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RESUME. — Nous établissons et étudions un lien entre jougs et formes
symplectiques. Nous montrons que les jougs normalisés correspondent
a certaines formes symplectiques. Nous présentons une méthode pour
construire de nouveaux jougs & partir de jougs donnés. Celle-ci est
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proposons quelques variantes de cette construction.

MoTs-CLES : Application moment, hamiltonien, joug de vraisemblance
espérée, joug de vraisemblance observée, lagrangien, sous-variété lagran-
gienne, tenseurs.

ABSTRACT.— A relationship between yokes and symplectic forms is
established and explored. It is shown that normalised yokes correspond
to certain symplectic forms. A method of obtaining new yokes from old
is given, motivated partly by the duality between the Hamiltonian and
Lagrangian formulations of conservative mechanics. Some variants of this
construction are suggested.

KEY-WORDS : expected likelihood yoke, Hamiltonian, Lagrangian sub-
manifold, momentum map, observed likelihood yoke, tensors.

AMS Classification : 58F05, 62E20

(*) Regu le 10 juillet 1995

1) Department of Mathematical Sciences, Aarhus University, Ny Munkegade, DK-
8000 Aarhus C (Denmark)

(2) School of Mathematical and Computational Sciences, University of St Andrews,
North Haugh, St Andrews KY16 9SS (United Kingdom)

- 389 —



0. E. Barndorff-Nielsen and P. E. Jupp

1. Introduction

In the differential-geometric approach to statistical asymptotics a central
concept is that of a yoke, key examples being the observed and expected
likelihood yokes.

A yoke on a manifold M is a real-valued function on the “square” M x M
of M, satisfying conditions (2.1) and (2.2) below (Barndorff-Nielsen [7]).
Yokes which are restricted to be non-negative and are zero only on the
diagonal are known as contrast functions. For uses of contrast functions in
statistics see, e.g., Eguchi [16] and Skovgaard [24]. In applications of yokes
to statistical asymptotics we are particularly interested in the values of the
yoke near the diagonal Aps of M x M, where Apr = {(w,w) | w € M}.
A suitable neighbourhood of Aps in M x M can be regarded as the total
space of the normal bundle of Aps in M x M and this normal bundle is
isomorphic to the tangent bundle M of M. Furthermore, a yoke on M
determines a (possibly indefinite) Riemannian metric, which can be used to
identify the tangent bundle M with the cotangent bundle 7*M.

One of the main contexts in which cotangent bundles occur is in conser-
vative mechanics (see e.g., Abraham and Marsden [1], and Marsden [19]),
where they are known as the phase spaces. The geometrical concept is
that of a symplectic structure. A survey of symplectic geometry and its
applications is given by Arnol’d and Givental’ [3].

The role of Hamiltonians in conservative mechanics and their relation to
exponential families suggest that symplectic geometry may have a natural
role to play in statistics. It is relevant here also to mention the work
of Combet [13] which discusses certain connections between symplectic
geometry and Laplace’s method for exponential integrals.

In view of the results to be described below we think it fair to say that
there exists a natural link, via the concept of yokes, between statistics
and symplectic geometry. How useful this link may be seems difficult to
assess at present. Other links have been discussed by T. Friedrich and
Y. Nakamura. Friedrich [17] established some connections between expected
(Fisher) information and symplectic structures. However, as indicated
in Remark 3.4, his approach and results are quite different from those
considered here. Nakamura ([22], [23]) has shown that certain parametric
statistical models in which the parameter space M is an even-dimensional
vector space (and so has the symplectic structure of the cotangent space of
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a vector space) give rise to completely integrable Hamiltonian systems on
M. In contrast to these, the Hamiltonian systems considered here arise in
the more general context of yokes on arbitrary manifolds M and are defined
on some neighbourhood of Ajsin M x M.

Section 2 reviews the necessary background on yokes, symplectic struc-
tures and mechanics. In Section 3, we show that every yoke on a manifold
M gives rise to a symplectic form, at least on some neighbourhood of the
diagonal of M x M, and in some important cases on all of M x M. By
passing to germs, i.e., by identifying yokes or symplectic forms which agree
in some neighbourhood of the diagonal, we show that normalised yokes are
almost equivalent to symplectic forms of a certain type. (However, from
the local viewpoint there is nothing special about those symplectic forms
which are given by yokes, since Darboux’s Theorem shows that locally ev-
ery symplectic form can be obtained from some yoke; see Example 3.1.) In
Section 4, we consider some uses of the symplectic form given by a yoke.

There is an analogy between conservative mechanics and the geometry
of yokes in that symplectic forms play an important part in both areas. In
Section 5, this analogy is used to transfer the duality between the Hamilto-
nian and Lagrangian versions of conservative mechanics to a construction
for obtaining from any normalised yoke g another yoke §, called the La-
grangian of g, which has the same metric as g and is, in some sense, close
to the dual yoke ¢g* of g.

Section 6 considers Lie group actions on the manifold and the associated
momentum map, which takes values in the dual of the appropriate Lie
algebra.

An outline version of some of the material presented in this paper is given
in Barndorff-Nielsen and Jupp [11].

2. Preliminaries

2.1 Yokes
Let M be a smooth manifold. We shall sometimes use local coordinates
(W, ..., wd) on M and, correspondingly, local coordinates (w!, ..., w?;

w'l, ..., w'% on M x M. Furthermore, we use the notations
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/
gi(w,w') = @‘%i%);
0%g(w,w’)
ey N 22V 7/
gisj(w,w') = PR ERE etc.

For a function on M X M, the corresponding gothic letter will indicate
restriction of that function to the diagonal, so that, e.g.,

8i;j = izj(w,w).

In coordinate terms a yoke on M is defined as a smooth function
g: M x M — R such that for every w in M:

(i) g;w)=0 (2.1)

(ii) the matrix [g;;;(w)] is non-singular. (2.2)

The coordinate-free definition of a yoke is as follows. For a vector field
X on M, define the vector fields X and X’ on M x M by X = (X,0) and
X'=(0,X),1ie.,

Th(X)=X, Tp(X)=0,
T(X"Y=0, Tp(X=X,

where pp : M x M — M is the projection onto the k*® factor. Then, for
vector fields X and Y on M, we define ¢(X |Y): M — R by

9(X |Y)w)=XYg(w,w).

A yoke on M may now be characterised as a smooth functiong : M xM — R
such that:

(i) Xg(w,w)=0for all w in M,
(ii) the (0,2)-tensor (X,Y) — ¢g(X | Y) is non-singular.

An alternative way of expressing (i) and (ii) is that on Ap;:

(i) d1g =0,
(ii) dy d2g is non-singular,

where dy and dy denote exterior differentiation along the first and second
factor in M x M, respectively.
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Ezample 2.1

The simplest example of a yoke is the function g : R% x R? — R defined
by

1
gw,o) = =5 Jlo —o'|".

For all w’, the function w — g(w,w’) has a (unique) maximum at w = w’,
so that (2.1) holds. Since [g;;;(w)] is the identity matrix, (2.2) holds. Some
generalisations of this example are given in Examples 5.1-5.3.

Two of the most important geometric objects given by a yoke are a
(possibly indefinite) Riemannian metric and a one-parameter family of
torsion-zero affine connections. The metric is the (0,2)-tensor (X,Y) —
9(X |Y), given in coordinate form by the matrix [g;,;]. For o in R, the

o
a-connection V is defined by

a 0
V=V -=-T,

o R

0
where V is the Levi-Civita connection of the metric and T is given by
9(TxY | Z)w) =XY'Z'g(w,w) =Y ZX 'g(w,w) .

[2]
Note that T is a (1,2)-tensor. The lowered Christoffel symbols of V at w

are given by - .
(87 —
ijk = —5— ijk + —5— Oksij (2.3)

e

and the (0, 3)-tensor corresponding to 7' is the “skewness” tensor with
elements

Trst = Ori;st — Bst;r - (2'4)

For applications to statistics of the metric and the a-connections of expected
and observed likelihood yokes, see Amari [2], Barndorff-Nielsen ([6], [8]) and
Murray and Rice ([21]).

A normalised yoke is a yoke satisfying the additional condition
g(w,w) =0. (2.5)

Except where explicitly stated otherwise, we shall consider only normalised
yokes. For any yoke g, the corresponding normalised yoke is the yoke §
defined by

g(w’wl) = g(“”"",) - g(w',w')
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and the dual yoke is the yoke g* defined by
g*(w,w') = g, w).

Note that ¢* is necessarily a normalised yoke.

In the statistical context the two important examples of normalised yokes
are the expected likelihood yoke and the observed likelihood yoke. For a
parametric statistical model with parameter space M, sample space X and
log-likelihood function £ : M x X — R the expected likelihood yoke on M
is the function g given by

g(w,w') = E i [lw; z) — £(v';2)] .

Given an auxiliary statistic a such that the function z — (&, a) is bijective,
the observed likelihood yoke on M is defined as the function g given by

g(w,w’) = Lw;w',a) — fu';uw,a). (2.6)

For more about expected and observed likelihood yokes see Barndorff-
Nielsen ([7], [8]), Chapter 5 of Barndorff-Nielsen and Cox [9] and Bleesild
[12].

Differentiation of (2.1) yields the important result
8ij; + 8i;; = 0. (2.7)

This shows that the matrix [g;;] is symmetric, a property which is not
obvious at first sight. Similarly, differentiation of (2.5) shows that for a
normalised yoke g we have

8 = 0= 9.7 (2.8)
and
8ij; = —0i;j = Byij - (2.9)
Differentiation of (2.7) yields
Qijk; + Bijik + ik + 8k = 0. (2.10)

Similarly, for a normalised yoke g, we have

8jksi + Oksij + 8k + 8456 = 0. (2.11)
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Differentiation of (2.10) and (2.11) yields

Qijkl; + Bijhsl + Giklsj + Giljsk + Gigikl + Giksl; + Gatyik + Gk =0 (2.12)

and
Bijkil + Bijiki + 8jksil + Okisjt + Gisjkl + Gkt + Bksiji + Gijp = 0. (2.13)

Formulae (2.7) and (2.10)-(2.13) are special cases of the general balance
relations for yokes. See formula (5.91) of Barndorff-Nielsen and Cox [9].

For the applications so far made of yokes to statistical asymptotics the
important part of a yoke is its germ round the diagonal, or even just its
oo-jet at the diagonal. In particular, this co-jet has been used to construct
the associated tensors and affine connections. See, for instance, Blaesild [12]
and references given there. (Recall that two functions on M x M have the
same germ at Aps if they agree on some neighbourhood of Ajs and that
two such functions have the same co-jet at Aps if at each point of Apy their
derivatives of any given order agree.)

By using partial maximisation, it is possible to define a concept of
“profile” yoke. In Remark 3.3 we shall discuss briefly how this concept
fits together with the idea of the symplectic form of a yoke, another concept
to be introduced in Section 3.

2.2 Symplectic structures

Let N be a manifold of dimension k. A symplectic structure or symplectic
form 1 on N is a non-singular closed 2-form on N, i.e.:

(i) nis a 2-form (skew-symmetric (0, 2)-tensor) on N;

(i) at each point n of N, the map T,N — TN given by X — 1xn
is nonsingular (where ¢ xn denotes the 1-form defined by ¢xn(Y) =
9(X,Y) for Y in T,,N);

(iii) dn = 0.

The standard example of a symplectic form is

d
n= Z dz* A dy; (2.14)
1=1 :
on R%x R%* where z1, ..., 29 are the standard linear coordinates obtained
from a base of R? and v, ..., yg are the coordinates on R%* obtained from

- 395 —



O. E. Barndorff-Nielsen and P. E. Jupp

the dual base. Locally, this is the only example of a symplectic form, because
Darboux’s Theorem (e.g. Abraham and Marsden [1, p. 175)) states that a
2-form n on N is a symplectic form if and only if round each point of N
there is some coordinate system (z!, ..., 2% yy, ..., yg) in which (2.14)
holds. Note that this implies that k is necessarily even, k = 2d, and that
the d-fold exterior product

Q=nA--Ap (2.15)

is nowhere zero and so is a volume on N.

Formula (2.14) can be used on manifolds more general than R%. If
2!, ..., 2% are coordinates on a manifold M and Y1, - - -, Yq are correspond-
ing dual coordinates on the fibres of 7™M then (2.14) defines a canonical
symplectic form 7 on the total space T*M of the cotangent bundle of M.
The symplectic form # can also be derived from the canonical 1-form 6y on
T*M given by

Bo(v) = tre21(v) (T34 (v))

for every v in TT*M. Here 7rsps : TT*M — T*M denotes the projection
map of the tangent bundle of 7*M and Try, : TT*M — TM denotes
the tangent map of 73, : T*M — M. In terms of the coordinates

(=1, ..., 4y, y4) on T*M, the canonical 1-form is
d .
by = Zyi dz*, (2.16)
=1
and so
n= —d00 .
Remark 2.1.— Aspects of symplectic structures such as:

(i) existence, i.e., determining when a given closed 2-form can be
deformed into a symplectic structure,

(ii) classification, i.e., determining when two symplectic forms are equiv-
alent,

(iii) the study of Lagrangian manifolds (submanifolds of maximal dimen-
sion on which the restriction of 7 is zero),

appear to be mainly of mathematical/mechanical interest and not of any
direct statistical relevance (in this connection, see e.g. McDuff [20] and
Weinstein [25]-[26]).
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2.3 Hamiltonians and Lagrangians

There are two formulations of conservative mechanics: the Hamiltonian
formulation takes place on the cotangent bundle and uses the canonical
symplectic form —dfp, whereas the Lagrangian formulation takes place
on the tangent bundle and leads to the use of second order differential
equations. It is possible to pass from one formulation to the other by
means of fibrewise Legendre transformation, i.e., performing Legendre
transformation in each cotangent space 7,5 M of M. More precisely, let H be
a Hamiltonian on M, by which in the present context we mean a real-valued
function on T*M. Then the fibre derivative FH of H is just the derivative
of H along the fibre. In terms of the coordinates (z!, ..., ey, Yd)
on T*M used in (2.16) to define 6o,

0H
FH; =
Ay
where z!, ..., z¢ are kept fixed. Suppose first, for simplicity, that H is

hyperregular, i.e., FH : T*M — TM is a diffeomorphism. Then the
fibrewise Legendre transformation of H is the function H : TM — R defined
by

H(v) = a(v) — H(e), (2.17)

where o is defined by FH(,) = v. In coordinate terms,

d
H(z!, T zd):zz’yi—H(xl, U LTI vd),
=1
where
. OH
2t = (:cl,...,md,yl,...,yd).
Oy;

The function H is usually called the Lagrangian corresponding to the
Hamiltonian H.

In the context of yokes we need to relax the condition of hyper-regularity
and assume just that FH is a diffeomorphism from some neighbourhood U
of the zero section of 7*M to a neighbourhood FH (U) of the zero section
of TM. Then we can define H on FH(U) by (2.17).
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3. The symplectic form given by a yoke

A yoke yields a symplectic form. Let g : M x M — R be a yoke on M.
Then differentiation of g along the first copy of M yields a mapping

p=dig: MxM—T"M
given in coordinate terms by
¢ (w,w)— (w,g,';(w,w')dwi) . (3.1)

If g is the observed likelihood yoke (2.6) of a parametric statistical model
then ¢ is essentially the score. For a general yoke g, the 2-form n on M x M
is defined by

n = p"(—dbo),

i.e., as the pull-back to M x M by ¢ of the canonical 2-form —dfy on T* M
so that for tangent vectors X, Y at some common point of M x M,

(X, Y) = (=dbo)(Tp(X), Te(Y)) ,

where Ty denotes the derivative of ¢.

Let (w!, ..., w?) be local coordinates on M. Then, taking (w1, ..., w?)
as coordinates on the first factor in M x M and (w'1, ..., w'?) as coordinates
on the second factor, the coordinate expression for 7 is

N(w,w’) = gij(w, w') dw’ Adw'7 . (3.2)

It follows from (2.2) that there is a neighbourhood W of the diagonal of
M x M on which 7 is non-singular. Thus 7 is a symplectic form on W.
In fact, for a large class of statistical models the expected and observed
likelihood yokes g have matrices [g;.;] of mixed partial derivatives which are
non-singular everywhere on M x M, so that the corresponding symplectic
forms 7 are defined on all of M x M. Note from (3.2) that n is special
in containing no terms involving dw’ A dw’ or dw’t A dw’7. This special
feature is the basis of the characterisation, in Theorem 3.1 below, of those
symplectic forms which arise from yokes.
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Ezample 3.1

For the yoke considered in Example 2.1, the corresponding symplectic
form 7 is the canonical symplectic form on T*R¢ given by (2.14). It follows
from Darboux’s Theorem that every symplectic form arises locally from
some yoke.

Because, in general, n is non-singular only on some neighbourhood of
Az, rather than on all of M x M, it is appropriate to consider germs of
symplectic forms. Two symplectic forms, each defined on a neighbourhood
of Az, have the same germ at Apy if they agree in some neighbourhood of
Ajps. Similarly, two yokes on M have the same germ at Ay, if they agree
in some neighbourhood of Aps. It follows from (3.2) that the germ [5] of n
depends only on the germ [g] of g. Thus we have a function

®:[g]— [n] 3.3)

from the space of germs of yokes on M to the space of germs of symplectic
forms around Apy.

As mentioned in Remark 2.1, a submanifold L of a symplectic manifold
N is called Lagrangian if

(1) #*np = 0, where ¢ : L — N is the inclusion and 7 is the symplectic
form on N,

(ii) dim N =2dim L .

It is useful to call a symplectic form on a neighbourhood W of A,
in M x M hv-Lagrangian (or horizontal and vertical Lagrangian) if all the
submanifolds ({w} x M)NW and (M x {w'}) W are Lagrangian, i.e., if the
projections py : W — M and py : W — M are Lagrangian foliations in the
sense of Arnol’d and Givental’ [3, p. 36]. We shall call a symplectic form
n on W dhv-Lagrangian (or diagonally-symmetric horizontal and vertical
Lagrangian) if it is hv-Lagrangian and satisfies the symmetry condition

n((X,0),(0,Y)) = n((¥,0), (0, X)) (3:4)
for all tangent vectors X, Y at the same point of M.

THEOREM 3.1.— Let [Y|(M), [NY](M) and [dhv L](M) denote the
spaces of germs of yokes on M, of germs of normalised yokes on M, and of
germs of dhv-Lagrangian symplectic forms around Ay, respectively. Then
the function ® given by (3.3) has the following properties:
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(i) @:[YI(M)— [dhv L}(M);

(i1) ®[g] = ¢((g));
(i1) the restriction of ® to [NY](M) is a one-to-one map from [NY](M)
to [dhv L)(M);

(iv) if M is simply-connected then the restriction of ® to [NY](M) maps
onto [dhv L)(M) and so is a bijection from [NY](M) to [dhv L](M).

Proof
(i) If e is the inclusion (fw}xM)NW > Wor (Mx{J'}))NW —-W
then ¢*(g;;; dw* A dw’7) = 0. Property (3.4) follows from symmetry of g;;;.

(ii) This follows from g;;; = g;.;.

(iii) Let g and g’ be normalised yokes which give rise to the same
symplectic form. Then

yi;j(w’w/) = g-i,;j(“”w,) )

so that

gi;(w’w,) = E{;(w’w,) + O‘i(w) )
for some functions ey, ..., ag. It follows from (2.1) that oy = ... = ag = 0.
Then

y(w’wl) = yl(w)w,) + /3("",)

for some function 8. From (2.5) it follows that 3 =0 andso g=7’.

(iv)  Any 2-form 7 on an open set in M x M can be expressed locally as
n=a;; dw® Adw’ + bi; dw' Adw'? + ¢ij do't Adw'd .
If n is dhv-Lagrangian then a;; = ¢;; = 0 and so .
7= b;; dw' Adw' . (3.5)

Since a symplectic form is closed, we have dnp = 0 and so

Ob;;  Oby; _

ok Bt 0 (3.6)
0b;; 8bik
awljk T 0. (8.7
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Given w and w’ in M, choose paths ¢ and ¢ in M such that £(0) = W',
€(1) = w, {(0) = w and {(1) = w’. Define a; by

1 d 7
ai(w,w')z/o bij(w,C(u))%du.

It follows from (3.7) and the simple-connectivity of M that a; does not
depend on the choice of {. Also,

16 , 1 9b;, d¢d
6_3—"_(“)"0 ) :/0 3w’]9 (w,((u))d—i-du+ bir(w,w’). (3-8)
Define g by
1 d 1
g(w,w’) =/0 ai(ﬁ(t),w')d—stdt.

It follows from (3.8), (3.4), (3.6) and the simple-connectivity of M that
g(w,w’) does not depend on the choice of &, so that g is well-defined. It is
simple to verify that ¢ is a normalised yoke with 7 as its symplectic form.

Remark 3.1. — Yokes and 2-forms satisfying (3.5) are related to preferred
point geometries. These geometries were introduced by Critchley et al.
([14], [15]) in order to provide a geometrical structure which reflects the
statistical considerations that (i) the distribution generating the data has a
distinguished role and (ii) this distribution need not belong to the statistical
model used. Preferred point geometries are of statistical interest both
because of their relevance to mis-specified models and because various
geometrical objects which arise in statistics are preferred point metrics.
It is convenient here to define a preferred point metric on a manifold M to
be a map from M to (0, 2)-tensors on M, which is non-degenerate on the
diagonal. (This is a slight weakening of the definition of Critchley et al.,
who require the tensor to be symmetric and to be positive-definite on the
diagonal.) In terms of coordinates (w!, ..., wd), a preferred point metric b
on a manifold M has the form

bij(w,w’) do’ ® duw? .
A yoke g on M determines a preferred point metric on M by
9 — gij(w,w’) dw' @ dw’ .

Note that the map from yokes on M to preferred point metrics on M is not
onto (even at the level of germs), because a general preferred point metric
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b does not satisfy the integrability conditions (3.6) and (3.7). However, it
follows as in the proof of Theorem 3.1(iii) that the restriction of this map
to the set of normalised yokes is one-to-one.

A preferred point metric b on M determines a 2-form on M x M satisfying
(3.5) by ’ ‘ . .
bij(w,w’) dw' ® dw? — b;j(w,w’) dw® Adw'7 .

Since this 2-form need not be closed, it is not in general a symplectic form.
It is a consequence of the proof of Theorem 3.1(iv) that if M is simply
connected then the preferred point metrics for which the corresponding 2-
form is symplectic and satisfies (3.4) are precisely those which come from
yokes.

Remark 3.2.— The construction of the symplectic form of a yoke behaves
nicely under inclusion of submanifolds. Let ¢ : N — M be an embedding
(or more generally, an immersion) and let g be a yoke on M. If the pull-
back to N by ¢ of the (0, 2)-tensor g;;; on M is non-singular (as happens,
in particular, if the metric of g is positive-definite) then g pulls back to a
yoke go (¢ x ¢) on N. It is easy to verify that the corresponding symplectic
form n satisfies ny = (¢ x ¢) *nas.

Remark 3.3.— The construction of the symplectic form behaves nicely
under taking profile yokes. Let p : M — N be a surjective submersion
(= fibred manifold) and let g be a yoke on M satisfying g(mi,m3) < 0
(so that —g is a contrast function). The profile yoke of g is the function
d: N x N — R, defined by

g(n1,n2) = sup{g(m1,ma) | p(m;) =n;, i=1,2}.

We can choose implicitly a section s : N x N — M x M of p x p (ie., a
function s with (p x p) o s the identity of N x N) such that

g=gos.
Then the symplectic form 7y of § satisfies
TN =s"nM -

For example, let M be the parameter space of a composite transformation
model with group G, let p be the quotient map p : M — M/G, and let
g be the expected likelihood yoke. Then the corresponding profile yoke

- 402 -



Statistics, Yokes and Symplectic Geometry

G is —I, where I is the Kullback-Leibler profile discrimination considered
by Barndorf-Nielsen and Jupp [10]. The tensors ¥;.; and %i.jk on M/G
obtained by applying Blasild’s [12] general construction to the yoke § are
the transferred Fisher information pii and the transferred skewness tensor
p1D of Barndorff-Nielsen and Jupp [10].

Remark 3.4.— A rather different connection between statistics and
symplectic structures is given by Friedrich [17]. His construction requires
a manifold M, a vector field X on M and an X-invariant volume form )\
on M. These give rise to a 2-form n on P(M, }), the space of probability
measures on M which are absolutely continuous with respect to A. If X has
a dense orbit then 7 is a symplectic form on P(M, }).

4. Some uses of the symplectic form of a yoke

In symplectic geometry important ways in which a symplectic structure
7 is used are:

(1) to raise and lower tensors;

(ii) to transform (the derivatives of) real-valued functions into vector
fields;

(iii) to provide a volume 2, thus enabling integration over the manifold
(in mechanics, over the phase space, i.e., the cotangent space).

We now apply these to the symplectic form 5 of a yoke g on M. Recall
that 7 is defined on some neighbourhood W of Aps in M x M.

4.1 Raising and lowering tensors

A symplectic form 7 enables raising and lowering of tensors in the
same way that a Riemannian metric does. In particular, the “musical
isomorphism” §, which raises 1-forms to vector fields, and its inverse b (which
lowers vector fields to 1-forms) are defined by

n(a!, X) = a(X)
Y (X) = n(Y, X)
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for 1-forms o and vector fields X and Y. For the symplectic form (3.2) of
a yoke, the coordinate expressions of § and b are

9 1y — gid 9
dw!”’ (do") =y duwt’

a\ - o\ ;
(5ar) =i (gm) =m0’

where g%/ is the (2.0)-tensor inverse to g;.;. The construction in Section 5
of the Lagrangian of a yoke can be expressed in terms of #; see (5.2).

(dwi)ﬁ — _gi;j

4.2 The vector field of a yoke

A yoke g on M gives rise as follows to a vector field X; on W. The
derivative dg of ¢ is a 1-form. Raising this using § yields the vector field
(dg)ﬂ = Xg. In coordinate terms, Xy(w,w’) is given by

o . 5
g;j(w,w')yw(w,w’)w - g (w’w,)gi;(w’w,) awlj ‘ (41)

By Liouville’s Theorem on locally Hamiltonian flows (see, e.g., Abraham
and Marsden [1, pp. 188-189]), the flow of X, preserves the volume Q on W
defined by (2.15). If g is an observed likelihood yoke, then the vector field
Xy describes a joint evolution of the parameter and the observation.

The vector field Xy can be used to differentiate functions. Let h be
a real-valued function on M x M. Then the derivative of h along X, is
dh(Xy). An alternative expression for dh(X,) is

dh(Xg) = {h, g}, (4.2)

where {h, g} is the Poisson bracket (with respect to the symplectic form 7
of g) defined by

{hag} = U(Xh»Xg) . (43)

(See, e.g., Abraham and Marsden [1, p. 192].) It is clear from (4.3) that
{9,9} = 0. This suggests that one way of comparing two normalised yokes
h and g is by their Poisson bracket. In coordinate terms we have

{h, 9} = 9,;9" i, — hyjg" g, . (4.4)
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Remark 4.1.— The Poisson bracket with respect to a fixed symplectic
structure is skew-symmetric. However, because the symplectic structure 7
used in (4.3) depends on ¢, the skew-symmetry property

{h’g} = *_{g)h}

does not hold in general here.

The behaviour of {h, g} near the diagonal of M x M is explored in
Proposition 4.1. It shows that the 3-jet of {h,g} at the diagonal cannot
detect differences in metrics between two normalised yokes h and g but
that some differences in skewness tensors can be detected.

PROPOSITION 4.1.— Let h and g be normalised yokes on M with
skewness tensors

Srst = hr;st - bst;r

and
Trst = Gr;st — Bstyr -

Put k = {h,g} Then:
(o) £=0;
(l) tr; = E;'I‘ = 0;
(ii) Ers; = E'r;s = E;7'3 =0;
(i11) erst; = —¥rs;t = bt = —Yrst = Trst(h, g), where Trse(h, g) is the
tensor defined by
Trst(h, 9) = —={(brsit + Btyrs) = (8rsj + gj;fs)gi;jm?t}[?’]
= _Q{brs;t - grs;jgi;j bi;t}[?’] - {STst = Trs; gi;jbi;t}['?’] J

[3] indicating a sum of three terms obtained by appropriate permu-
tation of indices.

Furthermore, if
Grs; = brs; (4.5)

and
Brst; = h'rst; (46)
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then
brst; = brsit = trist = trst =0 (4'7)

and
E'rstu; = —Erst;u = E'rs;tu = "Er;stu = E;7'stu

4.8)
= 4(brstu; - grstu;) + (brst;u - grst;u)[4] .

Proof.— Part (o) is immediate from (4.4) and (2.8). Differentiating
(4.4) with respect to w and applying (2.8) yields (i). Repeated differentiation
of (i) then shows that k satisfies (2.9)-(2.11). Differentiating (4.4) twice
and three times with respect to w, using Leibniz’ rule for differentiation of
products. and applying (2.8), (2.9) and (2.10), we obtain (ii) and

trst; = Bre;j8' 0is[3] — Brs;877 8 [3] +
+ i (— 85 Bus;ug® ) hit; [6] = bryj (— 85 Bus;ug® )gis; [6] +
+ 87,78 0ist; [3] — Bryi 8" 8ist; 3] (4.9)
= (Brsgt + brst;)[3] = bryi8" (=@stsi + Gist; + Bisyt + Bitss)[3]
= —(Brs;t + be;rs)[3] + Ur;jgi;j(gi;st + got:)[3] -

Differentiation of (ii) now yields (iii).

Differentiation of (4.5) together with (4.6) and (2.9)-(2.11) yields
Ors;t = brs;t and  @rist = brost, (4.10)

from which (4.7) follows.

Differentiating (4.4) four times with respect to w, using Leibniz’ rule for
differentiation of products, and applying (4.10), we obtain

E'rst'u.; = (_‘grst;u + hrstu;)[4] - (_b'rst;u + grstu;)[4] .

Differentiation of (4.7) now yields (4.8). O
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Ezample 4.1

Let g be the expected likelihood yoke of the family of samples of size n

from a normal distribution with unknown mean u and unknown variance
o2. Then

1
gw,w)=n {loga/ —logo— = :_— ———t =
Consider a location-scale model with probability density functions

)= fa (50

for some function ¢. Suppose that for samples of size n from a distribution
in this family there is no non-trivial sufficient statistic (as happens, for
example, in a family of hyperbolic distributions with given shape). Take as

an ancillary statistic (ay, ..., ap), with
o — T
a; = B H :
o

where 7i and & denote the maximum likelihood estimates of y and o. Let h
be the corresponding observed likelihood yoke. Then

n ! I
a;o’ +p' —
h(w,w) = n(logo’ —loga) + Y {q (Zf:ﬂ_ﬂ - q(ai)}
=1
and
{ha g} = y;u.‘iamha; - h;uga;uga; + g;aga;aha; - h;aga;oga; )

where

<
3
Il
3
| =
——
q\
N
..|..
—
R
|
=
~
S
|
—_
——



0. E. Barndorff-Nielsen and P. E. Jupp

1 n
ho, = —;;{1 + 2:4'(z)}

1[0
hie = ps Z {07 + a,'q'(zi)}
1=1
ga;u, - ‘72(“ - /~‘l)
no'!
ga;a' — 03
2no’’
with
aic’ +p' —p
=

Another way in which vector fields can arise from statistical models is given
by Nakamura ([22], [23]). He considers parametric statistical models (e.g.,
regular exponential models) in which the parameter space M is an even-
dimensional vector space and the Fisher information metric ¢ is given by

8%y

Ipe =
"5 Qw” Ows

for some potential function ¢. The metric can be used to raise the derivative
of ¥ to a vector field (d¢)! on M, given in coordinates by

.y

Y

where [i"] is the inverse of the matrix [irs]. If M has dimension 2k then
it can be given the symplectic structure of the cotangent space T*V of
a k-dimensional vector space V. Nakamura shows that the vector field
(d%)" is Hamiltonian and is completely integrable, i.e., there are functions
fi, .-, fr on M which are constant under the flow of the vector field,
satisfy {f;, f;} = 0for 1 <, j <k, and such that dfy, ..., df; are linearly
independent almost everywhere (see Abraham and Marsden [1, pp. 392-
393]). We have found no non-trivial analogue in our symplectic context of
Nakamura’s complete integrability result.
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4.3 The volume of a yoke

Recall from (2.15) that a yoke g on M gives rise to a volume § on some
neighbourhood W of the diagonal in M x M. For many yokes of statistical
interest W can be taken to be all of M x M. However, for a general yoke,
W will be a proper subset of M x M. The main way in which volumes are
used is as objects to be integrated over the manifolds on which they live,
so in such cases there is no obvious choice of manifold over which Q should
be integrated. (One possibility is to integrate Q over the maximal such W
but the interpretation of the value of this integral is not clear.)

An alternative way of using the volume  is to compare it with other
volumes on W, in particular with the restriction to W of the geometric
measure obtained from the metric of g. More precisely, the yoke g gives a
(possibly indefinite) Riemannian metric on M and so a volume on M given
in coordinate terms as

1/2
|gi§j(waw)l ’
where | - | denotes the absolute value of the determinant. The corresponding
product measure on M X M is the volume with coordinate form
|1/2

Igi;j(w,w) |gi;j(w’,w’)[1/2. (4.11)

It follows from (2.9) that (4.11) can also be written as

|gij;(w,w)|1/2|g;ij(w',w')|l/2 :

Since € is given in coordinate form as d! |g;;;(w,w’)|, volume (4.11) can be
written as d! hQ2, where the function A : W — R is given in coordinate form
by
1/2 -1 1/2
h(w,w") = |isi (@, )] 2 [ii (0,01 |gs(" W) 2. (4.12)

Note that, in general, h is not a yoke. However, h can be used to obtain
further yokes from g. For any real A define g[>‘] M x M — R by

g = prg.

Since h = 1 on the diagonal, the following proposition shows that g[)‘] is a
normalised yoke with the same metric as g. Note that the germs at Aps of
h and g[)‘] depend only on the germ of g.
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PROPOSITION 4.2.— Let g be a normalised yoke on M and h : M xM —
R be any function such that h =1 on the diagonal Aps. Then

(i) the product hg is a normalised yoke on M having the same metric
asg;

(i) the function

k=g+logh
satisfies
ki(wyw) + kji(w;w) = 0. (4.13)
Proof.— These are simple calculations. O

Remark 4.2.— Note that if k in Proposition 4.2 satisfies also
the matrix [k;,;(w;w) + kj;i(w;w)] is non-singular (4.14)

then k is rather like a yoke but need not satisfy (2.1). Note also that
conditions (4.13) and (4.14) provide a generalisation of the concept of a
normalised yoke. Also, in contrast to the definition of a yoke, (4.13) and
(4.14) involve the two arguments in a symmetrical way.

Remark 4.3.— Let k be a function on M x M satisfying (4.14). Define
gr M x M —1Rby

gp(w, W) = k(w, ) + kW ,w) — k(w,w) — k(W' o).
Then g is a normalised yoke on M.

Remark 4.4.— One context in which the “adjustment factor” h of (4.12)
occurs in statistics is in a variant of the p*-formula for the distribution of
the score

(/4 ot
S*:(Sl,...,Sd): 6“)_1,6(_‘)—‘1 .

A suitable starting point for this is the p*-formula
p*(@w|a)= c(w,a)lj\ll/2 et (4.15)

for the distribution of the maximum likelihood estimator. Here |7] is the
determinant of the observed information matrix j = j(w;&, a) evaluated

-410 -



Statistics, Yokes and Symplectic Geometry

at &. For an extensive discussion of this formula and its applications
see Barndorff-Nielsen and Cox [9]. The expression p*(@;w | a)d&?!- .- d&¢
represents a volume on M. Changing the variable in (4.15) from & to the
score sy gives the p*-formula

P (sx;w | a) = c|j|l/2|€;|_1 el_?

for the distribution of s«. The expression p*(s«;w | a)dsy - - -dsy represents
a volume on the cotangent space T3M to M at w. Now j defined by
j(w) = j(w,w) is an inner-product on T, M, so that j~! is an inner-product

on TM. The geometric measure of j~! is a measure on T* M represented
by [j| /2. Then

P*(se;w | a)

S (4.16)

is a ratio of measures on T5M. Let j_l/ 2 be any square root of j~! and
define the standardised score 3, by

—S—* = j_1/28* .

Barndorff-Nielsen (8, sect. 7.3] derived
- ~11/21,) 1=1:(1/2 -7
p*(s*;w|a):c|]| / |£;| |]| /2 gt

as an approximation to the density of 3. Note that p*(5.;w | a) is (4.16).
Define k : M x M — R by

k(w,0) = log(p"(5.5w | ).
Since the observed likelihood yoke (2.6) is g, given by
9(w,8) =€ — €= b(w,d) — £©,0),
we have, neglecting an additive constant,
k=g+logh,

where h is the “adjustment factor” defined in (4.12). From Proposition 4.2,
k satisfies (4.13). By differentiating (4.12) twice, we obtain

kirj(w,w) = 8iij — Tiksjes™
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where o
Lrsitu = Brsstu — grs;jg“]gi;tu (4'17)

is one of the tensors introduced by Blaesild [12].

5. The Lagrangian of a yoke

Let g be a yoke on M. As discussed after equation (3.2), we can choose
a neighbourhood W of Aps in M x M such that the restriction to W of ¢,
where ¢ is defined by (3.1), is a diffeomorphism onto ¢(W). We define the
Hamiltonian of g as the function H : o(W) — R given by

H=gop !,

In coordinate terms, H is given by
H(w,a;do’) = g(w,'),
where w’ is determined by
a; = gi;(w,w').

It follows from (2.2) that we can choose W such that the restriction to
@(W) of the fibre derivative FH of H is a diffeomorphism onto its image.
By the definition in subsection 2.3, the Lagrangian corresponding to H is
H:FH (¢(W)) — R, the fibrewise Legendre transform of H. However, it
is convenient to refer to

g=HoFHop:W—R (5.1)
as the Lagrangian of g. An alternative expression for § is
g= dw((dzg)”) —g=—dayg ((dly) ”) -9. (5.2)
In coordinate terms, § is given by
Jw,w’) = g;j(w,w')gi;j(w,w')gi;(w,w') —g(w,w’). (5.3)

Because the restriction to W of FH o ¢ is a diffeomorphism, it follows from
(5.1) that § is equivalent to H. Since § is similar to g in being a function
defined on a neighbourhood of Aps in M x M, it is often convenient to
consider § rather than H.
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Ezample 5.1

Let g be the expected likelihood yoke of the family of d-variate normal
distributions with known covariance matrix ¥. Then

g(w,w) = —-% (w- w')tE'l(w -w'),

so that ¢ is quadratic and § = ¢.
Ezample 5.2
Consider a regular exponential model with log-likelihood function

fw; z) = Wit(z) — kW),

where the canonical parameter w and the canonical statistic ¢ take values
in (appropriate subsets of) a finite-dimensional inner-product space. Then
the expected (or observed) likelihood yoke g of this model is

9w, w') = (w - )’ 1(w’) — k(W) + (W)

where P
n_ 9Kk
() = S5 ().

Calculation gives
gi; = Ti(W') = Ti(w)

955 = (Bur) (W )
gi5 = (Bwr)yj»
where o
T = 5 ().
Then
999, = (w =)' (r(w) = 7(w))
SO

J(w,o’) = g(',w),
ie., § = g* (¢g* being the dual yoke of g).
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Ezample 5.3

In quantum statistical mechanics the state space is a space M of non-
negative Hermitian operators with trace 1 (see. e.g., Balian [4, p. 75]). The
von Neumann relative entropy is the function S: M x M — R defined by

S(ﬁ | D) = tr(ﬁ’lnﬁ' - D'InD),
where if

D = U diag(Xy, ..., A\)U*

with U unitary then
In D = U diag(In(X1), ..., In(Ag)) U™
The function g, defined by
g(ﬁ,ﬁ') = -—S(ﬁ’ | ﬁ) )
is a normalised yoke on M with Lagrangian §j = g*.
Remark 5.1.— Examples 5.1, 5.2 and 5.3 are special cases of the
following. Let V be an open subset of a vector space and let ¢ : V — R

be a smooth function with non-singular second derivative matrix. Then g
defined by

o(z,4) = (e~ 1) 3 (1) ~ V(&) + ¥(0),

is a yoke on V. A straight-forward calculation shows that § = ¢*. Thus, in
particular, § = g™ for the expected or observed likelihood yoke of a regular
exponential model. However, Example 5.4 shows that this pleasant property
does not always hold even for transformation models. Note that V with the
metric of the yoke g is dually flat in the sense of Amari [2, p. 80].

Ezample 5.4

Consider the set of von Mises distributions with given concentration
parameter k. The parameter space and sample space are the unit circle
and the model function is

f(;w) = exp{/i cos(f —w) — a(fc)} ,

where w is the mean direction and a(k) = log(Io(x)), Io denoting the
modified Bessel function of the first kind and order zero. Then the expected
likelihood yoke g is given by

9(w,w’) = kA(k) exp{cos(w — w’) — 1},
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where A(k) = I1(k)/Io(x) with I; denoting the modified Bessel function of
the first kind and order 1. Putting

s=sin(w-w'), ¢=cos(w—uw’)

and using straight-forward calculations, we obtain

g1; = —kA(K)s
9.1 = kA(k)s
g1;1 = kA(K)c,

SO

1
G = kA(k) {1 - ;} =c7ly.
Since g(w,w’) = g(w’,w), we have g = g* and so § # g*. Also,
3 s
s = K A(K) 5

. s
da = KA(R)

diq = KA('C)2 :362 :
$0 | g3

§= KA~ o
and § # g.

Remark 5.2.— The first term on the right hand side of (5.3) is reminis-
cent of

gj;(w’ w,)gi;j(w’ w)gi;(wa w,) )

which is the (quadratic) score statistic in the case where g is an observed
or expected likelihood yoke. Thus

9;5(w,w")g" (w,w)gi;(w, ")
can be regarded as a “mixed score statistic” and

g3i(w, g (W', w')g;i(w,w")
can be regarded as a “dual score statistic”.
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Now we consider how close § is to g and show that § is closer to ¢g* than
to g.

THEOREM 5.1.— Let g be a normalised yoke and denote by g* the dual
yoke of g. Define the “skewness tensor” Trst of the yoke g by

Trst = Brist — Bstyr

as in (2.4) and denote by v(®), v*(2) gnd V(@) the a-connections of g, g*
and §, respectively. Following Blesild [12], define the tensor Zps.py by

T'rs;tu = Brs;tu — grs;jgi;jgi;tu )
as in (4.17). Then:

(i) § is a normalised yoke;

(i1) § has the same metric as g and g*;

(ii1) Brst; = Brst; = Brst; — Irst
Brsit = Ors;t = Orast + Trst
Brist = Brist = Bryst — Trst
Girst = Oirst = Gyrst + Trst ;

(10) Brist — Bstyr = —Trst;

(v) V(@) =y =y,

(vi) Brstu; — Brstu; = —Trs;tu[6]
Brstiu — g:st;u = Ty s;tul6]
Brstu — Brsyty = —Zrs;tul6]
Bristu — Br.sty = Trs;tul6]

Girstu — Birstu = —Trs;tul6] .

Proof . — Differentiation of (5.3) with respect to w” yields
gr; = gr;jgu]gi; + g;j(—y”“yvr;ugv” )gi; + g;jgz;]gir; = gr; (5.4)

and so
gr; = 0,
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by (2.8). Differentiation of (5.4) with respect to w® and evaluation at w = w’
gives
Ors; = gr;jglugis; + 93;]‘92;‘791'7-; = Ors; = Brs; = g?"rs : (5-5)

Similarly,
Girs = Girs = Q:s; . (5'6)

Since g is a normalised yoke, we see from (2.9) that
Grs; = —Br;is = _9:;7' = g:s; (5.7)

and so (i) and (ii) follow. Evaluating the second derivative of (5.4) at w = w’,
we obtain

Grst; = grs;jgi;jgit;[3] + gr;j(_gi;ugvs;ugv;j )9ti;[6] + Br;jgi;jgist;[?’] — Grst;

= Brs;t[3] + 2grst; -
(5.8)
From (2.10), (2.11) and (2.4), we have
Grst; + 9‘rs;t[3] +Trst =0 (5.9)
and
Girst + 9r;st[3] —Trst =0
and so
Grst; — g:st; =Tyst . (5-10)
Combining (5.8) with (5.9) and (5.10) gives
Orst; = g:st; = Grst; — Irst - (5.11)
Differentiation of (5.5), (5.6) and (5.7) gives
Orst; + Ors;t = Brst; + Ors;t (5.12)
ért;s + gr;st = @rt;s + Or;st (5-13)
and
gt;'rs + Q;rst = Btirs + Birst - (5.14)
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Combining (5.12), (5.13) and (5.14) with (5.11) yields

Grsit = Grsit + Trst

gr;st = Or;st — Trst

@;rst = Girst + Trst .
Together with the derivatives of (5.6) and (5.7), these give (iii). Equations
(iv) and (v) now follow from (iii) and (2.3).

Evaluation of the third derivative of (5.4) at w = w’ gives
Brstu; = 48rstu; + 20rst;u[4) — grs;jgi;j(gz't;u[Q] + itu;)[6] — @rstu; - (5.15)
Using (2.12) and (2.13) in (5.15), we obtain
Brstu; — Brsty; = —Srstul6] .-

The other equations in (vi) follow on differentiating the left-hand equations
in (iii). O
Remark 5.3.— If construction (5.3) is applied to a yoke g which is not

normalised then, in general, the resulting function § is not a yoke.

Remark 5.4.— Theorem 5.1 shows that § is “3™ order close” to g* on
the diagonal, i.e., they have the same 3-jet there. This closeness can also be
measured by the derivative dj(X,+) of § along the vector field Xy« defined
as in (4.1). Because § and ¢g* have the same 3-jet on the diagonal, it follows
from Proposition 4.1 and Theorem 5.1 that the 3-jet on the diagonal of
dg(Xg+) is zero, i.e., if we put h = dg(Xgy«) then

(o) h=0;
() br; =b;r = 0;
(11) hrs; = br;s = b;rs =0;

(iii) rJrst; = brs;t = br;st = (];rst =0.

Furthermore,

brstu; = —brst;u = brs;tu = —b'r;stu = b;rstu = —S‘Ers;tu[G] .
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Remark 5.5.— The expression (5.3) for § suggests the variants §+ and
g~ of § defined by

it (w,u) = g;(w,w')gi;j(w,w')gi;(w, w') — g(w,w’)

and
g—(w’w,) = g;j(w,w')g“](w,w/)g;(w,w') - g(w)w’)y

where g* is the dual yoke of g.

Calculations similar to those in Theorem 5.1 show that, if g is a
normalised yoke, then §+ and §~ are normalised yokes with the same metric
as ¢ and

g;tst; = g’r_st; = @rst; — 4075t .

Thus §* and §~ are “further away” from g than § is.

The difference between §+ and §~ can be expressed in terms of the
Poisson bracket (4.3) as

g _g+ = {g*)g}'

Remark 5.6.— A simple calculation shows that the operations of duali-
sation and taking the Lagrangian of a yoke commute. i.e.,

(6)=(9)"-

6. Group actions and momentum maps

In both mechanics and statistics, important simplifications occur in the
presence of the extra structure provided by a group action. In mechanics
a group action represents the symmetries of a Hamiltonian system; in
statistics a group action on a parametric statistical model represents the
symmetries of the model, which is called a (composite) transformation
model. In both mechanics and statistics the presence of such a group action
can be used to great advantage in simplifying calculations. In mechanics the
principal construction associated to a group action is that of a momentum
map from the cotangent bundle to the dual of the Lie algebra of the group.
Momentum maps provide invariants of the system under the flow given by
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the Hamiltonian. We now consider the construction of the momentum map
for a yoke.

Let G be a group acting on the manifold M, let LG denote the Lie algebra
of G and let LG* denote the dual of LG. Given a yoke g on M, we can
use d1g : M x M — T*M to pull the momentum map (in the sense of
mechanics) from T*M back to M x M. For X € LG, consider a path 3 in
G with B(0) the identity element of G and with §'(0) = X. The momentum
map of the action is

J:Mx M — LG"

given by 4
J(w,0)(X) = 3 9(B(tWw,w") |, -

Thus
J :¢°d19>

where ¥ : T*M — LG™ is defined by

$@00) = a (5 50,2

for a in T;M and X, 3 are as above.

An alternative expression for J is
J(w,w') = dyg(w,w’) o ay,

where

aulX) = 5 (B0) oo

with 8 as above. In coordinate terms J is given by

7] Al
, ! i !
J(w,w') <_80i) = g];(w,w)am oo’
where 91, ..., 8™ are coordinates on G around the identity.

Note that if g is the observed likelihood yoke (2.6) of a parametric
statistical model then dyg is essentially the score and so J is given by taking
the score on l-parameter subfamilies which arise through l-parameter
families of transformations. This is reminiscent of the definition of score
in semi-parametric and non-parametric models.
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Recall that G acts on LG by the adjoint action, in which v in G takes X
in LG to

d -
7-X =3 (B0,

where 3 is as above. The dual action of G on LG* is the coadjoint action.
defined by

(- a)(X) = a(y7! - X)

for ¢ in LG* and X in LG. If the yoke g is G-invariant (as is the case for the
expected or observed likelihood yoke of a composite transformation model)
then the momentum map is G-equivariant with respect to the product action
on M x M and the coadjoint action on LG*. In this case, the neighbourhood
W of Apsin M x M on which 7 is defined can be chosen to be G-invariant.
Then the symplectic form 5 and the vector field X g are also g-invariant.
Further, by Noether’s Theorem (Marsden [19, p. 34]), the momentum J is
preserved under the flow of X,.

Let p be an element of LG™ and denote by G, the isotropy group of
u,ie, Gy, = {y€G |y -p=p}. Suppose that u is a regular value of J
(i-e., the derivative of J at (w,w’) is surjective at all points of J~1(y)) and
that G, acts freely and properly on J~!(g). Then J~1(y) is a submanifold
of M x M and the reduced phase space J~!(y)/G, is a manifold. Let
iy : J71(u) — M x M denote the inclusion and 7, : J~1(n) — J=1(n)/G,
denote the projection. It is a simple consequence of the Symplectic
Reduction Theorem (Abraham and Marsden [1, p. 299], Marsden [19, p. 36])
that there is a unique symplectic structure ¢ on J~!(u)/G, such that

n=mC. (6.1)

This says that the (possibly singular) 2-form 77 obtained by restricting
the symplectic form 7 to the Gy-invariant set J~!(y) can be obtained by
pulling back a (unique) symplectic form { on the corresponding G,-orbit
space J71(p)/G.

Ezample 6.1

The bivariate normal distributions with unknown mean and covariance
matrix equal to the unit matrix form a composite transformation model
with parameter space M = R? and group G = SO(2) with the usual action
of the rotation group SO(2) on R2. The expected (or observed) likelihood
yoke is

g(w,w') = —% [|w —w'”z, w, w € R2.
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It is useful to identify R? with the complex plane C, writing
w=z=z+1y, J=w=u+iv,

and to identify SO(2) with U(1), writing a typical element of SO(2) as e,
Then

1
g(z,w) = -3 |z - w[z

and €% takes (z,w) to (eiez, eww). Clearly, g is G-invariant. The symplectic
form 7 of ¢ is
n=deAdu+dyAdv.

(= o)
— a
—a 0
identifies LG = so(2) with R and so LG* with R* = R. With this
identification, the momentum mapping J is

The mapping

J(z,w) = Im(2W) = —zv + yu.
Since G is abelian, G, = G for all u in R. Note that the function
(z,w) — |z|_17w

is G-invariant and that its restriction to J~1(u) can be considered as the
projection

I () — TN (w) /G

for any g in R. Put

|zl—12w =s+1t.
Then a calculation shows that, for y # 0, the symplectic form
7
(=-— wl ds Adt

on J~1(u)/G,, satisfies (6.1).
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Ezample 6.2

A model analogous to that considered in Example 6.1 is given by
the hyperbola distributions (Barndorfl-Nielsen [5]) on the branch H =
{(z,9) |22 -y =1, 2> 0} of the unit hyperbola in R2. The parameter
space is M = (0, 00) x R and the probability density functions have the form

f(z5) = exp{—w s 2 — a@)}
where
w*z=1zp—yq
with
z=(p,q), w=(z,y)

and a(w) is an appropriate function of w. The group G = R acts on M and
on H via the homomorphism

< coshy sinhy )
X .
sinhy coshx

from R into GL(2). Under this action the hyperbola distributions form a
composite transformation model. By restricting the concentration \/(w * w)
of w to be equal to a given positive constant k, we obtain a submodel with
parameter space equivalent to H. The expected (or observed) likelihood
yoke is

9(0,0) = e(R)(w — )

where c(k) is an appropriate function of k. Clearly, g is G-invariant. The
symplectic form 7 of g is

n = c¢(k)(dz A du — dy A dv),

where
W = (u,v).

The momentum mapping J is
J(w,w") = c(k)(—zv + yu) .

Since G is abelian, G, = G for all 4 in R. Put

U — YV _ Tv—yu
- T
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Then the function
(w,w') — (s,1)

is G-invariant and its restriction to J~(u) can be considered as the
projection
w7 () — TN W)/ G

for any g in R. A calculation shows that, for u # 0, the symplectic form

cz—tﬁz ds A dt

on J7Y(u)/G,, satisfies (6.1).

Ezample 6.3

Now consider the hyperboloid distributions (Barndorff-Nielsen [5], Jensen
[18]) on the branch Hp = {(x,y, 2) |2t -yt -2%=1,z> 0} of the unit
hyperboloid in R3. The model function is

fw;w) = exp{—w * W — a(w)} ,

where
WxW = WL — Wl — w3z

for

w:(WI,LUQ,W3), w=($,y,z)

and a(w) is an appropriate function of w. By restricting the concentration

(w*w) of w to be equal to a given positive constant «, we obtain a
submodel with parameter space equivalent to Hy. The group G = R acts
on H; via the homomorphism

coshy sinhy 0
x +— | sinhy coshy 0
0 0 1

from R into GL(3). Under this action the submodel forms a composite
transformation model. The expected likelihood yoke is

g(w,w’) = c(k)(w - w') *xw',
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where ¢(x) is an appropriate function of k. Because the product * and the
function ¢ are G-invariant, so is the yoke g. The symplectic form 7 of g is

7 = c(k)(dwy Adw] — dwa A dwf — dws A dwh),

where
! __ ! 4 !
w = (w13w2’w3) .

The momentum mapping J is
J(w,w’) = e(k)(waw] — wiw}h).
Since G is abelian, G, = G for all p in R. The function
(w,w') — (w3, w3)
is G-invariant and its restriction to J~(x) can be considered as the
projection

T I ) — TN (w)/G,

for any p in R. A calculation shows that the symplectic form

V@01 +w82) + (u/e(w))? - wawy
V@021 +wi?) + (u/c(x))?

on J~Y(p)/G,, satisfies (6.1).

¢ = —c(x)

w3 A dw
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