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Solution with finite energy to a BGK system
relaxing to isentropic gas dynamics

FLORENT BERTHELIN (1) AND FRANGOIS BoucHuT (2

RESUME. — On considére une équation BGK cinétique vectorielle don-
nant la dynamique des gaz isentropique dans la limite de relaxation.
Nous montrons 'existence d’une solution faible satisfaisant une inégalité
d’entropie cinétique, pour toute donnée initiale d’énergie finie.

ABSTRACT. — We consider a vector kinetic BGK equation leading to
isentropic gas dynamics in the relaxation limit. We prove the existence of
a weak solution satisfying a kinetic entropy inequality for any initial data
with finite energy.
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1. Introduction and main results

Relaxation models such as proposed in [6] have proved their efficiency in
building numerical methods for conservation laws that are very easy to code
and have nice properties. General strategies have been proposed in [9], [13],
(1], [3] to build BGK approaches for systems of conservation laws. However,
analysis of such models has mainly be achieved until now only when the
relaxed equation is scalar (see [14]). Here we consider a BGK model for the
one-dimensional system of isentropic gas dynamics

9:(pu) + 0z (pu® + Kp”) = 0, '

with p(t,z) > 0, u(t,z) € R and k > 0, 1 < < 3. The kinetic model has
been introduced in [3] and can be written

M(f] - f
B

where f = f(t,2,6) € R%,t >0,z €R, £ €R,

Of +£0.f = in ]0, 0o[xR x R, (1.2)

ft,z,§) €D, (1.3)
Dz{(f()?fl)ERQv f0>001' lefO':O}v (14)
Mf](t,z, &) = M (p(t, z), u(t, 2), ), (1.5)

p(tﬁﬂﬂ):/Rfo(t,%E)dé» p(tw)u(t’x)Z/Rfl(t’mvﬁ)dﬁw (1.6)

and
M(p,u,€) = (x(p €~ w, (L - Ou+0Ox(pE~w),  (L7)
- K 1 e g

X(p,€) = Cy.x <(7 —1)2” 3 )+, (1.8)

y-1 1 1 1 4y YO
=" ’A'v—l_i’c”""ﬁ'((?—_l)?) > 09
Iy = /1 (1 — 22 dz = /al(A+ 1)/T(A + 3/2). (1.10)

-1

The kinetic equilibrium x in (1.8) has been introduced in [7] as a generating
function for entropies, and has also been used in the stability analysis of [10].
This function is also involved in [12] for the so called kinetic formulation,
which is different from the BGK equation considered here. Previous results
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BGK system for gas dynamics

for scalar equations can be found in [4], [11], [17] (see also [5]). The first
existence result for a BGK equation was given in [15] (see also [16]).

The main result of this paper is the existence of a global solution to the
system (1.2) with initial data

f(O,x,{) :fo(xvg) (1'11)

satisfying energy bounds. We recall that the energy for (1.1) is given by

n(psu) = pu® /2 + o, (1.12)

v-1

and is a mathematical entropy for (1.1). The corresponding kinetic entropy
for (1.2) is given, for f = (fo, f1) € D, by

8¢ o L7112 6
H($8 =1=g5lo+ 22 T+1/X Y1637 =g/
0 1/ f " 2 1+1/4 2 (1.13)
= [ _ Jo 4 41
- 1—92<\/JT0 g\/}g) +2c},{£‘1+1/>\+2f0 >0
H(0,¢) = 0. (1.14)
We have the following theorems.
THEOREM 1.1.— Assume that f* € L'(R, x R¢) satisfies
f°(z,€) € D a.e. in R x R, (1.15)
J[ B w6 dndg = ¢ < o, (116)
RxR
and
// 22(f%)o(z, €) dzdé = C < 0. (1.17)
RxR
Then there exists a solution f to (1.2)-(1.11) satisfying
f € C([0,00[, L*(R x R)), (1.18)
f € L>([0,00[, L*(R x R)), (1.19)
Vt=0, f(t,z,€) € D a.e. inR xR, (1.20)
o [ ae)+ 0. ef de) =0, (121)
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vt >0, // f(t,x,g)da:dng/ Oz, &) dedg, (1.22)

RxR RxR
vz, [[ H(f(t.a.0).€) dud < CF, (1.23)
RxR
2 o 4€? 2
vVt > 0, z°fo(t,z,&) drdé < max | C »'@‘CH (1+t/e)”. (1.24)
RxR
THEOREM 1.2.— If (1.17) is not satisfied, we have the same result

except (1.24).

To obtain this result, we have to work with the Tychonoff-Schauder
theorem instead of the usual Schauder theorem. The only significant change
is for compactness and will be explain in the corresponding section.

THEOREM 1.3.— The solution f obtained in Theorems 1.1 or 1.2 sat-
isfies
H(f,€) € C([0,00[, L' (R x R)), (1.25)
OH(S,€) + E0(H(,6) = ZH'(1,) - (MIf| =), (126)
with
, NS 0 am 1 1ff 0 1 fi
o= (Tﬁ Tt TTTe T T 1o g
(1.27)
/ 6 ¢ 6 :
for f #£0, and H'(0,¢) = (1—-0-—2—, ——1_—05) by convention. Moreover,

H'(f,6)- (M[f]—f) € L*(]0,T[xRxR)  foranyT >0  (1.28)
as well as each term from the decomposition (1.27). Besides, EH(f(t,x,£),€) €
L'(J0,T[xBgr x R) for any T >0, R > 0,

9 d
5 [AGC0.0d+ 1 [ enge.o.ea

2
=1 [ (0o - 5ot =) - a1 - e <o
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d
dt // H(f(t,z,§),§)dzd€
RxR

%A (79 - (50 = L) - 1] - 1) dode <O

(1.30)
and the integrand in the right-hand sides of (1.29) and (1.30) is nonpositive.

Let us finally mention that we can study kinetic invariant domains and
establish the relaxation limit to (1.1), this is done in [2].

2. Properties of the kinetic entropy

We recall the value of the moments of M,

[ Mo, = (p.pu), (2.1)

/R EM (pu,€) dE = (pu, pu® + rp"), (2.2)

and

/R%gMo(P,U,é)dé -1 — 7 =n(p,u) (2.3)

for every p > 0 and u € R. We have the following identities which link the
energy and the kinetic entropy. They can be obtained easily.

PROPOSITION 2.1. — The energy n of (1.12) and the kinetic entropy H
of (1.13) satisfy

[ HOMG.0).6)d =nip.w) for cvery p>0, ueR,  (24)
and 5
]\4 , n _ K N1 2
a’;? (pru, ), € a%(p, u) = po 1 u”/2, 25)
(M (p,0,),6) = 505 (0,) = u,

for every p > O, u € R and £ € R such that My(p,u,§) > 0.
The function H has the following properties.
PROPOSITION 2.2. — i) H is convex with respect to f in D,

i1) H is continuous with respect to f inT 4 = {(fo, f1) € D ; |f1| < Afo}
for any A > 0.
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Proof.— 1) In |0, 0o[ xR, it is easy to compute the hessian and to check
its nonnegativity. Then, on a straight line from the origin, f2/fo is linear,
thus H is convex in D.

i1) The only difficulty is at 0. Let (f™)n>0 be a sequence in I 4\{0} which
converges to 0. Then

(f):° 2
< A fn — 05
! (o | <AV
thus H is continuous at 0 in I' 4. O
LEMMA 2.3 (COERCIVENESS). — There ezist €9,€1 > 0 such that for
any f € D, £ € R, we have
H(f,€) > eofo™ + <1l A[™, (2.6)
with
po=1+1/A>1, p1=2(1+X)/(1+2)) >1. (2.7)

Proof.— Let f € D, f # 0. From identity (1.13), we deduce that

P é+1/,\ 1£2

2 ATHI/N T 2 fo

H(f,¢&)>

P1

P1
We have |f1|P* = (%) (Vfo) , and using Young’s inequality,

2
pr _ P1 Lf1] P1 1+1/2
e <5 () +

Taking 0 < £ < 1 such that € < 0/027{,;\, and setting gg = (0/61/,2‘ - s) /(24
2/A) and €1 = ¢/p1, we get

0 é+1/k 1 f12

H(f, ) > —~ €
A
L0 1+1/ € 141/

- + = |l
26X T+1/A 242/A°° P1

= eofo™ +ellil”. O
The key result of this section is the following.
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ProPOSITION 2.4 (KEY CONVEXITY INEQUALITY).— For any f € D,
p =0 and u,& € R, we have

K U2
H(f,€) > H(M(p.u.€), ) + (%fﬂ-‘ - )G M) 28)

Proof.— Let us consider ¢ : D — R defined by

K 2
W(F) = H(F,6)— H(M(p,u.6),6) - (%/ﬂ—l - %u) (f = M(p.u, ),

which is possible because M (p,u,£) € D. We have to prove that 1) > 0

— At infinity,
by Lemma 2.3, ¥(f) > cofo™ + e1|f1["* + afo + bf1 + e with a,b,e € R,
and since pg, p1 > 1, ¥(f) — oo when fo + |f1| tends to infinity. Moreover,
Y(f) = afo + bf1 + e, and we deduce that v is lower bounded in D.

— At the frontier {fo =0, f1 # 0},
f2/fo — oo and ¥(f) also.

- At 0,
If Mo(p,u,€) > 0, then by Proposition 2.2(i) and (2.5), (2.8) holds true for

any f € D, thus lim ¥(f) > 0. On the contrary, if My(p,u, &) = 0, then
f—=0

v = H(1.0) - (50 2]
Since H(f,£) > 0, this yields lim ¢(f) > 0, in any case.
F—0

— Inside D
It only remains to study possible minima of v in int(D). But ¢ is smooth
there, and if fy > 0,

oy 0 & 0 am 1 1/(f\° 4k u?
37 o+ (f,8) = _9?4' 1/,\f §<%) —7_1/07 1+7
and 8¢ 1 f 0
1

If there is a minimum of 1 in int(D), at this point, its partial derivatives
must vanish, thus
S

fo = (1—0)u + 6¢,
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and

0 am_ 1 <f1> LR u? 0 &2

227" 1-62\ fo r—1 2 1-62

We deduce that My(p,u,€&) > 0 and f = M(p,u,§). The value of ¢ at this
point is 0.

Putting all the steps together, we conclude that ¢ > 0 in D. [J
An important consequence of this result is the entropy minimization
principle.

PROPOSITION 2.5.— Consider f € L*(R¢) such that f € D a.e. and

/H &) dé < 0.

/ H(M|[f / H(f
Proof. — Take in (2.8)

Jr 1) d€ .
= dg, u="2""—"+-> oru=0if p=0.
Then M|[f](§) = M(p,u,§), the terms of the right-hand side are integrable
with respect to &, and [p M[f](€)dé = [ f(£)dE. Thus the result is ob-
tained by integration in £. O

Then

We can also deduce that the entropy dissipation in (1.29) has a sign.

PRrROPOSITION 2.6.— Forany f € D, p>0, v, €R,

(H’(f, - (7 - E;u)) (f-M(puw,8) 0. (29)

Proof. — Since H is convex in D, continuous in the cones of Proposition
2.2 and smooth in int(D), we have if f # 0

H(M(p,u,§),€) > H(f,€) + H'(f,§)(M(p,u,§) — f). (2.10)
- 612 ~
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Letting f — 0 on the axis f; = 0, we obtain using (1.27) that (2.10) is
indeed true for any f € D with the convention

6 &2 0
/ - —— —_——
The case f = 0 can also be seen directly by the definition of H. Finally, by
adding (2.10) to (2.8), we get (2.9). O

Let us end this part by estimates deduced from the boundedness of the
kinetic entropy.

PROPOSITION 2.7.— Consider f € L'(R, x R¢) such that f € D a.e.,
and

J[ B@..9 dsas < cn,

RxR

RxR
Then
| 111w, €)1 v < v/2GT, (2.12)
RxR
// & fo(, €) dwdf < 3011, (2.13)
RxR
J[ ¥tz 0)1dza < B .14
RxR
fi is bounded in LP*(R x R) fori=0,1. (2.15)

Proof. — We recall that pg, p; are defined by (2.7). First, using (1.13),

we have
2

Ifo>0% < 2H(f,8). (2.16)
Then, since f; vanishes where fy = 0,
511= Mool = oo P x Vol < VERG x for (27)

- 613 -



Florent Berthelin, Frangois Bouchut

Thus, from the Cauchy-Schwarz inequality we obtain (2.12). Next, with
(1.13) again,
2

& fo

|Ifo>0 g\/ffo Ifo>0\/%

2

(e +[Tps0 )

[ 2

2 (If0>0 5\/%> +If0>0%}
L

2 -Q—(Léi—)H(f, £)-+2H(£,6)

N

N

N

4
= EH(fvg)v

and (2.13) follows. Then, we write

[ Tras06h1| = [(Ipos0fi/v/Fo) x (6v/Fo)| < V2H )

and obtain (2.14). Finally, (2.15) follows obviously from Lemma 2.3. O

3. Stability

In this section, we extend the analysis of [15] and prove the stability of an
approximate solution. We shall denote by ¢, (z,£) — ¢(z,€) in L' (Rjoc X R)
the convergence in L1(w x R) for any w CC R, and we shall use several
similar conventions.

Let us first recall the classical characteristics formula for (1.2).

LEMMA 3.1.— Let h € L*(]0,T[, L*(R xR)) and f° € L'(RxR). Then
there exists a unique solution

fec(o,T),L*(R x R)) (3.1)
to the problem
{ o+ eonf =22, (32)
£(0,2,8) = f°(x,9).

Furthermore,

t
Flt2.) = fOa — 16, )/ + 2 / e */°h(t — s,z ~ s£,§)ds.  (3.3)
< Jo
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We now prove a stability result for this problem.

PROPOSITION 3.2.— Consider g,gn, € L*(]0,T[, L}(R x R)) such that
g,9n € D a.e.,

J[ Hots.9ddc<cu. [ mitn dode < ci,

RxR RxR

[ Banttz.9. 0 dzt <cu. [[ (gnloltn,) dode < o
RxR RxR
Set
((t, 2), pult, ) = /IR o(t,2,€) de

and

(Pn(t,2), prtin(t, 7)) = /R gt 2, €) dE.

If pn_— p and ppu, — pu in LY(]0,T[xRyoc), then there exists a sub-
n—oo n—0o0
sequence such that F(gn,) — F(g) in C([0,T], L} (Rjc X R)), where F(g)

is the solution to (3.1)-(3.2) with h = M|g] = M(p,u,&) and f° € LY (R x
R) is fized. Moreover, if pn, —p in L'(]0,T[xR), then F(gn)— F(g) in
C([0,T], LY (R x R)).

Proof. — At first, let us check that F(g) is well defined. Using Proposi-
tion 2.5, we have

J[ Hottge.2.6),9 dode < .
RxR
Besides,
[ Mislott.2.€)dads = [ gute,.€) dade < o
RxR RxR
Estimate (2.12) applied to Mg] gives then that
/ \M{gh (¢, 7, €)| dzde < \/2CoCrr.
RxR

Therefore, we deduce that M[g] € L°°(]0,T[, L*(R x R)), and we have the
same result for g, with uniform bounds.
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We turn now to the stability. We can find a subsequence such that p, — p
and ppu, — pu a.e. t,x. Set E = {(t,z) € [0,T] x R; p(¢t,xz) = 0}. In E°,
pn— p and u, — u a.e. t,z, thus M[g,] — M|g] a.e. (t,z) € E°, £ € R. But

since
/ / / Mgn]o dtdzd€ = / / prndtde — 0,

(t,x)EE,x€BR (t,z)€E,z€BR

we deduce with (2.17) and Cauchy-Schwarz inequality that M|g,] — 0 in
LY((E x R) N {z € Bgr}). Therefore, after extraction of a subsequence, we
finally obtain

Mign] — M|g] a.e. in |0, T[xR x R. (3.4)

Besides, the estimates of Proposition 2.7 applied to Mlg,|(t,.,.) give
that M][g,] is weakly compact in L(]0, T[XRjo. X R). Therefore, we are
able to apply the Vitali theorem, which gives that

M(gn] — Mlg] in L'(J0, T[*Rioc X R).

Now

|(F(gn) — F(9))(t, 2, §)| dzdg
|z|<R,[E|<S

Sl [ totlan] = Mo - 5.2 - 6,6l dod o

=
lz|<R,|€|<S

N

<

N

1
g||M[9n] — M{glllz1 o, 7(x BrersxBs) — 0;

and

/ (Fgn) — F(9))(t,2.€)| dudg

1§1>S

<tfef 1) (01g2) — Mgt - 5,0 — 56, )| dade ds

l€1>s

1
< gnﬁM[Qn] — EM 9]l 1 o, TxRxR)-

Since the latter norm is bounded, we deduce easily that F(gn)— F(g)
in C([0,T), L}*(Rioc x R)).
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Finally, if we assume moreover that p, — p in L}(]0, T[xR), then

/// MlgnJo dtdzd — /// M]glo dtdzde,

10,T[xRxR 10, T[xRxR
and since M|gplo > 0, we deduce that
/// Mgnplodtdzdé — 0 as R — oo,
|z|>R

uniformly in n. With (2.17) and Cauchy-Schwarz inequality, we get also

// |Mgn]1| dtdzd§ — 0 as R — oo,
lz|>R

uniformly in n, and we conclude that M[g,] — M(g] in L}(J0,T[xR x R),
and therefore F(g,) — F(g) in C([0,T],LY(R x R)). O

4. Existence of a solution

This section is devoted to the proof of Theorem 1.1. Let fO € L} (R, xR¢)
satisfy the assumptions of Theorem 1.1, namely

fo(x,€) € Dae. inR xR, (4.1)
J[ #1006 dng = ¢ <, (42)
RxR
/ / 72(f%)o(, &) dzdé = C < o0, (4.3)
RxR
and set
[ "ol dude = co. (4.4)
RxR

We take Cy and Ca as

2
Cy=C%,  Ca=max (Cg; %C?,) . (4.5)
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Define C to be the set of all g € L>(]0, T[, L}(R x R)) satisfying (C1) —
(C4) for a.e. t € [0,T], where

(C1) g(t,z,§) €D ae inRxR,

(2) // H(g(t,2.,£),€) dedé < C,

RxR

(C3) / / go(t, z, &) dzdé < Co, (4.6)

RxR

(1) // 22g0(t,,€) dade < Ca (1 +t/2)?.

RxR

Let us also introduce

¢ = {g € C([0,T], L*(R x R)) satistying (C5),

(4.7)
and (C1) — (C4) for all t € [0, T]},
with
(C5) g +E0g+2 € g

The initial data f° being fixed, for any g € C, we denote by F(g) the
solution to (3.1)-(3.2) with h = M|g].

LEMMA 4.1.— Ifg € C, then M[g) € C and F(g) € C.

Proof.— Let g € C. As in the proof of Proposition 3.2, M|[g] € L*°(]0, T,
L'(R xR)) and we get easily that M|[g] € C. Next, according to Lemma 3.1,
F(g) € C([0,T]),LY(R x R)), and in order to prove that F(g) € C, we need
to prove (C1) — (C5). Condition (C5) is satisfied since M[g] € C. Then, for
1= 0;1, we have

t
F(g)i(t,z, &) = (fO),-(a: - t§,£)e“t/E + é /0 e‘s/E.M[g]i(t — s,z — s&,£)ds.
(4.8)
Obviously, F(g)o > 0. Furthermore, if F(g)o(t,z,&) = 0 then (f®)o(x —
t€,€) = 0 and fot e */sM|glo(t — s, — s£,€)ds = 0, thus M(glo(t — s,z —

s€,€) =0 a.e. s €]0,t[. But f° € D and M([g] € D, thus (f°)1(z—t&,€) =0
and M([g]1(t — s,z — s£,€) = 0 a.e. s €]0,t[, and therefore F(g)1(t,z,£) = 0.
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Hence Flg] € D Vt € [0,T], a.e. z,&, and (C1) is satisfied. Next, if t > 0,
we can write

t —s/sd
F(g)(t,z,€) = fO(z—t€,&)e™/ +(1-e7/*) /0 M{g](t—s, z—s€,€) fe—c,/sza
(4.9)

and using Jensen’s inequality with the convex function H, we get

H(F(9)(t ,£),£)

< H(f(x —1£,6),8)e7"/e
t —s/sds
_omtle e
+H1—et )H(/O Mlgl(t — s, sggf e g)
< H(f(z - 1€,8),€)e™/*
t -s/sds
_eTt/e H(M — — & 9
(=) [ Mg~ 5,2~ 56,0).) Freeiier
= H(f’(z —t€,€),8)e"/*
L[ emsle HM{g)(t - 5.2 — s6.€).6)d
+;/0 e 1g)(t — s, — 5¢,€),€) ds
and thus
// H(F(g)(t,x,£),£) dzdf < e™V5CY + (1 — e7¥*)Cy < Ch,
RxR

and (C2) is satisfied. Similarly, integrating (4.8) with i = 0 with respect to
(z,€) gives (C3). It only remains now to prove (C4). We have by (2.13)

J] #nte - 16, v

RxR

_ / / (5 +16)2(£%)o(u, €) dyde

2
(\// y2(f%)o(y, &) dyd§+t\// 62(f0)0(y75)dyd§>
( C&+t@)2,

Then, since M|g] € C, relation (C4) gives

N

N

J[ #*Miglots,2,6) g < 0 (14 572,

RxR
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hence

// 22 M(glo(t — 5,2 — s&,€) dxd€

RxR

— [+ s Milgla(e — 5,.€) dy

(J// y?Mlglo(t — ,y,€) dyd€ + s\f// £2M]glo(t - 5,9,€) dyd§>2
(\/CA <1 + t—Ts)z + s\/m) 2

Therefore, with (4.5),

// 22F(g)o(t, z, &) drdé

RxR

( Ca +t 4CH/9>2e—t/6

t _ 2
L[ (v (122 oy e
0

0\ 2
Ca (1 + :) e_t/s
1 t\?
+—/ e~%/5Cx <1+ —> ds
€ Jo [
2

Cz_\.(l-}—-t—) .
€

This ends the proof of the lemma. O

N

N

N

N

Since C' C C, we are now able to define F : C — C and we shall use the
Schauder theorem to prove Theorem 1.1.

LEMMA 4.2.— The sets C and C are convex and not empty, C is
compact for the weak topology of L'(J0,T[xR x R), and C is closed in
C([0,T], L1(R x R)).

Proof. — Since H is convex, it is obvious that C' and C are convex. Then,
the constant f° belongs to C, and by Lemma 4.1, F(fo) € C. Thus C and C
are not empty. Next, from Proposition 2.7, (C4), (2.17) and Dunford-Pettis’
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theorem, C is relatively weakly compact in L*(]0,T[xR x R). Let us prove
now that C is closed in weak L(]0, T[xR xR). Since C is convex, it is enough
to prove that C' is closed in strong L'(]0,T[xR x R). Thus let (g,). be a
sequence in C which converges to g in L!(]0, T[xR x R). After extraction of
a subsequence, gn(t,.) — g(t,.) in L' (R xR) and a.e. for a.e. t €]0, T[. First,
(gn)o > 0 thus go > 0. Then, since by (2.17) |(gn)1] < \/2H (gn, €)(gn)o, We
get for a fixed time ¢ and any Borel set V by Fatou’s lemma and Cauchy-
Schwarz inequality

N

1%

lim // V/2H (gn €)(gn)o dade
%

h_m\J 2Cy /{)/(Qn)o dxdg
\Jm /v/ g0 dde.

Taking V = {z,§ ; go(t,z,£) = 0}, we obtain that g;(¢,z, &) vanishes a.e.
in V, thus g(t,2,€) € D a.e. Then, we apply Fatou’s lemma again, and get

N

J[ B9 dd = [[ Higtt.z,6).6) dma

RxR 90>0

lim // H(gn(t,,€),€) dude
go>0

Ch.

N

N

Similar applications of Fatou’s lemma finally give that g € L*°(]0,T],
L'(R x R)), and g € C. The closedness of C in C([0,T],L*(R x R)) is
treated in a similar way, and (C5) follows from the compactness of C. O

LEMMA 4.3.— F is continuous in C for the topology c(o, 1,
L'(R x R)).

Proof.— Let gn,g € C with g, — ¢ in C([0,T), L*(R x R)). Then, with
the notations of Proposition 3.2, p, — p and ppu, — pu in C([0, T}, L*(R)).
Thus Proposition 3.2 gives the existence of a subsequence such that
F(gn)— F(g) in C([0,T],L*(R x R)), which is enough to prove the con-
tinuity of F. O

LEMMA 4.4.— F(C) is relatively compact in C([0,T],LY(R x R)).
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Proof.— Let fr, = F(gn), gn € C be a sequence in F(C). Since C C C,
by Lemma 4.2 there exist ¢ € C' and a subsequence such that g, — ¢ in
weak L1(]0, T[xR x R). Then with the notations of Proposition 3.2, p, — p,
prtn — pu in weak L'(]0,T[xR). But by (C5), dign + £Dugn + gn/c =
hn/e, with h, € C. By the compactness averaging lemma of [8] and by
(2.13)-(2.14), we deduce that [g gn(t,z,&)d¢ is compact in L}, (J0, T[xR).
We conclude that p, — p and ppu, — pu in L!(]0,T[xR). Proposition 3.2
gives thus the existence of a subsequence such that f, = F(gn)— F(g) in
C([0,T), L*(R x R)). O

Proof of Theorem 1.1.— We apply Schauder’s theorem in C([0, '], L* (Rx
R)) to the operator F : C — C. Using all the results of this section, C is
convex, closed and non empty, F is continuous C - Cand F (C’) is rel-
atively compact. Thus we conclude the existence of a fixed point f € C
verifying F(f) = f. This gives a solution in [0, T for any T > 0, and by ex-
traction of a diagonal subsequence, we obtain a solution in [0, co[. Relation
(1.21) comes clearly from (1.2) because £f(t,,&) € L°°(]0, 0o, L} (R X R))

by Proposition 2.7, and (1.22) is obtained by integration of (4.8). a

Proof of Theorem 1.2.— If the assumption (1.17) is not satisfied, we
have to use the Tychonoff-Schauder fixed point theorem in the locally con-
vex topological vector space C([0,T], L (Rioc,c X Re)). Let us mention the
changes that need to be performed to the results of Section 4. First, we have
to remove condition (C4) in the definitions of C and C. Then, in Lemma
4.2, C is compact for the weak topology of L'(]0, T[xRe x R), and Cis
closed in C([0,T], L*(Rioc x R). In Lemma 4.3, F is continuous in C for
the topology C([0,T], L' (Roc X R)), and in Lemma 4.4, F(C) is relatively
compact in C([0,T], L} (Rioc X R)). O

5. Entropy equation

In this section we prove that the entropy H(f(t,z, &), £) satisfies a renor-
malized equation, as stated in Theorem 1.3. The difficulty is that H is not
smooth at the origin, and we have to build a monotone approximation of it
that is convex, smooth and that has slow growth at infinity.

5.1. Approximation of H

The most singular term in H in (1.13) is obviously

®(f) =1g>0fi/fo,  feD. (5.1)
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We begin by translating the singularity fo = 0 to fo = —4, by defining for
6>0

o I
6(f)_ f0+5’ fEDa (52)

which is convex and smooth in D, hence

®5(f) = sup (®s(9) + 25(9) - (f —9)),  feD. (5.3)
geD

In order to obtain a linear growth at infinity, we set

ws(f) = sup (®s(9) + 5(9) - (f—9)), feD,
9€Ds (5.4)
D&Z{fED; l%%’éq}, 6521/52.

One can check that with this choice of cs,

if 0<é <6 then DsC Dg.

(5.5)
We have obviously ¢s5(f) < ®5(f) < (/).
LEMMA 5.1.— %) The value of s is
ft .
3 if f € Ds,
es(f)=1 7 (5.6)
— (fo+0) +2cslf1| if fe D\ D,

i1) the function @5 is convezr in D, nonnegative, ps(0) = 0

11i) we have ¢s5(f) < 2¢cs|f1| for f € D,

w) if 0 < & <6 then ps(f) < wor(f) for f € D, and p5(f) 1 ®(f) as
6 — 0,

v) the function s is C* in D and ¢ is bounded in D.

Preuve.— i) If f € Ds, obviously ¢s(f) = ®5(f). If f € D\ Ds,

, _ g% g1
Psl9) +25(9) - (f —9) =~ (o +0) + 2T i,
hence
ws(f) = sup

(=z2(fo + 6) + 2z f1).

—C5<TKCs
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If f1 > 0, the supremum is reached at x = ¢5 because ¢5 < f1/(fo +6), and
if f1 <0, it is reached at —cg, and this gives the result.

1) The convexity is obvious from the definition, the nonnegativity also
since 0 € Ds, and ¢5(0) is computed by (5.6).

i11) If f € Ds then ¢s5(f) = flz/(fo +06) < cs|f1], and if f € D\ Dg, then
¢s5(f) = —c3(fo+ 0) + 2c5| 1] < 2e5lfal.

iv) Let 0 < & < 6. If f € Ds then f € Dg by (5.5), thus ¢s(f) =

f/(fo+8) < f7/(fo+8') = ps(f). If f € Do \ Ds, then ps(f) < s(f) <

S5 (f) = s (f). If f € D\ Dy, ie. |f1] > cs(fo + 9'), then since ¢5 < ¢y,
0s(f) — por(f) = —c5(fo+8) + 5 (fo+8') +2(cs — co)l ful

—c3(fo+ &) + 3 (fo+8) +2(cs — cor)ear (fo +0)

—(csr — ¢5)*(fo+ )

0.

N

Il

N

Finally, if f € D is fixed, for small enough & we have f € Ds, ps(f) =
f2/(fo+8) = Ls50f2/fo as 6 — 0.

v) Formula (5.6) gives obviously two smooth functions. We have to check
the continuity of the functions and their derivatives at the frontier where
| f1] = cs(fo+8). The continuity of s is straightforward. For the derivatives,
we have

it 2f1 ,
ws(f) = ((f0+5)2’f0+5>’ f € int(Ds),

(—c3,2cssgn f1), f € int(D\ Ds),

(5.7)

and we see that the two formula match when |f;| = ¢5(fo + ). We finally
notice that s < 2 +2¢c5. O

5.2. Sketch of the proof
In order to prove the equation on H(f(t,x,&),€), we decompose H as

0 01+1/)\ 1 1 f12

¢ 0
— 1 Ji .
fO 1_0§f1+20}y{£\1+1/)\ 1—62 f0>0f01 (58)

H(fvf):mg

and we are going to consider each term successively. A crucial argument is
the following lemma.
LEMMA 5.2. — Assume that g € C([0,T], L}, .(R; x Re)) verifies

loc

g(0) € L*(R x R), and 8,9+ £0,9=h e L*(J0, T[xR x R). (5.9)
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Then
g € C([0,T],L*(R x R)), (5.10)

€9 € L*(J0,T[xBgr x R), R>0, (5.11)

ot 2,€) = g(0,2 — t6,€) + /O Wt - s,z - s€.€)ds,  (5.12)

8t/gd§+8z/§gd§=/hd§ in ]0,T[xR, (5.13)

%// g(t, ,€) dzdé = // h(t,z,€)ded§  in 0, T1. (5.14)

RxR RxR

Proof. — Define §(t,z,€) = g(t,z + t€,£). The
R)), and g verifies §(0) = ¢g(0) € L'(R x R),
L'(J0,T[xR x R). Therefore,

loc

€ C([0,T), L (R x
= h(t,z + t£,§) €

n g
0:g

t
3t €) = g(0,2,6) + /0 h(s,x + s€.€) ds

and we deduce (5.12) and (5.10). Then, (5.11) comes from the higher mo-
ment lemma of [15], and (5.13) follows by integration of (5.9). Finally, inte-
grating (5.12) with respect to (z,&), we get for any ¢ € [0, 7]

//g(t,m,&) dxd§://g(0,x,£) d:cd£+/0t /f h(s,z,&) dzdéds, (5.15)

RxR

which is the integral form of (5.14). O

5.3. Linear terms

We are now able to treat the first two terms in (5.8). From now on,
f denotes the solution obtained in Theorems 1.1 or 1.2. We recall that
the estimates of Proposition 2.7 apply to f(¢,.) and to M([f](¢,.) for any
t > 0. Thus we can apply Lemma 5.2 to &2 fo(¢, z, &) and £f1(t, 2, €), and we
conclude that

§2f0(t7:1:7€)7 Efl(tvl"g) € C([O,OO[,LI(RXR)), (516)
and all the conclusions of Lemma 5.2 are valid.
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5.4. Nonlinear terms

Let us first consider the last term in (5.8), corresponding to ®(f) =
I,>0f%/fo- We use the approximation s ( f) defined in Section 5.1. Since ¢
is C1 and globally Lipschitz continuous, a vector adaptation of the classical
renormalization property allows to multiply (1.2) by ¢5(f), which yields

MIfl-f

Orps(f) + E0ps(f) = w5(f)—= (5.17)
Since ps(f) € C([0,T], L*(R x R)), we can apply Lemma 5.2 to ps(f). We
wish now to let § — 0 in (5.17). We notice that ® in (5.1) is smooth outside

the origin, and we define ®'(0) = 0 by convention. Thus

'(f) = <1f0>0§2,1f0>02]{c1> feD. (5.18)
0

LEMMA 5.3.— The terms 0o®(f)fo. O12(f)f1, Go®(f)Mo[f], 019(f)
M;[f] lie in L*(J0,T[xR x R). The right-hand side of (5.17) is bounded in
LY(J0,T[xR x R) wuniformly in §, and tends to ®'(f)(M[f] — f)/e in
L'(J0,T[xR x R) as § — 0.

Proof.— Since 0 < ®(f) < 2H(f, &) for any &, we have
o(f(t,2,8)), B(MIf](t,x,€)) € L=(]0, 00, L'(R x R)). (5.19)

Then, 80®(f)fo = —If>ofi/fo = —®(f) € L*°(0,00, L'(R x R)),

®(f)f1 = 15>02f2/fo = 28(f) € L°°(]O oo, LY(R x R)). Next, since
0 < ps(f) < ®(f), ws(f) is bounded in C([0, T}, L}(R x R)) independently
of §. Therefore, by (5.17) and by applying the 1dent1ty (5.15) to ws(f), we
obtain that

05(f) (M[f] = f) dtdzd¢ is bounded independently of T' and 4.

10, T[xRxR
(5.20)
Then, since s is convex in D,

ps(M[f]) — s (f) — ¢5(f) (M[f] = ) > 0. (5.21)

According to (5.20), this function is bounded in L(]0, T[xR x R) indepen-
dently of §. Observing that with (5.7), ¢5(f) — ®'(f) as § — 0, by applying
Fatou’s lemma, we deduce that

(M[f]) — @(f) - @'(f) (M[f] - f) €L'(0,T[xRxR),  (5.22)
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and therefore

2h M[f] € L}(J0,T[xR x R).

V() - Mf] = ~Tyo0ll Molf] + 1m0 221
12 fo
(5.23)

From the inequality

f1 1f; M Mi[f]?
fOMl[f] 4f; M()[f] A[O[f] IMO[f]>0’
we deduce
2
;1 My[f] = 2? M(f] - < ? Mo[f] + 2? M m)
0
M 2
4;; Mo[f]+ 1[[];!] Tas(f)>0 — ( }cho[f]+2§1M1[f])
and thus
2
0< Lo Rdnlf] <4d(lf) - () MU (20
We conclude that
®(f)Mo[f], 1®(f)Mi[f] € L'(0,T[xR xR). (5.25)

Finally, we observe with (5.7) that

1B00s(f) < [00®()l,  10105(f)] < |012()], (5.26)

and we conclude with Lebesgue’s theorem the convergence of each term of
the right-hand side of (5.17) in L'(J0,T[xR xR) as § — 0. O

Now, we are able to conclude. For any t > 0, ps(f(t,.)) — ®(f(¢,.)) in
L'(R x R) as § — 0 by Lebesgue’s theorem. But we can write (5.12) for

ws(f),

f(t—s,x—s{,&)ds

es(ft,2.6) = esl 1w~ 16.0) + [ oL

By Lemma 5.3, we can pass to the limit in the right-hand side in C([0,T],
L1(R x R)). Therefore,

B/ (t.2.6) = 21 -6, + [ ¥ sz-sggas
(5.27)
®(f) € C([0,T), L*(R x R)), (5.28)
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¢s(f) = ®(f) in C([0,T], L(R x R)), and
Mlf|-f

3

0 2(f) +£0.2(f) = 2'(f) (5.29)

For the last term ¥(fo) = SH/)‘/(l +1/)) in (5.8), we can use the approx-
imation

é

W) i 0<h<1p,
wsti = { 58 wtnn 5 % ns s (5:30)

Then the argument is similar as above (even simpler, ¥/(fo)Mo|[f] € L' is
obtained directly since f/* € LA+ | My[f] € L*+1/*), and we do not
repeat the proof.

5.5. Proof of Theorem 1.3

According to the previous subsections, we can apply Lemma 5.2 to each
term of the decomposition (5.8). Noticing that the convention on the value
of H'(0,&) corresponds to ®'(0) = 0, we obtain (1.25)-(1.28). Moreover,
EH(f(t,x,£),€) € L'(J0,T[xBgr x R) and

at/Hfadsw /sts /H’f€ (M[f] - f)de, (531)

% // H<f’€>dfvd€=§ / H'(f,€) - (M[f] - f)dwde.  (5.32)
RxR RxR
But by Proposition 2.6,

K U2

Puso= (100 - (0 - 5

gou) ) (=Ml >0 e

(5.33)
and since [(f — M[f])d¢ =0,

/// tmgdtdmd&‘// H'(£,) - (f — M[f]) dtdzd¢ < oo, (5.34)

10,T[xRxR 10,T[xRxR

thus P € L'(]0, T[xR x R). Finally, since

/ P(t,z,€) dt = / H(£,6) (f — Mf]) d¢ ae t,z, (5.35)
R R
from (5.31) and (5.32) we obtain (1.29) and (1.30). O
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Remark 5.1. — It is possible to prove directly that

2
(%f-lp"l -5 U> (M[f] - f) € L®(0,T[, L*(R x R)).  (5.36)

Indeed by (2.4) and Proposition 2.5,

1 w4 K
2p ¥ -

" = nlpyu /H £.6) de, (5.37)

thus

(e

p‘r> dz < CY%, (5.38)

and pu?, p¥ € L*(]0,00[, L(R)). Then, the inequality

< (//u(t,x)zfo(t,ﬂ?,ﬁ) d;cd§> x ( / J;o((t x,éﬁ))z dmd£>

( [ o dxds)2

(5.39)

fO (t,I,§)>

proves that [|uf1 11 ®xr) < 2C%. A similar estimate holds for uM;[f], and
the other terms in (5.36) are easy to estimate with (5.38).

(8]
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