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Solutions of the equation fyuz — fruy = g(*)

EL1zZABETH F. DA CosTa GoMes(l)

RESUME. — On étudie le probléme d’existence de solutions de 1'équation
aux dérivées partielles fyur — fyuy = g localement, au voisinage d'un
point singulier isolé, dans le cadre analytique réel. On suppose que la
fonction f a un minimum local & I’origine.

ABSTRACT.— We study locally, on a neighborhood of an isolated
singular point, the existence of solutions of the partial differential equation
fyuz — fzuy = g, in the real analytic case. We suppose that the function
f has a minimum at the origin.

0. Introduction
We consider the equation
fyua:“fzuy =g-. (1)

where f, g are real analytic functions in a neighborhood of (0,0) € R?.

We will suppose that:

i) f(0,0) = 0 and f > 0 outside the origin, and

ii) the ideal J; generated by fz, fy is of finite codimension as an R-vector
space, in R{z,y}.

(*) Recu le 13 mars 1997, accepté le 30 septembre 1997

(1) Departamento de Matem4tica Pura e Aplicada, Universidade Federal do Rio
Grande do Sul, Av. Bento Gongalves, 9500 Agronomia BR-91509-900 Porto
Alegre/RS (Brasil)
E-mail : beth@mat.ufrgs.br
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We say that a solution u of (1) is:

a) regular if u is analytic in a neighborhood of the origin.

b) singular if u is analytic in a neighborhood of the origin, but not
necessarily at the origin.

We consider R{z,y} an R{t}-module with the definition

p(t) - h(z,y) = o(f(2,y)) h(z,y).

Let ¥ be the R-vector space of germs at (0,0) of those analytic functions g
such that (1) has a singular solution.

Let T be the R-vector space of germs at (0, 0) of those analytic functions
g such that (1) has a regular solution.

Since

fy(f“)x"fr(fu)y = f(fyuz — fouy),

I' C X are submodules of R{z, y}.
The purpose of this article is to study the quotient T'= X/T.

We will show that its structure is related to the action of the monodromy
of f at 0 (extending f to an analytic function in a neighborhood of
(0,0) € C?) over the vanishing cycle ¥ generated by the cycle in R? defined
by f = € (¢ > 0 sufficiently small). More precisely, let E be the C-vector
space of these vanishing cycles and let

p = dimg E = dimg R{z,y}/Jy,

the Milnor number of f at 0.

Let k be the dimension of the subspace of E generated by v, Ly, L%, ...
where L : E — E is the monodromy. We have the following results.

THEOREM 1.— T is a free R{t}-module of rank v = p — k.

THEOREM 2. — v = dimg /(XN Jy).
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Observation.— Since

/ zdy:/ dz Ady >0,
=€ fSE

we have that ¥ # 0. Then, v < p — 1.

Eramples

1) f = 22 + y2. In this case # =1 and v = 0. The existence of regular
solutions is equivalent to that of singular solutions.

2) f = 22 + y*. In this case # = 3. The monodromy is induced by the
map
(2,9) — (™z,e™/?y) = (~z,iy).

It follows that L2y = —v. Since the eigenvalues of L are 1,1, —¢ and
7 is an integer cycle, if ¥ were an eigenvector of L, we would have
Ly = v, which is impossible. Then, v and Ly are independent and
k = 2. Then v = 1. (Using the theorem in Section 1, we see that the
class of y is a generator of T'.)

1. Solutions to the equation

fyux - f:cuy =g (1)
THEOREM 1.1.— The equation (1) has a singular solution if and only if

/ 9(z,y)dedy =0, Ve>0 small enough. (2)
f<e

First, we are going to define a change of coordinates to simplify the
resolution of the equation (1).

Since the problem is local, we are going to suppose, throughout this work,
that the neighborhoods of the origin are all sufficiently small.

Let U be a neighborhood of the origin where f is analytic and where
there is no critical point of f different from (0,0). Let V C U be a simply
connected neighborhood of the origin such that V c U.
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LEMMA 1.1.— Ife > 0 is small enough, fIV = ¢ is a simple closed curve
C. around the origin.

Consider the composed function
RZE S-S c,

where exp(z) = e?™ and o is an analytic diffeomorphism. The analytic
curve ¥ = o o exp is periodic with period 1 and is a parametrization of the
curve C,.

Integrating the vector field — grad f, we obtain:
®:(-)oo)xR—R: A>0
such that

%—f (¢,6) = —grad f(®(t,0)) and @(0,6) = v(6).

LEMMA 1.2.— lims,o0 ®(t, 2) = (0,0).

It is a direct application of the Liapunov criterium.

Consider
¢:(0,6) x R — RZ,

defined by ¢(p,8) = ®(t,6), where ¢t > 0 is such that f(®(2,6)) = p, ie.,
Fp(p,9)) = p.

Since for each (p,0) € (0,¢) x R, there exists a unique t € (0,00) such
that ®(t,6) = p (Lemma 1.2), ¢ is well defined.

Moreover, ¢ is locally one to one, since ¢(p,8) = ¢(p’,8’) if and only if
p=p and § —0' € Z.

Using the implicit function theorem we have the two following lemmas.

LEMMA 1.3.— ¢ is a real analytic function, periodic with period 1, in
the variable 6.

LEMMA 1.4.— ¢ is a local diffeomorphism.
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LEMMA 1.5.— The diffeomorphism ¢ transforms the equation duAdf =
gdz A dy into
ugdd Adp=—gJdé Adp,

where J is the Jacobian of the change of coordinates, ¥ = uop and § = goyp.

If we choose ¢ > 0 small enough, we may suppose that h = —gJ is
analytic in (0,¢) x R. Besides, h is periodic, with period 1, in the second
variable.

LEMMA 1.6.— The function u(p,6) given by:
1
wp.0)= [ oh(p,t)at,
0
is analytic in (0,¢) X R and verifies ug = h.

Proof. — Integration by parts. O

LEMMA 1.7.— If

1
/ h(p,0)d8 =0 for all 0 < p < € and € small enough,
0

then the function 4 in Lemma 1.6 is periodic in 6, with period 1.

Proof. — Actually,
1
Wpo+1) = [ O+ Dh(pt(6+ 1) dt

0
6+1

:/ h(p,v)dv
0
6 641

= [(heav+ [ b
0 6
g 1

:/ h(p,u)du+/ h(p,v)dv
0 0

1
= / 6h(p,16) dt = Ti(p, 6) . O
0
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Proof of Theorem 1.1

Suppose (1) has a singular solution .

Choose ¢ > 0 such that the curve f = ¢ is entirely contained inside the
region where u is regular, and satisfies Lemma 1.1.

For 0 < 6 < ¢,
| sendedr= [ (fus- fow)dedy
s<f<e s<s<e
- / wdf - [ wdf=o0.
=¢ f=6
Hence,

/ gdzdy = lim gdedy=0.
f<e §-0J6<s<e

On the other hand, if (2) holds,

€ rl
0:/ gdl‘dy:/ / Z]’Jdedp
f<e 0 JO
e rl
=// _h(p,6)d8 dp.
0 JO

1
/ h(p,0)df =0 f0<p<e.
0

And then,

By lemmas 1.6 and 1.7, there exists U analytic in (0,€) x R periodic with
period 1 in 6, that verifies the equation g = —gJ. The u passes to quotient
and defines u by % = u o ¢. The function u is a singular solution to (1), by
lemmas 1.4 and 1.5.0

Observe that, if (2) holds, then the equation (1) always has a singular
solution that can not be extended to a regular solution. In fact, even though
the equation has a regular solution u, the solution v = u + 1/f can not be
extended to a regular solution.

2. Considerations on the Gauss—Manin connection

Let f be an analytic function in a neighborhood of (0,0) € C*, n > 2,
with an isolated singularity at the origin.
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Let u be the Milnor number (cf. [5]) of the germ of the function f at 0.

Denoting 25 the sheaf of germs of the p-forms that are holomorphic in a
neighborhood of the origin in C*, we define

G= ————————Qg .
df AdQp~2
The operation o : C{t} x G — G defined by
w(t) o [w] = [p(f)w] ,
where [ -] indicates the class in G, gives G the structure of a C{t}-module.

THEOREM 2.1.— (Brieskorn, Sebastiani) G is a free C{t}-module of
rank p.

Proof (cf. [3, theorem 5.1])
Consider F, the C{t}-submodule of G given by

_dfAQET!
T dfadgT?’

G/F is a torsion module.

Define the connection
D:F— G, D[dfAb) =][de].

It is clear that D is well defined, for if df A a € [df A 6], then there exists
Be Qg‘z such that

df Aa=dfA6+df AdB.
Thus, by the de Rham’s lemma,
a=0+dB+df Ay fora certain y € QF2.

It goes without saying that D is C-linear and that it is a connection.
We are going to show that D is a bijective connection.
First, note that if

D[df A 6] = [d6] € df A dQE2,

then
d6=df AdB = —d(df AB) for some B € Q372.
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This is equivalent to d(8 + df A 8) = 0. Thus, there exists v € 98_2 such
that 6 + df A 8 = dv, that is,

df AG=df Ady.

Hence, D is a 1-1 connection.
Moreover, since every w € f is exact, D is surjective.

If t # 0 is given, let X: = B.N f~1(¢) be the Milnor fiber of the function
f (cf. [5]), where B is the ball in C* with center in (0,0) and radius € > 0.
Also,let 0 < |t| < 6 K e.

If w € Qf and p € X;, there exists a (n — 1)-form o, holomorphic in a
neighborhood of p, such that w = df A e, in neighborhood of p, and that
al x, is well defined. We define w/df this way. w/df is a (n — 1)-form over
each fiber.

Let y: C X, 0 < |t| < 8, be a (n — 1) vanishing cycle.
If N C G is the set

N:{[w]EG'Ltff:O},

then N C G as a C{t}-submodule.
Observe that |, e W /df depends only on the class [w] € G.

Let M = D~!(N). We want to show that if [df A6] € M, then f% 6=0.
First we are going to prove the following lemma.

/ Dldf A6 d ] )
LA a),
Proof.— Suppose df = df A n, where = € Qg'l. By [3, § 4.3],

/%%:/%"zd‘d{/%g' 3)

In the general case, if § € Qg_l is given, then there exists an integer A" and
n € Q2! such that fVdf =df An.

LEMMA 2.1
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For w = fNﬁ, we have

do = NfN-1afrn6+ Vo =df Aa.

o 1/
v df dt /s,

By (3),

On the other hand,

dw N-1 /Nd"_ Af—/ /v/ﬂ
Lz =[x [ 2 =ne= [ o . aF

d d _ N-1/ N’d/
dt/ =t [na_Nt %0+t /6

Since t # 0, it follows from the equations above that

and

9 d
L af at

This proves the lemma. D

PROPOSITION 2.1.— M = {[df Af] € F | [, 6=0}.

Proof. — M C F, by definition. If f% 6 = 0, then, by the lemma,

DldfAf] _ d _
[n aF " a 0 0.

'~ In other words, D[df A6l € N, i.e., [df A6l € M.

Suppose [df A 6] € M. There exists w € Qg such that [w] € N and
D~1[w] = [df A 6]. Hence, by the definition of N and by the lemma,

0/ D[df A8 d 9
AT L A Ta

It follows that [, 6 is constant. Then, S, 6=0(cf. [3,§45]). O
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PROPOSITION 2.2.— M =NNF.

Proof . — 1t follows from Proposition 2.1 that M is a C{t}-submodule of
G and that M C N.

On the other hand, if [w] € N N F, there exists § € Qg'l such that
[w] = [df A6]. From this, it follows that [w] € M, since

dfAé w
9:/—-————: —=0.0
v[Yt ¥t df ’Ytdf

PROPOSITION 2.3.— N/M is a torsion module.

Proof.— Since G/F is a torsion module, there exists an integer m such
that t™ o [w] € F, whatever [w] € N . From Proposition 2.2 and from the
fact that N is a C{t}-module, it follows that t™ o [w] € M. D

PRrRoOPOSITION 2.4.— rank M = dim¢ N/(N N F).

Proof. — We have already seen that
D:MEN
and that N/M is a torsion module (Prop. 2.3). By the Malgrange index
formula [4],
0=x(D; M,N)=rank M — dimg N/M .
Hence, by Proposition 2.2,
v=rank M =dimg N/(NNF).D

Observation. — If 7; is homologous to 0, then N = G. Consequently,

M = F and
dime N/(N N F) = dimg Qg/df A Qg‘l =u.
In this particular case, we obtain again the formula
rankG =rank F = p.
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3. The rank of the module T

We may consider f a restriction, to R2 of an analytic function in a
neighborhood of 0 € C2, that will also be denoted by f. With the hypothesis
on Jy, 0 is an isolated critical point of the extension.

We define C{t}-modules G and F' as in Section 2. The sub-index 0 will
be suppressed for we are only interested in functions and differential forms
holomorphic in a neighborhood of the origin. We write

where Q0 is the space of germs of analytic functions in 0 € C2.
(z,y) will denote the coordinates in R? and (z, w) the coordinates in C2.
Define A = R{z,y} and S = A/T.

It is clear that A and S are R{t}-modules, that I' C £ C A as R{t}-
submodules, and that T C S as R{¢}-submodule.

Let
c:A— G, o(9)=[gdzAdu].

PROPOSITION. — ¢ is R{t}-linear and keroc =T .

Proof. — T' C ker o trivially.

If g € kero,
gdz Adw = —-df Adu,

which means that
g = fwuz — fzuy for a certain u € C{z,w}.
Considering the restriction of u to R2,

u(x, y) = UR(Z‘, y) + iUI(Z', y)

where ug and uy are real functions,
9= 1,(up), - fo(ur), +i[fy(ur), = fu(ur),].

Since g is a real function, f (UI)x — fz (’UI)y =0 and g(z,y) = fy (UR)x -
fx(uR)y, that is, g€ T. O
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Let Se = S@Qg Cand T, = T@g C. It is clear that S, is a C{t}-module
and that T, C Sc as a C{t}-submodule.

THEOREM 3.1.— o passes to quotient and defines a C{t}-module iso-
morphism
T:5; =2.6.

Proof. — By the definitions of S. and G, 7 is a surjective homomorphism

Let g1, g2, ..., gn € A, be R-independent mod T, and let [g;] be the class
ofg;inS,j=1,2,..., h

Suppose

h
T (ZCj[gj]) =0, e1,¢,...,c4 €C.

j=1
Then,

h
(quj) dzAdw=df Adu

j=1

for a certain u analytic on a neighborhood of 0 € C2. Thus,
h
Z Cig; = Frtw — fuuz.
j=1

Let ¢; = aj +ibj, a;, b; € R and “|1R2 = ugR + tuy where up and uj are,
respectively, the real and imaginary parts of the function “|]R2' Hence,

Y aig; = fo(ur), - fy(uR),
> bigi = folur), — fu(ur), .

In other words, } a;g;, 3 b;g; € I'. Consequently, Vj, a;, b; = 0, ie.,
¢; = 0. Then, 7 is an isomorphism. O

COROLLARY 3.1.— S is a free R{t}-module of rank u, where p is the
Milnor number of the function f in 0 (cf. [3, Sect. 3] and [5]).
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COROLLARY 3.2.— If, for some N €N,
fyte = fouy = fNg
has a regular solution. Then,
fyuz - fa:uy =49

has a regular solution.

COROLLARY 3.3.— T is a free R{t}-module and

rankg (1} 7' = rankg(sy Te < g

To compute the rank of T, we must compute the rank n of the C{t}-free
module 7.

Let 7. be the curve f(z,y) = ¢, that is, 7. = X, N R?, where X, is the
Milnor fiber of f over €. 7 is prolonged to a vanishing cycle (Sect. 2).

Let us recall the definition of the C{t}-submodule N of G, given in

Section 2:
N:{wEG /—‘i:O}
], 37

where v C Xi, for 0 < [t| small enough, is the vanishing cycle defined
above.

THEOREM 3.2.— 1(T¢) = N.

Proof. — Let g € A whose class in S belongs to T. There exists n € Q!
such that 7(g) = [gdz A dw] = [dn).

/,7:/ dn:/ gdzAdy =0
Ye f<e f<e

by the Theorem 1.1 and f'v: n is a multiform analytic function of ¢t. Since
the equality above holds for all ¢ > 0 small enough, and 7. = X NR?, it
results that f,n n = 0 for all 0 < |¢| small enough.

By Proposition 2.1, [df An] € M = D™Y(N). Hence, D[df An) = [dn] €
N, and then, [gd2z Adw] € N.
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On the other side, if [w] € N, there exists § € Q! such that w = D[dfAf]
and [ 6 =0 (Prop. 2.1). Besides, by the definition of D, [w] = [df]. Thus,

/ w=/9=0.
fse Ye

Let w = hdz Adw, h € C{z,w}. Considering the restriction of h to R2, let
hlge = hr+ ihr.

Then, we have

f<e Jre

=/ hRda:/\dy+i/ hrdzAdy.
f<e f<e

Therefore,

hpder Ady = hyde Ady=0.
f<e f<e

Since the classes of hg and hy belong to T' (Sect. 1), the class of h belongs
to T, and 7([A]) = [w]. O

COROLLARY 3.4.— rank T, = dimg N/(N N F).

Proof.— Propositions 2.3 and 2.4.

COROLLARY 3.5.— rankT = dimg /(X N Jy).

Proof. — By theorems 3.1 and 3.2, it is enough to show that
dimg £/(ENJs) = dimg N/(NNF).

fgex, [g(z,w)dz A dw| € N (Theorem 3.2).
We define

A:E— N/(NNF)
A(g) = class of [g(z,w)dz A dw| = class of o(g) -
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A is a homomorphism between R-vector spaces whose kernel is J¢. In fact,

o if g € T is such that g = afy + bfy, for certain a, b € R{z,y},

Ag) = [(a(z, w) fz(2, w) + b(2, w) fu(z, w)) dz A duw]
= [df A (a(z,w) dw — b(z,w)dz)] € NN F;

e on the other side, if g € ker A, there exists @ = a;dz + agdw € ol
such that

gdzAdw=df Aa = (f,dz + fu dw) A (a1 dz + a2 dw)
= (fo0z — fuor) dz A dw;

which means that g(z, w) = (foaz — fuor)(z, w).
If we make the restriction to real numbers,

9(z,y) = (fzaz — fye1)(z,y)
= fr(x: y)(a2R(x: y) + iazI(I‘, y)) +
- fy(z‘, y)(alg(x’y) + ial](xa y)) 3

where aJ'lW = ajp +ioj, and oy, aj, are real functions, j =1, 2.

Since g(z,y), fz(z,y) and fy(z,y) are real numbers,

(froz; = fyor,)(z,y) = 0.

Consequently,
g= 0‘2sz - algfy € J_f

A passes to quotient and defines a one to one homomorphism
X:Z/(ENJf) — N/(NNF).
If [w] € N, by Theorem 3.2, there exist g1, g2 € X such that
[w] = Xg1] + iX[g2] -

Thus,
X(E/ENJTf) +iX(T/ZNJs) = N/(NNF).
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It remains to show that A(Z/Z N J;) NiA(Z/ZN J5) = {0}
Suppose g, h € X and

[9(z, w) dz A dw] = i[h(z,w)dz A dw] in N/(NNF).

Hence,
[(9(2,w) — ih(z, w))dzAdz] € F,
ie., g — ih = af, + bfy for some functions a, b € C{z,w}.
Restricting to R2,

g —ih = (ag+iag)fz + (b + ibr)fy
= (aRfac+bey)+i(aIfx+bey); ar, ag, bR: bI G]R{x)y}'

Thus g, h€e XN J;.
Then, rank T = dimg N/(N N F) = dimg Z/(ZN Jy). O

Now, let us prove theorems 1 and 2.

Proof of Theorem 1
Part of it is a corollary of theorems 3.1 and 3.2.

It just remains to show that

rankT=v=p—k.

Since G/N is torsion free, we may write G = N @ P. Let [wo), [w1]; - -
[wu—1] be a basis of G as a C{t}-module where [wo], [w1], .-+, [wy—1] is @
basis of N and [w,], [wy-1], - - -, [wu—1] is a basis of P as C{t}-modules.

Let {éo,,, 61;)---> 6(k—1)t}» 0 < |t| < ¢ € > 0 sufficiently small, be a
basis of E, where §;, = L3,, 0<s<k—1.

If [w;] belongs to N, f,n wi = 0. Hence, [;, w; = 0, for all s,
7,
0<s<k-1. ‘

Thus, if
rankc{t}N=V>u—k,

IE

the matrix

It ] OSZJSM-l
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has a vanishing & x v minor, with v + k> p. Which means that

2
Wy _
det ([/& df] ‘ ) =0
i Joge,j<u-1

on a neighborhood of ¢ = 0. And this contradicts the fact that (cf. [1], 12):

2
L_U_t;
" ([/51 af ]osm‘Su—I) o

Suppose now v < p — k. Let

- we
Alr) = l/% df] v<I<u~1

0<;<k-1

By [2], 5
A(t) = A(t)exp(Clnt),

where Z(t) is meromorphic and C is a constant (k x k)-matrix.

Since A(t) is a ((4 — v) X k)-matrix with g — » > k, then there
exist holomorphic functions g,(t), gu+1(t), ..., gu—1(t), not all of them
identically zero in |¢| < €, such that

u—1 w
Zgz (—1£=0, Jj=0,...,k—1.
l=v 654 f

Let o = )" g¢(f)wg. Then we have [a] € P and, since

a
— =0, j=0,...,k—-1,
. f
[a] also belongs to N. This means that [@] = 0. Thus there exists a
non trivial linear combination of [wg], ..., [wy—1] that vanishes. That is

impossible, since it is a basis of G.

Therefore, v =p— k. O

Proof of theorem 2
Theorem 3.2, Corollary 3.5.

- 417 -



Elizabeth F. da Costa Gomes

Acknowledgments

I am most grateful to my advisor, Prof. Marcos Sebastiani, for the
constant orientation. I also thank the referee, whose observation has
improved the result of Theorem 1.

References

[1] ArRNoLD (V.), VARCHENKO (A.) and GOUSSEIN-ZADE (S.) .— Singularités des
applications différentiables, 2¢ partie, Monodromie et comportement asymptotiques
des intégrales, Editions Mir - Moscou, 1986.

[2] BriEskoRN (E.) .— Die Monodromie der isolierten Singularititen von Hyperflichen,
Manuscripta Math. 2 (1970), pp. 103-161.

[3] MALGRANGE (B.) .— Intégrales asymptotiques et monodromie, Ann. Scient. Ec.
Sup., série 4, 7 (1974), pp. 405-430.
[4] MALGRANGE (B.) .— Sur les points singuliers des équations différentielles, L'Ensei-

gnement Math. 20 (1974), pp. 147-176.

[5] MILNOR (J.) .— Singular points of Complex Hypersurfaces, Annals of Mathematics
Studies, Princeton University Press, Princeton, New Jersey, 61 (1968).

- 418 -



