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Existence, uniqueness and stabilization
for a nonlinear plate system
with nonlinear damping(*)

CaRLOS FREDERICO VAscoNCELLos(!)
and Lucia Maria TEixeira()

RESUME. — On étudie l'existence et 1'unicité des solutions globales et
on établit 1’amortissement polynomial de l’énergie pour un systéme de
plaque non linéaire

un+A2u-—<p</qu|2dz) Au+g(ut) =0 in Q x (0,400)
Q

U= —=20 onI' x (0,+00)
u(O) =up ut(0)=1wu

ol ) est un ouvert borné de RN, N > 3, a frontiére réguliére I et on
considére la fonction ¢ une fois continiment différentiable avec ¢(s) > 0,
pour tout s > O et g est continue et non décroissante.

ABSTRACT.— We study the existence and uniqueness of global solu-
tions and the polynomial decay of the energy for the following nonlinear
plate system with nonlinear damping

ut + A2u— o (/ |Vul2dx> Au+g(ut) =0 in Q x (0,400)
Q

=0 onT x (0,+00)
u(O) = Uup ut(O) =u

where Q is an open subset of RN, N < 3, with smooth boundaryI" and ¢ is
a continuously differentiable real valued function which satisfies ¢(s) > 0,
for all s > 0 and g a continuous nondecreasing real function.

(*) Requ le 27 janvier 1997, accepté le 1¢7 juillet 1998
(1) Instituto de Matem4tica — UFRJ, PO Box 68530, CEP 21945-970 Rio de Janeiro
RJ (Brazil)
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1. Introduction

In this paper we consider the following nonlinear plate system with
nonlinear damping;:

uge + Au — go(|Vu|2) Au+g(uz) =0 in Q x (0,+00)

Ou _ (1.1)
an—O on I' x (0,400)

u(0)=ug u(0) =g

U=

where Q is a bounded open subset of R (N < 3) having a smooth
boundary 8Q =T and ¢ is a continuously differentiable real valued function,
which satisfies ¢(s) > 0, for all s > 0. We also consider g a continuous
nondecreasing function and we use the notation

=3

2
dz.

Ou
52; ()

The following problem

ug + A%y — ¢(|Vu|2) Au=0 inQ x (0,+00)

_ Ou_ (1.2)
_Bn_o on I' x (0, +00)

u(0) =ug u(0)=1wg

U

in dimension N = 1, is a general mathematical formulation of a problem
arising in the dynamic buckling of a hinged extensible beam under an axial
force (Eisley [3] and Dickey [2]).

It is interesting to observe that the nonlinearity ga(fQ|Vu!2 dx) is an

approximation by averaging of the classical von Karman model (Nayfeh-
Mook [19]).

The existence of solutions for the Problem (1.2), in the one-dimensional
case was studied by Dickey [2]. Pohozaev [20] considered the existence of
solutions of the corresponding hyperbolic systems in which, in particular,
the fourth order term AZ%u is dropped. In higher dimensions, regular unique
solutions were obtained by Medeiros [15].
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Existence, uniqueness and stabilization for a nonlinear plate system

When the equation of (1.2) does not include the term AZ?u and the
dimension N = 1, this system describes the vibrations of an elastic stretched
string. This case was studied by Lions [14], when ¢(s) > mg > 0 and under
the same assumption, local strong solutions were obtained by Rivera [22].
Menzala [17] solved this problem when Q = R¥.

Vasconcellos—Teixeira [25] proved the existence and uniqueness of global
strong solutions and the exponential decay of the energy for the following
nonlinear damped hyperbolic problem:

ui = o(|Vuf*) Au+ g(w) - Aug =0
u=0 on T x (0, +00) (1.3)
u(0) =up u(0)=uy.

The Problem (1.3), without the term g(u), was solved by Medeiros—
Miranda [16] and the exponential decay for the energy was proved.

We would like to make a few comments on the related literature. Lagnese
[8] considered the modelling of nonlinear plates and studied the stabilization
for these systems. We also refer to the book by J. Lagnese [9] for a systematic
study of the stabilization of plate systems.

For a study on stability for nonlinear waves and beams with damping on
the boundary, we refer, for example, to the works of Lasiecka [12], Lasiecka—
Triggiani [13] and Lagnese-Leugering [10], Kormonik [7] and Zuazua [27].

The von Karman system was studied, for example, by Horn-Lasiecka [6],
where the existence and uniqueness of global solutions for the system with
nonlinear boundary dissipation was proved. In Horn [5] and Puel-Tucsnak
[21] the boundary stabilization for the system was showed. Recently,
Bisognin, et al. [1] and Menzala-Zuazua [18] proved existence of global
solutions and the exponential stability for von Kédrman system of plates, in
the presence of thermal effects. '

The aim of this work is to study the global existence of solutions and the
stabilization of (1.1).

The existence and uniqueness of solutions is proved in Section 2, where no
restriction is placed on the growth of the damping term g, namely, g is only
assumed to be a continuous nondecreasing function with g(0) = 0. There,
we use Galerkin methods and since g does not have further restrictions,
we need special estimates to obtain the convergence of nonlinear terms and
we must also consider the dimension N < 3. This is not relevant from a
physical point of view since the system (1.1) is a model built for N = 2.
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We can find in Lan et al. [11] the existence and uniqueness of global
solutions for (1.1), when the damping g is a very particular function, namely,
9(s) = |sl°’_ls with 0 < o < 1. Therefore, they only consider nonlinearities
going at infinity in a sublinear way, so, in this case, it is easy to show that
the function ¢ is continuous from L2(Q) into L?().This is not the case in
the context we are working on.

In Section 3, we study the stabilization of (1.1) when the damping g
satisfies convenient assumptions to control its growth.

Let us consider the energy
1 ~
B®) = 5 [juf* +5(|vuf*) + [auf?] (1.4)

where u is a regular solution of (1.1) and
t
50 = [ ote)ds.
We can prove that

t2
E(ty) - E(t1) = _/t _/Qg(ut(:c,s)) ut(z,s)dz ds (1.5)

and therefore, the energy is a decreasing function of time.

Now, to prove the uniform polynomial decay of the energy (1.4) we
perturbe it with a convenient Lyapunov function. We show that the
resultant perturbed energy is equivalent to the energy (1.4). The origin
of this method can be found in Zuazua [25] (see also [26]).

Finally, in Section 4 some remarks about Problem (1.1) will be made.

2. The existence theorem

Let H be the L2(Q) space with the usual norm | - |. W is the Sobolev
space H}(Q) normed by ”u”W = |Vu| and V means the space H3(Q) with
the norm ||u||v = |Aul.

Let g : R — R be a continuous function such that

{9(0)=0

g is a nondecreasing function.

(2.1)
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Existence, uniqueness and stabilization for a nonlinear plate system
We consider ¢ € C1([0, +00) ; R) such that
o(s)>0 fors>0. (2.2)

For each T > 0 we put Q@ = Q x (0,7).

THEOREM 2.1.— Under the above assumptions, if (vo,u1) €V x H and
for every T > 0, there exists an unique u : [0, T]— H such that

uve C([0,T]; V)nCi([0, T]; H) (2.3)
ug € L1(0,T; V') (2.4)
utg(ue) € LN(Q)  g(ur) € LY(0,T; V') (2.5)
use(t) + A2u(t) — ¢(|[u(t)”§y) Au(t)+g(ue(®) =0 in V'ac.int (2.6)
u(z,0) = uo(z) wue(z,0) = uy(z) in Q. (2.7)

Proof. — First of all we establish the existence. Let T > 0 be fixed
and denote by Vi, the space generated by {w;, wo, .. ., W} where the set
{wm; m €N} is a “basis” of V. Since (up,u1) € V x H we obtain

o0 oo
W= Y amnwninV and wu; = > bmwm in H. (2.8)

m=1 m=1
Then for all m € N there exists Ty, < T and unm(t) = 71 fi(t)w; defined
for ¢ € [0, Trn) such that the following holds:
(wn(®) [ 0) + (Aum(t) | 49) +¢([um@)[3) (Aum() | v) +
+(9(u(®) | v)=0, vEVn (2.9)
um(0) = vom  up,(0) = uypm

where (- | +) denotes the usual inner product in H, 4 = -4, uoy =
doie1 AW, Uiy = 2741 bjw; and V' is the dual space of V.

Remark 2.1.— Since N < 3, we have that V is compactly embedded in
L*°(Q), hence, by (2.1), for each t > 0 and m € N, 9(ur,(t)) € L®(Q) C
Hc LYQ).

We need a priori estimates to extend the solution of the system (2.9) to
the whole interval [0, T7.
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Replacing v in (2.9) by 2ul,(t) and integrating from 0 to T, We have:

t
@) + um @ + &(un @3y ) +2 [ (9(un(s)) | um(s)) ds =
0
= luam|* + [Juom 3, + &(Jluom 3 ) -
Since {u1m} and {uom} are bounded sequences in H and V respectively,

then, by (2.1) and (2.2) there exists a constant K > 0 independent of m
and ¢, such that, for allmeéNandt >0

lul, ) < K (2.10)

lum®|} < K (2.11)

#(Jum®ly) < & (2.12)
t

/0 (s(utn(8)) | wn(s)) ds < K. (2.13)

Now, we need the following lemmas.

LEMMA 2.1.— There exists K1 > 0 such that ”g(“;n)”p(q) < Kj for
allm e N.

Proof.— If we define
Am = {(l‘,t) EQ | |u;‘n(zat)| < 1}

and

B, = {(z,t) €Q ‘ |u;n(:c,t)| > 1} ,

then, from (2.1):

/OT/QIg(u;.L(x,t))‘dxdtz
= /Am/‘g(u;n(x,t))ldxdt+‘/Bm‘/’g(u;n(x,t))’dwdt5
< /()T/Q;?Spl‘g(s”d:cdt+/Bm/g(u;n(:c,t))u;n(a:,t)dxdt.
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Existence, uniqueness and stabilization for a nonlinear plate system

Hence, by (2.13), we have
T
/ / ’g(u;n(:c,t)){ dzdt < u(Q) sup lg(s), +K formeN
0 JQ |s|<1

which concludes the lemma. By u(-) we denote the Lebesgue measure in
RN+ g

LEMMA 2.2.— The sequences {uy,(-)} and {um(-)} are Cauchy se-
quences in C([0, T]; H) and C([0, T]; V), respectively.

Proof.— Let mg > my be two natural numbers and
b 0) = o (Jlum, O1%) G =1,2.
Then, by (2.9), w(t) = tm,(t) — um, (t) satisfies
(W"(t) | v) + (Aw(t) | Av) + po(t) (Aw(?) | v) +
+ (9, () = 9 (i, @) | ) = (2.14)
= = (u2(t) = 11()) (Aum, (1) | v) for v € Vin.

If we take, in (2.14), v = 2w’ then
260 = OO, - 2(u2(t) = w1 0) (Aumy 1) | ) + o1
~ 2( 9ty (1)) = 9y (1)) | &)

where
G(t) = [ O + W@ + ma|w®)]}y -

Now, by (2.11) and the fact that ¢ is a function of class C1, we have
constants C > 0 and K > 0 such that

lu2(t) = m(@)| < Ollw(®)||yy fortefo,T],

(2.16)
|(4um, (1) | ' ®)| < K] 8)].
Hence, from (2.1), (2.15) and (2.16) we obtain
j—t G(t) < |us(®)| lw(®)||3 + 2CK ||w(®) || |’ )] <
(2.17)

< (c1|,/2(t)| + cz) G(t).
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Since
< 2| tmy ()| [ty (8)]

d 2
Eo Ol
it follows, by (2,2), (2.10) and (2.11), that
|u'2(t)l <c fort>0.

Replacing (2.18) in (2.17), we have
d
aG(t) < KyG(t) fort>0.

So,
G(t) < £2TG(0), tel0,T).

On the other hand, by (2.2) and (2.8)
G(0) -0 as my, my — +00.
Then, by (2.2) and (2.19) we prove the Lemma 2.2. O
By Lemma 2.2 there exists u: [0, T') — V such that

Um — U inC([O,T];V)
up, = ug inC([0,T]; H).

So (2.20) and the continuity of ¢:

#(Jlum®l3) — e(lu@3y) wc(o,T)).

(2.18)

(2.19)

(2.20)
(2.21)

(2.22)

LEMMA 2.3.— For each T > 0, g(u;) € L}(Q) and ”g(ut)”Ll(Q) < Ky,

where Ky is obtained in Lemma 2.1.

Proof. — By (2.1) and (2.21) there exists a subsequence {u}} of {ul,}

such that
g9(ul(z,t)) — g(u(z,t)) ae.in Q

0 < g(ul, (2, t))ul(z,t) — g(us(z,t))us(z,t) ae. in Q.

- 180 -
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Existence, uniqueness and stabilization for a nonlinear plate system

Hence, by (2.13) and Fatou’s lemma we have

T
/ / ut(z,t)g(ue(z,t))dedt < K for T >0. (2.24)
0 JQ

Now, using (2.24), the proof follows similarly as Lemma 2.1. O
LEMMA 2.4.— g(u)) — g(uz) in L1(0,T; V).
Proof . — To prove this Lemma we need the following Theorem.

THEOREM (Strauss [24]).— Let @ C RN be an open set with fi-
nite Lebesgue measure, and (wV)ueN a sequence of measurable functions,
w, :Q—R,vreN.

Let f, :R— R, v €N be such that

(a) fu, v €N is bounded on bounded subsets of R;

(b) fu 0w, is measurable and

J

(c) fuow, — v a.e in (.

fu(wu(z)), lwy(z)|dz < C, VveN;

Then v € LY(Q) and

lim
v—+400 Q

fo(wu(z)) - v(:c)‘ de=0.

From the assumptions on g, (2.13) and (2.23), it follows, by the above
theorem, that

g(u)) — g(u) in LY(Q). (225)

So, since L1(Q) is continuously embedded on V’, we obtain the Lemma 2.4.0
To prove (2.6), we first observe that, by (2.20)

Ay, — A% in C([0,T]; V). (2.27)
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Fixing j < v and integrating (2.9) from 0 to t < T we have
t
(40 | ) = (s ) = { [(A20) [widyyds +
t 2
+ /0 o (w5 (Auls) | wj) ds +
t
+ [ (o) vy 85}

Using (2.20), (2.21), (2-22), (2.27) and the density of the set {wm; m € N}
in V, we can pass to the limit as ¥ — 400 to obtain

(ue(t) | v) = (wa | v) +
_ { /ot ((a%u(s) | v}y + o(lu@)3y) (4u(s) [ v)) ds+

+-/0t<g(ut(3)) l v>V’V} ds forveV

and so we can obtain (2.6).
Finally, by (2.8), (2.20) and (2.21) we have (2.7). O

We end by proving the uniqueness. Consider u, v : [0, T'] — H satisfying
(2.3)-(2.7) and define w(t) = u(t) —v(t), t € [0, T'].
Then, by (2.6) and (2.7) we have

wy + A2w + 9"(”“”%&’) Aw+ (g(ut) - g(vt)) +

+ (o (1) = e (Iol%)) Av=0

w(0) = w'(0) = 0. (2.29)

(2.28)

We take s € [0, T'] fixed and we define

z(t):{‘/t w(e)da f0<t<s

0 ift>s.
Then 2(t) € HE() for each t € [0, T'] and moreover

T
2(8) = wi(t) — wi(s), where wy(t) = /0 w(e)da  (2.30)
2(s) =0, 2'(t)=w(?). (2.31)
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Existence, uniqueness and stabilization for a nonlinear plate system

From (2.28) we obtain
/0 ’ {(w"® 1 20)yy + (A20(2) | @)y +
+ (2 (@) 4w 120) + (s(ue®) - o) 120)),, +

+(e(lully) - o (Iv13)) (4o 1 2)} et =0,
For t < s by (2.29) and (2.31), we have:

/0 W) | 2(t)) gy dt = -% Ju(s)]. (2.32)
From (2.30) and (2.31) we obtain:
/0 s(Azw(t) | 2(8))y1yy dt = _% | Aw (s)]?. (2.33)

We claim that
[ ot = o) 1 £y et <0
In fact, let X be the set
X={(z)ex[0,s) | ulz,t) > vi(z,8)} .
Then, by (2.29) we have w(z,t) > 0in X.

So, from (2.31) and mean value theorem we obtain z(z,¢) < 0 in X.

Therefore, since g is a nondecreasing function we have

(9(ut(z,1)) — g(vi(2,1))) 2(2,8) <0 in X.

In a similar way we can prove the above inequality if (z,t) belongs to
{(z,t) EQx[0,s) ‘ ug(z,t) < vt(:c,t)} .
Now, using (2.32) and (2.33) we have

% Iw(s)l2 + —;— |Aw1(s)|2 <
< /0 "o ()| (4 | )dr+ (2.34)
+ [le(lsn) - o(Ilo@1 )| | (v 1 209)| at.
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By (2.3), the assumptions on ¢ and (2.30), we have that there exists C' > 0
such that

1 2, 1 2 )
Sl + 5 4@ <2 [u@)] (Jau @]+ [dm(s)]) ot
Taking v = max{6¢2T', 1/3T}, we obtain

1 2 2 / 8 2 2

- +|A < t)|° + | Awi(t dt.

5 (1@ + @) <7 [ (lwof +[4m@f)
So, using Gronwall Inequality, we conclude the uniqueness. O

COROLLARY 2.1.— Under the hypothesis of Theorem 2.1 there erists
an unique u € L°(0,+00; V) such that

u € C(0,400; V)NL®(0,+00; V)

us € C(0, +00; HYNL®(0,4+00; H), us € L (0,400; V')

g(ug) € LL (0, +00; V'),  usg(ur) € L (Q x (0, 400))

ugt + A%u— ga(“u(t)”%,v) Au+g(u)=0 in V' a.e. with respect tot

u(z,0) = ug(z) ue(2,0) =w(x) inQ.

3. Stabilization

This section deals with the decay of the energy (1.4) associated with the
system (1.1). For this we need additional assumptions about the functions
¢ and g.

Let ¢ € C1([0, +00); R) be such that

o(s) >0 fors>0. , (3.1)

The function g satisfies (2.1) and there exist p > 0, A > 0 and ¢o > 0
such that

g(s)s > c0|.9|p+1 if |s|] <1 (3.2)
g(s)s > co|s|2 if |s] >1 (3.3)
la(s)| < c0|sl>‘ if |s| <1. (3.4)
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Existence, uniqueness and stabilization for a nonlinear plate system

Remark 3.1.— From (3.1) we obtain, for each K > 0, a constant mg > 0
such that
B(t) < micte(t), tel0,K].

Remark 3.2.— From (3.2) and (3.4) we have p > A.

THEOREM 3.1.— Under the above hypothesis, if (ug,u1) € V x H, then:
e if p= A =1 there exists v > 0 such that

E(t) < 4E(0)exp(—7t) fort>0; (3.5)

e if A >1 and p > 1 there exists 6 > 0 such that

}-2/(10—1)

E@) < 4{6t + (E(0))~P~1/2 fort>0;  (3.6)

e if A < 1 there exists p > 0 such that

—(p+1-2X) /2/\}‘2/\/ (p41-2))

E(t) < 4{ut + (E(0)) fort>0. (3.7)

Proof.— 1t is sufficient to obtain (3.5), (3.6) and (3.7) for the approxi-
mated solutions um (t), because the convergences showed in the proof of the
Theorem 2.1 imply the above result for the solution u. From now on, by
simplicity, we will denote u,, by u.

We observe, from the definition of E(t), that

E't)=- ‘/Q g(ue(z,t))u(z,t)de, t>0 (3.8)

and so, by (2.1)
E(t) <E@0) fort>0. (3.9)

Let p(t) = fﬂ u(z,t) ug(z,t) de, since V is continuously embedded in H,
there exists ¢; > 0 such that

|p(t)| < e1 E(t) fort>0. (3.10)
Now, we consider two separated cases.
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3.1 Case A>1

LeMMA 3.1.— There exist positive constants cg, c3 and c4 such that

#8) < calue®)|? - 3 t)||V—1’"—W(||u(t)H€V)—csE'(t>. (3.11)

Proof. — We have p/(t) = ]u'(t)]2 + (u(t) | ues(t)), so replacing in (2.9)
v by u(t), we obtain

P0) = [w@)” = [« = e (@) Ol ~ (o(uett)) [ u(t))
(3.12)
By (2.11) and Remark 3.1, there exists ¢ = max{]go(s)] ;s€[0, K]} such

that
= (@) @l < -5 (lue)liy) - (3.13)

On the other hand, it follows by Remark 2.1 that there exists C > 0 such
that

|(o(uet) | u®) | < Clo(ue)

L1(Q)”u(t)||v

and so, for ¢ = |Q(1/2

1/2
2d
L) S {/)utlg‘g(ut(z’t))' :c} +

* /Iu:|21 9(ut(z, 1)) ur(z,t) dz

Jo ()

Hence by (3.4), A > 1,

‘Q(Ut(t))

Then, by (2.11), we have

L@ )_ lut(t)‘+/ 9(ut(z, 1)) us(z,t) da .

62
[(otwe) [u®)| < € 5 fual? + 3w +
2 2 (3.14)
+ \/EC/Q 9(ut(z, 1)) us(z, t) dz.
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Now, replacing (3.13) and (3.14) in (3.12) and using (3.8) we obtain (3.11)
where ¢3 = VK C and cqg=1+C2 c2/2.

Let we define o(t) = (E(t))(p_l)/zp(t), then we have
o't) = 252 (B0) "B W) + (B0) P20y, (3.15)

Since E'(t) < 0, it follows by (3.9) and (3.10):

22 (B0) 2B 1)pft) < —r 2 — (BO)* VB, (3.16)
So, replacing (3.11) and (3.16) in (3.15) we obtain

o'(t) < —cs E'(t) + (BE(t))P~D/2«

1 mp (3.17)
 (edw - ol - 3 2 5 Juco ) )
where ¢5 = (¢1 (p — 1)/2 + VK C)(E(0)) (P-1)/2 5 o,
For each € > 0, we consider
Ec(t) = (1 +ecs)E(t) +eo(t). (3.18)

Remark 3.3.— We can conclude that there exists €g > 0 such that
% (B) P2 < (B@) P2 < 2(B,0) P2 450, 0<e<ep.
(i) If we consider p =1 (then A = 1) we have, by (3.2), (3.3) and (3.17)
B0 < (ees = eo)luel” = 3 |uy - 5 ZE 5(Juco)]}y)

if we take

) o ) m
6<mm{so,l+c } and c6=m1n{1,c—}
4 2

then
E{(t) < —ecsE(t).

So, by Remark 3.3 we have (3.5).
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(i1) If we consider p > 1 we have, by (3.17) and (3.18)
EL(t) < E'(t) +(B@) P~V x
« (ealu - 3 1oy - 525wl ) ) -

By (3.2) and (3.3), there exists ¢7 > 0, which depends of Q and E(0), such
that

(3.19)

Lg(ut(z,t)) ut(z,t)dz > C7|ut(t)|p+1 (3.20)
then, by (3.8) and (3.19)

E(t) < —C7|Ut(t)|p+1+€ <C4 + %) (E(t))(p_l)/2|ut(t)|2—ec6 (E(t))(f’*'l)/?'

Now, using Young’s inequality, with u > 0 such that u(p‘l'l)/ (p“l)(04 +
1/2) < ¢g/2, we obtain

2e4+1

Taking

2#(?'*'1)/267
2¢q4 +1 ’

€ < min {so,
it follows, by Remark 3.3 that
B < S a(m) P

So,

)-2/(79—1)

E.(t) < (pg L cest+(E.(0) "~/ (3.21)

Now, (3.6) follows from Remark 3.3 and (3.21).

3.2 Case A <1

In this case, the remark 3.2 implies that p+1—2X > 0.
Let us define %(t) = (E(t))(pﬂ—z’\)/v‘p(t).
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Then, by (3.8), (3.9) and (3.10):
¥(t) < —esB'(t) + (E() PP o) (3.22)
where

1-2) -
s = 1 P+ = (E(O))(p+1 20)/2)

It follows by (3.12) and (3.13)
P < u@ - [u@]5 - 35 8 (luolfy ) +| (o) |uw)]| - 3.28)

On the other hand, by (3.2) and (3.4) there exists a positive constant, o,
which depends of Q and ¢g such that

/Q ‘g (ut(z, t)) ‘ de <

< a{/ﬂg(ut(x,t))ut(:c,t) d:c} +Ag(ut(x,t))ut(z,t) dz.
Replacing the above inequality in (3.23) and using (2.11) and (3.8), we have:
PO < fu®f - [u - 52 2(Juoliy) +

M(p+1)

_ A (p+1)
+C {/ 9(ue(z, 1)) us(z,t) dz} ’ ||u(t)||V —-c3E'(t).

Taking cg = C3(E(0))(p H1-20/22 nd replacing the above inequality in
(3.22):

¥'(1) < —(08 +co)E'() +

+ 5 (B@) VP - o (B(0) P/
_ A/ (p+1)
+ C‘/§ (E(t)) (p+1-3)/2) {./Q g(Ut(l', t)) u‘t(z: t) dx}
(3.24)

On the other hand, by Young’s Inequality and (3.8)

A (p+1)

(E@)) (p+1-2)/2 {/ 9(ue(z, t))us(z, 1) dx} <
Q

(+1)/2
(p+1)/(p+1-2) (p+1)/22P+1=X (l) A
<h (E®) p+1 ] pr1Z®:
(3.25)
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We choose # > 0 such that
vz et/ (p1-n P12 ce

p+1 2
and
- 1-2)
E(t) (p+1 2/\)/2x\|ut(t),2 < IJ_-;+—17(P+1)/(p+1—2)\)(E(t))(p+1)/2)\ +
2\ 1) (P+1)/22
p+1 (?) Jue(t)|

(3.26)
for ¥ > 0, such that
Sp41-22 (p1)/p41-23) %
2 p+1 4
Now, since p+ 1/X > p+ 1 using (2.10) and (3.20) there exists R > 0 such
that

|ue(t)| PV < —RE'(t). (3.27)
Taking
_ 1\ e+1)/A 3x /1) (Pt1)/2x
w=0A(5) " e (5) 8
and replacing (3.25), (3.26) and (3.27) in (3.24) it follows that
V() < —esE'(t) - BT (3.28)

where ¢12 = ¢g + ¢cg + ¢10 + ¢11-
For each ¢ > 0, we define

Ee(t) = (1 +ecro)E(t) +ev(t), t>0. (3.29)
Then there exists ¢g > 0 such that
% (Es(t))(’""l)/”‘ < (E(t))(p+1)/2’\
< 2(E@) PV 150, 0<e<e.
Taking the derivative of (3.29), using (3.28) and (3.30) we deduce that
Bu(t) < = (B@) TP < =22 (B) PP, o<,
So,

(3.30)

)

E.(t) < (P+;/\— 22 _e%e_t N (Ee(o))—(p+1—2)\)/2/\

t > 0,0 < e < ep. Finally (3.7) follows from (3.30) and the above
inequality. O

) =2)/(p+1-2X)
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4, Final remarks

If we consider the inhomogeneous system

uee(t) + A%u(t) - ¢ (|u()]3y) Au(t) + 9 (we®) = F@)
"=g$=0 omTx (071 41
u(0) = ug, ut(0)=1u;.

where f belongs to L2(0,T'; H), we can prove, using the same approach as
in Theorem 2.1, the existence of solutions satisfying (2.3)-(2.7).

It should be noted that the presence of the nonlinear damping term g
in (1.1), without restriction on its growth, contributes to some technical
difficulties at the level of the existence theory. Therefore, we needed to
consider the dimension N < 3 (Remark 2.1).

To prove the Theorem 2.1, in dimension N > 4 we consider, for instance,
g(s) = ls|q_ls, where

N+4
1 < fN>4
<g< oz ! >
g>1 if N=4.
We can also consider the sublinear case, as it was mentioned in Section 1,
that is g(s) = lslq—ls, 0 < ¢ < 1. In both cases, the proof of the
Theorem 2.1 follows in the same way.

The Remark 3.1 still holds if we replace the assumption on (3.1), by the
following:

0(0) =0, ¢(s)>0ifs>0 and ¢'(0)#0.

It is important to observe that the assumptions (3.2) and (3.3) on the
damping g ensure, respectively, its coercivity at the origin and at the infinity.
On the other hand, the assumption (3.4) controls the growth of g. The
decay order of the energy (1.4) depends only on the constants p and A, i.e.,
it depends on the behaviour of g at the origin.

The estimates on the decay rates of the energy, obtained from Theo-
rem 3.1, are probably optimal, but this question has not been proved yet
even in the simplest case of the semilinear damped wave equation.
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Finally, we claim that the Theorem 3.1 can be proved, if N > 4, using
the same method, provided solutions do exist. In fact, it is sufficient to
make the following additional hypothesis on g:

lg(s)] < Cols|® if [s| > 1

where 1 <g< +o0if N=4and1<¢g< (N +4)/(N-4)if N > 4.
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