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A problem of minimization with relaxed energy(*)

ReseB Hapur(!) and FenG Zrou(?)

RESUME. — On généralise un résultat de F. Bethuel et H. Brezis con-
cernant un probléme de minimisation avec 1’énergie relaxée. On montre
que l'infimum n’est pas atteint et on étudie aussi le comportement de la
suite minimisante.

ABSTRACT.— We generalize a result of F. Bethuel and H. Brezis
concerning a minimization problem with relaxed energy. We prove that

the energy infimum is not achieved. We also study the behaviors of the
minimizing sequence.

1. Introduction
Let £ be the unit ball in R® and S2 be the unit sphere. Set
HY(Q,5%) = {u € HY(Q,R®) | u(z) € S? a.e.}

and R}(Q, S%) = {u € H}(Q, S?) | u is regular except at a finite number of
singularities}.

Let f be in R}(Q, S?) which is singular at {ay, ..., a;} with the degree
dy, ..., dj, respectively. The degree d; of f at the point a; means the
topological degree in Z of f restricted to a sphere centered at a;. By

continuity it is independent of the choice of the sphere. For any ¢ €
Hy(52,5%), we define the degree of ¢ by

deg(p) = ﬁ /S | Jac()

(*) Regu le 21 avril 1994
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which coincides with the topological degree of ¢ when ¢ is regular mapping.
If u € H'(2,R®), E(u) denotes the Dirichlet energy of u:

E(u) = / qu|2 dezdydz.
Q
We consider the following minimization problem:
a:inf{E(u—f),uECl(ﬁ,Sz)}. (1)

It is well known that a > 0 if d; # 0 for some i € {1, ..., k}. This is
due to the fact, proved by R. Schoen and K. Uhlenbeck in [SU1], that f can
not be approximated by smooth maps. In this paper, we will prove that for
some specific functions f, the infimum in (1) can not be achieved and we
study some properties of the minimizing sequence of (1). The general case
is still an open problem.

Our main result is the following theorem.

THEOREM 1.— Suppose that f(z) is ¥ (z/|z|) where ¥ is a non constant
mapping in H'(S?,S?), then the infimum in (1) is not achieved and every
minimizing sequence converges strongly in H! to a mapping of the form
¢(z/|z|) such that ¢ is a regular mapping from 52 into S? with degree zero.

The problem was originally studied by F. Bethuel and H. Brezis in the
case where f(z) = z/|z|. For the study of this problem, it is convenient to
introduce the relaxed energy associated to (1) as in [BB] or [BCL].

Let u be in H(, S?), the vector field D(u) is defined as follows [BCL],

D(u)=(u-uy Az, u-u; Atg, U~ Uzg Atty).

Consider

L(u) = L sup [ D(uw)VE, €:Q-R,, ||V e <1,&|5q=0. (2)
4r 0

Note that L(u) makes sense for any u € H!(f,S?), since D(u) €
L'(0,IR?). In the case where u is in R!(f,S?), L(u) coincides with
the length of a minimal connection between the singularities “ allowing
connection to 8 ” (see [BBC]). We know that L(u) is continuous for the
strong topology of H!. The relaxed energy associated to (1) is following:

F(u)=E(u— f)+8nL(u). (3)
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For the proof of Theorem 1, we need the following theorem, whose proof
uses the same argument as in [BBC].

THEOREM 2.— F satisfies:
(a) F is Ls.c. for the weak topology of H', then

inf{F(u) | u € H'(Q,5%)}

s achieved;

(v) inf{B(u— f) | v € C1(®, $7)} = min{F(u) | u € HY(2,57)};

(c) for any v € H(R,S?), we have F(u) = inf{liminf E(u, — f)},
where infimum is taken over all sequences (uy) of C1(R,S2) which
converges weakly to u in H(Q,S%). (The ezistence of a such
sequence is given by a result of [B].)

‘We use also the following Lemma 1 which plays a crucial role in the proof
of Theorem 1. This lemma is called “construction of a dipole function”. It
is due to T. Riviére [R]. Here we give a finer estimate.

LEMMA 1.— Let u and f be two regular mappings in H'(f, S?) and
u 1s not constant. Let xg be any point in Q such that Vu(zg) # 0, then
V p > 0 there ezists v € H1(Q, S?) such that:

(i) v = u outside B,(zo),
(i) v is Lipschitz except at two points singularities p and n in Bp(xo)
of degree +1,
(i) E(v—f) < E(u— f)+ 8x|p— n|.
The outline of this paper is as follows: section 2 is proof of Lemma 1 and
section 3 is proof of Theorem 1.

2. Proof of Lemma 1

The dipole construction was originally introduced by H. Brezis, J.-M.
Coron and H. Lieb in [BCL] for the calculation of minimum of the Dirichlet
energy among the maps in H(f2, S?) which have fixed isolated singularities.
It has been extensively used to study the minimization problem with relaxed
energy. In [R], T. Riviére generalized the construction of a dipole function.
For the convenience of readers, we will recall his construction and we will
take the same notation. The proof of Lemma 1 consist of several steps.
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2.1 Construction of a dipole

We may as well assume that Vu(0) # 0. We can always choose a basis
(2, 7, k) such that (see [BC]):

va(0) £ 0, ua(0)-uy = (0). (4)

Let § be small enough and p = (0, 0, §) and n = (0, 0, —§). We denote
by Cs the cylinder centered at 0, of axis 0z, of radius 262 and of length
2(6 + 6%). We divide C; into three smaller cylinders, C5 = cs Uch U ¢}
where:

cs = {(z,y,2) € Cs | —§+8<2< 6—-62}
G ={(2,y,2) €Cs | 2> 66}

cg: {(w,y,z) €Cs|z< _6+62}.

We denote also by 71 (resp. #~) the radial projection centered at p
(resp. n) onto the boundary of the cylinder ¢; (resp. c}). Let a = ux(0)
and b = uy(0).

For & sufficiently small and z € [—6 + 62, 6§ — 62], we consider the two
following regular unit vector fields:

) = uz(0, 0, 2)
)= a0, 2] ®
and
K(z) = u(0,0, 2). (6)

Since u takes its values into the unit sphere, it is clear that I(z) and K (z)
are orthogonal. If b # 0, J(z) is choosed such that (I(z), J(z), K(z)) be
an orthonormal basis having the same orientation as (a, b, u(0)). b =0,
J(z) is chose such that (I(z), J(2), K(2)) is direct orthonormal basis.

The dipole function denoted by u® is defined as follows: V (z,9,2) €
Q\ GCs, ué(:c,y,z) = u(z,y,2), V(z,9,2) € cg (zesp. <), u® is the
composition of the radial projection 7% (resp. 7~) and the value of u
on Bcg (resp. Oc}) and for any (z,y,2) € cs, let u®(z,y,z) be the map
constructed by H. Brezis and J.-M. Coron in [BC], that is: let (r,6) be the
polar coordinates of (z,y), if r < §2:

w(z,y,2) = (21(2) + yJ(2) — AK(2)) + K (2), (7

22
A2 4 o2
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where A = c§* (c will be fixed later) and if 62 < r < 262,
ué(:c,y, z) = (A1r + B1)I(z) + (A2r + B2)J(z) +

+ \/1 — (417 + 31)2 — (Azr + B2)2K(z),

(8)

where A; and B; depend only on 8 and é and are determined in such a way
as to make u% continuous on 2. More precisely:

2624; + B; = ui(262 cosf, 26%sin#, z) fori=1,2;

2062

2 _ .

6“A1+ By = 21 5h cos 6 ; (9)
2262

2 — :

6A2+Bg_/\2 5 sinf,

where u’ is the i-th coordinate of u in (I(2), J(z), K(2)).

2.2. Asymptotic analysis of v’ as § tends to zero
We recall here some estimates obtained in [R]. Set
c5(i) = {(z,y,2) € c5 | r < 67},
cs(e) = {(z,y,2) €Ecs | 62 <r < 26%}.
By (9), we have:
2624; + B; = u*(0, 0, z) + 26%u (0, 0, z) cos 6
+ 262u§(0, 0, z)sin 6 + o(6%),
and u;(0, 0, 2) =0,for i =1, 2.
Moreover, we find:

uz(0, 0, 2) = |a| + O(6),
uy (0, 0, z) = O(6),

10
uf,(o, 0, z):O, ( )
uz(oy 0, z) = |b| + 0(6) .
Therefore
A1 = 2(la] — ¢) cos 8 + O(5),
B = 26%(2¢ — |a|) cos 6 + O(63), (11)

Ay =2(|b| — ¢) sin6 + O(5),
By = 26%(2¢ — |a|) sin 6 + O(63).
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We obtain exactly in the same way that:

A1g = —2(la] — ) sinb + O(6),

Big = —26%(2c — |a]) sin 6 + O(63),
Agg = 2(Jb] — ¢) cos 8 + O(6),

By = 26%(2¢c — |b]) cos 6 + O(83).

For (z,y,2) € cs(e) we have:
w1 =0(8%), w2 =0(2) and w53 =1+0(8?),
udl = 0(6%), w$?=0(6%) and «&%=0(8%),
ud® = 0(6?), %u§’3 = 0(8?).
2.3 Proof of Lemma 1 completed

In [R], T. Riviére has obtained the following estimate:

E(®) < E(u) + 1676 +

+ 885 [4c2 — (la? + B]? + 8c2 — 4c|a| — 4cfb) In z] +

+ 0(-6%1n(8)) .

We claim that:
/ vu“Vf:/ VuV§ + 0(5%).
Q 0

(12)

(13)

(14)

(15)

(16)

(17)

Once the estimate (17) is proved, the assertion (iii) of Lemma 1 follows

by choosing ¢ = 1 max(|a|, |b|) as in [BC].
2

Proof of (17).— Let f* be the i-th coordinates of f in (I(z), J(2), K(2)),

then we have:

Cs

where (- ) denotes the scalar product in RR3.
Indeed,

/ VWSV = |C5|VuSV£(0) + O(8%)
Cs

VuPV§ = 8x6° (lalf2(0) + BIF2(0) + K'(0) - £:(0)) +O(6%), (18)

= 8n(8 + 67)6* (uz - F2(0) + uy - £(0) + uz - £2(0)) + O(6°).
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On the other hand, since (I, J, K) is an orthonormal basis, combining (5)
and (6) we have:

ug - f2(0) = [a|I(0) - £2(0) = |a|£2(0)

and

uy - £(0) = [b|£5(0).

Thus (18) follows. Secondly, to estimate the left hand side of (17), we claim
that:

/ VubV§ = 865 (|alf1(0) + [IF2(0) + K'(0) - £.(0)) + O(5%),  (19)
& _ 6

/;gVu V7§ = 0(69), (20)

/ X VuSVf = 0(6°). (21)

Verification of (19): for the simplicity, we denote by 4 = A2 + r2. We
write:

vulvf = vulvf+ VuiVE=TI+1I,
C5 Cs(i) 65(8)

SO

1= / JREIETIRRAY (22)

But in the cylinder cz(3), by (7), we have:

2
de=2((1-B) - 2p).

Direct computation shows that:
[ it = amefi 6 + 0(5%);
es(?)

we get also:
/ ud f, = 4mcf2(0)8° + 0(6°).
es(3)
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By (7), we have:

P2t 2hy 72 — A2

u; = —I'(z) A J( ) A

A T KG)

which implies that:
[ it = 2ms (1) £0) + O(5%).
es(i)
Therefore,

I = 4xé6® (cf;(o) +cf2(0)+ %K'(O) . f’(0)> + 0(6%). (24)

In the exterior domain cs(e), we estimate II as above. First, we have:

uf, = /
‘/‘:6(5) Z Ci(e)

=1

By (15), it is clear that:

/ 23 - = / <uf’3 cosf — lug,s sin 0) 2 =0(69%.
cs(e) cs(e) 4

Using (11) and (12), we find:

/ ui?fl = / (Az cos 6 — <A29+ @) sin0> 2
C5(e) c&(e) 7r

2(1] —
- / ( )M £2 sin(26) = O(6°).

T

/ ug’lf; = / (A1 cosf — (Alg + El—g) sin 6) f;
cs(e) cs(e) 4

= 4n(2]a| — c) £2(0)8° + O(6°).

/c © ué £y = 4m (208 — ) £2(0)6° + O(5°).
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For the last term, combining (13) and (14), we obtain:

b _ 6,3 71 . 6
/c,(e) vete = /ca(e) ) e x 007
= 676 (K'(0) - £,(0)) + O(6°).
Finally,
IT = 8ns° ((|a| ~£) 720 + (B~ 5) £20) + 3K'(0)- fz(o)) +0(8%).
(25)
Together with (24), we get:

| V'V =88 (alfo(0) + A (0) + K'(0) - £:(0) + O(6%),  (26)
s
and the claim (19) is proved.

Verification of (20): we divide ¢} into two parts. Let G be (x+) -1 (6N
(8Cs)), G is a litter cone of vertex p. Let H be the complement of G in cg,

thus
/ v«ﬁw:/ Vu5Vf+/ vulvyE.
c? G H

u$ = won 8H \ (8G N 8H), since u is regular, we conclude that:
[ vusvs =066, (27)
H

and 3G\ (8GN H) is the horizontal disk D,s2 centered at (0, 0, § —§%) and
of radius 262. We have Dys2 = Dg2 U(Dys2 \ Dg2). Set G1 = (x1) ™ (Dj2)
and G, = G\ Gi. On Dyg \ Dgz, |Veyué(z, y, 6 — 62)| is uniformly
bounded. Thus

/ vul v = 0(8%). (28)
G2
On the other hand, for any (z,y, z) € G1, we have:

1r+(zyz):<—§i—:c ——é—z—y 6—62)
I §—2"86-27 !
hence

u‘s(:c,y,z) = u(rT (2,9, 2))

22 §2 §2
=i\ (20) + 57— ¥/ (20) — AK(20) | + K(20),
(29)
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where zg = 6 — 62 and 2 = (6*/(6 — 2)?) (2% + y?). We can also write:

2)

37 157 (21(z0) + 37 (20) = NK (20)) + K(20),  (30)

ué(w,y,z) =

where A’ = c§%(6 — z). Therefore,

/ ung:c =
Gy
1) ! 2 ]
2 2z 2zy 2Nz
[ [ () -G+ B o) 5

= / ’ 27c62(8 — z)I(20) - f2(0) dz + O(8%) = O(¢°),

0

(31)
with 4’ = A2 + r2, we obtain in the same way that:
/ uS f, = 0(8%). (32)
Gy
Moreover, by (30), we have:
,,.2, _ /\12 40621‘2/\'2
ud =206 - z)—T-z—'(ﬂl”—’(f‘O) +yJ(20)) + —r— K(z).
Thus
/ uwlf, = 0(8%). (33)
Gy

Therefore the estimate (20) follows from the combination of (27), (28), (31),
(32) and (33). In the same way, we can establish (21). The claim (17) is
then proved.

COROLLARY 1.— Suppose that u is a mapping in R (R, S?) with non
zero degree, then u is not a minimizer of (a) in Theorem 2. In particular,
we have:

o =inf{E(u - f) |u € C*(Q, 5%)} < 87L(f). (34)
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Proof .— Assuming our assertion fails. Let u be a such minimizer. By
Lemma 1, there exists a dipole function v in R!(Q, S?) such that:

E(v - f) < E(u— f)+8xlp—n],

where {p, n} are the new point singularities of v.

Moreover, we can place the points p and n such that L(v) = L(u)—|p—n|.
That means

(v~ f) +87L(v) < E(u~ f) + 8xL(w),

which contradicts the fact that u is a minimizer.

8. Proof of Theorem 1
For the proof of Theorem 1, we use the following lemma due to [BB].
LEMMA 2.— Let
= inf \Y - ¥)|? ,
B =in /s2| (¢ — ¥)|

where A = {p € H'(S?,5?) | deg(p) = 0} and V1 denotes the tangential
gradient. Then o = S.

Proof of Lemma 2.— Let ¢, be a minimizing sequence for 8, i.e.:
' 2
deg(pn) =0 and [ [Vr(p— 9 =p-+o(1),

since C1(S2, S%) is dense in H1(S52, S?) (see [SU2]) and the function deg(y)
is continuous for strong topology of H!(S?%, S%). We can as well assume
that ¢, € C1(S2%,S%),Yn eN.

Set v, = @n(z/|z]), then v, € H}(RQ,S?%) and v, € C*(Q\ {0},5%)
with deg(v,,0) = 0. Thus we can construct (by [BZ, Lemma 5)) a sequence
wn, € C1(R, S?) such that ||vn - “’"”Hl — 0 as n — oo. Therefore

I ACRNE)
W AMCSIE))

= [ 192on =) +0(1) = 8+ o(0).

2

2
+o(1)

- 589 —



Rejeb Hadiji and Feng Zhou

Thus o < 8. On the other hand, we have:

L (=) 2 7= (-+()

Y v € C1(R, S%), which proves Lemma 2.

2

2B,

Proof of Theorem 1 completed.— Let u be any minimizer of (4). By
Theorem 2, there exists a sequence (vp,) € C1(f, S?) such that v, — u
weakly in H! and F(v,) — F(u). Moreover vy, is also a minimizing sequence
for a (see (b), Theorem 2). Thus,

a+o(1):/n‘v (vn—zl)(

2

a[a

2 2
JACRIE)
2ﬂ+/ﬂ %';—”2

Using Lemma 2 and passing to the limit, we obtain that du/dr = 0.
Therefore u is the form of w(z/|z|) with w € H'(S?, S2%). We deduce from
Corollary 1 that deg(w) = 0. Since L(w(z/|z])) = |deg(w)| = 0 ([BB,
Lemma 3)]), v, — w(z/|z|) strongly in H'. Furthermore w realises the
infimum for 8. In fact, we have:

p=e= I (v () = L=

By a result of [M] (see also [SU1]), w is a regular function. Using the fact
that 8 = o and 3 is achieved and

/n VFP > 87L(f),

We conclude as in [BB] that « is not achieved.
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