —const/ [ [(1+7])|6 — Py6|ds. O
0

LEMMA 2.4.— Let us take § € W12(0,1; R™) with §(0) = (1) and
a € 07 f(v). Then

1

/Ol(a(s,*/)'r' ,8') ds —/ (a, Py6)ds >

0

1
> —const/ [Y'[(1+¥)|6 — PyS|ds +
0

! 1 1 (da(s,”) ot
+/0 (VqV(s,7), Py6)ds — 5/‘; ( e (Pyb)y ,7) ds. (24.1)

Proof. — Let us take § € W12(0,1; R™) with §(0) = 6(1) and ¢t > 0
small enough that
(Y +t8) e M.

Let us observe that, by setting

1
fi(v) = % /0 (a(s,7)7', ') ds,

from remark 1.2, we deduce that « € 37 f(v) ifand only if a = &— V4V (s,7)
where a € 97 f1 (7).

Now, let us take o € 9~ f(v). By proposition 1.12, we have:

/: (a(s,7)7', §') ds — /;l(a, P,§)ds =

1
= tim 7 [ {2+ 1), (r416) - Hato, ) +
— a(ms(y +t6) — 7)} ds + /01 (VgV(s,7), Pyé)ds >

> lim inf L {1 (a(s, wa(7 +t8)) (ms(v +26))", (ms(v + t&))’) +

t—0t t Jo 2
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1 ~
— E(a(s,y)‘y' , ‘y') - a(n’,(y +t6) — ‘y)} ds +

+litx§(i#f% /0 1 {% (atss ) (malr +18))", (malr +18))') +

- _;- (a(s, ms(y +16)) (ms(v + t&))l, (ms(y + té))l)} ds +

S YA ' /
+ht§é§fz A {E(a(s,‘y)(‘y—i-té) y (Y +18)) +

_ %(a(s,v)(m(‘r%-w))', (ﬂ,(7+t6))')} ds +

1
+/ (VqV(a,'y), P76) ds.
0

Recalling that (ws(v + 16) —7) /t is bounded in L2%(0,1;R™), by lemma
2.2 c), proposition 1.12 and Lebesgue theorem, we get

1
%gf% [ {%(a(s,‘y)(m(y-}-ﬁ))’, (wo(y +16))') +

- % (a(s, ms(y + t&)) (71',(7 + t6))'/ , (7r,(‘y + té))') } ds >

1 1 /38a(s,v) ;o
> = —_ 7 ) .
> 2/0( 22 (ps)y, ) ds

Then, by definition 1.1 and lemma 2.3, we get the thesis. 0
LEMMA 2.5.— Let us take a € L?(0,1; R™) and v € W12(0,1; R%)

such that v(s) € M, Vs € [0,1]. Let us suppose that (2.4.1) holds
V& e wh(0,1; R™) with §(0) = &(1).

Then

i) ye W20, ,R™); 4, (0)=+"_(1)

. d 1 Baf(s, -

i) at - (a(s, ')+ VoV (s,7)- 3 —(;q—ﬂ (v, 7') € 8" Inr (v(s)) ace.

i1i) |v"(s)| < const (1 +|a(s)| + I‘y'(s)lz) a.e.
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Proof. — Since |§ — Py6§| < |6|, by applying Cauchy-Schwartz inequality
to (2.4.1), we obtain V § € W12(0, 1; R™) with §(0) = 6(1)

1 1
/0 (a(s,7)7", 8) ds > ~ || 12 6] 12 - C°ﬂ5t/0 L+ 1) [16]ds +

1 1 1
—/0 |VqV(s,7)| |6|ds—§/0

1
ds < (”'1”132 +c0nst/ lv'|ds +
0

9a(s, 7) "na
r) 5
and then

1
/ (a(s, 7)Y, &)
0

+ const /: lv'|%ds + const) ”6”L°° . (2.5.1)
By (2.5.1), we deduce that a(s,¥)y' € L™ and
la(s, 17|l Lo < lalss )" 1 + el 2 +
+ const /(;1 |v'|ds + const /: lv'|?ds + const . (2.5.2)
On the hand, by hypothesis (1.1)

vy < (a(s, )75 7)) < lals, 1) 1]
which implies
Y7 e < la(s 1) || poo -

Thus, v/ € L*® alnd
7l < 2 (Hatoc2 s + el o + consi [ s+
+ const /01 lv'|%ds + const) ) (2.5.3)
By using (2.5.3), we have

1
/o 1L+ D181 ds < (8] il 2 + 18] a1 2o <

< 160 gall'll 2 + 18] zallv*l o 1"l oo <
<l 0+ 1) 181122 <

1
< [l (14 2 const 7 + s +
+ const”')/'“_%2 + const)) H6”L2 . (2.5.4)
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Since,

da(s,y
%l 161 172 ds < const|6]| ., | 7'|| 7.4

1 1
:

by (2.4.1) and (2.5.4), we have

1
/ (a(s, )7, &)
0

< [l o + comst[7" [ a (141l + el o + 1117 +

ds <

+ COHSt] 6]l = <
< [(1 + comst||7'|| z2) ||| 12 +

+ const[ | (1+ 5o + []12) + const] ]
So, we can conclude that
a(s,7)7 € WI'Z(O, 1, R™).

Moreover, by (2.4.1), we deduce that
d
l—&—(a(s,‘y)‘y')l < const(1+ |a|+ [+'|?) ae. in]O, 1.
s
It remains to prove that v/ € W12(0,1; R"™). By hypothesis (1.1), we have

L2l (s2) — ' (s1)? <
|82 — s1]
< la(s1,7(s1)) (7' (s2) ~7YE))|*_
- |sg — 81| |sa — 81| =
|a(s2,7(s2))7'(s2) — a(s1,7(51))7'(s1)|? .
|82 — 1]
la(s2,7(s2)) — a(s1,7(s1)) | |7'(s2)?
|82 — 81| '

<2

+2 (2.5.6)

where
N = |a(s2,7(s2))7 (s2) — a(s1,7(s1))7'(s1) +

~ [a(s2,7(s2)) — a(s1,7(s1))] ¥'(s2)|? .
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Since a(7), a(s,7)y’ € W12(0,1; R™) and v’ € L*(0,1; R"), we deduce
that

¥ € W1’2(0, 1; R™)

and
n ]' d ! d !
<-(|= = <
< o\ g (elenr) |+ 5 (als ) [T <
< const(1+ |a| + [7'|?) ae. in]O,1].
If we set
1 1
7(s+5) 0<s< >
=~ 2 2
(e 1, 1
(s—-z) =<s<1
Y 2 7 =93>

it turns out that ¥ also satisfies (2.4.1) with a, V and a substituted by other
suitable maps. It follows that

7 e w>3(0,1; R"),

hence
74(0) =2 (1).
Since 07 Ipg (‘y(s)) is a closed convex cone, to prove ii) is equivalent to prove

that a.e. Yy € (B_IM (7(3)))_

d , 1 8a(s,v), , ,
=2 v _ 2 oas) )
(a+d8(a’(si7)7)+ qV(‘g"Y) 2 aq (717)’7’ S.O

Let us define the following functions:

n(8) = pn(s—s0)n, VYnelN

where

30 €]0, 1[is a Lebesgue point for a and for a(—i;(a(s, Y);
n € (87 In(7(%))) ™ ;5

1
1 1
prn € C°(R), pn >0, /pndszl and suptpnc[——-,_].
0 n’'n
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Clearly, 6, € WS’Z(O, 1; R™) and then by (2.4.1) we get
1 d ,
- {m, f pPn(so — S)E—(a(s,‘r)'r )ds) >
0 8
1
> [ ons0 = s)(als), Py (5)ds +
1
- const/ Pn(s0 — 8)|m— Pyn| |¥'|ds +
0
1
- const/ pPn(s0 — s)|n— Pyn| |7'|* ds +
0

1
+ /0 pr(so = 8)(VqV(s,7), Pyn)(s)ds +

2

- l/Olpn(m —3) (‘%g;q'ﬂ(l%n)v’, */’) ds.

(2.5.7)

By proposition 1.13, P, is continuous at sg, hence passing to the limit as

s — 8o in (2.5.7), we obtain

- (1, g (@loo ) (s0)) 2

> (2(s0) » (Pyn)(s0)) ~ const [n — Pyml(s0)lv'|*(so) +

— const [ — Pyn|(s0)|7'|(s0) + (VqV(so, 7(30)) , Pﬂm) (s0) +

_ % (@(L‘;;’(SO—))(Pvn)(so)v'(%), 7'(30)) =

= (a(so), 77(30)) + (VQV("O)'V("O)) ) P'yﬂ) (s0) +

1 8a(so,7(so))
-3 —:‘)q—_

Finally, we are able to prove theorem 2.1.

Proof of theorem 2.1

As a direct consequence of lemmas 2.4 and 2.5, we get
v € W20, 1, R™), +(0) =~"(1)

and

|¥"(s)| < const (1 + Ia(s)[ + |7/(3)12) a.e. in]0,1].
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Periodic solutions of quadratic Lagrangian systems on p-convex sets
If 0 € 07 f(¥), it is evident that
v" € L*(0,1;R™). D
Now, let us prove two properties of f.

THEOREM 2.6.— The functional f : L2(0,1; R™) — RU {400} is lower
semicontinuous and there exists a continuous function 6 : R — R such that

1
Fr+ )= 1) = [ (@ 8)ds > ~6(£2) (1+ al}a) 8]

whenever v, v+ 6 € X and a € 37 f(v).

In particular, f has a p-monotone subdifferential of order two.
Proof. — Let us take a sequence {7"}71 C X such that
limy, = v in L%(0,1; R™) and flm) <e.
n

In order to prove that f is lower semicontinuous, it is enough to prove that
f(v) < c. Since,

1 1 1
5/ (a(s,¥m)7n s Tn) ds —/ V(s,7n)ds <c
0 0

" and by hypothesis (1.1)

1 1
/ (a(s,7m)7h s 7L) ds > v / L[ ds
0 0

we can deduce that {‘ﬁl}n is bounded in LZ(O, 1;IR™) and thus, by the
compactness of M, v, weakly converges to v in W12(0, 1; IR™). Besides,
L is continuous in the three variables and convex in the third one, so it is
weakly lower semicontinuous in W12(0, 1; R™). This implies

1 1 1
5/ (a(s, ", 7’) ds — / V(s,y)ds <
0 0

1 1
< lim inf 1/ (a(s, Y )Vl » ‘yll) ds — / V(s,yn)ds < c.
n 2Jo 0

Moreover, {7"}n converges uniformly to 4. Since M is closed, then v € X.
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Now, let us take ¥y € X N W22%(0,1; R"), with ¥4 (0) = 4.(1) and
o € 37 f(v). Let § € W2(0,1; R™) with §(0) = §(1) be such that y+6 € X.
Then, by Taylor’s formula, we have:

fr+6)~ f(7) —/01(%5)d3=

[ atar 46 48, 6+ 60 ds = L [, ) s
—/: V(s,7+6)ds+/01V(s,7)ds—/Ol(a,is)ds:

= -;-/0 (8a(s,7) (6)7' ') ds—/ol(VqV(s,'y), 6)ds+
+/;1(a(3,7)‘y',6') ds—/ol(a,é)ds+ |
+%/0 (3“(3 7) (5), 6) Z/(;l(a(s,'y)é',&')ds

where ¥ = v+16 for some ¢ = ¢(s) €]0, 1[. Reordering terms, by hypothesis
(1.1), we get:

N =

o+ ) =100 - [0 >
> ‘/ (M(‘r'm’) = VVi(s,7) - :_s(a(s"’)‘rl) - 6) d8+

52 1
( e R e T

oD a5 + 191

4

Thus, by p-convexity of M, we get:
1
$or+0) = 10 - [(@o)ds2

Gl

+ H (%(a(s,‘r))*/' +a(s, 7"

v

1 la + VeV (s +

+ ez ) 18l +
It
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— const 7' 74 |6 70 — const[6]] po |8 12 + 318172 >
> —const (||| g1 + [l 3) 18]] poo — comstl}” 72 l6] 30 +
174
= const[[8]] o [16'] 12 + 5 6] 75 -

Using the interpolation inequality:

811 < 18122 + 2ll8ll 22 161 s

we obtain:

1

for+ )= 10 = [ (@ 5)ds>
> —const (||v"|| ;1 + [ ;1) (||5||f-,z +2([6]| 2 ”5'”L2) +
— comst |7/ 2 (116113 + 206 128" 72) +

v
— const (([8] o |8']1» + 81 2181347 + & 7]

Thus, by theorem 2.1 and hypothesis 1.1, we are able to conclude that:

1
£ +8) = 1) = [ (@.6)ds 2 -6(s) (1+ o) 6] - @

THEOREM 2.7.— Let us consider a € L2(0,1; R™) and v € X N
W22(0,1; R™) with 11(0) =v=(1). Thena e 0~ f(v) if and only if

1 8a(s,v)

a(s) + i(a(&, ‘Y)‘Y') + VaV(s,7) — 3 —aq—'— #,7) e 3_IM(7(3)) a.e.

ds

Proof. — If @ € 3~ f(v), we have the thesis by lemmas 2.4 and 2.5.
Viceversa, if

a(s) + 12 (a(s,717) + VoV (5,7) - & a“—f;!—’—) (' 7) € 9~ Ing (+(s)) ae.

the proof of theorem 2.6 shows that a € 0~ f(y). O

Finally, we can state the already quoted characterization.
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THEOREM 2.8.— Let us consider vy € X. Then 0 € 0~ f(v) if and only
ify e W, ‘YQ_(O) =7"(1) and

a(s) + dii;(a(s, 7)7') + VgV(s,7) - % %’:7) (Y,¥)e o Iy (7(3)) a.e.

Proof.— If 0 € 87 f(y), from theorem 2.1 v € W%*(0,1;R") and
yH(0) = 47 (1). Moreover from theorem 2.7

a(s) + %(0(8,7)71) + Vi V(s,7) - % @-((;;_7) (YY) eo Iy (7(3)) a.e.

Viceversa, it is enough to apply theorem 2.7 with a = 0. O

3. The category of the space of the admissible paths

After theorem 2.8, our goal is to prove the existence of infinitely many
lower critical points for f on X by means to theorem 1.7. Therefore, let us
investigate the topological properties of X.

If Y is a topological space, we will denote by A(Y) the free loop space
of Y.
Let us recall that in [5], using results contained in [12], [13] and in [19],

it is proved the following theorem.

THEOREM 3.1.— (see theorem 3.3 in [5]) Let A be an open subset of
IR™, connected and non-contractible in itself. Moreover, let us suppose that
etther

i) m1(A4) has infinitely many conjugacy classes
or
it) m1(A) has a finite number of elements.

Then cat A(A) = +oo.

Now, let us consider X endowed with the W 2-topology and the space
A(M)={~|[0,1] — M, 7 is continuous and 7(0) = v(1)}
endowed with the uniform topology.

- 58 —



Periodic solutions of quadratic Lagrangian systems on p-convex sets

THEOREM 3.2. — (see theorem 4.5 in [4]) The inclusion map i : X —
A(M) is a homotopy equivalence.

Now, we are to able evaluate the category of X.

THEOREM 3.3. — Let M C IR™ be a connected, non-contractible in itself,
compact p-conver set. Let us suppose that either
i) w1 (M) has infinitely many conjugacy classes
or
ii) 71 (M) has a finite number of elements.

Then cat(X) = +oo.

Proof. — Let us consider A, the open subset of IR"™ defined in Remark
1.10. Clearly, M is a deformation retract of it. Then, A is homotopically
equivalent to M and A(A) is homotopically equivalent to A(M). By
applying theorems 3.1 and 3.2, the proof is over. O

Finally we are able to prove the main theorem.

Proof of theorem 1.4

We want to apply theorem 1.7. Let us consider the functional f defined in
section 2. By hypothesis (1.1) and theorem 2.6, f is a lower semicontinuous
function, bounded below and it has a ¢-monotone subdifferential of order
two.

Moreover, let us observe that D(f) = X and that d* induces the W1:2-
topology on X. By theorem 3.3, ca.t(D(f), d*) = +oo.

Now, we will consider a sequence {‘Yh}h C D(9™ f) with supy, f(vp) <
+oo and limy, grad™ f(y4) = 0. Since M is compact, {7h}h is bounded in
L%(0,1; R™). But also {7L}h is bounded in L2(0, 1; IR™). Thus, by Rellich’s
theorem, {7h}h has a subsequence converging in L?(0, 1; R™).

So, applying theorem 1.7 and theorem 2.8, the thesis follows. O
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