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Interpolation on plane sets in 2+

D. E. Parusa(l) and A. M. Russakovski(?)

RESUME. — On donne les conditions analytiques et géométriques pour
le prolongement analytique de fonctions par ensembles plates avec
I'estimation de l'indicatrice radiale.

ABSTRACT. — Analytic and geometric conditions are given, for holo-
morphic extension of functions from plane sets with estimates of radial
indicator.

Introduction

We consider the problem of extension of a function holomorphic on
an analytic variety in €2 to an entire function with estimates of growth.
The varieties we deal with are unions of countable families of hyper-
planes. We are interested mainly in the question of existence of an ex-
tension in the class [p, h(z)] of functions whose radial indicator Lf(z)d:ef
imsup,_, t™° log|f(tz)’ with respect to order p does not exceed a given
function h(z), although the general character of estimates in our theorem 4
allows to consider the problem also in other classes.

Interpolation problems in classes of functions defined by growth restric-
tions are traditional, and we have no possibility to give a complete historical
overview of the question. Therefore we would like to mention here just some
of the papers, to which, as it seems to us, the present one is close in setting
of the problems and character of the estimates. One must begin here with
L. Hérmander’s theorem [H§] on extension from a subspace in €V. Hérman-
der’s method, based on the solution of d-problem with bounds, was used
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afterwards for solving interpolation problems in many papers (including the
present one). C. A. Berenstein and B. A. Taylor [BT1], [BT2] obtained a
number of results on extension with bounds from analytic varieties of rather
general form. Their results, however, do not apply to the class [p, h(z)],
because one needs more precise estimates here. Interpolation problems in
this class were treated in the papers of L. I. Ronkin [Rol], [Ro2] and of
L. I. Ronkin and one of the authors [RoRu]. The analytic varieties consid-
ered there were either algebraic or pseudoalgebraic. A solution of extension
problem in the class [p, h(z)| from smooth varieties of codimension 1 in
€V was constructed in [Ru]. The problem of extension in the mentioned
class from a discrete set in €V was solved in [Pal]. In the same paper for
the first time in questions of interpolation were used entire functions, whose
zero set was a union of hyperplanes (the so-called functions with ¢ plane ”
zeros). Our paper deals exactly with sets of this type; the difficulties that
arise here are due to the fact that such a set is not smooth (with the ex-
ception of the trivial case, when all the planes in the family are parallel).
We note here, that all the results we know, where singularities are allowed,
apply to either algebraic or pseudoalgebraic varieties.

Plane analytic sets possess a number of properties, which simplify the
construction of the extension. The main of them are the continuity of the
radial indicator of an entire function with plane zeros, proved by L. Gruman
[Gru], and also the simple geometric structure, investigation of which allows
to find practically checkable sufficient conditions of the existence of the
extension in our class. We also note, that we use as a tool theory of functions
of regular growth with plane zeros, developed in [Pa2].

In general, for entire functions of several variables, there exist two
different definitions of completely regular growth (see [LGru], [Ro4]) which
are nonequivalent. However, for functions with plane zeros, it was shown in
[Pa3], that both definitions coincide. We remind the one that we actually
use (see, e.g. [Az], [Ro4]).

An entire function f(z) with radial indicator L(z) is called the function
of completely regular growth if the functions u;(z) = t77 . log‘f(tz)‘ tend
to L(z) in the sense of distributions in IR?Y when ¢ — co. By a theorem of
Azarin, this implies, in particular, that

lim lloglf(z)[ - L(z)l —o
|z]— o0 |z]p
2¢E
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for some Cg-set E. Here Cg means Cj for each ¢ > 0, and Cj is a set in
IR?Y | which may be covered by balls B,,(z) of radii ry centered at z; so

that

1 2N -2+¢
R2N—21¢ > T =0, R—oo.
lze|<R

The structure of a Cg-set is not well investigated. However, our lemma 5
below gives some information about it. Namely, it is proved that, given a
point z and a Cg-set E, one can always find a circumference centered at z
of radius not greater than é|z| lying outside E.

Consider a set of hyperplanes A in CV. Each hyperplane H is uniquely
defined by its perpendicular vector. Denote by nj(K) the number of all
perpendicular vectors of A contained in a set K. Put K; = {z: (z/t) € K}.
One says that the family of hyperplanes A is regularly distributed, if there
exists a density

dy(K) = lim 17%ny(Ky)

for almost all compacts K in €Y. If the order p is an integer one has
to add one more condition implying some symmetry in the distribution of
hyperplanes.

There is a relation between the density d and the indicator of the
canonical product associated to the hyperplane set A, see [Pa2]. We will
write A € Reg[p, h(z)] if A is regularly distributed and the corresponding
indicator is h(z2).

It was shown in [Pa2], that if an entire function has plane zeros which
are regularly distributed, then it has completely regular growth.

In what follows h(z) will be a continuous positively p-homogeneous
plurisubharmonic function.

Remind that the radial indicator L, 4 (z) (with respect to order p) of a
function ¢(z) holomorphic on an analytic variety A C €V is defined (see
[Ro1]) as follows:

def

L,a(z) = lim Hmsupt_"sup{log|f(tz')l tlz -2l <e, tz' €A},
- oo

€ t—

A divisor A is called interpolatory for the class [p, h(z) ] , if the problem
of free interpolation on A (i.e. of extending a function ¢ analytic on A with
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L, A(z) < h(z) to an entire function @ with Lg(z) < h(z)) is solvable in
this class.

To give an idea of our aims, we recall some one-dimensional results on
interpolation in the class [p, h(z)]. We use some notions from [Gr] and
[GrRu].

Let A be a set of points (divisor) in €. Denote by nj(K) the number of
points in AN K. For a compact set K put again K; = {z:(z/t) € K} and
K7 = {z : dist(z,K) < o}. For a point z € € we write n,(t) for np (B:(z)),
7, (t) for [n,(t) — 1]+ and &,(a) for |z|~P7, (alz]).

Define the (upper) density dj (K) by the formula

dp(K) = lim limsup t™Pny ((K¢)7)
=0 tooo
and the “ concentration ”

6
®
¢(A) = lim sup/ 2:() da
6—0,¢cA Jo Qa

THEOREM ([Gr], see also [GrRu]).— The following statements are
equivalent:

i) A is an interpolatory divisor for the class [p, h(z)];

it) there exists an entire function f(z), of completely regular growth with
indicator h(z), with divisor containing A and with the property

llog|£'(z)| = h(2)]

i1 =0;
e P N
z€EA
111) the following two conditions hold:
VECC: 3y(K) < pn(K), (81)

where pp, is the Riesz measure associated to the subharmonic function
h(z);
c(A)=0. (g2)

We will call (a) a condition of “ analytic type ” and (g1)-(g2) conditions
of “ geometric type ”. Below we obtain only sufficient conditions of
interpolation, but of both analytic and geometric type.
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Our main results are stated for €2. However, many of the assertions
hold also for €V with N > 2 (some of them are formulated and proved
in the general case). We believe, that the extension of all the theorems
to the general case meets the difficulties of purely technical (but not of
conceptional) character.

Results

It will be convenient to call a function g(z) negligible if

lim sup |z|%g(z) < 0.

|z]— 00

Consider a hyperplane divisor A in C€2. Let
d f [o o] [e ]
AS z:f(2) = 0} = U H, = U {z eC?: <z, a(k)> = Ia(k)|2} , (1)
k=1 k=1

and let s; = Hp N Hj.

Denote by t;; the maximal radius of a polydisk Uty (8k;) not intersected
by hyperplanes different from H; and H 3

Uty; (skj) VAN (He U Hj) = 0.
We make an important assumption:

1

3 g-negligible : V k, j log r_— < g(skj) - (2)
kj

Put Tkj = e"g(“’*i), Ukj = U"k; (skj), Ukj = Urkj/16(skj)! U= Ufk:l 5kj'

We fix a continuous positively p-homogeneous plurisubharmonic function

h(z) and state our analytic conditions of interpolation.

THEOREM 1.— Let f(z) be an entire function in € with radial indicator
L¢(z) = h(z), with zero set of the form (1) satisfying (2), and such that

Jog 9 7(5) = L4 _ @

|z| =00 |z[#
zeA\U

Then A is an interpolatory divisor for [p, h(z)] .
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This result can be somewhat generalized by letting f(z) have indicator
“ smaller ” than h(z).

THEOREM 2.— Let f(z) be the same as in theorem 1 with the only

difference that h(z) — L¢(z) is @ plurisubharmonic function in €%, Suppose
that (A) holds.

Then A is interpolatory for [p, h(z)] .

Remark.— It is clear that the conditions (2) and (A) are not indepen-
dent. As we will see later, (A) will imply some estimates of g(z). We also
note that the estimate from above in (A) always holds in our case, and the
nontrivial part of (A) consists in the estimate from below of [V f|.

Theorems 1-2 give some analytic sufficient conditions for interpolation.
If we assume that our divisor A is regularly distributed, it is possible to give
geometric sufficient conditions.

We denote by n,(t) the number of hyperplanes from A intersecting the
ball By(z); put n.(t) = [n.(t) — 1]+ and &,(a) = |z|° 7. (alz]). Asin
one-dimensional case we define a kind of “ concentration ”:

6
c¢(A) =limsup sup / 2:(a) da
§—0 zeA\UJO a

THEOREM 3.— Let A be a set of hyperplanes in €2 satisfying (2). Let,
further,

A € Reg[p, h(2)]; (G1)
(A) = 0. (@2)

Then A is interpolatory for [p, h(z)].

Examples of sets satisfying (G1)-(G2) may be given by either considering
a finite collection of parallel families of hyperplanes, each of them being
regularly distributed and interpolatory when restricted to the corresponding
perpendicular complex line, or by small perturbations of a parallel family
satisfying the same requirements, if we need to obtain infinite set of
directions.

Our theorems on interpolation in [p, h(z)] are derived from a rather
general result, which we present below.
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We denote by PSH(2) the set of functions plurisubharmonic on a set
Qccy , and by A(f) the set of analytic functions in 2. For a function
g(z) we use the denotions gl"l(z) = sup|,_¢|<r 9(C) and My(r) = gl"l(0).

Let functions u, v; (7 = 1, 2, 3), v(z) = vlm(z) +v2[1](z), z € €%, be such
that

u, v1, v3, v, um(z) + vz[l](z) belong to PSH(Cz);
v2>v3 203
‘Ev(z)‘ < e¥(?) (3)

Let now f(z) be an entire function in €? with plane zeroes, and let
A= {a(k)}zo:l be the sequence of feet of perpendiculars dropped from the
origin onto zero hyperplanes Hj, of the function f(z). We assume (without

losing generality) that agk) #0,Vk=1,2, ... We use the same notations
as above. Let, as before, s;; = Hi N H; and let 7 = ev3(oks),

We assume further that the polydisk U; = Ury;(8k;) contains no points
of the set A\ (Hy U Hj), i.e.
UkjﬂA\(HkUHj):@ (4.)
We denote also by [7kj the polydisk Urkj/lﬁ(skj)’ and the union of all l7kj
by U.

Now we are able to state our theorem on extension with a majorant of
general type.

THEOREM 4.— Let

log|f(2)| < vi(z), z€C ()
log]a;—ilz)IZ—vz(z), z€ A\U. (6)

Then for each ¢ € A(A) satisfying
log“P(z)l <u(z), ze€A, (7)

there ezists such & € A(C?) that
i) (z) =¢(2),V2€EA,
ii) log|®(z)| < ull(z) + 16 v13l(z) + 3log(1 +|22) + C, 2 € C2.
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The paper is organized as follows. First we prove our theorem 4 on
extension with estimates of general type. From this theorem we deduce
the sufficient analytic conditions for interpolation in the class [p, h(z)]
(theorem 2). Theorem 1 is just a particular case of theorem 2. Finally, we
prove that our geometric conditions (theorem 3) imply that the condition
(A) of theorem 1 holds.

Proof of theorem 4

We prove some preliminary statements first.

Introduce the following denotions:

where K is a set in €2 and dist is the euclidean metric.

LEMMA 1.— Let an entire function f(z) vanish on hyperplanes Hy =
{A = ¢w} and Hy = {A = —Cw} and have no other zeros in the polydisk
Ugr(0), R < 1. Let, further, f satisfy (5) and

log|Vf(z)| > —va(2), z€(H1UH2)NUg/sR(0). (8)
Then
R>2e770); (9)
Cle[A™, A] with A= % exp(vF(0)) (10)
and
[F\ )] > Cre? emma(Gwm)m140R(0), (11)

when (A, w) € Qe(Hy U Ha) N Ug/g p(0), € < (1/4) exp(—vlFl(0)).

The lemma actually states that if on two zero hyperplanes we have an
estimate for V f(z) from below outside a neighborhood of their intersection,
then, first, the neighborhood is not too small, second, the angle between
these hyperplanes is not too small, and third, outside some e-neighborhood
of these hyperplanes the function f(z) can be estimated from below.
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Proof.— It is enough to suppose that |(| < 1, and estimate || from
below.

Denote »r = R/8. Fix w, |w| = r and consider the function ¢,,(A) =
f(A,w). In the disk [A] < r the function ¢, (A) has zeros at points +(w
and has no other zeros in |A| < R. Since Vf(z) at z € H; is perpendicular
to H;, we get from (8):

exp(—vg(:i:Cw, w)) .

N =

‘% SOw(ﬂ;w)[ > (141A%) " exp (—va(¢w, w)) >

According to lemma 3 of [BT1], it is possible then to estimate the distance
between the zeros from below:

-1

d

2|¢w| > —ww(icw)l~ sup  |ow(X)] > ! exp(—v({w, w)) .
dA ¢l <1 2

Hence
2.

| My

> 2¢u| > 5 exp(~v(¢w, w))

and
e—v((w,w) e—U[R](O) ze—v[R](O)
> >

- 4r - r

Kl >

- i}

and the first two statements are proved.

To prove the third statement we consider for fixed w, r < |w| < R, the

function
Pw (Cw + 2’<w|’\)

(d/dx) pw(Cw) - 2[Cw|A”

¢w(’\) =

We have 1,(0) = 1, My (1) < 4e2°(Cw@) 4, (X) # 0 for |A| < 1.
Applying to the function %,, the Caratheodori inequality, we get

i —4v((w,w) 1
(V)] 2 15 e PSS
Taking A = —(1/2) - (Cw/[CwD in the last inequality and using the

previous estimates, by the definition of v,, we obtain

1
[pu(0)] > o emur(Cum=to(cuw)
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Consider now the function

S"w(’\)czwz
Pw(0)(C2w? — A%)

R
gw(A) = for |w|e€ [r, E] , JAl < R.
We have g,,(0) = 1, My, (R) < 32-(1/3) 57(0) since
¢2w? R%/a 1
CPwl_R?

R
[¢*w?| < [w]* < = implies
gw(A) # 0 for |A| < R.
With the help of the Carathedori inequality we get

S~ RI_R?/4_ 3

|90(A)] > 9-327 2 exp(-1041F(0)) , A <

| &

Hence (we use the estimate of |¢,,(0)| and the fact that [(w| < 1)

[FA )] = eu(X) = gw(A)¢ 2w 20w (0)(¢Pw? — A%) >
>9- 2—106—10"[H](0) .28 e—vz(Cw,w)—4v[R](0) . |C2w2 - /\2| =

o e~ v2(Cw,w)—-140(0) IC2w? — 22

when |w| € [r, R/2], |A| < R/2. If, additionally, (A\,w) € Q.(H; U Hy)
then
£ w)| > Cre? emuallwiw)=14017(0), (12)

Note that if ¢ < (1/4)€—U[R](0), we have ¢ < 7r|(| and so the set
B = {(Aw):|Al €[r, R/2], |w| = r} is contained in Q.(Hy U Hy).

Hence (12) holds for (A, w) € B. Since the function hy(w) = f(A, w) for
fixed A € [r, R/2] has no zeros in {|w| < r}, the estimate (12) holds also
inside this disk. Thus, for (A, w) € Q.(H; U H3) N U, r/2 We obtain (11),
and the lemma is proved.

LEMMA 2.— Let Hy = {A =(w} and Hy = {A = —Cw} be two hyper-
planes with ¢ satisfying (10) and let ¢ € A(H1 U H3) satisfy

log|¢(z)| < u(z), z€ HiUH,.

Then there ezists such a function P € A(C?) that P(z) = ¢(z), z € H{UH,
and

Mp(R) < (1 + Re" () ¢u®(0) (13)
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Proof .— We may assume again that (| < 1.

Put

‘P(er w) - w(—Cw» w)
2¢w '

b(w) =
Obviously, ¥(w) is an entire function with

1 (R] 1 LR [R]
My(R) < —— ¥ (0) < = gu(0)+vl(0)
(B < R|(] 2

We now define P(z) by

P(A,w) = p(Cw, w) + (A = Cw)p(w).

It is evident, that P is entire, P(z) = ¢(z) for z € H; U Hy. The required
estimate (13) follows now from the estimate of My (R).

The lemma is proved.

Proof of theorem J

We use Hormander’s scheme. First a C*®°-function h(z) solving the
interpolation problem and having appropriate estimates of 8-derivatives is
constructed. The construction consists of two steps. First we define a
function g(z) outside some neighborhoods of the points sk; and give some
estimates. Then we “ paste ” to g a function which solves the interpolation
problem in these neighborhoods and check the estimates of the obtained
function. The final step, as always, is based on solution of &-problem with
bounds.

Denote A = A\U; Ay = {/\:(/\,w) € A}; Kw = {/\ : (A, w) EK}
Let Ao € Ay. Then according to (6) we have

8
log ‘é—j\i (/\o,w)l > —va(Ao, w).

Using the mentioned lemma from [BT1] we obtain

(sup {|F(\, w)] : A= Aol < 137" >

Bt (%0, Aw\ Do}) = [ (20, u)

> e~ (dow)
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Set 7y, (w) = e~ v(dow)

bo = Lot mulePo ),

6—{(/\0,10)/\7')\0 (w)

It is easy to see that ¥, (0) = 1, ¥(A) # 0 for [A| < 1 and My (1) <
e2v(X0w) By the Caratheodori inequality for [A] € 1/2 we have

log# (V)| > ~4v(A0, ).

Hence
log \f(/\g + 7y (W)A, w)‘ > —va(Ag, w) — 5v(Ag, w) + log |A|. (14)

Let now x(t) be a C®-function on R, ‘x(t)l <1,V x(t) =1 for
t <1/4, x(t) =0fort > 1/2 and C = sup,|x/(t)|.

We set

X (1A = Aol e?Co)) o (Ao, w) if 3 Ag € Ay :
g(X w) = 1A= Ao| < (1/2)73,(w)
0 in the opposite case.

Note that g € C®(€2\ U) and that

dg(A,w)#0&

~ 11
sMWw)ea® {(A,w) 3 X0 € Ayt A= Ao| 73 M (w) € [Z’ E]}
In view of (6) and (14) the equation f(A,w) = 0 can be solved with
respect to A on the set {|A — Aole™?Pow) < 1725 |w — wo| < e} for ¢ small
enough. The corresponding function A(w) is holomorphic in the disk
{lw — wo| < €} and so dA(w) = 0 in this disk.

Besides that, since

df (A(w),w) _ dX df

0 dw ~ dw dA (’\(w)’w) + d_(/\(w)’ w) )
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we have af
Aw), w)
da Id_(___ < ?(A(w)w) (15)
dw |df( (w), w)‘
dA

(we have used here (6) and the fact that |(df/dw) (A(w) w)| < evl[ll(’\'w)
by (5)).

Let us estimate now ‘Eg(/\,w)‘ for (A, w) € A. We have

1

|8g| = |0x - ¢| =

g 0
BXQA—MRWMMU+—:UA«MH“M”»Mﬂ

dAo(w )I+

< Wl [ eoos) + F estosm) |l

+ev()\o‘wl/\ Ao(w)]|8v(Ag, w )‘<1+’%|)}

)

< Cexp [u(/\o, w) + log}gv(/\g, w)‘ + log

< Cexplu(Ao, w) + 2v(Ag, w)]

(the last inequality holds by (3) and (15)).
Note that for (A, w) € A the estimate (14) implies

p(-vz(/\o,w) - 5v(/\0,w)) (16)

.Mn—*

|F(Aw)| >
and hence

‘5_;] (/\’w)‘ < %e(u+v2)()\o,w)+7v()\o,w) < %e(u+vz)[1/2]()\,10)+7v[1/2](A,w)‘

Since g = 0 outside A we come to

’% (z)l E %e<u+vz>h/2l<z>+7v“/"<z), zeC\U. (17)

We pass to the second step of our construction. We would like to use
lemma 2 for the extension of ¢ to the neighborhoods of 3k;. Choose the
coordinates (zj,z5) in the neighborhood of si; (which will become the
origin for a while) so that the equations defining H; and Hj, have the form
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{z] =(2,} and {z] = —(z5}. Denote by U,(c?) the polydisk Ur,,j/a(skj) (in

old coordinates) and by Vk(?) the similar polydisk in new coordinates. We
obviously have then

(22) (V2a) ()
Ukj Cij cUkJ., Ya>0.
Note that (6) implies the estimate
[VF(' + s1)| 2 exp(=v2(" + 5i,)))

which holds for 2’ + sp; € (Hp U Hj) \ Vksj‘/i. Hence, in view of lemma 1,
vz > v and also (10) takes place. Thus the conditions of lemma 2 hold.
According to this lemma, there exists an entire function Pj;(z) which
extends ¢ from H; and H}, and satisfies (in view of (13) with R = rkj/\/f)
the estimates

V2] . V2 )
lij(z)‘ < eu[l/ ZJ(JkJ)(l + 7k eu[l/ ](3k])) , z¢€ U]Ej) .

Hence .
‘ij(z), < Zeu[l](z)+”[ I(z) , ZE Ukj . (18)

In order to “ paste ” the functions Py;(z) to the function g(z) we set

A= (sg; w — (s
xkj(A,w):X<| rk(j/kzghl)X(l rkg/x;g)zl) ‘

We have then

1, if (\w) € UL
Xeihw) =9 (4
0, if (A, 'UJ) ¢ Uk,] UkJ )

which shows that the function (1 — ij(z)) -g(2) is correctly defined in C2.
Set now

3 (2)Prs(e) + (1= x45(2)) 9(z), € UL,
h(z) = 2y 77(4)
a(2), 2 € C\ Ty,

We estimate [9h(z) - (f(z))7!|. For z ¢ U,E‘;) we have 6h = Jg, and
dh =0for z € U,S).

- 350 -



Interpolation on plane sets in €2
Let z € Uy \ U{Y). Then

5h=gxkj'(ij—g)+59‘(1—xk,~),

and hence _ _ _
|0h] = |8x; - | Pej — 9| + 9],

‘g_h - _X ' | k] i 15_9'
TR

First estimate 15ij‘:
= , 1 y o1 , 1 :
19%;(2)] = [xis] (;e”“*” +7el) ) < Sevlen).
Put 4; = AN (U,£4) \ U(s)) and note that for z € Aj; we have an estimate

of |f(z)| from below, and so, using (16) and (18) we get

|Prj(z) — g(2)| < |Pei(2)] + |g(z)] <
lfz)] ~ |£(2)] - (19)
<16 e(um+v2)[l/2](z)+6v[1](z), 2 € Ag;.

Since on the set
A w):3 Ao € Aw ¢ |A — AglrTl L@ pe
(Aw):I Ao €Ay i A - 0|7'>\0(w)<z ﬂ(kj\ kj)

the function (ij(z) - g(z))/f(z) is holomorphic and on the boundary we
have (19), by the maximum principle, we get

Prj(z) —9(2)
f(2)

< C (Wt +v2)t(z)+60lM](2)
- I

ze By & {(/\,w) :3 Ao € Ky 1 A = Aof - 7} (w) < ;} n(UI\TE).

It remains to estimate |(ij - g)/f] on the set Gi; def

(4)
U \ (ng U Ek])
Note that on Gy ; our function g = 0, so that we have to estlmate iPkJ/f|.
We use lemma 1. Introduce the same coordinates as before, when we
constructed FP;. It was already noted that Up; D Vk(;-/i) (16) V(Sf).

Set B =Tij/ /3, € = (1/4) e=?""(s3).
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Now we find ourselves within the conditions of lemma 1, which implies
that on the set V). def V;Sﬁ) \ V@ﬂ) we have the estimate (11). Observe
J J kj

that V]éj ) U,Ej—) \ U,S). Hence for z € U,(;;) \ U,(C?), dist(z, H; U Hg) > ¢, we
get from (11):

[ w)] > 72 Crexp[~vfsxy) - 1400 (s1)] (20)
Prj(2) 1]y [1]
fZZ) < Cy exp[(u[l] + vzl ) 1 (z) +15 v[l](z)} . (21)

The estimate (20) in view of the maximum principle and (16) holds also
for those points of Gy, the distance from which to H; U Hy, is less than e.

Hence (21) holds as well. So for z € UIE::') \ Ug) (17) and (21) imply

Ph(z)
f(z)

We construct the function @ in the form ®(z) = h(z) — 8(z) f(z), where

< Czexp [(u[l] + vzm)m(z) + 16 vm(z)] . (22)

38 = =a. (23)

Set
Y(z) = (u[l] + vzm)m(z) + 16 vm(z) + 210g(1 + |z|2) .

Evidently, ¥ € PSH(C?). From (22) it follows that
/ laf e dwy < 0.
cZ

By Homander’s theorem in this case the equation (23) has such a solution
(3 that

/2 182 =242 108(1+121) 4y < oo
C
It is easy to show now that
/2 I§|2 e—2¢—2v1—2103(1+!z|2) dwy < o0
C

which implies the desired estimate. Now, since h(2) = ¢(z) for z € A, we
have ®(z) = ¢(z) for 2 € A. This completes the proof.
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Analytic conditions of interpolation

We prove theorem 2 now. Note that the conditions of theorem 1 contain
the estimate of the derivative in some certain direction. However, with the
help of the following lemma, for functions of finite order this condition may
be formulated invariantly, with (6) replaced by an estimate of log|V f(z)|.

LEMMA 3.— Let {a.(k)}io be a sequence of points in ¢V, and {7k};’° be
a sequence of positive numbers,

o0

Yt <
k>N-1

k=1

Then there ezxists a vector T € CN, |7l =1, that

alk)
T,W 27k, Vk:1,2,...

Proof.— Let S; be the unit sphere in €V and o be the normalized
surface measure on S;. The following equality takes place for a summable
function ¢ of one variable (see [Rud], p. 23):

— 1 2T .
vnesis [ o(c,m) o) = = [ 2ar [To(re)an.

T

Fix k €IN and consider a function

0, 7 <k

- 8y _
ek(A) = pr(re )—{1, >

Set np, = a(k)/|a(k)!' We have then

c{¢eS: (¢, m)| >} / er((C, m)) do(¢)

$1

N-1 !
-271'/ r(l—r)N-24r
¥

77 k

A=)V > 1 (N -1)4E.
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Thus O'{C €5 : ‘(C, Uk)‘ < 7k} < (N - 1)7,%. Therefore

O'U {CESI:|<<’77k>|<7k}§(N_1)Z‘YI€<1’
k=1 k=1

o0
and there exists 1 € Sy : 7 ¢ U {¢esi:|(¢, m)| <}
k=1
The lemma is proved.

We are able to prove our theorem on analytic conditions of interpolation
in the class [p, h(z)].

Proof of theorem 2

As it was mentioned already, we are going to use our theorem 4. First of
all we show that the estimate (A) holds with V f(2) replaced by 3f(2)/ o7,
where 7 is some vector on S;. To do this we note that due to the fact that
f(2) has order p, the series ) 7o, la(®)|=* converges for each A > p (see
[Pa3]). Choose the numbers v; = exp(—Cla(k){3p/4), where the constant C
is chosen so that Y 5>, 7,3 <1y (N - 1) Such a choice is possible since for
c>1

7% = exp(~Clal¥)#7/2) < exp(~Clog|a¥) /%) = |aB)]-30%/2
By lemma 3, there exists such a vector 7 € S that

alk)
T,W Z‘/k, Vk:l,z,...

Hence for z € Hj, we have

2 alk)
22 =?(Vf(z),fﬂ=lVf(Z)\-\<W,f> 2 %1

and therefore

9f(2)
or

logl ‘ > loglvf(z)l + ].Og“/k = ]_og‘v'f(z)‘ _ C‘a(k)i3p/4 >

> log|Vf(2)| - C‘z|3p/4.
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In view of (A) there exists such negligible w(z), that

log|Vf(z)| > Lf(z) —w(z), z€A\U.

Putting @(z) = w(z) — C|z|37/4, we get

9f(2)
or

log > Lg(z)—w(z), YzeA\U, (24)

with w negligible.

By a well-known lemma due to A. Martineau (see [Ro3], p. 323) each
locally bounded negligible function has a nonnegative radial negligible
plurisubharmonic majorant. Since in what follows we are going to use
negligible functions only in estimates from above, we may assume that each
such function is plurisubharmonic.

In particular, the function I(z) = ILf(z) + (—Lf(z))mi is also negligible
and by the remark above there exists such negligible plurisubharmonic
function wy that @, > I(z).

Now, in view of the conditions of our theorem, continuity of L¢(z) and
the well-known property of the radial indicator (see [Ro3], p. 287, d)) we
get

log|£(2)] < L(2) +wa(z), ¥zeC

with some negligible plurisubharmonic wz(z) > 0 and also
loglga(z){ < h(z)+ws(z), VzeA

with some negligible plurisubharmonic w3(z) > 0.
Put wa(z) = max{ﬁl(z), wa(z), wg(z)}, v = h(z) + W2(2), 11 =
Lf(z) + 152, vy = —Lf(z) + ﬁz(z).

By theorem 4 we can construct the required function ®(z) with the
estimate

log‘i'(z)‘ < u[3](z) + 16 1)[3](,2) + Clog(2 + |zl2) .

It is easy to see that two last terms are negligible. Hence the inequality
implies the desired estimate Lg(z) < h(2).

The theorem is proved.
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Geometrical conditions of interpolation

Now we establish sufficient conditions for interpolation of geometric type.
Introduce the following denotions. For a function f(z) with zero set A of
the form (1) we set

£(2) |
(1a®)] = (z, a®/q(k))))

felz) =

It is easy to check (for example, with the help of Hadamard factorisation
representation for entire functions with plane zeros, [Pa3], theorem 2), that

‘Vf |_.’fk | for z € H, .
Hence we will estimate t fr(z l )| instead of |V f(z l Remind that for a point
z € €V we denote the number of Hj, € A intersecting the ball Bi(z) by
n(t), that #,(t) = [n(t) — 1] and, finally, ®,(a) = |2|7? 7, (a|z|). Let

6 € (0,1) be fixed. Consider the functions

la(F)| — (z 4w, a(k)/‘a(k)|>
(1+6)lz| ’

fo(w) = 11

(k)
|a(’¢)|—<z,;(—k)|>‘<5|z{

=, la®)] - (z + w, a(k)/|a(k)|>
2(w) = II 1 +6)|2|

<|lator1-(z. 25 alk) >‘<51 |

Note that for |w| < 8|z| we have
loglff(w)l <0. (25)

We will need two auxilliary statements.

LEMMA 4.— The following equality is true:

og £5(0 \]—|Z|P( ()10g(1+;)+/06*§z(a)%).
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Proof . — Note, that the value

(k)
(k) _ o
[a\™] <Z, |a(k)!>’

is exactly the distance from z to Hj. Hence

a(k)
log| ££(0)|| = =3 {log )] - < W>| ~ log (1 +6>|z|)}

§lz|
:_/0 log t d7i. (t) + 7z (5]]) log ((1 + 8)|z]) -

Integrating the last expression by parts gives the required equality.
We remark that for § € (0,1) we have

é é 1
/ {)—z(a—)da>/ (}z—(a)da2§z(62)log5,
0

« T Js2
and hence by (G2)

1
sup ®,(6)log = —0. (26)
ZEA\U ( 6 §—0

The next statement gives some information on the structure of the
exceptional set E of a function of completely regular growth. It might
be interesting apart from interpolation problems.

LEMMA 5.— Let EC €V be a Cg-set and let § > 0. Then there exists
a number Ry > 0 such that for each 2° ¢ €V \ BR, (0) there ezists a com-
plez line | through 20 and a circumference v, centered at 20, having radius
less than 6|2°| and lying on I, such that yN E = 0.

The proof of this lemma will be given later. Assuming that the assertion
of the lemma 5 holds, we show that conditions (G1)-(G2) imply (A) for the
canonical product f(z), associated with our set of hyperplanes A. As we
have mentioned already, (G1) implies that f is of completely regular growth
with continuous indicator h(z). Thus the following lemma will complete the
proof of theorem 3.

LEMMA 6.— Let f(z) be a function of completely regular growth with
hyperplane set of zeros A. Let this function satisfy (G2) with some set
UcC CN, such that n;(0) =0 for z € U. Then (A) holds.
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Proof.— Fix ¢ > 0. For z € H, \ U put ¢¢(w) = f(z+ w)/ff(w) The

functions f¢(w) and ff(w) differ in one term. Hence we have

5(w) = — fr(z +w) _
=) = ) o]

Observe that function ¢4(w) does not vanish in Bs|.|(0). Thus log|qg(w)|
is pluriharmonic in w in By, (0). Estimate log|q(0)].

Since f(z) has completely regular growth, by [Az], p. 165, outside a ball
Bp, (0) with R, large enough and outside a C3-set E. it holds

2| "% log| f(z)| > Lf( z ) —€.

Izl

Hence for such w that z + w ¢ E. and |z + w| > R., in view of (25) we
have

z+w

|z + w| ™" log|g3 (w)| > Ly (Iszl

)—e,6<1, |lw| < 8z|.

In view of continuity of L¢(z) on the unit sphere, one can take §; small
enough, so that the following implication is true:

{lwl <é1lz|, 2+ w ¢ Ee, |z + w| > R°} =
|2|77 log|g}(w)| > Ly (ﬁ) ~2.  (27)
We apply our lemma 5 now with £ = E., 2° = z and § = 6.
It follows, that for |z|] > Rp a circumference lying outside FE. exists in
each ball By |,(z). If [z| > max(2R., Ro), |w| < 61]z|, then, in view of

pluriharmonicity of log‘qg(w)| (for 6 < 61) in Bg,|,(0), by the minimum
principle for harmonic functions, (27) holds also for w = 0. Hence

|z]_"log[q£(0)| > Ly <!—§T> — 2e. (28)

Now, by lemma 4, we have

0

log| £5(0)]| = |17 (@;(6)103(1 +3)+ / ’ @;(a)i}) L (29)
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Since log|f2(z)| = log|q3(0)| + log|f2(0)| + log((1 + 6)|zl), by (G2), (26),
(28) and (29) taking 6 small enough we obtain for z € Hi \ U, |z| > R;(e):
|z|"°log‘fz(z)| > L(-z—> - 3¢.

E

Thus lemma 4 and theorem 3 are proved.

Some properties of Cg-sets in ¢V

We conclude the paper by proving lemma 5 on the structure of C’g-sets
. {N
in .

Assume the converse, i.e. for each complex line ! through 20, there

does not exist a circumference 4 lying outside E. We will show that this
contradicts E being a CQ-set.

Let E,o = EN Bg|z0|(z0) and let B = {b1, bs, .. } be some covering of
E,o by balls b; = B, (2(9)). We are going to estimate the value 3 T?N—S/z.

For ¢ € €V, I(| = 1, denote by L¢ the (2N — 1)-dimensional real hyper-
plane through 2° with normal vector ¢. Thus a one-to-one correspondence
is established between the unit sphere S; in €V and the set of (2N — 1)-
dimensional hyperplanes through z°.

Let w € €Y. A circular projection of a point w € L¢ is defined as the
points of intersection of the circumference {z0+eiow, 6 €[0,2r)} with L,
(there are exactly two such points, unless w lies in the (N — 1)-dimensional
complex hyperplane M C L¢;in the latter case we assume that the circular
projection of w is +w).

A circular projection of a set D C €V onto L, ¢.P.L, (D), is a union of
circular projections of all points in D.

Denote §|z°| by R. It is no loss of generality to assume that the radii of
b; do not exceed R/4. Denote by B,o the set Bp(z°)\ BR/Z(ZO). Since, by
our assumption, each circumference of radius r € (R/2, R) contains at least
one point of E,o, it follows that

c.p.LC(EzoﬂBzo):LcﬂBzo, V(e S:. (30)

Let myn_1 be the Lebesgue measure in R2V-1, Consider the quantity

T= X [ mavoalen,(67) d0(0),
b;eB 51
2()¢BR 4 (2°)
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where o is the normalized surface measure on S;. Property (30) implies a
lower bound for J:

J= /s man_1(e-p-r, (BN Byp)) do(¢) > cy(M)RAN 1. (31)

Now estimate J from above. In order to do this, we represent each
integral in the sum defining J in the form

+ _1le.p.r. (b)) d ,
{/{‘:C:dist(LC,z(j))Sp,‘} /{c:dist(LC,z(i))>pj}} man-1(c.p.(b5)) do(¢)

We estimate each integral separately. First note, that the set @ =
{z° + ¢%;,8 € [0, 27)} is a body of rotation in €V, which is obtained
by rotating the center of b; around 20 along the circumference of radius
|2() — 29| < 5R/4. Since (2N — 1)-dimensional area of the section of this

body by L does not exceed the (2N — 1)-dimensional area of its surface,
we get:

mzN_l(c.p.LC(bj)) < cz(N)rJZ.N_zlz(j) —29).

It is easy to see that the o-measure of the set {C s dist(Le, z(j)) < p]-} does
not exceed CS(N)Pj/|z(j) — 20| Hence

_1(epor. (b)) do(¢) < ca(N)r2N-2p.
/{ i sy ™1 P03 4(0) < N,

The estimate of the second integral is more complicated. For simplicity

we assume that L, = {z e :Im Ny = 0} + 20 Forz € b; estimate the
difference |arg Zy —arg zg\f-),. We have

|z — z(j)| <r;j=lay— z](\;)| <r; o dist(LC,z(j)) = [Imz%)l > pj-
It isn’t hard to see, that then

|argzN —argz%)‘ < tan|argzN —argz%)l < ;_J
J

Hence in this case the intersection L¢ N 2 is contained in the set
Q= {zo-%—eiobj, 18 — 8| S:‘j/pj} with 6y = —a.rgz%). The (2N — 1)-
dimensional surface area of 2 does not exceed
|2(9) — 20|

cs(N)'r“‘?N_1 .

2N-1
J py =+ Ce(N)Tj ,
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and we have

|2(9) — 29

Pj

2N-1

5 1R
maN -1 (c.p.L<(b_-,')) < C7(N)1'j < ZC7(N)T2'N 1t

Hence

R

maN-1 (c.p.Lc (b5)) do(¢) < Cs(N)r?N‘l =
7

/{C +dist(L¢,z(1))>p;}

Choosing p; = \/Rr;, we obtain the estimate

moN_1 (ch((bJ)) da'(c) S cg(N)Rl/zer—s/Z .
51

This implies

J < c10(N) Z r;N—3/2R1/2 .
b;eB
R/a<|z(1) - 20|<5R/4

Comparing with (31) one gets

Z T?N—S/z 2 C11(N)R2N—3/2.

bjeB

Hence, for arbitrary covering B of E N B(145)|20/(0) one has

((1+6)[2) ~CEN=HYD F7 A2 5 ey, Ve,

bjég
This contradicts F being a Cé/ 2_set. The lemma is proved.
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