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Shearing hyperbolic surfaces,
bending pleated surfaces
and Thurston’s symplectic form(*)

FraNcis Bonanon(l)

RESUME. — L’article présente un systéme de coordonnées locales holo-
morphes pour l’espace des variétés hyperboliques de dimension 3 qui
ont le groupe fondamental d'une surface. Ces coordonnées dépendent
du choix d’une lamination géodésique sur la surface, et forment une
complexification des coordonnées de décalage introduites par Thurston
pour l'espace de Teichmiiller. La partie imaginaire de ces coordon-
nées mesure la courbure d'une surface plissée réalisant la lamination
géodésique. De plus, nous montrons comment ces coordonnées sont re-
liées, par 'intermédiaire de la forme symplectique de Thurston sur l’espace
des laminations géodésiques mesurées, a la fonction longueur complexe et
4 sa différentielle.

ABSTRACT.— The article develops a system of local holomorphic co-
ordinates for the space of hyperbolic 3-manifolds with the fundamen-
tal group of a surface. These coordinates depend on the choice of a
geodesic lamination on the surface, and are a complexified version of
Thurston’s shear coordinates for Teichmiiller space. The imaginary part
of these coordinates measures the bending of a pleated surface realizing
the geodesic lamination. We also show how these coordinates are related,
via Thurston’s symplectic form on the space of measured geodesic lami-
nations, to the complex length function and to its differential.
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Introduction

Given two hyperbolic metrics m; and my on a closed oriented surface
S, W. P. Thurston described a way to pass from one to the other, called a
left earthquake ([Th2], [Kel], [EpM]). Such an earthquake has a fault locus
A which is a geodesic lamination, namely a closed family of disjoint simple
my-geodesics in S. The earthquake process splits S along A, then glues
it back together so that any two pieces of S — A are shifted to the left of
their original position with respect to each other. In this way, we obtain a
new surface S’ which is homeomorphic to S, and where the metric of S — X
uniquely extends to a hyperbolic metric which is isotopic to mqy. If k is an
arc transverse to A, the amount by which the pieces of S — A meeting &
are shifted to the left with respect to each other associates to k a number
a(k) > 0. It turns out that the map k¥ — a(k) is countably additive, so that
« defines a transverse measure for A. The combination of A and o forms
what is known as a measure lamination. It is quite remarkable that this
measured lamination completely determines the earthquake and is uniquely
determined by the metrics m; and ms.

In the first half of this paper, we consider a generalization of earthquakes,
where we allow the pieces of S— A to be shifted to the right as well as to the
left with respect to each other. Thurston calls this operation a cataclysm,
although we will prefer the terminology of shear map. The amount of
shifting to the left again associates a number a(k) € R to each arc transverse
to A, where a shift to the right is counted as negative. However, the map
k +— a(k) is not countably additive any more, but only finitely additive.
This « defines what we call an R-valued transverse cocycle for A.

The R-valued transverse cocycles for A form a finite dimensional vector
space H(A; R) which is well understood, for instance in terms of weights on
a train track carrying A; see [Bo4].

We use these shear maps to parametrize the Teichmdller space T(S) of
S, namely the space of isotopy classes of hyperbolic metrics on S. For this,
we fix a maximal geodesic lamination A; there are various ways to define
this in a metric independent way. Then, we associate to each m € 7(S) a
shearing cocycle oy, € H(A;R) such that, if m; is transformed to my by a
shear map with fault locus A, the transverse cocycle measuring the shifts to
the left of this shear map is exactly o, — 0, . We then prove the following
results.
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THEOREM A.— The map m — o, defines a real analytic homeomor-
phism from T(S) to an open convexr cone C(A) bounded by finitely many
faces in H(A;R).

In particular, given two metrics my, mg € 7(S) and a maximal geodesic
lamination A, there is a unique shear map with fault locus A that sends my
to ma.

The vector space H(A;R) carries a natural symplectic form 7, called the
Thurston symplectic form. The convex cone in Theorem A can be explicitly
described in terms of this form and of the space of transverse measures for
A. More precisely, we prove in section 6 the following theorem.

THEOREM B.— The transverse cocycle H(A;R) is the shearing cocycle
of some hyperbolic metric if and only if T(ca,pu) > 0 for every transverse
measure p for A.

Theorems A and B were essentially proved by Thurston in [Th3], al-
though the connection to shearing cocycles and to the Thurston symplectic
form is only outlined there (see also [Pa2]). The approach we use here is
analytic, as opposed to Thurston’s more topological point of view. One ad-
vantage of this analytic point of view is that it makes it easier to write down
the details of a rigourous proof. But its main advantage is that the tech-
niques developed also apply to another situation, where transverse cocycles
can be used to measure the bending of pleated surfaces.

Indeed, there is another celebrated occurrence of measured laminations,
as bending measures of locally convex pleated surfaces. A pleated surface
with pleating locus the geodesic lamination A is a map f: S — M from S
to an oriented hyperbolic 3-dimensional manifold M such that f is a totally
geodesic immersion on S — A and sends each geodesic of A to a geodesic in
M. Pleated surfaces have proved to be a very valuable tool to study the
topology and geometry of hyperbolic 3-manifolds (see for instance [Thl],
[CEG], [Mi], [Ca]). What prevents a pleated surface f from being totally
geodesic is the fact that it may be bent along its pleating locus A. 1t f is
locally convex, namely if it always bends in the same direction, the amount
of bending defines a transverse measure for A ([Th1], [EpM]). In section 7, we
show how to measure this amount of bending in the general case, expressed
in terms of an R /27Z-valued transverse cocycle 87 which we call the bending
cocycle of the pleated surface f.

The local gebmetry of a pleated surface f: S — M is not modified if we
lift or project it through covering maps. It is therefore convenient to lift

- 235 -



Francis Bonahon

the situation to universal coverings. We can then generalize the notion of
pleated surface by defining an (abstract) pleated surface with pleating locus
the geodesic lamination A as a pair f = ( f p), where p : 1(S) — Isom™ (H®)
is a homomorphism from the fundamental group of S into the group
of orlentatlon preserving isometries of the hyperbolic 3- -space | HB, where
f: S isa pleated surface from the universal covering S of S into
H2, with pleating locus the prelmage X of A, and where f is equlvarlant
w1th respect to p in the sense that f(yz) = p(7)f(z) for every z € S,
v € 71(S). When the image of p acts freely and properly discontinuously
on HB, this is clearly equivalent to the previous definition. From now on,
“pleated surface” will always mean “abstract pleated surface”.

In this generalized sense, a pleated surface also has a bending cocycle
B; € H(A;R/27Z). A pleated surface also has a pull back hyperbolic metric
my on S. We prove in sections 8 and 9 the following result.

THEOREM C.— For every geodesic lamination A on S, the map f —
(my,Bs) induces a homeomorphism from the space of all pleated surfaces
with pleating locus A to the space T(S) x H(A\;R/27Z). In addition, the
space H(A;R/27Z) is homeomorphic to the union of 0 or 1 tori, whose
number and dimension can be explicitly computed from ).

In the particular case where A is maximal, a pleated surface f = (f, p)
with pleating locus A is completely determined by the homomorphism p.
The space of such pleated surfaces is therefore identified to an open sub-
set R(A) of the complex algebraic set of homomorphisms p : 71(S) —
Isomt(H3) = PSLy(C). By Theorems A and C, an element p of R())
is characterized by the bending cocycle By € H(A;R/27Z) of the corre-
sponding pleated surface f, and by the shearing cocycle o € H(A; R) of
the pull back metric my of f. We can combine these two cocycles in a com-
plex cocycle I'y = o + i85 € H(A; C/2miZ), called the shear-bend cocycle.
Because A is maximal, the space H(\; C/27iZ) is the disjoint union of two
copies of (C/2miZ)~3X(5) where x(S) is the Euler characteristic of S. In
section 10, we prove:

THEOREM D.— The map p — T', induces a biholomorphic homeomor-
phism from R(A) to the open subset C(A) & iH(A\; R /27Z) of H(X; C/27iZ),
where C(A) C H(A;R) is the open cone of Theorem A.

It is not hard to see that the two components of R(A) sit in different com-
ponents of the space of all homomorphisms p : 71(S) — Isom™ (H?), because
the corresponding principal Isom* (H?)-bundles are non-isomorphic.
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We have already encountered the Thurston symplectic form in Theorem
B. One reason for its occurrence is that it is strongly related to a certain
complex length 1-form on the manifold R(A). More precisely, given a
hyperbolic metric m on S, there is a unique continuous function £, :
ML(S) — RY defined on the space of measured laminations ML(S) such
that, if @ consists of a simple closed m-geodesic endowed with the Dirac
transverse measure of weight a > 0, £, () is a times the length of this closed
geodesic ([Th1], [Bol], [Bo2]). This length function has a straightforward
extension to geodesic laminations with transverse cocycles [Bo3], where it
can be interpreted as the differential of the original function on ML(S). In
section 3, we prove the following theorem.

THEOREM E.— If a s a transverse cocycle for the mazimal geodesic
lamination A, and if o, € H(A;R) is the shearing cocycle of the hyperbolic
metric m,

(@) = 1(a,0m) .

Similarly, if v is a closed curve on S and if p : 71(S) — Isom™ (H?) is a
homomorphismsuch that p(¥) is a hyperbolic glide rotation, we can consider
the translation length £,(v) and the rotation angle rot,(y) € R/27Z of this
glide rotation. The fact that the rotation angle is defined only modulo 2=
turns out to be a problem, so it is better to consider a tangent vector p
based at p for the space of all homomorphisms 71(S) — Isom™ (H®). Then,
we have a well defined variation rot;(y) € R of rot,(y) € R/27Z, as well
as a variation £;(y) € R of £,(7). If a is the measured lamination on S
consisting of a closed geodesic A, with transverse Dirac measure of weight
a > 0, we can then define £;(a) = af;(As) and rot;(a) = arot;(Aq). Note
that the use of p is necessary for the rotation number to be defined since it
is not possible to multiply an element of R /27Z by a real number.

In section 11, we extend this to the case where « is a transverse R-valued
cocycle for a geodesic lamination A which can be realized by p, namely
which is in the pleating locus of some pleated surface (f, p). We associate
to o and to a tangent vector p at p a rotation number rot;(a) € R. We
show that, for transverse measures, this extension is quite natural because
it is continuous on the open subset of ML(S) consisting of those measured
laminations which are realized by p.

THEOREM F.— Given a homomorphism p : 71(S) — Isom™ (H?) and
a tangent vector p, the map o — rot;(a) is continuous and differentiable
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on the open subset U of ML(S) consisting of those measured laminations
which transversely cross every geodesic lamination that is not realized by p.
In addition, if we interpret a tangent vector & of U as a geodesic lamination
with a transverse R-valued cocycle, the image of & under the differential of
this map is ezactly rot (a).

Theorem F is particular relevant when p is injective and has discrete
image. In this case, there are only finitely many geodesic laminations which
are not realized by p, and U is dense in ML(S) [Bol].

Theorem F is the analog for rotation numbers of a similar result which
we proved in [Bo3] for the length function ¢, (compare [Th1], [Bol]).

We can also combine £;(a) and rot;(«) into a complex length
Lj(a) = £5(a) +iroty(a).

If we fix A and «, this complex length can be interpreted as a closed
holomorphic 1-form on the space of those p that realize ).

As in the real case of Theorem E, this complex length is strongly related
to the Thurston symplectic form and to the complex shear-bend cocycle
Tp=0om PR iBs. Consider a transverse R-valued cocycle o for the maximal
geodesic lamination A, and let p € R(X). If we differentiate the shear-bend
cocycle T'y € H(A;C/27iZ) in the direction of the tangent vector p, we get
a C-valued cocycle I'; € H(A; C). Then we have the following result.

THEOREM G.— For every a € H(A;R), Ly(a) = 7(a,T'y). In particu-
lar,
rot;(a) = (o, Bs) .

All of these results have been stated for a compact connected orientable
surface S without boundary, and most of the paper is written in this context.
However, we can relax these hypotheses by allowing S to be non-orientable
and to have non-empty boundary. For hyperbolic metrics, we have the
option to require that each boundary component of S either is totally
geodesic or corresponds to a cusp. Also, we can allow pleated surfaces
to arrive in non-orientable hyperbolic 3-manifolds, or more generally to
correspond to homomorphisms p from 71(S) to the group of all isometries
of H?. In section 12, we briefly indicate how to extend our results to these
various contexts. These extensions are fairly straightforward. They involve
transverse cocycles valued in various coefficient bundles twisted by the
appropriate local orientations, and satisfying certain boundary conditions.
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1. Transverse cocycles for geodesic laminations

Consider a closed connected orientable surface S of negative Euler
characteristic.

To define measured geodesic laminations on the surface S, one starts by
endowing S with an auxiliary Riemannian metric m of negative curvature;
such a metric exists because of our assumption that the Euler characteristic
of S is negative. Then, an m-geodesic lamination of S is a partial foliation of
S by m-geodesics, namely a closed subset A C S decomposed as a union of
disjoint geodesics which are simple and do not transversely hit the boundary.
Recall that a geodesic is simple if it does not cross itself; it may be closed
or infinite. A geodesic lamination A C S covers only a small part of S, in
the sense that it has Lebesgue measure 0, and even Hausdorff dimension 1
([Th1, sect. 8], [BiS], [Th3, sect. 10]). In particular, the decomposition of
the subset A as a union of disjoint simple geodesics is unique; these geodesics
are the leaves of A.

It turns out that this definition can be made independent of the choice of
the metric m. Indeed, consider another negatively curved metric m’. Every
leaf g of X is quasi-geodesic for the metric m’, and consequently there is a
unique m’-geodesic g’ which can be homotoped to g by a homotopy moving
points by a bounded amount. These m'-geodesics form an m’-geodesic
lamination A/, and this establishes a natural correspondence between m-
geodesic laminations and m'-geodesic laminations.

So, formally, we will define a geodesic lamination as an equivalence class
of pairs (A, m) where A is an m-geodesic lamination for the negatively curved
metric m on S, and where we identify two such (A, m) and (A, m’) when X’
is the m’-geodesic lamination corresponding to . In practice, if there is a
clear metric m under consideration, we will identify a geodesic lamination
to its m-geodesic representative.

A geodesic lamination X is mazimal if it is contained in no larger geodesic
lamination. This is easily seen to be equivalent to the property that the
complement S’ — X consists of finitely many triangles with vertices at infinity.

On the surface S, consider a geodesic lamination A and let G be an
abelian group. A G-valued transverse cocycle for A is a map associating an
element a(k) € G to each unoriented arc k transverse to A, which satisfies
the following properties: « is additive in the sense that a(k) = a(k1)+a(ks)

- 239 -



Francis Bonahon

if we split k into two subarcs k; and ko with disjoint interiors; and ¢ is A-
invariant in the sense that a(k) = a(k’) whenever the arc k can be deformed
to the arc k' by a homotopy respecting A. The reason for the use of the
word “cocycle” is that o defines a 1-cocycle twisted by the local orientation
of A on a neighborhood of A (see [Bo4] and compare sect. 3).

We will mostly be concerned with the case where the group G is either
the real line R or the circle R/27Z. When G = R, a transverse cocycle for
A is just a finitely additive transverse signed measure for A. If, in addition,
the transverse cocycle is non-negative, then it is countably additive (see for
instance [Bo4, Proposition 18]) and it defines a transverse measure for A.
We refer to [Thl], [CaB] and [PeH] for the theory of geodesic laminations
with transverse measures.

A geodesic lamination has relatively few transverse measures, but many
more transverse cocycles. More precisely, let H(); G) be the group of G-
valued transverse cocycles for A, and let x(A) be the Euler characteristic of A,
defined as the alternating sum of the ranks of its Cech cohomology groups
(see [Bo4, sect. 4] for a more practical definition of x(}A)). A relatively
elementary combinatorial argument shows:

PROPOSITION 1.— If the geodesic lamination X is connected, the group
H(X; G) is isomorphic to G~XN)+L i X is orientable, and to G—XN) @
{9 € G| 2g = 0} if X is non-orientable. In particular, if A is mazimal, then
H(X; G) is isomorphic to G=3X(5) @ {g € G | 29 = 0}.

Proposition 1 is proved in detail in [Bo4, Theorem 15] and (essentially)
in [PeH, § 2.1] when G = R, and these proofs straightforwardly extend to
the general case. By comparison, the dimension of the space of transverse
measures for A is at most (3/2) |x(S)| (see [Ka], [Pal]), and is equal to 1
for most geodesic laminations ([Ma], [Ve], [Re], [Ke2]).

We will frequently use another description of transverse cocycles by lifting
the situation to the universal covering S of S, where A has prelmage X. Let
a plaque of S — X be the closure in S of a component of S -

Then, a G-valued transverse cocycle corresponds to a map associating an
element a(P, Q) € G to each pair of plaques P, Q of S —X, and which satisfies
the following three properties: « is symmetric, namely a(Q, P) = a(P, Q);
o is invariant under the action of 71(S) on S; and « is additive, namely
a(P,Q) = a(P,R) + a(R, Q) whenever the plaque R separates P from Q.
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The correspondence is obtained by setting a(P, Q) = a(k), where k is the
projection to S of any arc k in S which joins P to @), is transverse to A, and
does not backtrack in the sense that it meets each leaf of A at most once.

In [Bo4], it is shown that an R-valued transverse cocycle for A is also
equivalent to the analytic notion of transverse Holder distribution for A.
Incidentally, this explains our notation for H(XA; G). A Hélder distribution
on a metric space is a (continuous) linear form on the space of Hdlder
continuous functions on this space. A transverse Hoélder distribution for A
is the data of a Holder distribution on each arc k transverse to A, which is
invariant under homotopy respecting A in the sense that, if the arc & is sent
ot the arc k’ by a Holder bicontinuous homotopy respecting A, this homotopy
sends the Holder distribution defined on k to the Holder distribution defined
on k'.

THEOREM 2 [Bo4].— There is a natural correspondence between R-
valued transverse cocycles and transverse Holder distributions for a geodesic
lamination A, defined as follows. Given a transverse Holder distribution «,
the corresponding transverse cocycle associates to each transverse arc k the
a-integral of the constant function 1 on k. Conversely, given an R-valued
transverse cocycle o, the corresponding transverse Holder distribution is
defined by the formula that, for every Holder continuous function ¢ : k — R
defined on a transverse arc k,

a(p) = / pda = a(k)e(at) + 3 alky) (¢(27) - p(a3)
d

where, having chosen an arbitrary orientation for k, :c;: 1s the positive end
point of k, the sum is over all components d of k — A, kg 1s any subarc of k
Joining its negative end point . to any point in d, and a:}' and z; are the
positive and negative end points of d.

In this paper, the correspondence between R-valued transverse cocycles
and transverse Holder distributions will not be used very much, except in
sections 3 and 11. However, we will definitely use the spirit of this corre-
spondence. In particular, sections 5 and 8 are based on non-commutative
analogs of the formula of Theorem 2. In addition, what makes everything
converge in this paper are the following relatively simple estimates, which
were also among the key ingredients of [Bo3] and [Bo4].
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LEMMA 3.— In S endowed with a hyperbolic metric m, let k be a
simple geodesic arc transverse to the geodesic lamination A. Then there
ts a constant A > 0 and a number N such that every geodesic arc in A
which cuts k at least n > N times has length at least (n — 1)A.

Proof.— This immediately follows from the fact that there is a positive
lower bound to the length of any arc in A going from k to itself. O

Note that, by adjusting the value of A, it is always possible to take N = 2
in the conclusion of Lemma 3. This also immediately follows from the proof
of this lemma. However it is more convenient to state the lemma in this
way, since we will later be interested in optimum values for A satisfying this
precise statement.

Consider a geodesic arc k transverse to A. Two arcs of A — k which are
close enough are parallel with respect to k, namely the union of these two
arcs and of two suitable arcs in k& bounds a rectangle in S.

Now, let d be a component of k¥ — A which does not contain an end
point of k, and consider the two leaves gj and g; of A that pass through
the end points of d. Orient these two leaves so that they determine the
same transverse orientation for £, and identify the correspondingly oriented
discrete sets kN gfit to Z so that the end points of d correspond to 0. The
divergence radius r(d) of d with respect to k is the largest r such that, for
every n € Z with —r < n < r, the arc in g; — k separating the (n — 1)-point
from the n-point is parallel with respect to k to the corresponding arc of
g; —k. By convention, r(d) = 0 for the two components of k — A containing
the end points of k.

LEMMA 4.— There is a uniform upper bound, independent of v, for the
number of components d of k — A of such that r(d) = r.

Proof.— Consider the hyperbolic surface with boundary S — X obtained
from S — A by adding the (finitely many) leaves of A which are adjacent to
it. This is a surface of finite type, with finitely many spikes on its boundary
(see for instance [CaB, sect. 4] or [CEG, sect. 4]). The components of
k — X give arcs in S—A going from the boundary to the boundary (with
the exception of the two components containing the end points of k). Since
S — A has finite topological type and finitely many spikes, these arcs break
into finitely many parallelism classes. By definition of r(d), each of these
parallelism classes contains at most one d with r(d) = r, for every r > 0.
This proves the lemma. O
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LEMMA 5.— If A and N are constanis satisfying the conclusions of
Lemma 3, there exists a constant B such that the length of each component
d of k — A is bounded by B e=Ar(d),

Proof. — This immediately follows from a hyperbolic geometry estimate.
The constant B depends on a positive lower bound for the angles made by
k and A at their intersection points, and on the lengths of the finitely many
components d of k — A with r(d) < N. D

Fix a norm || - || on the (finite dimensional) vector space H(A;RR). Also,
fix an arbitrary orientation for k. As in the statement of Theorem 2, for
each component d of k — A, let kg be a subarc of k joining the negative end
point of k to any point in d.

LEMMA 6.— There is a constant C, depending only on the transverse
geodesic arc k and on the norm || - ||, such that, for every transverse cocycle
a € H(A;R) for X and for every component d of k — A,

a(ky) < C“a” (r(d)+1).

Proof.— We will have to refer to combinatorial arguments in [Bo4].

The components of A — k can be broken into finitely many parallelism
classes with respect to k. This provides a train track 7" carrying A, consisting
of one switch located at k, and of one edge for each parallelism class. A
transverse cocycle o associates a number a(e) to each edge e of T. Namely
a(e) = a(ke) where k. is an arc transverse to A that cuts each arc of the
corresponding parallelism class in one point and avoids A everywhere else.

In [Bo4, Lemma 6], it is shown that, for any component d of k — A, the
number a(ky) is a certain linear function of the edge weigths a(e). This
linear function is determined by the pattern of intersection with & of the
leaves g:i" and g, passing through the end points of d, and its norm is
bounded by a constant times r(d) + 1. The lemma immediately follows. O

2. The shearing cocycle of a hyperbolic metric

On the surface S, consider a hyperbolic metric m and a maximal geodesic
lamination A. Lift the situation to the universal covering S, where A has
preimage A. Recall that a plagque of S— A is the closure in S of a component
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of S — X. Since A is maximal, each plaque of S — X is an ideal triangle,
namely a hyperbolic triangle with its vertices at infinity.

Given two leaves g and h of X, the geodesic lamination p gives a preferred
isometry 89" : g — h defined as follows.

Indeed, consider the closure X of the component of S - g U h that is
adjacent to both g and h. The leaves of X that separate g from h provide
a partial foliation of the strip X, which can be uniquely extended to a
global foliation G of ¥ by geodesics as follows: since XA is maximal, every
component of the complement of these leaves of XinXTisa hyperbolic wedge,
bounded by two asymptotic geodesics; and such a wedge admits a unique
foliation by geodesics, all asymptotic on one side. An estimate in hyperbolic
plane geometry shows that two disjoint geodesics which pass through two
nearby points do so with directions differing by at most a constant times
the distance between these two points (see for instance [CEG, § 5.2.6]). It
follows that the normals to the leaves of G form a Lipschitz vector field on
Y. We can therefore integrate this vector field, to get a foliation H of X
which is everywhere orthogonal to G. Each leaf of H goes from ¢ to h, and
this defines a map 69 h'. g — h. Also, H respects distances on the leaves of G
by the formula for the first variation, and it follows that 9" is an isometry.
Note that 89" = (th)_l.

Now, consider two plaques P and @ of S —X. Let g be the leaf of X
in the boundary of P which is closest to @, and let A be the leaf in the
boundary of @ which is closest to P. Orient h as part of the boundary of
Q) with the orientation induced by the orientation of S. The plaque @ also
determines a preferred base point on h, namely the projection to h of the
third vertex of the ideal triangle @). Similarly, the plaque P determines an
orientation and a base point on the geodesic g. For the oriented isometric
parametrization of h by R which sends 0 to the base point, let o(P, @) € R
be the coordinate of the image of the base point of g under 9% : g — h.
In other words, for the isometric parametrization of g and h defined by the
choices of orientation and base point, the isometry #9% : ¢ — h corresponds
to the map ¢t — o(P, Q) — .

Since 6h9 = (09")—1, o(Q, P) is equal to o(P, Q).
Also, consider three plaques P, Q and R of S — X such that Q separates
P from R. Let g be the leaf of PN\ that is closest to @, h the leaf of QN A

closest to P, k the leaf of @ N X closest to R and £ the leaf of RN X closest
to Q. The map 69¢ decomposes as

09¢ = gkt o ghk o goh |
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Since R admits an isometry exchanging h and k, the orientation-reversing
map 6" sends the base point of h to the base point of k. It immediately
follows that

o(P,R)=0o(P,Q)+0(Q,R).

Therefore, the rule (P, Q) — o(P, Q) defines an R-valued transverse cocycle
o for A, in the sense of section 1. This transverse cocycle is the shearing
cocycle of the hyperbolic metric m.

If we change the metric m to a metric m’ by an isotopy ¢ : § — S, then
@ sends ) to the corresponding m’-geodesic lamination \’. It immediatly
follows that m and m’ have the same shearing cocycles. Therefore, the
shearing cocycle o depends only on the class of m in 7(S5).

We can give another description of the number o(P, @), which will be
convenient later on.

Let XPQ be the set of those leaves of A which separate P from @, and
orient these leiaves to the left as seen from P. Let k£ be an oriented arc
transverse to Apg joining P to Q.

For each component d of k —X, let m}' and z; be its positive and negative
end points, respectively. If d is not one of the components d* and d~
containing the positive and negative end points of k, respectively, then
xdi is contained in a leaf g(‘;‘: of XPQ which is adjacent to a component
of S—\. As before, the component of S- containing d determines a base
point on gdi, namely the projection of the third vertex. Let f: g;t — R be
the unique oriented isometry sending this base point to 0. This associates
two numbers f(x}') and f(z;) to each component d of k — XPQ which is
different from the end components d* and d~. When d = d* or d~, we can

similarly define f(z, ) and f(x}'_).

LEMMA 7.— With the above data,

o(P,Q)=fzl) - f=z)+ Y, (f&f) - f(=7))

d#d+,d—

where the sum is taken over all components d of §—XPQ which are different
from the end components dt, d—.

Proof.— We can parametrize the component ¥ of S—-PuU Q@ that
separates P from @ by a strip R x [a, b] so that the leaves of G correspond
to y = constant and the leaves of H correspond to & = constant. In
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addition, since H respects the length along the leaves of G, we can assume
that this length along G is given by |dz|. Finally, having oriented the
leaves of Apg from right to left as seen from P, we can require that this
orientation corresponds to the orientation by increasing values of  on the
lines y = constant.

By definition of o( P, Q), it is immediate that

o(P,Q) = / de + f(z3) - f(a7,).-

a—

The subarc [md_, + ] of k is the union of kN XPQ and of the subarcs

EXRE2 ], with d ranging over all components of k — XQ p different from

the end components d¥, d~. Since kN X has measure 0 on k, the integral
term can therefore be decomposed as

[Faex [Pu

d;éd+ d-

Consequently, it suffices to prove that

+

[ o= g6 - 16

d

for every d.

Given a component d # dt, d~ of k— XPQ, the component ¥ of S— XPQ
that contains it is a wedge separated by the two geodesics gt 4 and g7 . This
wedge admits an isometry exchanging gt 7 and g7 . This isometry respects
G N Xy, and therefore respects each leaf of H N ;. In particular, the base
points of g:i" and g; are located on the same leaf of H. It immediately

follows that [*3 dz = f(a} 7). O
ollows tha fx; x = f(z])— f(z]).
An immediate corollary of Lemma 7 is the following result.

LEMMA 8. — With the data of Lemma 7,

|o(P,Q) = f(2}_) + f(23,)| < m(k - PUQ)
where £, denotes the length with respect to the metric m.
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Proof. — By Lemma 7, it suffices to show that each term |f(:c}') —flz; )|
is bounded by the length of d. But we just saw that f(:L'd )— f(z7 ) is equal

to f i dz which, up to sign, is equal to the length of the projection of d to

any leaf of G parallel to H. Since this projection is distance non-increasing,
the result follows. O

3. Lengths of transverse cocycles
and the Thurston symplectic form

Given a hyperbolic metric m and a geodesic lamination A, an R-valued
transverse cocycle « for A has a well-defined m-length £, («). In this section,
we show that this m-length can be described in terms of the shearing
distribution ¢, of m-and of Thurston’s symplectic form on the space of
transverse cocycles for A.

The length function £, on the space ML(S) of measured laminations
was introduced by Thurston in [Thl]. It is the unique continuous function
such that, if & € ML(S) consists of a simple closed m-geodesic endowed
with the transverse Dirac measure of weight a > 0, £, () is equal to a times
the length of this closed geodesic. Thurston’s definition straightforwardly
extends to geodesic laminations with transverse cocycles, and we showed in
[Bo3] that this extension can be interpreted as the differential of Thurston’s
function £,, : ML(S) — RTY.

The m-length £,, () of the transverse cocycle « for A is defined as

fm(a) = //A dt,, dov

meaning that, locally, we first integrate the length measure d¢,, along the
leaves of A, and then integrate the corresponding local function on the space
of leaves of A with respect to the transverse Holder distribution associated
to a. More precisely, cover A by the interiors of finitely many flow boxes
B;,i =1, ..., n, namely subsets for which there exists for each ¢ a Holder
bicontinuous o; : [0, 1] x [0, 1] — B; C S such that ai_l(/\) =A; x[0,1]
for some subset A; of [0, 1]. Choose a Holder continuous partition of unity
&:S—R,i=1,..., n,such that 3.7, & = 1 and such that the support
of each ¢; is contained in the interior of B;. Identifying [0, 1] to any of the
arcs 0;([0, 1] x ) transverse to A, the transverse cocycle o defines a Holder
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distribution on [0, 1], which is given by the formula of Theorem 2 and is
independent of the choice of ¢. Then,

n

m 1 1
(@)=} /0 /0 :(0i(, 1)) A (1) dar() = (i)

=1

where ¢; : [0, 1] — R is the Holder continuous map defined by ¢;(u) =
Ja &(oi(u, b)) dbm (2).

To connect the length £, () to the Thurston symplectic form 7 on the
space H(A;R) of R-valued transverse cocycles for A, we first define this
form (compare [Pal] and [PeH]). The general idea is that, given a small C
perturbation K’ of a 1-dimensional object K on the oriented surface S, the
sign of each intersection point of K’ with K is independent of the choice of a
local orientation for K. From this observation, it is possible to associate to
two R-valued transverse cocycles o and § for A a homological intersection
(e, B) € R. We can now be more precise.

An orientation for A is a continuous choice or orientation for its leaves.
The lamination A admits an orientation covering X — X IfUis a small
neighborhood of A, the covering X — X extends to a 2-fold covering U-U
(the precise necessary condition on U is that it must avoid at least one point
of each component of S — X). Note that U carries an orientation induced
by the orientation of S, and that Nis canonically oriented.

If @ € H(AR), it lifts to a transverse cocycle @ for A. The oriented
lamination A together with this transverse cocycle & define an element
[a] € Hi(U;R). A formal way to see this is to observe that A and the
transverse Holder distribution associated to @ form a geometric current in
the sense of [RuS], and therefore determine a closed de Rham current on U.
This de Rham current associates to each differential form w € Q! ((7 the
number | | ) w da obtained by locally integrating w along the leaves of A and
then integrating with respect to the distribution @ Then, [a] € H1(H;R)
is the homology class defined by this de Rham current.

The homology class [a] € H;(U;R) can be computed in a more practical
way as follows. Select a family of disjoint transverse arcs k1, ..., ky for by
such that every leaf of X cuts at least one of the k;. Then, the leaves of
- UU; ki can be grouped into finitely many bunches of parallel arcs. Form
an oriented graph I in b by collapsing each k;, to a point, and by collapsing
each bunch of (oriented) parallel arcs of /):—Uz k; to an oriented edge joining
the corresponding points. For each edge of T', the transverse cocycle &
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associates a number to the corresponding bunch of parallel arcs, namely the
number associated to a transverse arc to A which crosses each of these arcs
exactly once and does not meet X elsewhere. These weighted oriented edges
define a real 1-chain in U , which is actually a cycle by additivity of a. It
immediately follows from definitions that the class of this chain in A 1([7 ;R)
is equal to the class [@] defined by the Rham current defined above.

Given two transverse cocycles o and 3 for A, we define 7(a, 8) to be
(1/2)[a] - [ﬁ], namely one half of the intersection number of the two classes
[a], [E] €EH 1((7 :R). Clearly, 7 defines an antisymmetric bilinear form on the
vector space H(A;R) of transverse Holder distributions for A. The bilinear
form 7 is the Thurston symplectic form on H(A;R). The terminology is a
little abusive since 7 may be degenerate, which happens exactly when some
end of S — A is adjacent to an even number of leaves of A, as can be seen
by adapting the arguments of [PeH, § 3.2]. But 7 is non-degenerate in the

generic case where A is maximal, which is really the case of interest here.

This symplectic form has a nice expression when A is carried by a train
track 7" which is generic, in the sense that each switch is adjacent to exactly
3 edges. At each switch s of such a train track T, there is an incoming
edge and two outgoing edges; let eﬁ be the outgoing edge going to the
left, and let e} be the outgoing edge going to the right, as seen from the
incoming edge and for the orientation of S. Then, if o, § € H(A;R), it
easily follows from the above weighted graph description of the homology
classes [a], [8] € H1(U;R) that

(o, B) = Y_(a(ef)Bles) — aler)B(er))

where the sum is taken over all switches of T, and where a(e), B(e) are the
weights associated by « and S to the edge e (compare [PeH, § 3.2]).

We can now state the main result of this section.

THEOREM 9.— Given a mazimal geodesic lamination A, let op, be the
shearing cocycle of the hyperbolic metric m. Then, for every transverse
cocycle o € H(A; R) for the geodesic lamination A, iis length {n, () is equal
to (o, 0m).

Proof. — As before, let X — A be the orientation covering of A. Choose a
neighborhood U of A such that each component of U — A is an open annulus;
for instance, we could take U to consist of those points which are at distance
less than ¢ from A, for € small enough. Extend A—Atoa covering U—U.
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Along the leaves of the oriented lamination ), the length measure induced
by m defines a differential 1-form wy,. The direction of the leaf of Xata
point ¢ € Nisa Lipschitz function of . Therefore, wy, can be extended to
a closed Lipschitz differential 1-form wy, € Qiip(ﬁ ). Since w, is closed, it

defines a cohomology class [wy,] € HY(U; R).
By definition of the length function,

Lp(a) = —-Em(a) // wmda = = ([wm] [a])

where the last term denotes the evaluation of the cohomology class [wn,] €
HY(U;R) on the homology class [@] € H1(U;R), and where the last equality
comes from the realization of [@] by a geometric current supported by A.

By definition of 7, the proof of Theorem 9 will therefore be completed
by the following lemma.

LEMMA 10.— For every homology class ¢ € Hl(ﬁ;R), the evaluation
([wm)], ¢} is equal to the intersection number c - [Gy).

Proof. — Let W be a component of U — A, By hypothesis on U, W is
an open annulus bounded on one side by 3 leaves of A. Consequently, its
preimage Win U is an open annulus bounded on one side by 6 leaves of
5\\, with alternating orientations. Recall that each leaf of A in the boundary
of W has a preferred base point, coming from the projection of the third
cusp of the component of S — A adjacent to that leaf. This determines a
preferred base point Oy on each leaf g of X in the boundary of w.

Consider two consecutive leaves g, h of ) in the boundary of W, and
integrate wy, along an arc k joining Oy to O in Wu g U h which is made
up of three pieces: first an arc in g joining Oy to a point z, very close
to the spike of W separating g from h; then a small jump from z, to its
projection point zp on h; and finally an arc in h joining zj to Op. By
definition of wy,, the contribution of the first and last arcs to this integral
are, in absolute value, respectively equal to the distances between O, and
zg, and between Oy, and zj. If z, is far enough near the cusp, these two
distances are approximately the same because Oy and O}, are at the same
horocyclic distance from the spike (which comes from the fact that, as seen
in section 1, the same property holds for their projections in S). Also,
because of alternating orientations, the integral of wy, along the first and
last arc have opposite signs; their sum is therefore very small. It follows that
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the integral of w,, along k is arbitrarily small if we choose z, close enough
to the cusp. On the other hand, different choices for z, give homotopic arcs,
along which the integral of wy, is unchanged since wy, is closed. Therefore,
the integral of w,, along k is actually 0.

Since W is an annulus, it follows that the integral of w,, along every
closed curve in W is equal to 0. We can therefore define a function fp,
on W by the property that fp,(z) is the integral of wy, along any arc in
w Jjoining some base point Oy to x. This defines a function fr, on -2
such that df,, = wy,. There is of course no way to exend f,, to a global
antiderivative of wy, over U. (The geodesic lamination A carries at least
one transverse measure, whose length has to be positive.)

Let k be an oriented arc in U that is transverse to A. For each component
dof k— A, let xj and z; be the positive and negative end points of d,
respectively. From what precedes, and because kNA has Lebesgue measure 0,

/k wm = ; /d i = ;(fm(l'f{) — fm(2])

where the sum is over all components d of k — ), and where fm(:cd:t) is
defined by continuous extension of the restriction of fp, to d. (In particular,
if d is adjacent to d’ so that :cd = z_ 1t may very well happen that

fm(2}) # fm(z3).)

We can compare this formula to that of Lemma 7. Note that, if g is a leaf
of X in the boundary of a component Wof U — j\\, and if we continuously
extend f, to wu g, the extension of fy, to g is just the oriented isometry
from g to R whlch sends the base point at 0. Consequently, if k£ is an arc
transverse to A which is small enough so that the leaves of X cross k in the
same direction,

/kwm ~ fm(&f) + fm(z) = com (k) = s/kl Om = E/ka

where k' is the projection of k to U, where ¢ = +1 if the leaves of X cross k
from right to left, where ¢ = —1 if they cross from left to right, and where
:cz' and zj are the positive and negative end points of k, respectively. By
interpreting &, as a geometric current, we can incorporate the ¢ in an
Intersection number, and the above equality becomes

k 'a'm = Awm _fm(x-l::—) +fm(il?;)
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By additivity, this equation actually holds for every arc k transverse to X,
without any restriction on the direction in which the leaves of A cross k.

Now, consider a class ¢ € Hl(ﬁ ;R). This class can be represented by a
cycle i 4 a;k;, with a; € R and with the arcs k; transverse to A. Then,

<[wm] , c> = Zai‘/k Wy, = Zai(ki “Om + fm(-l';:l) - fm(l’;))
=1 i =1

n
:Zaiki‘a’mzc'[am]

=1

where the f,, terms cancel out because 3 i a;k; has boundary 0. This
concludes the proof of Lemma 10, and therefore of Theorem 9.

4. The shearing cocycle determines the metric

We want to show that, if two hyperbolic metrics have the same shearing
transverse cocycle then they represent the same class in 7(S).

Consider two hyperbolic metrics m; and mg and a maximal geodesic
lamination A. As indicated in section 1, A can be represented by an mj-
geodesic lamination A; and an mg-geodesic lamination Ag. Lift the situation
to the universal covering S, where A, A; and )y have respective preimages
X, A1, o

Since A; represents A, there is a leaf of /\,, which is naturally associated
to each leaf of X Therefore, for each plaque P of S - )\ there is a
plaque P; of S - )\z which is naturally associated to P, as well as a
homeomorphism P — P; well defined up to isotopy. By composition, we
get a preferred isotopy class of homeomorphisms P; — P,. Since any two
ideal triangles are isometric, this isotopy class is represented by a unique
isometry ¢p : Py — Py, called the plaque map.

Define the shear map ¢ : S— )\1 - /\2 by the property that, on each
component of S - /\1, the map ¢ coincides with the corresponding plaque
map ¢p : P; — P;. Note that ¢ is an isometry from the metric m; to the
metric mgy.

LEMMA 11.— If the two metrics my and mg have the same shearing
shearing cocycle, the shear map ¢ continuously ertends to an isomeiry

(5,m1) — (5, ma).
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Proof.— We first show that ¢ admits a continuous extension which is
locally Lipschitz.

Consider two points z1, y1 € S-— /\1, respectively contained in the plaques
P; and @ of S— /\1 Let X1 be the component of S - Int(P, U Q1) which
separates Py from Q1. As in section 2, there is a unique foliation Gy of £
by mj-geodesics such that every leaf of Xl separating z; from y; is a leaf
of G1. Again as in section 2, let H; be the foliation of ¥ orthogonal to G;.

Consider the mj-geodesic arc o joining z; to y1, and let uy = e;NE1NP;
and v; = a1 N X1 N Q; be the two end points of a1 N Xq. In Xy, ug and vy
can be also be connected by the union of a leaf ¥; of H; and of an arc é;
contained in the leaf £1 N Q) of G;. Let B be the arc obtained from a; by
replacing a1 N X3 by 11 U é1.

The projection of X3 onto ¥y N @1 along the leaves of H; is distance
non-increasing. It follows that the length of é; is bounded by the length of
a1 N Xy, and therefore by the distance d(z1,y;1). By the Jacobi equation,
the projection from Xy to v; along the leaves of Gy is locally Lipschitz,
where the local Lipschitz constant can be taken to be the exponential of the
projection distance. As in the case of the length of §;, this projection
distance is bounded by d(z1,y1). It follows that the length of 4 is
bounded by e¥(®191) times the mj-length of a; N Xy, and therefore by
ed(= ’yl)d(xl,yl). Altogether, we conclude that the length of 31 is bounded
by (2 + e?@1¥1))d(z1, ;).

Now, consider 23 = ¢(21), y2 = ¢(y1). Let P, and Q2 be the plaques of
S-— ’Xg respectively containing z2 and yz, and let X3 be the closure of the
component of S- P, U@, that separates Py from Q9. As before, let G be
the foliation of X3 by mg-geodesics such that every leaf of Xz separating g
from ys is a leaf of G2, and let Hy be the orthogonal foliation. The point
ug = pp(u1) € P,NEy can be joined to the point vy = pg(v1) € @2NX3 by
the union of a leaf v of Ho and of an arc §2 contained in the leaf £ N Q4 of
Go. Let B89 be the arc connecting z2 to yg which is the union of ¢(a; N Py),
72, 62 and p(a1 N Q1).

Because mq and mo have the same shearing cocycle, the end point y2NQ2
of v9 is the image of 43 N @1 under the plaque map @1 — Q2. It follows
that & is the image of §; under the same plaque map; in particular, the
my-length of 67 is equal to the ma-length of ;.

In X4, consider a wedge Wy delimited by two asymptotic leavef of Xl
separating «1 from y;, such that the interior of W; does not meet A;. Let
R1 C W7 be the plaque of S — A; that is adjacent to the same two leaves
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of Xl, and let Wy and Ry be the wedge and plaque in Xy respectively
corresponding to W; and Rj;. The fact that my and mg have the same
shearing cocycle implies that the plaque map R; — Rj sends the end point
of vy1 N R; that is closest to u; to the end point of v N R2 that is closest to us.
As a consequence, the isometric extension of this plaque map to Wy — Ws
sends y3 N W7 to v N Ws. In particular, the mj-length of v N W3 is equal
to the mg-length of y2 N Wa.

Since 41 N Xl has 1-dimensional Lebesgue measure 0, the length of v; is
equal to the (infinite) sum of the lengths of the 43 N Wy, where W1 ranges
over all wedges in ¥ as above. Since the same property holds for s, it
follows that the m-length of v; is equal to the mg-length of 5.

This proves that each of the four pieces forming #; has the same length
as the corresponding piece of 2. As a consequence, the my-length of 5, is
equal to the my-length of 3.

Therefore,

d(z9,¥2) < by (B2) = bmy (B1) < (24 ¥E¥)d(2y, 1)) .

Since this holds for every zy, y1 € - Xl, it follows that ¢ admits a
continuous extension ¢ : (S, my) — (S, mg) which is locally Lipschitz.

We now prove that ¢ is distance non-increasing. For this, consider two
points 1 and y; € S which are not on the same leaf of Xl, and let ay be the
mj-geodesic arc joining x1 to y;. Since oy nXl has 1-dimensional Lebesgue
measure 0 and since ¢ is locally Lipschitz, the image (a1 N Xl) also has
1-dimensional Lebesgue measure 0 (for the metric my). Also, because ¢ is
isometric on S — /\1, the mg-length of p(ay — /\1) is equal to the mq-length
of a1 — A1. Therefore, the mo- -length of (1) is equal to the mj-length of
a1 and

dm, (@(21), (1)) < Iy (p(e1)) = bmy (01) = diy (21, 31) -

By density, this inequality dpm, (¢(z1), ¢(y1)) < dm,(z1,y1) holds for
every i, y1 € S namely even if the two points are on the same leaf of )\1
In other words, ¢ : (S, m;) — (S mg) is distance non-increasing.

By symmetry, the shear map ¢! : :S— Xg -5 —Xl extends to a distance

non-increasing map (§,mg) — (S,my). It follows that ¢ : (S,my) —
(S, m3) is an isometry. O
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THEOREM 12.— Two hyperbolic metrics my and mgy have the same
shearing transverse distribution if and only if my = mg in T(S).

Proof.— If my and mq have the same shearing transverse distribution,
let ¢ : (g, my) — (8, mg) be the isometry provided by Lemma 11. Since
the shear map ¢ : S — 21 — S — Xy commutes with the action of 71(S),
¢ induces an isometry ¥ : (S,m1) — (S, mg) which is homotopic to the
identity. In particular, m; and mg represent the same element of 7(S). O

5. The local realization of shearing cocycles

In this section we show that, given a maximal geodesic lamination
A, the map T(S) — H(A,R) which associates its shearing cocycle to a
hyperbolic metric is open. By Theorem 12, this implies that this map is
a homeomorphism onto its image. Its precise image will be determined in
section 6.

PROPOSITION 13. — Let mqg be a hyperbolic metric with associated shear-
ing cocycle og for the mazimal geodesic lamination XA. Then, every o €
H(A;R) that is sufficiently close to o is the shearing cocycle of some hy-
perbolic metric m.

Proof.— The proof will require several steps. Set
a=0—09€H(NR).

Represent A by an mg-geodesic lamination which we will also denote by A,
and let X be the preimage of A in the universal covering S. Consider two
plaques P and @ of S

Q

For every plaque R separating P from @), let Py R and g7 be the geodesics
in the boundary of R which are closest to P and @), respectively. Orient
these geodesics to the left, as seen from P. Also, given an oriented geodesic
g of S and a number u € R, let T : S — S denote the mg-isometry which
respects g and acts by translation of oriented amplitude u on g.

Let Ppq be the set of all plaques of S—X that separate P from @). Given
a finite subset P of Ppg, index its elements as Py, Py, ..., P, so that the
index ¢ of P; increases as one goes from P to @, and consider
— T (PPl)T—a(PP;l Ta(PPz)T—Ot(sz) . —a(PPn)Ta(PQ)
Q

ep
91 91 gn
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where gzP = gﬂ, gZQ = ggi and gg is the geodesic in the boundary of @ that

is closest to P. This formula is perhaps easier to read and understand if we
notice that each P; contributes a term T:;P’Pi) T_QO‘(P’P‘).
% 9;
Now, we let the finite subset P converge to Ppg and we consider the
limit

= lm .
vpe = lim ¢p

By convention, we decide that ppp is the identity. Of course, we first have
to prove that the above limit exists.

LEMMA 14.— Let k be the lft to S of a stmple geodesic arc in S
transverse to X. Then, if & € H(A) is sufficiently small (depending on
k) and if the two plagues P and Q) meet k, the map ¢p converges to an
mo-isometry ppg as P tends to Ppg.

Proof.— For notational convenience, set

_ -a(PQ) _ po(PP1)p—a(P,Py) na(P,P2) —a(P,P2)  p—a(P,Pn)
Yp = So'PTgQP = Tgf Tng Tg%;. T91Q TQS .

Identify the mg-isometry group of S to the matrix group SO(2,1) C
GL3(R), and endow it with the norm ||A]| = max,cgs||Az||/||]|. The
main property we want is that this norm satisfies ||AB|| < ||4]| || B||-

We first show that the norm ”’lf)'p” is uniformly bounded, if « i1s small
enough.

Q

For every i, the distance between the geodesics gzP and g is bounded
by a constant times the length of k N P;. By Lemma 5, this distance is
therefore an O(e~A7 (kNP i)) for some constant A > 0, where we identify k
to its projection to S and kN P; to the corresponding component of k£ — A.
By an easy hyperbolic estimate, it follows that

TanP,P:‘)T—QC!(P,Pi) =-Id +O(e|a(P,P,')| e—Ar(kﬁP,‘)) )
9; 9;

As a consequence,
vp| < H(1 + O(eld (PP g=Ar(knF)y)
=1
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By Lemmas 4 and 6, the series ERGPPQ ele(PP)| ¢=Ar(kOR) is hounded

by the sum of finitely many geometric series Y50 eCllell(r+1) g=Ar 4 jg
therefore convergent if ||a|| < A/C.

It follows that, if the transverse distribution « is small enough, the norm
”1/)7:” is uniformly bounded.

Let P, n € N be an increasing sequence of finite subsets converging to
Ppq, with the cardinal of P equal to n. The map ¥p,,,, is obtained from
a(PR)T a(P R) .
R gR
there are subsets P and P’ of Ppg such that

¥p, by inserting a term T' in its expression. More precisely,

Yp, =Ypp, and Yp_ ., =vYp TQ(PR) —a (P,R) 1/}7:’
n n+1 gR gR

Then

a(P,R) —a(P,R
1¥Puss = wpall < [op| |Z5E "R T5EF 1) lup |
) 9p
_ O(ela(P,R)[ e—A'r(kﬂR))
_ O(eC||a||(r(knR)+1) e—Ar(knR))

by Lemmas 5 and 6, and because we just proved that “L/)p “ and ||1/)p/|| are
uniformly bounded.

By Lemma 4, it follows that the sequence ¥p_ is Cauchy, and therefore
convergent, if ||a|| < A/C.

This proves that ¢p has a limit ¢ pg as P tends to Ppg, provided that
a € H(A) is small enough. The same clearly holds for pp = pr;}SP’Q). D
Q

For future reference, we note the following estimate.

LEMMA 15.— Under the hypotheses of Lemma 14, there is a constant
B > 0, depending on k and o, such that ppgy can be decomposed as

epg = 1/)PQT:}£P’Q) with
Q

wm—ldtl:o( > e-B’““‘R))-

RePpq
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Proof

”pr - Id” = nli_,f{,lon‘ﬁm = ¥p, ” < Z|I¢Pn+1 - ¥P, H -0

n=0

Having proved the convergence in Lemma 14, we can now give another
description of ¢ pg which is perhaps more intuitive. We are still assuming
that P and Q meet the lift k of a simple geodesic arc transverse to Ain S.

Given an integer r > 0, let P}T;Q consist of the finitely many R € Ppg
such that #(k N R) < r. Index the elements of P}T;Q as P, Py, ..., Py so
that the index i of P; increases as one goes from P to Q. For notational
convenience, set Py = P and P41 = Q. For every i, choose a geodesic h;,
which separates the interior of P; from the interior of P;y1, and orient h;
to the left as seen from P. Then, set

F,,P PP, PP,
SOTPQzT}?O( 0 1)T;:1( 1,FP2) T:n( +1)

Compare [EpM, sect. 3].

LEMMA 16.— Under the hypotheses of Lemma 14, as r tends to infinity,
¢pg tends to ppQ if « € H(X) is small enough.

Proof. — We will estimate the difference between go}';Q and

Po,Py) —a(Po,Py) ret(Po,P2) = (Po,P2)
. =rofeP)y T T s
¥Phg = “of N 95 P
. T_QQ(P07Pn)Ta}£POyPn+1) .
In+1

For this, it will be more convenient to rewrite go}.Q as

Py P -
S07‘PQ = T’z)( ° 1)Th1

. T—Ot(Po yPn)Toz(Po +Prnt1)
hn hn )

a(PO,P1)T:(Poypz)Th—a(Po,Pz) o
1 2

noting that a(P;, Piy1) = a(Po, Piy1) — a(Po, P;), and to consider

vho = ¢hoT;, O
_ e(Po,P1) = (Po,Pr) mcx(Po, P2 ) m—o( Po, P ) —a(Po,Pn)
_Thoo 1/1--|h1 ] lz'vh1 0 2Th2(0 2 "‘Thn(o
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and
., a(Po,Ppy1)
¥pp, = S"’PPQTg '
a(Po,Pl)T—cx(Po,Pl)Ta(Po,Pz)T—a(Po,Pg) B T—Qa(Pg,Pn) .
-gl 91 92 In

The isometry '/);’Q is obtained from 1/)7:;@ by replacing each term

a(Po,P;)n—a(Po,P;) o(Po,P; ) n—a(Po ,P;)
Tgip o Q 0 by Thi_lo Thi ° .

i

Q

For every i, the two geodesics g;* and 9{:—1 follow the same edge path of
length 27 in the train track associated to the arc k; otherwise, there would
be another R € R;,Q between P; and P;y;. Since h; is between these
two geodesics, it also follows the same edge path. Therefore, the distance
between any two of these three geodesics is bounded by a constant times

e~A" for some constant A > 0 of Lemmas 3 and 5.

In particular, the distance from glP to h;_y and the distance from gZQ
to h; are both O(e™4"). Also, the distance between gzP and g? is an

O(e=Ar(FNPi)) by Lemma 5. Since r(kNP;) < r, it follows that the distance
from h;_1 to h; is also an O(e~Ar(FNFR)),

From the second statement, it follows that

T}(Lx(—}jo,P )T—o:(Po,P ) - 1d +O( |a(Po,P,')]e—A1‘(kﬂP,'))

=Id+0 (eC”a”(r(kﬂPi)+1)6—A1'(kﬁP,‘))

by Lemma 6. If ¢ is any isometry obtained from ’l/)pTQ by replacing some of

a(Po,P )T—oe(Po,P,) by Toz(Po,P )T-—a(Po,P,)

the n terms T or by the identity,

it follows as in the proof of Lemma 14 that

n
log ||¢|| =0 (Z eC”a”(T(knPi)+1)e—Ar(knPi))

=1

:O( Xn: eC||a||(r(knR)+l)e-—A'r(knR))
RePpg

As a consequence, if ||a| < A/C, the norm of such a 1 is uniformly bounded.
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Let 1¢; be obtained from 11)7’?@ by replacing each

TOIISPOvPJ) _O‘(PmP) with J <3 by TO‘(POvPJ)Th_O‘(POvPJ') ,

g5 9] 3
so that ¥g = wp;Q and ¥, = 1/)}@. To estimate the difference between
;1 and ®;, note that we can write these as

bicy = TR PIT 2Ry ang gy = g1 PRI poe(Fo)

where ¢ and 9’ are obtained from wp;Q by replacing some

Ta(Po,Pj)T—oz(Po,Pj) by TC!(POVP )T—O‘(PO«PJ)
9 97

or by the identity. By the above observation ||¢|| and ||¢’|| are uniformly

bounded. Also, we noted that the distance from gzP to h;_1 and the distance

from g? to h; are both O(e~47). It follows that

a(Po,Pj) -Qa(Po WPi) T:(PO,P] oz(Po Pj) ”

[[im1 = ]| <Nl 1! ||||T )T

? J—1
J

- O(e2|a(Po,P])Ie—Ar) — 0(620Ha|l(r+1)e—Ar)

and therefore that
[¥pq — ¥pp,ll = [[¥n — ol
< no(e2C||a||('r+l)e—A'r) — O(r620||a||(r+1)e—A'r)

since n = O(r) by Lemma 4.
It follows that ¢§;Q and ’ll)‘p;q have the same limit as r tends to infinity,
provided that ||a|| < A/2C. On other hand, hy, converges to gf_}_l as r tends

to infinity. Therefore, the limit of ¢pg = ¥pgTo 7" is the same as

= Ypr O4(Po1 Prt1)

the limit of PPho Pho g
n+41

, namely is equal to ppg, if & is small
enough. O

There is natural generalization of Lemma 16, closer to the one used in
[EpM] for the construction of earthquakes, which would lead to an even

more intuitive definition of ppg. As before, index the elements of a finite
subset P of Ppg as Pi, Py, ..., Py, so that the index 7 of P; increases as
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one goes from P to . Then, we could expect ppg to be the limit as P

tends to Ppg of Ta(PO’Pl)T (PI’P2) . Th o(Po,Prt1) , where the geodesic h;
separates P; from Pz+1 and 1s oriented to the left as seen from P. This
approach would certainly lead to a more intuitive definition of ¢ pg, but is
unfortunately too naive. Indeed, it is not hard to see that the above limit
does not exist if the transverse distribution o« associated to the transverse
cocycle a is not a measure. So, only the restricted limit of Lemma 16 makes
sense.

From Lemma 16, we get the following properties, which were not obvious
from the definition of ¢ pg. (Note that even the second one is non-trivial if
@ does not separate P from R.)

LEMMA 17.— If @ € H(A) s small enough for the conclusions of
Lemmas 1§ and 16 to hold then, for every plaques P, Q, R ofS X meeting

k, opg = SOPQ and pR = PPQYPQR-

We can now get rid of the assumption that P and @) both meet a suitable
arc k.

LEMMA 18.— If o € H(A) is sufficiently small then, for every plaques
P, Q of S - )\ the map op converges to an mog-1sometry as P tends to
Ppqg. In addition, pgop = §0PQ and opR = ppQPQR for every plaques P,
Q R

Proof.— Select in S finitely many simple geodesics arcs kq, ..., ky
transverse to A, such that each component of S — A meets at least one
of the k;.

For each pair of plaques P, @ of S- ;‘v\, we can find a finite sequence of
plaques P = Py, Py, ..., Pn, Pyy1 = @ such that each P; separates P;_;
from P;y; and such that P; and P;;; meet the same lift 751-] of some Ici]..
Then, for ||o|| sufficiently small (depending on the k;), Lemma 14 proves
the existence of a limit ¢ P;Pj41 for every j. This guarantees the existence
of the limit

PpPQ = P_ljglm PP = PPyP, PP Py " PPpPryy -

The second statement easily follows from Lemma 17. (Hint for the case
where none of the three plaques P, @), R separates the two other ones:
consider the unique plaque N which separates any two of these plaques.) O
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Now, consider the action of the fundamental group =;(S) on S. By
invariance of o under this action, we have that P(+P)(vQ) = 'ygopQ'y"l for
every v € m1(S) and every plaques P and Q

Fix a base plaque Py of § — ), and define p(y) = PPy (vPy)Y- Then, it
immediately follows from Lemma 18 and the above property that p dgfines
a group homomorphism from 71(S) to the group of mg-isometries of S.

By definition of ¢ pg, the interiors of ppg(Q) and P are always disjoint.
In particular, for every v € m1(S) which is not the identity, p(y)Po =
PPy (v PO)(’YPO) is disjoint from the interior of Py. It follows that p(y) cannot
be very close to the identity, and therefore that the representation p is a
discrete homomorphism from m;(S) into the mp-isometry group of S.

Consider the surface S’ = S /p. The metric mg on S induces a hyperbolic
metric m’ on S’. Since p defines an isomorphism between 71(S) and 71(S"),
we have a preferred isotopy class of diffeomorphisms 1 : S — 5. Let m be
the hyperbolic metric on S obtained by pulling back the metric m’ under
. Note that the class of m in 7(S) does not depend on the choice of ¥.

The proof of Proposition 13 will then be completed by the following
statement.

LEMMA 19.— The shearing cocycle of the metric m is equal to 0 =
oo+ «.

Proof.— To understand the shearing cocycle oy, of m, we first have to
understand the m-geodesic lamination Ay, corresponding to A.

Define a map & : S— /\ — S by the property that ¢ coincides with pp, p
on each plaque P of S—X. This & @ will more or less correspond to the shear
map in the sense of section 4, modulo composition whith a suitable lift of 1.

Note that ¢y = p(y)¢ for every ¥ € 71(S), and that & is mg-isometric.
Therefore, & induces an isometric map ¢ : (S — X, mg) — (S', m’).

If P and @ are two distinct plaques of S —X, it follows from the fact that
the interior of ¢ pg(Q) is disjoint from P that $(P) and $(Q) have disjoint
interiors. As a consequence, ¢ is injective. Since (S5 — A, mg) and (S’, m’)
have the same area, we conclude that the image of ¢ is dense in S.

Therefore, the i image ¢ of & in dense in S. In particular, every point in the
complement S— ga(S ,\) is in the geodesw hmlt of a sequence ga(gl) where
each g; is in the boundary of a plaque of S — X. It follows that S — 30(5' A)

is a p(m1(S))-invariant geodesic lamination X' of S, which projects to an
m/-geodesic lamination X’ of S'.
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The m-geodesic lamination Ay = p~L(N) of S is the m-geodesic
lamination corresponding to A. Indeed, a leaf of A (resp. Xm) is completely
determined by the way it separates the plaques of S — 2 (resp. S - Xm),
and J"l op: S-3=5-2n respects the combinatorics of these plaques
while commuting with the action of 71(S).

We will prefer to work with ) rather than A, to avoid the interference
of too many ¢ with the arguments. Let o be the shearing cocycle of the
metric m’ with respect to . Then the isometry ¢ : (S, m) — (S', m’) sends
Om to 0. Namely, o (P, Q) = om (P(P), #(Q)) if we note that &(P)
and 3(Q) are plaques of S — X and are sent by the appropriate lift of ¥ to
the plaques of S — A corresponding to P and @Q, respectively.

We want to show that om(P, Q) = do(P, Q) + a(P, Q) for every plaques
P, Qof S—X. By additivity of transverse cocycles, we can restrict attention
to the case where P and @ both meet a transverse geodesic arc k whose
projection to S is simple.

As usual, let Ppg be the set of all plaques of S — X that separate P from
Q. Choose a finite subset P of Ppq, index its elements as Py, Pa, ..., Pn
so that the index i of P; increases as one goes from P to Q, and set Pp=P
and Pn+1 = Q

We want to compare o (P, Piy1) = Ot (B(Pi), #(Pig1 )) to oo(P;, Pig1)-
Note that, to compute .,/ (Z(P;) @(P;41)), we do not need the whole lami-
nation . We only need to know the metric mg on S, the two triangles 2(F)
and 3(P;41), and the family Xpg of those leaves of X that separate @(P;)

and $(P;41) (the only requirement here being that two geodesics of XIPQ
which are adjacent to the same component of § — )‘,PQ are asymptotic).
Let s(3(Pi), #(Pit1); /\},Q) be the number defined by this procedure. Of
course, in this case, s(&(P;), P(Pit1); X,PQ) = 0, (B(P;), 8(Piy1)) and,
similarly, s(P;, Piy1; XPQ) = oo(P;, Piy1)-

Now, remember that @(Pi) = ¢p,p,(F;) and 3(Pit1) = ©Py Pyya (Pit1)-
Since ¢ p, p; is an isometry, we conclude that

s(B(P), 3(Piy1); Xpg) = 8(Pis PP Piy (Pit1) 3 opp (Vp)) -
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From Lemma 15, there is a constant B > 0 such that pp,p,,;, can be

decomposed as ¢p,p, ='¢pip'.+1T;(Pi’Pi+l) with

l¥p Py, —1d| = 0( Z e—Br(ka)) ’

RGPPz‘Pi+1

where ¢ is the geodesic in the boundary of P;4 that is closest to P;, oriented
to the left as seen from P;.

By definition of s,

'PhPi 3 Y
S(Pi;T;( +1)(Pz'+1)§ Apg) = s(B;, Piy1;Apg) + o(P;, Piy1) .

Let k; be the subarc of k joining P; to P;4;. Note that k; also joins P; to
T;(Pi’Pi+1)(P,'+1). Within an error of £m, (k;), s(P,',T:(Pi’P‘+1)(P,~+1);:\'pQ)
does not depend on the lamination X pQ by Lemma 8. An additional appli-
cation of Lemma 8 gives that

om(Pi, Piy1) = s(3(P), 3(Pit1) s Apg)

P, P; -1 (3
(P VPP, TP )(Piya) s ¢ip (Opg))

PP 44

s(P, 15 (Pis1): Apo) +
+O< Z e—Br(kﬂR)> +O(£mo(ki))

RE€PP Py,

= s(P;, Piy1; Apg) + a(P;, Piy1) +
> eBrUY 4 O(tma ()

RepPiPi+1

= 0o(F;, Piy1) + o( Py, Pig1) +
+ O( Z e—Br(kﬁR)> + O([mo(ki)) .

Re€Pp P,
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Summing over all i, we obtain
om(P,Q) = 00(P, Q)+ a(P,Q) +

+ i 0 ( Z e—Br(knR)) + z": O(Kmo (kz))

=0 RGPPiPi+1 =0

=oo(P,Q)+a(P.Q)+0( 3 R

RePpo-P

+o<em0<k-PuQu U R)).

ReP

By Lemma 4, the series 3-pep . e~Br(*0R) is convergent. Letting P tend
to Ppg, this enables us to conclude that oy (P, Q) = ao(P, Q) + a( P, Q).

This completes the proof of Lemma 19, and therefore of Proposition 13. 0O

6. The global realization of shearing cocycles

In this section, we determine which transverse cocycles for A can occur
as shearing cocycles of hyperbolic metrics.

There is an obvious necessary condition for a given transverse cocycle o
for A to be the shearing cocycle o, of a hyperbolic metric m. Indeed,
by Theorem 9, the m-length £, (i) of another u € H()) is equal to
7(p,0m) = 7(p, @). If, in addition, this p is a non-zero transverse measure
for A, then it follows from the definition of £,, (1) that this length is positive.
Consequently, for o to be the shearing distribution of some hyperbolic
metric, it is necessary that 7(u, ) > 0 for every transverse non-zero measure
u for A. Quite remarkably, this condition turns out to be sufficient.

THEOREM 20. — A transverse Holder distribution o for ) is the shearing
distribution of some hyperbolic metric if and only if (e, @) > 0 for every
non-zero transverse measure j for M.
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Proof . — As in section 5, let us endow H(A;R) with anorm || - ||. For a
hyperbolic metric mg, Proposition 13 provides a ball B(opm,,c0) C H(A; R)
around op,, such that every transverse cocycle in this ball is also the
shearing distribution of some hyperbolic metric. Let us examine the proof
of Proposition 13 in detail, to see what determines &g.

We start with a topological data (independent of the metric mg) consist-
ing of simple arcs k1, ..., kn, transverse to A, such that every component
of S — X meets some k;. We also require that, for any hyperbolic metric mq
and after making A mg-geodesic by a first isotopy, each k; can be isotoped
respecting A to a simple mg-geodesic arc k;. An easy way to achieve this is
to choose each k; contained in some non-backtracking simple closed curve
transverse to A, which we can always do.

Given a hyperbolic metric mp and geodesic arcs k; isotopic to the k; as
above, Lemmas 3 and 6 associate constants A;, N; and C; to each k;. Note
that A; depends on k; and on the metric mg, but that C; does not and
depends only on the topology of k; and ).

Then, if we examine the proof of Proposition 13, and in particular the
proof of Lemmas 14 and 16, we see that we can take €9 = min; 4;/2C;.

Now, let us change the perspective of the problem. Consider a hyperbolic
metric mg whose shearing cocycle g is within ¢ of the complement of the
image of the map X : 7(S) — H(A; R) which associates its shearing cocycle
om to each metric m.

This means that €9 < ¢, and therefore that there is a k; for which it is
impossible to find constants A;, N; which satisfy the conclusion of Lemma 3
and such that 4;/2C; > . In other words, there is a k; such that, for every
N, there is an arc by contained in a leaf of A which cuts ny > N times the
arc k; and whose length £, (bx) is such that £, (by) < 2¢Ci(ny — 1).

Let an denote the number of times the arc by crosses the union of the
k;. On each arc k transverse to A, consider the Dirac measure ,ufcv of weight
1/n’y based at the finite set k N by. Since every leaf of A meets some
k;, the total mass of uiv is uniformly bounded in N. It follows that we
can extract a subsequence (Np)p ey Such that, for every transverse arc k,

the measure ,uiv” weakly converges to some measure pj as p tends to co.

Since ”?V,, > ny, > Np tends to oo, these measures p;, are invariant under

homotopy of k respecting A, and therefore define a transverse measure p
for A.
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By construction, the length £, (1) is equal to the limit of the

Lo (bN,) ny, —
———-—-—-——-0, . < 2eC; ’;

an an

1
< 2eC;.

It follows that £, (1) < 2¢C;.

On the other hand, 3=, u(k;) is the limit of the 3, ugp(kj) =1, and is
therefore equal to 1. Since pu(k;) < Cj||u|| by definition of C; in Lemma 6,

we conclude that
-1
lull (ch)
J

As a conclusion, if the shearing cocycle og of the metric mq is within ¢
of the complement of the image of the map 7(S) — H(X; R), there is a
transverse measure g for A such that

(s 00) _ bmg () _ o/ e\
Tl Tl S%C’(};CO =%

By weak compactness of the space of transverse measures y with ||p|| = 1
and by continuity of 7 it follows that, if & € H(A;R) is in the boundary
of the image of 7(S) — H(A;R), then there exists a transverse measure p
with 7(p, &) = 0.

Therefore, the image of 7(S) — H(A;R) is closed in the set C(A) of those
a € H(A;R) such that 7(g,«) > 0 for every transverse measure p. This
image is also open in C()) by Proposition 13. Since C()) is defined by linear
inequalities, it is connected. It follows that C()) is exactly equal to the
image of 7(S) — H(A;R). O

COROLLARY 21.— Consider the map ¥ : T(S) — H(MR) which
associates its shearing cocycle oy, to each hyperbolic metric m. The image
of T is an open convezr cone in H(A;R) bounded by finitely many faces.

Proof. — By [Ka] (compare [Pal], [PeH], [Bo4, sect. 4]), the geodesic
lamination admits only finitely many ergodic transverse measures py, ...,
n, and every transverse measure is a linear combination with non-negative
coefficients of these u;. O
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7. The bending cocycle of a pleated surface

A pleated surface with topological type S in a hyperbolic 3-dimensional
manifold M is a map f : S — M such that:

(i) the path metric obtained by pulling back the hyperbolic metric of M
by f is a hyperbolic metric m on S;

(i1) there is an m-geodesic lamination A such that f sends each leaf of A
to a geodesic of M and is totally geodesic on S — A.

In this case, we say that the pleated surface f admits the geodesic
lamination A as a pleating locus. Note that, with this definition, the pleating
locus of a pleated surface is not unique. An extreme case is when f is totally
geodesic, in which case every geodesic lamination is a pleating locus for f.
See [Thl] and [CEG] for more details on pleated surfaces.

The local geometry of the pleated surface f is unchanged if we lift it to the
covering of M with fundamental group f.(71(S)). If we are only interested
in this local geometry, it is therefore natural to extend the definition of
pleated surfaces in the following way.

Let us_define an (abstract) pleated surface with topological type S as
a pair ( f p) where f — I is a map from the universal covering
S to the hyperbolic 3—space H3 and where p : 71(S) — Isomt(H3) is a
homomorphism from the fundamental group of S to the group of orientation-
preserving isometries of H2, and such that:

(i) for every v € m1(S), fv = p(1)f;
(ii) the path metric obtained by pulling back the metric of He by fis a
hyperbolic metric on S which, by (i), induces a hyperbolic metric m

on S;
(iii) there is an m-geodesic lamination A of S such that f sends each leaf
of its preimage Xtoa geodesic of H? and is totally geodesic on S=X.
Again, we then say that A is a pleating locus for (f, p).

Note that, when the image of p is discrete and without torsion, the
abstract pleated surface (f,p) induces a pleated surface in the hyperbolic
3-manifold M = E® /p(71(S)).

Consider an (abstract) pleated surface f = (f, p) with pleating locus A.
In general, what prevents f S — B from being totally geodesic is the fact
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that it may be bent along the leaves of X. This section is devoted to giving
a precise definition and measurement of this bending.

First consider the simple case of two plaques P and @ of S — X which
meet along a leaf g of X. Orient g as part of the boundary of P. Then the
way f is bent along g is clearly characterized by the angle 6(P,Q) € R /27rZ
from the totally geodesic triangle f (P) to the totally geodesic triangle f(Q)
measured for the natural orientation of H® with respect to the orientation
of the geodesic f(g) defined by the orientation of g. Define in this case
B(P,Q) € R/27Z to be the external angle (P, Q) = 6(P,Q) — =.

If P and @ are separated by only finitely many leaves of X, we can
similarly define a bending angle 8(P, Q) € R/27Z as the sum of the bending
angles along these leaves. Defining a bending angle 8(P, Q) in general will
be a little more difficult.

Consider two plaques P and @ of S—2X. Let £ be the~closure of the
component of S — P U Q) that separates P from @, and let Apg consist of

those leaves of A which separate P from @, including the two leaves PN L
and @NX. The leaves of P pQ decompose the strip X into hyperbolic strips.
For each such strip W of ¥ — XPQ, the image f(W) is a 2-dimensional
hyperbolic strip in H°, intersecting the sphere at infinity Hgo in the disjoint
union of two arcs, one of which may be reduced to a point.

As in section 2, the partial foliation XPQ of ¥ can be extended to a
foliation G of ¥ by geodesics. Orient the leaves of G to the left as seen
from P. As g ranges over the leaves of G, the negative end points of the
geodesics f (g) of H? form a continuous arc v in HS, going from the negative
end point of f(P N X) to the negative end point of f(Q NX). Note that the
natural projection map ¥ — v is Lipschitz. It follows that v is a rectifiable
curve in HS,. Since A has Hausdorff dimension 1 in S ([BiS], [Th3, sect.
10]), it also follows that, as g ranges over all leaves XPQ, the negative end
points of the f(g) form a subset of ¥ of Hausdorff dimension 0.

To define the amount of bending which occurs for f~ between P and @, it
is convenient to consider the upper half-space model for H2, for which the
sphere at infinity H2, is identified to the euclidean plane R? plus a point co.
Without loss of generality, we can assume that the arc 4 does not contain
the point co. For every strip W of ¥ — XPQ, the projection of W to y is a
circle arc in R2, possibly straight and possibly reduced to a point. At the
negative end point of f(P N X), let vp be the unit vector in R? tangent to
f(P), oriented outwards; similarly, at the negative end point of f(Q N X),
let vy be the unit vector tangent to f(Q), oriented inwards.
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Intuitively, the angle 6(vp,vg) € R/27Z from vp to vg in R2 is the sum
of the integral of the curvature of 4 along the circle arcs corresponding to
strips of ¥ — X PQ, plus the amount 7 turns at the points of ¥ corresponding
to the negative end points of all f(g) with g a leaf of XPQ. We will define
the bending angle 3(P,Q) to be this amount of turning at the leaves of
APQ-

Orient the arc v in H3, = R? so that it goes from the negative end
point of f(P N X) to the negative end point of f(Q N X). For every strip
W of ¥ — XPQ, consider the corresponding circle arc in v, and let By be
the integral of the signed curvature of this arc; in particular, {BW| is the
quotient of the length of this circle arc by its radius, and is 0 if this arc is
reduced to a point. We now define the bending angle 3(P,Q) € R/27Z to
be

B(P,Q) = 6(vp,v0) — Y_ Bw
w

where 6(vp,vg) is the angle from vp to vg and where W ranges over all
the strips of ¥ — X pQ- Note that the f(W) meet a fixed compact subset
of H?, which implies that the radii of the corresponding circle arcs in v are
bounded away from 0 and guarantees the convergence of the sum )y Bw,
since # is rectifiable.

When the plaques P and @) meet along a geodesic g, the curve v consists
of a single point and (P, Q) is equal to the angle between the two vectors vp
and vg, which is also the external angle between the two geodesic triangles
f(P) and f(Q) Therefore, B(P, Q) is equal to the bending angle defined at
the beginning of this section in this case.

The remainder of this section will be devoted to proving that the map
(P,Q) — B(P,Q) defines an R/2nZ-valued transverse cocycle for A. In
particular, we will prove that 3(Q, P) = B(P, @), which is far from being
clear at this point. Indeed, the definitions of 3(Q, P) and B(P,Q) each
involve a different sum )y By, where a W contributing to one sum may
contribute 0 to the other one, and conversely.

For this, we will give a different definition of 8(P, Q).

As in section 5, let Ppg be the set of all plaques of S — X that
separate P from Q. Given a finite subset P of Ppg, index its elements
as P1, Py, ..., Py so that the index ¢ of P; increases as one goes from P to
Q, and set Py = P and Pp41 = Q. Let X'p be the geodesic lamination of S
which is obtained from A by the following operations: forevery i =0, ..., n,
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erase the leaves of A which are contained in the interior of the strip ¥;
separating P; from P;y;, and replace them by a single “diagonal” geodesic
joining the negative ends of the two geodesics delimiting ¥; (endowing these
geodesics with the boundary orientation). The choice of which diagonal we
take is irrelevant here. Note that the diagonal will be equal to one of the
leaves of A in the degenerate cases where X; is a wedge or a single geodesic,
namely when the geodesics bounding X; are asymptotic.

We now define a pleated surface fp : § — H3 with pleating locus X’p,
without any assumption of equivariance with respect to a homomorphism
71(S) — Isom™(H?). The map f'p coincides with foutside of the strips
¥;. For each diagonal d; € Xp joining end points of the two geodesics g;, h;
delimiting ¥;, fp sends d; to the geodesic of H? that joins the corresponding
end points of f(gi) and f(hi). In this construction of fp(k), we might
worry that these end points of f(g.i) and f(hz) might be equal; however,
this problem is clearly not going to happen if ¢ and h are close enough,
and is therefore excluded if we assume that P is a large enough subset
of Ppg. Now, each diagonal d; separates the corresponding ¥; into two
wedges, possibly reduced to a geodesic in degenerate cases; there is basically
a unique way to define fp on these wedges so that they are sent to totally
geodesic wedges in H°.

For P alarge enough finite subset of Ppg, we now have defined a geodesic
lamination X’p and a pleated surface fp : S — HB with pleating locus X’p. of
course, X'p is not invariant any more under the action of 7;(.S) on S , and fp
is not equivariant any more for some representation p : 71(S) — Isom™ (H2).
However, P and @ are still plaques of S - Xp, and we can measure the
bending of fp between P and @ by a number Fp(P, Q) € R/2xZ. Since X'p
has only finitely many leaves g; between P and Q, this 8p(P, Q) is the sum
over ~the g; of the exter~nal angles between the two totally geodesic pieces of
fp(S) meeting along fp(gi).

LEMMA 22.— For every two plaques P, Q of S - X, the number
Bp(P, Q) € R/2%xZ converges to B(P,Q) as the finite subset P converges
to the set Ppg of all plaques separating P from Q.

Proof. — Given a plaque R € Ppq, exactly two of the geodesics in its
boundary separate P from @, and these two geodesics delimit a strip Wg
in the strip X separating P from Q. Conversely, any strip delimited in £
by two leaves of XPQ is associated in this way to a plaque of Ppg. We
can then rephrase the definition of 3(P, @) by saying that it is equal to the
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angle from the vector vp to the vector vg minus the sum ) RePpg Bwg
where By is the integral of the geodesic curvature of the circle arc v in
H2, obtained by projection of the strip W in the negative direction.

Similarly, 8p (P, Q) is equal to the same angle from vp to vg minus a sum
ZWGW Bw, where W is the finite set of strips delimited in ¥ by the leaves
of X'p separating P from . The set W contains all the Wg associated to
the R € P. The other terms come from the two wedges obtained by splitting
along the diagonal each strip ¥; separating P; from P4y, fori=0, ..., n.
Of these two wedges in X;, at least one of them does not contribute to the
sum since its projection to H, in the negative direction consists of only one
point; let W; be the other wedge. Then,

BP,Q) -Bp(PQ)= Y. Bwp— Bw,-

RePpgo-P 1=0

Since the radii of the circle arcs vy admits a positive lower bound, each
term By is in absolute value bounded by a constant times the distance
between the end points of vy . Also, each vy, has the same end points as
the arc projection of the strip ¥;, where this projection is defined using the
lamination PQ, and this projection of X; consists of some arcs vy, with
R € Ppg ~ P and of a set of Hausdorff dimension 0. It follows that

B(P,Q) - Bp(P,Q) = 0( > length (vwy ) »

RGPPQ—P
which tends to 0 as P tends to Ppg. O

Since there are only finitely many leaves X'p separating P from @), we
have that 8p (@, P) = Bp(P,Q). An immediate corollary of Lemma 22 is
therefore.

LEMMA 23

B(Q, P)=B(P,Q).

LEMMA 24.— The bending angle B(P, Q) is independent of the identifi-
cation of H® with the upper half-space model.
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Proof. — The bending angle Sp(P, Q) is equal to the intrinsic sum of the
external angles between the finitely many totally geodesic pieces forming the
pleated surface fp between P and @), and is therefore independent of the
choice of any model for H3. By Lemma 22, the same is therefore true for

A(P,Q). O

From Lemma 22, it immediately follows that B(yP,vQ) = B(P, Q) for
every ¥ € m1(S). Also, if the plaques P, @ and R of S — X are such
that @) separates P from R, it is immediate from the definitions that

B(P,R) = B(P,Q) + B(Q, R).

As a consequence, 8 defines an R/27Z-valued transverse cocycle for A,
called the bending cocycle of the pleated surface f = (f, p).

We would like to conclude this section by a remark, indicating how to
compute the bending angle 3( P, @) if we use the Poincaré model, as opposed
to the upper half space model, for the hyperbolic 3-space H®. In this model,
the sphere at infinity H2_ is identified to the unit sphere in R3. As in the
definition of B(P, @), we associate to P and @ an arc v in HS, going from
the negative end point of f(P N X) to the negative end point of f(Q ny),
where X is the closure of the component of S—PU Q separating P from Q.
The leaves of X separating P from @) decompose X into strips, and to each
such strip is associated a circle arc in 4. We also have two vectors vp and
vg tangent to P and @, respectively, at the end points of y. To measure the
angle from vp to vg in H3, = 52, we now need to choose a differentiable
arc 6 going from the positive end point to the negative end point of v. We
can then measure an angle 65(vp,vg) € R/27Z by using parallel transport
along 8. As before, for each strip W of ¥ — XPQ, let By be the integral of
the geodesic curvature of the corresponding circle arc in 4. Then,

B(P,Q) = —bs(vp,vg) + > Bw + A(yU6) € R/27Z
%

where A(y U §) is the area of any cycle bounding 4 U é, which is uniquely
defined modulo 47. This formula is an immediate consequence of the Gauss-
Bonnet formula in the case when P and ) are separated by finitely many
plaques, and follows from Lemma 22 in the general case. The fact that the
sign is opposite to the one which could be expected comes from the fact
that, when identifying the upper half-space model to the Poincaré model,
the orientation of R?U oo is sent to the opposite of the orientation of S2.
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8. The realization of bending cocycles

In this section we show that every R/2wZ-valued transverse cocycle for
the geodesic lamination A is the bending cocycle associated to some pleated
surface f = (f, p) with topological type S and with pleating locus A. In
addition, the pull back metric defined by f on S can be any hyperbolic
metric m. The methods of proof will closely follow those used in section 5,
but will be simpler.

Consider an R /277Z-valued transverse cocycle a for the maximal geodesic
lamination A, and let m be a hyperbolic metric on S. We want to construct
a pleated surface f = (f, p), with topological type S and with pleating locus
A, whose bending transverse cocycle is @ and whose pull back metric on S
is m.

We start with any pleated surface fo = ( ﬁ), po) with pleating locus A
and with pull back metric m. There clearly exists such a pleated surface
with bending transverse cocycle 0, namely one which is totally geodesic, but
it will be convenient to work in full generality. So, let fp be the bending
transverse cocycle of fg.

Set a = B — fo.
Given an oriented geodesic g of H® and given a number v € R/277Z, let
Ry : H? — H® be the hyperbolic rotation of angle v around g.

Consider two plaques P and @ of S—X. Asin section 5, for every plaque R
separating P from @, let gg and gg be the geodesics in the boundary of
R which are closest to P and @, respectively. Orient these geodesics to the
left, as seen from P.

As usual, let Ppg be the set of all plaques of S - that separate P from
Q. Given a finite subset P of Pp(, index its elements as Py, P, ..., Pp so
that the index i of P; increases as one goes from P to @, and consider

- «(P,P1) p=a(PP1) po(P,P) p=a(P.R) | p=a(PiPa) po(P.Q)
vPe = ) TR TR e 769 o)

where gf = gﬁ, , gZQ = gIQD." and gg is the geodesic in the boundary of

@ that is closest to P. The fact that the limit exists is proved by the
same argument as Lemmas 14 and 16. The proof is actually much simpler
because, since the R /27Z-valued cocycle a is bounded, we do not have to
worry about terms el®(PFi)l < eClleli(r(knPi)+1) any more. In particular,
the convergence holds without the assumption that « is small enough.
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és iI'lv Lemma 18, we also have that, for every three plaques P, () and R
of S — A, ¥pg = ¥prYRg and Yop = 1/)}3(19-

Fix a base plaque Py of S X. Define f S—-X—m by the property
that f coincides with ¢¥p p fo on each plaque P. We want to show that f
extends to a pleated surface with pull back metric mg and with bending
transverse cocycle 8 = Gy + a.

For this, let P be a finite set of plaques of S - X, and let f»p .S — 1B
be defined as follows. For each plaque P of S - X, let Py, ..., P, be the
elements of P which separate Py from P, where the index ¢ of P; increases
as one goes from Py to P, and set P11 = P if P € P. For each i, let g;
be the leaf of X in the boundary of P; that is closest to P;_1, and let gz'-|' be
the one that is closest to P;y;. Then, fp coincides on P with

o(Fo,P1) p—a(Po,P1) pa(Po,P2) p—a(FPo,P2)  p=a(PoPn) pa(Po,Pat1) F

FolaT) T Holeh) T holer) T Telsd) folgt)  Holem) fo
if P = Pnyq is in P, and with
o(Po,P1) p=a(Po,Pr) pa(Po,P2) p—a(Po,P2)  p—a(Po 1Pn)f
fola7) ~ Jolg?) fols3) ~ folsd) fo(g?)

if P is not in P.

In particular, fp is obtained from fo by bending it along those leaves
of X which are in the boundary of some plaque of P. As a consequence, fp
is a pleated surface with topological type S and with pleating locus )\ al-
though without any equivariance property with respect to a homomorphism
71(S) — Isom™ (HB).

We can measure a bending angle 8p (P, Q) of fp between the plaques P
and Q. It is immediate from the definitions that Sp(Py, P) = Bo(Po, P) +
a(Py, P) if P € P, and that 8p(Py, P) = Bo(Fo, P) otherwise.

The general formula for Sp(P, Q) is a little more elaborate. Say that a
plaque R is between P and @ if either it separates the interior of P from
the interior of @ or it is equal to P or (). Then, there is a unique plaque
Rp,pg which is between P and @, is between P and Pp and is between @
and Py. From the additivity property of transverse cocycles, it is immediate
that v(P,Q) = v(Po, P) + v(FPo, Q) — 27(Po, Rp,pqg) for every transverse
cocycle v for 2 Asa consequence:

LEMMA 25.— If P, Q and Rp,pg are all in P, then
/B'P(PvQ) = /BO(PvQ)+a(PaQ)
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We now let the ﬁmte set P tend to the set of all plaques of S— . Then,
by definition of fp f and pp, p, fp converges to f on each plaque P. In
addition, the estimates used to prove the convergence (namely arguments
analogous to those of Lemmas 14 and 16) show that the convergence from
f’p to f is uniform on  every compact set of S. Asa consequence, f has a
continuous extension f S — mB.

Also, smce fp is obtained from fo by bendlng it along finitely many
leaves of /\ the pull back metric defined on S by fp is equal to mqg. It
follows that the limit f :S—>Hisa pleated surface, with pleating locus /\,
and that its pull back metric is still mg (see [CEG, § 5.2] for more details).

Define p : m1(S) — Isom™ (H?) by the property that p(v) = ¥p, (vPy)P0(Y)
for every v € m1(S). For every plaques P, Q, R, we saw that ¢pg =
YpRYRQ, and it immediately follows from definitions that V(4P) Q) =

po(7)¥PQ po(7)™! for every v € 71(S). As a consequence, p is.a group
homomorphism, and fy = p()f for every v € m1(S5).

Therefore, (f, p) defines a pleated surface f with topological type S.
By Lemma 22 and by the property that the convergence from fp to f is
uniform on compact sets, the bending transverse cocycle 3y of f = (f, )
is equal to By + . This achieves our goal to find a pleated surface with
topological type S, with pull back metric mg, and with bending transverse
cocycle 8 = g + . This proves:

THEOREM 26.— For every hyperbolic metric m € T(S) and every
R/27xZ-valued cocycle B for the geodesic lamination A on the surface S,
there is a pleated surface f = (f, p) with topological type S with pull back
metric m, with pleating locus A, and with bending cocycle 3.

9. The pull back metric
and the bending cocycle determine the pleated surface

In this section, we show that two pleated surfaces which have the same
topological type, the same bending locus, the same pull back metric and
the same bending transverse cocycle are equal. Of course, we first have to
decide when we want to identify two pleated surfaces. The natural notion
is to say that two pleated surfaces f; = (fl,pl) and fp = (fq,pg) with
the same topological type S are isomorphic if there is a homeomorphism
¢ : S — S isotopic to the identity, a Lift & : S — S of o, and an isometry
% : H® — HB such that f = ¥ 1.
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The main step in the proof is the following, which essentially proves this
result when the pleated surfaces have bending transverse cocycle 0.

PROPOSITION 27.— Let f = (f p) be a pleated surface whose bending
transverse cocycle is equal to 0. Then, f ts a homeomorphism between S
and a totally geodesic plane in HE.

Proof. — Let P and @ be two plaques of S—2X. As usual, we consider
the set ) pg of those leaves of X which separate the interiors of P and @,
and the component ¥ of S - Int(P U Q) that separates the interiors of P
and @. As in section 7, there is a projection of ¥ to a rectifiable arc v in
H2, = R%2U oo, and this curve is the union of a set of Hausdorff dimension 0
and of circle arcs, each corresponding to a component of & - pQ- For each
such component W, let vy be the unit tangent vector of the corresponding
circle arc at its initial point, and let Sy be the integral of the curvature of
this arc. Also, at the initial point of v, let vp be the outer unit tangent
vector to P. Then, by definition of the bending transverse cocycle, the angle
from vp to vy is equal to

b(vp,vw) = Z Bwr + B(P, Pw) = Z Bwr ,

P<W/<W P<W/'<W

where the sum is over all those components W’ of ¥ — XpQ which are
between P and W, and where Py is the plaque of S — X that is between P
and @ and is contained in W.

From this formula, we conclude that ¥ admits a unit tangent vector v
at each of its points z, and that this tangent vector depends continuously
on z. Indeed, the angle 6(vp, vz) is equal to the integral of the curvature of
v (defined almost everywhere on ) from the initial point of ¥ to . Since
the images under fof the components of ¥ — XPQ meet a given compact
subset of H3, the curvatures of the corresponding circle arcs is bounded. It
follows that #(vp,vg) is a Lipschitz function of z. In other words, the arc
~ is of class C1! when parametrized by arc length.

For every component W of ¥ — XpQ, f(W) is contained in a hyperbolic
plane in H?, and therefore determines a euclidean circle in H3, = RZUco. If
yE E—qu, there is a formula which gives the radius of the circle associated
to the component containing y, in terms of f(y), of the projection z of f(y)
to 7, and of the tangent vector v;. In particular, this radius is a uniformly
continuous function of y. Since this radius function is constant on each
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wedge, we conclude that it is constant on ¥. If we arrange that one of
these circles is a line passing through oo, we conclude that each wedge 1s
contained in a hyperbolic plane of H® passing through co. If we go back
to the formula for §(vp,viw), we now see that this angle is constantly 0.
As a consequence, all components W of £ — X pQ have their images f (W)
contained in the same hyperbolic plane H C HE.

Therefore, the image of f is contained in the hyperbolic plane H.

From the fact that the vectors vy are constant, we conclude that
f S — H is “monotonic” on X in the sense that, if the three leaves g,
h, k of X are such that A separates g from k, then f(h) separates f(g) from
f(k) It follows that fis a homeomorphism onto its image. Since the pull
back metric on S is complete, this image has to be all of H. O

THEOREM 28.— Let f; = (fl,pl) and fo = (f~2,p2) be two pleated
surfaces which have the same topological type S, the same bending locus
A, the same pull back metric m € T(S), and the same bending transverse
cocycle B € H(A; R/2xZ). Then, f1 and fa are isomorphic.

Proof.— Let us apply the process of section 8, and bend fl and f"g
along X according to the transverse cocycle —f. This gives two new pleated
surfaces f] = ( f"v{,p’l) and f} = ( fé,pg) with pull back metric m, with
pleating locus A, and with bending transverse cocycle § — 3 = 0. Note
that we can retrace our steps and that j?l and fz are respectively obtained
by bending f{ and E along A according to the transverse cocycle # and
following the same process of section 8. Therefore, it suffices to show that
f1 and f} are isomorphic.

By Proposition 27, each j‘:' induces a homeomorphism between S and a
totally geodesic plane H; in HZ. Composing }‘; and f;’ with an isometry of H3
if necessary, we can assume that H; is the hyperbolic plane H2 C H3. Since
the action of 71 (S) on S is totally discontinuous, so is the action of ph(m(S))
on H?, and it follows that the homomorphism p} : m1(S) — Isom™ (H?) C
IsorE‘" (H3) is discrete. Since f{ and fz induce the same pull back metric m
on S, this immediately implies that f] and f} are isomorphic. O

10. The shear-bend complex cocycle

Consider a pleated surface f = (f, p) with pleating locus A. Adding a
few leaves if necessary, we can assume that X is maximal.
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We have associated to f a bending transverse cocycle 8y € H(A; R /27Z).
But the pull back metric m of f also has a shearing transverse cocycle
om € H(A;R). We can combine these two transverse cocycles into the
shear-bend cocycle T'y = o + 18y € H(A; C/27iZ).

By Theorems 28 and 12, up to isomorphism, a pleated surface is
characterized by its shear-bend cocycle I'y. Conversely, let C(A) be the open
convex cone appearing in Corollary 21, namely the cone consisting of those
o € H(A;R) such that 7(a, #) > 0 for every non-zero transverse measure p
for A. Then Theorems 20 and 26 say that, in H(A;C/27iZ) = H(A;R) &
iH(A;R/27Z), a C/2miZ-valued cocycle is the shear-bend transverse cocycle
of some pleated surface if and only if it is in C(A) @ iH(A; R /27Z).

We will say that the geodesic lamination A is realized by the homomor-
phism p : 71(S) — Isom™ (HB) if there exists a pleated surface f = (f, p)
whose pleating locus contains A. The following results are immediate ex-
tensions of classical properties of pleated surfaces in the case where p is
discrete.

LEMMA 29.— If the mazimal geodesic lamination X is realized by the
homomorphism p : m1(S) — Isom™t(H3), the pleated surface f = (f, p) is
unique up to precomposition by the lift ¢ : S-S of a homeomorphism of
S that 1s isotopic to the identity.

Proof. — Immediate extension of [Thl, § 8.10] or [CEG, § 5.3]. O

LEMMA 30. — Given a mazimal geodesic lamination A, the set of those
homomorphisms p : m1(S) — Isom™ (H?) which realize A is open in the set
of all representations p : w1(S) — Isom™ (H3).

Proof — This is an immediate extension of arguments in [Thl, § 9.2]. If
=( f p) realizes A, it is possible to find a train track T carrying A and to
perturb f so that, if T is the preimage of T in S f (T) is a p-invariant train
track graph of small curvature in H2. If p’ is sufficiently close to p, f(T)
can be deformed to a p’-invariant train track graph of small curvature. This
provides a deformation of the restriction of fto Ttoa p'-equivariant map §
sending each leaf of X to a curve of small curvature. In particular, for every
leaf h of X, there is a unique geodesic of.]HI3 that stays at uniformly bounded
distance from g(h). As in [Thl, § 8.10] or [CEG, § 5.3], this enables us to
construct a pleated surface (f’, ') realizing A. O
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By Lemma 29, there is a one-to-one correspondence between isomorphism
classes of pleated surfaces with pleating locus A and conjugacy classes of
homomorphisms p : 71(S) — Isom™ () realizing A. (By definition, two
such homomorphisms p and p’ are in the same conjugacy class if there exists
¥ € Isom™ (H3) such that p'(y) = Yp(y)y! for every v € m1(S).)

Let R(X) be the set of conjugacy classes of homomorphisms p : 71(S) —
Isomt(H?) realizing A. By Lemma 30, R(}) is open in the space of
conjugacy classes of all homomorphisms 71(S) — Isom* (H?). Because
Isom™T (H?) can be identified to the complex Lie group PSL2(C), this space
of conjugacy classes of homomorphisms has a natural structure of complex
analytic manifold, except possibly near the reducible representations; see
for instance [CuS]. If A is a pleating locus for the pleated surface (f, p), the
homomorphism p cannot be reducible. Indeed, if P is a plaque of S - X,
its image f(P) hits the sphere at infinity HS, in 3 distinct points, and
it is possible to find ¥1, 72, ¥3 € m1(S) so that the ;P are respectively
close to each of these 3 points; then, the elements p('ynj_l) cannot have a
common fixed point on H2_, and therefore generate an irreducible subgroup
of Isom™ (H3). Therefore, the open subset R(A) is in the manifold part of
this representation space, and inherits a complex structure.

We want to show that the map p+— T 7o is well behaved with respect
to the complex structures of R(}) and C(X) @ iH(A; R /27Z).

THEOREM 31.— The map R()\) — C(X) & itH(X; R /27Z), which asso-
ciates to each conjugacy class of homomorphism p : m1(S) — Isom™ (H?)
realizing X the shear-bend transverse cocycle 'y € C(A) & iH(A; R /27Z) of
the corresponding pleated surface f = (f, p) with pleating locus A, is a bi-
holomorphic homeomorphism.

Proof. — We will consider the inverse map C(A)®iH(\; R /27Z) — R(A).
To show that this bijection is a biholomorphic homeomorphism, it suffices
to show that it is a holomorphic map.

Let 09 € C()A). It is the shearing transverse cocycle of some hyperbolic
metric mg € T(S). If a € H(X\R) is sufficiently small and if § €
H(X;R/27Z), sections 5 and 8 provide an explicit pleated surface (f,p)
whose shear-bend cocycle is o¢ + a + i3. We want to show that the
homomorphism p depends holomorphically on T' = a + 8. For this, it
will suffice to show that, for every v € m1(S), p(7) depends hololorphically
on I'.
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Given an oriented geodesic g of H® and given z = u + iv € C/2miZ,
let U7 = Ty Ry be the composition of the translation along g of amplitude
u € R and of the rotation around g of angle v € R/27Z. Note that the map
C/27iZ — Isom™* (H?) = PSLy(C) defined by z — U7 is holomorphic.

Choose an isometric identification between (§ ,mg) and HZ C H3. The
action of m1(S) on S = H? embeds 7((S) into Isom* (H?) C Isom™ (H?).
Also, we can assume A to be mg-geodesic.

Fix a base plaque Py of S —X. For any other plaque P, let Pp p denote
as usual the set of those plaques of S — X which separate Py from P. Given
a finite subset P of Pp p, write its elements as Py, ..., P so that the
index ¢ of P; increases as one progresses from Py to P, and set P11 = P.
For every i, let g;” and g;" be the geodesics in the boundary of P; that are
closest to P;_; and P;y;, respectively. Similarly, if we need another finite
subset Q of Pp p, we will write-its elements as (1, ..., @n so that the
index j of ); increases as one progresses from Py = Qo to P = Qn41, and

h]-' and hj’ will be the geodesics in the boundary of @; that are closest to

Qj—1 and @;4, respectively.

In section 5, to construct a hyperbolic metric m with shearing cocycle
00+ a, we considered a shear map @ : S— X — H? whose restriction to each
plaque P of S — A = H? — )X is defined by

Fp=_ lim TO‘(POyPI)T'—O‘(POyPI)TO‘(PO«PZ)T a(Po,P)
|P p""PPOP 91 g] 95 92
B T—oz(Po,Pm)Ta(Po, ) .
gm Im41

We also had a homomorphism pp, : 71(S) — Isom™(H?) defined by the
property that

pm(y) = lim T (PO«PI)T"Q’(POy-Pl )Ta(Po,Pz)T—Ot(Po P2)
P=Pry(vpo) 91 a3
—a(Po,Pm) O’(POv’YPO),y
gm Im+1

for every v € m1(S). The map ¢ and the homomorphism p are connected by
the property that vy = ppm(v)@ for every ¥ € 71(S). The metric m is the
pull back metric of an (arbitrary) homeomorphlsm v S — H2 /pm (m1(S))
admitting a lift z/) S — H? such that VY = pm (7)1/J for every v € 7rl(S)
In addition, the m—geodesm Am of S corresponding to A is such that, if Am
is its preimage in .S, then 1/)(/\,”) is exactly the complement of go(S /\) in
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Considering the map v S — M2 as arriving in H® and the homomor-
phism pp, : m1(S) — Isomt(H?) as arriving in Isom™ (H), the pair (J, om)
can be interpreted as a pleated surface with pull back metric m and with
bending cocycle 0. If we use the methods of section 8 to bend this pleated
surface according to the transverse cocycle 3, we obtain a pleated surface
(f, p) with bending cocycle 8 where

p(y) = lim Rﬁi(Po-,Ql)R:ﬁ(fo ’Ql)R@(PO_’Qz)R:B(fO’Q” o
Q—*pPo(wPo) Y(hy ) 1/’(}‘1 ) w(hz ) 1/1(}12 )
—B(Po,Qn) pB(PovFo)
.. R RZ
o) Fotnngy om0

for every v € m1(S). In particular,

p(y) = lim Rfi(Ple)R:ﬁ(POle)R@V(POvQ2)R:ﬁ(POvQ2) o
P.Q—Prvpy YT) (k) P(hy) (k)
QCP
o R:ﬁ(Po,Qn)R@v(Po(‘/Po)
Y(r) W(hotr)
Ta(Po,P1)T-—OI(PO,Pl)TOt(Po,Pz)T—Ot(Po ,Pz) .
' af 95 of
—a(Py,Pm PovF
.. Tg+a( o )Tga_( 05y 0)7_
m m+1

Note that, for any two geodesics g, h, and any two numbers ¢ € R,
b € R/27Z, we have that RZT; = TJRp-ay- Also, since @ C P, each
g

. is equal to some P;, in which case hE = g-i. Therefore, we can rewrite
J q J 7
the above limit as

p(7) = lim Ve Ve, - VP 7
P.Q—Prysro) i
QCP
where Vp, = T:‘_(PO ’Pi)Tg;a(PO B ¢ P; is equal to no Q;, where

V — V = Ta_(PO,QJ)RQ(PO’QJ)R:ﬁ(POVQJ)T_a(PO’Q‘I)
RGNy Ty b hd
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with

—a(PO, ) a(Po, i — 1 ) ,I,a(Po,Pg)T—a(Po,Pg)Ta(Po,Pl)T—Ot(Po,Pl)¢

w—T
9; gz 1 g2 91

if P; = @; with ¢ < m, and where

VQny = TQ(P°’Q"+1) B(Po,Qn+1)

Vp =
mt ¢n+l (hn+1)

with IZ,.H_I defined as above.

By the estimates of the proof of Lemma 14, the contribution to the

product Vp, Vp, --- Vp, of the terms Vp, = Ta(PO’P‘)T_a(PO’P') with

P; € P — Q is uniformly small if Q is large enough Therefore

= lim Vo. Vo, -V, .
p(7) P.Q—Pry(vFe) Q17Q, Qni1 Y
QCP

Fix Q and let P tend to Pp (yp)). By definition of b, (h:t) is equal
to the image of h]i under the restriction 9"|Q,-) suitably extended to the

boundary of Q;. By definition of g?a'le, it follows that J](h?z) tends to h]-i
as P tends to PPO(’YPO)' Therefore, VQ, tends to

a(POyQ])Rﬁ(P01Q])R ﬁ(P01QJ)T o‘(P01QJ) — F(P01QJ)U F(P01Q])
h— h_
J J

as P tends to Ppo(,y Po) if j < n. Similarly, V., tends to

CV(P01Qn+1)Rﬁ(P01Qn+1) U (P01Qn+1)
h;+1 hos1 b1
It follows that

_ : 1“(Po Q1) 7 =T(F0,Q1) 1, T(Fo,Q2) 17 =T'(Fo,Q2)
= hm L U Ul U e
p(7) Q—*’PPo(‘yPO) h h h+
—F(Po ,Qm) (PonPo)
h+ n+1

[[;IK}%,Q])

For each j, the map I' — is holomorphic. It follows that the

map I' — p(7) is holomorphic for every v € m1(S).
This completes the proof of Theorem 31. O
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The proof of Theorem 31 extends to show that the image of each plaque
of S — X under the pleated surface (f, p) depends holomorphically on
the shear-bend cocycle I' € H(A; C/2miZ) of this pleated surface. More
precisely, fix a base plaque Py, and select a preferred vertex vg of Pp.
Then, for every plaque P of S — X with a preferred vertex v, there is a
unique element p(P,v) € Isom* (HB) which sends f(Po) to f(P) and f(vo)
to f(v), respecting orientations. For instance, p(yPo,yvo) = p(y) when
v € m1(S). This p(P,v) is a well-defined function of the shear-bend cocycle
T € H();C/27iZ) up to conjugation in Isom™ (H?), and is well-defined as
an element of Isom™ (H®) if we normalize f so that it sends Py to a fixed
ideal triangle in H®. An automatic extension of the proof of Theorem 31
shows that p(P,v) is a holomorphic function of I'. Applying Theorem 31,
we obtain the following corollary.

COROLLARY 32.— For every plaque P ofg—x and every vertez v of P,
the element p(P,v) € Isom™ (H®) defined above depends holomorphically on
the representation p € R(A).

11. The rotation number of the realization
of a transverse cocycle

In an oriented hyperbolic 3-manifold M, a closed geodesic o has a well
defined length £57(«) and a well defined rotation number rotps(a) € R/27Z,
corresponding to the rotation angle of the holonomy around . There is
actually a natural way to lift rotps(«) to a number rotps ,(a) € R if we are
given a vector field v along o which is nowhere tangent to a.

We want to generalize this to the situation where « is a measured
lamination on a surface S which can be realized in M by a pleated surface
f : S — M. Since tangent vectors to the space of measured laminations
can be interpreted as geodesic laminations with transverse cocycles (see
[Bo3]), we even want to generalize this to the case where a is a transverse
cocycle for the pleating locus A of a pleated surface f : S — M. Regarding
the length ¢pr(a) of the realization of o in M, it is natural to define it
as the length £, (a) of @ in S with respect to the pull back metric m of
the pleated surface f; see [Thl] and [Bo2] for instance. In this section,
we show how to generalize the rotation number rotys(a) to this setting,
and prove an unexpected connection between this number, the bending
transverse cocycle, and Thurston’s symplectic form.
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More generally, consider a pleated surface f = (f, p) in the sense of
section 7, with pleating locus the geodesic lamination A on S. And let a be
a transverse cocycle for A.

Choose a differentiable (say) vector field v defined on a neighborhood
of f(/\) which is transverse to f(/\) and is invariant under p. Although
this corresponds to the intuitive idea we should have of v, such a vector
field may not necessarily exist if p is not discrete. So, a more formal (and
mathematically correct) definition of v is the following: The group 1(5)
acts freely properly discontinuously on the product S x HB by the covering
action on the S factor and by p on the H? factor. Then v is a differentiable
map defined on a neighborhood of the graph of f over ) and associates to
each (z,y) in this neighborhood a vector v(z, y) € T,H® such that the maps
z ~— v(z, y) are locally constant. In addition, v(z, f(x)) is transverse to f(g)
if £ belongs to the leaf g of X, and v is invariant under the action of m(.5).
Such a v can easily be constructed by considering the quotient manifold
SxH/ 71(S). When there is no ambiguity about the z-neighborhood we
are talking about, we will often write v(y) for v(z,y) since z ~ v(z,y) is
locally constant.

Let U be a neighborhood of A, small enough so that v is defined on the
graph of fover the preimage U C S of U. As in section 3, let X — X be
the orientation covering of A, and extend it to a covering A (assuming
that U avoids at least one point of each component of S — A).

If w is a vector tangent to X, let @(w) be the rotation speed of v around
f()\) in the direction of w. Namely, lift w to a vector w tangent to Xin §
and based at 7 € S. Note that A is canonically oriented, so that the base
point of w determines an orientation of the leaf g of X containing Z. Choose
a parallel vector field p along ¢ which is orthogonal to g, orient the normal
plane of g at  so that this orientation followed by the orientation of g gives
the orientation of H2, and let # be the angle from p to the projection of v
to this normal plane. Then, &(w) is the directional derivative of 6 in the
direction of w.

This & defines a 1-form along the leaves of X, which is locally the
differential of the function 6. Thereﬁare, we can extend it to a closed
Lipschitz differential 1-form & € Qiip(U ).

Now, if @ € H(A;R) is a transverse cocycle for A, we define the rotation
number of a with respect to p and v to be the real number

rot, p(a) = %/\w eR,
o
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where a € Hl(ﬁ ;R) is the class associated to « in section 3. Note that
this number is also obtained by locally integrating & along the leaves of A,
and then integrating this with respect to the transverse Holder distribution
corresponding to a. Since the integral of a function with respect to a Holder
distribution depends only on the restriction of the function to support of
the distribution [Bo4, Support Lemma 1], rot, ,(c) is independent of the
extension of & from A to U/. On the other hand, rot,,, () does depend on v.

Note that, when « is the Dirac transverse measure of weight a > 0
associated to a closed leaf of A and when p is discrete, rot,,(«) is exactly
a times the rotation number of the corresponding closed geodesic of H®/p
with respect to the transverse vector field v. Before going any further, let
us show that rot,, () also has a geometric significance in the general case.

PropPosITION 33.— Consider a family of measured laminations a; €
ML(S) defined for every t in some set of real numbers admitting 0 as an
accumulation point, and assume that a; converges to ag € ML(S) as t
tends to 0. In addition assume that, as t tends to 0, the Hausdorff limat
A of the supports of the a; exists and s a pleating locus for the pleated
surface f = (f p). Choose a p-invariant vector field v transverse to f(/\)
as defined above. Then, rot,(ag) is the limit of rot,(az) as t tends to
0. In addition, if t — a4 has a tangent vector &g at t = 0, interpreted
as a transverse cocycle for A, then the map t — rot, y(ot) has derivative
rot, (&) att = 0.

Proof. — In [Bo3, Theorem 29], we proved a very similar result (with
slightly higher generality) for the length function o — £,(a). The crux of
the argument was that £,(a) is obtained by locally integrating a certain
differential form along the leaves of A, and then integrating this with
respect to the transverse Holder distribution corresponding to «. Since
a — rotyy(a) is defined by a similar construction, the proof of [Bo3,
Theorem 29] carries over to prove Proposition 33. O

In Proposition 33, the condition on the existence of a Hausdorff limit is
relatively mild, and is for instance always satisfied if ¢ — «; is a piecewise
linear path in ML(S); see [Bo3, sect. 3], for instance.

Approximating a measured lamination o by Dirac transverse measures
for simple closed geodesics, Proposition 33 shows that our definition of
roty»(@) is the only one that makes this function continuous and agrees
with the geometric definition for closed geodesics. Similarly, the rotation
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number function on the space of transverse cocycle is the differential of the
same function on measured laminations.

A natural question is to ask how much the rotation angle rot, ,(a) de-
pends on the transverse vector field v. Let us take another such p-invariant
vector field v’ transverse to f(X), defined as above on a neighborhood of
the graph of fin S x H®. There is an obstruction o(v,v') to deform v to v’
through a path of such vector fields, defined as follows.

Let U be a small neighborhood of A in S. Pulling back the tangent bundle
of H3 under f"v, we get by invariance of f under p a 3-dimensional vector
bundle E — U. The p-invariant vector fields v and v define sections of E.
Extend the orientation coverlng X—=Atoa covering U— U, and lift E to a
bundle £ — U. Again, v and v’ provide two sections of this bundle, which
we will still denote by v and v’. For every Z € dandZF €S lifting &, consider
the unit tangent vector A(Z) of f(X) at fg%), for the local orientation of X
specified by Z; this defines a section A of E above A. Extend A to a section
over all of U. If U is sufficiently small, A is everywhere transverse to the
sections v and v'.

In each fiber of E’, orient the subspace orthogonal to A so that this
orientation followed by the orientation of A gives the orientation coming
from the orientation of H3. Let Ay U — R/27Z be the angle from
the projection of v to the projection of v’ in this orthogonal subspace.
Then, consider the cohomology class o(v,v’) € H 1((7 ; 2wZ) defined by the
differential da,, ..

The following is immediate from definitions.

PROPOSITION 34.— With the above data,

[y

rot (@) = 0t0(0) = 5 [ dayr = 3[o(0,), a].

By taking neighborhoods U of A which are smaller and smaller, there
is a way to make this obstruction o(v, v') independent of the choices made
by interpreting it as an element of the Cech cohomology group H! (X, 27 Z),
but we will not need this.

We now relate the rotation number rot,,(a) to the bending cocycle of a
pleated surface f = ( £ p) realizing A. Increasing A to the bending locus of
f, and then increasing it more if necessary, we can assume that the geodesic
lamination A is maximal without loss of generality. We will require this
condition to be satisfied for the rest of this section.
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Consider p’ close to p and connected to p by a small homotopy. By
the proof of Lemma 30, the pleated surface f/ = (f’, p') realizing A
depends continuously on p’ uniformly on compact subsets, provided it is
suitably normalized; this can also be seen using section 10 and the explicit
constructions of sections 5 and 8. In particular, using the equivariance
property under the action of 1 (S), v is still transverse to f’(X) if p’ is close
enough to p. In this case, the rotation number rot, ,(a) is still defined.

Also, if v’ is another vector field transverse to f(i) and equivariant with
respect to p, the obstruction o(v,v') € H l(ﬁ ;2wZ) is a continuous function
of p, and is therefore locally constant. By Proposition 34, it follows that
the difference rot s ,(a) —rot, »(a) does not depend on the vector field v if
p' is sufficiently close to p.

Let 3, 8 € H(A;R/27Z) be the bending transverse cocycles of the
pleated surfaces f, f’, respectively. The short homotopy from p to p’
gives a path from 3 to (', and provides a way to lift the difference
B’ — B € H(M;R/27Z) to an R-valued cocycle AB € H(A;R).

We want to relate the change in rotation angle to this cocycle Ag.

THEOREM 35.— If p' 15 sufficiently close to p, then
rot (@) —rotp () = T(a, AB).

We will base the proof of Theorem 35 on the following formula for the
bending cocycle S.

Let k be an oriented arc transverse to A in U, which we will identify to
one of its lifts in S. For each component d of k — A, let a::i" and z; be the
positive and negative end points of d, respectively. In H3, we now have two
vectors at f(:cf) One is v, the other one is the normal n to the image under
f of the plaque P of S—2X containing d, oriented so that the orientation
of fi (P) (coming from the orientation of S) followed by the orientation of
n gives the orientation of H®. If :l:f is not one of the end points of k, it
belongs to a leaf g of X, which we orient from right to left with respect to k.
Finally, we orient the normal plane of )?(g) at f(:cdi) so that its orientation
followed by the orientation of f(g) gives the orientation of HZ, and we let
anu(x d) be the angle from n to the projection of v to this normal plane.
This angle an U(a: 1) ER/27Zis clearly independent of the choice of the lift
of k to S, by p—equlvarlance of v and f. However, there is a definite abuse
of notation since a, U(m ) depends also on d; in particular, for two adjacent
components d, d’, we can have ay, v(xd) # anw(Ty) even if xd =z
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LEMMA 36. — With the above data,

B(k) = anw (x;l‘-_) —dnw (‘7“‘;+) + Z (an,v (1'2-) — Qn,w (1';)) e R/27Z
dtdy,d—

where the sum is over all those components d of k—A which are different from
the components dy, d— respectively containing the positive and negative end
points of k.

Proof. — First, we have to make sense of this sum since the ay , (zf)
are defined only modulo 27. However, if d is small enough, the two angles
any (m}') and an (z;) are close to each other, and their difference can be
interpreted as a real number bounded by a constant times the length of
d, since v is differentiable and f is isometric. Therefore, all but finitely
many terms in the sum can be interpreted as real numbers, and their sum
is convergent.

The formula is straightforward when k& N A is finite. The general case
follows from this one by locally approximating f by a pleated surface
with finite pleating locus as in section 7, using Lemma 22 and the above
convergence estimate. 0

Proof of Theorem 35 in a special case. — We first restrict attention to
the case where the pleated surfaces f = (f, p)and f' = ( f, ¢') with pleating
locus A have the same pull back metric m. We could do the general case
right away by the same methods, but it will be technically easier to do this
case first, and then to deduce the general case from this one by an indirect
argument.

The proof follows the line of the proof of Theorem 9. To alleviate the
exposition we decide that, if a certain symbol represents a mathematical
object associated to p, the same symbol with a prime ’ represents the
corresponding object associated to p’.

Let k be an oriented arc in U which is transverse to A and such that
the orientation of A always crosses k from right to left. Identifying k to its
projection to U, Lemma 36 gives that

Bk) = an,v( ) —any ‘Ed+ Z (“nv(‘”d) anv(z7))

d#d4y ,d-

and

/Bl(k) = ait,u (:L‘;;_) an v xd Z (an v (wd an v(xd ))

d#dy ,d
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The short homotopy connectlng p to p' provides a path from each
an, U(:c d) to the corresponding ay, ,(z d) In particular, although an»(z d)
and a},, U(:c 7 ) are only defined modulo 27, this homotopy enables us to define

their difference as a real number Aan 1,(.z'al) = ap, v(:c ) — an v(a:d) € R.
Therefore,

AB(K) = Aano (el ) = Aano(zz,) + D, (Bany(z]) — Aana(27)) -
d#d4,d-

Without loss of generality, we can assume that each component W of U=\ 1is
an annulus, bounded on one side by 3 leaves of A. The prelmage W of W in
U then is an annulus bounded on one side by 6 leaves of X with alternating
orientations. The periods of w on W can be computed by integrating w
along the union of these 6 geodesics, defined using small jumps and a
limiting process as in the proof of Lemma 10. To integrate w along this
cycle of 6 geodes1cs we need a parallel vector field along the corresponding
leaves of f()\) A natural choice is to use the normal vector n of a plaque
corresponding to W. This shows that w coincides along this cycle with
the differential da,, where, if £ belongs to one of the leaves g of X in the
boundary of /V[7, anw(z) is the angle from n to the normal part of v with
respect to g, measured using the orientation of g as above.

For each such z, the angle an () is only defined modulo 27. However,
the short homotopy connecting p to p’ provides a path from ap(z) to
ay, »(2), and therefore defines a real number Aap ,(z) = ay, ,(2) —anu(z) €
R. In particular, w and w’ have the same periods, and there is a function f
on W such that Aw = w' —w = df. In addition, we can choose f so that its
continuous extension coincides with Aay , on the boundary leaves of W.

Now,
AB(k) = Aan,y (zd ) Aag» (xd+) Z (Aan,v (m}') — Aany (:c‘;))
detdyd
=f(=}) - fez)+ D2 (Fed) - f(=)

ddy,d

= —f(z) + f(z5) + D_(f&F) - f(z7))
d

= —fep) +16@R)+ [ aF

= —f=]) + 1eR)+ [ Ao

where :ct and z are the positive and negative end points of k, respectively.
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Note that we would get the opposite sign if the orientation of X crossed k
from left to right. We can combine the two cases by considering the current

AB=p8 -3 in U. Then,
AB= —f(x:)+f(x,:)+/kAw,

and, by additivity, the formula holds for every arc k transverse to X, without
condition on the crossing orientation.

By cancellation of the boundary terms, we conclude that
c- Aﬁ = / Aw
C
for every ¢ € Hl(ﬁ; R). In particular,

rot (@) — 1ot (@) = %[\Aw = %& AB = 1(a, Ap).
[e 4

This concludei the proof of Iheorem 35 in the case where the pleated
surfaces f = (f, p) and f' = (f’, p’) have the same pull back metric. O

Proof of Theorem 35 in the general case.— By Proposition 1, there is a
path ¢ — B; € H(A;R/27Z) such that o = 8 and 3y € H(X; {0,7}). Let
pt correspond to the bending cocycle B; and to the same pull back metric
as p, and let p} correspond to the bending cocycle B¢ and to the same pull
back metric as p. Note that pj is uniformly close to p; if o is close to p.

Cutting the interval [0, 1] into small pieces and using the special case
already proved,

1ot 51 o (@) — 1oty (@) =10t 1 o, () — rotp(/),v(a) + rot wl(a) = 1oty o(a)

= 1(a, AB) + rot w(@) =10ty u(a)

for any vector field w for which the formula makes sense. Since 51 takes
only the values 0 and 7, the pleated surfaces corresponding to p; and pj
have their images contained in a hyperbolic plane in H3. If we take w to be
the normal vector field to this plane, we have rot wl@) =rot, u(a) =0,
which completes the proof. O
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Theorem 35 provides a way to get rid of the choice of a vector field v, by
considering the differential of the function p — rot, »(a). Indeed, if t — py is
a path with tangent vector pg at t = 0, Theorem 35 shows that the function
t = rot,, () has derivative 7(a, Bp), where fo is the tangent vector to the
corresponding path of bending cocycles. Note that his quantity does not
depend on the choice of v.

This enables us to associate to each transverse cocycle o for A a rota-
tion form roty on the manifold R(A) of those representations p : 71(S5) —
Isom™ (H3) realizing X. This is the closed differential 1-form which asso-
ciates to each tangent vector p to R(A) = 7(S) x H(A; R/2xZ) the number

rote(p) = 1(«, ﬂ)

where 3 is the tangent vector to the space of bending cocycles corresponding
to p.

We can combine this with the analysis of section 3, and complexify
the situation. Define the complez length of o with respect to p and v
as the complex number L, (o) = €,(a) + irot,»(a). By Proposition 34
and/or Theorem 35, the differential of this function is independent of v, and
defines a closed differential 1-form L, on R(A) = C(A) & iH(A\;R/27Z) C
H(X; C/2miZ). By Theorems 9 and 35, this differential is connected to the
Thurston form by the following formula: If p is a tangent vector and if
Te H(A; C) is the corresponding tangent vector to the space of shear bend
cocycles, then

Lo(p) = 7(a,T).

In particular, L is a closed holomorphic 1-form on R(A), called the complex
length form associated to a.

A particular case of interest is when the homomorphism p is quasi-
Fuchsian or, more generally, when it is in the closure of the space of quasi-
Fuchsian homomorphisms. Then, there is a preferred homotopy class of
paths in R(A) connecting p to Fuchsian representations. Integrating the 1-
form L, along such a path, we get a well-defined complex length L,(a) € C
associated to «. It is easy to check that this complex length function
coincides with the one used in [McM] and [KeS], for instance.
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12. The non-orientable and bounded cases

So far, we have assumed that the surface S was oriented and without
boundary. Also, for pleated surfaces ( f , ), we have restricted attention to
the case where the homomorphism p arrives in the group of orientation-
preserving isometries of H®. In this section, we briefly indicate how to lift
these restrictions.

12.1 Non-orientable hyperbolic surfaces

First consider the case where S is a connected compact surface without
boundary, possibly non-orientable. Assume the Euler characteristic of S
negative, and let A be a maximal geodesic lamination of S.

In the definition of the shearing cocycle o, of a hyperbolic metric m m
the orientable case, we used the orientation of S on the plaque P of S—-2
to determine the sign of o' (P, Q). It therefore makes sense to consider the

orientation covering S of S. Since § is orientable, S consists of two copies of
S but its fundamental feature is that it carries a canonical orientation. The

action of 71(S) on S canonically lifts to S, in such a way that v € m1(S)
exchanges the two components of S if an only if v is orientation reversing.
Let g : m(S) — Z/2 = {—1, +1 } be the orientation homomorphism.

Let X be the preimage of A in 5. An R-valued ¢ g-twisted transverse cocycle
for Ais a » map « associating a number a(P, Q) € R to each palr of plaques

P, Q of S — X which are contained in the same component of S and such
that o satisfies the following properties:

(1) « is symmetric, namely a(Q, P) = a(P, Q) for every P, Q;

(i1) « is additive, namely a(P,Q) = a(P,R) + a(R, Q) whenever the
plaque R separates P from Q);

exchanging its two compo-

—a(P,Q) and a(yP,1Q) =

(iii) if w is the canonical involution of
nents and if v € 71(S), a(wP,w@Q)
es(v)a(P, Q) for every plaques P, Q.

Il

This definition of €g-twisted transverse cocycles can also be translated
in terms of arcs transverse to A in k and in terms of the coefficient bundle

SxR/(my(S) x Z/2), where 71(S) acts on S by the canonical action and on
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R by €5 and where Z /2 acts on S by the identity and on R by multiplication
by +1.

The definition is specially tailored so that section 2 associates to a
hyperbolic metric m on S an R-valued eg-twisted transverse cocycle oy,
for A, called the shearing cocycle of m.

Let Heg(A;R) be the space of R-valued eg-twisted transverse cocycles
for A. By the methods of [Bod4, sect. 4] and [PeH, § 2.1], this is a vector
space of dimension 3ix(5)|. (For a general geodesic lamination A, the
dimension of H.(A;R) is equal to the sum of Ix(/\)| and of the number of
those components of A which are transversely orientable.) As in section 3,
there is a pairing 7 : H(A; R) X Heg(A;R) — R such that, for every Holder
distribution @ € H(A;R) and every hyperbolic metric m, the length £,, ()
is equal to T(a, o).

Then, the map m + o, defines a homeomorphism from 7(S) to an open
subset of Hes(A;R). The image of this map is a cone bounded by finitely
many faces, and consists of all those a € He (A;R) such that 7(u,a) > 0
for every non-trivial transverse measure py for A. The proofs are identical to
those of sections 4-6.

For a pleated surface f = ( f, p) with pleating locus A, where p is a
homomorphism 71(S) — Isom™ (H?), the bending locus 85 € He(A;R) is
defined as in section 7 and the results of sections 7-11 immediately extend
to this context.

21.2 Hyperbolic surfaces with totally geodesic boundary

If we want to allow the (compact connected) surface S to have non-empty
boundary, there are at least two natural extensions of the space 7(S). A first
possibility is to consider on S hyperbolic metrics for which the boundary 85
is totally geodesic (assuming the Euler characteristic x(.S) to be negative, to
guarantee the existence of such metrics). Let 74(S) be the space of isotopy
classes of such metrics. This space is homeomorphic to an open ball of
dimension 3|x(5)|.

If S is endowed with a hyperbolic metric with totally geodesic boundary,
a maximal geodesic lamination A must contain all of the boundary 8S. The
results of sections 2-6 automatically extend to this situation: There is a
well-defined shearing cocycle o, € Heg(A;R) associated to each hyperbolic
metric m with totally geodesic boundary on S. The map m — o, defines
a homeomorphism from 7,(S) to its image in Heg(A;R). The image of this
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map can be expressed in terms of the pairing 7 : H(A; R) x Heo (A R) — R,
and consists of all those & € Heg(A;R) such that 7(u,a) > 0 for every
non-trivial transverse measure u for A. In particular, this image is an open
cone bounded by finitely many faces.

For a pleated cocycle f = (f, p) with pleating locus A, where p is a
homomorphism 71(S) — Isom™(H?®), the bending locus Bs € Hes (M R) is
defined as in section 7 and the results of sections 7-11 immediately extend
to this context.

12.3 Hyperbolic surfaces with cusps

Another option for a surface S with boundary is to consider finite area
complete hyperbolic metrics on the interior Int(S) of S. The ends of Int(S)
then correspond to cusps. Let 7.(S) denote the space of isotopy classes of
such metrics.

In this case, a geodesic lamination A is contained in Int(S). It can be
shown that it has only finitely many leaves going to the cusps. If, in addition,
A is maximal, we associate to each metric m € 7.(S) a shearing cocycle
om € Heg(A;R) as in the previous cases. However, the completeness of the
metric imposes a new condition. Namely, for each cusp, the integral of o,
over a curve transverse to A and going once around the cusp is equal to 0.
Let HO();R) (resp. 'Hgs()\;]R)) denote the set of those transverse cocycles
(resp. €g-twisted transverse cocycles) which satisfy this cusp condition.

A transverse cocycle o € HO(A;R) has a well defined m-length £, () €
R, where the cusp condition is necessary for this length to be finite. This
length can be expressed in terms of the Thurston pairing 7 : HO(A;R) x
HSS(A;]R) — R by the property that ¢, () = 7(a,0om) for every o €
HO(X\;R). This provides a parametrization of 7.(S) by the convex cone in
HSS(/\; R) consisting of those a such that 7(y, &) > 0 for every non-trivial
compactly supported transverse measure u for A.

For a pleated cocycle f = (f~, p) with pleating locus A, where p is a
homomorphism 71(S) — Isom*(H?), the bending locus B85 € Heg(A;R) is
defined as in section 7. It actually turns out that 3 is in 'Hgs(/\;IR). The
results of sections 7-11 immediately extend to this context, provided we
restrict attention to @ € H%();R) to define rotation angles in section 11.
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12.4 Non-orientable hyperbolic 3-manifolds

We can also consider pleated surfaces in non-orientable hyperbolic 3-
manifolds or, more generally, pleated surfaces f = (f, p) where the ho-
momorphism can arrive in the group Isom(H3) of all isometries of H?>
(orientation-preserving or not). Let ¢, : m1(S) — Z/2 be the composi-
tion of p with the orientation homomorphism Isom(IH®) — Z/2. Then, the
bending cocycle 3y is twisted by the product ese,. Otherwise, the above
results immediately extend to this case (except that the rotation angles of
section 11 have to be defined in a twisted coefficient bundle).
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