ANNALES DE LA FACULTE DES SCIENCES DE TOULOUSE

MARCO SQUASSINA

Weak solutions to general Euler’s equations via
nonsmooth critical point theory

Annales de la faculté des sciences de Toulouse 6° série, tome 9, n° 1
(2000), p. 113-131

<http://www.numdam.org/item?id=AFST_2000_6_9 1_113 0>

© Université Paul Sabatier, 2000, tous droits réservés.

L’acces aux archives de la revue « Annales de la faculté des sciences de
Toulouse » (http:/picard.ups-tlse.fr/~annales/) implique 1’accord avec les
conditions générales d’utilisation (http://www.numdam.org/conditions).
Toute utilisation commerciale ou impression systématique est constitu-
tive d’une infraction pénale. Toute copie ou impression de ce fichier
doit contenir la présente mention de copyright.

) \J UMDAM
Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=AFST_2000_6_9_1_113_0
http://picard.ups-tlse.fr/~annales/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Annales de la Faculté des Sciences de Toulouse Vol. IX, n° 1, 2000
pp. 113-131

Weak Solutions to General Euler’s Equations via
Nonsmooth Critical Point Theory ®

MARCO SQUASSINA (1)

RESUME. — Au moyen de la théorie des points critiques non réguliers,
nous démontrons l’existence de solutions faibles qui ne sont pas nulles
pour une classe générale de problémes elliptiques non linéaires.

ABSTRACT. — By means of nonsmooth critical point theory we prove
existence of a nontrivial weak solution for a general class of nonlinear
elliptic boundary value problems on a bounded domain Q of R”.

1. Introduction

Since 1972, existence of weak solutions for the semilinear elliptic problem

n
— > Dj(aij(z)Diu) = g(z,u) in Q
i,j=1
u=0 on 99,
has been deeply investigated (see e.g. [1, 2, 3, 13, 21] and references therein)
by means of classical critical point theory.

Later on, since 1994, also quasilinear elliptic problems of the type

n n
— Y Dj(aij(z,u)D;u) +% 2. Dsaij(z,u)D;uDju = g(z,u) in Q
i,j=1 ig=1
u=20 on 00,

(*) Requ le 30 novembre 1999, accepté le 21 mars 2000
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have been studied in [5, 9, 10, 12, 14, 22] via techniques of nonsmooth critical
point theory. On the other hand, more recently, some results for the more
general problem

—div (V¢L(z,u, Vu)) + DsL(z,u, Vu) = g(z,u) in Q (1.1)
u=0 on 01, )

have been considered in [4] and [20].

The goal of this paper is to extend some of the results of (4, 20] In order
to solve (1.1), we shall look for critical points of functionals f : W0 P(Q) - R
given by

f(u)=/QL(x,u,Vu)dz—/QG(:c,u)d:c. (1.2)

In general, f is continuous but not even locally Lipschitzian unless L does
not depend on u or L is subjected to some very restrictive growth conditions .

Then, we shall refer to the nonsmooth critical point theory developed in
(15, 16, 17, 19] and in particular to [12] for what we shall recall in section
2.

We assume that L : Q@ x R x R® — R is measurable in z for all (s,§) €
R x R, of class C! in (s,£) for a.e. z € Q, the function L(z, s, -) is strictly
convex and L(z, s,0) = 0. Furthermore, we shall assume that:

(4) there exist a € L*(£2) and bp, v > 0 such that
Vgl < L(z, 5,€) < a(z) + bolsl” + bol€|” , (1.3)
for a.e. £ € Q and for all (s,€) € R x R™;
(i) for each £ > 0 there exists a. € L!(£2) such that
|D,L(z, 5,€)| < ac() + sl + brlélP, (1.4)
for a.e. z € Q and for all (s,€) € R x R, with b; € R independent of ¢.

Furthermore, there exists a; € L? () such that

IVeL(z, 5,8 < a1(@) + bils| ¥ +bileP, (15)
for a.e. z € Q and for all (s,€) € R xR";
(#44) there exists R > 0 such that
|s| > R = D,L(z,s,£)s >0, (1.6)
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for a.e. £ € Q and for all (s,£) € R x R™;

(iv) G : 2 x R — R is a Carathéodory function such that

G(z,5) < d(z)|s|P + b|s|”" 1.7)
lim GI(:ILS) =0 (1.8)

for a.e. € Q and all s € R, where d € L¥ () and b € R. Moreover,

S
G(z,s) = / g(x,7)dr
0
and there exist ¢;,cy > 0 such that
lg(z, 8)| < c1 + c2ls|®
for a.e. x € Q and each s € R, where 0 < p* — 1.

(v) there exist ¢ > p and R’ > 0 such that for each ¢ > 0 there is
a. € L}(Q) with

|s| > R' => 0 < ¢G(z, s) < g(x, 8)s, (1.9)
|S| 2 RI = QL(-’l?y S, {)—VfL(x) S,E)'&"DsL(x,S,E)S 2 Vlg'p—ae(fl:)'—é"lSlp
(1.10)

for a.e. z € Q and for all (s,£) € R x R™.

Under the previous assumptions, the following is our main result.

(1.11) THEOREM. — The boundary value problem
{ —div (V¢L(z,u, Vu)) + DsL(z, u, Vu) = g(z,u) in Q
u=0 on 0N}

has at least one nontrivial weak solution u € Wol”’ (Q).

This result is an extension of (4, Theorem 3.3], since instead of assuming
that

VseR: qL(z,5,€) — VeL(x,s,§) - § — DsL(z,5,€)s > vIEIP,

for a.e. z € 2 and for all £ € R™, we only request condition (1.10). In this
way the proof of Lemma (3.15) becomes more difficult. The keypoint, to
deal with the more general assumption, is constituted by Lemma (3.11).

Similarly, in (20, Theorem 1], a multiplicity result for (1.1) is proved,
assuming that
VseR: D,L(z,s,£)s>0,

VseR: qL(z,s,§) — VeL(z,s,8) - § — DsL(z,5,€)s > vIE[P,
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for a.e. z € Q and for all £ € R®, which are both stronger than (1.6)
and (1.10) . In particular, the first inequality above and the more general
condition (1.6) are involved in Theorem (3.4) .

Finally, let us point out that the growth conditions (1.3) - (1.5) are a
relaxation of those of [4, 20], where it is assumed that

v[ElP < L(z,s,6) < BIEP,  |DsL(z,s,€)| < €7, (1.12)

IVeL(z,5,€)| < ar(@) +bals/P~* + by [P, (1.13)
for a.e. T € Q and for all (s,§) e R x R".

2. Weak slope and weak solutions

In this section we want to recall the relationship between weak solutions
to (1.1) and critical points of f in the sense of weak slope [12, Defini-
tion 1.1.1].

For the sake of generality, we shall here consider the more general setting
of functionals on Wo1 P(Q,RY), with N > 1, subjected to growth conditions
weaker than (1.3) - (1.5).

Let ag € L1(), bo € R, a1 € L},.(Q) and by € L5, (2) be such that

|L(=s,€)| < ao(z) + bolsl” + bol€[”, (2.1)
Vs L(z,5,)| < ar(z) + ba(@)Is?” + ba(2) €I, (22)
VeL(z, ,6)| < a1(2) +ba(@)lsl" + ba(@)IE]7 (2.3)

for a.e. z €  and for all (s,£) € RN x RV,

Conditions (2.2) and (2.3) imply that for every u € Wy'?(Q,R¥)

VeL(z,u, Vu) € LL(Q,R™),  V,L(z,u,Vu) € L},,(2,R").
Therefore for each u € W(} P(Q,RN) we have
—div (VeL(z,u, Vu)) + V,L(z,u, Vu) € D'(Q,RY).

(2.4) DEFINITION. —  We say that u is a weak solution to (1.1), if

u € WyP(Q,RV) and
—div (VeL(z, u, Vu)) + V,L(z,u, Vu) = g(z, u)

in D'(Q,RY).
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Under more restrictive conditions, it would turn out f to be of class C*!
and
—div (VeL(z,u, Vu)) + V,L(z,u, Vu) € W17 (Q,RY),

for every u € Wy P(Q,RY). In this regular setting, the classical (PS). con-
dition may be considered. On the other hand, in our nonsmooth context, it
is convenient to introduce the following variant of the (PS). condition :

(2.5) DEFINITION. —  Let ¢ € R. A sequence (up) € Wy'P(Q,RY) is
said to be a concrete Palais-Smale sequence at level ¢ ((CPS).—sequence,
in short) for f, if f(up) — ¢,

—div (VeL(z,un, Vur)) + Vo L(z, un, Vuy) € W12 (Q RV,
eventually as h — 400 and
—div (V¢L(z, un, Vup)) + VsL(z, up, Vup) — g(z,un) — 0,
strongly in W12 (Q,RV).
We say that f satisfies the concrete Palais-Smale condition at level ¢

((CPS). in short), if every (CPS).—sequence for f admits a strongly con-
vergent subsequence.

The next result connects the previous notions with abstract critical point
theory.

(2.6) THEOREM. — f: Wol’p (,RN) — R is continuous and we have

ldf| (u) >

vec(n,RN)
llvlly,ps1

>  sup {/ [VeL(z,u,Vu) - Vv + V,L(z,u, Vu) - v — g(z, u) - v] da:} ,
Q

for every u € Wol”’ (Q,RYN). In particular, |df| (u) < 400 implies that

||—div (V¢L(z,u, Vu)) + VsL(z,u, Vu) — g(z:,u)||_1,p, < |df] (u).

Proof. — See, [12, Theorem 2.1.3] O
As a consequence, each critical point u of f is a weak solution to (1.1).

Let us finally recall from [12] a concrete versions of the Mountain Pass
Theorem .
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(2.7) THEOREM. — Let (D, S) be a compact pair, v : S — Wy'P(Q,RV)
a continuous map and let

o= {peC(D,WPQRY): s =} .
Assume that there exists a closed subset A of W, P(Q,RY) such that
inf f > max f,
A f w(S)f
ANyY(S) =0 and ANp(D) #0 for all p € .

If f satisfies the concrete Palais-Smale condition at level

c¢= inf max f,
PED p(D)

then there ezists a weak solution u € W(}’p (Q,RN) of (1.1) with f(u) =c.

3. The concrete Palais-Smale condition

We first recall a very useful consequence of Brezis-Browder’s Theo-
rem (8.

(3.1) PROPOSITION. —  Let u,v € WyP(Q), n € L}Q) and w €
W=7 (Q) with
D,L(z,u,Vu)v =7,

and for all p € CX(Q)
(w,p) = / VeL(z,u,Vu) - Vodz + / D,L(z,u,Vu)pdz.
Q Q
Then D,L(z,u, Vu)v € L(Q) and

(w,v):/VEL(x,u,Vu)-Vvd:c—f-/DsL(x,u,Vu)vd:c.
Q Q

Proof.— See e.g. [20, Proposition 1]. O

Let us point out that as a consequence of assumptions (i) — (i7) and
convexity of L(z, s,-), we can find M > 0 such that for each € > 0 there is
a. € L}(Q) with

ng((E, své) : £ 2 Vlglp - a’(x) - b0|'5|p’ (32)
|D,L(x, 5,€)| < MV¢L(z,5,€) - € + ac(z) +els|”, (3.3)
for a.e. z €  and for all (s,£) € R x R™.
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We now come to a local compactness property, which is crucial for the
(CPS), condition to hold. This result improves [20, Lemma 2], since (i)
relaxes condition (8) in [20].

(3.4) THEOREM. — Assume (%) — (2ii), let (ur) be a bounded sequence
in WyP(Q) and set

{wp, v) =/V5L(z,uh,Vuh)-Vvdx+/ D,L(z,un, Vup)vdz, (3.5)
Q Q

for allv e C2(R). If (wy) is strongly convergent to some w in W17 (Q),
then (ux) admits a strongly convergent subsequence in W, P ().

Proof.— Since (up,) is bounded in Wy'P(2), we find a u in W}"®() such
that, up to a subsequence,

Vup — Vu in LP(Q), up — u in LP(Q), wup(z) — u(z) for a.e. T € Q.
By [7, Theorem 2.1}, up to a subsequence, we have
Vup(z) — Vu(z) for ae z€ Q. (3.6)
Therefore, by (1.5) we deduce that
VeL(z,upn, Vup) — VeL(z,u, Vu) in L”’(Q, R"™).
We now want to prove that u solves the equation

Yo e CP(Q): (w,v) = / VeL(z,u,Vu) - Vvdz +/ D,L(z,u,Vu)vdz.
Q Q

(3.7
To this aim, let us test equation (3.5) with the functions

vp = pexp{—M(up + R)*}, pE Wol’p(Q)ﬂL“(Q), p=0.

It results for each h € N

/Q VeL(z, un, Vup)-Voexp{—M(up+R)*} d:z:—-(wh, pexp{—M(up + R)"’}) +

+/ [DsL(z,un, Vur) = MV¢L(x,un, Vup) - V(up + R)¥)
Q
pexp{—M(upn + R)*}dz = 0.
Of course, for a.e. r € €2, we obtain
pexp{~M(un + R)*} — pexp{-M(u+ R)*}.
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Since by inequality (3.3) and (1.6) for each € > 0 and h € N we have
[DsL(z, un, Vup) — MV L(z, un, Vur) - V(un + R)*]e
exp{—M(un + R)*} — elun|” ¢ < ac(z)e,

Fatou’s Lemma implies that for each € > 0

limsup/ [D,,L(:c, Uh, Vur) — MV L(z, un, Vur) - V(up + R)+] 7
h Q

exp{-M(up, + R)*} - elun|P” pdz < / [DsL(z,u, Vu)
Q
—MVL(z,u,Vu) - V(v + R)"] pexp{-M(u+ R)*} - elulP pdz.

Since (up) is bounded in LP" (), we find ¢ > 0 such that for each € >0

lim sup/ [DsL(a:, Uh, Vup) — MVeL(z,un, Vug) - V(up + R)+] %)
h Q

exp{—M (up+R)*}dx < / [DsL(z,u, Vu) = MV¢L(z,u,Vu) - V(u + R)t]e
Q
exp{—M(u+ R)*}dz — cz.

Letting € — 0, the previous inequality yields

limsup/ [DsL(x, Up, Vup) — MVeL(z, un, Vug) - V(up + R)+] ®
h Q

exp{—M (up+R)*}dz < /Q [DsL(z,u, Vu) — MV¢L(z,u,Vu) - V(u+ R)f] o
exp{—M(u+ R)*}dz.
Note that we also have
pexp{—M(up + R)*} — pexp{-M(u+R)*} in WoP(8).
Moreover
Vypexp{—M(up + R)*} — Vpexp{—-M(u+ R)*}  in LP(Q,R"),
so that
/Qng(x, un, Vug) - Voexp{—M(us + R)*}dz —
— /ﬂVgL(:z,u, Vu) - Vopexp{—M(u+ R)*}dz.
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Therefore, we may conclude that

/ VeL(z,u, Vu)- Voexp{—M(u+ R)*} dr — (w, pexp{—M(u+ R)*}) +
Q

+/ [DsL(z,u, Vu) — MV¢L(z,u,Vu) - V(u+ R)*] pexp{—M (u+R)*}dz > |
Q
Consider now the test functions

u

or=pH (7)exp{Mu+R*}, ¢eCR@), @3>0,

where H € C'(R), H =1in [-3,3] and H =0in ] — 00, —1] U [1, 4+00]. It
follows that

/Q VeL(z,u, Vu) - Vorexp{—M(u+ R)*}dz — <w, oH (%)) +

u

k) dr > 0.

+/ [D,L(z,u, Vu) — MV¢L(z,u, Vu) - V(u + R)*|oH (
Q
Furthermore, standard computations yield
- + ¥ (Y ¥ + it
Vor = exp{M(u+R)*} [V<pH (k) +H (k) Vu+ MV(u+ R)*oH (k)] .
Since 9 H () goes to ¢ in Wy'P(), as k — +0o we have
u
(u3(2)) ~ 0

By the properties of H and the growth conditions on V¢ L, letting k — +o0
yields

/Q VeL(z,u,Vu) - VoH (%) dz — /Q VeL(z,u, Vu) - Vo dz,
/QV§L(:1:, u,Vu) - Vu H' (%) %dw o0,
/Q MVeL(z,u,9u)-(utR)*oH (3 ) dz - /Q MVe¢L(z,u, Vu)-V(u+R)* pdz
Whence, we conclude that for all ¢ € C*(Q)
¢20= (w,p) < /QV5L(:L', u, Vu) - Vo dz +/QD3L(x, u, Vu)pdzx.

Choosing now as test functions
vp = pexp{—-M(up — R)"},
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where as before ¢ > 0, we obtain the opposite inequality so that (3.7) is
proven.

In particular, taking into account Proposition (3.1), we immediately ob-
tain

(w, u) =/ VgL(m,u,Vu)-Vud:l:%—/ D,L(z,u,Vu)udz. (3.8)
Q Q

The final step is to show that (us) goes to u in Wy'P(R). Consider the
function ¢ : R — R defined by

Ms if 0<s<R
MR if s=2R

C)=9{ _Ms if ~R<s<0 (3.9)
MR if s<-R,

and let us prove that
lim sup/ VeL(z, up, Vup) - Vup exp{¢(up)} dx <
o Ja
< / VeL(z,u, Vu) - Vuexp{((u)} dz . (3.10)
Q

Since by Proposition (3.1), u exp{¢(us)} are admissible test functions for
(3.5), we have

/Q VeL(z, un, Vun) - Vupexp{¢(un)} dz — (wh,un exp{{(un)}) +

+ /ﬂ [DsL(z, un, Vur) + ¢ (un)VeL(z, un, Vur) - Vun] un exp{((un)}dz = 0.
Let us observe that (3.6) implies that
VeL(z,un, Vup) - Vup — VeL(z,u,Vu)-Vu for a.e. T € Q.
Since by inequality (3.3) for each € > 0 and h € N we have
[=DoL(z, un, Vup) — ¢'(un) Ve L(x, un, Vun) - Vun] un exp{{(un)}+
—Rexp{MR}e|ux|P” < Rexp{MR}a.(z),

Fatou’s Lemma yields

limsup / (~DaL(x, un, Vun) - ¢'(un) VL (z, un, Vain) - Vaun) u exp{C(un)}
Q
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—Rexp{MR}elun|?" dzx < / [(-DsL(z,u, Vu) — ¢'(u)VeL(z, u, Vu) - Vu] u
Q
exp{¢(u)} — Rexp{MR}e|ulF dz.

Therefore, since (uy) is bounded in L?" (), we find ¢ > 0 such that for all
e>0

limhsup /Q [=DsL(z, un, Vun) = ¢'(un) Ve L(z, un, Vup) - Vup) up exp{¢(un)}

< / (=DsL(z,u, Vu) — ¢'(u)VeL(z, u, Vu) - Vu]uexp{¢(u)} —ce.
Q

Taking into account that ¢ is arbitrary, we conclude that

lim sup/ VeL(z,upn, Vup) - Vup exp{¢(up)} dz =
h Q
= limsup {/ [—=Ds L(z, un, Vup) — ¢’ (un)VeL(z, un, Vug) - Vup) up
h Q

exp{((un)} dz + (wn, un exp{¢(un)}) }
< / [-DsL(z,u, Vu) = ¢'(u) Ve L(z, u, Vu) - Vu] uexp{¢(u)} dz
Q

+ (w,uexp{¢(u)}) = /r;VgL(x,u, Vu) - Vuexp{¢(u)} dz.

In particular, we have

/ VeL(z,u, Vu) - Vuexp{¢(u)}dz < lin}linf/ VeL(z,un, Vug) - Vuy
o) Q

exp{{(up)}dz < lim sup/ VeL(z, un, Vug) - Vup exp{¢(up)} dzr <
h o Ja

< / VeL(z,u, Vu) - Vuexp{¢(u)}dz,
Q

namely
li'xln/ VeL(x,un, Vup) - Vupexp{¢(up)} dz =
Q

=/V5L(:c,u, Vu) - Vuexp{¢(u)} dz.
Q
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Therefore, by (3.2), generalized Fatou’s Lemma yields
limsup/ |Vu,|Pdz < / |VulPdz,
h Q Q

that implies the strong convergence of (us) to u in WyP(S). O
(3.11) LEMMA. — Let c € R and let (uy) be a (CPS).—sequence in

Wy'P(Q). Then for each e >0 and o > 0 there exists K, . > 0 such that for
allh e N

/ VgL(:l:, Up, Vup) - Vup dz <
{luni<e}

< E/ VgL(.’l), Up, Vup) - Vupdzr + K,
{e<lun|<Ke,e}

and

/ {Vup|Pdx < e/ |Vup|Pdz + K, ¢ -
{lunl<e} {e<|unl<Kq,}

Proof.— Let 0,6 >0and ¢>0.Forallv e WyP(Q), we set

(wp,v) = / VeL(z,up, Vup) - Vodz +
Q

+/ D,L(z,un, Vup)vdz — / g(z,up)vdzr. (3.12)
Q o
Let us now consider ¥; : R — R given by
s if |s|<o
-s+20 if o0<s<20
d1(s) = —s5—2 if —20<s<—0 (3.13)
0 if |s|>20.

Then, testing (3.12) with 9;(us) € L*([-20,20]), we obtain
/ VeL(z, un, Vug) - VI1(up) dx + / D;L(z,un, Vup)91(up) dr <
Q Q

< / 9(z, wn)O1 (un) dz + lwnll -1 191 (un)ll1,p -
Q

Then, it follows that

/ VeL(z,un, Vup)-Vup d:r—/ VeL(z,un, Vup)-Vup dz+
{lunl<o}

{o<|unl<20}
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+/ D,L(z,up, Vup)up dm+/ D,L(z,up, Vup )91 (ur) dz <
{lun|<o} {o<lunl<20}

’

2.
n(p—1)+ 47 ’ v
< [ (cr+ea2ol =) o do+ —2funll?y , + Z10: ()L,
, B P P 4 P
& pprue
Let Ko > 0 be such that ||wg||-1,,» < Ko. Then, since by (3.2) we have

VB ), < /

{lunl<a}

v|Vuy|P dz +/ v|Vuy|Pdz <

{o<|uni<20}

< / VgL(:L‘, Up, Vuh) -Vupdz + / VgL(m, up, Vug) - Vug
{lunl<o} {

o<|un|<20}

+/ a(z)dz + by / |ur|P dz + / a(z)dzr +
{lunl<o} {lunl<o} {o<lun|<20}

+bo / |un|P dz,
{o<|unl<20}

taking into account (3.3), we get for a sufficiently small value of ¢ > 0

(1 —oM - l) / VEL(:L‘, uh,Vuh) -Vupdz <
{lunl<o}

< (1 +oM + l) / VeL(z,up, Vup) - Vuy dz+
{o<|un|<20}

s,

n(p—1)+ 4 ,
+/.@y+@ﬂﬂ4%#l)adx+~————K€+
Q

7 7

, B B

ppﬂ P
*

14
+ /Q ae(z) dz + [b0(2" +1)0P + 0P +l] Q).

Whence, we have shown an inequality of the type

/ VeL(z,un, Vup) - Vup dz <
{lun|<o}

< K1/ VeL(z,up, Vup) - Vup dz + K, .
{o<|un|<20}

Let us now define for each k > 1 the functions ¥ ,¥2x—1 : R — R by setting

0 if |s|<ko
s—ko if ko<s<(k+1)o
s+ ko if —(k+1o<s<—ko

Yok (s) = —s+(k+2)0 if (k+1)o<ss<(k+2)o

—s—(k+20 if —(k+2)0o<s<—(k+1)o
0 if |s| = (k+1)o,
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and
% if |S| < ko
—s+(k+1)o if ko<s<(k+1l)o
Bok—1(s) = s—(k+1l)e i (k+1lo<s<(k-+2)o

—s—(k+1)o if —(k+1l)o<s<—ko
s+(k+1lo i —-(k+20o<s<—(k+1l)o

0 if |s|=z(k+1)o.
Therefore, by iterating on k, we obtain the k—th inequality
/ VeL(z,un, Vup) - Vup de < (3.14)
{lunl<ko}
< Ky (k) VeL(z, un, Vup) - Vup dz + Ko (k).

{ko<|unl|<(k+1)c}

Let now choose k > 1 such that ko > ¢ and ko > R. Take 0 < § < 1 and
let 95 : R — R be the function defined by setting

0 if |s|<ko
s—ko if ko<s<(k+1)o
s+ ko if —(k+lo<s<-—ko

96(8) = _ss+o+6(k+1)0 if (k+1)o<s<(k+1)o+5

~bs—0—6k+1)0 if —-(k+1)0-%<s<—(k+1)o
0 if |s|z(k+1)o+%.

As before, we get

/ VgL(:c,uh, Vuh) . V’l?g('uh) dz + / DSL(:B, Uph, Vuh)ﬂg(uh) dr <
Q Q

1 ,

< / g(z, up)Vs(up) dz + '—Ei—z“'wh"’:l,pf + 5""96('”'1)”217,;; .
Q pprér

Taking into account (1.6), by computations, we deduce that

/ DsL(a:, Uh, Vuh)ﬁg(uh) dz > 0.
Q

Moreover we have as before

195(un)lE, < /

{ko<|un|<(k+1)o}

VeL(z, un, Vug) - Vup dr +

|Vug|P dz + / |Vup|P dx <
{lunl2(k+1)0}

1
< -

v /{.ka<|uh|<(k+1)"}
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1
ay
V J{lunl>(k+1)o}

7
+.—

V J{ko<lunl<(k+1)o}

VeL(z,un, Vug) - Vup dz +

b
a(z)dz + — / lun|? dz +
V J{ko<|un|<(k+1)o}

b
+l/ a(z)dz + = |unl? dz |
V J{lunlz(k+1)o)} v {(k+1)a+%?|uh|2(k+l)a}

(1 — é) / VeL(z,un, Vup) - Vup dr <
v {ko<|un|<(k+1)o}

< (6 + é) / VeL(z,un, Vup) - Vup dz+
{lunl>(k+1)0}

14

n(p—1)4
n— 1 ' 2
+/ ¢ -i—cz‘(k+1)a+g ? odz+ ———Kj +—/a(m)dm+
Q 6 p’p%&% VJa

+b7° [(k +1)P+ ((k +1)+ %),,] a?L"(Q).

Therefore, we get

/ VeL(z,up, Vug) - Vup dz <
{ko<|un|<(k+1)o}

vb+46
<

< VeL(z,un, Vug) - Vup dz + Ks(k, 8) .
V=08 J{junl>(k+1)0}

Combining this inequality with (3.14) we conclude that

/ VeL(z,un, Vup) - Vup dz < / VeL(z, up, Vuy) - Vup dz <
{luni<e} {lunl<ko}

< Kl(k)/ VeL(z,un, Vug) - Vup dz + Ko (k) <

{ko<|un|<(k+1)o}
vb+46

V=6 J{junl>(k+1)0}

< e/ VeL(z,un, Vup) - Vupdz + K, ¢,
{lunl>e}

< Ky (k)

VeL(z,un, Vug) - Vup dz + K1(k)Ks(k, 6) + .

where we have fixed 6 > 0 in such a way that K, (k)%£f <e. O
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The next result is an extension of [20, Lemma 1], since (1.10) relaxes (9)
of [20].

(3.15) LEMMA. — Let ¢ € R. Then each (CPS).—sequence for f is
bounded in Wy ().

Proof.— First of all, we can find ag € L*(€2) such that for a.e. z €
and all se R

QG(.’II, S) < 39(3:7 S) + 0,0(1’) .
Now, let (up) be a (CPS).—sequence for f and let for all v € C°(2)
(w,v) = / VeL(z,u,Vu) - Vvdz +
Q
+/ D,L(z,u, Vu)vdzx — / g(z,up)vde. (3.16)
Q Q

According to Proposition (3.1) and Lemma (3.11), for each € > 0 we have
~lunll-sp oty < | Vb un, V) - Tundo+
+/ D,L(z,up, Vug)up dz — / g(z,up)up dxr <
Q [9)
< / VeL(z,un, Vup) - Vup d:c+/ D L(x,up, Vup)up dz+
0 Q
—q/ G(z,up) dx +/ apdzx <
9} Q
<(1+¢) / VeL(z,un, Vug) - Vup dz + / D, L(z,up, Vug)up dr+
{lun|>R’} Q

—q/L(:c,uh,Vuh)dm+qf(uh)+/aod:c+KR:,€.
o) 9}

On the other hand, from Lemma (3.11) and (3.3), for each € > 0 we obtain

/ D L(z, up, Vup)up dx =
Q
= / D, L(z,up, Vup)up dx + / D,L(z,un, Vup)up dz <
{lurl|<R’} {lun|>R'}
< EMR’/ VeL(z, un, Vup) - Vup dz+

{Kps ¢>|un|>R'}
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—/ VgL(:t:,uh,Vuh)-Vuhdx+q/ L(:c,uh,Vuh)dx+/ a.(z)dz+
{lun|>R’} Q Q

+e/ |uh|"d:1:—u/ |Vup|Pdz + Kpr ¢
{lun|>R"} {lunl>R’}

Taking into account Poincare and Young’s inequalities, by (1.5) we find
¢>0and Cg . > 0 with

/ D;L(z,up, Vup)updx <
Q

< ec/ [Vup|P dx — / VeL(z, un, Vup) - Vup dz+
{lun|>R'} {lun|>R'}

+q/ L(:L‘,uh,Vuh)d:C+/
Q

ac(z)dr — u/ |Vup|Pdz + Cr ¢
Q

{Iuh|>Rl}
Therefore, for a sufficiently small € > 0, there exists ¥, > 0 with

9. / IVunl? dz < llwnll—1 0 llunllep + af (un)+
{lurn|>R'}

+/a0dz+/a€dx+KR:,E+C’R/,e
Q Q

Moreover, it is
/ IVup|P dx < (1+5)/ |Vup|Pdx + Kpr ¢
Q {lunl>R'}

Since wy, — 0 in W—1#' (), the assertion follows. O
(3.17) LEMMA. —  Under assumptions (iv) we have

Jo Gz, up) dz

—0 as h— +o0,
lunll?

for each (up) that goes to 0 in Wa'P(Q).

Proof. — Let (uy) C WyP(Q) Wlth up, — 0 in WyP(Q). We can find
(or) € R and a sequence (wp) C W0 ?(Q) such that up, = gpwp, o — 0
and ||wa|l1,, = 1. Taking into account (1.8), it follows

G(z,up(x))

=0 for ae. €.
h unllf,
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Moreover, for a.e. € {2 we have

G(z,un(x 22 .
C@ @)  gagypp + boZ funl?”.
"uh“l,p

2
If w is the weak limit of (ws), since djwa|? — djw|? in L1(R) and bo]~* [wp " —
0 in L!(Q), (a variant of) Lebesgue’s Theorem concludes the proof. 0

We finally conclude with the proof of the main result of this paper.

Proof of Theorem (1.11). From Lemma (3.15) and Theorem (3.4) it follows
that f satisfies the (CPS). condition for each ¢ € R. By (1.3) and (1.9) it
easily follows that

Yu € Wy P(Q)\{0} : tEﬂ_noof(tu) = —00.

Finally from Lemma (3.17) and (1.3) we deduce that O is a strict local
minimum for f. From Theorem (2.7) the assertion follows.

(3.18) REMARK.— In this paper we only consider existence of weak
solutions to (1.1). However, as proved in [4, Lemma 1.4], each weak solution
of (1.1) belongs to W(} P(Q) N L>°(Q) provided that L and g satisfy suitable
conditions. Then, some nice regularity results hold for various classes of
integrands L. (see [18]).

(3.19) ACKNOWLEDGMENTS. — The author wishes to thank Marco
Degiovanni for providing helpful discussions.
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