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Annales de la Faculté des Sciences de Toulouse

The Support Shrinking Properties for Solutions
of Quasilinear Parabolic Equations
with Strong Absorption Terms(*)

STANISLAV ANTONTSEV(I), Jesus ILDEFONSo Diaz(?)
and SERGUEI I. SHMAREV(®)

RESUME. — On étudie par méthode d’énergie certaines propriétés de
support des solutions faibles d’équations paraboliques du second ordre
avec absorption.

Ces solutions faibles ne sont pas nécessairement de signe constant et
des propriétés de non-propagation de perturbations de la donnée initiale,
rétrécissement conique de support et formation de dead-core sont établies
sous hypothéses sur la non linéarité et conditions locales sur les données.

ABSTRACT. — The local energy method is used to study some support
shrinking properties of local solutions of second order nonlinear parabolic
equations with absorption terms. We deal with local weak solutions, not
necessarily having a definite sign, and we establish properties such as
the non-propagation of the initial disturbances, support shrinking of cone
type, and formation of dead cores (null-level sets with positive measure).
The conditions providing these effects are formulated in terms of local
assumptions on the data and the character of the nonlinearity terms of
the equation under consideration.
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1. Introduction

1.1 Statement of the problem

This paper deals with the propagation and vanishing properties of local
weak solutions of nonlinear parabolic equations. Let Q@ C RN ,N=1,2,..,
be an open connected domain with smooth boundary 82, and T' > 0. We
consider the problem

—a—(}ul"‘—lu) = Div(z(m,t,u, Vu)) — B(z,t,u) + f(z,1)

o inQ=0ax(,71), (@1)
u(z,0) = uo(z) in 9,

assuming that the functions A and B are subject to the following structural
conditions: there exist constants A > 0 and p > 1 such that
V (z,t,8,0) €2 xRt xIRx R,
—_
MilplP < (A(z,t,8,p), p) < Mool (1.2)

VY (2,t,5) € @ xRt xR, sB(z,t,s) > Ma|s|*?. (1.3)

In (1.2)-(1.3) M;, i = 1, 2, 3, are positive constants. The term “strong
absorption” involved in the title of this article refers to the additional (and

crucial) assumption
A<a (1.4)

The right-hand side f(z,t) of equation (1.1) and the initial data ug(z)
are assumed to satisfy

up € LoTY(Q), fe LN/ (@). (1.5)

We are interested in the qualitative properties of solutions of problem (1.1),
understood in the following sense.

DEFINITION 1.— A measurable in Q function u(z,1) is said to be a weak
solution of problem (1.1) if

(a) w € LP(0,T; W1P(Q)) N L*°(0,T; L=t1(Q));
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The Support Shrinking Properties for Solutions of Quasilinear Parabolic Equations

(b) limy_o | u(z,t) — uo(:c)”L,,_‘.l(n) =0;

(¢) for any test function ((z,t) € W1(0,T; W(}’p(ﬂ)), vanishing at
t = T, the integral identity holds

/Q {lul*u¢e — (£, V¢) - B + £¢} dzdt + /n [uol®~ ol (2, 0) dz = 0.
(1.6)

Let us note at once that we will never touch any question concerning the
solvability of problem (1.1). As we said, the paper deals with qualitative
properties of local weak solutions of problem (1.1), regardless the boundary
conditions on ¥ = (O,T) x ) they probably correspond to. Evidently, each
of the functions satisfying in a weak sense equation (1.1), some boundary
conditions on ¥, and the initial conditions is also a weak solution in the
sense of our definition.

So far, the theory of problems of the type (1.1) already accounts for a
number of existence results. We refer the reader to papers [1], [9], [12], [17]
and their references.

The class of equations of (1.1) includes, in particular, the following
equation
ve = A(j|™ 10) — Ma|o["" v + f(=,t). (1.7)

To pass to an equation of the form (1.1) with the parameters a = 1/m,
A = v/m, p= 2 amounts to introduce the new unknown v := |ull/ " sign u.
Equation (1.7) is usually referred to as the nonlinear heat equation with
absorption. If v(z,t) is interpreted as the temperature of some continuum,
the first and the second terms of the right-hand side of (1.7) represent,
respectively, the diffusion and the volume absorption of heat. The term
f(z,t) models an external source or sink of heat. Assumptions (1.4) and
a <1 are equivalent to:

m>1, «v€(0,1).

The first one of these inequalities means that we study the processes
of linear and/or slow diffusion, while the second one signifies that we are
interested in the case of strong absorption. In this choice of the exponents
of nonlinearity the disturbances originated by data propagate with finite
speed (see [16] and references therein). Moreover, it is known [19], [20],
[15], that in this range of the parameters the supports of nonnegative weak
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solutions to equation (1.7) may shrink as t grows. It is known also, [8], [11],
that solutions of the Cauchy problem and the Cauchy-Dirichlet problem for
equation (1.7) may even vanish on some subset of the problem domain Q
despite of the fact that ug and the boundary data are stricly positive. These
properties were derived by means of comparison of solutions of (1.7) with
suitable sub and supersolutions of these problems.

_)It is to be pointed out here that in our formulation the function
A(z,t,z,p) is not subject to any monotonicity assumptions neither is s
nor in p. Next, we are not constrained by any special boundary conditions.
Lastly, as follows from Definition 1.1, the solutions of problem (1.1) are not
supposed to have a definite sign. ‘

Each of these features complicates and makes it hardly possible to apply
to the study of the qualitative properties of solutions of problem (1.1) any
of the methods based on comparison of solutions (or sub/super-solutions)
through the data.

The purpose of the paper is to generalize the referred results and to
describe the dynamics of the supports of solutions of problem (1.1) without
having recourse to any comparison method. For this purpose the local
energy method is used enabling one to reduce the study of the support
behavior to dealing with special nonlinear first order differential inequalities
for “the energy” functions, associated with the solution under study.

In this paper we propose certain refinements of the energy methods in
the literature ([23], [24], (5], (6], [7], [4], [3]). These techniques allow us to
obtain certain conclusions about the properties of the supports of local weak
solutions to problem (1.1) which rely only on some assumptions about the
properties of initial data or even use only the information on the character
of the nonlinearity of the equation in (1.1).

The results we obtain below may be illustrated by the following simplified
description. Let v(x,t) be a weak solution of the model equation

v = Ap(Jo/™ 10) — o[ 1o,
where Ap(:) denotes the p-Laplace operator given by

Apv = Div(|VoP~2Ve), p>1.



The Support Shrinking Properties for Solutions of Quasilinear Parabolic Equations

Then:

(@ if0 < vy <1 mp-1) > 1 and v(z,0) is flat enough near
the boundary of its support, the so-called “waiting time” of v is
complete, i.e.

Vte[0,T], suppv(-,t)Csuppv(-,0)

(we also may say that there is no dilatation of the initial support);

(i) if 4, m and p additionally satisfy the relation m + v < p/(p — 1),
we have shrinking of the initial support, i.e. the above inclusion is
strict:

suppv(-,t) CC suppv(-,0) for¢t> 0 small enough;

(iii) under the assumption of item (ii) on the exponents but without any
assumption on the initial datum, a null-set with nonempty interior
(or dead core) is formed, i.e. '

3t*>0: Vi>t*, Q\{suppv(-,t)}#0.

In order to compare these results and the theorems below, recall that
a =1/m and XA = v/m. We also remark that the above results remain true
when the diffusion is linear, z.e. p = 2 and m = 1, but in the presence of
the strong absorption term : v € (0,1).

1.2 Formulation of the results

Let us introduce the following notations: given T' > 0,t € [0, T), zp € Q,
p > 0, and nonnegative parameters ¢ and u,

P(t,p)={(z,5) €Q ||z —zol < p(s)=p+oa(s—t)¥, s€ (t,T)}
= P(t,p;o,u).
It is clear that the choice of the parameters o, u, p, T determines the shape
of the domains P(t, p). We distinguish three cases.
(a) ¢ =0, u =0, p> 0; in this case P(t,p) is a cylinder B,(xo) x (¢, T);

(b) ¢ > 0, p =1, p > 0; P(0,p) renders a truncated cone centered in the
point zg € © and with base B,(2¢) := {z € 2| |z — zo| < p} on the
plane ¢t = 0;

(¢) ¢>0,0< p<1,p=0;then P(0,t) becomes a paraboloid.

—9-
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To simplify the notation we will omit the arguments of P wherever
possible. Treating separately cases (a), (b), (c) we indicate specially which
of the parameters are essential and which are not. These three special cases
allow us to obtain qualitative properties of different nature, as is presented
in above. The domains of the type P(t, p) will play the fundamental role in
the definition of the local energy functions

E(P) ::/ |Vu(z,7)|P dzdr,
P(t,p)

C(P) := / [u(z, r)|>‘+1 dzdr,
P(tlp)

b(P) := ess sup |u(z, s)]a‘*_1 de,

s€(t,T) /|.¢—20|<P+0(5—t)“
associated to any weak solution of problem (1.1). This choice of domains
P(t, p) is explained by the convenience of having at our disposal the domains
of variable form but depending, actually, only on a single variable: pin cases
(a)-(b) and ¢ in the case (c).
Let us pass to the precise statement of our results. We always assume
that conditions (1.2)-(1.4) are fulfilled. The unique global information we
need will be formulated in terms of the global energy function

D(u) :=b(T, Q) + /Q (IVuP + [u**?) dzat,

where

b(T, Q) := ess sup/ lu(z, t)|* atly
te(0,T)

_ Our first result refers to the situation when the support of u (an arbitrary

weak solution of (1.1)) does not display the property of dilatation with
respect to the initial support supp ug and the support of the forcing term
supp f(-,t) (in contrast to the case of the undisturbed equation with
B = 0). It will be assumed that the data up and f are “flat” enough
near the boundary of their supports. For instance, assume that.

up =0 in Bjy(zo) for some 29 € R and pg > 0 (1.8)
and

F=0 in the cylinder P = P(0,p0) = P(0,p0; 0,0) (= Bpy(z0) x (0,T))
(1.9)

~-10 -
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Then the flatness condition is stated by the claim of convergence (near
p = po) of the auxiliary integral

e B a+l
te= ‘/l:o+0 (b= o) [H“OHL‘*“(BP(M)) +

o (1.10)
A}/ p/\p—
+|£ ||5;1(;r+3)//x(p(o,p))] d
where -
B=(1-66)1+k),
__ p—1-2A
§= (1+ PN N) ; - (11
§ pN —»(N - 1)
T (N+1)p-Nr’
with some '
K€ (0, p(l+) ~), (1.12)
(p—-1-2)(1-9)

Note that condition (1.10) implies certain restrictions on the vanishing rates
of the functions

luoll patr (B, 204 (Dl z040a(B, @) 28 P Po-

THEOREM 1.— Assume (1.2), (1.3) and
A<a<p-1 (1.13)

Let ug and f satisfy (1.8), (1.9) and (1.10). Then there ezists a positive
constant M (depending only on the constants in (1.2) and (1.3), po, and
dist(zg, 8N) such that any weak solution of (1.1) with bounded global energy,
D(u) < M, possesses the property

u(z,t) =0 in Bpy(zo) x (0,T).

Under some additional assumptions on the structural exponents a, A,
p and the function f one may get a stronger result which means that the
support of u(-,t) shrinks strictly with respect to the initial support.

-11 -
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THEOREM 2.— Assume (1.2)-(1.3), (1.13) and let

p
<oa——. .
1+z\_ap_1 (1.14)

Let ug satisfy (1.8). Assume
f =0 in the truncated cone P = P(0,pp; 0,1) for some o >0 (1.15)

and let (1.10) be true. Then there exist positive constants M and t* such
that each weak solution of problem (1.1) with global energy satisfying the
inequality D(u) < M, possesses the property

u(z,t) =0 in P(0,pp;0,1)N{t <t*}.

Remark 1.— It is curious to observe that the assertion of Theorem 2
has a local character in the sense that different parts of the boundary of
supp ug may originate pieces of the boundary of the null-set of u(z,t), which
display different shrinking properties. Having a possibility to control the
rate of vanishing of ug and f(z,t), on may design solutions of problem (1.1)
which have prescribed shapes of supports. For the model equation (1.7) this
phenomenon is already known as “the heat crystal” [22, Ch. 3, Sec. 3].

The last of our main results refers to the case when the initial datum
need not vanish, that is, the parameter pg in the conditions of Theorems
1 and 2 is assumed to be zero. Assuming f = 0 we show how the strong
absorption term causes the formation of the null-set of the solution.

THEOREM 3.— Assume (1.2)-(1.3), (1.13)-(1.14). Let f = 0. Then
there exist positive constants M, t*, and p € (0,1) such that any weak
solution of problem (1.1) satisfying the inequality D(u) < M possesses the
property

u(z,8)=0 in P(t*,0;1,u).

To get the above results one has to work with weak solutions of suitably
bounded global energy. In section 4 we demonstrate how the value of
the global energy may be estimated through the data of the problem
under consideration: i.e. problem (1.1) supplemented with some boundary
conditions. Also, we send the reader to section 4 (final remarks) for certain
commentaries on previous results in the literature.

—12-
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2. Differential inequalities

2.1 Formula of integration by parts

Given 29 € 2,2 €[0,T],0 > 0 and p € (0,1), we define the following
cutting function on the set P(t, p)

1 [O+h
¢(2,0) := e (Jz — 2o, 0)&',¢((9)E‘/‘9 Tm(u(z,5))ds, h>0,

where
T (u(z,t)) := sign u(z, s) min {m, ,u(:c,s)|} , meN,
and
1 if6e|t,T 1
| ' Tk
0) :=
)=y g forGG[T—%,T]
0 otherwise, k €N,
¢,(|z - 20|, 6) =
1 if dist ((z,0), 8,P(t,p)) > ¢
=0 Zdist((2,6), 9P(L,p)) if dist((2,6), 9P(t,0)) < ¢
0 if (z,0) € Q \ P(t,p), € > 0.

Here and in the what follows 9,P denotes the lateral boundary of P, i.e.
OyP = {(a:,s) ‘ |z —xzo| = p+o(s—t)*, s€ (t,T)} .

By construction we have supp((z,8) = P(t,p). It is known, [13], that
for every natural m, k and positive real numbers h, ¢

% _ roo 48
¢ 5 €L ((0,T) x @), 5

T;

€ LP((0,T) x 0) .

-13 -
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These properties allow one to substitute {(z, ) into the integral identity
(1.6) as a test function. Passing to the limits in the appearing equality and
taking into account conditions (1.2)-(1.3), one has:

Lo a+1l —
U d:v+/ A,Vu)dxdb +
a+l ~/.‘Pn{t=T}| | p( )

i1 +i2 443 =

+/ uBdz dé
P
= [ (T A)udrd— — / nr|u[** AT d +
8,P a+1 /3P
+ 2 / luola+1d:c+/ufdzd0
a+1 Jpn{t=0} P
= J1+J2+J3+Ja. (2.1)

Here dT is the differential form on the hypersurface 8;P N {t = const},
7, and n, are the components of the unit normal vector to 6,P, |W’z|2 +

In-,-{z =1.
2.2 The energy differential inequalities. Domains of type (c)

Here we derive some differential inequalities for the energy function E+C
which later on will be utilized for the proofs of Theorem 1.3. We begin
with the most complicated case (¢) where the domain P is a paraboloid
determined by the parameters pu € (0, 1), o> 0and t:

P=P(t) = {(z,7) | le — 2ol < pt) =o(r—1), T€ @, T)}, te (0,T).

We assume that f = 0 and that P does not touch the initial plane {¢t = 0}.
These assumptions simplify the basic energy equality (2.1)

1 +1i2+13 =J1+J2.
Let us estimate the first term 7;. It is easy to see that

1
(022 + (6 — t)2(1—u))1/2

= (—ﬁ'z,n,-) =

(0 —t) #€y —poer),

where @’y and ¢, are unit vectors orthogonal to the hyperplane ¢t = 0 and
the axis ¢ respectively.

- 14 -
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Let (p,w), p > 0, w € 8By, be the polar coordinate system in RN,
Given an arbitrary function F(z,t), we use the notation z = (p,w) and
F(z,t) = &(p, @', t). There holds the equality

I(t) = / F(z,6) dedd
P
T o(0,t)
z/ dO/ pN—ldp/ &(p, @,0)|7|dw,
t 0 8B,

where J is the Jacobi matrix and, due to the definition of P, p(6,t) =
o(0 —t)¥. It is easy to check that:

t P(ayt)
) _ —/ PNt dpf #(p, &, 0)|J|dw
0 B,

at +

6=t

T
+ [ neipt e [ spw o0l @D
t OB

1

= / ptF(z,6)dIr dé.
8,P

Treating the energy function F as a function of ¢, with the use of (1.2),
(2.2), and the Holder inequality, we have now:

‘ (s, A)udl da‘ <
9P

sm/|mWWﬁmmo
8,P

p-1 — 1 (2.3)
P .
<M, (/ |ptl|Vu]"dI‘d8) i (/ |““’L |u|de‘d0)p
8,P 8,P |ptlP

p-1 T |5 Ip %
= M, <—d—E) P (/ '"”'_1 (/ [u["dl‘) do)
dt ¢t lpelP™ \JoB

To estimate the right-hand side of (2.3) we use the following interpolation
inequality: given v € Wl’p(B,,) and A <p-—1,

'} 1-6
loll, s, < Zo (10,5, + A lollssn5,) - (Ioll,,5,) (2.4)

- 15 -
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with a universal constant Ly > 0 independent of v(z) and the exponents

re[l+A,1+a],

~ pN-—»(N-1)
=P )
(N+1)p—Nr
p—1-2A
s=—(1+2-"2nN
(+p(1+/\) )

(see, e.g., Diaz-Veron [13]). Let us introduce the notation

Eu(t,p) i= /B VulPdz, Cu(t,p):= /B Pt de,

I P
so that

T T
E= /t E.(6,0(6,8)) d6, C= /t' Cu (6, 0(6,1)) 46,

and make use of the Holder inequality

1 142 (A+a)(g—-1)
r qr qr
/ lu"dz )] < / [u)*t* da / [uj*t! de ,
B, B, B, .
where
. a- A
1= =+t

Then, by virtue of (2.4),
[, wpars
8B,
XL -9. p!l-—;!
1 o
< Lg / |VulP de + p°P (/ luM? d:c) (/ |u|" d:c)
B, B, B,
- 6
< Lop%? (/ |Vulf dz +/ [} d:v) X
B, B,
p!l-—i! r(g—1 )11—3)
ar ar
X (/ lu| A1 d:c) (/ ufot? da:)
B, B,
< K% (B, + C*)icgl—i)p/ o p(a-1)(1-8)p/ar

< Ko (B, + 0,) "+ -0p/arya-1)(-Dplar (2.5)

—16 -
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where

K=ILomax |1, (ess sup/ |u|)""1 d:c)
By(e)

1LY

P
X1 1)

(t.T)
At g
16 ‘1))”

< Lo max <1 ) (meas Bp(T)) %(X%_l) (b(T)) atl

Returning to (2.3) and applying once again the Holder inequality, we
have from (2.5) that if

Q=

T = -~ ~ - -~
x ( /t ,lpzzfi Ko (B, + €,) 0Ol arp(a-1)(1-0)p/ar dr)

p_1 -
<__E) Pope-1)(1-0)p/ar o

T p'gr T |7 P 56 H up
X ‘/t‘ (Et + Ct) dr [ (|pt lp__l 14 p(T)) dr

6.1
< MA(t) ( d(id"*'_c)_> b(q—l)(l 8)/ar (E+ c)i e
(2.6)
for a suitable positive constant L and the exponent
_ 1
(1-6)(1 - (p/ar))
To obtain (2.6) we have assumed
6 1-6
b + <1, (2.7)
r qr

—-17-
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p
Y11 >1 (2.8)

1
r _ 1
A(t) = ( /t (‘pt; — p“P(f))“ dr)“p < . (2.9)

Inequality (2.7) is safely fulfilled if 1 < gr, which is always true. We have:

(a+1—r)<r(a—)\)¢>r(a+1—/\)>a+1®(r—1)(a+1)>1v\.

The last inequality holds just due to the choice of r. Inequality (2.8) follows
from (1.4). To satisfy (2.9) one has to take p small enough, since the
condition of convergence of the integral A(t) is:
uﬂM%—U+M%>—u—%1—ﬂﬂiiﬂ.
(= A)r

So, we have obtained an estimate of the following type:

p-1
d_(E_-i—_C_)) (210

il < L A@)D ()@ DO/ (B 4 ) (' &

where L; is a universal positive constant, D(u) is the total energy of the
solution under investigation and

8 1-6
yi=1l— 2 ———€(0,1).
p ar

Let us estimate jp. For this purpose we use the interpolation inequality

4 —_
[ollass8, < Zo (I9%l,,5,+ # Molrias,) oz, (1D

with a universal positive constant Lo > 0, the exponent

(et YN -r(N-1) p
T~ (N+r)p-Nr a+1’

- 18 -
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and § from (2.4), which holds for each v € W'P(B,). Similarly to the
previous estimate, using (2.11) we have:

/ |u|*t! dz <
8B,
<L / |Vu|pdz+/
B, B
g-1 (1-38)(a+1)

1
8 ( / |u|A+1dm)q ( i Iul““dz)q Kt/
B, B,

Here K is defined as before. If

s!a+1!
P
[uM? dz) X

P

s(a+1)+(1—3)(a+1) <

P qr L
s(a+1)+ (1-s)(a+1)+(q—1)(1—s)(a+1) 51,
P qr qr

and since always |n,| < 1, this inequality implies

T
/ |nr| d‘r/ [u[*ttdr
t 0B (~)

72| =
. !q—l!!l—s!!a+1!
< L(¥(T)) T x
T ~ s(a+1)  (1—s)(a+l)
x ( / KB (g, 4 c,) ST -lnf|dr)
t

< L(E + C + (T, Q)) (b(T, Q)" / T(Ks(a+1)/3p)= dr
t

with the exponents

K:i=1-—

s(a+1)+(1—3)(a+1)+(q—l)(l—s)(a+1),
p qr qr
1
_s(a+1) (1-s)(a+1)’
p qr

£ =
1

—-19 ~-
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To perform this estimate we have assumed that

s(a+1)+(1—s)(a+1) <1
D qr

and
s(a+1) + (1-8)(a+1) + (g— 1)1 -8)(ax+1) >1.
p qr qr

The first one of these two inequalities is a simplified version of (2.7). As
for the second one, a direct computation shows that it is equivalent to the
inequality

r_<_a—IZ—-.

p—1

Recalling the choice of r, we have to claim:

1+A<a

9

which is the hypothesis (1.14).

We now turn to estimating the left-hand side of (2.1). By (1.2)-(1.3) we
have at once that

is+ig> My |E+C+—2— etz | |
a+1 Bp(T)

M4=min{M1;M3;Z—:—_-I}.

Since the right-hand side of (2.1) is an increasing function of T, we may
always replace i; by (o/(c +1))5(T) in the left-hand side of (2.1). Now,
assuming that T — ¢ and D(u) are so small that

w [T (ra(et)/ipye M,y
L(b(T, ) /t (Ko D/7) ar < T2

we arrive at the inequality

E+C<E+C+bT,Q)

3

-1
_dE+0)\F
dt

ShAmD@yrnquqE+cyﬂ(
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whence we get the desired differential inequality for the energy function
Yt):=E+C

Y /(=) < e(t)(-Y (1), (2.12)
where

e(t) = (Ll(M*)(q-l_)(l—a)/‘l"A(t))Ff—f , Li=const>0,

for M, := D(u). Note that c(t) — 0 as ¢ — T. Moreover, the exponent
7p/(p — 1) always belongs to the interval (0,1). Indeed, the inequality
7p/(p — 1) < 1 is equivalent to gr < p which, in its turn, is equivalent to
our basic assumption p > X + 1.

2.3 The energy differential inequalities. Domains of types (a), (b)

In these cases the differential inequality for the energy function E + C
is derived in same way that in the case (c) but with certain simplifications
due to the choice of the domain P.

Let us begin with the case (b). Let
P = {(z,1) | |z — 20| < p+06, 0 €(0,T)}, p>po>0.
The unit outer normal to 9;,P has the form

- 1

— __170'5 (1,-o)

and if we treat now the energy function Y := E + C as a function of p, we
have:

dY(p) _

dp
d T p+oé

= do/ TN_ldT/ J| (IVulP + [uA 1 d
dp {/(; 0 331| [ (1vuf? + ful )L=(r.w) “

T
= [ a0 [ o+ ey Hai(wur + wpe)|
0 8B,

=/ (IVulP + [u**1) dT d6.
9, P

dw

z=(p+o6,w) }

(2.13)
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Following the above scheme for estimating the term j; in (2.1) and
applying (2.13), we arrive at the following inequality

gq—1)(1-6 T (1 9)
1< (28] A 2 [0,

Let r be such that 16
9 + (__—__)I_) =1

qr
Such a choice is always possible, since

5. L0 _, po PLTA)
qr pta—2A

and the last equality is compatible with the conditions p > 1+ A a> A
and the starting choice of 7: 7 € [1+ A, 1+ a]. The estimate for j; the
takes the form

Ko dEN 7 (g-1)(1-6) 1
51l < —1—\/—%—;5 (a;) T @) T (E+C)7TP

with an arbitrary € € (0, (g —1)(1 - 5)/47‘)

The estimate for js is the same that of the case (c). The only difference
is that now we need not claim that T is small. The value of the coefficient
in the estimate for jo is controlled now by the choice of o, since nr =
—o/v/1+ 2. Due to (1.8) we have jz = 0. At last, we estimate j4 with the
help of the Young inequality

sl < r0+ 1) [ 17D azas.
P

Gathering these estimates, we arrive to the inequality
Y(p) < co)u= 2 (o) (¥ () TP + (o), £ > po
with the coefficient
c(p) = p69K (D(u)) (g-1)(1-6)/qr—¢

and the right-hand side term

/ |u0la+1 dz + L(T)/ |f|(A+1)/A dzdd.
Ry(20) P

F(p) =

a+1
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It is easy to see now that the function

7 = Yp(l-e)/(P—l)(p)

satisfies the inequality

1

1+e’
(2.14)

In the case (a), the desired inequality (2.14) for the energy function
Z(p) := (E + C)P(1+)/(P~1) defined on the cylinders

Z7(p) <

pg—+1€) cp/(p—l)zl(p) +Fp/(P—1)(p), pP>po, Y=

P={(z,t) ||z —zo| < p, t >0}

is a by-product of the previous consideration, since the term j5 of the right-
hand side of (2.1) vanishes.

8. Analysis of the Differential Inequalities

8.1 The main lemma
The proofs of Theorems 1-3 are framed by the following general assertion.

LEMMA 1.— Let a function U(p) be defined for p € (po, R), po > 0 and
possesses the properties:

0<U(p) <M =const, U'(p)>0

and
AU*(p) < Gp™%U'(p) + ¢(p) as p € (oo, R) (3.1)

where R < 00, s € (0,1), A, G, § are finite positive constants, and ¢(p) is
a given function. If the integral

i(p) = / * o5 (0 = po) (=) () dor
P

0

converges and the equation

(p— po)(1+5)/(1—s) { (M)li,

cirs) - é—i(p)} =M (32

has a root ps € (po, R), then U(pg) = 0.
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Proof .— Let us consider the function

1

z(p) = (g%i—;%)l_—: (p — po) 18/ (=)

satisfying the conditions
A*=Gp~%7 as pe (po, R), z(po) = 0. (3.3)
Introduce the function

®(p) := exp (—%4- /: o’ do /: (6U + (1 - 62)) s-1 dG)

and observe that always
1
U?-2°= / (U +(1- Gz))’—1 do(U ~ z).
(i}

Subtracting now termwise equality (3.3) from inequality (3.1) and mul-
tiplying the result by the function p—¢ G™1&(p), we get:

&
L iu-28) 2 -2 2. (3.9
Integrate inequality (3.4) over the interval (po, p):
U6) 2 =(6)+ 53 U(60) - g3 / "o a(o)p0)de.  (35)

Let us relax (3.5), having rewritten it in the form

1 f7 5
M2>U(po)— 5 | o°¢lo) x
Po

X exp (% /: rdr /OI(OU(T) +(1- O)z(‘r))’—'1 dG) do

and then make use of the following relations:

exp (% L rar /0 C6U () + (- a)z(f))’"ldo) <
< exp (% /10(1 -6)"1dg /Up 22 1(7) dr)

oo ([ 255 e (i () - 25
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In the result we have

05 U(p0) s M~ () {1- & [ #ED 4o

e 2(9)
1
_ —s) ) (Al —s)\I=s _i(p) | (3.6)
=M- (p - PO)(1+6)/(1 ) (G(l T 6)) -G

= F(p).

Assuming existence of some p, € (pp,R) such that F(p,) = 0, we get
U(po) = 0.

3.2 Proofs of Theorems 1-3

We begin with the proof of Theorem 1. One has just to verify that the
conditions of Lemma 1 are fulfilled. Assume ug(z) = 0 in a ball B,,(z0)
and f = 0 in the cylinder P(0,p), having this ball as the down-base.
Let R > 0 be such that P(0,R) C Q, and the integral I defined in the
conditions of Theorem 1 is convergent. Assuming the restrictions on the
structural constants listed in.the conditions of Theorem 1, we derive for the
corresponding energy function inequality (2.14). By Lemma 1, we see that it
is sufficient to point out a threshold value of the total energy M~ (1+e)/(p—1)
such that equation (3.2) would have a solution p,. Recall that in the case
of inequality (2.14) the coefficient G of inequality (3.1) depends only on
structural constants and the energy MY (1+e)/(p _1), but does not depend on
t. So for the function F(p) defined in (3.6) satisfies

F(p) > -0 as M —0,

for each p € (pg, R) fixed. Further, G is a linear function of the argument

Mf(1+€)/(p_1) so that G - ccas M — 00, G — 0 as M — 0. Then from
(3.6), having just compared the orders of M of positive and negative terms
of F(p), that

F(p) >0 forlarge M.

This means that F(R), being viewed as a function of M, is always nonneg-
ative for small M, which proves the theorem. D

The proof of Theorem 2 literally repeats the arguments just presented.
The only difference is that now one has to add condition (1.14), needed for
the derivation of (2.14).
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For the proof of Theorem 3 we assume that the value of T is taken so as
to satisfy P C Q. Remind that the coeflicient ¢(¢) in inequality (2.12) may

be estimated from above by £ := ¢(0). Introduce the function

2(T-1):=Y(2).

Since it satisfies the inequality

P/P-V(4) < £'(t) aste(0,T), 2(0)=0, 2(t) € [0, D(w)], (3.7)

there remains to apply Lemma 1 with i(p) = 0 to complete the proof of

Theorem 3.0

4. Final remarks

1) The conclusion made in Theorem 3 via Lemma 1 is too implicit. In order
to make evident the dependence between the parameters t*, T' and M, let
us integrate inequality (3.7) over the interval ¢ € (t1,%2) C (0,7). Then

1—k
7 (t2 —t1),

217 () < 2R (L) -

where

£ = (LA@)ME DO/ 52T = goppmo

p (g-1)1-6)
p—-1 qr '

Ko =

It follows then

1—-k V4

1-x 0 14+Kk+Ko

1) — | — M, —1i2+t
i (1) 0Mf° (l—n * 2 1)

and, hence, 2(t) = 0 if
£o

t>t*= <T—1—M*1+"°"°) , 0<t*<T.

- K

Therefore, for each 0 < T' < 0o and M, such that

1
— TFro—r
M, < (1 “T) Fro=r

o

- 926 —
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we get that u(z,t) = 0 in P(t*,0) if D(u(z,t)) < M, and t* is given by
(4.1). On the other hand, it is clear that if u is weak solution of equation
(1.1) with the property:

sup D(u(-,t)) < M = const < oo
0<t<oo

there always exists t* < oo such that u(z,t) = 0 in P(t*,0).

2) The estimates for the total energy D(u) may be obtained by adding
some additional conditions for defining u, say, the boundary conditions
00 x (0,T). As an example, one can consider, for instance, the boundary-
value problem (P) which consists in finding a function u satisfying the
following conditions

F) a-—1
—(-lLlat—u) — Div X(z,t,u, Vu)+ B(z,t,u) = f(z,t) in Q,
u(z,0) = up(z) on N,
u(z,t) = g(=,t) onTp x (0,T),
—_
A(z,t,u,Vu)- 7 =0 onTy x(0,T),

where
TgUTy =09, feLi+tN/A(Q),

up € L*tH(Q), g€ I?(0,T; wiP(Q)) nWh®(Q) (for simplicity).

To establish the existence of a solution for this problem one needs
additional structural assumptions on A and B. For instance, let us assume
that A and B are monotone

(A(:l:,t,s,p1) - A(zvt)‘sapZ)) : (pl - P2) >0,
(B(a:,t, 81) — B(w,t,32))(31 —82)>0

for each s, s1, 32 € IR, p1, ps € RY and 4 and B satisfy certain growth
conditions. Under these assumptions the existence of a weak solution to
problem (P) was proved in [17].

8) With the use of Theorem 2 and the estimate of the total energy in the
case when 2 = RY one may obtain the so-called property of “instantaneous -
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shrinking of support” which was found by the first time in the paper by
Evans-Knerr [14] for a very particular case of equation (1.1) (see also [18]
for certain generalization of this result).

4) As follows from of Theorem 3, solutions of problem (P) possess the
property of “formation of a dead core”, already known due to [8] and [11]
for a special class of problems like (P). It was assumed that 'y = 0,9 > 0
and ug > 0, proving that the vanishing region (the dead core where u = 0)
was located far from the initial plane ¢ = 0 and the lateral boundary of Q.

5) Let us present an example of the direct estimating of total energy in
terms of the input data. Consider the Dirichlet problem

u = G(z,t) on the parabolic boundary of Q. (4.2)

Set in (1.5)

§(=,0) = &,(6) / (u(z,s) — G(z,5)) ds,

where £, T, are determined in (2.1), and G(z,?) is a function continuing
the initial and boundary data into Q. Proceeding now like in section 2, we
get the estimate

D(v) := b(T, Q) + /; (|VulP + [u**1) de dt

<K

sup/ |G(= t)|da:+/ (IVGP +

t<T

+ |G |HN/AHA=a) G+ 4 |1/ gy ay

where K = K(a, A, p, M1 — M4), and, additionally to (1.3),
V(z,t,8) €2 xRT xR |o(z,t,8)| < Ma|s|*,

and A<a<1l+a.

Note that in the case of model equation (1.6) the latter restriction on the
parameters of nonlinearity has the form

Y<1<14m
and, so, it is always fulfilled.
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In the Cauchy problem
u(z,0) = ug(z) aszeR=RY

for equation (1.1), those solutions which vanish as |[z| — oo, possess the
estimate

D)< K [/ |uo(z)|* d:c+/ |f(z,t)|(1+*)/*dzdt]
a Q

with K = K(a, A, p, M1, M3).
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